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We compute masses of twenty positive parity first radial excitations of spin-1=2 and spin-3=2 baryons
composed of u, d, s, c, and b quarks in a quark-diquark picture within a contact interaction model. These
excitations comprise of two elements; one characterized by a zero in the Faddeev amplitude, representing a
radial excitation of the quark-diquark system and the other marked by a zero in the diquark’s Bethe-Salpeter
amplitude, corresponding to an intrinsic excitation of the diquark correlation. Wherever possible, we
compare our results with other models and/or experiment. We verify that the masses obtained through our
model conform to the spacing rules for all the baryons studied, whether light or heavy and whether of spin-
1=2 or spin-3=2. The computed masses do not just offer a guide to the future experimental searches but also
compare well with the existing candidates for the possible radial excitations of some heavy baryons.
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I. INTRODUCTION

More than sixty years ago, the Faddeev equation was first
proposed in Ref. [1] to investigate the three-body bound
states. Therefore, this equation is ideally suited to study
baryons. However, this problem can be reduced to two-body
subsystems if we employ a quark-diquark picture. It is well-
known by now that the difference between these two
approaches yields a difference between the computed baryon
masses of merely about 5%, see Refs. [2,3]. The obvious
advantage is that it considerably reduces mathematical and
computational difficulties by converting a three-body prob-
lem into a two-body one. Gell-Mann suggested the idea of
diquarks in his renowned article of 1964 [4].Within a couple
of years, some of the earliest attempts to compute baryon
masses were made in Refs. [5,6]. Static pointlike diquarks
were used in efforts to explain the problem of missing
resonances as early as in 1969 [7].

The diquarks that we employ in our work are dynamical in
nature with finite electromagnetic extent and an associated
mass-scale which are both bounded below by the corre-
sponding quantities characterizing the analogous mesonic
system.A comprehensive review,Ref. [8], and the references
therein, are an excellent source on our improved under-
standing of diquarks and the role they play in studying the
baryon spectrum and their internal structure. Diquarks are
paired color nonsinglet correlations of two quarks. Owing to
their color charge, these correlations are confined within
baryons, tetraquarks, or pentaquarks, making direct obser-
vation impossible. Two quarks can form product represen-
tation in a color sextet or an antitriplet configuration. When
exchanging a single gluon, a simple analysis of color flow
indicates that attractive interaction occurs between diquarks
in a color antitriplet arrangement while it is repulsive for a
sextet. Moreover, the diquark in a color antitriplet state can
bindwith a quark to create a color-singlet baryon.That iswhy
these are dubbed as good diquarks [9]. Therefore, we shall
exclusively focus on qq states in a color antitriplet configu-
ration. Similarly to mesons, various types of diquarks are
distinguished by distinct Dirac structures. Therefore, we
have scalar, pseudoscalar, vector, and axial-vector diquarks.
One expects dozens of baryonic states with singly,

doubly, and triply heavy quarks. Studying radially excited
baryons is naturally more complex than studying their
counterpart ground states. Identification and analysis of
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these states is equally challenging in the experiments. Radial
excitations of baryons with two heavy quarks have been
thoroughly studied through Poincaré-covariant Faddeev
equation (FE) for baryons [10] (we refer to this model as
QRS, after the initials of the authors of the Ref. [10]),
relativistic quark model [11], quark model [12], Salpeter
model [13], hypercentral constituent quark model [14,15],
the heavy quark effective theory [16], Faddeev method [17],
QCD sum rules [18–20], and Regge phenomenology
[21,22]. These baryons are significant as they represent
potential candidates for the states recently observed by the
LHCb experiment. For example, initial observations of the
baryon Ω−

b with a mass of approximately 6.35 GeV suggest
that this state corresponds to the first radial excitation of
Ω−

b ðssbÞ [23]. The LHCb Collaboration reported the obser-
vation of Ξ−

b with mass 6.226 GeV. From the observed mass
and decay modes, it was suggested thatΞ−

b state might be 1P
or 2S excited baryon [24,25]. LHCb has also detected two
excited Ωc states decaying to ΞcK− with masses of around
3.18 GeVand 3.3 GeVandwhich can be interpreted as radial
excitations of Ω0

cðsscÞ and Ω0�
c ðsscÞ, respectively [26–28].

Contact interaction (CI) is a useful theoretical tool to explore
the static properties of hadrons, particularly their masses. In
Ref. [29], masses of radial excitations of mesons and
diquarks were computed using this model. We extend that
work to investigate baryons and compute the masses of their
first radial excitations in the light and heavy sectors. For that
purpose, we have organized this paper as follows. In Sec. II, a
comprehensive examination of the FE for baryons with
different spins is conducted. Section III is dedicated to
elucidate the essential ingredients of our model to compute
radial excitations rather accurately. Our results, along with
the corresponding analysis, are detailed in Sec. IVand finally,
a summary and outlook is presented in Sec. V.

II. FADDEEV EQUATION

We base our description of baryons-bound states in the
quark-diquark approximation on FE, which is illustrated
in Fig. 1.
In this section, we shall examine this FE in detail and the

requisite components for our computation, adhering closely

to the notation employed in Ref. [30]. Using this equation,
we can predict the masses of ground and radially excited
baryons with JP ¼ 1=2þ and JP ¼ 3=2þ, where J is the
total spin and P denotes the parity.
Figure 2 presents the SUð5Þ flavor depiction of these

states. The baryons multiplets that arise from 3 ⊗ 3 ⊗ 3
are a decouplet, two octets and a singlet. The corresponding
multiplet structure for SUð4Þ is 4 ⊗ 4 ⊗ 4 ¼ 20S ⊕
20MS ⊕ 20MA ⊕ 4A. Note that explicit quark masses
break the flavor symmetry. The larger the group, the more
significant the amount of breaking as each new quark is
significantly heavier. However, this group algebra approach
helps us identify the baryons whose masses we are
interested to compute. As only a representative example,
we present such baryon multiplets with u, d, s, and b quark
in Fig. 2. The multiplet with charm quarks is analogous to
the one containing the bottom quark. A detailed examina-
tion of the FE delineating states both with J ¼ 1=2 and
J ¼ 3=2 will be undertaken in the ensuing subsections.

A. Baryons with spin-1=2

The mass of the ground-state baryon with spin-1=2
comprised by the quarks ½qqq1� and the momentum
configuration given in Fig. 1 is determined by a 5 × 5
matrix FE. It can be written in the following form:"

Sðk;PÞuðPÞ
Ai

μðk;PÞuðPÞ

#
¼ −4

Z
d4l
ð2πÞ4Mðk;l;PÞ

×

"
Sðl;PÞuðPÞ

Aj
νðl;PÞuðPÞ

#
: ð1Þ

The general matrices Sðl;PÞ andAi
νðl;PÞ, which describe

the momentum-space correlation between a quark and a
diquark in the nucleon and the roper are described in
Refs. [31,32]. However, with the CI employed in this
article, they simplify considerably,

SðPÞ ¼ sðPÞID; ð2aÞ

Ai
μðPÞ ¼ ai1ðPÞγ5γμ þ ai2ðPÞγ5P̂μ; i ¼ þ; 0; ð2bÞ

where the scalars s and ai1;2 are independent of the relative
quark-diquark momentum and P̂2 ¼ −1. FA is thus repre-
sented by the eigenvector,

ΨðPÞ ¼

2
6666664

sðPÞ
aþ1 ðPÞ
a01ðPÞ
aþ2 ðPÞ
a02ðPÞ

3
7777775
: ð3Þ

The Kernel in Eq. (1) can generically be expanded as

FIG. 1. Poincaré covariant FE employed in this work to
calculate masses of the first radial excitation of baryons. The
red square represents the quark-diquark interaction kernel.
The single line denotes the dressed quark, the double line is
the diquark while Γ and Ψ are the Bethe-Salpeter and Faddeev
amplitudes (BSA and FA), respectively. Configuration of mo-
menta is: lqq ¼ −lþ P, kqq ¼ −kþ P, P ¼ Pd þ Pq.
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Mðk;l;PÞ ¼

