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Abstract

We consider the analytically integrable perturbations of cubic homogeneous dif-
ferential systems whose origin is an isolated singularity. We prove that are orbitally
equivalent to the cubic vector field associated. We also characterize the analytically
integrable centers. We apply the results to two families of degenerate vector fields.

1 Introduction

Given the polynomial planar differential system ẋ = Fn(x) = (Pn, Qn)T , with Pn, Qn ∈
Pn (vector space of homogeneous polynomials of degree n) and whose origin is an iso-
lated singular point, it is interesting to characterize the systems ẋ = Fn + h.o.t.,
analytic perturbations of the vector field Fn, which have an analytic first integral at
the origin.

We say that an analytic vector field is homogenizable if it is orbitally equivalent to

a homogeneous polynomial vector field, i.e. the system ẋ = dx

dt
= Fn(x) + h.o.t. by

means of a near-identity change of variable x = φ(y) and a formal reparameterization

of the time dt
dτ

= η(x), η(0) = 1, it is transformed into y′ = dy

dτ
= Fn(y).

We ask the following question: For what values of n, assuming that Fn has a
polynomial first integral, does analytic integrability of ẋ = Fn(x) + h.o.t. and homog-
enizable coincide?

For n = 1, linear part F1 of the vector field is non-zero, one has the following
cases depending on the eigenvalues λ1, λ2 of D(F1)(0) (assuming that the origin is an
isolated singular point of F1): if λ1λ2 6= 0, the origin is either a saddle, a node or a
non-degenerate monodromic singular point (with imaginary eigenvalues).

The nodes are not analytically integrable. A non-degenerate monodromic point is
analytically integrable if, and only if, the system is orbitally equivalent to (−y, x)T ,
see [21], and a resonant saddle has an analytic first integral around the singular point
if, and only if, the system is orbitally equivalent to (px,−qy)T with p, q ∈ N, see [17].

The most studied systems whose origin is a resonant saddle are the Lotka-Volterra
systems, see [11–13,16,18,19] and references therein.
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Therefore, for n = 1,Fn + h.o.t. is analytically integrable at the origin if, and only
if, it is homogenizable (in this case, linearizable).
Ferčec & Giné [14, 15] use the blow-up method to compute necessary conditions of
analytic integrability.

For n = 2, i.e. F1 is zero and F2 non-zero, by Algaba et al. [6], the quadratic
vector fields, polynomially integrable and whose origin is an isolated singular point
are

F2,a = (x(−qx+ (q + r)y), y((p+ r)x− py))T , p, q, r ∈ N,

and
F2,b = (−2qxy, (p+ 2q)x2 + py2)T , p, q ∈ N.

Algaba et al. [6] have proved that the analytically integrable perturbations of these
vector fields are homogenizable.

For n = 3, F1 = F2 = 0 and F3 non-zero, we know the following results. On the
one hand, the perturbations of cubic Kolmogorov systems, (xP2, yQ2)T , whose origin
is analytically integrable, are homogenizable, Algaba et al. [7].

On the other hand, Algaba et al. [1] study the perturbations of cubic systems
(−y(x2+y2), x(x2+y2))T . The origin is an isolated singular point in R2 but the vector
field is reducible (the origin is a not isolated singular point in C2). In this class, there
are analytically integrable vector fields which are not homogenizable. For example,
the vector field (−y(x2 + y2), x(x2 + y2) + 5x4)T is a Hamiltonian vector field whose
Hamilton function is 1

4 (x2+y2)2+x5, therefore it is polynomially integrable. Moreover,
from [1, Theorem 3.7], it is an orbitally equivalent normal form, consequently it is not
homogenizable.

In this paper, we study the analytic integrability of the analytic perturbations of

(−d2(p+ q)y3 − (p+ d2q)x2y, (p+ q)x3 + (d2p+ q)xy2)T ,

with p, q ∈ N and d 6= 0, d 6= ±1. The origin is a monodromic isolated singularity, i.e.
it is a focus or a center because of the analyticity. So, the analytic integrability is a
sufficient condition of center. Here, we prove that the origin is analytically integrable
if, and only if, it is homogenizable, Theorem 2.4.

Summarizing, by [1, 7], Theorem 2.3 and Theorem 2.4, we provide the following
result, for generic case n = 3.

Theorem 1.1 Consider the analytic vector field F = F3 + h.o.t. and assume that the
origin of F3 is an isolated singular point and F3 is irreducible.
If F3 is not polynomially integrable, then F is not formally integrable.
Otherwise, assume that F3 is polynomially integrable. Then F is analytically integrable
if, and only if, F is homogenizable, i.e. F and F3 are orbitally equivalent.

However, in general, we note that such a result for n ≥ 4 is not satisfied. Theorem
3.20 of [7] provides a Hamiltonian vector field (perturbation of Fn, homogeneous
vector field of degree n ≥ 4) whose Hamiltonian function is polynomial, therefore is
analytically integrable, and is non-orbitally equivalent to its leading term Fn.

For vector fields whose origin of the lowest degree term is a non-isolated singular
point, the problem remains open. We know only some partial results. Recently, it is
proved that a nilpotent singular point of an analytic vector field (whose lowest-degree
quasi-homogeneous term is integrable) is analytically integrable if, and only if, the
vector field is orbital equivalent to its lowest-degree term [3,4].

We also give a result that allows to characterize the analytic integrability through
the existence of a formal inverse integrating factor, Theorem 2.5. This result is used
in Section 3 for obtaining sufficient conditions of analytic integrability of two families
of polynomial systems whose origin is a center, Theorems 3.6 and 3.7.
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We note that the centers obtained are reversible. However, there are non-analytically
integrable reversible center of the families considered.

