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We study the analytic system of differential equations in the plane which can
be written, in a suitable coordinates system, as

0o
(1}7 y)T = Z Fq—p+21’s,
i=0

where p,g € N,p<q, s=(n+1)p—qg>0, n€Nand F; = (P;,Q:)7 are quasi-
homogeneous vector fields of type t = (p,q) and degree i, with F,_, = (y,0)7
and Qq—p+2s(1,0) < 0. The origin of this system is a nilpotent and monodromic
isolated singular point. We show the Taylor expansion of the return map near
the origin for this system, which allow us to generate small amplitude limit cy-
cles bifurcating from the critical point. Also, as an application of the theoretical
procedure, we characterize the centers and we generate limit cycles of small am-
plitude from the origin of several families. Finally, we give a new family integrable
analytically which includes the centers of the systems studied.

1. INTRODUCTION.

Probably the most basic and fundamental tool for studying the stability
and bifurcations of periodic orbits is the Poincaré map or first return map,
defined by Poincaré in 1881, cf. [15].

There are two classes of differential systems whose orbits near an isolated
singular point can turn around it (monodromic point): the non-degenerated
systems whose linear part has imaginary eigenvalues and the degenerated
systems (systems whose matrix of the linear part at the origin is nilpotent
or identically null).

When the system has an isolated singular point with imaginary eigenval-
ues, rather than work directly with the return map, it follows the clas-
sical method of searching a Liapunov function V' of the form V(z,y) =



22 +y? + O(|z,y|?) defined in a neighborhood of the origin. It is known,
see [14], that the function V' can be constructed such that its rate of change
along trajectories be of the form V (z,y) = na (2% + y2) + na(a? + y2)? + ...
where 7; are polynomials in the coefficients of the system. We call 5
the k-th focal value and vy = 795 assuming no; = 0, j < k — 1, the k-th
Liapunov constant. It has that a focus is stable or unstable according to
whether the first non-zero focal value is negative or positive. Furthermore,
if e =m4 = ... = Mg = 0 but Nogse # 0 (focus of order k), no more
than k limit cycles can bifurcate from the origin under perturbations of the
system, see [14]. And the critical point is a center (a neighborhood of the
origin belongs to a continuous of periodic solutions) if all the focal values
are zero; in such case, there exists a local analytic first integral defined at
the origin. This technique can not be used for degenerated systems, since,
in general, its centers do not have analytic first integral at the origin.

In this work, we are interested in calculating the multiplicity of a focus,
to generate small amplitude limit cycles bifurcating from the origin, and
to obtain the centers of some families of nilpotent systems. An analytic
system of differential equations in the plane having a nilpotent singular
point, in some suitable coordinates, can be written as

3.3=y+P(£U,y), z]=Q(33,y), (1)

where P(z,y) and Q(z,y) are analytic functions without constant nor lin-
ear terms defined in a certain neighborhood of the origin.

The center problem for the system (1) was solved theoretically by Moussu
[13] and by Sadovskii [16]. Strozyna and Zoladek [17] characterize the cen-
ters which have a local analytic first integral at the origin. Giacomini et
al. [10, 11] prove that the analytic nilpotent systems with a center can be
expressed as limit of systems non-degenerated with a center, and conse-
quently the Poincaré-Liapunov method can be used to find the nilpotent
centers.

There are only a few families of polynomial differential systems (1)
whose centers are known. The centers of the system (1), where P(z,y) =
Pyyy1(z,y) and Q(z,y) = Qan+1(z,y) are homogeneous polynomials of de-
gree 2n+ 1, have been characterized for n = 1,2 and 3, see [5] and reference
therein. Chavarriga et al. [7] study the centers of (1), with n = 1, hav-
ing an analytic first integral. They also prove that the nilpotent systems
time-reversible under the change of variables (z,y,t) — (z,—y,—t) have
an analytic first integral. Sadovskii [16] finds the centers of the family (1)
for P(z,y) = Pa(a,y) and Q(z,) = Qs(x.y).

Gasull and Torregrosa [8], using the so-called Cherka’s method, which con-
sists in doing a change of variables that transforms (1) into a Liénard
differential equation, calculate the centers of several families of nilpotent
systems. In [9], the authors deal with systems of the form (1) with P(z,y) =
Poii(x,y)+...and Q(z,y) = —2*" 1+ Qpi1 (2, y) + Quia(x,y) +... where,
in this case, the vector fields (P, Q) are quasi-homogeneous vector fields



of type (1,n) and degree k. In [2, 3], Alvarez & Gasull apply the normal
form theory to study the center problem for monodromic planar nilpotent
singularities and calculate the first two generalized Liapunov constants of
(1) and they solve the stability problem of several polynomial families.