0
BBBBBBBB@

M11 M12
ν M13

ν M14
ν M15

ν

M21
μ M22

μν M23
μν M24

μν M25
μν

M31
μ M32

μν M33
μν M34

μν M35
μν

M41
μ M42

μν M43
μν M44

μν M45
μν

M51
μ M52

μν M53
μν M54

μν M55
μν

1
CCCCCCCCA
: ð4Þ

The elements of the matrix in Eq. (4) are detailed in
Appendix D. In order to simplify Eq. (1), we use static
approximation for the exchanged quark with mass M and
flavor f. It was introduced first in Ref. [33],

SðpÞ ¼ 1

iγ · pþMf
→

1

Mf
: ð5Þ

A variation of it was implemented in Ref. [34],

SðpÞ ¼ 1

iγ · pþMf
→

gB
iγ · pþMf

: ð6Þ

We follow Refs. [35–37] and represent the quark
(propagator) exchanged between the diquarks as

STðkÞ → gB
Mf

: ð7Þ

The superscript “T” indicates matrix transpose. However,
in the implementation of this framework to heavy baryons
in the ground state with spin 1=2, it suffices to use gB ¼ 1,
as discussed in Ref. [30]. For radial excitations, however,
this value will no longer be 1, as will be explained in the
subsequent sections.
The spin-1=2 heavy baryons are represented by the

following column matrices:

uΞþþ
cc ðuccÞ ¼

2
64

½uc�c
fccgu
fucgc

3
75; uΩþ

ccðsccÞ ¼

2
64

½sc�c
fccgs
fscgc

3
75;

uΩ0
cðsscÞ ¼

2
64

½sc�s
fssgc
fscgs

3
75; uΣþþ

c ðuucÞ ¼

2
64

½uc�u
fuugc
fucgu

3
75;

uΞ0
bbðubbÞ ¼

2
64

½ub�b
fbbgu
fubgb

3
75; uΩ−

bbðsbbÞ ¼

2
64

½sb�b
fbbgs
fsbgb

3
75;

uΩ−
b ðssbÞ ¼

2
64

½sb�s
fssgb
fsbgs

3
75; uΣþ

b ðuubÞ ¼

2
64

½ub�u
fuugb
fubgu

3
75;

uΩðccbÞ ¼

2
64

½cb�c
fccgb
fcbgc

3
75; uΩðcbbÞ ¼

2
64

½cb�b
fbbgc
fcbgb

3
75:

Note that we use the notation introduced in Ref. [37], [qq1]
for scalar diquarks, and fqqg; fqq1g for axial-vector
diquarks. The Faddeev amplitude for baryons with spin-
3=2 is different from that for spin-1=2. Below we discuss
the fundamentals of the FE and FA of these baryons.

B. Baryons with spin-3=2

Baryons with spin-3=2 are specially important because
they can involve states with three c-quarks and three b-
quarks. In order to calculate their masses, we note that it is
not possible to combine a spin-zero diquark with a spin-1=2
quark to obtain spin-3=2 baryon. Hence, such a baryon is
comprised solely of axial-vector correlations. The FA for
the positive-energy baryon is

FIG. 2. Left: Baryons with spin-1=2. We show the mixed-symmetric 20-plet. Note that all the ground-state baryons in this multiplet
have JP ¼ ð1=2Þþ. It has the SUð3Þ octet on the lowest layer. The singly heavy baryons are composed of a bottom quark and two light
quarks ðu; d; sÞ, located in the second layer. The doubly heavy baryons are positioned in the top-most layer. Right: Baryons with spin-
3=2. It depicts states of baryons with spin-3=2made from four quarks of the types u, d, s, and b. Doubly heavy baryons and triply heavy
baryons are localized in the highest layers.
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Ψμ ¼ ψμνðPÞuνðPÞ;

where P is the total momentum of the baryon, uνðPÞ is a
Rarita-Schwinger spinor,

ψμνðPÞuν ¼ Γqq1;μΔ
1þ
μν;qqðlqqÞDνρðPÞuρðPÞ; ð8Þ

with Δ1þ
μν;qq is the diquark propagator defined in

Appendix D and,

Dνρðl;PÞ ¼ Sðl;PÞδνρ þ γ5Aνðl;PÞl⊥
ρ : ð9Þ

Understanding the structure of these states is simpler than
in the case of the nucleon. We have provided more details in
Appendix A. In what follows, we only consider the baryons
with two possible structures; qqq and q1qq.

1. Baryons (qqq)

Only one possible type of diquarks exists for a baryon
composed of same three quarks ðqqqÞ. In this case,
the FA is

Dνρðl;PÞuBρ ðPÞ ¼ fBðPÞIDuBν ðPÞ: ð10Þ

Employing Feynman rules for Fig. 1 and using the
expression for the FA, Eq. (10), we can write

fBðPÞuBμ ðPÞ ¼ 4
gB
Mq

Z
d4l
ð2πÞ4MμνfBðPÞuBν ðPÞ; ð11Þ

where we have suppressed the functional dependence of
Mμν on momenta for simplicity, and

Mμν ¼ 2iΓ1þ
fqqg;ρðlqqÞiΓ̄1þ

fqqg;μð−kqqÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞ:

We nowmultiply both sides by ūBβ ðPÞ from the left and sum
over the polarization not explicitly shown here, to obtain

ΛþðPÞRμβðPÞ ¼ 4
gB
Mq

Z
d4l
ð2πÞ4MμνΛþðPÞRνβ: ð12Þ

Positive energyprojectionoperatorΛþ andRμβ are defined in
Eqs. (A7) and (A14) inAppendixA. Finallywe contractwith
δμβ andwith the aid of a Feynman parametrization, we obtain

2π2 ¼ gB
Mq

E2
fqqg1þ

m2
fqqg1þ

Z
1

0

dαLΩC̄iu1 ðωðα;M2
q; m2

fqqg1þ ; P
2ÞÞ;

ð13Þ
where Efqqg1þ is the structure in the BSA in Eq. (C2) in
Appendix C. The function Ciu1 is defined in Eq. (B6) in the
Appendix B, and mfqqg1þ is de diquark mass. We have
defined

LΩ ¼ ½m2
fqqg1þ − ð1 − αÞ2P2�½−αP2 þMq�;

ωðα;M2
q; m2

fqqg1þ ; P
2Þ ¼ M2

qð1 − αÞ þ αm2
fqqg1þ

þ αð1 − αÞP2.

The color-singlet bound states constructed from three iden-
tical heavy charm/bottom quarks are

uΩþþ�
ccc

¼ ½fccgc�; uΩ−�
bbb

¼ ½fbbgb�;

From the Eq. (13), it is straightforward to compute the mass
of these baryons.