2 Main results

From [2, Prop.2.7], every Fn ∈ Hn (vector space of polynomial homogeneous vector
fields of degree n) can be uniquely written as Fn = Xh +µD where D = (x, y)T ∈ H1

(dissipative homogeneous vector field) and Xh = (−∂h/∂y, ∂h/∂x)T (Hamiltonian
vector field associated to the polynomial h)with h := 1

n+1 (D ∧ Fn) ∈ Pn+1 (wedge

product of both vector fields) and µ := 1
n+1div(Fn) ∈ Pn−1.

In what follows, h is called conservative part of Fn and µ dissipative part of Fn.

2.1 Necessary condition of analytic integrability

Now we study the integrability problem for the cubic homogeneous polynomial vector
fields.

Proposition 2.2 We consider F3 = (P3, Q3)T with P3 and Q3 cubic homogeneous
polynomials. If F3 is polynomially integrable, then there exist a linear change of vari-
ables and a linear re-parameterization of the time such that F3 is transformed into
one of the following vector fields:
(i)

F3,i = (0, x3)T , (2.1)

(F3,i is a reducible polynomial vector field with one invariant line) and x is a polyno-
mial first integral of F3,i.
(ii)

F3,ii = (−y(x2 + y2), x(x2 + y2))T , (2.2)

(F3,ii is a reducible polynomial vector field with two complex invariant lines) and
(x2 + y2)p is a polynomial first integral of F3,ii.
(iii)

F3,iii = (−qx3, px2y)T , (2.3)

(F3,iii is a reducible polynomial vector field with two invariant lines) with xpyq is a
polynomial first integral of F3,iii.
(iv)

F3,iv = (−qx2y, pxy2)T , (2.4)

(F3,iv is a reducible polynomial vector field with two invariant lines) with xpyq is a
polynomial first integral of F3,iv.
(v)

F3,v = (x2(−qx+ (q + r)y), xy((p+ r)x− py))T , (2.5)

(F3,v is a reducible polynomial vector field with three invariant lines) with xpyq(x−y)r

is a polynomial first integral of F3,v.
(vi)

F3,vi = (−2qx2y, (p+ 2q)x3 + pxy2)T , (2.6)

(F3,vi is a reducible polynomial vector field with one real invariant line and two complex
invariant lines) with xp(x2 + y2)q is a polynomial first integral of F3,vi.
(vii)

F3,vii = (x(−qx2 + [c(q + s) + r + q]xy − c(q + r + s)y2),

y((p+ r + s)x2 − [c(p+ r) + s+ p]xy + pcy2))T , (2.7)
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with c ∈ [−1, 1), c 6= 0 (F3,vii is an irreducible polynomial vector field with four real
invariant lines) and xpyq(x− y)r(x− cy)s is a polynomial first integral of F3,vii.
(viii)

F3,viii = (x(−qx2 − (q + 2r)y2), y((p+ 2r)x2 + py2))T , (2.8)

(F3,viii is an irreducible polynomial vector field with two real invariant lines and two
complex invariant lines) with xpyq(x2 + y2)r is a polynomial first integral of F3,viii.
(ix)

F3,ix = (−d2(p+ q)y3 − (p+ d2q)x2y, (p+ q)x3 + (d2p+ q)xy2)T , (2.9)

with p, q ∈ N and d 6= 0, d 6= ±1, (F3,ix is an irreducible polynomial vector field with
four complex invariant lines) and (x2 + y2]p(x2 + d2y2)q is a polynomial first integral
of F3,ix.

Proof. Let I = IM + h.o.t. be a polynomial first integral of F3. Equation F3(I) = 0
for degree M + 2 is F3(IM ) = 0, i.e. IM is a first integral of F3.
We seek the vector fields F3 satisfying the condition F3(IM ) = 0. By [2, Prop. 2.7],
F3 is F3 = Xh + µD with h ∈ P4 and µ ∈ P2.
If the polynomial h, conservative part of F3, is identically zero, it has that F3 = µD0

and it is non-formally integrable.
Thus, we assume that h is non-zero. By [9, Theorem 3.1], if F̃3 is integrable, a first
integral is a factorization on C[x, y] of the factors of h.

According the factors of h, after a linear change of variables and a linear reparam-
eterization of the time, F3 is transformed into F̃3 = Xh̃+ µ̃D with h̃ ∈ P4 and µ̃ ∈ P2,

where h̃ has one of the following expressions and µ̃ = Ax2 +Bxy + Cy2:
• h̃ = x4 (it has only one real factor of order 4). If it existed a first integral of F̃3, it
would have the expression ĨM = xp. By imposing F̃3(ĨM ) = 0, we arrive to µ̃ = 0. So,
F3 is an Hamiltonian vector field.
By performing the reparameterization of the time 4t = τ, F̃3 turns on (2.1).
• h̃ = (x2 + y2)2 (it has one complex factor of order 2). If it existed a first integral of
F̃3, it would have the expression ĨM = (x2 + y2)p. By imposing F̃3(ĨM ) = 0, we arrive
to µ̃ = 0. Again, F3 is an Hamiltonian vector field.
By performing the reparameterization of the time 4t = τ, F̃3 turns on (2.2).
• h̃ = x3y (it has one real factor of order 3 and one real simple factor). If it ex-
isted a first integral of F̃3, it would have the expression ĨM = xpyq. By imposing
F̃3(ĨM ) = 0, we arrive to µ̃ = p−3q

p+q x
2. By performing the reparameterization of the

time 4t = (p+ q)τ, F̃3 turns on (2.3).
• h̃ = x2y2 (it has two real factors of order 2). If it existed a first integral of F̃3,
it would have the expression ĨM = xpyq. By imposing F̃3(ĨM ) = 0, we arrive to