In this paper, we consider the analytic system of differential equations
in the plane whose origin is a nilpotent singular point

00 oo
T=y+ Z Pq—p+2is(xay)a Y= Z Qq—p+2is (l': y)a (2)

i=1 =1

where p,q,n € N, p<¢q, s = (n+1)p—q > 0,and F; = (P;,Q;)" is a quasi-
homogeneous vector field of type (p, ¢) and degree i with Q(2p,41)p—¢(1,0) <
0 (necessary condition of monodromy). That is, according to the degree,
F,_, = (y,0)7 is the quasi-homogeneous component of minor degree, the
second one is F(5,,41),—, Which, among others, has the term (0, —g2nt )T
and the edges of its Newton’s polygon of the remaining components are
parallel to the edge associated to Fy(;,41)p—q- This class includes, among
others, the nilpotent systems which are invariant to the change of variables
(z,y) = (—z,—y). In particular, it includes the family

T =y—|—X2n+1(:l:,y), y :}/Zn-i-l(x?y)

where Xs,41 and Y5,41 are homogeneous polynomials of degree 2n + 1
with Y2,41(1,0) <0 (case p =g = 1, Pan(z,y) = Xont1(2,y), Qan(z,y) =
Y2n+1($,y), Py, =(Q2 =0, %i>nin (2))

The main result of the paper is Theorem 2.1 which gives the Taylor ex-
pansion of the return map of the system (2). This result allows us to solve
theoretically the center problem for the systems (2) (Corollary 2.1) and
to generate limit cycles bifurcating from the origin of the system (Corol-
lary 2.2). Finally, as an application, we characterize the centers of several
families of (2) and we give the number of small amplitude limit cycles bi-
furcating from the origin. Applying Proposition 3.1, we prove that the
systems obtained have a center at the origin. In particular, we conclude
that all have a local analytic first integral at the origin and they can be
written in the form

E=y+u,K0,y°)+yP(v,y%), §=-0.K(,y%)

where v, K, ¥ are analytic functions defined in a neighborhood of O with
T(0) = 0. Also, we give the cyclicity of a weak focus of these families and
we find a system with eight limit cycles.

2. POINCARE MAP NEAR THE ORIGIN.

Recall that a function f of two variables is quasi-homogeneous of type
t = (p,q) and degree k if f(ePx,e%) = e*f(z,y). The vector space of



quasi-homogeneous polynomials of type t and degree k will be denoted by
Pt. A vector field F = (Fy, F) is said quasi-homogeneous of type t and
degree k if Fy € Pt 4, and Fb € Pt +q- We will denote Q% the vector space
of quasi-homogeneous polynomial vector fields of type t and degree k.

We consider the analytic system of differential equations

(iay)T = ZFq—p+2i8a 3)
i=0

where p,q € N,p < ¢ and without common factors, s = (n + 1)p — ¢ >
0, n € Nand F; = (P;,Q;)T are quasi-homogeneous vector fields of type
t = (p,q) and degree i, with F,_, = (y,0)7 and Q,—_p125(1,0) < 0 (without
loss of generality, we can assume @Qy—p+25(1,0) = —1). In this system, this
last condition implies that the origin is a monodromic point, see Andreev
[4].

Note that if p or ¢ is even, then the origin is a center of (3). Indeed,
we assume, for instance, p is even then ¢ will be odd (since p and ¢ have
no common factors), in that case P,_pi2is(x, —y) = —Py—pt2is(x,y) and
Qo—p+2is(®, —Y) = Qq—p+2is(z,y) since ¢+2is is odd and 2¢—p+2is is even.
The system (3) is time reversible, i.e. has symmetrical phase portrait with
regard to a straight line passing through the origin (y = 0, in this case),
changing time direction. So, O is a center, since it is monodromic.

In what follows, we assume that p and ¢ are odd.

