Journal Pre-proof

RELIABILITY
ENGINEERING
& SYSTEM

A new analytical method to optimise the preventive maintenance
interval by using a semi-Markov process and z-transform with an
application to marine diesel engines

Antonio Sanchez-Herguedas , Angel Mena-Nieto ,
Francisco Rodrigo-Muhoz

PII: S0951-8320(20)30881-4

DOI: https://doi.org/10.1016/j.ress.2020.107394

Reference: RESS 107394

To appear in: Reliability Engineering and System Safety

Received date: 23 May 2020

Revised date: 23 November 2020

Accepted date: 2 December 2020

Please cite this article as: Antonio Sanchez-Herguedas , Angel Mena-Nieto ,

Francisco Rodrigo-Mufioz , A new analytical method to optimise the preventive maintenance in-
terval by using a semi-Markov process and z-transform with an application to marine diesel engines,
Reliability Engineering and System Safety (2020), doi: https://doi.org/10.1016/j.ress.2020.107394

This is a PDF file of an article that has undergone enhancements after acceptance, such as the addition
of a cover page and metadata, and formatting for readability, but it is not yet the definitive version of
record. This version will undergo additional copyediting, typesetting and review before it is published
in its final form, but we are providing this version to give early visibility of the article. Please note that,
during the production process, errors may be discovered which could affect the content, and all legal
disclaimers that apply to the journal pertain.

(©) 2020 Published by Elsevier Ltd.


https://doi.org/10.1016/j.ress.2020.107394
https://doi.org/10.1016/j.ress.2020.107394

Journal Pre-proof

Highlights

e A new analytical method to calculate the preventive interval is proposed.
The preventive interval is the time that maximises the returns (income minus costs).
A semi-Markov process approach has been developed to model the returns.
The z-transform is used as a tool to solve the resulting difference equations system.
A real case study of the marine diesel engine is used to apply this analytical method.
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ABSTRACT

This article presents a novel method based on a semi-Markov process approach and the z transform to calculate the
optimal time interval until the preventive maintenance intervention. For this, a mathematical expression that has its
origin in the evolution of the maintenance cost of a patrol boat's propulsion engine is developed, represented
mathematically by a system of difference equations. This method can be applied to all assets that are subject to
wear, which are very common on industrial facilities. This mathematical expression for the preventive interval is a
powerful tool for maintenance managers because this saves him from resorting to complicated mathematical
methods. In addition to the proposed mathematical formula, the manager needs to know the assets’ failure history
data and the costs of maintenance interventions. These data are usually available, making their practical application
fast and easy to develop. Due to the method being analytical, it could also serve as an excellent decision support
tool. It can be applied to the desired time horizon guaranteeing the obtention of the optimal interval. In many other
cases, applying the model can simplify the process of obtaining the asset maintenance programme, from an

economic perspective.

Keywords: Maintenance Interval; Maintenance Model; Semi-Markov Process; Finite Horizon; Maintenance Cost;
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1. Introduction

Maintenance tasks involve preventive and corrective actions carried out to keep the physical asset in the desired
operating condition or to restore it to this condition in case of failure. Maintenance policies aim to provide optimal
system reliability, availability and safety performance at the lowest possible maintenance costs providing the
highest possible benefits (returns) to the organization. When assets have repetitive failures, maintenance managers
realise that the operating and maintenance conditions of this asset are different from the conditions under which the
manufacturer designed it. Each asset operates under its own conditions. Updating preventive maintenance intervals
to the particular conditions of each asset must be an activity addressed by the maintenance manager. In our case, we
show how to update the periodic preventive maintenance programme for a component of the propeller engine
installed in patrol boats in charge of coastal control in a southern European country. The component is subject to
thermal stress causing a rapid wear effect and leads to repetitive failure. Due to its surveillance function, the patrol
boat must be ready for its operation and is financially compensated for services performed, so that the state of fault
makes it difficult to carry out its mission and reduces potential income for the Coast Control Service. In the article,
we establish a method to obtain the mathematical formula that accurately determines the preventive interval T, from
the maintenance costs and operating income of the patrol boat. The maintenance manager or his engineers, without
the need for modelling or mathematical knowledge, can apply this formula to obtain the optimal value of the

maintenance interval for that component.

The basic idea is to replace or repair the component at its age t or failure, whichever occurs first. The periodic PM
policy (a type of preventive maintenance policy) can be considered as the most common maintenance policy in
which an asset is preventively maintained at fixed time intervals, but this interval depends on the asset’s failure

history in its operating environment.

Nevertheless, in many industrial businesses it is also very important to consider the operational horizon of assets.
The total remaining time of operation according to the business, as demonstrated, influences the length of the
preventive interval. The model developed in this work considers the total remaining service time of the equipment,
finding the optimal interval T once the remaining time (planning horizon) has been established. If the horizon is

modified, the optimal interval will have a different length.
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One could then ask this question. Would it be possible to find a simple mathematical expression that helps those
responsible for the maintenance of boat engines (or any industrial equipment) to establish the optimal preventive

interval under a finite horizon planning setting that may vary at a certain time (project completion)?

The practical case presented is suitable for the failure mode due to deterioration of O-rings belonging to the
refrigerated exhaust system of a marine diesel engine. For four years, failure data and programmed substitutions of
32 engines were collected, this allowed to elaborate the mathematical function that represents their behaviour and
use that information together with the costs of the interventions and the operating income to determine the correct
location of the intervention of preventive replacement of the O-rings. The information collection process went on
for four more years, demonstrating the drastic reduction of the failures and the considerable increase in the

reliability of these marine diesel engines.

Through the development of a semi-Markov model, which transition to transition accumulates the returns in the
form of costs or income, we demonstrate that the calculation of the average accumulated return for finite number of
transitions can be calculated by means of difference equations system. The z transform is used to solve this
difference equations system. Deriving the equation of the average accumulated return with respect to the preventive
interval T and equating to zero, the optimal value of the interval is obtained for the different transitions. This allows

obtaining the optimal interval for the total operating time of the asset until the completion of a project.

The rest of the paper is organised as follows: Section 2 contains a summarizes the previous literature. Section 3
explains the method followed on paper. In section 3.1, we use the failure data of an element to analyse its
behaviour and mathematically define the cumulative distribution function that describes its behaviour in the event
of failure. In this case the Weibull distribution is used. For the functions of distribution of maintenance intervention
times, whether it is repairs by breakdown or preventive replacements, we consider the average intervention times.
Sections 3.2 and 3.3 show the mathematical model (three-state semi-Markov process), which, by evolving in a
probabilistic way, allows us to accumulate the returns generated in each state as time goes on. This accumulation of
returns is expressed as a difference equations system. In sections 3.4 to 3.5, that system of equations is solved using
the z-transform, reaching a solution explicitly. Likewise, the average return is optimised in m steps, which has been
obtained as a solution to the difference equation, for the time to preventive maintenance. In section 4, the results

obtained are presented and discussed. Finally, section 5 is devoted to present the conclusions of the work.

