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Abstract

We solve, by using normal forms, the analytic integrability problem for differen-
tial systems in the plane whose first homogeneous component is a cubic Kolmogorov
system being the origin an isolated singularity. As an application, we give the analyt-
ically integrable systems of a class of systems & = x(Py + P3), ¥ = y(Q2 + Q3), being
P;, Q; homogeneous polynomials of degree i. We also prove that for any n > 3, there
are analytically integrable perturbations of & = zP,,, ¥ = yQ.,, which are not orbital
equivalent to its first homogeneous component.

1 Introduction
We deal with analytic perturbations of homogeneous cubic Kolmogorov systems

X = F3 + h.O.t., Fg(l’,y) = (IP2($7y)a yQQ(xvy))T (11)

with P, and @2 homogeneous polynomials of degree two (vector field with null linear
part) being the origin an isolated singular point of x = F3(x).

We focus on the study of the analytic integrability of system (1.1). We notice that
the condition of polynomial integrability of F'3, the lowest degree homogeneous term
of the vector field, is a necessary condition in order to be F analytically integrable.

Here, we solve the analytic integrability problem for these systems. More specifi-
cally, we prove that, under the condition of polynomial integrability of F3, the vector
field F is analytically integrable if, and only if, it is orbitally equivalent to its lowest
degree component (Theorem 3.16). As consequence, we give an expression of the first
integral, if it exists (Theorem 3.17).

We characterize its analytic integrability through the existence of a Lie symmetry
(Theorem 3.18) and an inverse integrating factor (Theorem 3.19).

We also prove that the existence of an analytic first integral of the systems

X = Fn + h.O.t., Fn(x7y) = (xPn—l(xay)7an—1(x7y))Ta (12)

with P,_; and @,_1 homogeneous polynomials of degree n — 1 and n > 4, is not
equivalent to the orbital equivalence with its lowest degree component, Theorem 3.20.

Thus, in view of the already known results, systems (1.2) for n < 3 are analyt-
ically integrable if, and only if, they are orbitally equivalent to their lowest degree
components, see [12, 13, 14, 15, 17] for n = 1, [3] for n = 2. In the case n > 4, this
property does not hold. Consequently, for n > 4, it is not known an expression of its
first integral. So, the problem remains open. Theorem 3.21 summarizes these results.



Finally, in Section 4, we calculate the analytically integrable Kolmogorov systems
of the family

( @ ) _ ( z(—2? 4+ (1 — s)zy + (2 + s)y* + P3(z,y)) )
Y y((2+s)2? + (1 = s)zy — y* + Qs(2,y))

with Ps, @3 polynomials of degree 3 and s = 1 or s = 2. These systems are cuartic
perturbations of a vector field with four invariant lines. In this case, its first integral
is of the form xy(x — y)(x 4+ y)* + h.o.t.. We also calculate the analytically integrable
Kolmogorov systems of the family

( @ ) __< z(—a® = 3y* + P3(,y)) )
y y(32® +y* + Qs(x,y))
with P5, @3 polynomials of degree 3. In this case, they are perturbations of a vector

field with three invariant lines. The leader term of a first integral is zy(z —y) (2% +y?).
We emphasize that all of them have a polynomial inverse integrating factor.

1.1 Invariant curves and first integrals of vector fields

First we give the definition of invariant curve and its associated cofactor.

We deal with a vector field F = (P,Q)7 with P,Q analytic at the origin and
P(0) = Q(0) = 0. Throughout the paper, we denote by F the differential operator
associated to the vector field F, that is, F' := PO, + Q0,. We recall the concept of
invariant curve and its associated cofactor.

Definition 1.1 [t is said that C € Cl[x,y]] (algebra of formal power series in x,y
over C), with C(0) = 0, is an invariant curve of the vector field ¥, if there exists
K € Cl[z,y]], named cofactor of C, such that F(C) = KC.

Moreover, if K = 0, it is said that F is formally integrable and C is a first integral
of F and if K = div(F) (divergence of F), it is said that C is an inverse integrating
factor of F.

Let note that any formal function C' with C(0) # 0, satisfies F(C) = KC with
K =F(C)/C e Cllz,y]].

We denote by P the vector space of homogeneous scalar polynomials of degree k,
and by Hj the vector space of polynomial homogeneous vector fields of degree k. We
use Taylor expansion of functions and vector fields without to consider questions of
convergence. We note that analytic integrability is equivalent to formal integrability,
see Mattei & Moussu [16].

Throughout the paper, we denote by D = (x,y)? € H; (dissipative homogeneous
vector field) and by X;, = (—0h/dy,0h/0z)T (Hamiltonian vector field associated to
the polynomial h).

The following splitting of a homogeneous vector field plays a main role in our study.

Proposition 1.2 [2, Prop.2.7] Every ¥, € H, can be uniquely written as ¥, =
Xy + pD with h = %H(D AF,) € Pry1 (product wedge of both vector fields) and
1= %ﬂdiv(Fn) eP,_1.
In what follows, h is called conservative part of F,, and p dissipative part of F,,.
We provide the first homogeneous component of Taylor expansion of a formal

invariant curve of a formal vector field.

Proposition 1.3 Consider F = F,, + h.o.t., F,, € H,, with ¥F,, £ 0. Let C a formal
invariant cuve of F with cofactor K. Then, C = Cs + h.o.t., Cs € Py and K =
K, + h.o.t., K, € P,, being the polynomial Cs an invariant curve of the polynomial
vector field F,, with cofactor K,.



Proof. Tt is enough to consider the lowest degree homogeneous term of the equality
F(C)—-KC=0. ]

The following two results show the invariant curves of a homogeneous vector field.

Proposition 1.4 Fvery homogeneous polynomial invariant curve of a homogeneous
vector field F,, is given by g1 g5 ... gnm being each g; an irreducible polynomial in-
variant curve of F.,.

Moreover, its cofactor is ni Ky + - - + My Ky, being K the cofactor of g;.

Proof. We suppose that g = g1p, (g1 an irreducible homogeneous polynomial), is
an invariant curve of F, with K, cofactor of g. It has that F,(g1p) = ¢1Fn(p) +
pF,(g1) = Kng1p, that is, g1(pK,, — F.(p)) = pF.(g1). From the irreducibility of
g1, it has two situations: either g; is an irreducible invariant curve of F,,, in such
case, p is also an invariant curve of F,, and we repeat the process for p. Or p = qg,
ie. g = g?q. We now have that F,(g7q) = 9?F.(q) + 2991 F,.(91) = K,g3q. Thus,
91(¢K, — F.(q)) = 2¢F;(g1). Reasoning of similar way, it completes the proof.

The second part is obtained easily. [ |

Proposition 1.5 Given F,, € H,, any factor of h (conservative part of Fy,) is an
invariant curve of ¥,,. Conversely, any homogeneous polynomial invariant curve of
F,, is a factor of h.

Moreover, if I is a polynomial first integral of ¥, then I = ¢{"*gy? - gim where
g1y -+, gm are all the irreducible factors of h in Rlx,y] and n; > 0.

Proof. We know that F,, = X, + pD with p = %Hdiv(Fn). Let f € P, a factor
of h then h = fg and Fu(f) = X5,(f) + uD(f) = FX,(f) + suf = (X,(f) + si)f
Therefore, f is an invariant curve of F,,.

