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Abstract

We solve, by using normal forms, the analytic integrability problem for differen-
tial systems in the plane whose first homogeneous component is a cubic Kolmogorov
system being the origin an isolated singularity. As an application, we give the analyt-
ically integrable systems of a class of systems ẋ = x(P2 + P3), ẏ = y(Q2 +Q3), being
Pi, Qi homogeneous polynomials of degree i. We also prove that for any n ≥ 3, there
are analytically integrable perturbations of ẋ = xPn, ẏ = yQn which are not orbital
equivalent to its first homogeneous component.

1 Introduction

We deal with analytic perturbations of homogeneous cubic Kolmogorov systems

ẋ = F3 + h.o.t., F3(x, y) = (xP2(x, y), yQ2(x, y))T (1.1)

with P2 and Q2 homogeneous polynomials of degree two (vector field with null linear
part) being the origin an isolated singular point of ẋ = F3(x).

We focus on the study of the analytic integrability of system (1.1). We notice that
the condition of polynomial integrability of F3, the lowest degree homogeneous term
of the vector field, is a necessary condition in order to be F analytically integrable.

Here, we solve the analytic integrability problem for these systems. More specifi-
cally, we prove that, under the condition of polynomial integrability of F3, the vector
field F is analytically integrable if, and only if, it is orbitally equivalent to its lowest
degree component (Theorem 3.16). As consequence, we give an expression of the first
integral, if it exists (Theorem 3.17).

We characterize its analytic integrability through the existence of a Lie symmetry
(Theorem 3.18) and an inverse integrating factor (Theorem 3.19).

We also prove that the existence of an analytic first integral of the systems

ẋ = Fn + h.o.t., Fn(x, y) = (xPn−1(x, y), yQn−1(x, y))T , (1.2)

with Pn−1 and Qn−1 homogeneous polynomials of degree n − 1 and n ≥ 4, is not
equivalent to the orbital equivalence with its lowest degree component, Theorem 3.20.

Thus, in view of the already known results, systems (1.2) for n ≤ 3 are analyt-
ically integrable if, and only if, they are orbitally equivalent to their lowest degree
components, see [12, 13, 14, 15, 17] for n = 1, [3] for n = 2. In the case n ≥ 4, this
property does not hold. Consequently, for n ≥ 4, it is not known an expression of its
first integral. So, the problem remains open. Theorem 3.21 summarizes these results.
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Finally, in Section 4, we calculate the analytically integrable Kolmogorov systems
of the family (

ẋ
ẏ

)
=

(
x(−x2 + (1− s)xy + (2 + s)y2 + P3(x, y))
y((2 + s)x2 + (1− s)xy − y2 +Q3(x, y))

)
with P3, Q3 polynomials of degree 3 and s = 1 or s = 2. These systems are cuartic
perturbations of a vector field with four invariant lines. In this case, its first integral
is of the form xy(x− y)(x+ y)s + h.o.t.. We also calculate the analytically integrable
Kolmogorov systems of the family(

ẋ
ẏ

)
=

(
x(−x2 − 3y2 + P3(x, y))
y(3x2 + y2 +Q3(x, y))

)
with P3, Q3 polynomials of degree 3. In this case, they are perturbations of a vector
field with three invariant lines. The leader term of a first integral is xy(x−y)(x2 +y2).
We emphasize that all of them have a polynomial inverse integrating factor.

1.1 Invariant curves and first integrals of vector fields

First we give the definition of invariant curve and its associated cofactor.
We deal with a vector field F = (P,Q)T with P,Q analytic at the origin and

P (0) = Q(0) = 0. Throughout the paper, we denote by F the differential operator
associated to the vector field F, that is, F := P∂x + Q∂y. We recall the concept of
invariant curve and its associated cofactor.

Definition 1.1 It is said that C ∈ C[[x, y]] (algebra of formal power series in x, y
over C), with C(0) = 0, is an invariant curve of the vector field F, if there exists
K ∈ C[[x, y]], named cofactor of C, such that F (C) = KC.
Moreover, if K ≡ 0, it is said that F is formally integrable and C is a first integral
of F and if K = div(F) (divergence of F), it is said that C is an inverse integrating
factor of F.

Let note that any formal function C with C(0) 6= 0, satisfies F (C) = KC with
K = F (C)/C ∈ C[[x, y]].

We denote by Pk the vector space of homogeneous scalar polynomials of degree k,
and by Hk the vector space of polynomial homogeneous vector fields of degree k. We
use Taylor expansion of functions and vector fields without to consider questions of
convergence. We note that analytic integrability is equivalent to formal integrability,
see Mattei & Moussu [16].

Throughout the paper, we denote by D = (x, y)T ∈ H1 (dissipative homogeneous
vector field) and by Xh = (−∂h/∂y, ∂h/∂x)T (Hamiltonian vector field associated to
the polynomial h).
The following splitting of a homogeneous vector field plays a main role in our study.

Proposition 1.2 [2, Prop.2.7] Every Fn ∈ Hn can be uniquely written as Fn =
Xh + µD with h := 1

n+1 (D ∧ Fn) ∈ Pn+1 (product wedge of both vector fields) and

µ := 1
n+1div(Fn) ∈ Pn−1.

In what follows, h is called conservative part of Fn and µ dissipative part of Fn.
We provide the first homogeneous component of Taylor expansion of a formal

invariant curve of a formal vector field.

Proposition 1.3 Consider F = Fn + h.o.t., Fn ∈ Hn with Fn 6≡ 0. Let C a formal
invariant cuve of F with cofactor K. Then, C = Cs + h.o.t., Cs ∈ Ps and K =
Kn + h.o.t., Kn ∈ Pn, being the polynomial Cs an invariant curve of the polynomial
vector field Fn with cofactor Kn.
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Proof. It is enough to consider the lowest degree homogeneous term of the equality
F (C)−KC = 0.

The following two results show the invariant curves of a homogeneous vector field.

Proposition 1.4 Every homogeneous polynomial invariant curve of a homogeneous
vector field Fn is given by gn1

1 gn2
2 . . . gnm

m being each gj an irreducible polynomial in-
variant curve of Fn.
Moreover, its cofactor is n1K1 + · · ·+ nmKm, being Kj the cofactor of gj .

Proof. We suppose that g = g1p, (g1 an irreducible homogeneous polynomial), is
an invariant curve of Fn with Kn cofactor of g. It has that Fn(g1p) = g1Fn(p) +
pFn(g1) = Kng1p, that is, g1(pKn − Fn(p)) = pFn(g1). From the irreducibility of
g1, it has two situations: either g1 is an irreducible invariant curve of Fn, in such
case, p is also an invariant curve of Fn and we repeat the process for p. Or p = qg1,
i.e. g = g2

1q. We now have that Fn(g2
1q) = g2

1Fn(q) + 2qg1Fn(g1) = Kng
2
1q. Thus,

g1(qKr − Fr(q)) = 2qFr(g1). Reasoning of similar way, it completes the proof.
The second part is obtained easily.

Proposition 1.5 Given Fn ∈ Hn, any factor of h (conservative part of Fn) is an
invariant curve of Fn. Conversely, any homogeneous polynomial invariant curve of
Fn is a factor of h.
Moreover, if I is a polynomial first integral of Fn, then I = gn1

1 gn2
2 · · · gnm

m where
g1, . . . , gm are all the irreducible factors of h in R[x, y] and ni > 0.