We already introduce the generalized polar coordinates. Given any natural
number n € N, it defines the generalized trigonometric functions, x(6) =
Cs(0), y(0) = Sn(8), as the unique solution of the Cauchy problem

dIII _ dy _ .2n+1
- wmr
with z(0) = 1, y(0) = 0.
These functions are T-periodic with
el
n+1 1—\(27::’_22) ’

and they verify the equality Cs*"72(6) + (n + 1)Sn?(0) = 1, see [12] for a
proof.

We can introduce the generalized polar coordinates, r and 6 of the real
plane (z,y) € R?, as

x =rCs(h), y =7r""15n(0). (4)
Furthermore, the following equalities hold

22"t g 4y i xy — (n+ 1)yz

= - “<
r2n+1 ’ pn+2



The return map of (3) is analytic, see [12]. Now we provide a expression
of the Taylor expansion of this return map.

THEOREM 2.1. Let system (3) with p and q odd. The return map of
system (3) has the form

P(u) —u— 2(n+1 ; n+ 20— 1)s+1f/ CsSn S+2ls+2(0)d0)(1—|—0( ))

where fi € R, | > 1, are polynomials in the coefficients of the right-hand
sides of (8) (we will call fy the focus quantities of the singular point O of
the system (3)).

Proof. By making the change (4), after omitting a common factor ",
the system (3) takes the form

f:rf(na)a é=—1+7"g(1”,9) (5)
with f and g analytic functions and f(0,80) = g(0,6) = 0, for all 6.
We now define the variable u verifying

Wt = W (rCs(0),r" ' Sn(6)) (6)

being W a C°°-function such that its derivative along the trajectories of
the system (3) has the form

)
W — :133"_8+2 Zflx%s + T(.Z',y)
=1

where f;, [ > 1, are polynomials in the coefficients of the right-hand sides
of (3) and 7 is a flat function at the origin, see [1].

Let suppose fy =0for Il =1,---,m — 1 and f,, # 0. The expression (6) is
valid for » > 0 and for all §. Furthermore, as

WD = W (rCs(6), 7" Sn(B)) = r2HD £ Ot g)  (7)

from inverse function theorem, it has that r = u + O(u?,6).
Next, we express (3) in the new coordinates system (u,§)
1

o= 2(n + 1)u2ntl w ®)

— fimCSSn—s+2+2ms(9)u2ms+n—s+1(1 + O(u,9)), (9)

2(n+1)
f = —1+0(u,b) (10)
whose differential equation associated can be written as
du fm 3n—s+2+2 2 -
- n—s ms (g ms+n—s+1 1 6)). (11
y TCERI on (1+0w,6)). (1)



We write the solution of (11) starting at u = up when § = 0 as

u(f,up) = Z ai(9)ué + 7(6,uo), (12)

=1

with a1(0) = 1, a;(0) = 0 for ¢ > 2, 7(0,ug) = 0 and 7 flat at ug = 0.
Hence the Poincaré return map from the section {(u, ) = (uo,0), uo > 0}
to itself is given by the series

P(ug) = a1(T)uo + as(T)ug + ... (13)
By replacing (12) in the equation differential (11) we obtain
a1(0) =1, a;(0) =0, fori =2,---,n+ (2m — 1)s
and

fm g n—s+2+2ms
an+(2m—1)s+1(T) = _m ) Cs® AR (9)d9 [ |

Remark. The C*°-function W above mentioned in the proof of Theorem
2.1 is not a Liapunov function, since it is not a defined positive function
in a neighborhood of the origin. Therefore, it cannot be used for finding
limit cycles which bifurcate from the origin.

As a consequence, the only significative constant f; is the first one
different from zero. It does that the return map differ from the identity
map, and it determines the stability of the origin. Also, let notice that the
origin is a center if and only if P(u) = u. So, we have the following results:
the first one characterizes the centers of the system (3) and the second
result is related to the number of small amplitude limit cycles which can
bifurcate from the origin.

COROLLARY 2.1. The origin of (3) with p and q odd is a center if and
only if fi =0, for alll > 1.

Proof. As p and ¢ are odd and s = (n + 1)p — ¢, it implies that s is
even (odd) if and only if n is even (odd). Thereby, 3n — s + 2 + 2ms is

even. So, fOT Cs3n=sT22ms(6)df is a positive value. The result is followed
as a consequence. n

If we want to find the systems with a center of a polynomial family
X(A), A € R™, of systems (3) with p and ¢ odd, we calculate recursively
the sets on R™ :

D ={reR”, A(N) =0}, Qp ={r € Y1, fr(A) =0}, for k > 2.