µ̃ = 2(p−q)
p+q xy. By performing the reparameterization of the time 4t = (p + q)τ, F̃3

turns on (2.4).
• h̃ = x2y(x − y) (it has one real factor of order 2 and two real simple factors). If
it existed a first integral of F̃3, it would have the expression ĨM = xpyq(x − y)r. By

imposing F̃3(ĨM ) = 0, we arrive to µ̃ = p−3q+r
p+q+r x

2 − 2(p−q−r)
p+q+r xy. By performing the

reparameterization of the time 4t = (p+ q + r)τ, F̃3 turns on (2.5).
• h̃ = x2(x2 + y2) (it has one real factor of order 2 and one complex simple factor). If
it existed a first integral of F̃3, it would have the expression ĨM = xp(x2 + y2)q. By

imposing F̃3(ĨM ) = 0, we arrive to µ̃ = 2(p−2q)
(p+2q) xy. By performing the reparameteri-

zation of the time 4t = (p+ 2q)τ, F̃3 turns on (2.6).
• h = xy(x− y)(x− cy) (it has four real simple factors). If it existed a first integral of
F̃3, it would have the expression ĨM = xpyq(x−y)r(x−cy)s. By imposing F̃3(ĨM ) = 0,
we arrive to

A =
1

M
(r+s−3q+p), B =

2

M
(qc+r−pc−rc−p−s+q+sc), C =

c

M
(3p−q−r−s),
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being M = p+ q + r+ s. By performing the reparameterization of the time 4t = Mτ,
F̃3 turns on (2.7).
• h̃ = xy(x2 + y2) (it has two real simple factors and one complex simple factor). If
it existed a first integral of F̃3, it would have the expression ĨM = xpyq(x2 + y2)r. By

imposing F̃3(ĨM ) = 0, we arrive to µ̃ = (p−3q+2r)
(p+q+2r) x

2 + (3p−q−2r)
(p+q+2r) y

2. By performing the

reparameterization of the time 4t = (p+ q + 2r)τ, F̃3 turns on (2.8).

• h̃ = (x2 + y2)(x2 + d2y2) (it has two complex simple factors). If it existed a first
integral of F̃3, it would have the expression ĨM = (x2 +y2)p(x2 +d2y2)q. By imposing

F̃3(ĨM ) = 0, we arrive to µ̃ = 2(d2−1)(p−q)
(p+q) xy. By performing the reparameterization

of the time 4t = (p+ q)τ, F̃3 turns on (2.9).

Theorem 2.3 (Necessary condition of analytic integrability) We consider the
analytic vector field F = F3 + h.o.t. with F3 ∈ H3. If F is analytically integrable, then
there exist a linear change of variables and a linear re-parameterization of the time
such that F3 is transformed into one of the vector fields (2.1)-(2.9).

Proof. We assume that I = IM + h.o.t. is an analytic first integral of F. Equation
F (I) = 0 for degree M + 2 is F3(IM ) = 0, i.e. F3 is polynomially integrable and IM
is a first integral of F3. Applying Proposition 2.2, the result follows.

It is easy to check that the necessary condition provided is not a sufficient con-
dition of integrability. In Algaba et al. [7], we find some vector fields not analyti-
cally integrable vector fields that are a perturbation of the vector field F3,vii with
(p, q, r, s) = (1, 1, 1, 1) and c = −1.

2.2 Characterization of analytic integrability

Our purpose is to characterize the analytically integrable perturbations of a cubic
homogeneous vector field F3 whose origin of F3 is an isolated singularity and F3 is
irreducible.
From Theorem 2.3, these vector fields, after a linear change of variables and linear
re-parameterization of the time, can be F3,vii + h.o.t.,F3,viii + h.o.t. or F3,ix + h.o.t.
only.
[7, Theorem 3.16] proves that the analytically integrable perturbations of F3,vii and
F3,viii are homogenizable. Therefore, to prove Theorem 1.1 remains only to prove
that the analytically integrable perturbations of F3,ix are also homogenizable. In this
paper, we give such result.

Theorem 2.4 Consider F = F3,ix+h.o.t.. The vector field F is analytically integrable
at the origin if, and only if, it is orbitally equivalent to F3,ix.
Moreover, in such a case, the origin is a center and F has an analytic first integral of
the form I = (x2 + y2 + h.o.t.)p(x2 + d2y2 + h.o.t.)q.

Proof of Theorem 2.4 is in Section 4.
Remark. For higher degeneracies F = Fn + h.o.t. with n ≥ 4, there are non-
homogenizable analytically integrable vector fields, [7, Theorem 3.20]. Also, for n = 5,
we find non-homogenizable analytically integrable centers. For example, the polyno-
mial vector field F = (−y5 + 3y2x4, x5− 4x3y3)T has the first integral x6 + y6− 6y3x4

and its origin is a center since it is an integrable monodromic singular point.
However, it is not orbitally equivalent to F5. Indeed, from [8, Theorem 1.3], if F would
be orbitally equivalent to F5, there would be a formal vector field G = (x+ u20x

2 +
u11xy+u02y

2 +h.o.t., y+v20x
2 +v11xy+v02y

2 +h.o.t.)T and a formal scalar function
ν = 4 + d10x+ d01y + h.o.t. such that [F5 + F6,G] = ν(F5 + F6), i.e.,

(DF6)G− (DG)F6 − νF6 + (DF5)G− (DG)F5 − νF5 = 0. (2.10)
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The coefficient of x4y2 of the first component of (2.10) is 3. So, equation (2.10) is not
satisfied and F is not orbitally equivalent to F5.