2. Baryons (q1qq)

For a baryon with the quark component structure (q1qq),
there are two possible diquarks, fqqg and fq1qg. The FA
for such a baryon is

DB
νμðPÞuBμ ðP; sÞ ¼

X
i¼fq1qg;fqqg

diðPÞδνλuBλ ðP; sÞ; ð14Þ

so that the corresponding FE has the form

�
dfq1qg

dfqqg

�
uBμ ¼ −4

Z
d4l
ð2πÞ4M

�
dfq1qg

dfqqg

�
uBν ; ð15Þ

where

M ¼
"
M11

μν M12
μν

M21
μν M22

μν

#
; ð16Þ

with the elements of the matrix M given by

M11
μν ¼ tf11

gB
Mq1

Γ1þ
ρ ðlq1qÞΓ̄1þ

μ ð−kq1qÞSðlqÞΔ1þ
ρν ðlq1qÞ;

M12
μν ¼ tf12

gB
Mq

Γ1þ
ρ ðlqqÞΓ̄1þ

μ ð−kq1qÞSðlq1ÞΔ1þ
ρν;fqqgðlqqÞ;

M21
μν ¼ tf21

gB
Mq

Γ1þ
ρ ðlq1qÞΓ̄1þ

μ ð−kqqÞSðlqÞΔ1þ
ρν ðlq1qÞ;

M22
μν ¼ tf22

gB
Mq

Γ1þ
ρ ðlqqÞΓ̄1þ

μ ð−kqqÞSðlq1ÞΔ1þ
ρν ðlqqÞ; ð17Þ

where tf are the flavor matrices and can be found in
Appendix E. The color-singlet bound states constructed
from three heavy charm/bottom quarks are

uΩþ�
ccb

¼
� fccgb
fcbgc

�
; uΩ0�

cbb
¼
� fcbgb
fbbgc

�
:

The column vectors representing singly and doubly heavy
baryons are
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uΣþþ�
c ðuucÞ ¼

� fuugc
fucgu

�
; uΞþþ�

cc ðuccÞ ¼
� fucgc
fccgu

�
;

uΩ0�
c ðsscÞ ¼

� fssgc
fscgs

�
; uΩþ�

cc ðsccÞ ¼
� fscgc
fccgs

�
;

uΣþ�
b ðuubÞ ¼

� fuugb
fubgu

�
; uΣ0�

bbðubbÞ ¼
� fubgb
fbbgu

�
;

uΩ−�
b ðssbÞ ¼

� fssgb
fsbgs

�
; uΩ−�

bb ðsbbÞ ¼
� fsbgb
fbbgs

�
:

Now that we have introduced all the essential elements to
study baryons through the FE, we can move on to discuss
the crucial difference between studying ground and excited
states in the next section.

III. FIRST RADIAL EXCITATIONS OF BARYONS

For the sake of comparison with other works, exper-
imental results and PDG, we use the spectroscopic notation
n2Sþ1LJ, where J is the total angular momentum, S is the
spin, n is the principal quantum number, and L is the orbital
angular momentum. The ground state is represented by n ¼
0 in this notation and the first radial excitation by n ¼ 1.
The spectroscopic notation for the baryons in the first radial
excitation is, therefore,

Spin 1=2 → 12S1=2;

Spin 3=2 → 14S3=2: ð18Þ

Let us now recall that the leading Chebyshev moment of the
FA for the first radial excitation of a baryon should have a
single zero, similar to mesons [38]. However, note that the
scenario concerning the radial excitations of baryons is
more intricate than that of mesons or diquarks. In addition
to accounting for the zero in the FA, one must also consider
that the diquarks themselves might be radially excited.
To obtain the mass and amplitude associated with the

first radial excitation of a diquark comprised of a quark
with flavor f1 and another with flavor f2, we employ the
same methods as detailed in Refs. [29,30,39]. In fact, for
our calculations, we incorporate the masses of the excited
diquarks in Table I as were computed in [29] employing the
CI. However, we naturally include an extra term associated

with the first radial excitation possessing a single zero, just
like the radial wave function for bound states within any
sophisticated QCD-based treatment of mesons. In the
phenomenological application of CI, we follow the meth-
odology in Refs. [35,40] and insert a zero by hand into
the kernels in the FE, multiplying it by ð1 − q2dFÞ which
forces a zero into the kernel at q2 ¼ 1=dF, where dF is an
additional parameter. The presence of this zero reduces
the coupling in the FE and increases the mass of the
bound state. The presence of this term modifies the
functions Ciu in Ref. [39] and now it must be replaced
by F iu ¼ Ciu − dFDiu, where

DiuðωÞ ¼
Z

∞

0

ds s
s

sþ ω
→
Z

τ2iu

τ2uv

dτ
2

τ3
exp ½−τω�;

F iu
1 ðzÞ ¼ −zðd=dzÞF iuðzÞ and F̄ 1ðzÞ ¼ F 1ðzÞ=z. The

general decomposition of the bound states FE for radial
excitations is the same as the ground state. Now, we
only need to discuss how to choose the location of the
zero in the excitation. For this purpose, it is necessary to fix
the parameter dF; this value was set to 1=dF ¼ 2M2 in
Refs. [35,40] for calculating radial excitations of light
mesons in pseudoscalar and vector channels. However, this
value was selected as Ref. [29] for heavy and heavy-light
mesons and diquarks. Nevertheless, the resulting BSA from
this dF selection proved exceedingly minute for diquarks
incorporating heavy quarks. This tendency is particularly
conspicuous in the scenario of heavy-light compositions.
These values inevitably impact our baryon mass calcula-
tions, as we necessitate precise knowledge of the implicated
amplitudes and masses for diquarks. This observation
compels us to carefully choose our parameters so that
the amplitudes yield minimal influence over our calcula-
tions. In the case of radial excitations of light baryons
using the CI model, the value of dF had been utilized as
1=dF ¼ 2M2ð1� 0.2Þ. We have modified and unified this
value in the case of baryons containing heavy quarks. For
both baryons with spin-1=2 and spin-3=2, we use the
value dF ¼ 0.1 GeV−2.
In Ref. [29], a more sophisticated method was used to

obtain dF; however, once the diquark masses are deter-
mined using this mechanism, obtaining this parameter for
baryons becomes straightforward. Our immediate benefit is

TABLE I. Scalar and axial-vector diquark masses in its first radial excitation obtained in [29] using the parameters
described in Appendix B. In calculating the mass of radial excitations of diquarks, the value of dF is derived from an
equation obtained through a fit to the masses of meson excitations. For further details, we refer the reader to
Ref. [29].

Scalar diquark ud us ss cu cs ub sb cc cb bb
1.28 1.52 1.72 2.53 2.78 5.68 5.94 3.90 6.80 9.68

Axial-vector diquark ud us ss cu cs ub sb cc cb bb
1.48 1.63 1.80 2.57 2.78 5.68 5.91 3.92 6.85 9.71
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the reduction in the number of parameters used in our model.
On the other hand, another parameter we need to fix for our
calculations is the value of gB in Eq. (7). For light baryons in
the ground state using CI, we set gB ¼ 1.18 for the baryon
octet and gB ¼ 1.56 for the baryon decouplet [35,37].
Therefore, it modified in [30,39] for heavy and heavy-light
baryons in the ground state, where gB ¼ 0.75was employed
for baryonswith spin-1=2, and gB ¼ 1 for baryonswith spin-
3=2. For the first radial baryon excitations, the selection of gB
values adheres to the following criteria:

Baryons spin- 1=2: Deriving the mass of these baryons
involves the scalar and axial-vector diquark ampli-
tudes, such that

gBE½qq1�0þE½qq1�0þ → gB;

gBE½qq1�0þEfqqg1þ → gB;

gBE½qq1�0þEfqq1g1þ → gB;

gBEfqqg1þEfqqg1þ → gB;

gBEfqq1g1þEfqq1g1þ → gB: ð19Þ

For baryons composed of one or no heavy quarks with
spin-1=2, we use the value gB ¼ 3.5. However, for
baryons with double and triple heavy quarks, we
use gB ¼ 1.

Baryons spin-3=2: In this case, the baryon is composed
only of axial-vector diquarks; then we have two cases:
Baryons with ðqqq1Þ or baryons with three identical
quarks (qqq). For different quarks,

gBEfqq1g1þEfqqg1þ → gB: ð20Þ

When the three quarks are identical, as in the case of
the heaviest baryons,

gBEfqqg1þEfqqg1þ → gB: ð21Þ

For this case, for baryons composed of one or no
heavy quarks, we use gB ¼ 10 and for double and
triple heavy baryons, we use gB ¼ 7.

Finally, employing the diquark masses in Table I
obtained in Ref. [29] for radial excitations, the parameters
described above and Tables X and XI in Appendix B, we
present our results in the next section alongside those from
other models.

