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Abstract

We study the existence of an inverse integrating factor for a class of systems,
in general non-integrable, whose lowest-degree quasi-homogeneous term is a
Hamiltonian system and its Hamiltonian function only has simple factors over

Clz, y].

1. Introduction and statement of the main results

We consider an autonomous system
x=F(x) = (P(x),Q(x))", (1)

whose origin is an equilibrium point and P, Q € C[[z, y]] (algebra of the power
series in z and y with coefficient in C) defined in a neighborhood of the origin
Ucc?

A function f (or a curve f(x,y) = 0) with f € C|[z,y]] non-null, is an
invariant function (or an invariant curve) of system (1) on U, if there is K €
C[[z,y]] such that Ly f = K f, being Lg f := %P—I— %Q. A function K is named
the cofactor of the invariant curve f = 0.

A non-null function V' € CJ[z,y]] is an inverse integrating factor of system
(1) on U if V = 0 is an invariant curve of system (1) whose cofactor is the
divergence of the vector field, i.e. LgV = div(F)V, being div(F) := ‘g—i + %—2.

In this work, our aim is to provide conditions on the system in order to study
the existence of an inverse integrating factor.

It is known that if system (1) has a formal inverse integrating factor, which is
non-zero at origin, then the system (1) is formally integrable at origin. There-
fore, if system (1) is not formally integrable at origin and it has an inverse
integrating factor V, then V(0) = 0. For more details about the relation be-
tween the integrability and the inverse integrating factor see [4, 5].

The presence of an inverse integrating factor is also related to the existence
of a limit cycle and its hyperbolicity and cyclicity, see [6, 13].
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Given t = (t1,t2) non-null with ¢; and t5 non-negative integer numbers with-
out common factors, we denote by Pt the vector space of quasi-homogeneous
polynomials of type t and degree k, i.e.

Pt ={f €Cla,y]: f(e"m,e2y) = Ekf(x,y)},

and by
v ={F= (P,Q)T 1P e CPZHN Q€ fPZthQ}

the vector space of the quasi-homogeneous polynomial vector fields of type t
and degree k. Any vector field is expanded into quasi-homogeneous terms of
type t of successive degrees. Thus, the vector field F becomes

F=F, +F 41+,

for some r € Z, where F; = (Pj14,,Qj+1,)T € Q% and F, # 0. Such expansions
are expressed by F = F,. 4+ g-h.h.o.t.

If we select the type t = (1,1), we are using in fact the Taylor expansion, but
in general, each term in the above expansion involves monomials with different
degrees. We cite some properties, see [2, 4].

e Dy = (t1z,t9y)" € QF,
eif h e (Pf,Ht‘, t| = t1 + to, then X, := (=0h /0y, Oh/0x)T € QF,
e every Fy, € OF can split as

Fy = Xp, + pDg (2)

with h = (Do AFg)/(k + |t|) and p = div(Fy)/(k + |t]). This sum is known as
the conservative-dissipative splitting of a quasi-homogeneous vector field.

Given a type t and h € Pt e Ve consider the systems which are formally
orbital equivalent to x = X}, + uDg with g = . + ¢-h.h.o.t. and p, € Pt. The
following result characterizes them.

Theorem 1. Given h € Ti%—ltl’ a system x = Xp, + q-h.h.o.t. is formally orbital
equivalent to x = Xy, + puDg with p = 2j>r My, [ € fP;, if and only if it has an
invariant curve f = 0 of the form f = h+ ¢-h.h.o.t. with f a function conjugate

to h (i.e. there exists a formal diffeomorphism ® such that h = f o ®@).

In this paper, we deal with a class of systems of the form
x = Xy, + g-h.h.o.t., (3)

where h is a quasi-homogeneous polynomial, whose factorization on Cl[z, y] only
has simple factors. We note that this condition on h is generic.

We cite the results obtained in the paper. We provide a formal orbital
equivalent normal form of system (3), i.e. an expression of this system after a
change of state variables and a re-parameterization of the time, Theorem 10.
This normal form is of the form x = X}, 44 + pDg, with ¢ a polynomial (not
quasi-homogeneous, in general) and p = 3. u;, p; € Cor(¢;), being Cor(¢;)
a complementary subspace to the range of the linear operator
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prj—r —> Li(pj—r) 3= L, f1j—r- (4)

For F,. = X}, the operator ¢; is defined in terms of the Poisson bracket, namely,
Ci(pj—r) = {hs pj—r}-

We focus in the systems with ¢ = 0, i.e. the formally orbital equivalent
systems to

x = X, + pDy, with p = Z,uj, pj € Cor(¢;) (5)
j>r
where h € Pt 4t only has simple factors in its factorization on C[z,y]. They

are a wide class of systems. For instance, the systems with linear part non-null
are included in this class, among others.