Page 4 of 34



Journal Pre-proof

2. Literature review

There is vast literature on maintenance optimisation models. Crespo et al. (Crespo Marquez and Sanchez
Herguedas, 2002) established a classification of the problems to be solved by models: a) determining the optimal
maintenance time intervals T, b) determining the frequency of inspections and maintenance based on the condition,
¢) determining the optimal resources to comply with maintenance requirements, and d) finding the economic life-
cycle of a device in the face of the dilemma between repair and replacement. Our model can be classified in “group
a’.

Reliability engineering, among others, addresses how to maintain reliability in systems through maintenance, fault
diagnosis, and prognosis. Maintenance must be planned in such a way that a balance is achieved between expected
benefits and expected consequences for the business, establishing an optimal maintenance plan. One of the
solutions to this problem is based on the search for potentially optimal strategies, including the calculation of the
preventive maintenance interval (Zio, 2009). In a recent publication (Mizutani S., Zhao X., 2021) various reliability
engineering techniques and tools are used to select the best policies that are suitable for objective systems in actual
fields for some types of replacements, including periodic. The method developed in this article fits between these
techniques as it finds the optimal preventive interval, establishing the frequency of interventions. To this end, it
starts from the proven reliability of the equipment, expressed through its survival function, and the income and cost
values incurred during operation and maintenance interventions. Other authors such as (Sembiring et al., 2018) use
reliability engineering techniques to determine the preventive interval and complete the design of the maintenance
plan for a group of rubber production machines. Also (Legat et al., 2016) present a method to determine the optimal
periodic preventive interval of optimisation, establishing the relationships between these intervals and the
reliability functions. They present some examples to demonstrate the suitability of the method and use the Weibull

distribution.

Therefore our model will be categorised under different criteria employed in literature such as: as periodic and
sequential PM, component or system perspective, finite or infinite planning horizon, and exact or heuristic
optimisation method. Finally, some examples of semi-Markov models and z-transform with applications to

maintenance issues are shown.
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Regarding the “group a” problems, a sample of studies which have calculated the maintenance preventive interval
is presented. (Lin et al., 2015) considered an adjusted preventive maintenance interval in a system that is replaced
after a fixed number of preventive interventions and that is minimally repaired at failure. (Coria et al., 2015)
developed an analytical optimisation method for a system with post-failure repair and periodic preventive
maintenance presenting some examples involving different failure time data. (Hu et al., 2020) consider a one-
component system working under time-varying operating condition, where the evolution process of the operating
condition is governed by a Markov process. (Laggoune et al., 2010) considered a setting in which each asset has its
own preventive maintenance interval, when a unit fails the policy prescribes whether other units should be
maintained as well. (Dong et al., 2019) use a parallel redundant system with three types of dependencies:
stochastic, structural and economic. (Wang et al., 2017) considered a mathematical reliability model that allows
analysing the sensitivity of reliability to redundancy and maintenance interval. (Zhao et al., 2020b) develop a
model where they balance the total expected time durations between early or late replacement and the random
failure using two variable types of shortage and excess costs. (Zhao et al., 2020a) study the replacement policies
obtaining the optimum replacement times and mission durations for the models of replacement first and last,
respectively. (Mtynarski et al., 2020) present results of the analysis of the developed models for complex technical
objects preventive maintenance scheduling and (Li and Zhang, 2020) find the optimal PM interval or both binary-

state systems and discrete multistate systems.

Other authors look for the interval for more specific situations: (Zhong et al., 2019) designed a scheduling for
offshore wind farms. (Han et al., 2019) ensured the integrity of safety barriers and process safety on offshore
installations by determining the maintenance interval. (Semaan and Yehia, 2019) developed a detailed stochastic
schedule for a periodic preventive of a military aircraft. (Jung and Park, 2003) determined policies during the post-
warranty period. (Huang and Yuan, 2010) for a multi-state deterioration system and (Jung et al., 2010) calculated

the cost under warranty policy renewal.

Besides, for much of the equipment in industrial facilities, PM policy is still the dominant maintenance because it is
easy to implement, and many assets cannot either be monitored or this task is not profitable for them. In fact, in the
literature, PM policies are commonly classified as periodic and sequential PM (Sheu and Chang, 2009). Periodic
PM is executed at fixed time interval, T. On the other hand, sequential PM is implemented at intervals of unequal

time lengths more suitable when the asset requires more frequent maintenance as it ages (Iranpoor and Fatemi
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Ghomi, 2019). This paper addresses the problem of optimal periodic PM (best periodic preventive interval t) policy

for systems with repairs at failures between preventive actions.

While modelling these problems, the engineer faces two specific decisions (Van Horenbeek et al., 2010): adopting a
component or system perspective and selecting a finite or infinite planning horizon. In this work, we focus on a
multi-component system (engine), where one of the elements is subject to a single failure mode (dominant failure
mode: degradation of O-rings) and where the only possible maintenance action is to recover the element by means
of a preventive or corrective task. This implies that there can only be one standard failure as a consequence of the
dominant failure mode, and that the entire system is not renewed after the failure (Wang, 2008). Thus, we consider
a single component system (O-rings) with a single failure mode, as it is isolated from the rest of the components

that make up the asset.

Regarding the planning horizon of the models, according to Nicolai et al. (Nicolai and Dekker, 2008), those of
infinite horizon have been studied extensively in the literature, analysing maintenance policies for stationary
situations over time. According to these authors, finite horizon models must be developed, in addition to adaptable
horizon models, which take into account short-term analysis (Nicolai and Dekker, 2007). Other authors also agree
that this effort is necessary because in most real cases, the horizons are finite (Nakagawa et al., 2004). Besides, on
many occasions, the nature of the system clearly defines a finite horizon (Percy, 2008). This happens, for example,
when an asset has its useful life limited to that of a system of which it is part. (Baklouti et al., 2020) propose PM
strategy which suggests systematically replacing panels with their respective wiring system every time units T over

a finite operating time span.

Considering now the models of finite time horizon, the optimisation methods that can be found in the literature can
be exact or heuristic (Lust et al., 2009). Although exact methods always find the optimal global solution, the
complexity of the optimisation problem is usually high, and the calculation time usually increases exponentially
with the size of the problem. Therefore, heuristic search methods should be further developed to find an optimal
value close to the solution at a reasonable time. The developed method in this paper finds an exact value as a
solution. (Nakagawa and Mizutani, 2009) made an interesting effort to develop exact methods, converting the usual
maintenance models into finite maintenance models by using the partition method. By using this method, three
usual models of periodic replacement with minimal repair, block replacement and simple replacement are

transformed into finite replacement models that can be solved analytically. The optimal policies for each model are
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derived analytically and calculated numerically. (Pandey et al., 2015) proposed a model which includes a finite
planning horizon and limited available resources to perform maintenance scheduling; (Schutz et al., 2011) proposed
and model periodic and sequential preventive maintenance policies for a system that performs various missions
over a finite planning horizon. Our model aims to achieve the exact value for optimal preventive interval T,

adopting a component perspective in a finite planning horizon.