By Hilbert Basis Theorem, we know that there is a M such that
Ql D) Qg D) QM D) QM+1 :QM+2 =

So, the systems X (\*) with A* € Q741 have a center at the origin. Also,
in such a case, it is said that M is the order of the family X(\).

The focus quantities of system (3) can also be used to prove the exis-
tence of a certain number of small amplitude limit cycles bifurcating from
the nilpotent critical point of a family of systems (3). Next result is used in
order to study the degenerate Andronov-Hopf bifurcation, i.e. we analyze
the existence of limit cycles which can bifurcate from the origin of X(\)
under variations of the parameters .

COROLLARY 2.2. Let X(X) be a family of systems (3) with p and q odd,
depending on some parameters X € R™. We assume that \* € Q,. \ Q,41,
(i.e. O is a weak focus of order r of X(\*)). If there exists X enough close
to X\* such that fi(\), f2(A), ..., fre1(N), fr(\) alternate sign and

0<|fiN)] << |fo(N)] << oo << | frm1 V)] << /(N << 1

then system X(X\) has exactly r limit cycles in a neighborhood of the origin.

Proof. By Theorem 2.1, the Taylor expansion of the Poincaré return
map of X(A) has the form

P(u) =u-— w1f1 (/_\)(1 + Uhl (u))ujl — wng(/_\)(l + uhg(u))ujz —

where wy, = 5ol [T O3 542428 (0)df > 0, jpp = n+ (2m — 1)s + 1
and h,, are analytic functions at the origin.

Each small limit cycle around the origin corresponds to each positive fixed
point of the Poincaré return map of X()), i.e. positive zeros of the function

r+1
F(u) =u—P(u) =Y (14 whpn(@)wn frNu'™ + O +1).

m=1

By writing 1 + uhy,(u) = (1 4 why(u))(1 + hy,(u)), where h,, are analytic
functions at the origin, it has F(u) = (1 + uhy (u))u/* Fy(u) where

r+1
Fo(u) = w1 f1(A) + Z Win fn A (1 + whi (w))u?™ = + O (g1 = j1 +1).

We must look for positive zeros of Fy.
By differentiating, we have

r+1
Fy(w) = Y (14 ugm (@) (jm = j1)wm fu (V™ 77+ O(jrsr = j1)

m=2



where

(m = 30X+ ugm (@) = (jm = 51) (1 + wh (u)) + w(hm (@) + ugp, (u)).

By writing 1 4 udm (1) = (1 + udy (w))(1 + ham(w)), where By are analytic
functions at the origin, Fy has the form Fj}(u) = (1 + why, (u))u/2 =1 ~1F
where

Fl(u) = (.72 - jl)w2f2(/_\) + Zrm+:13(.7m - ]l)wmfm(/_\)(l + Uizm(u))ujm_h
+O0(Jr41 — J2 + 1).

Now, the number of positive zeros of Fy cannot exceed the number of
positive zeros of F; by more than unity. By continuing this process a
further step we obtain a function F5 such that the number of positive zeros
of F cannot exceed the number of positive zeros of F; by more than unity.
So, the number of positive zeros of Fy cannot exceed the number of positive
zeros of Fy by more than two.

This process stops at the rt" step when we obtain a function F, of the form

Fr(u) = (jr41 — jl)wr+1fr+1(/_\) +0O(1),

which does not have zeros in a neighborhood of origin, since f,1(}) is
close to fr4+1(A*) # 0, by continuity. Therefore, F' cannot have more than
7 positive zeros. Moreover, as fi(A), f2(A), ..., fr—1()\) and f.()\) alternate
sign and satisfy 0 < |fi(\)| << |f2(N)| << ... << [ frmi V)| << | £ (V)] we
can assure the existence of r limit cycles of small amplitude bifurcating of
the origin of X(A*). ]

3. NILPOTENT CENTERS AND CYCLICITY OF A WEAK FOCUS
OF SEVERAL FAMILIES OF POLYNOMIAL SYSTEMS

In this section, by applying Corollary 2.1 and 2.2, we characterize the
centers and the order of a weak focus of three families of systems (3).
First, on the one hand, we give the following result which we will use in
order to prove the analytic integrability of the centers of several families
of (3). We recall that if the system (3) is monodromic, the existence of an
analytic first integral is a sufficient condition so that the origin be a center.