Proof. We know that Fn = Xh + µD with µ = 1
n+1div(Fn). Let f ∈ Ps a factor

of h then h = fg and Fn(f) = Xfg(f) + µD(f) = fXg(f) + sµf = (Xg(f) + sµ)f
Therefore, f is an invariant curve of Fn.
If f ∈ Pt

s is an irreducible invariant curve of Fn with cofactor Kn then Knf = Fn(f) =
Xh(f)+µD(f) = Xh(f)+sµf. Thus, Xh(f) = (Kn−sµ)f and f is an invariant curve
of Xh. So, f divides to h.
Last on, if I is a first integral of Fn, it is an invariant curve of Fn, that is, from
Proposition 1.4, a factorization of I is formed by the irreducible factors of h. On the
other hand, any first integral satisfying I(0, 0) = 0, is zero on every invariant curve.
So, ni > 0.

1.2 Necessary condition of analytic integrability

Now we study the integrability problem for a vector field whose first homogeneous
component is cubic Kolmogorov type. The following result determines the expression
of the lowest degree component in the case of polynomial integrability of this class of
vector fields.

Proposition 1.6 (Necessary condition of analytic integrability) Consider F =
F3 + h.o.t. where F3 = (xP2, yQ2)T with P2 and Q2 quadratic homogeneous polyno-
mials. If F is formally integrable, then there exist a linear change of variables and
a re-parameterization linear of the time such that F is transformed into one of the
following vector fields:
(a) F = F3,a + h.o.t., being

F3,a = (−qxy2, py3)T , (1.3)

(F3,a is a reducible polynomial vector field with two invariant lines) with gcd(p, q) = 1
and IM = xpyq is a polynomial first integral of F3,a of degree M = p+ q.
(b) F = F3,b + h.o.t., being

F3,b = (x2(−qx+ (q + r)y), xy((p+ r)x− py))T , (1.4)
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(F3,b is a reducible polynomial vector field with three invariant lines) with gcd(p, q, r) =
1 and IM = xpyq(x− y)r is a polynomial first integral of F3,b of degree M = p+ q+ r.
(c) F = F3,c + h.o.t., being F3,c the vector field

(x(−qx2+[c(q+s)+r+q]xy−c(q+r+s)y2), y((p+r+s)x2−[c(p+r)+s+p]xy+pcy2))T ,
(1.5)

(F3,c is an irreducible polynomial vector field with four real invariant lines) with
gcd(p, q, r, s) = 1, c ∈ [−1, 1), c 6= 0 and IM = xpyq(x − y)r(x − cy)s is a polyno-
mial first integral of F3,c of degree M = p+ q + r + s.
(d) F = F3,d + h.o.t., being F3,d the vector field

(x(−qx2−2b(q+r)xy− (b2 +1)(q+2r)y2), y((p+2r)x2 +2b(p+r)xy+p(b2 +1)y2))T ,
(1.6)

(F3,d is an irreducible polynomial vector field with two real invariant lines and two
complex invariant lines) with gcd(p, q, r) = 1 and IM = xpyq[(x + by)2 + y2]r is a
polynomial first integral of F3,d of degree M = p+ q + 2r.

Proof. Let I = IM + h.o.t. be a formal first integral of F. Equation F (I) = 0 for
degree M + 1 is F3(IM ) = 0, i.e. F3 is polynomially integrable and IM is a first
integral of F3. By [2, Prop.2.7], F3 = Xh + µD with h = xyp2 and µ = q2 being p2

and q2 quadratic homogeneous polynomials.
We write q2 := Ax2 +Bxy+Cy2 and distinguish the following cases by according the
factors of p2:
• Assume p2 = ((ax+ by) + dy)((ax+ by)− dy).
For a = 0, if b = ±d, it has that F3 = µD and it is not formally integrable; otherwise
b 6= ±d, it has that the conservative part is h = xy3. From Proposition 1.5, if there
exists a first integral of F3, it has the expression IM = xpyq with gcd(p, q) = 1. By
imposing F3(IM ) = 0, it arrives to A = 0, B = 0 and C = 3p−q

p+q . By performing the

reparameterization of the time 4t = (p+ q)τ, F3 turns on the vector field (1.3).

Assume now a 6= 0. For b − d 6= 0, by performing the scaled x = (d−b)
a x, we get

p2 = (x− y)(x− (b+ d)y).
We distinguish three cases:
Suppose b + d = 0, i.e., h = x2y(x − y). Now, by Proposition 1.5, the expression of
a first integral of F3 is IM = xpyq(x − y)r with gcd(p, q, r) = 1. Of F3(IM ) = 0, it
has that A = a

M (p+ r − 3q), B = 2b
M (−q − r + p) and C = 0 with M = p+ q + r. By

reparameterizing the time 4t = Mτ, F3 turns on vector field (1.4).
Suppose b + d = 1, i.e., h = xy(x − y)2. In such a case, the change x by x − y and y
by −y, it transforms h onto x2y(x− y).

Suppose b+d 6= 1 and b+d 6= 0. By performing the scaled x = (d−b)
a x, we can assume

p2 = (x − y)(x − cy), with c 6= 0 and c 6= 1. Moreover, if |c| > 1, we change y by cy
so |c| < 1. From Proposition 1.5, if there would exist a first integral of F3, it would
have the expression IM = xpyq(x− y)r(x− cy)s with gcd(p, q, r, s) = 1. By imposing
F3(IM ) = 0, it arrives to

A =
1

M
(r+s−3q+p), B =

2

M
(qc+r−pc−rc−p−s+q+sc), C =

c

M
(3p−q−r−s),

being M = p+ q + r+ s. By performing the reparameterization of the time 4t = Mτ,
F3 turns on (1.5) being IM = xpyq(x− y)r(x− cy)s a first integral.
Assume now a 6= 0 and b− d = 0. If b+ d = 0, it has that h = x3y. So by changing x
by y it arrives to (1.3). And if b+ d 6= 0, by changing d by −d it is the case b− d 6= 0
and b+ d = 0.
• Assume p2 = (ax + by)2 + d2y2 with ad 6= 0. By means of a linear change, we can
assume a = d = 1. Now, by Proposition 1.5, the expression of a first integral of F3

would be IM = xpyq[(x+ by)2 + y2]r with gcd(p, q, r) = 1. By imposing F3(IM ) = 0,
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it has that

A =
1

M
(−3q + p+ 2r), B =

4b

M
(p− q), C =

(b2 + 1)

M
(3p− q − 2r),

with M = p+ q+ 2r. By reparameterizing the time 4t = Mτ, F3 turns on vector field
(1.6).

2 Normal form for perturbations of homogeneous
cubic Kolmogorov systems

We do not consider questions of convergence in the normal forms because the formal
integrability is equivalent to the analytical integrability for the vector fields analyzed,
see [16].

Orbital normal forms of linear and quadratic perturbations have been provided by
several authors, see [17, 20, 5, 14, 18, 6, 7, 8, 9, 19]. For homogeneous cubic systems,
as far as we know, Basov [11] analyzes the linear equivalence. In [10] an orbital normal
form of the perturbations of (y3,−x3) is given.

An orbital normal form of vector fields, whose leader homogeneous term is fixed,
is described in Section 5. As a particular case, we provide a suitable expression of the
orbital normal form for a class of vector fields F = F3+h.o.t. with F3 = Xh+µD ∈ H3.