On the other hand, semi-Markov processes have previously been successfully applied to maintenance, see (Grabski,
2014). (Lyubchenko et al., 2018) presented an approach for assessment of recommended preventive maintenance
intervals of radio communication devices and use a semi-Markov model. (Kumar and Varghese, 2018) used a
Semi-Markov process to determine system availability for a two component series system undergoing a preventive
maintenance policy. The system model is developed by considering a Weibull failure distribution and a Log-
normal repair distribution. The system undergoes preventive maintenance at fixed intervals of time. (Zhang and
Gao, 2012) presented a study in which they obtain the optimal maintenance policies that minimise the cost of the
life cycle of a road network. The surface deterioration is modelled as a semi-Markov process. (Crespo Marquez and
Sanchez Herguedas, 2002) selected a similar approach to formulate the dynamic state of the system, in this case,
the optimisation criterion to solve the problem is to minimise the total cumulative cost expected of the system for a
finite number of transitions, by using a recurring relationship and dynamic programming backwards. Different
corrective or preventive actions that could take place at different times are optimised. Our work represents an

evolution of this research by solving the system of equations exposed.

In the literature, z transforms have been previously used to solve very diverse problems, such as retirement
planning (Savoye, 2009), electrical circuit resolution (Roy, 2011), solving differential equations (Anake et al.,
2014) and determining the limit probability of a Markov process in a machine maintenance problem (Shakenova,
2012). In our case we use it to calculate the average accumulated return in each transition, solving the difference

equation system proposed from the semi-Markov model.

Our paper differs from prior works in the following ways. First, our method uses the z transform to find the average
accumulated return on each transition. Second, by using the z transform applying other methods previously used in
the literature is avoided, such as dynamic programming. Third, the model incorporates income per hour of
operation which has not been included in previous studies. Furthermore, many of the methods previously

developed to obtain the optimal preventive interval and found in the literature are heuristic, complex, need many
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data, or assume many simplifying hypotheses and restrictions that are not always applicable in the day-to-day
business (de Jonge and Scarf, 2020). As far as we know, there is no simple formula that responds to these
challenges. On the contrary, there are methods that in many cases do not guarantee that the solution obtained is the
best. These require a lot of data to simulate, and excellent mathematical understanding by whoever applies it, or
wishes to invest a great deal of time in its application in an engine room. This results in many of the studies never

being applied by the majority of the maintenance engineers.

3. Material and methods

The objective of the work is to find a mathematical expression that determines the optimal preventive interval. This
interval depends 1) on the remaining time of use of the asset, 2) on its failure statistics, 3) on the costs of
maintenance tasks and the penalty for its inactivity and 4) on income from its operation. The asset should verify
two hypotheses for this process to be applied successfully. First, that the asset is always in one of these three states:
operational, corrective or preventive. Furthermore, the second hypothesis is that it shows a clear tendency to wear.
These hypotheses are met by many types of industrial equipment. Throughout the paper we will find the formula
and show the application process. So that a maintenance manager, without specialised knowledge in calculus, can

apply the procedure to the assets of the plant without it consuming too much time.

The different steps followed to develop the method are represented in Fig. 1. The method begins with the selection
of all the necessary data for the model, economic and maintenance management data (green) and failure and
preventive data (blue), and with the elaboration of the observed distribution functions and their possible adjustment
to several theoretical distribution functions. Next (red), a mathematical optimisation model based on semi-Markov
processes is developed, the accumulated returns in the successive transitions between states are calculated, the
results in an analytical expression the average accumulated return by applying the z transforms, as well as the

temporary determination of the location of the preventive maintenance task, in the case of a finite horizon.
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Fig. 1. Methodological proposal.

3.1.Real case. Data selection and information processing

We analysed the behaviour in the event of failure of the O-rings located at the end connections of the cooling pipe
(from now on referred to as crossover) that joins the two exhausts of a 12-cylinder V-shaped alternative diesel
engine. As a result of the high temperatures reached by the exhaust gases inside the crossover, even though it is
subjected to forced cooling using a cooling liquid, these O-rings often deteriorate, despite the thermal protection
applied to them during their assembly phase. This results in coolant leaks both to the outside of the engine and to
the inside of the crossover. The high temperatures are due to the operation of the engine itself and their prolonged

effect over time explains the deterioration of the O-rings.

Besides, there are also specific situations where these high temperatures reach peaks that deteriorate the O-rings in
a few minutes. In our case, since we are dealing with an engine installed in a high-speed coastal patrol boat, the
abrupt turning at high speeds during a chase (when the engine is being most requested) can cause, under certain
conditions, the propeller to come out of the water with the consequent increase in revolutions, causing the injection
to be cut off and the engine to stop immediately. In this situation, the cooling is cancelled, and the crossover
reaches a maximum temperature that is prolonged in time until the engine is restarted, and the temperatures are
normalised. In most cases, the damage is already done. Then we have the same failure mode caused by two
different causes. The first one is due to a continuous high temperature, which causes deterioration in the medium
term, and the second one is due to a temperature peak, which causes the failure at short term. This second cause has
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a solution related to the learning of the steering of the patrol boat. In fact, it was not a problem generalised to all the

boats but limited to some of them, so its elimination was focused on the correct learning of the steering technique.

The need to study the available data and determine the optimal time for preventive replacement of the O-rings to
avoid repetitive failures was raised regarding the problem of continuous high temperature. Initially, the preventive
replacement intervention was designed to be carried out every 4000 hours of engine operation. This fact, along with
occasional deterioration due to very high temperature, had caused a distribution of failures in 32 engines from 16
boats, as shown in Fig. 2. This failure mode was responsible for an excessive number of hours of unavailability of

the patrol boat, allowing "situations" that were precisely tried to avoid with the active presence of the patrol boat.

Each red cell represents a failure and the orange cell an O-ring preventive replacement; the green and blue cells
indicate availability before and after the change of preventive interval. All the engine preventive interventions are
expressed by the letter R followed by the number of hours in multiples of 100. This situation remained unchanged
until the fourth year of data collection, when a new replacement time of the O-rings was introduced, every 1000
hours. This fact coincides in Fig. 3 with the orange cells that serve as the beginning of a new scenario in which
availability is indicated by blue cells. In this new maintenance scenario, the number of failures was reduced to

10.8% during the next four years. Note the decrease in red cells on the right side of Fig. 3.
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Fig. 2. One scenario. Crossover O-rings failures (red cells). O-ring preventive replacement change (orange cells). The green and blue cells
indicate availability before (green cells) and after (blue cells) the preventive interval change. All engine revisions are expressed in multiples of
100 hours (R15 = revision 1500 hours).
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Fig. 3. Two scenarios. Crossover O-rings failures (red cells). O-ring preventive replacement change (orange cells). The green and blue cells
indicate availability before (green cells) and after (blue cells) the preventive interval change. All engine revisions are expressed in multiples of
100 hours (R15 = revision 1500 hours).

Table 1. Relationship of times until failure (F) and other times (R) for each equipment.