PROPOSITION 3.1. The nilpotent systems
E=y+u,K@,5°) +y¥(v,y%), 5= —-v.K(v,y?), (14)

where v, K,V are analytic functions defined in a neighborhood of the origin
with ¥(0O) = 0, are integrable analytically in a neighborhood of the origin.



Proof. Doing the change of variables u = 4%, v = v(x,y), by redefining
the variable time by dr = yv, (1 + ¥(z,y))dt and by denoting L =, the
system (14) becomes

2K (u,v)

! = - ! = ]_ ].5

“ 1+ (u,v)’ v (15)

From Cauchy-Arnold’s Theorem (see Bruno [6], page 98), the system (15)
has got an analytic first integral H(u,v) = cte defined in a neighbor-

hood of O. Undoing the change of variable, (14) has a first integral of
(14), H(z,y) = H(y% v(z,y)) = cte, which is analytic in a neighbor-
hood N, since it is a composition of analytic functions. Also, if we de-
note X the vector field associated to (14), it has VH - X = 0, for all

(z,y) € N\{Vv-X # 0}. So, by continuity, VH-X =0, for all (z,y) € N,

that is H is a local analytic first integral of (14). ]
Remarks.
e For v(z,y) = x the systems (14) turn out
i =y+yl(r,y®), y§=K(y), (16)

that is, the family of nilpotent systems time reversible under the change of
variables (z,y,t) — (z, —y, —t).

The analytic integrability of the nilpotent systems (16) is one of the main
results of Chavarriga et al. [7].

e For

p
—k _
v =vom, K(y*v) = vf,, Uy v) =) apofty?mt+D=2
k=0

where p > 0, wvs, is a homogeneous polynomial of degree 2m and ay
arbitrary constants, the systems (14) come given by

. AVom —k —
r=Yy + —g?y 'Ugm + ZZ:O akvgm yzm(k+1) 17 (17)
0 — _ Ovom ,,P
y - T "oz v2m’

These systems include the nilpotent family integrable analytically given in
[5], Lemma 2.

On the other hand, we prove the following results which will use in
order to obtain a simpler expression of the focus quantities of (3).

PROPOSITION 3.2. For all C! vector fields X and U such that [X, U] =
vX with v a C*-function in a neighborhood of the origin and V = XAU # 0,
it has that

(v + div(U))X = —JVV + div(X)U,
0 -1

where [X, U] denotes Lie’s bracket of the fields X and U, and J = < 10



Proof. It is easy to prove that for all C! vector fields X and U, it holds
VV.-U = [X,UJAU+Vdiv(U), VV-X = [X,UAX+Vdiv(X). (18)

In our case, VV - U = (v + div(U))V and VV - X = div(X)V.

As V # 0, it has that JX and JU are transversals. Therefore, there
exist a,b functions of class one in a neighborhood of the origin such that
VV =aJX +bJU. Hence, VV - X = —bV, VV - U = aV. Thus,

V-VV = (aV)JX+ (bV)JU = (VV - U)JX — (VV - X)JU
= (v +div(U))VJIX — div(X)VJU,

it follows the result easily. [

We emphasize the following decomposition which is obtained from Propo-
sition 3.2 with X = Fj, € Q¢ and U = D; = (pz,qy)T where t = (p,q),
and by taking into account the quasi homogeneous character of F; and
[Fr, D] = kFy.

COROLLARY 3.1. (Conservative-dissipative decomposition). For each
t = (p,q), given Fy = (P, Qr)T € QF, there exist hy, € Phyprg and
wi € Pt such that

1

- x Dy), 19
k+p—|—q( hy + 1k Dt) (19)

Fy

with hy = Fi, A Dy and py, = div(Fy), where Dy := (pr,qy)T and Xy, :=
(%(m,y),—%(m,y))r

We now show several applications of our research. We first consider the
11-parameter nilpotent system

&= y+ a2’ + asz’y + azzy® + asy® + agry* + ary®,

y=  —x° + b2’y + bowy® + bsy® + bsay* + beyP. (20)

This is a subfamily of (3) given by (&,9)T = Fo + F» + Fy, with F; €
€ §=0,2,4, t = (1,1), and

19
y a17® + axx®y + aswy® + agy®
Fo = , Fa= 3 2 2 3 >
0 —z° + bi1x”y + bazy” + bsy

o _ [ asayt+ary’
YT bsayt +bey® )

The following result characterizes the centers of the systems (20). We
note that the focus quantities of (3) have been computed by means of the

10



recursive procedure developed in [1], and they have the form

i—1

fi=aigq1, fi=aigi+ 26i7jfj, 1> 2,

=1

with o; positive constants and 3; ; polynomials in the coefficients of the
right-hand sides of (3).