Theorem 2.7 Let F = F3 + h.o.t., F3 ∈ H3. If Ker
(
`ck+4

)
= {0} for all k ∈ N then

F is orbitally equivalent to

G = F3 +
∑
j>3

Gj , with Gj = Xgj+1
+ ηj−1D ∈ Hj ,

where gj+1 ∈ Cor
(
`cj+1

)
and ηj−1 ∈ Cor (`j−1). (where Cor(·) is a complementary

subspace to Range(·)), being `k (Lie operator of F3) and `ck (Lie operator of F3 moved)
defined in (5.15) and (5.16) with n = 3, respectively, and ∆k for all k > 2, the
subspaces such that Pk = ∆k

⊕
hPk−3, (such subspaces must be considered as fixed).

Polynomially integrable cubic Kolmogorov vector fields, whose origin is an isolated
singularity, are F3,c and F3,d, modulo a linear change of variables, see Proposition
1.6. Therefore, from Proposition 1.3, the analytically integrable perturbations of cubic
Kolmogorov systems whose origin is an isolated singular point can only be of the form
F = F3,c + h.o.t. or F = F3,d + h.o.t., modulo a linear change of variables.

Next result is referred to vector fields whose first homogeneous component is F3 =
F3,c.

Lemma 2.8 Consider F3,c with gcd(p, q, r, s) = 1, c ∈ [−1, 1), c 6= 0. It has that for
all k ∈ N, Ker

(
`ck+4

)
= {0}. Moreover, Cor

(
`ck+4

)
= {0}.

Proof. Vector field F3,c = Xh +µD with h = M
4 xy(x− y)(x− cy), M = p+ q+ r+ s

and µ = 1
4 ((M−4q)x2+2((q+s−p−r)c+q+r−p−s)xy+(4p−M)cy2). We choose the

bases ∆k+2 = 〈xk+2, xk+1y, xky2, yk+2〉 and ∆k+4 = 〈xk+4, xk+3y, xk+2y2, yk+4〉.
We have that

`ck+4(xk+2) = A1x
k+4 +B1x

k+3y + C1x
k+2y2,

`ck+4(xk+1y) = A2x
k+3y +B2x

k+2y2,

`ck+4(xky2) = A3x
k+3y +B3x

k+2y2,

`ck+4(yk+2) = A4x
k+3y +B4x

k+2y2 + C4y
k+4,
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with

A1 = − 2+k
4+k (M + qk),

A2 = 2+k
4+k (2M + (r + s)k),

B2 = − 2+k
4+k ((c+ 1)M + (cr + s)k),

A3 = − 1
cB2,

B3 = − 2+k
4+k ((c2 + 1)M + k(c2r + s)),

C4 = 2+k
4+k c(M + pk).

In this way, the determinant of the matrix of the operator `ck+4 is

(k+2)4

(k+4)4 (M + pk)(M + qk)(M + rk)(M + sk),

which is different from zero. Therefore, both Ker
(
`ck+4

)
and Cor

(
`ck+4

)
are trivial

subspaces.

For perturbations of F3 = F3,d we have a similar result which enunciate without
the proof.

Lemma 2.9 Consider F3,d with gcd(p, q, r) = 1. It has that for all k ∈ N, Ker
(
`ck+4

)
=

{0}. Moreover, Cor
(
`ck+4

)
= {0}.

For computing Cor (`k) with k > n, we need the following two technical lemmas.

Lemma 2.10 Consider Fn ∈ Hn irreducible and f ∈ C[x, y] an irreducible invariant
curve of Fn. If Fn(pk) ∈ 〈f〉 with pk ∈ Pk, then pk ∈ 〈f〉.

Proof. If Fn(pk) = 0 then pk is a first integral of ẋ = Fn. A first integral of Fn
vanishes on any invariant curve of it, i.e., pk(x) = 0 when f(x) = 0. Therefore, by
Hilbert‘s Nullstellensatz pk ∈ rad 〈f〉. Since 〈f〉 is a prime ideal, then 〈f〉 = rad 〈f〉,
in consequence p ∈ 〈f〉.

If Fn(pk) 6= 0, let ν ∈ C[x, y] \ {0} such that fν = Fn(pk). Consider γ(t), real
or complex, a solution curve of ẋ = Fn(x) which is a parametrization of f(x) = 0.
We assume that limt→−∞ γ(t) = 0, (the other case limt→+∞ γ(t) = 0 is proved in a
similar way). Taking into account that pk(0) = 0 then

pk(γ(t)) = pk(γ(t))− pk(0) =

∫ t

−∞

dpk(γ(s))ds
ds =

∫ t

−∞
∇xpk · Fn(γ(s))ds

=

∫ t

−∞
Fn(pk)(γ(s))ds =

∫ t

−∞
f(γ(s))ν(γ(s))ds = 0.

Recalling that f(x) = 0 is the union of orbits, we have that pk(x) = 0 when f(x) = 0.
Therefore, by Hilbert‘s Nullstellensatz pk ∈ rad 〈f〉. Since 〈f〉 is a prime ideal, then
〈f〉 = rad 〈f〉, in consequence pk ∈ 〈f〉.

Remark. The hypothesis of the irreducibility of the invariant curve is fundamental.
For instance, if we consider F2 := (−2x2,−3x2 − 2xy + 3y2)T ∈ H2 irreducible and
the invariant curve (y − x)2, for p3 = x2(y − x) we have that F2(p3) = 3x2(y − x)2 ∈
〈(y − x)2〉 and nevertheless p3 /∈ 〈(y − x)2〉.

For vector fields whose first homogeneous component is integrable with four invariant
real lines, we provide the following result.

Lemma 2.11 Consider F3,c with p, q, r, s natural numbers. Let k and m natural
numbers with p+q+r+s 6= pkj , p+q+r+s 6= q kj , p+q+r+s 6= r kj , p+q+r+s 6= skj , for

each j = 1, . . . ,m− 1. If pk ∈ Pk verifies F3,c(pk) ∈ 〈fmi 〉 , being f1 = x, f2 = y, f3 =
x− y, f4 = x− cy, invariant irreducible curves of F3,c, then pk ∈ 〈fmi 〉 , i = 1, 2, 3, 4.
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Proof. We prove the case i = 1, (f1 = x), the cases i = 2, 3, 4 are analogous.
Lemma 2.10 proves the statement for m = 1.

We first consider the case m = 2. We denote by K1 = −qx2 +(c(q+s)+r+q)xy−
c(q + r+ s)y2 the cofactor of x. If F3,c(pk) ∈ 〈x2〉 then F3,c(pk) ∈ 〈x〉 and by Lemma
2.10 we have that there exists pk−1 ∈ Pk−1 such that pk = xpk−1, therefore

F3,c(pk) = F3,c(xpk−1) = pk−1F3,c(x) + xF3,c(pk−1) = pk−1K1x+ xF3,c(pk−1)

= x
(
K1

k−1D(pk−1) + F3,c(pk−1)
)

= x(F3,c + K1

k−1D)(pk−1) ∈ 〈x2〉.

Hence (F3,c + K1

k−1D)(pk−1) ∈ 〈x〉. Vector field F3,c + K1

k−1D is irreducible if, and only
if, p+q+r+s 6= pk. Applying Lemma 2.10 we have that pk−1 ∈ 〈x〉 and consequently
pk ∈ 〈x2〉.

Consider now the case m = 3. If F3,c(pk) ∈ 〈x3〉 then F3,c(pk) ∈ 〈x2〉 and by the
previous paragraph we have that there exists pk−2 ∈ Pk−2 such that pk = x2pk−2,
therefore

F3,c(pk) = F3,c(x
2pk−2) = pk−2F3,c(x

2) + x2F3,c(pk−2) = 2pk−2K1x
2 + x2F3,c(pk−2)

= x2
(

2K1

k−2D(pk−2) + F3,c(pk−2)
)

= x2(F3,c + 2K1

k−2D)(pk−2) ∈ 〈x3〉.