. Start of operation End of operation Hours of
No. of order | Equipment | Reason for stop (hours) (hours) operation
1 1 F 0 1,274 1,274
2 1 F 1,274 3,234 1,960
3 1 R 3,234 4,000 766
4 2 F 0 1,413 1,413
5 2 F 1,413 3,339 1,926
6 2 R 3,339 4,000 661
7 3 F 0 1,304 1,304
8 3 F 1,304 1,916 612
9 3 R 1,916 2,000 84
10 4 F 0 1,211 1,211
120 32 F 0 604 604
121 32 R 604 2.000 1.396
Times F 83
Times R 38

We then order the operating hours in increasing order and apply the expressions (1) and (2) that follow (see chapter
10 of Maintenance Engineering) (Crespo Marquez et al., 2004) only the failure data (F) in Table 1, which gives us

the results of Table 2.

. N + 1 - (new order number previous element that failed)
New increase = 1)
N+ 1-(No. of elements above)

where N is the total number of elements (121).

New order number = new increase + new previous order number 2

Table 2. Columns 1 and 3 are the 1st and 6th columns of Table 1, in increasing order. Columns 4 and 5 have been calculated according
to the Egs. (1) y (2). Failure (F), Preventive replace (R).

No. of order Type Hours of operation New Increment New No. of order
81 R 45
9 R 84
13 R 84
109 R 103
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33 R 121

29 R 176

71 F 190 1.05172414 1.051724
112 R 199

92 R 217

16 R 259

12 F 276 1.07989532 2.131619
51 F 296 1.07989532 3.211515
89 R 324
119 R 371

11 F 429 1.12074583 5.442433

The medians range method (Johnson, 1964) calculates the observed distribution function F; that estimates the
theoretical distribution function (Weibull, Log-normal) for the failure data. In our case, we do it using Benard's

formula (Campbell and Jardine, 2001), Eq. (3):

i-03
Fo=—"" 3
' N + 04"’ @)

where i (column 2 of Table 3) is the new order number calculated using Eq. (2). The results are presented in the

last column of Table 3.

Table 3. Values of the observed function (F;) calculated using the Benard’s formula.

Operation hours until failure(t;) New order number (i) F;
190 1.051724 0.006192126
276 2.131619 0.015087475
296 3.211515 0.023982824
409 4.321688 0.033127574
429 5.442433 0.042359418
430 6.563179 0.051591262
437 7.683925 0.060823106
454 8.804671 0.070054950

Next, we determine the probability distribution function that best suits the observed function. To do this, we

compare the adjustment between the known functions that could be adapted: Weibull and Log-normal functions.

First, we try to find the Weibull function of two parameters (o, £5), using columns 1 and 3 of Table 3. We represent
the function observed against the operation hours until failure in a graph with logarithmic scales on the axis vertical

(In(1/(1 — F;))) and in the horizontal axis In(t;).

Using Excel, we adjust a straight line to the points of this graph using the least-squares method. We estimate the
shape parameter (o) by the slope of the adjustment line, scale parameter (5) by the exponential of the quotient

between the ordinate at the origin and the slope of the adjustment line. See Fig. 4.
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Fig. 4. Obtaining the parameters of the Weibull function (two parameters).

The Weibull function supports a third parameter called guaranteed life (y). To estimate it, we adjust again using the
least-squares method a parabola to the same data in Table 3. Then we modify the horizontal axis, subtracting a

number (x) from time, In(t; — x). Considering various values of X, the one that manages to make the coefficient of
the second-degree term of the parabola very close to zero, is used as an estimate of the location parameter y. Fig. 5

shows the result. The whole procedure can be consulted in (Crespo Marquez et al., 2004).

Hodins fo, | L pserved Indn | : :
failure, 1 | Distribution, | In t (1115 Linear trend / quadratic trend
F(1) Jol FQUY 2
190 0.00619 4292745 -5.081373 y =-1E-06x? + 1,9469x - 13,807
276 0.01509  5.069954 -4.186299 0
296 0.02398 5.188319  -3.718304 = y = 1,9469x - 13,807
409 0.03313 5677326 -3.390592 £ 5
429 004236, 5743538 -3.140001 |
430 0.05159  5.746737 -2.938035 = 4
437 006082  5.768843 -2.768574 £
454 0.07005 5820579 262380 | £ o <
481 0.07929 5.897613  -2.493665
492 0.08852 5927371 -2.378538 400 2,00 in t.6 00 700 8.00
498 0.09775 5943238 -2.274346
499 0.10698  5.943858 2179051 |\ 0 -7 = 1.95
' ' ' p= 1202.36
y= 116.83

Fig. 5. Obtaining the parameters of the Weibull function (three parameters).

With the same data and a similar procedure, we can estimate the average values (1 = 6.9551) and the standard

deviation (¢ = 0.570) of the Log-normal from the observed distribution. With the values of the estimated
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distribution functions in Table 4 the graphs of Fig. 6 have been drawn, observing the adjustment of the different

functions.

Table 4. Estimated failure time distributions.

Hours until Observed .
failure, t Distribution, F(t) _ Weibull F(0.p) Log-Normal
190 0.00619 0.00428783 0.01032166 0.00136495
276 0.01509 0.01932312 0.02472417 0.009601445
296 0.02398 0.02426952 0.02909559 0.013249031
409 0.03313 0.06167301 0.06135405 0.049314371
429 0.04236 0.06985513 0.06841268 0.058466244
430 0.05159 0.07027575 0.06877622 0.058944579
437 0.06082 0.07325026 0.07134924 0.062347073
454 0.07005 0.08069097 0.07780290 0.070996406
481 0.07929 0.09312081 0.08864488 0.085803491

Function Representation
10

09

'
0.1 &
—M
0,0
1] 500 1.000 1.500 2.000 2,500
Hours
—a—(Observed distribution F(t) -+ Weibull F(t;a.b.c) -+ Weibull F(t:a,b) LogNomal

Fig. 6. Comparison of the adjustment to the experimental function of the Weibull and Log-normal functions.

To measure the quality of the adjustments, we use the Root Mean Square Error (RMSE):

2
Z(Fobserved - Ftheoretical)

The lowest value corresponds to the Weibull function of three parameters as can be seen in Fig. 7.
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Quadratic error

w32 0.099881478

0.1
0.08

0.062744463

0.06
0.04

0.038024582
0.02
Weibull (3p) Weibull (2p) Log-Normal
Fig. 7. Comparison of the Root Mean Square Errors of the adjustments of the theoretical functions regarding the measurements.
The reader can find other ways to use the Weibull parameters related to the preventive interval in (Sgarbossa et al.,

2018), (Sgarbossa et al., 2019).

In this work, the least squares method has been chosen to estimate the parameters of the failure time distributions,
because it is a simple method well known by practitioners. An alternative method with higher mathematical content

is the method of maximum likelihood (Li et al., 2020), (Balakrishnan and Mitra, 2011), (Hong et al., 2009).

3.2. Semi-Markov maintenance model with returns for a finite period of time

A semi-Markov process has been chosen for the construction of the model because it is a powerful tool for the
optimisation of reliability and maintenance probiems (Hu and Yue, 2003), (Kim and Makis, 2009), (Kim, M. J., &
Makis, 2010), (Zhang and Gao, 2012). This type of tool is widely used to model maintenance systems with a finite

number of operating periods (\White and Gertsbakh, 2006).