THEOREM 3.1. The origin of the system (20) is a center if and only if
one of the following two series is satisfied:
i) 3a; + b1 = 2a2 + bs = ag + 3bs = bs = ag + dbg = 0, (Hamiltonian
system,).
ii) by +3a; = b3 — al(bg + 2&%) = as + al(bg — 2a9 + 6&%) =bg — arbs =
ag + a1bs = 0.
Moreover, each one of them has a local analytic first integral.

Proof. Taking t = (1,2), (that is, the type of the vector field (y, —z*)T,
i.e. the quasi-homogeneous principal part of the system (20)) and applying
Corollary 3.1, degree to degree, the system (20) comes given by (i&,5)7 =
X + pDy¢, being h the defined positive function

h(z,y) = (2% + 2*) — Fera’y — Fear®y® — feswy® — geay® — f5esay?
—1reery® — 151y’
(21)
and p(z,y) = tdia® + tdowy + Tdsy® + {5dsay® + {-dey” where

C1 =b1—2a1, d; =3a1—|—b1, C2=b2—2(12, d2=202+2b2,
c3 = bs —2a3, d3 =asz+ 3b3, ¢4 = —2ay, ds = 4c5 = 4b5,
cg = 2ag, dg = ag + dbg, ¢y = —2ar.

The first four focus quantities are

g1 =di, g2 =daci + 5d3,
g3 = d2(25dacy + 175¢1c9 + 4263 + 375¢3),
gs = 4cser + 5dg.

In this point, we distinguish two cases depending on the coefficient d.
If do # 0, some necessary conditions for the origin to be a center are
g1 =92=9gs=gs=0,ie dy =0, ds = —Ldrc1, c3 = —g=¢1(25d +
175¢y + 42¢3), dg = —%0105. In such a case, it has g5 = d2(3c1c5 + 5¢6).
Hence, cg = —%clcs. Thus, we arrive to the system given by ii),

= y+ a2’ + asx’y — a1 (bs — 2a2 + 6a2)xy® + asy® — a1bszy* + ary®,

g=  —2° = 3a12%y + bazy? + a1 (bs + 2a?)y® + bszy* + a1bsy®.
(22)

11



This system belongs to the family (14) given in Proposition 3.1 where
v=122 + arzy + ($a2 — a})y?,
K(U7y2) =2h— ((]/2 + b2)y2 - b5y4a
B(v,y%) = [as + (a2 — 2a7)(2a7 + ba)]y* + [a7 + bs (a2 — 2a7)]y*

and, therefore, the origin is a center, since the system has a local analytic
first integral and O is a monodromic point.

If dy = 0, from the vanishing of the first four constants above, we have
di =d3 =0 and dg = —%clc5. In this case, the next focus quantities are
g5 = c5(175¢1c2 +42¢3 +375¢3), g6 = 0 and g7 = c5(3ci1c5 + 5c6). If e5 = 0,
the necessary conditions to have a center leads us to the hamiltonian system
i) whose hamiltonian function is (21). We note that the curves h(z,y) = cte
are closed, therefore, it is a center.

And if ¢5 # 0, g5 and g; must be zero; hence,

3
c3 = c1(25¢o 4+ 6¢2), ¢ = —gclc5.

375
In such a case, the system is of the form (22) with d2 = 0. So, O is a center.
|

THEOREM 3.2. Under perturbations of the parameters of the system
(20), it has:
a) if as +bo # 0 or bs # 0, it can bifurcate 0,1,2,8 or 4 limit cycles around
the origin.
b) if as + by = bs = 0, it can bifurcate 0,1 or 2 limit cycles around the
origin.

Proof. We fix the constants ¢;,ds, c2,c5 above defined and consider
the critical values

dI =0, dg = —%dzcl, Cg = Cc1 (25d2 + 175¢o + 426%),

1l

375

di = —%0105, cg = —20105.