Hence (F3,c + 2K1

k−2D)(pk−2) ∈ 〈x〉 and as F3,c + 2K1

k−2D is irreducible if, and only if,

p + q + r + s 6= pk2 , applying Lemma 2.10 we have that pk−2 ∈ 〈x〉 and consequently
pk ∈ 〈x3〉. Reasoning by induction we get the result for m ∈ N.
In a similar way, it is easy to prove that for f2 = y, f3 = x− y and f4 = x− cy, the
conditions are p+q+r+s 6= q kj , p+q+r+s 6= r kj and p+q+r+s 6= skj , j = 1, . . . , m−1,
respectively.

Analogously, we have the following result for F3 = F3,d. We have also omitted its
proof.

Lemma 2.12 Consider F3,d with p, q, r natural numbers. Let k and m natural num-
bers with p+q+2r 6= pkj , p+q+2r 6= q kj , p+q+r 6= r kj , j = 1, . . . ,m−1. If pk ∈ Pk

such that F3,d(pk) ∈ 〈fmi 〉 , being f1 = x, f2 = y, f3 = (x+ by)2 + y2, invariant curves
of F3,d, then pk ∈ 〈fmi 〉 , i = 1, 2, 3.

Next statement establishes a cyclicity relation between the co-ranges of the oper-
ators `k.

Lemma 2.13 Consider F3,c with p, q, r, s natural numbers and M = p + q + r + s.
For k ≥ 2, it is always possible to choose Cor(`k+M ), a complementary subspace to
Range(`k+M ), such that Cor(`k+M ) = IMCor(`k) being IM = xpyq(x− y)r(x− cy)s.

Proof. We first see that both subspaces have the same dimension. Indeed, by Lemma
2.11, Ker(`k) = 〈I lM 〉 if k−2 = lM . Otherwise, Ker(`k) = {0}. Thus, dim(Cor(`k)) =
2 if k = lM and dim(Cor(`k)) = 1, otherwise; i.e., dim(Cor(`k)) = dim(Cor(`k+M )).

For completing the proof it is enough to prove that IMCor(`k) ⊂ Cor(`k+M ) or
equivalently that IMCor(`k) ∩ Range(`k+M ) = {0} by reductio ad absurdum. Let
pk ∈ Cor (`k) \ {0} such that pkIM ∈ Range (`k+M ), then there exists pk+M−2 ∈
Pt
k+M−2 \ {0} such that `k+M (pk+M−2) = pkIM , that is, `k+M (pk+M−2) is multiple

of IM . As p(k+M−2)
j > pM

j > M, j = 1, . . . , p − 1; q(k+M−2)
j > M, j = 1, . . . , q − 1;

r(k+M−2)
j > M, j = 1, . . . , r−1; s(k+M−2)

j > M, j = 1, . . . , s−1, by applying Lemma

2.11 we have that pk+M−2 = pk−2IM with pk−2 ∈ Pt
k−2 \ {0} and consequently

pkIM = F3,c(pk+M−2) = F3,c(pk−2IM ) = IMF3,c(pk−2).

7



Hence pk = F3,c(pk−2), that is, pk ∈ Range (`k)∩Cor (`k) which gives a contradiction.

For vector fields F3,d + h.o.t., it has the following cyclicity.

Lemma 2.14 Consider F3,d with p, q, r natural numbers and M = p + q + 2r. For
k ≥ 2, it is always possible to choose Cor(`k+M ), a complementary subspace to
Range(`k+M ), such that Cor(`k+M ) = IMCor(`k) being IM = xpyq((x+ by)2 + y2)r.

Next result provides an orbital normal form of vector fields whose first homoge-
neous component is integrable and cubic Kolmogorov type and the origin is an isolated
equilibrium. This normal form depends on an integral of the first homogeneous com-
ponent of the vector field.

Theorem 2.15 Vector field F = F3 + h.o.t. with F3 = F3,c (or F3,d, resp.) is
orbitally equivalent to

ẋ = F3 +
M+1∑
j=3

η
(0)
j D +

∞∑
i=1

M+1∑
j=3

η
(i)
j IiMD,

with η
(i)
j ∈ Cor(`j) and IM = xpyq(x − y)r(x − cy)s, M = p + q + r + s, (IM =

xpyq((x+ by)2 + y2)r, M = p+ q + 2r, resp.).

Proof. Applying Theorem 5.32 and Lemma 2.8 for F3 = F3,c (or Lemma 2.9 for F3 =
F3,d), we can assert that F is orbital equivalent to F3 +

∑
j≥3 ηjD with ηj ∈ Cor (`j).

In order to finish the proof it is sufficient to apply Lemma 2.13 for F3 = F3,c (or
Lemma 2.14 for F3 = F3,d) for the components of the normal form of degree greater
than M + 1.

3 Main results

Our purpose is to characterize the analytically integrable vector fields that are pertur-
bations of cubic Kolmogorov systems whose origin is an isolated singular point. For
that, we will assume that the lowest degree component of the vector field satisfies the
necessary condition of polynomially integrability given in Proposition 1.6, i.e. we deal
with the vector field F = F3,c + h.o.t. and F = F3,d + h.o.t.. Next, we give the main
result of our study. It solves the analytic integrability problem for the vector fields
addressed. It also gives the expression of a first integral.

Theorem 3.16 Consider F = F3,c + h.o.t. (F = F3,d + h.o.t., resp.). The vector
field F is analytically integrable if, and only if, it is orbitally equivalent to F3,c (F3,d,
resp.).
Moreover, in such a case, F has an analytic first integral of the form I = IM + h.o.t.
being IM = xpyq(x− y)r(x− cy)s a primitive first integral of F3,c ( IM = xpyq((x+
by)2 + y2)r a primitive first integral of F3,d, resp.).

Proof. We do the proof for the case F3 = F3,c only. The other case is similar.
We see the sufficiency. The polynomial IM = xpyq(y−x)r(x−cy)s is a first integral

of F3,c which it is transformed into a formal first integral I = IM + h.o.t. of F and
from [Theorem A,[16]] F is analytically integrable.
We see the necessity of the condition. Applying Theorem 5.32 and Lemma 2.8, we
can assert that F is orbital equivalent to G = F3,c +

∑
j≥3 ηjD with ηj ∈ Cor (`j).

Let note that F has an analytic first integral is equivalent to G has a formal first
integral. Assume that G is formally integrable and not all the ηj are zero. Let N

8



defined by N = min {j > 1 : ηj 6≡ 0}. A formal first integral of G is of the form
I = I lM +

∑
j>Ml Ij with Ij ∈ Pj . Imposing the integrability condition we have

0 = (G(I))N+Ml = (ηND)(I lM ) + F3,c(IMl+N−2)

= MlηNI
l
M + `Ml+N (IMl+N−2) .

But this equation is incompatible since by Lemma 2.13 MlηNI
l
M ∈ Cor (`Ml+N ) and

`Ml+N (IMl+N−2) = −MlηNI
l
M ∈ Range (`Ml+N ) which is a contradiction. Conse-

quently, G = F3,c, i.e. F is orbitally equivalent to F3,c.
We now see the second part. First integrals of F3,c are Ψ(IM ) for any formal

function Ψ. So, first integrals of F are Ψ(IM + h.o.t.) since F is orbitally equivalent
to F3,c. Thus, IM + h.o.t. is also a first integral of F.