A detailed explanation of the model proposed below can be found in (Crespo Marquez and Sanchez Herguedas,
2002). It is composed of three states (1. Operational, 2. Corrective and 3. Preventive), which represent the
behaviour of the system under study in the event of failure. In the Operational state, the equipment will operate,
producing some income. The time that the equipment is operating follows a three-parameter Weibull distribution
function, according to the results of section 3.1. If after a time t, the equipment does not fail, the system makes a
transition to the Preventive state, in which the maintenance task is performed, characterised by the cost of spare
parts, labour, and the cost derived from inactivity. Once the preventive task is completed, the system would return
to the Operational state with probability 1. If the failure due to the deterioration of the crossover O-rings occurs
before reaching the time t, the system would go directly from the Operational to the Corrective state, accumulating

some labour costs of repair, spare parts and unavailability. The system composed of the three states evolves during
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the time considered appropriate (finite), through the mechanism switching from one state to another, according to
certain probabilities of transition. These transitions are expressed graphically in Fig. 8. The time until the

preventive T will be calculated by optimising the average accumulated return, as detailed in the following sections.

y<\ @ E3: Preventive %‘ ﬂ/ \\\\ >
\ E2: Corrective | I ﬁ”
O e \ [ e \

El: Operational | . .

Fig. 8. Transition process between states.

v

‘ -

3.3. Formulating a difference equation system for average accumulated return

In our model, each transition is associated with a return that can be either a reward in the form of income, such as
profits made while the system is in operating condition, or a loss in the form of costs, such as those incurred by
repair after a failure or preventive replacement. Suppose that 7;; denotes the return on the transition from state i to j
(from here on we will often refer to states by their index), which will be positive if it is a income, or negative if it is

a cost.

To make the model more general, we will consider that the system has n states. Later we will particularise for our
case n = 3. In m transitions or successive steps, starting from state i, the system will accumulate returns, which,
added to their respective signs, will constitute the accumulated return Q;(m) in m steps from state i. For each value
of i and m the return is random variable. The random character is because once an initial state is determined, the
next one is unpredictable and so are those that follow it, so in m transitions, the system can evolve in many ways.
This is the reason why we are interested in knowing the average accumulated return, and not the accumulated

return itself. In the following, for brevity, the accumulated return will simply be called return.

Let be v;(m) = E(Qi(m)) the average return, in m steps, when the system starts from state i. To calculate it, the m
steps are separated in two stages. The first is the transition from the initial state i to the next j. As the latter can be
any of the system states, the return Q;(1) in a single step is a random variable that can reach the values

131 (1), 112 (1), -+, 1, (1), with the respective probabilities p;;, pi2, =+ , Pin. Then, the average return in one step

can be formulated as follows:
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n

v (1) = Z 13;(1) pij (4)

j=1
We now proceed with the remaining m — 1 steps. Once the first step is taken, the system is found in a state called j,

where j takes one of the values 1, 2, 3, ---, n.. Therefore, the average return in the following m — 1 steps is a
random variable that can reach the values v, (m — 1), v,(m — 1), -+, v,(m — 1), with respective probabilities,
Di1, Piz»**» Pin,» Which remains constant along with the m steps, since the process is homogeneous. Therefore, the
expected value of the return of the remaining m — 1 steps can be formulated as

n

Zvj(m—l)- Dij (5)

j=1

We conclude that the total average return of the system in m steps is calculated according to Eq. (6):

vim) = v(D) + ) vy(m — 1)y ©)
j=1
If the vector V(m) = (v, (m), v,(m), -, v,(m))t, is defined, where the superscript t indicates transposition in

the matrix sense, Eq. (6) is written as a matrix difference equation:

Vim) =V({1)+PV(m—-1) @)
Where P is the transition probability matrix. Eq. (7) provides the average accumulated return in m steps from any

possible starting state i. At this point, we proceed to solve the difference equation system.

Although our study focuses on a finite horizon process, it may be interesting to analyse the long-term behavior that

we carried out in section 3.4.

3.4. Solving the system of difference equations by applying transforms z

The z-transform of an x(m) sequence, usually denoted as Z[x(m)], is a complex variable function that is defined

as the following Laurent series:

[oe]

Z[x(m)] = Z x(n)z ™, z € C\{0}. (8)

n=0

The z-transform of the vector is another vector whose components are the z-transforms of the components. It is

convenient to rewrite the difference equation with the index increased by one unit, thatisV(m + 1) = V(1) +

Page 18 of 34



Journal Pre-proof

P V(m), and apply the z-transform to both members of the equality. To do this, we take into account the linearity

of the transform and the fact that the matrix P is constant (meaning it does not depend on m):

Z[Vim+1)] = Z[V(1)] + P Z[V(m)] 9

Using the properties of the z-transform, the Eq. (10) is reached:

VA
z(Z[V(m)] - V(0)) = V(1) —tP Z[V(m)] (10)
Multiplying by the inverse of the I — z=1P matrix (which is regular), dividing by z and reordering the terms, we

obtain:

Z[V(m)] = = -z *P) W (@) + (I — z7P)"V(0) (11)
The initially average return vector V(0) is the zero vector since there is no return before the initial moment in

which the evolution of the chain begins. Therefore:

2V = (=2 D)V () 12)

Now, it only remains to reverse this transformation to obtain the average accumulated return in m steps V(m).
In our model of n = 3 states, the functionsand variables involved are:
Time-related probabilistic functions:

e F(t), is the cumulative distribution function (CDF) of failures of the equipment, f(t) is the probability density
function (PDF). After the discussion of section 3.1, we will use the three-parametric Weibull distribution.

e G(t.), isthe distribution function of the time the equipment remains under corrective maintenance and g(t.)
its probability density function.

e H (tp), is the distribution function of the time that the equipment remains under preventive maintenance and

h(t,,) its probability density function.
Returns (costs and incomes):

e Ry, income per time unit that the system remains in state 1 (E;: Operational).
e R,, cost per time unit that the system remains on state 2 (E,: Corrective)

e R, cost per time unit that the system remains on state 3 (E5: Preventive).
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e R, cost of transition from state 1 to state 2.
e R,,, cost of transition from state 2 to state 1.
e R;3, cost of transition from state 1 to state 3.

e R34, cost of transition from state 3 to state 1.
Matrices to describe the process:

e P, the transition probability matrix between states (p;; is the probability of going from state i to j)
e F,stay time matrix (F;; is the average time in state i before the system goes to state j).

e R, returns matrix, where r;; = R; + R;;.