If f € Pt is an irreducible invariant curve of F,, with cofactor K,, then K, f = F,,(f) =
Xn(f)+uD(f) = Xn(f)+spf. Thus, Xp(f) = (K, —sp)f and f is an invariant curve
of Xy,. So, f divides to h.

Last on, if I is a first integral of F,, it is an invariant curve of F,,, that is, from
Proposition 1.4, a factorization of I is formed by the irreducible factors of h. On the
other hand, any first integral satisfying I(0,0) = 0, is zero on every invariant curve.
So, n; > 0. [ |

1.2 Necessary condition of analytic integrability

Now we study the integrability problem for a vector field whose first homogeneous
component is cubic Kolmogorov type. The following result determines the expression
of the lowest degree component in the case of polynomial integrability of this class of
vector fields.

Proposition 1.6 (Necessary condition of analytic integrability) Consider F =
F3 + h.o.t. where F3 = (2P, yQ2)T with Py and Qy quadratic homogeneous polyno-
mials. If F is formally integrable, then there exist a linear change of variables and
a re-parameterization linear of the time such that F is transformed into one of the
following vector fields:

(a) F =F3 o+ h.o.t., being

F3o = (—qzy®,py*)", (1.3)
(Fs3.4 is a reducible polynomial vector field with two invariant lines) with ged(p,q) = 1
and Iy = xPy? is a polynomial first integral of Fs . of degree M = p + q.
(b)) F=F3,+ h.o.t., being

Fsp = (2*(—qz + (g +r)y), zy((p+ r)z — py))", (1.4)



(F3 4 is a reducible polynomial vector field with three invariant lines) with ged(p, q,r) =
1 and Ins = 2Py9(z —y)" is a polynomial first integral of Fsy, of degree M = p+q—+r.
(¢) F =F3 .+ h.o.t., being Fs . the vector field

(2(—q2”+[c(q+s)+r+glay—c(g+r+s)y?), y(p+r+s)a® = [c(p+r) +s+play+pey?)) T,
(1.5)

(F3 . is an irreducible polynomial vector field with four real invariant lines) with

ged(p,g,rys) = 1,¢ € [—1,1),¢ # 0 and Iny = 2Py?(x — y)"(x — cy)® is a polyno-

mial first integral of F3 . of degree M =p+q+1r +s.

(d) F =F3q+ h.o.t., being Fg q the vector field

(z(—g2® —2b(g+7)zy — (B* +1)(g+27)y?), y((p+2r)2* +2b(p + 1)y + p(b* + 1)y*)) 7,

(1.6)
(F3 4 is an irreducible polynomial vector field with two real invariant lines and two
complex invariant lines) with ged(p,q,r) = 1 and Iy = xPy?[(x + by)? + y*]" is a
polynomial first integral of F3 4 of degree M =p+ q+ 2r.

Proof. Let I = Ip; 4+ h.o.t. be a formal first integral of F. Equation F(I) = 0 for
degree M + 1 is F3(Ip;) = 0, i.e. Fj3 is polynomially integrable and I, is a first
integral of F3. By [2, Prop.2.7], F3 = X}, + uD with h = zyps and u = g2 being ps
and ¢o quadratic homogeneous polynomials.

We write o := Ax? + Bxy + Cy? and distinguish the following cases by according the
factors of po:

e Assume py = ((ax + by) + dy)((azx + by) — dy).

For a =0, if b = +£d, it has that F3 = uD and it is not formally integrable; otherwise
b # =+d, it has that the conservative part is h = 2y>. From Proposition 1.5, if there
exists a first integral of Fs, it has the expression I, = xPy? with ged(p,q) = 1. By
imposing F5(Ip7) = 0, it arrives to A = 0,B =0 and C = 3;;::(;1. By performing the
reparameterization of the time 4t = (p + ¢)7, F3 turns on the vector field (1.3).
(d—b)

Assume now a # 0. For b — d # 0, by performing the scaled x =
P2 = (@ —y)( - b+ dy).

We distinguish three cases:

Suppose b+ d = 0, i.e., h = 2%y(z — y). Now, by Proposition 1.5, the expression of
a first integral of Fy3 is Ipy = 2Py?(z — y)" with ged(p,¢q,7) = 1. Of F3(I5) = 0, it
has that A = {7(p+r—3q),B = 2Mb(—q—r—i—p) and C =0 with M =p+q+ 7. By
reparameterizing the time 4t = M7, F3 turns on vector field (1.4).

Suppose b +d = 1, i.e., h = zy(z — y)?. In such a case, the change = by  —y and y
by —y, it transforms h onto x2y(x — y).

T, we get

Suppose b+d # 1 and b+d # 0. By performing the scaled x = @x, we can assume

p2 = (x — y)(x — cy), with ¢ # 0 and ¢ # 1. Moreover, if |¢| > 1, we change y by cy
so |¢| < 1. From Proposition 1.5, if there would exist a first integral of Fs, it would
have the expression I, = zPy%(z — y)"(x — cy)® with ged(p, q,r,s) = 1. By imposing
F5(In) =0, it arrives to

1 2 c
A= M(rJrs 3q+p),B = M(qc+r pc—rc—p—s+q+sc),C = M(Sp q—r—s),
being M = p+ g+ r + s. By performing the reparameterization of the time 4t = M,
F3 turns on (1.5) being Iy = 2Py (x — y)"(x — cy)*® a first integral.

Assume now a # 0 and b —d = 0. If b+ d = 0, it has that h = 23y. So by changing x
by y it arrives to (1.3). And if b+ d # 0, by changing d by —d it is the case b —d # 0
and b+d=0.

e Assume py = (ax + by)? + d*y? with ad # 0. By means of a linear change, we can
assume a = d = 1. Now, by Proposition 1.5, the expression of a first integral of F3
would be Ip; = 2Py?[(x + by)? + y?]" with gcd(p,q,r) = 1. By imposing F3(Iy;) = 0,



it has that

1 b (P +1)
A= 7 (Batp+2r),B= (0 —a).C="—;

(3p—q—2r),

with M = p+ ¢+ 2r. By reparameterizing the time 4t = M7, F3 turns on vector field
(1.6). |

2 Normal form for perturbations of homogeneous
cubic Kolmogorov systems

We do not consider questions of convergence in the normal forms because the formal
integrability is equivalent to the analytical integrability for the vector fields analyzed,
see [16].

Orbital normal forms of linear and quadratic perturbations have been provided by
several authors, see [17, 20, 5, 14, 18, 6, 7, 8, 9, 19]. For homogeneous cubic systems,
as far as we know, Basov [11] analyzes the linear equivalence. In [10] an orbital normal
form of the perturbations of (32, —z3) is given.

An orbital normal form of vector fields, whose leader homogeneous term is fixed,
is described in Section 5. As a particular case, we provide a suitable expression of the
orbital normal form for a class of vector fields F = Fs+h.o.t. with F3 = X;,+uD € Hs.

Theorem 2.7 Let F = F3+ h.o.t., F3 € H3. If Ker (%4—4) = {0} for all k € N then
F is orbitally equivalent to

G=Fs;+» G, withG; =X, +n1D €M,

§>3

where gj11 € Cor (€§+1) and nj—1 € Cor ({;_1). (where Cor(-) is a complementary
subspace to Range(-)), being £y, (Lie operator of Fs) and (5, (Lie operator of F3 moved)
defined in (5.15) and (5.16) with n = 3, respectively, and Ay for all k > 2, the
subspaces such that Py, = A @ hPr_s3, (such subspaces must be considered as fized).