We solve the analytical integrability problem through the existence of a formal
inverse integrating factor.

Theorem 2.5 The vector field F = F3,ix+h.o.t. is analytically integrable if, and only
if, it has a formal inverse integrating factor of the form V = (x2+y2)(x2+d2y2)+h.o.t..

Proof of Theorem 2.5 is in Section 4.

3 Applications

We study the analytic integrability problem for the following family with non-hamiltonian
first homogeneous component(

ẋ
ẏ

)
=

(
−5x2y − 8y3

4x3 + 7xy2

)
+

(
a40x

4 + a31x
3y + a22x

2y2 + a04y
4

b31x
3y + b13xy

3 + b04y
4

)
(3.11)

with aij , bij ∈ R.

The vector field associated is F = F3 +F4 being F3 = F3,ix for (p, q) = (3, 1). The
origin of this family is a monodromic singular point.

Leading component of the vector field can be expressed as F3 = Xh + µD with
h = (x2 + y2)(x2 + 2y2) and µ = xy. From Proposition 2.2, the vector field F3 is
polynomially integrable and a primitive first integral is I8 = (x2 + y2)3(x2 + 2y2).

The following result solves the analytic integrability problem of the family (3.11).

Theorem 3.6 System (3.11) is analytically integrable if, and only if, one of the fol-
lowing conditions holds:
(i) b04 = a31 = 3a04 + 2b13 − 2a22 = 7b31 − 4b13 = 14a40 − 7a04 − 8b13 = 0,
(ii) b04 = a31 = 3b31 + 12b13 + 4a22 = 8a04 − 3b31 + 12b13 = 8a40 + b31 = 0,
(iii) b04 = a31 = 11b31 − 9b13 − 2a22 = 2a04 − 33b31 + 22b13 = 8a40 + 3b31 = 0,
(iv) b04 = a31 = 10b13 − 11a22 = 11b31 − 4b13 = 88a04 + 35b13 = 11a40 − 6b13 = 0,
(v) b04 = a31 = 67b13 − 26a22 = 13b31 − 8b13 = 104a04 − 209b13 = 13a40 − 12b13 = 0.

Proof. To prove the necessity, we have computed successively the coefficients of the
expression of F (I) up to order 16, with I = (x2 +y2)3(x2 +2y2)+h.o.t., and imposing
their vanishing. Equation F (I) = 0 up to order 16 provides 16 compatibility’s condi-
tions (two for each degree of expression of F (I), corresponding to the degrees from 11
to 18) but we do not write them here. Their vanishing leads to the systems (3.11) for
cases (i)–(v).

We prove the sufficiency for each case.
(i) In this case, system (3.11) is(

ẋ
ẏ

)
=

(
−5x2y − 8y3

4x3 + 7xy2

)
+

(
( 1

2a04 + 4
7b13)x4 + ( 3

2a04 + b13)x2y2 + a04y
4

4
7b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = x2+y2, C2 = x2+2y2 and C3 = 7+b13y.
The polynomial V = C1C2C3 is a polynomial inverse integrating factor starting with
h. By Theorem 2.5, the vector field is analytically integrable.

(ii) In this case, system (3.11) is(
ẋ
ẏ

)
=

(
−5x2y − 8y3

4x3 + 7xy2

)
+

(
− 1

8b31x
4 − ( 3

4b31 + 1
2b13)x2y2 + ( 3

8b31 − 3
2b13)y4

b31x
3y + b13xy

3

)
.

This vector field has the invariant curves C1 = x2 + y2 and C2 = 12x2 + 24y2 +
3b31x

2y + (4b13 − b31)y3. The polynomial I = C3
1C2 is a first integral and V = C1C2
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is a polynomial inverse integrating factor.

(iii) In this case, system (3.11) is(
ẋ
ẏ

)
=

(
−5x2y − 8y3

4x3 + 7xy2

)
+

(
− 3

8b31x
4 + ( 11

2 b31 − 9
2b13)x2y2 + ( 33

2 b31 − 11b13)y4

b31x
3y + b13xy

3

)
.

This vector field has the invariant curves C1 = 4x2 + 4y2 + b31x
2y + (4b13 − 6b31)y3

and C2 = x2 + 2y2 and I = C3
1C2 is a polynomial first integral. Moreover, V = C1C2

is a polynomial inverse integrating factor starting with h.

(iv) In this case, system (3.11) is(
ẋ
ẏ

)
=

(
−5x2y − 8y3

4x3 + 7xy2

)
+

(
6
11b13x

4 + 10
11b13x

2y2 − 35
88b13y

4

4
11b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = 44x2 + 44y2 + 4b13x
2y + 5b13y

3, C2 =
5324x2 + 10648y2 − 108b313x

2y3 − 135b313y
5 − 704b213x

4 − 2156b213x
2y2 − 1298b213y

4 +
1452b13x

2y+ 3509b13y
3 and C3 = 14641 + 16b413x

4−8b413x
2y2−35b413y

4−528b313x
2y−

528b313y
3 − 1936b213x

2 − 605b213y
2 + 7986b13y. It has the analytic first integral I =

C3
1C2C

−3
3 and V = C1C2C

−1/2
3 is an inverse integrating factor starting with h.