IV. RESULTS

This section unveils our numerical findings concerning the
baryonmasses for the statesn ¼ 0 andn ¼ 1. To enhance the
depth of our analysis, we employ graphical illustrations,
providing a visual narrative of our work alongside compar-
isonswith alternativemodels. In Table I, we show themasses
of the excited scalar and axial-vector diquarks obtained in the

article, which are necessary for calculating the masses of
excited baryons.

A. First radial excitation: Baryons with spin-1=2

Experimental and calculated masses for ground and
excited light heavy-light and heavy baryons with spin-
1=2 baryons are listed in Table II, where we have included
the resulting masses when varying the parameter gB in the
range gB � 0.5 in Eq. (19). It is evident from the results
shown that the mass decreases when the value of gB
increases and increases when gB decreases.

TABLE II. Spin-1=2 baryons. Masses from CI in the ground
state are taken from [30,39]. Our results for the first radial
excitation of the baryons are presented in the sixth column using
CI. Additionally, we have included results that explore the
variation of the parameter gB � 0.5. The results abbreviated by
QRS are taken from Ref. [10] and the experimentally results from
Ref. [41].

n ¼ 0 n ¼ 1

Baryon Exp. CI Exp. QRS CI

NðuudÞ 0.94 1.14 1.44 1.44 1.44−0.11þ0.11
ΣðuusÞ 1.19 1.36 1.66 1.58 1.90−0.06þ0.08
ΞðsusÞ 1.31 1.43 � � � 1.72 1.96−0.07þ0.09
Σþþ
c ðuucÞ 2.45 2.58 � � � 2.65 2.71−0.06þ0.07

Ω0
cðsscÞ 2.69 2.82 � � � 2.93 3.33−0.05þ0.05

Ξþþ
cc ðuccÞ 3.62 3.64 � � � 3.86 3.96−0.14þ0.22

Ωþ
ccðsccÞ � � � 3.76 � � � 4.00 4.46−0.09þ0.15

Σþ
b ðuubÞ 5.81 5.78 � � � 5.91 5.79−0.18þ0.15

Ω−
b ðssbÞ 6.04 6.01 � � � 6.20 6.36−0.17þ0.22

ΩðccbÞ � � � 8.01 � � � 8.33 8.94−0.04þ0.04

Ξ0
bbðubbÞ � � � 10.06 � � � 10.39 10.24−0.03þ0.06

Ω−
bbðsbbÞ � � � 10.14 � � � 10.53 10.37−0.12þ0.15

ΩðcbbÞ � � � 11.09 � � � 11.60 11.71−0.04þ0.04

FIG. 3. Differences between the ground states and their first
radial excitations for light baryons.
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There are no experimental results for the radial excita-
tions of baryons containing one, two, or three heavy
quarks. We present our results alongside those obtained
in Ref. [10].
In Figs. 3 and 4, we pictorially depict the differences

between the ground states and their first radial excitations,
emphasizing their percentage variances. It is straightfor-
ward to observe that masses of excited states are always
more significant than those of the ground states. This is
attributed to the zero we have introduced in the kernel and
to the fact that masses of diquarks composing the excited
states are more significant than those of the ground states,
as evidenced in Table I. In the heavy sector, the maximum
difference between the ground and excited states is for
Ωþ

ccðsccÞ with 18.6%, and the minimum is for ΣbþðuubÞ
with 0.17%.
One of our most significant results is the mass obtained

for the Ω−
b ðssbÞ, as it is consistent with a state recently

detected in LHCb as a candidate for the first radial
excitation of the Ω−

b ðssbÞ [23]. The detected mass is
6.35 GeV, and the one we obtain is 6.36 GeV, yielding
a difference of 0.15% between the two states.
Similarly, the candidate for the first radial excitation

of Ω0
cðsscÞ detected by LHCb shows a mass of 3.18 GeV

[26–28].Our calculations predict a mass of 3.33 GeV,
resulting in a difference of 4.7% between the two.

In Table III, we display our results for doubly heavy
baryons compared with other models, utilizing the QCD
sum rules formalism (SM) [18], Relativistic quark model
(RQM) [11], in a Salpeter model with AdS/QCD inspired
potential (SMP) [13]. Our results for triply heavy baryons
with spin-1=2 are compared in Table IV from SM [20],
constituent quark model (QM) [42], the renormalization
group procedure for effective particles (EP) [43], and RQM
[44,45]. Clearly, our results for both states are perfectly
consistent with those reported using other models.
The FAs are listed in Table V, highlighting the dominant

diquark in calculating the baryonic mass. At this juncture,
we also compare them with the amplitudes obtained for the
ground state. From these findings, it becomes apparent that
six of the baryons comprised of heavy quarks exhibit
altered behavior, wherein the predominant diquark con-
tributing to mass differs between the ground state and the
radial excitation. Conversely, only four maintain consis-
tency in behavior.
The masses of radial excitations, as well as the masses in

the ground state of the baryons, must adhere to the spacing
rule. Light baryons satisfy the Gell-Mann–Okubo mass
formula [46,47],

1

2
ðmNðuudÞ þmΞðsusÞÞ ¼

1

4
ð3mΛðudsÞ þmΣðuusÞÞ; ð22Þ

that predicts a mass of 1.63 GeV for mΛðudsÞ, which is in
remarkably good agreement with the experimental result of

FIG. 4. Baryons with spin-1=2: Comparison between the masses of the ground states and their first radial excitations. Within each pair
of bars, the percentage difference between the masses for states n ¼ 0 and n ¼ 1 is indicated.

TABLE III. The masses of first radial excitation of the doubly
heavy baryons in GeV and comparison of the results with other
predictions.

CI SM [18] RQM [11] SMP [13]

Ξþþ
cc ðuccÞ 3.96 4.0 3.91 4.18

Ωþ
ccðsccÞ 4.46 4.07 4.08 4.27

Ξ0
bbðubbÞ 10.24 10.33 10.44 10.75

Ω−
bbðsbbÞ 10.37 10.45 10.61 10.83

TABLE IV. The masses of first radial excitation of the triply
heavy baryons in GeV and comparison of the results with other
predictions.

CI SM [20] QM [42] EP [43] RQM [44,45]

ΩðccbÞ 8.94 8.65 8.46 8.6 8.40
ΩðcbbÞ 11.71 11.77 11.61 11.59 11.69
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1.60 GeV [48]. For baryons with one heavy quark, the
spacing rule satisfies [46,47,49],

mΣQ
þmΩQ

¼ 2mΞQ
; Q ¼ c; b: ð23Þ

We test this rule for the following baryons:

mΣþþ
c ðuucÞ þmΩ0

cðsscÞ ¼ 2mΞþ
c ðuscÞ; ð24Þ

mΣþ
b ðuubÞ þmΩ−

b ðssbÞ ¼ 2mΞ0
bðusbÞ: ð25Þ

Using Eqs. (24)–(25) and the results in Table II, we
find mΞþ

c ðuscÞ ¼ 3.02 GeV and mΞ0
bðusbÞ ¼ 6.125 GeV.

Applying the identical calculation to the predictions
derived within the QRS framework yields mΞþ

c ðuscÞ ¼
2.79 GeV and mΞ0

bðusbÞ ¼ 6.055 GeV. For the proposed

state of the first radial excitation of Ξ0
bðusbÞ, the mass

found by LHCb in Refs. [24,25] is 6.22 GeV, remarkably
close to the result derived from our model.