Polynomially integrable cubic Kolmogorov vector fields, whose origin is an isolated
singularity, are F3 . and F3 4, modulo a linear change of variables, see Proposition
1.6. Therefore, from Proposition 1.3, the analytically integrable perturbations of cubic
Kolmogorov systems whose origin is an isolated singular point can only be of the form
F =F;3;.+hot. or F=F34+h.o.t., modulo a linear change of variables.

Next result is referred to vector fields whose first homogeneous component is Fg =
Fs..

)

Lemma 2.8 Consider Fs . with gcd(p,q,r,s) = 1,c € [-1,1),c # 0. It has that for
all k € N, Ker (¢ ,) = {0}. Moreover, Cor (¢5_,) = {0}.

Proof. Vector field F3 . = X, +uD with b = Yay(z —y)(z —cy), M =p+q+r+s
and = $((M—4q)z*+2((g+s—p—r)c+q+r—p—s)zy+(4p— M)cy?). We choose the
bases Agyo = (@52, 2h 1y, hy2 y*+2) and Aypy = (g4, gh+3y, ght2y2 yhtay,
We have that

z+4(xk+2) —_ A1Ik+4 + B1Ik+3y + Clzk+2y2,
65, 4@ y) Agzk 3y + Byaht2y?,
falz®y?) = Aszh Ty Bsah

62_0_4 (yk+2) _ A4xk+3y + B4$k+2y2 4 O4yk+4,



with

A1 = —%(M + qk),

Ay = ﬁ—’;(ZM + (r+ s)k),

By, = —%((C—FI)M—F (cr + s)k),
A3 = —1B,,

By = —ZEE((P+ 1M+ k(Pr+5)),
Cy = ii—ﬁc(M + pk).

In this way, the determinant of the matrix of the operator ¢, , is

4
(20 (M -+ pk) (M + qh)(M + rk) (M + sk),
which is different from zero. Therefore, both Ker (62 +4) and Cor (62 +4) are trivial
subspaces. ]

For perturbations of F3 = F3 4 we have a similar result which enunciate without
the proof.

Lemma 2.9 Consider F3 4 with ged(p, q,r) = 1. It has that for allk € N, Ker (£2+4) =
{0}. Moreover, Cor (£, ,) = {0}.

For computing Cor (¢;) with k > n, we need the following two technical lemmas.

Lemma 2.10 Consider F,, € H,, irreducible and f € Clx,y] an irreducible invariant
curve of ¥,,. If F,,(px) € (f) with py € Py, then py € (f).

Proof. TIf F,(px) = 0 then py is a first integral of x = F,,. A first integral of F,
vanishes on any invariant curve of it, i.e., py(x) = 0 when f(x) = 0. Therefore, by
Hilbert‘s Nullstellensatz pi, € rad (f). Since (f) is a prime ideal, then (f) = rad (f),
in consequence p € (f).

If Fo,(p) # 0, let v € Clz,y] \ {0} such that fv = F,(py). Consider ~(t), real
or complex, a solution curve of x = F,,(x) which is a parametrization of f(x) = 0.
We assume that lim;,_ ., y(¢t) = 0, (the other case lim;_, 1, v(t) = 0 is proved in a
similar way). Taking into account that p(0) = 0 then

p(1(t) = m@@%mND:/ @%@ﬁzzvame@Ms

¢ ¢
= [ Bmo6e)ds= [ aewee)ds=o.
Recalling that f(x) = 0 is the union of orbits, we have that pi(x) = 0 when f(x) = 0.
Therefore, by Hilbert‘s Nullstellensatz py € rad (f). Since (f) is a prime ideal, then
(fy =rad (f), in consequence py € (f). ]

Remark. The hypothesis of the irreducibility of the invariant curve is fundamental.
For instance, if we consider Fy := (—222, —322 — 22y + 3y?)T € Hy irreducible and
the invariant curve (y — x)?, for p3 = 2%(y — =) we have that Fy(p3) = 322(y — x)? €
{(y — x)?) and nevertheless p3 ¢ ((y — z)?).

For vector fields whose first homogeneous component is integrable with four invariant
real lines, we provide the following result.

Lemma 2.11 Consider Fs3 . with p,q,r,s natural numbers. Let k and m natural
numbers with p+q+r+s # p?, ptq+r+s # q?, ptq+r+s #£ r?, ptq+r+s #£ 5%, for
each j=1,...,m—1. If p, € Py, verifies F5.(px) € (™), being fr =z, fo =1y, f3=
x —y, fa = — cy, invariant irreducible curves of Fs ., then py, € (f7*), i =1,2,3,4.



Proof. We prove the case i = 1, (f1 = x), the cases i = 2, 3,4 are analogous.
Lemma 2.10 proves the statement for m = 1.

We first consider the case m = 2. We denote by K1 = —qz?+ (c(q+38) +7+q)wy —
c(q+ 7+ s)y? the cofactor of x. If F3 .(px) € (x?) then F3 .(py) € (z) and by Lemma
2.10 we have that there exists py_1 € Pr_1 such that py = zpg_1, therefore

F3.(pr) = Fac(xpp—1) = pu—1F3c(x) + 2F3 c(pr—1) = pr—1510 + 2 F3 o (pr—1)
= o (H5DEr-1) + Folpn1)) = o(Foe + £45D)(pro1) € (22).

Hence (Fs.+ 245D)(pr—1) € (z). Vector field F5 . + 21D is irreducible if, and only
if, p+q+r+s # pk. Applying Lemma 2.10 we have that p;_1 € (z) and consequently
Pk € <1‘2>

Consider now the case m = 3. If F; .(px) € (2®) then F3 .(py) € (x?) and by the
previous paragraph we have that there exists pr_o € Pr_o such that pp = 22pj_o,
therefore

Fyo(pr) = Fae(2?pr_2) = pr—olFs c(2?) + 22 F3 o(pr_2) = 2pk o K12% + 22 F3 o (pr_2)
z? (igD(pk—z) + F3,c(pk—2)) = 2?(Fyc + 25 D) (pp—2) € (2%).

Hence (F3. + 254 D)(py—2) € (z) and as Fs . + 251D is irreducible if, and only if,
p+qg+r+s# p%, applying Lemma 2.10 we have that pp_o € (x) and consequently
pr € {x). Reasoning by induction we get the result for m € N.

In a similar way, it is easy to prove that for fo =y, f3 =2 —y and f4 = z — cy, the
conditions are p+q+r+s # q%, p+q+r+s # r% and p+q+r+s # s%, i=1,..., m—1,
respectively. [ |

Analogously, we have the following result for F3 = F3 4. We have also omitted its
proof.

Lemma 2.12 Consider F3 g with p, q,r natural numbers. Let k and m natural num-
bers with p+q+ 2r #p%, pHq+2r £ q%, pt+q+r# 7“?]’ =1,....m—1. If px, € P
such that F5 q4(px) € (f), being f1 =z, fo =y, f3 = (x+by)* +y?, invariant curves
of Fsq, then py € ("), i=1,2,3.

Next statement establishes a cyclicity relation between the co-ranges of the oper-
ators /.

Lemma 2.13 Consider F3 . with p,q,r, s natural numbers and M = p+q+ 1+ s.
For k > 2, it is always possible to choose Cor(Liinr), a complementary subspace to
Range(lkyar), such that Cor(lyypr) = IngCor(€y) being Ing = xPy?(x — y)" (x — cy)®.