Firstly, we assume that as + by # 0. From the expression of ¢1, g2, 93, 94
and g5, applying Corollary 2.2, it deduces the following one: if dy # dj
there isn’t limit cycles around the origin. If d; is near zero and ds # df,
then it can exist, at least, 1 limit cycle. If d; and ds alternate sign and
0 < |di| << |ds| and also ¢z is different from ¢, then there are 2 small
amplitude limit cycles. If also dscs < 0, |di| << |d3] and dg # df, then
3 limit cycles bifurcate of the origin. If we take dy,ds,c3 and dg different
from df, d}, c§ and d§ but near each of them, respectively, and ¢g # ¢ such
that it satisfy the hypothesis of Corollary 2.2 with r = 4, it has that we
can bifurcate 4 limit cycles, at least.
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Now, we assume that as+bs = 0 and b5 # 0. The first constants g; different
from zero are

g1 =dy, go =ds, g4 = 4cic5 + 5dg, g5 = C5(1756162 + 420? + 37563),
g7 = c5(3c1e5 + 5e).

Thus, if d; # 0 there isn’t limit cycles around the origin. If d; is close to
zero and d3 # 0, can exist, at least, 1 limit cycle. If d; and d3 alternate sign
and 0 < |di| << |ds| and also dg is different from dg, then there are 2 limit
cycles of small amplitude. If we now take dg such that d3 and dg alternate
sign and |d3| << |dg| and also c3 is different from ¢} = —z=c1(25¢; + 6¢7)
then there exist 3 limit cycles around the origin. If we also choose ¢z near
¢4 such that dges < 0 and |dg| << |e3] and take cg # cf, then there exist,
at least, 4 limit cycles around the origin.

Last on, if as + by = b5 = 0, that is ds = ¢5 = 0, the g; different from zero
are

g1 =di, g2 =ds3, ga = ds.

Therefore, if d; # 0 there isn’t limit cycles near the origin. If d; is close
zero and d3 # 0, it can exist, at least, 1 limit cycle. If d; and d3 alternate
sign and 0 < |d;| << |ds| and also dg is different from zero, then 2 small
amplitude limit cycles bifurcate from the origin. n

We now consider the 9-parameter subfamily of (3) given by
(#,9)" = Fy + F4 + Fe, (23)
with F; € QF, i =2,4,6, t = (1,3), and

poo (Y F, — a12° + axx’y
2700 ) T\ =2+ bhaty + bozy? )

B — azx” + asxty + aszy?
67\ bga? + byz®y + bazy? + bsy®

with bg = 0 and by = —as.
We already get a lower bound for its cyclicity.

THEOREM 3.3. Under perturbations of the parameters of the system
(23), it has:
a) if 2a4 + by = 0, it can bifurcate 0,1 or 2 limit cycles from the origin.
b) if 2a4 + by # 0 and (—5az + 2(by — 4a1)?)(by — 4ay) = 0, it can bifurcate
0,1,2,3 or 4 limit cycles around the origin.
c) if 2a4 + by # 0 and (—5az + 2(b1 — 4ay)?)(by —4ay) # 0, it can bifurcate
0,1,2,3,4,5,6,7 or 8 limit cycles around the origin.

Proof. In this case, we apply Corollary 3.1, degree to degree, with
t = (1,4), (that is, the type of the vector field (y, —z")7, i.e. the quasi-
homogeneous principal part of the system (23)). The system (23) comes

13



given by (z,9)T = X}, + uDy, being h the defined positive function

1 1 1 1 1
h(z,y) = g(x +4y° )—§clx y— mc;x Y- 1103x7y—504x4y2—ﬁ05xy3,
and p(z,y) = sdizt + fdsab + Sdiady + L dsy? where

C1 = bl — 4(11, d1 = 5(11 + bl, Cy = —5(12,
c3 = bz —4az, d3 =Taz+ b3, c4 =by—4ay, dy=4ays+ 2by,
85=b5—40,5 d5=(15+3b5.

First, we assume that 2a4 + by = 0, that is dy = 0. The only g; different
from zero are g3 = dy, g2 = d3, g3 = ds. Therefore, if d; # 0 there is a
neighborhood of the origin where the system (23) does not have any limit
cycle around the origin. If d; is close to zero and d3 # 0, it can exist, at
least, 1 limit cycle. If dyds < 0 with 0 < |d;| << |d3| and also d5 # 0, then
there are 2 limit cycles of small amplitude.

We now assume that 2a4 + by # 0 and (—5az +2(b; —4ay)?)(by — 4a;) = 0,
i.e. dy # 0 and (co + 2¢3)c; = 0. In this case,

g=di, g=ds, g3=ds+ 2cidy, gs = dscs,
gs = d4(C5 + 461(04 + %d4))

and the remain are zero.