(v) In this case, system (3.11) is(
ẋ
ẏ

)
=

(
−5x2y − 8y3

4x3 + 7xy2

)
+

(
+ 12

13b13x
4 + 67

26b13x
2y2 + 209

104b13y
4

8
13b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = 1352x2+1352y2−27b213y
4+208b13x

2y+
26b13y

3 and C2 = 1352x2 + 2704y2 + 64b213x
4 + 304b213x

2y2 + 361b213y
4 + 624b13x

2y +

1274b13y
3. The function V = C

1/2
1 C

5/6
2 is an inverse integrating factor.

We are going to prove that the existence of V implies that the vector field is lin-
earizable. Indeed, the change of variables and the re-parameterization of the time
that transforms F into its normal form F̃ = F3 +

∑
j>3 µjD, it transforms V into

Ṽ = (x2 + y2 + · · ·)1/2(x2 + 2y2 + · · ·)5/6, an inverse integrating factor of F̃, i.e.
F̃ (Ṽ ) = Ṽ div(F̃).

On the other hand, the factors of Ṽ are invariant curves starting with x2 + y2 and
x2 + 2y2. Moreover, x2 + y2 and x2 + 2y2 are also invariant curves of F̃ and applying
[5, Theorem 11], we claim that are unique. Therefore, Ṽ also has the expression
Ṽ = (x2 + y2)1/2(x2 + 2y2)5/6u with u a unit function.

The formal function W̃ := Ṽ 6 = HU with H = (x2 + y2)3(x2 + 2y2)5 ∈ P16 and
U the unit function given by u6 = U, satisfies the equation

F̃ (W̃ ) = 6W̃div(F̃). (3.12)

The Eq. (3.12) is

0 = F̃ (HU)− 6HUdiv(F̃) = UF̃ (H) +HF̃ (U)− 6HUdiv(F̃).

As F3(H) = 6Hdiv(F3), D(H) = 16H and div(µjD) = (j + 2)µj , the Eq. (3.12)

becomes 0 = H(F̃ (U)− U
∑
j>3(6(j + 2)− 16)µj), i.e. F̃ (U) = U

∑
j>3(6j − 4)µj .

We claim that µ2+j = 0 for all j ≥ 1 because otherwise we can consider j0 =
min{j ∈ N : µ2+j 6= 0} and Eq. (3.12) for degree 2 + j0 is F3(Uj0) = (6j0 + 8)µ2+j0 ,
therefore F3(Uj0) ∈ Range(`2+j0) and µ2+j0 ∈ Cor(`2+j0), consequently µ2+j0 = 0
which is a contradiction and the claim is proved.

This concludes the proof.
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Last on, we consider the following family(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
a40x

4 + a22x
2y2 + a04y

4

b31x
3y + b13xy

3 + b04y
4

)
(3.13)

with aij , bij ∈ R. We limit our study for b13 6= 0.

The vector field associated is F = F3 + F4 being F3 = F3,ix for (p, q) = (1, 2).
The origin of this family is a monodromic singular point and is a reversible family,
therefore, the origin is a center.

The vector field is given by F3 = Xh + µD with h = 3
4 (x2 + y2)(x2 + 4y2) and

µ = − 3
2xy. From Proposition 2.2, F3 is polynomially integrable and a primitive first

integral is I6 = (x2 + y2)(x2 + 4y2)2.
The following result solves the analytic integrability problem of the family (3.13)

with b13 6= 0.

Theorem 3.7 System (3.13) with b13 6= 0, is analytically integrable if, and only if,
one of the following conditions holds:
(i) b04 = 10a40 − 3b13 − 2a22 = 2b31 − b13 = 4a40 − a04 − 2b13 = 0,
(ii) b04 = 28b31 + 9b13 + 12a22 = 3a04 − 28b31 + 21b13 = 6a40 + b31 = 0,
(iii) b04 = 4b31 − 9b13 − 3a22 = 3a04 − 8b31 + 12b13 = 3a40 + b31 = 0,
(iv) b04 = 11b13 + 6a22 = 6b31 − b13 = a04 + 6b13 = 6a40 + b13 = 0,
(v) b04 = b13 + 6a22 = 3b31 − 2b13 = 3a04 + 2b13 = 6a40 − b13 = 0,
(vi) b04 = 5b13 + 6a22 = 3b31 − b13 = 3a04 + 10b13 = 12a40 − b13 = 0,
(vii) b04 = 3b13 − 4a22 = a04 = 8b31 − 3b13 = 16a40 − 9b13 = 0,
(viii) b04 = 5b13 + 2a22 = 2b31 − b13 = 3a04 + 10b13 = 4a40 + b13 = 0,
(ix) b04 = 2b13 − a22 = 2b31 − b13 = 3a04 − 4b13 = 4a40 − 3b13 = 0.

Proof. To prove the necessity, we have computed successively the coefficients of the
expression of F (I) up to order 17, with I = (x2 + y2)(x2 + 4y2)2 + h.o.t., and impos-
ing their vanishing. Equation F (I) = 0 up to order 16 provides six compatibility’s
conditions, corresponding to the degrees 9, 11, 12, 13, 15 and 17, but we do not write
them here. Their vanishing leads to the systems (3.13) for cases (i)–(ix).

We prove the sufficiency for each case. We have found an analytic first integral for
each case. Also, we provide an inverse integrating factor starting with (x2 + y2)(x2 +
4y2) for each case except for (viii).
(i) In this case, system (3.13) is(

ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
a40x

4 + (5a40 − 3
2b13)x2y2 + (4a40 − 2b13)y4

1
2b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = x2+y2, C2 = x2+4y2 and C3 = 6+b13y.

It has the analytic first integral I = C1C
2
2C
−12a40/b13
3 . Moreover, V = C1C2C3 is a

polynomial inverse integrating factor starting with h.