Proof. We first see that both subspaces have the same dimension. Indeed, by Lemma

2.11, Ker(ly) = (I},) if k—2 = IM. Otherwise, Ker(¢;) = {0}. Thus, dim(Cor(¢y)) =
2 if k = IM and dim(Cor(¢;)) = 1, otherwise; i.e., dim(Cor(¢;)) = dim(Cor(Lx1s))-

For completing the proof it is enough to prove that In;Cor(¢y) C Cor(€gsnpr) or
equivalently that In;Cor(¢x) N Range({x+ar) = {0} by reductio ad absurdum. Let
pr € Cor (£) \ {0} such that pplpys € Range (€xynr), then there exists pryip—o €
Pt \ {0} such that €y ar(priar—2) = prlar, that is, Leyar(pryar—2) is multiple
of Iny. As PIHED o 2B 0 =1, p— 1 WD s =1, g -
W >M,j5=1,...,r—1; w > M, 5=1,...,s—1, by applying Lemma
2.11 we have that py+ar—2 = pr—2lp with pr_o € PE_, \ {0} and consequently

Pl = Fye(Prrm—2) = Fae(pr—2lamr) = Ine Fs o (pr—2).



Hence py = F3 .(pr—2), that is, p € Range (¢;) N Cor (¢)) which gives a contradiction.
| ]

For vector fields F3 4 + h.o.t., it has the following cyclicity.

Lemma 2.14 Consider F3 4 with p,q,r natural numbers and M = p + q + 2r. For
k > 2, it is always possible to choose Cor({xipr), a complementary subspace to
Range({y4ar), such that Cor(lyy ) = IngCor(€y) being Iny = xPy?((x + by)? + y?)".

Next result provides an orbital normal form of vector fields whose first homoge-
neous component is integrable and cubic Kolmogorov type and the origin is an isolated
equilibrium. This normal form depends on an integral of the first homogeneous com-
ponent of the vector field.

Theorem 2.15 Vector field F = F3 + h.o.t. with F3 = Fs. (or Fsq, resp.) is
orbitally equivalent to

M+1 oco M+1 )
R IO S
7=3 i=1 j=3

with nj(-i) € Cor(¢;) and Ipg = 2Py?(x —y)" (& —cy)®, M =p+qg+r+s, (Iy =
2Pyl ((x + by)* + y*)", M =p+q+2r, resp.).

Proof. Applying Theorem 5.32 and Lemma 2.8 for F3 = F3 ;. (or Lemma 2.9 for F3 =
F3,4), we can assert that F is orbital equivalent to Fz + 3., ;D with n; € Cor (¢;).
In order to finish the proof it is sufficient to apply Lemma 2.13 for F3 = F3 . (or
Lemma 2.14 for F3 = F3 4) for the components of the normal form of degree greater
than M + 1. [ ]

3 Main results

Our purpose is to characterize the analytically integrable vector fields that are pertur-
bations of cubic Kolmogorov systems whose origin is an isolated singular point. For
that, we will assume that the lowest degree component of the vector field satisfies the
necessary condition of polynomially integrability given in Proposition 1.6, i.e. we deal
with the vector field F = F3 , + h.o.t. and F = F3 4 + h.o.t.. Next, we give the main
result of our study. It solves the analytic integrability problem for the vector fields
addressed. It also gives the expression of a first integral.

Theorem 3.16 Consider F = F3 .+ h.o.t. (F = F3 4+ h.o.t., resp.). The vector
field F is analytically integrable if, and only if, it is orbitally equivalent to F3 . (F3 4,
resp. ).

Moreover, in such a case, F has an analytic first integral of the form I = Iy + h.o.t.
being Ing = 2Py?(z — y)" (z — cy)® a primitive first integral of Fs . ( Iny = xPy?((z +
by)? +y?)" a primitive first integral of F3 4, resp.).

Proof. We do the proof for the case F3 = F3 . only. The other case is similar.

We see the sufficiency. The polynomial Ip; = 2Py?(y—z)"(z—cy)® is a first integral
of F3 . which it is transformed into a formal first integral I = Ips 4+ h.o.t. of F and
from [Theorem A,[16]] F is analytically integrable.

We see the necessity of the condition. Applying Theorem 5.32 and Lemma 2.8, we
can assert that F is orbital equivalent to G = F3 . + ;5 1;D with n; € Cor (¢;).

Let note that F has an analytic first integral is equivalent to G has a formal first
integral. Assume that G is formally integrable and not all the 7; are zero. Let IV



defined by N = min{j > 1:n; #0}. A formal first integral of G is of the form
I=1+ Zj>Ml I; with I; € P;. Imposing the integrability condition we have

0 = (GU))n+an = (onD)(Ihy) + Fsc(Innipn—2)
= MinnIy + Ouien (Inign—2) -

But this equation is incompatible since by Lemma 2.13 MinyI}, € Cor (a4 n) and
Ovnien (Innien—2) = —MinnIl, € Range ((a74+n) which is a contradiction. Conse-
quently, G = F3 ., i.e. F is orbitally equivalent to F3 .

We now see the second part. First integrals of Fg . are ¥(Ips) for any formal
function . So, first integrals of F are U(Iy; + h.o.t.) since F is orbitally equivalent
to Fg .. Thus, Ips +h.o.t. is also a first integral of F. []

A consequence of Theorem 3.16 is the following result.

Theorem 3.17 Consider F = Fs .+ h.o.t. (F = F34+ h.o.t., resp.). The vector
field F is analytically integrable if, and only if, ¥ has a first integral of the form
I= (x4 hot)P(y+ hot)(x—y+ hot) (x—cy+hot) (I=(x+hot)P(y+
h.o.t.)((x + by)? + y? + h.o.t.)", resp.).

Proof. We prove the necessary condition. Consider F = F3 . +h.o.t.. From Theorem
3.16 there exist a change of variables and a reparemeterization of the time such that
F3 . is transformed into F. These changes transform the first integral Ip, = zPy9(y —
x)"(x — cy)® of Fg . into a first integral of F, it which has the expression I = (z +
h.0.t)P(y + h.o.t.)4(z — y + h.o.t.)"(z — cy + h.o.t.)*.
For F = F3 4 + h.o.t. the proof is analogous.

Reciprocally, if F has a formal first integral, from [16] F has an analytic first
integral. [ |

The following theorem characterizes the analytic integrability of a vector field
whose first homogeneous component is cubic Kolmogorov type through the existence
of a Lie symmetry.

Theorem 3.18 Consider F = F3 + h.o.t. with F3 = F3. or F3 = F3 4. Then F is
analytically integrable if, and only if, there exist a formal vector field G = Zj>1 G;,
Gj € Hj, G1 = (z,y)T and a formal scalar function v, v(0) = 2 such that [F,G] =
vF, i.e. F has a Lie symmetry.

The proof of Theorem 3.18 follows from Theorem 3.16 and applying [4, Theorem 1.3].

We solve the analytic integrability problem through the existence of a formal in-
verse integrating factor.

Theorem 3.19 Consider F = F3 .+ h.o.t. (F = F34+ h.o.t., resp.). Then F is
analytically integrable if, and only if, it has a formal inverse integrating factor of the
form V = xy(x — y)(z — cy) + h.o.t. (V = zy((x + by)? +y?) + h.o.t., resp.).

Proof. We do the proof for the case F3 = F3 . only. Other case is analogous.