B. First radial excitation: Baryons with spin-3=2

Now we focus our attention on the heaviest baryons,
which include baryons containing three identical heavy
quarks in their configuration.
We show our results for the first radial excitation of these

states in Table VI, where, as in the case of spin-1=2
baryons, we have analyzed our results by varying the
parameter gB. We found that, as in the previous case, the
mass increases when gB decreases and decreases when gB
increases. We also compared our results with known
experimental data [41], the QRS model [10], and the
ground states calculate by lattice in Refs. [50,51] and CI
in Refs. [30,39]. In Figs. 5 and 6, we have plotted the

TABLE V. Baryon-1=2 FA. Notably, the amplitudes give the dominant diquark in the mass of the baryon. In the
last column, we indicate this diquark in each case. The baryons that change their dominant diquark upon
transitioning from the ground state to the first radial excitation are NðuudÞ, Σþþ

c ðuucÞ, ΞðsusÞ, Ω0
cðsscÞ, ΣðuusÞ,

ΩðccbÞ, Ξ0
bbðubbÞ, Ω−

bbðsbbÞ, and ΩðcbbÞ; however, the Ξþþ
cc ðuccÞ, Ωþ

ccðsccÞ, ΣbþðuubÞ, and Ωb−ðssbÞ baryons
maintain the same behavior as the ground state.

s aþ1 a01 aþ2 a02 dom.

NðuudÞ n ¼ 0 −0.02 0.52 −0.37 −0.63 0.44 fuugd
n ¼ 1 −0.76 −0.11 0.14 0.50 −0.36 ½ud�u

ΣðuusÞ n ¼ 0 0 −0.04 0.02 0.83 −0.55 fuugs
n ¼ 1 −0.85 −0.20 0.18 0.37 −0.22 ½us�u

ΞðsusÞ n ¼ 0 0 0.01 −0.99 −0.02 0.06 fusgs
n ¼ 1 0.79 0.21 −0.18 −0.47 0.23 ½us�s

Σþþ
c ðuucÞ n ¼ 0 −0.49 0.26 −0.09 −0.82 0.01 fuugc

n ¼ 1 0.94 0.27 −0.09 0.12 0.03 ½uc�u
Ω0

cðsscÞ n ¼ 0 0.57 −0.29 0.10 0.76 −0.02 fssgc
n ¼ 1 0.92 0.29 −0.15 0.17 0.07 ½sc�s

Ξþþ
cc ðuccÞ n ¼ 0 −0.88 0.05 −0.36 0.11 0.30 ½uc�c

n ¼ 1 −0.93 −0.04 0.22 0.05 −0.25 ½uc�c
Ωþ

ccðsccÞ n ¼ 0 −0.88 0.07 −0.35 0.11 0.30 ½sc�c
n ¼ 1 0.90 0.09 −0.31 0.11 0.25 ½sc�c

Σþ
b ðuubÞ n ¼ 0 0.5 −0.20 0.05 0.83 0.04 fuugb

n ¼ 1 0.65 0.26 0.01 0.71 −0.02 fuugb
Ω−

b ðssbÞ n ¼ 0 0.12 −0.10 0.04 −0.98 −0.07 fssgb
n ¼ 1 0.68 0.22 0.01 0.69 −0.03 fssgb

ΩðccbÞ n ¼ 0 −0.82 0.21 −0.008 −0.53 −0.003 ½cb�c
n ¼ 1 0.61 0.38 0.19 0.65 0.08 fccgb

Ξ0
bbðubbÞ n ¼ 0 −0.11 0.07 −0.04 0.99 0.06 fbbgu

n ¼ 1 0.98 0.008 −0.12 0.005 0.13 ½ub�b
Ω−

bbðsbbÞ n ¼ 0 0.12 −0.10 0.04 −0.98 −0.07 fbbgs
n ¼ 1 −0.96 −0.01 0.16 −0.07 −0.16 ½sb�b

ΩðcbbÞ n ¼ 0 −0.77 0.05 −0.30 0.49 0.28 ½cb�b
n ¼ 1 0.59 0.07 −0.17 0.72 0.28 fcbgb
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masses reported in Table VI to represent these values
visually, similar to the case of baryons with spin-1=2,
alongwith their percentage differences. It is readily apparent
that all radial excitations surpass their ground states.
Furthermore, in the heavy sector the largest discrepancy
is observed forΩþ�

cc ðsccÞ at 16.4%,while the smallest is seen

for Σþ�
b ðuubÞ at 0.67%. Of particular significance is the

outcome forΩ0�
c , LHCb proposes a mass of 3.3 GeV for this

state in Refs. [26–28], while our CI model yields 3.26 GeV
presenting a small difference of approximately 1.21%.
In Table VII, we present the heaviest baryons with

spin-3=2, comprised of two and three b and c quarks.
Additionally,wealsodisplay results for thesebaryonsobtained
using alternative models, QRS [10], RQM [44,45], and Regge
phenomenology (RF) [22,52]. To conduct a visual analysis of
these baryons within Figs. 7 and 8, we delineate the triple
baryons composed of ccc and bbb. The left panel illustrates
thebaryonground states,while the right panel depicts their first
radial excitation. This graphical representation facilitates a
direct comparison with alternative approaches.
In Tables VI and VII, we emphasize that the results

obtained with CI in the ground state and the first excited
state are consistent with other models, such as lattice
and QRS.

TABLE VI. Masses of baryons with spin-3=2. Masses from CI
in the ground state are taken from Refs. [30,39]. Our results for
the first radial excitation with CI are shown in the last column,
where we have included the results of varying the parameter
gB � 0.5. Results denoted by QRS have been taken from
Ref. [10], lattice (Lat.) values are taken from [50,51], and the
experimentally results from Ref. [41].

n ¼ 0 n ¼ 1

Baryon Lat. CI Exp. Exp. QRS CI

ΔðuuuÞ 1.23 1.39 1.65 1.60 1.46 1.67−0.07þ0.03
Σ�ðuusÞ 1.39 1.51 1.67 1.73 1.627 2.01−0.02þ0.02
Ξ�ðsusÞ 1.53 1.63 1.82 � � � 1.793 2.24−0.04þ0.05
ΩðsssÞ 1.67 1.76 � � � � � � 1.96 2.25−0.04þ0.03

Σþþ�
c ðuucÞ 2.52 2.71 � � � � � � 2.80 2.80−0.02þ0.04

Ω0�
c ðsscÞ 2.76 2.90 � � � � � � 3.02 3.26−0.02þ0.05

Ξþþ�
cc ðuccÞ 3.57 3.76 � � � � � � 3.97 4.30−0.02þ0.03

Ωþ�
cc ðsccÞ 3.71 3.90 � � � � � � 4.08 4.54−0.01þ0.04

Σþ�
b ðuubÞ 5.75 5.85 � � � � � � 6.07 5.89−0.04þ0.03

Ω−�
b ðssbÞ 5.99 6.09 � � � � � � 6.30 6.41−0.03þ0.01

Ξ0�
bbðubbÞ 10.04 10.09 � � � � � � 10.52 10.42−0.01þ0.04

Ω−�
bb ðsbbÞ 10.18 10.20 � � � � � � 10.64 10.67−0.02þ0.01

Ωþþ�
ccc 4.80 4.93 � � � � � � 5.15 5.59−0.03þ0.01

Ωþ�
ccb 8.01 8.03 � � � � � � 8.42 8.64−0.02þ0.01

Ω0�
cbb 11.20 11.12 � � � � � � 11.70 11.66−0.01þ0.02

Ω−�
bbb 14.37 14.23 � � � � � � 14.98 14.66−0.01þ0.01

FIG. 6. Baryons with spin-3=2: Comparison between the masses of their ground states and their first radial excitations. Within each
pair of bars, the percentage difference between the masses for states n ¼ 0 and n ¼ 1 is indicated.

FIG. 5. Comparison between the masses of the ground states
and their first radial excitations for light baryons.
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We define a constituent-quark passive-mass in analogy
with the ground state of baryons [30,53], via

MP
f ¼ 1

3
mΩfff

: ð26Þ

In Table VIII, we compare the computed values (in GeV)
from this relation with the input parameters we used for CI
in the ground and first radial excitation. This mass increases
when we transition from n ¼ 0 to n ¼ 1, just as expected.