(ii) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
− 1

6b31x
4 − ( 7

3b31 + 3
4b13)x2y2 + ( 28

3 b31 − 7b13)y4

b31x
3y + b13xy

3

)
.

This vector field has the invariant curves C1 = 6x2 + 6y2 + 2b31x
2y + (3b13 − 4b31)y3

and C2 = x2 + 4y2. The polynomial I = C1C
2
2 is a first integral and V = C1C2 is a

polynomial inverse integrating factor.

(iii) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
− 1

3b31x
4 + ( 4

3b31 − 3b13)x2y2 + ( 8
3b31 − 4b13)y4

b31x
3y + b13xy

3

)
.

8



This vector field has the invariant curves C1 = x2 +y2 and C2 = 3x2 +12y2 +b31x
2y+

(3b13 − 2b31)y3 and I = C1C
2
2 is a polynomial first integral. Moreover, V = C1C2 is a

polynomial inverse integrating factor starting with h.

(iv) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
− 1

6b13x
4 − 11

6 b13x
2y2 − 6b13y

4

1
6b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = 46656x2+46656y2+b413x
4y2+8b413x

2y4+
16b413y

6 + 36b313x
4y + 288b313x

2y3 + 576b313y
5 + 324b213x

4 + 1296b213x
2y2 − 432b213y

4 +
15552b13y

3, C2 = x2 + 4y2 and C3 = 324 + 2b213x
2 + 9b213y

2 − 36b13y. It has the ana-

lytic first integral I = C1C
2
2C
−3
3 and V = C1C2C

−1/2
3 is an inverse integrating factor

starting with h.

(v) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
+ 1

6b13x
4 − 1

6b13x
2y2 − 2

3b13y
4

2
3b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = x2 + y2, C2 = 1
810b

2
13x

4 + 1
405b

2
13x

2y2 +
1

810b
2
13y

4 + 1
9b13x

2y + 1
9b13y

3 + x2 + 4y2 and C3 = 324 + b213x
2 + b213y

2 + 36b13y. It

has the analytic first integral I = C1C
2
2C
−5
3 and the polynomial V = C1C2C3 is an

inverse integrating factor starting with h.

(vi) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
1
12b13x

4 − 5
6b13x

2y2 − 10
3 b13y

4

1
3b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = 2592x2 + 2592y2 − b213x
4 − 8b213x

2y2 −
16b213y

4 +144b13x
2y+576b13y

3, C2 = x2 +4y2 and C3 = 648−b213x
2−4b213y

2 +36b13y.
It has the analytic first integral I = C1C

2
2C
−4
3 . Moreover, V = C1C2C3 is a polyno-

mial inverse integrating factor starting with h.

(vii) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
9
16b13x

4 + 3
4b13x

2y2

3
8b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = 768x2 + 768y2 − 9b213x
4 + 288b13x

2y+
256b13y

3, C2 = 3x2 + 12y2 + b13y
3 and C3 = 2304 − 3b313x

2y + 4b313y
3 − 24b213x

2 +
144b213y

2 + 1152b13y. The analytic function I = C1C
2
2C
−3
3 is an analytic first integral

and V = C1C2C
−1/2
3 is an inverse integrating factor starting with h.

(viii) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
− 1

4b13x
4 − 5

2b13x
2y2 − 10

3 b13y
4

1
2b13x

3y + b13xy
3

)
.

This vector field has the invariant curves C1 = 18x2 + 18y2 + 3b13x
2y + 4b13y

3 and
C2 = 18x2 + 72y2 + 3b13x

2y + 10b13y
3. It has the polynomial first integral I = C1C

2
2 .

(ix) In this case, system (3.13) is(
ẋ
ẏ

)
=

(
−3y(3x2 + 4y2)

3x(x2 + 2y2)

)
+

(
3
4b13x

4 + 2b13x
2y2 + 4

3b13y
4

1
2b13x

3y + b13xy
3

)
.
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This vector field has the invariant curves C1 = 18x2 +18y2−b13y
3, C2 = 9x2 +36y2 +

b13y
3 and C3 = 6 + b13y. It has the analytic first integral I = C1C

2
2C
−9
3 . Moreover,

V = C1C2C3 is a polynomial inverse integrating factor starting with h.
This concludes the proof.

4 Proofs of Theorems 2.4 and 2.5

Basov [10] has provided an orbital normal forms for perturbations of homogeneous
cubic systems. Next result provides also an orbital normal form of the perturbations
of the vector field F3,ix. From [2, Prop.2.7], the homogeneous vector field is F3,ix =
Xh + µD, with

h := p+q
4 (x2 + y2)(x2 + d2y2), µ := p−q

2 (d2 − 1)xy.

Proposition 4.8 The vector field F = F3,ix + h.o.t. is orbitally equivalent to F3,ix +∑
j≥3 ηjD, with ηj ∈ Cor(`j), a complementary subspace to Range(`j), where `j is the

Lie operator of F3,ix, i.e.

`j : Pj−2 −→ Pt
j

ηj−2 −→ F3,ix(ηj−2).

Proof. From [7, Theorem A.32], to prove this result it is enough to check that for all
j > 3, Ker

(
`cj+4

)
= {0} , where `cj is the Lie operator of F3,ix moved,

`cj : ∆j−2 −→ ∆j

gj−2 −→ Proy∆j
(F3,ix − 4

jµD)(gj−2),

with ∆j , j > 2, the subspaces such that Pj = ∆j

⊕
hPj−3 (such subspaces must be

considered as fixed).
We prove that Ker

(
`cj+4

)
= {0} , for all j > 3. Indeed, let pj+2 ∈ Ker

(
`cj+4

)
⊂

∆j+2, i.e. (F3,ix− 4
j+4µD)(pj+2) ∈ 〈h〉, (we note that h is the Hamiltonian part of both

F3,ix and F3,ix − 4
j+4µD. So, (F3,ix − 4

j+4µD)(pj+2) ∈ 〈fi〉, with f1 = x2 + y2, f2 =

x2 + d2y2, irreducible invariant curve of F3,ix − 4
j+4µD.