We prove that the condition is necessary. We assume that F is analytically in-
tegrable. From Theorem 3.16, it is orbitally equivalent to F3 . = Xj + uD being
h=ryx—y)(x—cy) with M =p+q+r+sand p = (M —4q)2? +2((q +
s—p—r)c+q+r—p—8)wy+ (4p — M)cy?), which has the inverse integrating fac-
tor k. Undoing the change, it has that F has a formal inverse integrating V' = h+h.o.t..

Now we will see the sufficiency of the condition. Let V = h + h.o.t. a formal
inverse integrating factor of F with h a conservative part of F5 .. Since Theorem 5.32
and Lemma 2.8, we can assert that F is orbital equivalent to G = F3 . + Zj>3 n; D
with 7; € Cor (¢;). Therefore, F has a formal inverse integrating factor if, and only



if, G has it too. Moreover, the formal inverse integrating factor W of G is also
of the form W = h + h.o.t.. On the other hand, the unique invariant curves of G
are x,y,x — y,x — cy. So, we get W = hu being u formal and u(0) = 1. Equation
G(W) - Wdiv(G) =0 is

0 = uG(h) + hG(u) — hudiv(G).

As G(h) = 4hp+ 35 3 4hn; and div(G) = 4p + 32, 5(7 + 2)n;, it has that

0=h(Gu)—ud (j—2)n).

ji>3

Expanding u = 14 ), u;, the above equation to degree i + 2 becomes

0= Fso(w;) = iniva+ Y _(2k — i)ni_protn. (3.7)
k=1

We see that 7; = 0 for all j. Indeed, otherwise, let jo = min{j € N:n;;o # 0}.
Expression (3.7) to degree jo + 2 is

Jo
Fy.o(ujo) = jomjorz — > (2k = jo)Mjo—k+a2tin-
k=1

As njy—pr2 =0for 1 <k < jo—1, we get Fz.(uj,) = joNjo+2, 1-€. Njo42 € Cor (€,42)
and 1,42 € Range (£;,+2) . We conclude that 7;,42 = 0. |

3.1 Integrable Kolmogorov systems not orbital equivalent to a
homogeneous systems

Consider the vector fields F = F,, + h.o.t. with F,, = (2P,_1,¥Q,,_1)7 polynomially
integrable and whose origin is an isolated singular point, being P,,_1, Q),,_1 homoge-
neous polynomials of degree n — 1 > 0. For n = 1,2 or 3 it is proved that the vector
fields F are analytically integrable if and only if are orbital equivalent to F,,, i.e. they
can be transformed by means of a change of variables and a reparameterization of the
time into a homogeneous system, see [15, 17] for n = 1, [3] for n = 2 and Theorem
3.16 for n = 3.

Next, we show that for n > 4, this property is not satisfied and therefore the
integrability problem through normal form is a harder problem to solve than for n < 3.

Theorem 3.20 Vector fields
(z2ny?" " —2® 7 — (n+ Da"y"), y(2na® " =y + (n+ 1)a"y")" (3.8)
and
(@((2n+1)y*" = 2" = (n+ 12" y"), y((2n+1)a™ —y>" + (n+2)2"T1y")T (3.9)

with n > 2, have an analytic first integral but they are not orbital equivalent to their
lowest degree homogeneous term.

Proof. Both vector fields (3.8) and (3.9) are Hamiltonian whose Hamiltonian functions
are 2"y — xy®" 4+ " ly"tl and 227ty — 29?4 2297t respectively. Thus,
they are polynomially integrable.

Vector field (3.8) is Fo, +Fo, 1 with Fy,, = 2(2ngy?" ! —22"~1) y(2ns?" 1 —y2n= )T
and Fo, 11 = (—z((n + Da"y"),y((n + 1)z"y"))T. We are going to prove that (3.8)
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is not orbitally equivalent to Fa,. Indeed, from [4, Theorem 1.3], if (3.8) would be
orbitally equivalent to Fa,,, there would be a formal vector field G = (2 + ugoz? +
w112y + ugay® +h.o.t., y 4+ veox? + vi12y + vy + h.o.t.)T and a formal scalar function
v =(2n—1)4+dyoz + dp1y + h.o.t. such that [Fa, + Fo, 11, G| = v(Fa, + Fo,p1), e,

(DF2n+1)G — (DG)F2n+1 - VF2n+1 + (DFQH)G’ — (DG’)FQn - I/F2" =0. (310)

For n = 2, the coefficient of y® of the first component of (3.10) is 6ugz and the
coefficients of x® and x?y3 of the second component are 6vyy and 3 — 12v99 + 12ug2,
respectively. So, equation (3.10) is not satisfied and (3.8) for n = 2 is not orbitally
equivalent to Fy.

For n > 3, the coefficient of z"1y™ of the first component of (3.10) is —(n + 1). So,
equation (3.10) is not satisfied and (3.8) for n > 3 is not orbitally equivalent to Fs,,.
Analogously, it is easy to prove that (3.9) for n > 2 is not orbitally equivalent to its
lowest degree term. ]

At its current rate, the link between orbital equivalence of a system (1.2) and its lowest
degree component and its analytic integrability is shown in the following result.

Theorem 3.21 Consider F = F,, + h.o.t. with F,, = (xP,_1,yQn_1)T with P,_;

and Qn—1 homogeneous polynomials of degree n — 1 and assume that the origin of

x = F,,(x) is an isolated singular point. It has that:

(1) For n =1, F is analytically integrable if, and only if, it is orbitally equivalent to
F1=(—qz,py)", p,a €N, ged(p,q) = 1.

Moreover, in such a case, F has an analytic first integral of the form I = Iy + h.o.t.
being Iy = xPy? a primitive first integral of F.

(2) For n = 2, F is analytically integrable if, and only if, it is orbitally equivalent to
F2 with

Fy = (z(—qz + (¢ +7)y),y((p+ r)z —py))", p,q,7 €N, ged(p,q,7) = 1.

Moreover, in such a case, F has an analytic first integral of the form I = Iy + h.o.t.
being Ipy = xPyi(xz — y)" a primitive first integral of Fs.

(8) Forn = 3, F is analytically integrable if, and only if, it is orbitally equivalent to
to Fs . (F34, Tesp.).

Moreover, in such a case, F has an analytic first integral of the form I = Ipy + h.o.t.
being Iny = xPy?(z — y)"(x — cy)® a primitive first integral of Fs . ( Iny = 2Py?((x +
by)? + y2)" a primitive first integral of F3 4, resp.).

Proof. Case n = 1 it is a well-known result, see [14, 15, 17, 21]. Case n = 2, it is
proved in [3] and case n = 3 is Theorem 3.16. ]

4 Applications

Consider the analytic integrability problem of the Kolmogorov system

@\ _ [ w(=2®+ (1= s)zy + (2 +s)y?) z(azor® + anx’y + a122y® + aozy®)

1) T\ g(@+s)a?+ A= s)ay—y2) )T\ y(bsor® + baya?y + broay? + bosy?

Y y(2+s)z + (1 - s)zy —y*) Y(bsoz® + barz”y + biazy® + bozy°)

(4.11)

with s € N and a;;,b;; € R. Vector field associated is F = F3 + F4 being F3 = F3
given by (1.5) with (p,q,r,s) = (1,1,1,s) and ¢ = —1.

Leader component of the vector field can be expressed as Fg = X + D with
h = tay(z — y)(z +y) and p = *(—day + y*> + 2%)(=1 + s). From Proposition
1.6, the vector field F3 is polynomially integrable and a primitive first integral is
Lz =ay(z —y)(z +y)°.