In our case of a system with three states, the transition probability matrix P and stay time F in each state are:

0 F(r) 1-F(v) 0 A 7
P=<1 0 0 ) F=(B 0 0>, (13)
1 0 0 c 0 O

where,

1 T (o8] (o0}
A= —f t-f(t)dt; B= f tog(tdt.; C= f t, h(t,)dt, .
F(7) Jo 0 0
Starting from F, we obtain R as follows:

R=(T21 0 0>= (RzB+R21 0 0 )

31 0 0 R3C + R31 0 0
To simplify the notation, we will call p = F(7).
The matrix P has the following remarkable property:

P ifmisodd

=1,2,3,..
P? ifmiseven m

pm={
From P™ it follows that the process lacks a limiting distribution, since if & is said distribution, it must be

7 = limyy e (@ P™), where 7(® is any initial distribution vector, but this limit does not exist due to

P™. However the process has steady state distribution since the fixed point equation m = P together

with the condition Y3_, m; = 1, has the single solution = ( § 1;—”) which is easy to prove.
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Taking into account that IV (0) = 0 because there is no return before the first step and that the vector V (1),

according to Eqg. (4) is:

v1(1) 1120 + 113(1 — p)
v, (1) | = < 21 >
v3(1) 31

we can develop the matrix (I — z=1P)™1, resulting:

(r12p + 113(1 = p))2* + (rz1p + 13:.(1 = p))z
(1120 +113(1 =)z + 1212% + (131 — 121) (1 — p) (14)
(r12p +113(1 =)z + 13122 + (121 — 131)p
The three components of Eq. (14) are linear combinations of rational functions in z. For each of them we can find

1

2Vl ==+

their serial development by Laurent and from there look for their inverse transformations.

It is reasonable to observe the evolution of the system from the operational state. Therefore, we will only deal with

the first component of V(m). The result would be the following:

v1(0) =0,
v (1) =712F (@) + r13(1 = F(D)),

_(Zm +1+ (1™ <R1 frtf(t)df +Ri2F(0) + (R, T+ Ry3)(1 - F(T)))
0

0 15
(R2f tc g(tc)dtc + R21> F(T) \ ( )
+(2m—-1—-(-1)™1) 20
+ <R3 fo t, h(t,)dt, + R31> (1-F(D)

forvaluesof m = 2,3,4, ...

N

vy(m) =

3.5. Optimisation of the expected performance when starting from the operational state

Once we reach the explicit expression for v, (m), we proceed to calculate the operation time up to the preventive
one, T, which makes maximum v, (m). To do this, we use the direct method of deriving Eq. (15) with respect to T,

equalise the derivative to zero and obtain the corresponding value from .

d 1
% = F@(@m+ 14+ D™D (R, — Riz)
+(@2m—1—(=1D™)(R;B + Ry; — R3C — R3))] (16)
Ry

+(C2m+1+ (-1)™1 2 (1-F().
In section 3.1 we have found that the three-parameter Weibull distribution is the one that best fits the observed

distribution. That is why in the development that follows we will use it in our calculations:
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_ a—1 t;a _t;a
f@® :%<tTy) e_( 3y) , Ft)=1-¢ (3y) , a, B,y > 0;

Substituting them in Eq. (16) gives an equation which, when equaled to zero, allows to clear the value of t that

makes v, (m) maximum:

@-yer=E o
@ p o _poL 2m—1—-(-1)m-1
2T T 2m+ 1+ (—1)mt

The range of values of the function (7 — y)#~1 is the interval (0, o) if 0 < a < 1 and the interval [0, ) if & = 1, SO

A7)

(R2B + Ry1 — R3C — R3q)

Eq. (17) will have a solution if and only if the denominator is verified to be greater than zero. Since R,, a.and [ are

strictly positive, we can show that in cases where « > 1 and 0 < a < 1, we can always reach the optimal solution.

In the particular case of @ < 1 it is shown that the optimum is in infinite, which means that preventive maintenance
would not be indicated either. Only corrective maintenance would be indicated. On the other hand, for the case
a = 1, either there is no solution, or any positive number is, depending on whether the second term of the

expression is different or equal to 1, respectively. Nor would the preventive one be indicated.

In other cases, such as the model presented in (Zhao et al., 2020b), where only costs are considered, the existence
of a finite preventive interval is demonstrated. in this case they balance the total expected time durations between

early or late replacement and the random failure using two variable types of shortage and excess costs.

4. Results and Discussion

Once we have estimated the parameters of the Weibull distribution that we are going to use according to section
3.1, we need to estimate the distribution functions of the repair time G (t.) and the preventive time H(t, ). Since
these are small time intervals (less than 1%) compared to operating times, we can use the average time of both
interventions as estimators. In our case, these values are u; = 8 and u, = 7 hours, respectively. On the other
hand, there are other returns associated with the study, such as the estimated income per hour of equipment
operation R, which has been valued at 6.0 €/hour; the cost associated with the onset of the failure R,,, estimated at
4,320 €, mainly as a result of the loss in availability; the cost incurred on ordering the preventive R, 5, estimated at
1 €; the cost of the corrective R,, 95.0 €/hour; the cost of the preventive hour R3, 82.0 €/hour and the cost of the

spare part necessary to make the intervention R,; and R34, 620 €, as shown in Table 5.

Table 5. Parameters and data input to the model.
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Failure distribution function F. D. Corrective times F. D. Preventive time
Weibull (a, B, y) Normal (u;) Normal (i)
=195 [$=120236]| y=116.83 u =8 w=1
Operation Returns Corrective Returns Preventive Returns
Ry (€/hour) Riz (€) Rz (€) R, (€/hour) Ra (€) R3 (€/hour) Ra1 (€)
6.0 -4,320 -1.0 -95.0 -620 -82.0 -620

By replacing the parameters and data of Table 5 in Eq. (17), the value of the time until the preventive 7, is
obtained, which makes the average accumulated return for different steps maximum (in this figure, for m from 1 to

10). These values are shown numerically and graphically in Fig. 9.

m ‘ To 1, (optimum)

1 1,139.59 1160

2 1,095.04 r

3 111683| g o

4 109504 2

5 1,100.46| g 1% e~ T
6 1,095.04| G 1020

7 110582 Losa

8 109504 ..

9 1,103.65 1 2 3 q 5 6 7 8 a1
10 1,095.04 transition steps

Fig. 9. Optimal values of 7, and their graphic representation for a succession of steps.

The model we are analyzing is simple but reflects a real situation that occurs in many industrial equipment. Every
two steps, the described process starts an operational stage once again, closing a cycle. Hence the optimal value
(1,095 hours) is repeated for the even values of the steps. In other models with more states this particular fact does

not occur.

In Fig. 9 it is possible to observe the process’ behaviour for a finite period of time, knowing that, for this case, the
step has an average duration of p, f1, + p13 f13 = 912 hours, with p;; and f;; (j = 2,3) elements of the matrices
in Eq. (13). We can determine the optimal moment z,, of the preventive intervention according to the time until the
end of the project. For example, if 4,560 hours remained to finish the project, the process would advance to step

number 5 and t, would be 1,109 hours.

This tool allows finding t,, for different situations of finite time and also the one of infinite time. It can be seen
that, as the time horizon lengthens, the values of t, will get closer to the corresponding value of the infinite

horizon, as would be expected.
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Also, throughout the process of obtaining the 7, we have deduced how the average accumulated return varies as a

4vi(m) This hehaviour can be observed in Fig. 10, the maximum

function of time until preventive maintenance, =

value of v, is found for the value of T equal to 1,095 hours. Furthermore, for high values of 7, which could
correspond to a situation where no preventive maintenance is done, the average accumulated return, predictably, is

not affected by small variations of .