Next, we prove that F3,ix− 4
j+4µD is a irreducible vector field. Indeed, its components

are

−y((d2qj + 2d2p+ 2d2q + pj + 2p+ 2q)x2 + d2(p+ q)(j + 4)y2) = −y(Mx2 +Ny2),

x((p+ q)(j + 4)x2 + (d2pj + 2d2p+ 2d2q + pj + 2p+ 2q)y2) = x(M̃x2 + Ñy2).

Both components have a common factor if jp = jq = −2(p+ q). It is a contradiction
since j, p, q are natural numbers.

So F3,ix − 4
j+4µD is a irreducible vector field. Applying Lemma 5.10 to F3,ix −

4
j+4µD, it has that pj+2 ∈ 〈fi〉, i = 1, 2. Therefore, pj+2 ∈ 〈h〉 since h has simple
factors and h is a first integral of F3,ix. As pj+2 ∈ ∆j+2, it has that pj+2 = 0.

Next statement establishes a cyclicity relation between the co-ranges of the oper-
ators `k.

Proposition 4.9 Consider F3,ix and M = 2(p + q), degree of the primitive polyno-
mial first integral. For k ≥ 3, it is always possible to choose Cor(`k+M ), a comple-
mentary subspace to Range(`k+M ), such that Cor(`k+M ) = IMCor(`k) with IM =
(x2 + y2)p(x2 + d2y2)q.
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Proof. We see that both subspaces, Cor(`k+M ) and IMCor(`k), have the same di-
mension. Indeed, Ker(`k) = 〈I lM 〉 if k − 2 = lM . Otherwise, Ker(`k) = {0}. Thus,
dim(Cor(`k)) = 2 if k = lM and dim(Cor(`k)) = 1, otherwise; i.e. dim(Cor(`k)) =
dim(Cor(`k+M )).

The proof is completed by showing that IMCor(`k) ⊂ Cor(`k+M ) or equivalently
that IMCor(`k)∩Range(`k+M ) = {0} by reductio ad absurdum. Let pk ∈ Cor (`k)\{0}
such that pkIM ∈ Range (`k+M ), then there exists pk+M−2 ∈ Pk+M−2 \ {0} such that
`k+M (pk+M−2) = pkIM , that is, `k+M (pk+M−2) is multiple of IM . Consequently,
`k+M (pk+M−2) is multiple of fp1 and f2q with f1 = x2 + y2 and f2 = x2 + d2y2.
We prove that pk+M−2 is multiple of fp1 and fq2 . From Lemma 5.12, it is enough to
prove that

2j1
k+M−2+j1

6= p
q , j1 = 1, · · · , p− 1, 2j2

k+M−2+j2
6= q

p , j2 = 1, · · · , q − 1.

Solving with respect to j1 and j2, it is easy to check that the conditions are satisfied.
Therefore, we have that pk+M−2 ∈ 〈fp1 〉 ∩ 〈f

q
2 〉, thus pk+M−2 = pk−2IM with

pk−2 ∈ Pk−2 \ {0} and consequently

pkIM = F3,ix(pk+M−2) = F3,ix(pk−2IM ) = IMF3,ix(pk−2).

Hence pk = F3,ix(pk−2), that is, pk ∈ Range (`k)∩Cor (`k) which gives a contradiction.

Proof of Theorem 2.4. We see the sufficiency. The polynomial IM = (x2 + y2)p(x2 +
d2y2)q is a first integral of F3,ix which is transformed into a formal first integral
I = IM + h.o.t. of F and from [20, Theorem A], F is analytically integrable.
We see the necessity of the condition. Applying Proposition 4.8, we can assert that F
is orbital equivalent to G = F3,ix +

∑
j≥3 ηjD with ηj ∈ Cor (`j).

Let note that F has an analytic first integral equivalents to G has a formal first integral.
Assume that G is formally integrable and not all the ηj are zero. We denote N =
min {j > 2 : ηj 6≡ 0}. A formal first integral of G is of the form I = I lM +

∑
j>Ml Ij

with Ij ∈ Pj . Imposing the integrability condition we have

0 = (G(I))N+Ml = (ηND)(I lM ) + F3,ix(IMl+N−2)

= MlηNI
l
M + `Ml+N (IMl+N−2) .

But this equation is incompatible since, by Proposition 4.9, MlηNI
l
M ∈ Cor (`Ml+N )

and `Ml+N (IMl+N−2) = −MlηNI
l
M ∈ Range (`Ml+N ), which is a contradiction. Con-

sequently, G = F3,ix, i.e. F is orbitally equivalent to F3,ix.
We now see the second part. A first integral of F3,ix is IM . The change of variables

and the reparemeterization of the time that transform F3,ix into F, transform IM +
h.o.t. (first integral of F) into I = (x2 + y2 + h.o.t.)p(x2 + d2y2 + h.o.t.)q.

Proof of Theorem 2.5. We prove that the condition is necessary. We assume that
F is analytically integrable. From Theorem 2.4, it is orbitally equivalent to F3,ix =
Xh + µD, it which has the inverse integrating factor h, i.e. F3,ix(h) = div(F3,ix)h.
Undoing the change, it has that F has a formal inverse integrating V = h+ h.o.t..