11
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The following result solves the integrability problem of this family for s = 1 and
s =2.

Theorem 4.22 System (4.11) for s = 1 or s = 2 is analytically integrable if, and
only if, one of the following conditions holds:

Fors=1,

(1) ag3 + 4boz = 2a12 + 3b12 = 3az1 + 2b21 = 4agp + b3p = 0,

(2) b1 + 3bo3 = 2a12 — 3bzg — 3b12 = ag1 + agz + 2bp3 = 2azp + bg + b1z = agzbso +
ag3bi2 + 2b3obo3 = 0.

For s =2,

(3) b3o+3b21+b12+11bos = a12+4ba1 +15bg3 = az1+ags—ba1 —boz = azo—ba1 —4bos =
aozba1 + 4aosbos + 3ba1bos + biabos + 11635 = 0,

(4) 5b3g 4 6b21 + 8b12 + 16boz = ag3 + 6bgz = 3a12 +4b1z — Tboz = 15ag1 + 6ba1 — Thip —
14b03 = ].50,30 — 3b21 — 4b12 — 8b03 = 0,

(5) 3b3p —5ba1 +10b12 —30bos = ag3 +5boz = a12+2b13 —3bg3 = az1 +bay —b12+3bg3 =
3asp + ba1 — 2b12 + 6boz = 0.

Proof. To prove the necessary condition, it has obtained the expression of F'(I) being
I =zy(z — y)(z +y)® + h.o.t. up to order s + 9. Equation F(I) = 0 provides twelve
compatibility’s conditions, two by each degree of the expression of F'(I), but we do
not write them here. Their vanishing leads to the systems (4.11) for cases 1-5.

We prove the sufficiency. System (4.11) for case 1 is a Hamiltonian system whose
Hamiltonian function is zy(z — y)(z + y) — 32y(2a300° + a1 3%y — braxy® — 2bosy?).
System (4.11) for cases 2 and 3 has an inverse integrating factor zy(x — y)(x +y)(1 —
zagzo — ybos) whose lowest degree term is h. Applying Theorem 3.19, the vector field
is analytically integrable.

System (4.11) for case 4 has a polynomial first integral

zy(z — y)(—15z — 15y + 3ba12? + 10bgszy + 8bosz? + Hbioxy + 4bioa?® + 15bg3y?)>.
System (4.11) for case 5 has a polynomial first integral
zy(z 4+ y)2(6x — 6y 4 12bg32® — 4b1oa? + 2bo12? + 3byoay — Ybozzy + 6bozy?).

This concludes the proof. [ ]
We have the following result.

Theorem 4.23 Analytically integrable systems (4.11) for s = 1 or s = 2 have a
polynomial inverse integrating factor of degree less or equals than 5.

Proof.  From Theorem 4.22, the analytically integrable systems (4.11) for s = 1
or s = 2 are the systems given in Theorem 4.22 and Table 1 provides their inverse
integrating factors. u

Sys (4.11) Inverse integrating factor

Case 1 zy(z — y)(z +y) — 32y(2a302® + az12?y — braay® — 2bo3y?)

Cases 2-3  zy(z —y)(x + y)(1 — asor — bosy)

y)((4b12 + 8()03 + 3b21)$2 + (10[)03 + 5[)12).%':1] + 15bo3y2 — 15z — 15y)
)

Case 5 zy(x + y)((—4bia + 2bo1 + 12b3)x2 + (3b12 — 9bo3)zy + 6bozy? + 62 — 6%)

(
Case 4 xy(x
(

Table 1: Polynomial inverse integrating factors of analytically integrable systems (4.11).
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Next, we study the analytic integrability of the following system

@\ _ ( —w(a® +3y?) . z(az0r’ + an e’y + a2y’ + agzy’) (4.12)
Y y(32% + y?) Y(bzox® + b1y + browy® + bosy®) )

Vector field is F = F3 + F4 being F3 = F3 4 given by (1.6) with (p,q,7) = (1,1,1)
and b= 0.

Leader component of vector field is the Hamiltonian vector field F3 = X, with
h = fzy(z? +y?). Therefore, vector field Fj is polynomially integrable and a primitive
first integral is Iy = zy(2? + y?).

The following result solves the integrability problem of this family.

Theorem 4.24 System (4.12) is analytically integrable if, and only if, one of the
following conditions holds:

(1) bya — Thos = b1 — 15boz = bsp — boz = ao3 + bos
aso + bz =0,

(2) bia + Tboz = ba1 — 15boz = bz + boz = ap3 + boz =
asg — bos =0,

(8) bia — 6boz = bay + 3bos = b3p = ap3 = a12 + 3bg3 = a1 — 6bgz = azg — boz = 0,

(4) biz + 6boz = ba1 + 3bos = b3g = ap3 = a12 — 3bo3 = az1 — 6boz = asp + bz = 0,

(5) aps + 4boz = 2a12 + 3b12 = 3az1 + 2ba1 = 4agp + b3p = 0,

(6) ba1 — 3bo3 = 2a12 + 3b3g — 3b12 = a1 — agz — 2bp3 = 2a3g + bzo — b1z = agzbzo —
ag3bi2 + 2b3obo3 = 0.

a12 + 15bgs = ag1 + Thos =

a12 — 15bgz = ag1 + Thoz =

Proof. To prove the necessary condition, it has obtained the expression of F'(I) being
I = 2y(2? +y?) +h.o.t. up to order 9. Its vanishing arrives to systems (4.12) for cases
1-6.

We prove the sufficiency.

System (4.12) for case 1 has an analytic first integral

xy(2? + y* 4 4bosz’y + 4boswy® — 203,13y — AbZsx’y? — 2b2,2y3)
/(14 bozx + bozy + 4b2zy — 4b3sx?y — 4b3,2y?)%.

System (4.12) for case 2 is transformed into previous system under the involution

(xa y) < (_xvy)
In case 3 the system (4.12) has an analytic first integral

xy(4b§3x2y2 — 6bosz?y + 6bgsxy? + 3z + 3y2)/(1 — bozx + bosy + 2b(2)3xy)3.

Case 4 is dual to the previous one under the involution (z,y) < (—z,y).
System (4.12) for case 5 is a Hamiltonian system whose Hamiltonian function is

xy(x? + %) — azorty + (1/3)ba123y? + 1/2b122%y® + bozwy®.
In case 6, system (4.12) for b3y # 0 has an inverse integrating factor
yx(2® + y*) (wb3z — biabsox + 2b3o — aosbsoy + aosbi2y).

whose first component is the conservative part of F3. Applying Theorem 3.19, the
vector field is analytically integrable.
Otherwise, bzg = 0, system (4.12) has an inverse integrating factor

zy(z? + y?)(2 + 2bg3y — b12)

whose lowest degree term is 2h, applying Theorem 3.19, system (4.12) for this case is
analytically integrable. This concludes the proof. ]

Theorem 4.25 Analytically integrable systems (4.12) has a polynomial inverse inte-
grating factor of degree less or equals than 9.

Proof. From Theorem 4.24, the analytically integrable systems (4.11) are the systems
given in Theorem 4.24 and Table 2 provides their inverse integrating factors. [ |
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Sys (4.12) Inverse integrating factor

Case 1 zy(x? 4 y? + 4bozx?y + 4bozxy? — 2b03m y — 4b3 2%y — 2b23:vy3)
X (1 + bosx + bosy + 4b3;zy — 4b03x y — 4b3sxy?)
Case 2 zy(263523y — 4b232%y? + 2b%37y3 + 4bosa?y — dbozay® + 22 + y?)