From Algaba et al. [2], the systems formally orbital equivalent to systems
(5) are integrable if and only if 4 = 0 and, in such a case, they have a first
integral of the form h+ g-h.h.o.t. Consequently, for u Z 0, the systems orbitally
equivalent to systems (5) do not have any first integral.

Here we derive conditions preventing the existence of an inverse integrating
factor for system (5).

The following theorem is our main result.

Theorem 2. System (5) has an inverse integrating factor if, and only if, it
is formally orbital equivalent either to x = X, (integrable system) or to x =
X + trysr4eh Do with s a natural number and iy siryje)) € COr(lrgsiriie)))
(non-integrable system).

Remark 1. There are two main reasons for imposing that the factorization of
h only should have simple factors on Clz,y]:

On the one hand, it may disappear the cyclicity of the co-ranges whether the
condition breaks, see Remark 3, and consequently it is not possible to provide a
normal form up any order of the system (5), which is used to prove the necessity
of Theorem 2.

Moreover, such condition is necessary so that the inverse integrating factor exists
and it is a function of h, Proposition 19 of [4], which is used to prove the
condition sufficient of our theorem.

As an application, we find the systems of two families which have an inverse
integrating factor.

Family 1. We consider the family of systems
7= (y? + 02? + amz’y + arpxy® + aosy®, (6)
—20xy + bsox® + biaxy® + bosy®)”

(.9



with ¢ = +1 and a21, a12, aops, bso, b1z, bos real numbers. These sys-
tems consist in a quadratic Hamiltonian system, whose Hamiltonian function is

—4(y* + 30a?) € ngl’l), perturbed by cubic terms.

Theorem 3. System (6) has an inverse integrating factor if and only if it
satisfies one of the following conditions:

1. ay2 + 3bps = bya + asy = 0, (Hamiltonian system),
2. ayp = boz =0, by + as # 0, (Reversible system).

Moreover, all of them are formally integrable except for case 2 with
arz = boz = 0, bia +az # 0, bzo(bzo — o(b12 — 2a21)) # 0.

Family 2. We consider the family x = X, + F4 with h = —%y(y2 + 3ax?y +

3oz € fPél’z), o = %1, and F4 any quasi-homogeneous vector field of type

t = (1,2) of degree 4:

)T =Xp+ XC7017+651I5y+63213y2+clszy3 + (7)
(dgoz* + do12®y + dozy®) (z, 2y) "

(&, 9

We note that the polynomial h has only simple factors whenever 3a? # 4o.

Theorem 4. The system (7) with 3a® # 4o, has an inverse integrating factor
if and only if it satisfies one of the following conditions:

L. dyo = dg1 = do2 =0,
2. —2ad40 + O'd21 = O'dog — d40 = 30’613 — C51 — AC51 — O0C32 — 0 and d40 7é 0,
3. —2adsg + odo1 = odgs — dyg = 3¢13 — oacss + ((12 - 0')651 =0,

(a? — 60)(acs) — ocsz) + 14(a? — o)erg = 0,

2(&2 — O’)(5C51 + 2d40) + 5a(0032 - CLC51) =0,

—4(a? — 0)2d3, — Hao(oczy — acs1)(2a% — 30)(a? — o)dag

+50(0c3z — acs1)?(a® — 3a*o — 18a® + 270) = 0,
and d40 75 0.

Moreover, in all cases, system (7) is analytically integrable.

This paper is organized as follows: next section provides a normal form of
the systems (3), by using transformations in the state variables and also re-
parameterizations of the time depending on the state variables (orbital equiv-
alence). We also calculate a reduced normal form orbitally equivalent to the
systems (5). Section 3 contains the proofs of Theorems 1-4.

2. Orbitally equivalent normal form.

We recall some notions and results related to the quasi-homogeneous normal
forms of systems (1).

We describe the sets PE of quasi-homogeneous polynomials. For the homo-
geneous case, any nth degree homogeneous polynomial is written as a linear



combination of n + 1 monomials and therefore the dimension of such spaces is
n + 1. For the quasi-homogeneous case, the situation becomes more involved.
Often they are trivial spaces and other times its dimension is not immediately
obtained.