Now we will see the sufficiency of the condition. Let V = h + h.o.t. a formal
inverse integrating factor of F. By Proposition 4.8, F is orbital equivalent to G =
F3,ix +

∑
j≥3 ηjD with ηj ∈ Cor (`j). Therefore, F has a formal inverse integrating

factor if, and only if, G has it too. Moreover, the formal inverse integrating factor W
of G is also of the form W = h+h.o.t.. On the other hand, the unique invariant curves
of G are x2 + y2 and x2 + d2y2. So, we get W = hu being u formal and u(0) = 1.
Equation G(W )−Wdiv(G) = 0 is

0 = uG(h) + hG(u)− hudiv(G).
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As G(h) = 4hµ+
∑
j>3 4hηj and div(G) = 4µ+

∑
j>3(j + 2)ηj , it has that

0 = h(G(u)− u
∑
j>3

(j − 2)ηj).

Expanding u = 1 +
∑
i≥1 ui, the above equation to degree i+ 2 becomes

0 = F3,ix(ui)− iηi+2 +

i∑
k=1

(2k − i)ηi−k+2uk. (4.14)

We see that ηj = 0 for all j. Indeed, otherwise, let j0 = min {j ∈ N : ηj+2 6≡ 0}.
Expression (4.14) to degree j0 + 2 is

F3,ix(uj0) = j0ηj0+2 −
j0∑
k=1

(2k − j0)ηj0−k+2uk.

As ηj0−k+2 = 0 for 1 ≤ k ≤ j0−1, we get F3,ix(uj0) = j0ηj0+2, i.e. ηj0+2 ∈ Cor (`j0+2)
and ηj0+2 ∈ Range (`j0+2) . We conclude that ηj0+2 = 0.

5 Appendix

The following results will be used to compute a normal form of the vector fields
considered.

The following technical lemma is a direct consequence of Hilbert’s Nussstellnsatz.

Lemma 5.10 Consider Fn ∈ Hn irreducible (its components are coprime) and f ∈
C[x, y] an irreducible invariant curve at the origin of Fn. If Fn(pk) ∈ 〈f〉 with pk ∈ Pk,
then pk ∈ 〈f〉.

Lemma 5.11 Let f ∈ C[x, y] an irreducible polynomial invariant curve of Fn, K ∈
Pn−1 its cofactor and k,m ∈ N with n + k − 1 ≥ m. Assume that the vector fields of
Hn, Fn+ jK

k−jD, 0 ≤ j ≤ m−1, are irreducible. Then, if Fn(pk) ∈ 〈fm〉 with pk ∈ Pk,

it satisfies that pk ∈ 〈fm〉.

Proof. Lemma 5.10 proves the statement for m = 1.
We first consider the case m = 2. If Fn(pk) ∈ 〈f2〉 then Fn(pk) ∈ 〈f〉 and, by

Lemma 5.10, we have that there exists pk−1 ∈ Pk−1 such that pk = fpk−1. Therefore,

Fn(pk) = Fn(fpk−1) = pk−1Fn(f) + fFn(pk−1) = pk−1Kf + fFn(pk−1)

= f
(

K
k−1D(pk−1) + Fn(pk−1)

)
= f(Fn + K

k−1D)(pk−1) ∈ 〈f2〉.

Hence (Fn+ K
k−1D)(pk−1) ∈ 〈f〉. Applying Lemma 5.10 for the irreducible vector field

Fn + K
k−1D, we have that pk−1 ∈ 〈f〉 and consequently pk ∈ 〈f2〉.

Consider now the case m = 3. If Fn(pk) ∈ 〈f3〉 then Fn(pk) ∈ 〈f2〉 and by the
previous paragraph we have that there exists pk−2 ∈ Pk−2 such that pk = f2pk−2,
therefore

Fn(pk) = Fn(f2pk−2) = pk−2Fn(f2) + f2Fn(pk−2) = 2pk−2Kf
2 + f2Fn(pk−2)

= f2
(

2K
k−2D(pk−2) + Fn(pk−2)

)
= f2(Fn + 2K

k−2D)(pk−2) ∈ 〈f3〉.

Hence (Fn + 2K
k−2D)(pk−2) ∈ 〈f〉 and as Fn + 2K

k−2D is irreducible, applying Lemma

5.10 we have that pk−2 ∈ 〈f〉 and consequently pk ∈ 〈f3〉. Reasoning by induction we
get the result for all m natural number.
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Lemma 5.12 The following statements are satisfied:
(i) The vector field F3,ix+αK1D with K1 := −2q(d2−1)xy (cofactor of f1 = x2 +y2,
invariant curve at the origin of F3,ix) and α ∈ Q+, is irreducible if and only if 2α 6= p

q .

(ii) The vector field F3,ix+αK2D with K2 := 2p(d2−1)xy (cofactor of f2 = x2+d2y2,
invariant curve at the origin of F3,ix) and α ∈ Q+, is irreducible if and only if 2α 6= q

p .

Proof. We prove item (i), being the case (ii) analogous. The components of F3,ix +
αK1D are of the form

−y(a20x
2 + a02) := −y

(
(2αd2q + d2q − 2αq + p)x2 + d2(p+ q)y2

)
,

x(b20x
2 + b02) := x

(
(p+ q)x2 + (−2αd2q + d2p+ 2αq + q)y2

)
.

Both polynomials are coprime if and only if a20b02 − a02b20 6= 0, i.e.

q(d2 − 1)2(2α+ 1)(2αq − p) 6= 0,

that is, 2α 6= p
q .
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(projects FQM-276, UHU-1260150 and P12-FQM-1658).

References
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