The masses of baryons with spin-3=2with a single heavy
quark obey an equal-spacing rule [46,47,49],

mΣQ
þmΩQ

¼ 2mΞQ
; Q ¼ c; b. ð27Þ

TABLE VII. Masses of triple heavy baryons with spin-3=2,
compared to the masses predicted by other models.

Baryon CI QRS [10] RQM [44,45] RF [22,52]

Ωþ�
ccb 8.64 8.42 8.41 8.63

Ω0�
cbb 11.66 11.70 11.70 11.79

Ωþþ�
ccc 5.59 5.15 5.54 5.3

Ω−�
bbb 14.66 14.98 15.12 15.16

FIG. 7. Comparison between the masses of the ground states
and their first radial excitations for Ωþþ�

ccc .

FIG. 8. Comparison between the masses of the ground states
and their first radial excitations for Ω−�

bbb.

TABLE VIII. Constituent-quark passive-mass derived from CI,
lattice, and the QRS model, corresponding to states n ¼ 0 and
n ¼ 1.

c b

Mf 1.53 4.68
n ¼ 0 CI MP

f 1.64 4.74
Lat. MP

f 1.6 4.79

n ¼ 1 CI MP
f 1.86 4.88

QRS MP
f 1.71 4.99

TABLE IX. FAs for spin-3=2 baryons. According to our
analysis, the dominant diquarks are listed in the last column.
The baryons that change their dominant diquark upon transition-
ing from the ground state to the first radial excitation are
Ωþ�

cc ðsccÞ, Σþ�
b ðuubÞ, Ω−�

b ðssbÞ Ωþ�
ccb; however, the Σ�ðuusÞ,

Σ�ðuusÞ, Ω0�
c ðsscÞ, Ξþþ�

cc ðuccÞ, Σþþ�
c ðuucÞ, Ξ0�

bbðubbÞ,
Ω−�

bb ðsbbÞ, and Ω0�
cbb baryons maintain the same behavior as

the ground state.

dfqq1g dfqqg Dom.

Σ�ðuusÞ n ¼ 0 0.25 0.96 fuugs
n ¼ 1 −0.67 −0.73 fuugs

Ξ�ðsusÞ n ¼ 0 0.42 0.90 fssgu
n ¼ 1 −0.68 −0.72 fssgu

Σþþ�
c ðuucÞ n ¼ 0 −0.67 −0.74 fuugc

n ¼ 1 −0.68 −0.72 fuugc
Ω0�

c ðsscÞ n ¼ 0 −0.60 −0.80 fssgc
n ¼ 1 −0.67 −0.73 fssgc

Ξþþ�
cc ðuccÞ n ¼ 0 −0.12 −0.99 fccgu

n ¼ 1 −0.68 −0.73 fccgu
Ωþ�

cc ðsccÞ n ¼ 0 −0.17 −0.99 fccgs
n ¼ 1 −0.73 −0.67 fcsgc

Σþ�
b ðuubÞ n ¼ 0 −0.56 −0.83 fuugb

n ¼ 1 −0.79 −0.60 fubgu
Ω−�

b ðssbÞ n ¼ 0 −0.42 −0.90 fssgb
n ¼ 1 −0.73 −0.67 fsbgs

Ξ0�
bbðubbÞ n ¼ 0 0.03 0.99 fbbgu

n ¼ 1 −0.34 −0.9 fbbgu
Ω−�

bb ðsbbÞ n ¼ 0 −0.02 −0.99 fbbgs
n ¼ 1 −0.40 −0.91 fbbgs

Ωþ�
ccb n ¼ 0 −0.35 −0.93 fccgb

n ¼ 1 −0.92 −0.38 fcbgc
Ω0�

cbb n ¼ 0 −0.16 −0.99 fbbgc
n ¼ 1 −0.22 −0.97 fbbgc
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This relation yields a mass of mΞusc
¼ 3.03 GeV. For the

corresponding baryon containing a bottom quark, we
obtain mΞusb

¼ 6.19 GeV.
We now turn our attention to the spacing rules which

combine baryons with different spins [54],

mΞþþ�
cc ðuccÞ −mΞþþ

cc ðuccÞ −mΣþþ�
c ðuucÞ þmΣþþ

c ðuucÞ ¼ 0; ð28Þ
mΩþ�

cc ðsccÞ −mΩþ
ccðsccÞ −mΩ0�

c ðsscÞ þmΩ0
cðsscÞ ¼ 0; ð29Þ

mΞ0�
bbðubbÞ −mΞ0

bbðubbÞ −mΣþ�
b ðuubÞ þmΣþ

b ðuubÞ ¼ 0: ð30Þ

Using the results for themasses fromTables II andVI for CI,
we obtain, 0.25GeV, 0.15GeV, and 0.08GeV for Eqs. (28)–
(30), respectively. For completeness and enhanced analysis
of the first radial excitations of baryons composed of heavy
quarks, we enumerate the FAs in Table IX while also
highlighting the dominant diquark in each baryon.
Analogously to the case of baryons with spin-1=2,

baryons with spin-3=2 change the dominant diquark in
four cases when transitioning from the ground state to the
excited state.

V. CONCLUSIONS

In this paper, we utilize the CI model to compute the mass
spectra of singly, doubly, and triply heavy baryons. The
approach includes a quark-diquark approximation to sim-
plify the complex three-body problem into two simpler two-
body problems. In this respect, we employed the excited
diquarks previously obtained with CI in Ref. [29] and
integrated them into the Faddeev equation described in
Sec. II, Fig. 1. In Tables II and VI, we present the masses
predicted by our model using the parameters described
throughout our article and in the Appendixes. These pre-
dictions are compared in Figs. 4 and 6 with the masses in the
ground estate. Additionally, in Tables V and IX, we have
included the FAs for all the baryons studied here.
The predictions obtained in this work with CI for

light baryons with spin 1=2 satisfy the well-known
Gell-Mann-Okubo mass formula [46,47] in Eq. (22).
In the case of baryons with a singly heavy quark
(Σþþ

c ;Ω0
c;Σþ

b ;Ω−
b ;Σþþ�

c ;Ω0�
c ;Σþ�

b ;Ω−�
b ) our results are

consistent with those detected by LHCb [23,24,27] and
satisfy the mass spacing rule [46,47,49] in Eqs. (24), (25),
and (27). For baryons with spin-1=2 and double heavy
quarks, we compare results obtained using other models
in Table III. Results are very close and consistent with
existing theoretical predictions. Our results for baryons
with two heavy quarks with different spins also satisfy the
relations in the Eqs. (28)–(30). Tables IV and VII compare
the results obtained here for triply heavy baryons with those
obtained using other approaches. Furthermore, in Figs. 7
and 8, we plot the masses of baryons composed of three
quarks b and c, comparing them with other models and
their ground states. In conclusion, we computed the masses

of radial excitations for twenty states composed of heavy
quarks and provided the corresponding FAs for each state.
This lays the groundwork for subsequent calculations of
form factors, charge radii, decay constants, and other
observables for baryons. Also, this study will undoubtedly
assist future experimental investigations in identifying
baryonic states through resonances.
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APPENDIX A: EUCLIDEAN CONVENTIONS

In our Euclidean formulation

p · q ¼
X4
i¼1

piqi; ðA1Þ

where

fγμ; γνg ¼ 2δμν; γ†μ ¼ γμ; σμν ¼
i
2
½γμ; γν�;

tr½γ5γμγνγργσ� ¼ −4ϵμνρσ; ϵ1234 ¼ 1: ðA2Þ
A positive energy spinor satisfies,

ūðP; sÞðiγ · PþMÞ ¼ 0 ¼ ðiγ · PþMÞuðP; sÞ; ðA3Þ
where s ¼ � is the spin label. It is normalized as