A consequence of Theorem 3.16 is the following result.

Theorem 3.17 Consider F = F3,c + h.o.t. (F = F3,d + h.o.t., resp.). The vector
field F is analytically integrable if, and only if, F has a first integral of the form
I = (x + h.o.t.)p(y + h.o.t.)q(x − y + h.o.t.)r(x − cy + h.o.t.)s (I = (x + h.o.t.)p(y +
h.o.t.)q((x+ by)2 + y2 + h.o.t.)r, resp.).

Proof. We prove the necessary condition. Consider F = F3,c + h.o.t.. From Theorem
3.16 there exist a change of variables and a reparemeterization of the time such that
F3,c is transformed into F. These changes transform the first integral IM = xpyq(y−
x)r(x − cy)s of F3,c into a first integral of F, it which has the expression I = (x +
h.o.t.)p(y + h.o.t.)q(x− y + h.o.t.)r(x− cy + h.o.t.)s.
For F = F3,d + h.o.t. the proof is analogous.

Reciprocally, if F has a formal first integral, from [16] F has an analytic first
integral.

The following theorem characterizes the analytic integrability of a vector field
whose first homogeneous component is cubic Kolmogorov type through the existence
of a Lie symmetry.

Theorem 3.18 Consider F = F3 + h.o.t. with F3 = F3,c or F3 = F3,d. Then F is
analytically integrable if, and only if, there exist a formal vector field G =

∑
j≥1 Gj,

Gj ∈ Hj, G1 = (x, y)T and a formal scalar function ν, ν(0) = 2 such that [F,G] =
νF, i.e. F has a Lie symmetry.

The proof of Theorem 3.18 follows from Theorem 3.16 and applying [4, Theorem 1.3].

We solve the analytic integrability problem through the existence of a formal in-
verse integrating factor.

Theorem 3.19 Consider F = F3,c + h.o.t. (F = F3,d + h.o.t., resp.). Then F is
analytically integrable if, and only if, it has a formal inverse integrating factor of the
form V = xy(x− y)(x− cy) + h.o.t. ( V = xy((x+ by)2 + y2) + h.o.t., resp.).

Proof. We do the proof for the case F3 = F3,c only. Other case is analogous.
We prove that the condition is necessary. We assume that F is analytically in-

tegrable. From Theorem 3.16, it is orbitally equivalent to F3,c = Xh + µD being
h = M

4 xy(x − y)(x − cy) with M = p + q + r + s and µ = 1
4 ((M − 4q)x2 + 2((q +

s− p− r)c+ q + r − p− s)xy + (4p−M)cy2), which has the inverse integrating fac-
tor h. Undoing the change, it has that F has a formal inverse integrating V = h+h.o.t..

Now we will see the sufficiency of the condition. Let V = h + h.o.t. a formal
inverse integrating factor of F with h a conservative part of F3,c. Since Theorem 5.32
and Lemma 2.8, we can assert that F is orbital equivalent to G = F3,c +

∑
j≥3 ηjD

with ηj ∈ Cor (`j). Therefore, F has a formal inverse integrating factor if, and only
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if, G has it too. Moreover, the formal inverse integrating factor W of G is also
of the form W = h + h.o.t.. On the other hand, the unique invariant curves of G
are x, y, x − y, x − cy. So, we get W = hu being u formal and u(0) = 1. Equation
G(W )−Wdiv(G) = 0 is

0 = uG(h) + hG(u)− hudiv(G).

As G(h) = 4hµ+
∑
j>3 4hηj and div(G) = 4µ+

∑
j>3(j + 2)ηj , it has that

0 = h(G(u)− u
∑
j>3

(j − 2)ηj).

Expanding u = 1 +
∑
i≥1 ui, the above equation to degree i+ 2 becomes

0 = F3,c(ui)− iηi+2 +

i∑
k=1

(2k − i)ηi−k+2uk. (3.7)

We see that ηj = 0 for all j. Indeed, otherwise, let j0 = min {j ∈ N : ηj+2 6≡ 0}.
Expression (3.7) to degree j0 + 2 is

F3,c(uj0) = j0ηj0+2 −
j0∑
k=1

(2k − j0)ηj0−k+2uk.

As ηj0−k+2 = 0 for 1 ≤ k ≤ j0− 1, we get F3,c(uj0) = j0ηj0+2, i.e. ηj0+2 ∈ Cor (`j0+2)
and ηj0+2 ∈ Range (`j0+2) . We conclude that ηj0+2 = 0.

3.1 Integrable Kolmogorov systems not orbital equivalent to a
homogeneous systems

Consider the vector fields F = Fn + h.o.t. with Fn = (xPn−1, yQn−1)T polynomially
integrable and whose origin is an isolated singular point, being Pn−1, Qn−1 homoge-
neous polynomials of degree n − 1 ≥ 0. For n = 1, 2 or 3 it is proved that the vector
fields F are analytically integrable if and only if are orbital equivalent to Fn, i.e. they
can be transformed by means of a change of variables and a reparameterization of the
time into a homogeneous system, see [15, 17] for n = 1, [3] for n = 2 and Theorem
3.16 for n = 3.

Next, we show that for n ≥ 4, this property is not satisfied and therefore the
integrability problem through normal form is a harder problem to solve than for n ≤ 3.

Theorem 3.20 Vector fields

(x(2ny2n−1 − x2n−1 − (n+ 1)xnyn), y(2nx2n−1 − y2n−1 + (n+ 1)xnyn))T (3.8)

and

(x((2n+ 1)y2n−x2n− (n+ 1)xn+1yn), y((2n+ 1)x2n− y2n + (n+ 2)xn+1yn))T (3.9)

with n ≥ 2, have an analytic first integral but they are not orbital equivalent to their
lowest degree homogeneous term.

Proof. Both vector fields (3.8) and (3.9) are Hamiltonian whose Hamiltonian functions
are x2ny − xy2n + xn+1yn+1 and x2n+1y − xy2n+1 + xn+2yn+1, respectively. Thus,
they are polynomially integrable.
Vector field (3.8) is F2n+F2n+1 with F2n = x(2ny2n−1−x2n−1), y(2nx2n−1−y2n−1))T

and F2n+1 = (−x((n + 1)xnyn), y((n + 1)xnyn))T . We are going to prove that (3.8)
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is not orbitally equivalent to F2n. Indeed, from [4, Theorem 1.3], if (3.8) would be
orbitally equivalent to F2n, there would be a formal vector field G = (x + u20x

2 +
u11xy+u02y

2 +h.o.t., y+v20x
2 +v11xy+v02y

2 +h.o.t.)T and a formal scalar function
ν = (2n− 1) + d10x+ d01y+ h.o.t. such that [F2n + F2n+1,G] = ν(F2n + F2n+1), i.e.,

(DF2n+1)G− (DG)F2n+1 − νF2n+1 + (DF2n)G− (DG)F2n − νF2n = 0. (3.10)

For n = 2, the coefficient of y5 of the first component of (3.10) is 6u02 and the
coefficients of x5 and x2y3 of the second component are 6v20 and 3 − 12v20 + 12u02,
respectively. So, equation (3.10) is not satisfied and (3.8) for n = 2 is not orbitally
equivalent to F4.
For n ≥ 3, the coefficient of xn+1yn of the first component of (3.10) is −(n+ 1). So,
equation (3.10) is not satisfied and (3.8) for n ≥ 3 is not orbitally equivalent to F2n.
Analogously, it is easy to prove that (3.9) for n ≥ 2 is not orbitally equivalent to its
lowest degree term.