Variations of returns with time until preventive

100

dv,(m)/dt

T

d
Fig. 10. Graphical representation of the behaviour of the % compared to the time until preventive maintenance, 7. Using Eq. (16).

The value of 1 is traditionally deduced by comparison with similar elements and by applying the procedures
recommended by the RCM method. It has also been deducted from a required reliability value. These methods are
not very precise, as the former requires testing and analysis of the results and the latter does not assess the costs of

the chosen option and may, therefore, deviate from the optimal economic solution.

The calculation of the interval of preventive maintenance value t is one of the most discussed issues, both from an
academic and business point of view. When a company promotes the realisation of RCM to its critical equipment
and the CBM is not possible, the default maintenance acquires remarkable significance. Phase 8 of the RCM
method described in (Rausand and Vatn, 2008) refers to the methods for optimising the maintenance interval.
These methods consist of the construction of the cost function and its minimisation for values of 7. In this context,

our work can be considered as a contribution and an innovation to this phase 8 of the RCM method.
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In other cases, it is desired to find the value t that maximises availability (Kumar and VVarghese, 2018) or the
average time until failure (Zhong and Jin, 2014). To reach this value of t, numerical techniques are used, such as
the golden section technique. On the contrary, our method explicitly obtains the value of t, and achieves it in a

much simpler way.

This newly proposed method assesses the situation economically and looks for the most profitable solution. The
novelty arises when returns are described as the solution of the difference equation system resulting from a semi-
Markov process. This avoids calculating them through dynamic programming, as it has been done traditionally.
Later on, the fact that this type of equation system admits a direct solution through z transforms is profited. The
result is beneficial for maintenance management because it allows automating the calculation of optimal

frequencies for preventive interventions without the need for expert knowledge.

Compared to the mathematical expressions obtained for models with infinite horizons, this expression allows us to
calculate the optimal 7 for any time horizon we see fit, and in most cases that value is different from the value for

an infinite time horizon.

If we did not have this novel method and we wanted to find the optimal value of = (without using the mathematical

expression for t) we should:

1) Find the value of the average accumulated return. For that, we should use some simulation technique.
This technique must determine the value of this variable for each step, based on the data of the problem and

for different values of .

2) Among the values obtained for each step m, the value of = that maximises v; should be found. This

process is simple since it consists in finding the largest value of v; in a list of values.

For example, by using dynamic programming we can simulate our system of equations, Eq. (6), using different
values of m and t. After the simulation, there is a large table of values for v;, from which we could obtain the

values of t that maximise v; for each value of m. A brief summary of this table is shown in Table 6.

Table 6. Returns values v, (m) for different values of m and t. The shaded cells represent the maximum v,

vi(m)

T vi(5) v1(6) vi(7) Vvi(8) vi(9) v1(10) vi(11) vi(12) vi(13) vi(14) v1(15)
1,095 7,510.427 | 6,225.682 | 9,585.655 | 8,300.909 | 11,660.882 | 10,376.136 | 13,736.109 | 12,451.363 | 15,811.336 | 14,526.590 | 17,886.564
1,096 7,510.550 | 6,225.677 | 9,585.776 | 8,300.903 | 11,661.001 | 10,376.129 | 13,736.227 | 12,451.354 | 15,811.453 | 14,526.580 | 17,886.678
1,097 7,510.663 | 6,225.664 | 9,585.885 | 8,300.885 | 11,661.106 | 10,376.106 | 13,736.327 | 12,451.328 | 15,811.548 | 14,526.549 | 17,886.770
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1,098 | 7,510.768 | 6,225.642 | 9,585.982 | 8,300.855 | 11,661.196 | 10,376.069 | 13,736.409 | 12,451.283 | 15,811.623 | 14,526.497 | 17,886.837

1,099 | 7,510.863 | 6,225.611 | 9,586.067 | 8,300.814 | 11,661.270 | 10,376.018 | 13,736.474 | 12,451.221 | 15,811.677 | 14,526.425 | 17,886.881

1,100 | 7,510.950 | 6,225.571 | 9,586.140 | 8,300.761 | 11,661.331 | 10,375.951 | 13,736.521 | 12,451.141 | 15,811.711 | 14,526.331 | 17,886.901

1,101 | 7,511.028 | 6,225.522 | 9,586.202 | 8,300.696 | 11,661.376 | 10,375.870 | 13,736.550 | 12,451.044 | 15,811.724 | 14,526.218 | 17,886.898

1,102 | 7,511.097 | 6,225.464 | 9,586.252 | 8,300.619 | 11,661.407 | 10,375.774 | 13,736.562 | 12,450.929 | 15,811.716 | 14,526.084 | 17,886.871

1,103 | 7,511.157 | 6,225.398 | 9,586.290 | 8,300.531 | 11,661.423 | 10,375.664 | 13,736.556 | 12,450.796 | 15,811.688 | 14,525.929 | 17,886.821

1,104 | 7,511.209 | 6,225.323 | 9,586.317 | 8,300.431 | 11,661.424 | 10,375.539 | 13,736.532 | 12,450.646 | 15,811.640 | 14,525.754 | 17,886.748

1,105 | 7,511.252 | 6,225.239 | 9,586.331 | 8,300.319 | 11,661.411 | 10,375.399 | 13,736.491 | 12,450.479 | 15,811.571 | 14,525.559 | 17,886.651

1,106 | 7,511.286 | 6,225.147 | 9,586.335 | 8,300.196 | 11,661.384 | 10,375.245 | 13,736.433 | 12,450.294 | 15,811.482 | 14,525.343 | 17,886.531

1,107 | 7,511.311| 6,225.046 | 9,586.326 | 8,300.062 | 11,661.342 | 10,375.077 | 13,736.357 | 12,450.092 | 15,811.373 | 14,525.108 | 17,886.388

1,108 | 7,511.328 | 6,224.936 | 9,586.306 | 8,299.915 | 11,661.285 | 10,374.894 | 13,736.264 | 12,449.873 | 15,811.243 | 14,524.852 | 17,886.222

1,109 | 7,511.336 | 6,224.818 | 9,586.275| 8,299.758 | 11,661.214 | 10,374.697 | 13,736.154 | 12,449.636 | 15,811.093 | 14,524.576 | 17,886.033

1,110 | 7,511.335| 6,224.691 | 9,586.232 | 8,299.588 | 11,661.129 | 10,374.486 | 13,736.026 | 12,449.383 | 15,810.923 | 14,524.280 | 17,885.820

1,111 | 7,511.326 | 6,224.556 | 9,586.178 | 8,299.408 | 11,661.030 | 10,374.260 | 13,735.882 | 12,449.112 | 15,810.734 | 14,523.964 | 17,885.586

1,112 | 7,511.308 | 6,224.412 | 9,586.112 | 8,299.216 | 11,660.916 | 10,374.020 | 13,735.720 | 12,448.824 | 15,810.524 | 14,523.628 | 17,885.328

1,113 | 7,511.281 | 6,224.260 | 9,586.034 | 8,299.013 | 11,660.788 | 10,373.766 | 13,735.541 | 12,448.519 | 15,810.294 | 14,523.272 | 17,885.047

1,114 |7,511.246 | 6,224.099 | 9,585.946 | 8,298.798 | 11,660.645 | 10,373.498 | 13,735.345 | 12,448.197 | 15,810.045 | 14,522.897 | 17,884.744

The method presented in the paper has been compared with the utilization of Monte Carlo simulation. A dynamic
simulation model has been built using continuous time stochastic simulation. The methodology used can be
consulted in (Crespo Marquez, 2010). The variability is introduced by three seeds, one for the preventive time, a
second for the corrective time and a third for the random number generating failures according to the Weibull
distribution. Difference equations are used in the model and the simulation time step considered is one hour. 200
simulations were done per scenario and only three of the many scenarios studied are referred (t = 500,17 =

1,095 and t = 2,000 hours). A total number of 15,000 hours of simulation were considered. The results from this
simulation are shown in Table 7 and can be compared with the ones presented in Fig. 11 from the analytical

method.