ūðP; sÞuðP; sÞ ¼ 2M; ðA4Þ
and may be expressed explicitly as
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uðP; sÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M − iE

p  
χs

σ⃗·P⃗
M−iE χs

!
; ðA5Þ

with E ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P⃗2 þM2

p
,

χþ ¼
�
1

0

�
; χ− ¼

�
0

1

�
: ðA6Þ

For the free-particle spinor, ūðP; sÞ ¼ uðP; sÞ†γ4. It can be
used to construct a positive energy projection operator,

ΛþðPÞ≔
1

2M

X
s¼�

uðP;sÞūðP;sÞ¼ 1

2M
ð−iγ ·PþMÞ: ðA7Þ

A negative energy spinor satisfies

v̄ðP; sÞðiγ · P −MÞ ¼ 0 ¼ ðiγ · P −MÞvðP; sÞ; ðA8Þ
and possesses properties and satisfies constraints obtained
through obvious analogy with uðP; sÞ. A charge-conju-
gated BSA is obtained via

Γ̄ðk;PÞ ¼ C†Γð−k;PÞTC; ðA9Þ
where ‘T’ denotes transposing all matrix indices and
C ¼ γ2γ4 is the charge conjugation matrix, C† ¼ −C.
Moreover, we note that

C†γTμC ¼ −γμ; ½C; γ5� ¼ 0: ðA10Þ
We employ a Rarita-Schwinger spinor to represent a

covariant spin-3=2 field. The positive energy spinor is
defined by the following equations:

ðiγ · PþMÞuμðP; rÞ ¼ 0; γμuμðP; rÞ ¼ 0; PμuμðP; rÞ ¼ 0;

ðA11Þ
where r ¼ −3=2;−1=2; 1=2; 3=2. It is normalized as

ūμðP; r0ÞuμðP; rÞ ¼ 2M; ðA12Þ
and satisfies a completeness relation

1

2M

X3=2
r¼−3=2

uμðP; rÞūνðP; rÞ ¼ ΛþðPÞRμν; ðA13Þ

where

Rμν¼δμνID−
1

3
γμγνþ

2

3
P̂μP̂νID− i

1

3
½P̂μγν− P̂νγμ�; ðA14Þ

with P̂2 ¼ −1. It is very useful in simplifying the FE for a
positive energy decouplet state.

APPENDIX B: CONTACT INTERACTION:
FEATURES

The gap equation for fermions requires modeling the
gluon propagator and the quark-gluon vertex. Here we

shall recall and list these key characteristics of the CI
[35,40,55,56]:

(i) The gluon propagator is defined to be independent
of any varying momentum scale,

g2DμνðkÞ ¼
4παIR
m2

g
δμν ≡ 1

m2
G
δμν; ðB1Þ

where mg ¼ 500 MeV is a gluon mass scale gener-
ated dynamically in QCD [57–60], and αIR can be
interpreted as the interaction strength in the infrared
[61–63];

(ii) At leading order, the quark-gluon vertex is

Γνðp; qÞ ¼ γν; ðB2Þ
(iii) With this kernel the dressed-quark propagator for a

quark of flavor f becomes

S−1f ðpÞ ¼ iγ · pþmf þ
16π

3

αIR
m2

G

Z
d4q
ð2πÞ4 γμSfðqÞγμ;

ðB3Þ
where mf is the current-quark mass. The integral
possesses quadratic and logarithmic divergences and
we regularize them in a Poincaré covariant manner.
The solution of this equation is

S−1f ðpÞ ¼ iγ · pþMf; ðB4Þ

where Mf is, in general a mass function running
with a momentum scale, but within the CI it is a
constant dressed mass;

(iv) Mf is determined by

Mf ¼ mf þMf
4αIR
3πm2

G
CiuðM2

fÞ; ðB5Þ

where

CiuðσÞ=σ ¼ C̄iuðσÞ ¼ Γð−1; στ2UVÞ − Γð−1; στ2IRÞ;
ðB6Þ

TABLE X. Dimensionless coupling constant α̂ ¼ α̂IRΛ2
UV ,

where α̂IR ¼ αIR=m2
g , for the CI, extracted from a best-fit to

data, as explained in Ref. [65]. Fixed parameters are mg ¼
0.50 GeV and ΛIR ¼ 0.24 GeV.

Quarks α̂IR½GeV−2� ΛUV [GeV]

u, d, s 1.14 0.91
c, d, s 0.38 1.32
c 0.09 2.31
b, u, s 0.07 2.52
b, c 0.02 4.13
b 0.007 6.56
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with Γðα; yÞ being the incomplete gamma function
and τIR;UV are respectively, infrared and ultraviolet
regulators. A nonzero value for τIR ≡ 1=ΛIR imple-
ments confinement [64]. Since the CI is a non-
renormalizable theory, τUV ≡ 1=ΛUV becomes part
of the model and therefore sets the scale for all
dimensional quantities.

In this work we report results using the parameter set
in Table X. Table XI presents the values of u, s, c, and b
dressed quark masses computed from Eq. (B5). The
simplicity of the CI allows one to readily compute hadronic
observables, such as masses, decay constants, charge radii,
and form factors.

APPENDIX C: MASSES OF MESONS AND
DIQUARKS CONTAINING c AND b QUARKS

The bound-state problem for hadrons characterized by
two valence-fermions may be studied using the homo-
geneous BS equation in Fig. 9.
The corresponding equation is [66]

½Γðk;PÞ�tu ¼
Z

d4q
ð2πÞ4 ½χðq;PÞ�srK

rs
tuðq; k;PÞ; ðC1Þ

where Γ is the bound-state’s BSA, χðq;PÞ ¼ Sðqþ PÞ ×
ΓSðqÞ is the BS wave function, r, s, t, u represent color,

flavor, and spinor indices, and K is the relevant fermion-
fermion scattering kernel. This equation possesses solu-
tions on that discrete set of P2-values for which bound-
states exist.
A general decomposition of the bound-state’s BSA for

scalar and axial-vector diquarks composed of quarks q and
q1 in the CI model has the form,

Γ0þ
½qq1� ¼ iγ5E½qq1�0þ þ 1

2MR
γ5γ · PF½qq1�0þ ;

Γ1þ
fqq1g;μ ¼ γTμEfqq1g1þ þ 1

2MR
σμνPνFfqq1g1þ ; ðC2Þ

where MR ¼ MqMq1=½Mq þMq1 � and Mq and Mq1 are the
quark masses. The amplitudes in Eq. (C2) are crucial for
determining the masses listed in Table I.

APPENDIX D: KERNEL IN FE

In this section, we provide the explicit expressions for
the elements of the matrix in the Eq. (4),

M11 ¼ tqTt½qq1�t½qq1�TtqfΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄0þ

½qq1�ð−kqq1ÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M12
ν ¼ tqTtfqqgt½qq1�Ttq1fΓ1þ

fqqg;μðlqqÞSTq Γ̄0þ
½qq1�ð−kqq1ÞSq1ðlq1ÞΔ1þ

fqqg;μνðlqqÞg;
M13

ν ¼ tqTtfqq1gt½qq1�TtqfΓ1þ
fqq1g;μðlqq1ÞSTq1 Γ̄0þ

½qq1�ð−kqq1ÞSqðlqÞΔ1þ
fqq1g;μνðlqq1Þg;

M14
ν ¼ tqTtfqqgt½qq1�Ttq1Γ1þ

fqqg;μðlqqÞSTq Γ̄0þ
½qq1�ð−kqq1ÞSq1ðlq1ÞΔ1þ

fqqg;μνðlqqÞg;
M15

ν ¼ tqTtfqq1gt½qq1�TtqfΓ1þ
fqq1g;μðlqq1ÞSTq1 Γ̄0þ

½qq1�ð−kqq1ÞSqðlqÞΔ1þ
fqq1g;μνðlqq1Þg;