At its current rate, the link between orbital equivalence of a system (1.2) and its lowest
degree component and its analytic integrability is shown in the following result.

Theorem 3.21 Consider F = Fn + h.o.t. with Fn = (xPn−1, yQn−1)T with Pn−1

and Qn−1 homogeneous polynomials of degree n − 1 and assume that the origin of
ẋ = Fn(x) is an isolated singular point. It has that:
(1) For n = 1, F is analytically integrable if, and only if, it is orbitally equivalent to
F1 with

F1 = (−qx, py)T , p, q ∈ N, gcd(p, q) = 1.

Moreover, in such a case, F has an analytic first integral of the form I = IM + h.o.t.
being IM = xpyq a primitive first integral of F1.
(2) For n = 2, F is analytically integrable if, and only if, it is orbitally equivalent to
F2 with

F2 = (x(−qx+ (q + r)y), y((p+ r)x− py))T , p, q, r ∈ N, gcd(p, q, r) = 1.

Moreover, in such a case, F has an analytic first integral of the form I = IM + h.o.t.
being IM = xpyq(x− y)r a primitive first integral of F2.
(3) For n = 3, F is analytically integrable if, and only if, it is orbitally equivalent to
to F3,c (F3,d, resp.).
Moreover, in such a case, F has an analytic first integral of the form I = IM + h.o.t.
being IM = xpyq(x− y)r(x− cy)s a primitive first integral of F3,c ( IM = xpyq((x+
by)2 + y2)r a primitive first integral of F3,d, resp.).

Proof. Case n = 1 it is a well-known result, see [14, 15, 17, 21]. Case n = 2, it is
proved in [3] and case n = 3 is Theorem 3.16.

4 Applications

Consider the analytic integrability problem of the Kolmogorov system(
ẋ
ẏ

)
=

(
x(−x2 + (1− s)xy + (2 + s)y2)
y((2 + s)x2 + (1− s)xy − y2)

)
+

(
x(a30x

3 + a21x
2y + a12xy

2 + a03y
3)

y(b30x
3 + b21x

2y + b12xy
2 + b03y

3)

)
(4.11)

with s ∈ N and aij , bij ∈ R. Vector field associated is F = F3 + F4 being F3 = F3,c

given by (1.5) with (p, q, r, s) = (1, 1, 1, s) and c = −1.
Leader component of the vector field can be expressed as F3 = Xh + µD with

h = 1
4xy(x − y)(x + y) and µ = 1

4 (−4xy + y2 + x2)(−1 + s). From Proposition
1.6, the vector field F3 is polynomially integrable and a primitive first integral is
Is+3 = xy(x− y)(x+ y)s.
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The following result solves the integrability problem of this family for s = 1 and
s = 2.

Theorem 4.22 System (4.11) for s = 1 or s = 2 is analytically integrable if, and
only if, one of the following conditions holds:
For s = 1,
(1) a03 + 4b03 = 2a12 + 3b12 = 3a21 + 2b21 = 4a30 + b30 = 0,
(2) b21 + 3b03 = 2a12 − 3b30 − 3b12 = a21 + a03 + 2b03 = 2a30 + b30 + b12 = a03b30 +
a03b12 + 2b30b03 = 0.
For s = 2,
(3) b30+3b21+b12+11b03 = a12+4b21+15b03 = a21+a03−b21−b03 = a30−b21−4b03 =
a03b21 + 4a03b03 + 3b21b03 + b12b03 + 11b203 = 0,
(4) 5b30 + 6b21 + 8b12 + 16b03 = a03 + 6b03 = 3a12 + 4b12−7b03 = 15a21 + 6b21−7b12−
14b03 = 15a30 − 3b21 − 4b12 − 8b03 = 0,
(5) 3b30−5b21 +10b12−30b03 = a03 +5b03 = a12 +2b12−3b03 = a21 +b21−b12 +3b03 =
3a30 + b21 − 2b12 + 6b03 = 0.

Proof. To prove the necessary condition, it has obtained the expression of F (I) being
I = xy(x− y)(x + y)s + h.o.t. up to order s + 9. Equation F (I) = 0 provides twelve
compatibility’s conditions, two by each degree of the expression of F (I), but we do
not write them here. Their vanishing leads to the systems (4.11) for cases 1–5.

We prove the sufficiency. System (4.11) for case 1 is a Hamiltonian system whose
Hamiltonian function is xy(x− y)(x+ y)− 1

2xy(2a30x
3 + a21x

2y − b12xy
2 − 2b03y

3).
System (4.11) for cases 2 and 3 has an inverse integrating factor xy(x− y)(x+ y)(1−
xa30 − yb03) whose lowest degree term is h. Applying Theorem 3.19, the vector field
is analytically integrable.
System (4.11) for case 4 has a polynomial first integral

xy(x− y)(−15x− 15y + 3b21x
2 + 10b03xy + 8b03x

2 + 5b12xy + 4b12x
2 + 15b03y

2)2.

System (4.11) for case 5 has a polynomial first integral

xy(x+ y)2(6x− 6y + 12b03x
2 − 4b12x

2 + 2b21x
2 + 3b12xy − 9b03xy + 6b03y

2).

This concludes the proof.

We have the following result.

Theorem 4.23 Analytically integrable systems (4.11) for s = 1 or s = 2 have a
polynomial inverse integrating factor of degree less or equals than 5.

Proof. From Theorem 4.22, the analytically integrable systems (4.11) for s = 1
or s = 2 are the systems given in Theorem 4.22 and Table 1 provides their inverse
integrating factors.

Sys (4.11) Inverse integrating factor

Case 1 xy(x− y)(x+ y)− 1
2xy(2a30x

3 + a21x
2y − b12xy2 − 2b03y

3)

Cases 2-3 xy(x− y)(x+ y)(1− a30x− b03y)

Case 4 xy(x− y)((4b12 + 8b03 + 3b21)x
2 + (10b03 + 5b12)xy + 15b03y

2 − 15x− 15y)

Case 5 xy(x+ y)((−4b12 + 2b21 + 12b03)x
2 + (3b12 − 9b03)xy + 6b03y

2 + 6x− 6y)

Table 1: Polynomial inverse integrating factors of analytically integrable systems (4.11).
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Next, we study the analytic integrability of the following system(
ẋ
ẏ

)
=

(
−x(x2 + 3y2)
y(3x2 + y2)

)
+

(
x(a30x

3 + a21x
2y + a12xy

2 + a03y
3)

y(b30x
3 + b21x

2y + b12xy
2 + b03y

3)

)
. (4.12)

Vector field is F = F3 + F4 being F3 = F3,d given by (1.6) with (p, q, r) = (1, 1, 1)
and b = 0.

Leader component of vector field is the Hamiltonian vector field F3 = Xh with
h = 1

4xy(x2 +y2). Therefore, vector field F3 is polynomially integrable and a primitive
first integral is I4 = xy(x2 + y2).

The following result solves the integrability problem of this family.