X (1 — bosx + bosy — 4b3gzy — 4b332°y + 4b3;2y?)
Case 3 2y (4b3322y? — 6bozz?y + 6bosry? + 372 + 3y?)(1 — bosx + bosy + 2b357y)
Case 4 xy(203 632y — bozr — 1 — bogy)(4b23x2y2 — 6bg3x®y — 6bozzy? + 322 + 3y?)

(

(
Case 5 2y (6asox® — 2byx?y — 622 — 3byozy? — 6bosy® — 6y7)
Case 6 zy(a? + y?)(b3gx — biabsow + 2bsg — ao3bsoy + aosbiay), bso # 0
(z”

zy(z? + y?)(2 + 2bozy — bi2x), bgg = 0.

Table 2: Polynomial inverse integrating factors of analytically integrable systems (4.12).

5 Appendix: Normal Form of vector fields whose
leader term is a homogeneous vector field.

The results provided in this section have been included for completeness. In this
section, we determine an orbital normal form for a general vector field F = F,, +
-+, where the leader term of F, F,, = X;, + uD € H,,, with h € P,;1 and p €
Pn_1, conservative-dissipative decomposition of F,,, that is, through the section h will
represent the conservative part of F,, and p will be the dissipative part of F,, see
Proposition 1.2.
The following subspaces of Hj will be useful in the study of the homological oper-
ator under orbital equivalence that we will see later.

Cp = {ng+1 : gk+1 € Ag41, a complementary subspace to hka_n} ,
Dy = {mg_1D:np_1 € Pr_1},
Fr = {)\krann P Ag—n € :Pkfn} .

We give the following technical lemma, providing the conservative-dissipative splitting
of the vector fields A\r_, F,,.

Lemma 5.26 Consider \p_,, € Pr_n, k> n. Then,

)\kann == Xn+1

+ ( 27 X0 (Me—n) + Ap—np ) D. 5.13
. (R X0 ) + et (5.13)

Ak—nh

Proof. From Proposition 1.2, the conservative-dissipative splitting of a homogeneous

vector field \,_, X}, is A\p_n Xp = ZT‘L}XM?”;L + k—ith(/\k_n)D and as \,_,F, =

Ae—nXp + Ap—npuD, the result follows. [ ]
We now see some properties of the above subspaces.

Lemma 5.27 It has that:

(a) €Dy = {0},

(b) Cr N F ={0},

(c) Dy N Fr ={0}.

14



Proof. Item [(a)] follows trivially.

We prove [(b)]. Otherwise, there is some Py € Dy N Fi \ {0}. Then, one can find
Ai—n € Pr_n \ {0} such that Py = A\p_,F,,, and there exists pp_1 € Pr_1 such that
P; = px—1D. Hence, 0 = D A (up—1D) =D AP =D A (Ap—nFp) = (n+ 1) XAg_nh,
which is a contradiction.

We see that [(c)] holds, because otherwise, there is some Py € C,, N Fy \ {0}. Then,
Py = Xy = \e—nFy, where Ay, € PE_\ {0} and g € Agyq \ {0}. So, from (5.13)
and the uniqueness of the conservative-dissipative splitting, we get g = %Ak_nh.
Hence g € Ag11 NhPk_, = {0}, which is a contradiction. [ ]

We provide a new decomposition of homogeneous vector fields.
Lemma 5.28 Hj, = C, @ Dy @ Fi, for every k > n.

Proof. 1t is obvious that C, + Dy + Fi, € Hy. We show that Hy C Cp+ Dy + Fi. Let us
consider P € Hj,. From Proposition 1.2, we can write Py = Xg5+p,_1D, for some qge
Prt1, k-1 € Pr—1. As Pri1 = Apy1 @ hPk—p, we can also write g = g+ gh for some
g€ Apii, § € Pr_pn. Then, P, = X+ X5, 4+ pr—1D. Using (5.13) for gF,,, we obtain

GFn = X+ (5 Xa(3) + g1) D. So, X = L1 gF, — (54 X0,(9) + £u) D,

k190
and then
Pr = X+ (je1 - 3 Xn(9) - Hgu) D+ EHGE,,
Applying Lemma 5.27, the proof follows. [ |

The above result allows to define the corresponding projectors I1¢, II9 and IIf. Also,
we can identify Hy, = Cy @ Dy @ Fi. = C X Dy, x Fi. We will denote I1¢ (Py,) = P¢ :=
Proyp, (Pg), II° (Py,) = P§, := Proye, (Pg), and 1t (Py) = Pfc := Proyr, (P).

Lemma 5.29 Given Py € Hy, then there exist g € Agy1, n € Pr—1 and X\ € Px_,,
such that
P, =X, + 1D + \F,,

where

ProyAk DAPy Proy;, DAPy di _ ERVT
o 1 o k—n _ div(Py)—F,(A\)—Xdiv(F,,)
9= ki1 , A= (GRS » = k-t : (5.14)

Proof. Only remains to find the expressions of g, n and A\. On the one hand,
DAPL=DA(X;+ 1D+ AF,) = (k+1)g + (n+ 1)Ah.

Therefore g and A is given by (5.14). On the other hand, as div(Py) = (k+ 1)n +
F,(\) + Adiv(F,,), it obtains 7. ]

Next, we are interested in obtaining an expression of the homological operator
under equivalence (see [1]) defined as,

Loyrh—1:He X Pro1 = Hpgr-1
Loik—1(Pr,vi—1) = —[Fp,Pr]—vp1Fy.

The following linear operator also plays an important role in this study (see also [2]).

b1 0 P — Pra

5.15
Hk—n — Fn(,uk—n)a ( )

We give some properties of Lie bracket related with the projectors above.
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Lemma 5.30 Let us consider \p_,F,, € Fj, nx—1D € Dy, X, € Ci,. Then:
(a) [Fn7 )\kann] = —£k71 ()\kfn) Fn S ]:n+k71-
(b) [Fnank—lD] = *€n+k—2 (nk 1) D + (Tl - 1)7]k 1Fn S Dn+k—1 @fn+k—1-

— n+1
() [Fn, Xg] = =X, 2L 1iD) (9) X (WD

Proof. Ttems (a), (b), are consequences of following properties [uF, G| = G(u)F +
ulF, Gl, [Fi,Do] = (k — 1)Fy, respectively. From the properties of the Lie bracket
and the previous properties we deduce

[Fn,Xg] = [Xp,Xg]+ [uD, X,] = X_x,(g) + Xg(0)D + p[D, X]
= X_x,(9) + Xg(1)D — (k= )X,
= X—Xh(g) JFXg(N)D - %Xw ]]:-‘rTILX (n)D

= -X _ + oLy D
Xh(g)+7(k ,%?Uyg "Jrk a(1)

= X + 2L X (u)D,

1
Fn_%ﬂD)(g) TL+}€

which implies item (c). |

Let note that [F,, X,]" = _X(ZZH»(H)) where £5,_ ;. : Apy1 — Apyy is defined by

b (9) =Proya, ., (Fn - ZiiﬂD) (9)- (5.16)

We prove the following result.

Lemma 5.31 Given an integer k > n, it verifies that
Range(Lpr—1(Hyp x Cor(€x—1))) = Range(Lpyr—1(Hi X Pr—1))

being Cor({y) a complementary subspace to the range of the linear operator (.