So, if dy # 0 there isn’t limit cycles around the origin. If d; is close to zero
and dz # 0, can exist, at least, 1 limit cycle. If d; and d3 alternate sign
and 0 < |di| << |ds| and also d5 different from di = —12c;dy, then there
are 2 small amplitude limit cycles. If we now take ds such that ds and ds
alternate sign and |d3| << |ds| and also ¢5 # 0, then there exist 3 limit
cycles around the origin. If we also choose ¢3 close to 0 such that dscs < 0
and |ds| << |es| and take c5 # —4ci(cs 4 15ds) then there exist, at least,
4 limit cycles bifurcating from the origin.

Lastly, if 2a4 + by # 0 and (—5as +2(b; —4ay)?)(b; —4a;) # 0, by denoting
q = dyci(ca + 2¢3) # 0, the first nine constants g;, i = 1,...,9 of (23) are

gr=di, ga=ds, gs=ds+ 13c1ds,

gy = dy [03 + 2¢1 (o + 20%)] ,

g5 =dy [c5 + 4er(cs + F5ds) — 2063 (e + 263)]

96 = —q [ca + 3ds — ZcF(ca + 263)] .

gr=q [di— 23 — Weye — 14084)

gs = —q [1548¢c, — (4681 + 5v/54049)c?] [1548¢> — (4681 — 51/54049)c?] ,
go = —q(381374cs + 859813¢3).

14



We can choose dy,ds, ds, c3, c5,cq,ds and co adequately such that g;g;41 is
negative, gg different from zero and

0 < |g1] << gl << lg3| << lgal << lgs| << |gs| << |g7] << |gsl-

Applying Corollary 2.2, for r = 1,2,3,4,5,6,7 and 8, there are regions of
the parameters where the system has 0,1,2,3,4,5,6,7 or until 8 limit cycles
around the origin. [

The centers of (23) have been characterized in [1]. These one are in-
cluded in the class of systems given by Proposition 3.1.
Last on, we study the systems

[27552] (2755
T I T s T R PP A Tl
i=1 i=1

(24)
with 1 < n < 9. ([z] means integer part of z). These systems are of the
family (3) given by (#,9)? = Fo + Fg,_o, with F; € Q% i =2,6n—2, t =
(3,5).

Analogously to the above application, we obtain the ciclicity of the origin
of (24).

THEOREM 3.4. The system (24) with n equal to 1,2,3 or 4, does not
have limit cycles of small amplitude surrounding the origin. There are
systems inside this family for n =5 orn = 6 with 0 or 1 limit cycle around
the origin. For n =7 or n = 8 there exist systems inside this family with
0,1,2 or 3 limit cycles around the origin. There exist systems (24) with
n =9 which have 0, 1 or 2 limit cycles around the origin.

Proof. Taking t = (1,n + 1) and by applying Corollary 3.1, degree to
degree, the system (24) takes the form
)T = _QnITXxQ"‘*'Q-i-(n-‘rl)yQ'i'

2n+1]
5

2=t

where the new coefficients that appear are

(z,9

1 2n+1-54,,3i—1 S
ey (@™ Y TID ) o CinXganta-siys)

Cin = (’I’L + 1)al~,n - bi,na di,n = (27’L + 2 — 57;)(11"71 + 3lbl’n
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The expressions of the focus quantities different from zero are:
n=2, g =dp,
n=3, g1 =dgs,
n=4, g1 =dia,
n=2>5, g1 =di5,02 =ci5das
n==6, g1=dig, g2=cieds,
n="7 g1 =di7, g2 =ci7d27+35d37,
g3 = d2,7(33075¢3,7 + 1314c] 7 4 (2660ds,7 + 7665¢2,7)c1,7),
g1 = —c} 7da 7,

n=28, g1 =dig, go =3c13dss~+40ds3s,
g3 = dy 8(49600c3 8 + 2387¢} g + (3960d2 5 + 13440¢2 8)c1 8),
g1 = —} gda g,

n=9, g1 =dig, g2 =ciodrg+9dsp,
g3 = d,9(5103c3,9 + (2667 ¢ + 405da 9 + 1539¢2 9)c19)-

Choosing adequately the constants ¢; , and d;,, and by applying Corollary
2.2 it follows the result. [
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