Theorem 4.24 System (4.12) is analytically integrable if, and only if, one of the
following conditions holds:
(1) b12 − 7b03 = b21 − 15b03 = b30 − b03 = a03 + b03 = a12 + 15b03 = a21 + 7b03 =
a30 + b03 = 0,
(2) b12 + 7b03 = b21 − 15b03 = b30 + b03 = a03 + b03 = a12 − 15b03 = a21 + 7b03 =
a30 − b03 = 0,
(3) b12 − 6b03 = b21 + 3b03 = b30 = a03 = a12 + 3b03 = a21 − 6b03 = a30 − b03 = 0,
(4) b12 + 6b03 = b21 + 3b03 = b30 = a03 = a12 − 3b03 = a21 − 6b03 = a30 + b03 = 0,
(5) a03 + 4b03 = 2a12 + 3b12 = 3a21 + 2b21 = 4a30 + b30 = 0,
(6) b21 − 3b03 = 2a12 + 3b30 − 3b12 = a21 − a03 − 2b03 = 2a30 + b30 − b12 = a03b30 −
a03b12 + 2b30b03 = 0.

Proof. To prove the necessary condition, it has obtained the expression of F (I) being
I = xy(x2 +y2) + h.o.t. up to order 9. Its vanishing arrives to systems (4.12) for cases
1–6.

We prove the sufficiency.
System (4.12) for case 1 has an analytic first integral

xy(x2 + y2 + 4b03x
2y + 4b03xy

2 − 2b203x
3y − 4b203x

2y2 − 2b203xy3)

/(1 + b03x+ b03y + 4b203xy − 4b303x
2y − 4b303xy

2)2.

System (4.12) for case 2 is transformed into previous system under the involution
(x, y)↔ (−x, y).
In case 3 the system (4.12) has an analytic first integral

xy(4b203x
2y2 − 6b03x

2y + 6b03xy
2 + 3x2 + 3y2)/(1− b03x+ b03y + 2b203xy)3.

Case 4 is dual to the previous one under the involution (x, y)↔ (−x, y).
System (4.12) for case 5 is a Hamiltonian system whose Hamiltonian function is

xy(x2 + y2)− a30x
4y + (1/3)b21x

3y2 + 1/2b12x
2y3 + b03xy

4.

In case 6, system (4.12) for b30 6= 0 has an inverse integrating factor

yx(x2 + y2)(xb230x− b12b30x+ 2b30 − a03b30y + a03b12y).

whose first component is the conservative part of F3. Applying Theorem 3.19, the
vector field is analytically integrable.
Otherwise, b30 = 0, system (4.12) has an inverse integrating factor

xy(x2 + y2)(2 + 2b03y − b12x)

whose lowest degree term is 2h, applying Theorem 3.19, system (4.12) for this case is
analytically integrable. This concludes the proof.

Theorem 4.25 Analytically integrable systems (4.12) has a polynomial inverse inte-
grating factor of degree less or equals than 9.

Proof. From Theorem 4.24, the analytically integrable systems (4.11) are the systems
given in Theorem 4.24 and Table 2 provides their inverse integrating factors.
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Sys (4.12) Inverse integrating factor

Case 1 xy(x2 + y2 + 4b03x
2y + 4b03xy

2 − 2b203x
3y − 4b203x

2y2 − 2b203xy
3)

×(1 + b03x+ b03y + 4b203xy − 4b303x
2y − 4b303xy

2)

Case 2 xy(2b203x
3y − 4b203x

2y2 + 2b203xy
3 + 4b03x

2y − 4b03xy
2 + x2 + y2)

×(1− b03x+ b03y − 4b203xy − 4b303x
2y + 4b303xy

2)

Case 3 xy(4b203x
2y2 − 6b03x

2y + 6b03xy
2 + 3x2 + 3y2)(1− b03x+ b03y + 2b203xy)

Case 4 xy(2b203xy − b03x− 1− b03y)(4b203x
2y2 − 6b03x

2y − 6b03xy
2 + 3x2 + 3y2)

Case 5 xy(6a30x
3 − 2b21x

2y − 6x2 − 3b12xy
2 − 6b03y

3 − 6y2)

Case 6 xy(x2 + y2)(b230x− b12b30x+ 2b30 − a03b30y + a03b12y), b30 6= 0

xy(x2 + y2)(2 + 2b03y − b12x), b30 = 0.

Table 2: Polynomial inverse integrating factors of analytically integrable systems (4.12).

5 Appendix: Normal Form of vector fields whose
leader term is a homogeneous vector field.

The results provided in this section have been included for completeness. In this
section, we determine an orbital normal form for a general vector field F = Fn +
· · ·, where the leader term of F, Fn = Xh + µD ∈ Hn, with h ∈ Pn+1 and µ ∈
Pn−1, conservative-dissipative decomposition of Fn, that is, through the section h will
represent the conservative part of Fn and µ will be the dissipative part of Fn, see
Proposition 1.2.

The following subspaces of Hk will be useful in the study of the homological oper-
ator under orbital equivalence that we will see later.

Ck :=
{
Xgk+1

: gk+1 ∈ ∆k+1, a complementary subspace to hPk−n
}
,

Dk := {ηk−1D : ηk−1 ∈ Pk−1} ,
Fk := {λk−nFn : λk−n ∈ Pk−n} .

We give the following technical lemma, providing the conservative-dissipative splitting
of the vector fields λk−nFn.

Lemma 5.26 Consider λk−n ∈ Pk−n, k > n. Then,

λk−nFn = Xn+1
k+1 λk−nh

+
(

1
k+1Xh(λk−n) + λk−nµ

)
D. (5.13)

Proof. From Proposition 1.2, the conservative-dissipative splitting of a homogeneous
vector field λk−nXh is λk−nXh = n+1

k+1 Xλk−nh + 1
k+1Xh(λk−n)D and as λk−nFn =

λk−nXh + λk−nµD, the result follows.

We now see some properties of the above subspaces.

Lemma 5.27 It has that:

(a) Ck ∩ Dk = {0} ,
(b) Ck ∩ Fk = {0} ,
(c) Dk ∩ Fk = {0} .
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Proof. Item [(a)] follows trivially.

We prove [(b)]. Otherwise, there is some Pk ∈ Dk ∩ Fk \ {0}. Then, one can find
λk−n ∈ Pk−n \ {0} such that Pk = λk−nFn, and there exists µk−1 ∈ Pk−1 such that
Pk = µk−1D. Hence, 0 = D ∧ (µk−1D) = D ∧Pk = D ∧ (λk−nFn) = (n+ 1)λk−nh,
which is a contradiction.

We see that [(c)] holds, because otherwise, there is some Pk ∈ Ck∩Fk \{0}. Then,
Pk = Xg = λk−nFn where λk−n ∈ Pt

k−n \ {0} and g ∈ ∆k+1 \ {0}. So, from (5.13)

and the uniqueness of the conservative-dissipative splitting, we get g = n+1
k+1λk−nh.

Hence g ∈ ∆k+1 ∩ hPk−n = {0}, which is a contradiction.

We provide a new decomposition of homogeneous vector fields.

Lemma 5.28 Hk = Ck
⊕
Dk
⊕
Fk, for every k ≥ n.

Proof. It is obvious that Ck+Dk+Fk ⊆ Hk. We show that Hk ⊆ Ck+Dk+Fk. Let us
consider Pk ∈ Hk. From Proposition 1.2, we can write Pk = Xĝ+µk−1D, for some ĝ ∈
Pk+1, µk−1 ∈ Pk−1. As Pk+1 = ∆k+1

⊕
hPk−n, we can also write ĝ = g+ g̃h for some

g ∈ ∆k+1, g̃ ∈ Pk−n. Then, Pk = Xg+Xg̃h+µk−1D. Using (5.13) for g̃Fn, we obtain

g̃Fn = Xn+1
k+1 g̃h

+
(

1
k+1Xh(g̃) + g̃µ

)
D. So, Xg̃h = k+1

n+1 g̃Fn−
(

1
n+1Xh(g̃) + k+1

n+1 g̃µ
)

D,

and then

Pk = Xg +
(
µk−1 − 1

n+1Xh(g̃)− k+1
n+1 g̃µ

)
D + k+1

n+1 g̃Fn.