M21
μ ¼ tq1Tt½qq1�tfqqgTtqffΓ0þ

½qq1�ðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ0þ

½qq1�ðlqq1Þg;
M22

μν ¼ tq1TtfqqgtfqqgTtq1fΓ1þ
fqqg;ρðlqqÞSTq1 Γ̄1þ

fqqg;μð−kqqÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M23
μν ¼ tq1Ttfqq1gtfqqgTtqfΓ1þ

fqq1g;ρðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ1þ

fqq1g;ρνðlqq1Þg;
M24

μν ¼ tq1TtfqqgtfqqgTtq1fΓ1þ
fqqg;ρðlqqÞSTq1 Γ̄1þ

fqqg;μð−kqqÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M25
μν ¼ tq1Ttfqq1gtfqqgTtqfΓ1þ

fqq1g;ρðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ1þ

fqq1g;ρνðlqq1Þg;
M31

μ ¼ tqTt½qq1�tfqq1gTtqfΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M32
μν ¼ tqTtfqqgtfqqgTtq1fΓ1þ

fqqg;ρðlqqÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ0þ

fqqg;ρνðlqqÞg;
M33

μν ¼ tqTtfqq1gtfqq1gTtqfΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
fqq1g;ρνðlqq1Þg;

TABLE XI. Computed dressed-quark masses (in GeV), re-
quired as input for the BS equation and FE.

mu ¼ 0.007 ms ¼ 0.17 mc ¼ 1.08 mb ¼ 3.92
Mu ¼ 0.36 Ms ¼ 0.53 Mc ¼ 1.52 Mb ¼ 4.68

FIG. 9. This diagram represents the BS equation. Blue (solid)
circles represent dressed propagators S, red (solid) circle is the
meson BSA Γ and the blue (solid) rectangle is the dressed-quark-
antiquark scattering kernel K.
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M34
μν ¼ tqTtfqqgtfqqgTtq1fΓ1þ

fqqg;ρðlqqÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ0þ

fqqg;ρνðlqqÞg;
M35

μν ¼ tqTtfqq1gtfqq1gTtqfΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
fqq1g;ρνðlqq1Þg;

M41
μ ¼ tq1Tt½qq1�tfqqgTtqffΓ0þ

½qq1�ðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ0þ

½qq1�ðlqq1Þg;
M42

μν ¼ tq1TtfqqgtfqqgTtq1fΓ1þ
fqqg;ρðlqqÞSTq1 Γ̄1þ

fqqg;μð−kqqÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M43
μν ¼ tq1Ttfqq1gtfqqgTtqfΓ1þ

fqq1g;ρðlqqÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlqÞΔ1þ

fqq1g;ρνðlqq1Þg;
M44

μν ¼ tq1TtfqqgtfqqgTtq1fΓ1þ
fqqg;ρðlqqÞSTq1 Γ̄1þ

fqqg;μð−kqqÞSq1ðlq1ÞΔ1þ
fqqg;ρνðlqqÞg;

M45
μν ¼ tq1Ttfqq1gtfqqgTtqfΓ1þ

fqq1g;ρðlqq1ÞSTq Γ̄1þ
fqqg;μð−kqqÞSqðlq1ÞΔ1þ

fqq1g;ρνðlqq1Þg;
M51

μ ¼ tqTt½qq1�tfqq1gTtqfΓ0þ
½qq1�ðlqq1ÞSTq1 Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
½qq1�ðlqq1Þg;

M52
μν ¼ tqTtfqqgtfqqgTtq1fΓ1þ

fqqg;ρðlqqÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ0þ

fqqg;ρνðlqqÞg;
M53

μν ¼ tqTtfqq1gtfqq1gTtqfΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
fqq1g;ρνðlqq1Þg;

M54
μν ¼ tqTtfqqgtfqqgTtq1fΓ1þ

fqqg;ρðlqqÞSTq Γ̄1þ
fqq1g;μð−kqq1ÞSq1ðlq1ÞΔ0þ

fqqg;ρνðlqqÞg;
M55

μν ¼ tqTtfqq1gtfqq1gTtqfΓ1þ
fqq1g;ρðlqq1ÞSTq Γ̄1þ

fqq1g;μð−kqq1ÞSqðlqÞΔ0þ
fqq1g;ρνðlqq1Þg: ðD1Þ

Δ0þ
½qq1�ðKÞ and Δ1þ

fqq1g;μνðKÞ, are standard propagators for scalar and vector diquarks.

Δ0þ
½qq1�ðKÞ ¼ 1

K2 þm2
qq1

; ðD2Þ

Δ1þ
fqq1g;μνðKÞ ¼ 1

K2 þm2
qq1

�
δμν þ

KμKν

m2
qq1

�
: ðD3Þ

With these expressions, the calculation of the baryonic masses with spin-1=2 in Sec. II is straightforward.

APPENDIX E: FLAVOR DIQUARKS

We define the following set of flavor column matrices,

tu ¼

0
BBBBBB@

1

0

0

0

0

1
CCCCCCA
; td ¼

0
BBBBBB@

0

1

0

0

0

1
CCCCCCA
; ts ¼

0
BBBBBB@

0

0

1

0

0

1
CCCCCCA
;

tc ¼

0
BBBBBB@

0

0

0

1

0

1
CCCCCCA
; tb ¼

0
BBBBBB@

0

0

0

0

1

1
CCCCCCA
; ðE1Þ

and

tf ¼
�
tqTtfq1qgtfq1qgTtq tqTtfqqgtfq1qgTtq1

tq1Ttfq1qgtfqqgTtq tq1TtfqqgtfqqgTtq1

�
:

The flavor matrices for the diquarks are
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t½ud� ¼

0
BBBBBB@

0 1 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
; t½us� ¼

0
BBBBBB@

0 0 1 0 0

0 0 0 0 0

−1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
;

t½ds� ¼

0
BBBBBB@

0 0 0 0 0

0 0 1 0 0

0 −1 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
; t½uc� ¼

0
BBBBBB@

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

−1 0 0 0 0

0 0 0 0 0

1
CCCCCCA
;

tfuug ¼

0
BBBBBB@

ffiffiffi
2

p
0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
; tfudg ¼

0
BBBBBB@

0 1 0 0 0

1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
;

tfusg ¼

0
BBBBBB@

0 0 1 0 0

0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
; tfucg ¼

0
BBBBBB@

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

0 0 0 0 0

1
CCCCCCA
;

tfddg ¼

0
BBBBBB@

0 0 0 0 0

0
ffiffiffi
2

p
0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
; tfdsg ¼

0
BBBBBB@

0 0 0 0 0

0 0 1 0 0

0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
;

tfssg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0
ffiffiffi
2

p
0 0

0 0 0 0 0

0 0 0 0 0

1
CCCCCCA
; tfccg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0
ffiffiffi
2

p
0

0 0 0 0 0

1
CCCCCCA
;

t½dc� ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 1 0

0 0 0 0 0

0 −1 0 0 0

0 0 0 0 0

1
CCCCCCA
; t½sc� ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 −1 0 0

0 0 0 0 0

1
CCCCCCA
;

tfdcg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 1 0

0 0 0 0 0

0 1 0 0 0

0 0 0 0 0

1
CCCCCCA
; tfscg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 0 0

1
CCCCCCA
;
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t½bu� ¼

0
BBBBBB@

0 0 0 0 −1
0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

1
CCCCCCA
; t½bd� ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 −1
0 0 0 0 0

0 0 0 0 0

0 1 0 0 0

1
CCCCCCA
;

t½bc� ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −1
0 0 0 1 0

1
CCCCCCA
; t½bs� ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −1
0 0 0 0 0

0 0 1 0 0

1
CCCCCCA
;

tfbbg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0
ffiffiffi
2

p

1
CCCCCCA
; tfbug ¼

0
BBBBBB@

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

1 0 0 0 0

1
CCCCCCA
;

tfbdg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 1 0 0 0

1
CCCCCCA
; tfbcg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

1
CCCCCCA
;

tfbsg ¼

0
BBBBBB@

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 0 0

0 0 1 0 0

1
CCCCCCA
.
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