Table 7. Monte Carlo simulation. Returns values v, (m) for different values of m and z.

Variable Count Min Max Mean | Median | StDev | (Norm)
Returs form = 10
T =500 200 -8,706 | 9,007 5,970 8,679 3,521 | 0.5898
T=1,095 200 | -10,819 | 26,693 | 10,477 | 10,313 6,790 | 0.6481
T =1,500 200 | -10,819 | 34,041 | 9,552 8,137 8,733 | 0.9142
Returs form = 8
T =500 200 -5,212 | 7,208 4,867 6,962 3,132 | 0.6434
T=1,095 200 | -11477 | 21,324 | 8,125 8,241 6,196 | 0,7626
7 =1,500 200 | -11.477 | 30,962 | 7,411 6,616 7,778 1.050
Retursform =6
7 =500 200 -7,011 | 5,409 5,535 5,245 2,836 | 0.8022
T=1,095 200 -8,032 | 16,119 | 6,177 6,991 5,653 | 0.9152
7= 1,500 200 -8,032 | 23,245 | 5,482 5,170 6,572 1.199
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Vy(m), m transitions Vi{10)

Fig. 11. Analytical method. Returns values v, (m) for different values of m and .

In the scenario T = 1,095, looking at the mean returns values to a certain number of transitions, it is possible to
check how accurate the results of the analytical model are. The analytical approach turned out to be much more
straightforward and less time consuming, while Monte Carlo is laborious and requires testing many different

scenarios.

This new method also allows the maintenance manager to do an analysis of the result against the input data. This
analysis becomes a very basic study since it only requires verifying the variation of t by varying an input data
using the mathematical expression of t,. As an example, the value of each of the data has been varied by 10%. g,

R, Y Ry, are the ones that have most influence. This is represented in Table 8.

Table 8. Variation of the optimal interval z,, if each of the input data is varied by a percentage (£10%).

Rewards Quantity T, Quantity | Failure Data| Quantity T, Quantity
10% 1198.63 9,46% 10% 1109.46 1.32%

Ry (€/hora) =505 992.03 -9,410/2 Ra1 (€) 10% 1081.02 1.28%
R eh 10% 1077.91 -1.56% 10% 1048.91 “4.21%
/(o) -10% 1112.78 1.62% a -10% 1183.61 8.09%
R (eh 10% 1108.38 1.22% 10% 1306.82 19.34%
a (o) 10% 1082.05 1.19% B 10% 904 51 217.40%
e 10% 1004.87 ~8.23% 10% 1106.73 1.07%
12 “10% 1204.93 10.04% ¥ -10% 1083.36 1.07%
Re ©) 10% 1095.07 0% 10% 1077.91 ~1.56%
= -10% 1095.02 0% H1 -10% 1112.78 1.62%
R €) 10% 1081.02 ~1.28% 10% 1108.38 1.22%
2 -10% 1109.46 1.32% Ha -10% 1082.05 -1.19%
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5. Conclusions

Preventive maintenance (PM) actions carried out at fixed time intervals are very frequent in equipment
maintenance. The correct selection of the interval can mean saving costs for companies. The maintenance manager
knows the equipment failure data and the cost of interventions. Having a mathematical formula that relates interval,
failure data, costs and planning horizon can be a competitive advantage for that company. It allows one to optimise
the interval at a very low price, since managers do not need to resort to complicated methods that consume time

and resources of the maintenance department.

This work develops a practical mathematical tool that allows calculating the optimal preventive interval, in an
analytical way, just by having data from the fault history and the preventive tasks (costs and income). No
simulations or development of complicated studies are needed. Its simplicity can make it suitable for general use by
being applied, to many assets, since the model, it comes from is very general and is not subject to significant

restrictions (remaining in operational, corrective or preventive state and showing a clear tendency to wear).

In this article, we have presented a new method to obtain the value of time until preventive maintenance that
maximises the average accumulated return in a finite horizon of m steps. A semi-Markov process formed by three

states has been considered, specified in a real example of a failure mode in a diesel engine’s exhaust system.

It has been possible to determine the average accumulated return, showing that it can be expressed as the solution

of a difference equations system. For its resolution, we use the technique of the z -transform.

To maximise this average accumulated return in m steps v, (m), the direct derivation procedure has been used
concerning the time until preventive maintenance t, equalising this derivation to zero and studying the conditions
of existence of the optimal solution, t,. The method calculates 7, from Eq. (17), for which it needs the time to
failure data and the returns of each maintenance task. The method was implemented with real data collected over
years. These real data are transformed into input values using the medians range method with Weibull plots and

least-squares method.
Among the advantages of this method over previous methods, we can highlight:

o It allows direct calculation with an analytical expression of the average accumulated return for m steps.

Therefore, it could be adapted to any project with a finite time horizon.
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The maintenance technician in the company can, with little information available, obtain the optimal value of =
without having to know any mathematical development, merely applying the expression for t,. This fact

makes this method highly recommended, since obtaining t, requires no other knowledge except maintenance.

It is possible to make T, updates at any time, as this method is easy to apply, adapting its value to the horizon

required by the needs of the industrial plant.

It directly obtains the value of time until the preventive that maximises the average accumulated return, without

the need to use more complex numerical methods such as the dynamic programming which is often used.

Provide the optimum value t,(m) for situations where the operation-repair cycle is not completed and other

situations with a finite time horizon.

By providing specific solutions, this method allows comparing different scenarios by merely changing any
parameters in the Weibull distribution or return values in each state. This simplifies the calculation tasks with

respect to other models that would have to be solved numerically.

This method does not need any simulations for its verification since the obtained result is exact.

As a result of years of experience in a leading multinational in the large engine maintenance sector, we consider

that the proposal described in this paper will be of great interest to those responsible for maintaining ships with

high-power engines and other equipment on board.

In this work, only economic data from maintenance activities have been used, but the method also admits being

able to use other factors relevant to the business such as availability, safety, environment, energy consumption,

emissions, etc.

Based on this work, further investigations can be undertaken concerning the expansion of the number of states, for

example, other operational states with a certain level of degradation, the inclusion of imperfect maintenance or the

implementation of control actions for various states.
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