Applying Lemma 5.27, the proof follows.

The above result allows to define the corresponding projectors Πc, Πd and Πf . Also,
we can identify Hk = Ck

⊕
Dk
⊕
Fk ≡ Ck×Dk×Fk. We will denote Πd (Pk) = Pd

k :=
ProyDk

(Pk), Πc (Pk) = Pc
k := ProyCk (Pk), and Πf (Pk) = Pf

k := ProyFk
(Pk).

Lemma 5.29 Given Pk ∈ Hk, then there exist g ∈ ∆k+1, η ∈ Pk−1 and λ ∈ Pk−n
such that

Pk = Xg + ηD + λFn,

where

g =
Proy∆k+1

D∧Pk

k+1 , λ =
ProyhPk−n

D∧Pk

(n+1)h , η = div(Pk)−Fn(λ)−λdiv(Fn)
k+1 . (5.14)

Proof. Only remains to find the expressions of g, η and λ. On the one hand,

D ∧Pk = D ∧ (Xg + ηD + λFn) = (k + 1)g + (n+ 1)λh.

Therefore g and λ is given by (5.14). On the other hand, as div(Pk) = (k + 1)η +
Fn(λ) + λdiv(Fn), it obtains η.

Next, we are interested in obtaining an expression of the homological operator
under equivalence (see [1]) defined as,

Ln+k−1 : Hk × Pk−1 → Hn+k−1

Ln+k−1 (Pk, νk−1) = −[Fn,Pk]− νk−1Fn.

The following linear operator also plays an important role in this study (see also [2]).

`k−1 : Pk−n −→ Pk−1

µk−n −→ Fn(µk−n),
(5.15)

We give some properties of Lie bracket related with the projectors above.
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Lemma 5.30 Let us consider λk−nFn ∈ Fk, ηk−1D ∈ Dk, Xg ∈ Ck. Then:

(a) [Fn, λk−nFn] = −`k−1 (λk−n) Fn ∈ Fn+k−1.

(b) [Fn, ηk−1D] = −`n+k−2 (ηk−1) D + (n− 1)ηk−1Fn ∈ Dn+k−1

⊕
Fn+k−1.

(c) [Fn,Xg] = −X
(Fn−

n+1
n+k µD)(g)

+ n+1
n+kXg(µ)D.

Proof. Items (a), (b), are consequences of following properties [µF,G] = G(µ)F +
µ[F,G], [Fk,D0] = (k − 1)Fk, respectively. From the properties of the Lie bracket
and the previous properties we deduce

[Fn,Xg] = [Xh,Xg] + [µD,Xg] = X−Xh(g) +Xg(µ)D + µ [D,Xg]

= X−Xh(g) +Xg(µ)D− (k − 1)µXg

= X−Xh(g) +Xg(µ)D− (k−1)(k+1)
k+n Xµg − k−1

k+nXg(µ)D

= −X
Xh(g)+

(k−1)(k+1)
n+k µg

+ n+1
n+kXg(µ)D

= −X(
Fn−

n+1
n+k µD

)
(g)

+ n+1
n+kXg(µ)D,

which implies item (c).

Let note that [Fn,Xg]
c

= −X(`cn+k(g)) where `cn+k : ∆k+1 −→ ∆n+k is defined by

`cn+k (g) = Proy∆n+k

(
Fn − n+1

n+kµD
)

(g). (5.16)

We prove the following result.

Lemma 5.31 Given an integer k > n, it verifies that

Range(Ln+k−1(Hk × Cor(`k−1))) = Range(Ln+k−1(Hk × Pk−1))

being Cor(`k) a complementary subspace to the range of the linear operator `k.

Proof. Any function νk−1 ∈ Pk−1 is expressed as νk−1 = τk−1 + τ rk−1 with τk−1 ∈
Cor(`k−1), being Cor(`k−1) a complementary subspace to the range of the linear
operator `k−1, and τ rk−1 ∈ Range(`k−1), i.e. there exists τk−n ∈ Pk−n such that
`k−1(τk−n) = τ rk−1. So, from Lemma 5.30 (item (a)),

Ln+k−1(Pk, τk−1) = −[Fn,Pk]− τk−1Fn − `k−1(τk−n)Fn

= −[Fn,Pk]− τk−1Fn + [Fn, τk−nFn]

= −[Fn,Pk − τk−nFn]− τk−1Fn.

Consequently, both operator Ln+k−1 restricted toHk×Cor(`k−1) and operator Ln+k−1

have the same range.

In this way, by keeping the notation, we consider Ln+k−1 restricted to Hk ×
Cor(`k−1) as the homological operator under orbital equivalence.

With this notation the homological operator under equivalence can be written as

Ln+k−1 : Ck ×Dk ×Fk × Cor (`k−1) −→ Cn+k−1 ×Dn+k−1 ×Fn+k−1,

such as

Ln+k−1

(
Pc
k,P

d
k,P

f
k, νk−1

)
= −

(
[Fn,P

c
k]

c
,
[
Fn,P

c
k + Pd

k

]d
,
[
Fn,P

c
k + Pd

k + Pf
k

]f
+ νk−1Fn

)
,

where Pc
k = Xg with g ∈ ∆k+1, Pd

k = µk−1D with µk−1 ∈ Pk−1, Pf
k = λk−nFn with

λk−n ∈ Pk−n and νk−1 ∈ Cor (`k−1).
Next result provides us an orbital normal form of the vector field F with leader

term non-conservative.
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Theorem 5.32 Let F = Fn + h.o.t. with Fn = Xh + µD ∈ Hn. If Ker
(
`cn+k

)
= {0}

for all k ∈ N then F is orbitally equivalent to

G = Fn +
∑
j>n

Gj , with Gj = Xgj+1 + ηj−1D ∈ Hj ,

where gj+1 ∈ Cor
(
`cj+1

)
and ηj−1 ∈ Cor (`j−1), the operators `cn+j and `j−1 are

defined in (5.16) and (5.15), respectively.

Proof. It is sufficient to show that

Cor (Ln+k−1) = XCor(`cn+k)

⊕
Cor (`n+k−2) D,

is a complementary subspace to the range of Ln+k−1.
From Lemma 5.30, we get Ln+k−1

(
Pc
k,P

d
k,P

f
k, νk−1

)
=(

X(`cn+k(g)),− [Fn,Xg]
d

+ `n+k−2 (µk−1) D0,− [Fn,Xg]
f − µk−1Fn + `k−1 (λk−n) Fn − νk−1Fn

)
.

By using Ft
n+k−1 = Range (`k−1) Fn

⊕
Cor (`k−1) Fn, and Pt

k−1 = Range (`k−1)
⊕

Cor (`k−1),
we obtain the following scheme for Ln+k−1:

Ck Dk Fk Range (`k−1) Cor (`k−1)

X`cn+k(g) 0 0 0 0 Cn+k−1

• `n+k−2 (µk−1) D 0 0 0 Dn+k−1

• •
`k−1 (λk−n) Fn −`k−1 (ρk−n) Fn 0 Range (`k−1) Fn

0 0 −νk−1Fn Cor (`k−1) Fn

From hypothesis Ker
(
`cn+k

)
= {0}, we can deduce that the upper left block diagonal

of the above matrix has maximum range. The result follows from the structure of the
above matrix.
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