Proof. Any function vy_1 € Pr_; is expressed as vp_1 = Tp—1 + 7}_; with 7,1 €
Cor(£i_1), being Cor(f;_1) a complementary subspace to the range of the linear
operator {;_1, and 7;,_; € Range({;_1), i.e. there exists 74, € Py_, such that
li—1(Tk—n) = T4_;. So, from Lemma 5.30 (item (a)),
Loik-1(Pr, 1) = —[Fn,Pr] =7 1Fn — Ll 1(7—n)Fn
- _[Fna Pk} - kaan + [Fn7 kanFn]
*[an Pk - Tk—nFn] - Tk—an-

Consequently, both operator £,,4x—1 restricted to Hy x Cor(¢;_1) and operator L, x—_1
have the same range. ]

In this way, by keeping the notation, we consider L, 1 restricted to Hj X
Cor(£;_1) as the homological operator under orbital equivalence.
With this notation the homological operator under equivalence can be written as

Lyik—1:Ck X Dy X Fi, X Cor (bg—1) — Cryk—1 X Dpyp—1 X Fyr-1,
such as

Lot (PL,PELPL v 1) = — ([Fn,PZ}C, [F,, P} + Pg]d7 [F,,P§ + Py + Pi]f + l,k_an) ,

where Pz = Xg with g c Ak+17 Pg = /kalD with Me—1 € Tszh P}; = A\g_nF, with
Ai—n € Pr—pn and vy € Cor (£_1).

Next result provides us an orbital normal form of the vector field F with leader
term non-conservative.
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Theorem 5.32 Let F =F, + h.o.t. with ¥,, = X}, + uD € H,,. If Ker (éfwrk) = {0}
for all k € N then F s orbitally equivalent to

G=F,+)> Gy, withG; =X, +n;1D € H;,
j>n
where gjy1 € Cor (f;H) and n;—1 € Cor(¢;_1), the operators {5, ; and l;_1 are
defined in (5.16) and (5.15), respectively.
Proof. Tt is sufficient to show that

Cor (Lpyk-1) = Xcor(22+k)@Cor(€n+k_2)D,

is a complementary subspace to the range of £, —1.
From Lemma 5.30, we get L,11-1 (Pi, P%,Pi, I/k_l) =

(X(efLJrk(g))’ - [Fn; Xg]d + £n+k—2 (/}Jk—l) Dy, - [Fna Xg}f — pg—1Fy + l1 (/\k—n) F, — Vk—an) .

By using 7, _; = Range ({x_1) F,, @ Cor (¢4_1) F,,, and P} _; = Range (¢x—1) @ Cor (£x_1),
we obtain the following scheme for L, 45_1:

C Dy, Fi Range (£x_1) Cor (Y—1)
Xee | (9) 0 0 0 0 Crtht
. lpti—2 (tk—1)D 0 0 0 Dptr—1
. . lee1 Me—n) Fr | —li—1 (pr—n) Fuy 0 Range (¢—1) F,
0 0 —vp_1F, Cor (Y1) F,,

From hypothesis Ker (¢, ) = {0}, we can deduce that the upper left block diagonal
of the above matrix has maximum range. The result follows from the structure of the
above matrix. [ ]

Acknowledgments. The authors are partially supported by a MINECO/FEDER
grant number MTM2014-56272-C2-2 and by the Consejeria de Educacion y Ciencia
de la Junta de Andalucia (projects P12-FQM-1658, FQM-276).

References

[1] A. ALcaBa; E. FREIRE; E. GAMERO; C. GARCiA, Quasihomogeneous normal
forms, J. Comput. Appl. Math, 150, (2003), 193-216.

[2] A. ALcaBa, E. GAMERO, C. GARciA, The integrability problem for a class of
planar systems, Nonlinearity, 22 (2009), 395-420.

[3] A. ArLcaBa, C. GARcia, M. REYES, The analytic integrability problem for per-
turbation of homogeneous quadratic Lotka-Volterra systems, Submitted for pub-
lication.

[4] A. ArcaBa, C. GArcia, M. REYES, Like-linearizations of vector fields, Bull.
Sci. Math. 133 (2009), 806-816.

[5] A. BAIDER, J. SANDERS, Further reduction of the Bogdanov-Takens normal
form, J. Differential Equations 99 (1992), 205-244.

[6] V. V. Basov, A. V. SKITOVICH, Generalized normal form and formal equiv-

alence of two-dimensional systems with zero quadratic approximation. I, Differ.
Uravn. 39 8 (2003) 1016-1029.

17



[7]

[18]

[19]

[20]

[21]

V. V. Basov, A. V. SKITOVICH, Generalized normal form and formal equiva-
lence of two-dimensional systems with zero quadratic approrimation. II, Differ.

Uravn. 41 8 (2005) 1011-1023.

V. V. Basov, Generalized normal form and formal equivalence of two-
dimensional systems with zero quadratic approximation. III, Differ. Uravn. 42

3 (2006) 308-319.

V. V. Basov, E. V. FEDOROVA, Generalized normal form and formal equiva-

lence of two-dimensional systems with zero quadratic approximation. IV, Differ.
Uravn. 45 3 (2009) 308-319.

V. V. Basov, The generalized normal form and the formal equivalence of systems
with zero approximation (x3, —x3), Journal of Mathematical Sciences, 126, 5,

(2005), 1392-1406.

V. V. Basov, Two-Dimensional Homogeneous Cubic Systems: Classification
and Normal Forms. I, St. Petersburg University. Mathematics, 49, 2, (2016),
99-110.

C. CHRISTOPHER, P. MARDESIC, C. ROUSSEAU, Normalizable, integrable, and

linearizable saddle points for complex quadratic systems in C2, J. Dynam. Control
Systems 9 (2003), no. 3, 311-363.

C. CHRISTOPHER, C. ROUSSEAU, Normalizable, integrable and linearizable sad-
dle points in the Lotka-Volterra system, Qual. Theory Din. Syst. 5 (2004), 1,
11-61.

A. FRONVILLE, A. P. SApovskI, H. ZOLADEK, Solution of the 1:-2 resonant
center problem in the quadratic case, Fund. Math. 157 (1998), no. 2-3, 191-207.

M. HaN, K. JIANG, Normal forms of integrable systems at a resonant saddle,
Ann. Differential Equations 14 (1998), no. 2, 150-155.

J. F. MarTel, R. Moussu, Holonomie et intégrales premiéres, Ann. Sci. Ecole
Norm. Sup. (4), 13 (1980), no. 4, 469-523.

H. POINCARE, Mémoire sur les courbes définies par les équations différentielles,
J Math Pures Appl 4 (1885) 167-244; Oeuvres de Henri Poincaré, vol. I. Paris:
Gauthier-Villars; 1951. pp. 95-114

E. STROZYNA, H. ZOLADEK, Orbital formal normal forms for general Bogdanov-
Takens singularity, J. Differential Equations 193, (2003), 239-259.

E. STROZYNA, Normal forms for germs of vector fields with quadratic leading
part. The polynomial first integral case, J. Differential Equations 259, (2015),
6718-6748.

F. TAKENS, Singularities of vector fields Inst. Hautes Etudes Sci. Publ. Math.,
43, (1974), 47-100.

H. ZOLADEK, The problem of center for resonant singular points of polynomial
vector fields, J. Differential Equations 137, (1997), 94-118.

18