The following result provides bases for these spaces.

Lemma 5. Fized t = (t1,12), it holds:
1. Pt = span{1}.
2. Pt ={0}, if k ¢ I*. .
3. Pt = span{aFrttzke=d)ykettis . 5 — 0, .. ks}, if k € T\ {0},
bemg It = {k = kit + koto + kst1to € N : khkg,kg € N,kl < tQ,kQ < tl}.

Remark 2. We note that if k > tita — |t|, then k € %, i.e. Pt is a non-trivial
space. Table 2 shows the sets N\ It for ty <5.

N\ZHR) = ¢
N\ Z3 = {1} N\ Z®25 ={1,3}
N\ZG4 = {1,2,5} N\ ZG5) = {1,2,4,7}

N\Z®5 ={1,2,3,6,7,11}

Table 1: Sets N\ Zt for t5 < 5.

We provide the following properties, which are obtained easily.
Lemma 6. It holds:

1. ZfF S Qt F € Qt then [F“F]] = DFZF DF F, € Q

2. ifpi € P}, Fj € QY then Lp,p; € P},

3. Lp,pi = ipi, for any p; € P, (Euler’s Theorem),

4

. [pF,G] = (Lep)F + p[F, G|, with p a smooth scalar function and F and
G smooth vector fields.

1+3°

We now begin the development of the method, which will allow us to obtain
a reduced normal form of system (1).

Definition 1. For every k£ > 1, we define the linear operator

Lryr = QpxPp— Qhyy
(Pk,Tk) — £r+k(Pka7—k) = [Pk,FT} — Tk F,«. (8)

The key in the problem of providing a normal form of the system (1) is to
analyze the effect of a near-identity transformation x = y + Py (y) and a re-
parameterization of the time by g—% = 1+ 74(x), where Py, € Qf and 7, € P},
with k£ > 1.



The quasi-homogeneous terms of the transformed system y = G(y) agree
with the original ones up to degree r + k — 1 and for the degree r + k gets

Gy = Fopp— (DPF,. — DF,Py) + 14F, = Foyp — [Py, F. | + 7, F,
= Foip— Lryik(Pr, k)

Thus, £, is actually the homological operator under orbital equivalence.

Following the ideas of the conventional normal form theory, it is enough to
choose (P, 7) € QF x Pt adequately in order to simplify the (r + k)-degree
quasi-homogeneous term of system (1), by annihilating the part belonging to
the range of the linear operator £, ;. In other words, we can achieve that F,.
belongs to a complementary subspace to the range of £, 1. When this has been
done, we say that the corresponding term has been reduced to normal form under
orbital equivalence. So, by means of a sequence of time-reparameterizations and
near-identity transformations (by performing the procedure for & = 1, then for
k = 2 and so on) system (1) can be formally reduced to normal form under
orbital equivalence, i.e. the system can be transformed into

¥ =G(y) =Gr(y) + Gra(y) + - = > Grir(y), (9)
E>0

with G, £ 0 and G, € Cor(L,4x) C Qf,+k where Cor(L,1) is any comple-
mentary subspace to the range of the homological operator £, ;. We claim that
such space is not unique, in general.

The rest of this section is dedicated to giving an expression of Cor(L, i),
or equivalently, to finding a normal form of the system.

We first prove the following result.

Proposition 7. Given a type t and a non-negative integer k, it verifies that
Range(L, 1 (Q% x Cor(fy))) = Range(L,1(Q% x P))

being Cor({y) a complementary subspace to the range of the linear operator given

in (4).

PROOF. Any function 74 € P} is expressed as 7, = vy + 74 with vy, € Cor({y),
being Cor({)) a complementary subspace to the range of the linear operator ¢,
and 7/ € Range({y), i.e. there exists 7,_, € Pt _ such that ly(m4_,) = 7/ =
Ly, Tk—r. So, from Lemma 6 (item 4),

Lok (Pr, ) = [Pr,Fo] —uFr — (Le, 7—r)F,
= [Pka Fr] - VkFr - [Tk—rFra Fr] + Tk—T‘[FT'a Fr]
= [Pk — Ti—rFry FT} — i F.

Consequently, both operator L, restricted to Qz x Cor(¢y) and operator L,
have the same range. O



In this way, by keeping the notation, we consider £, restricted to Qf x
Cor () as the homological operator under orbital equivalence.

We introduce the following subspaces of Q% which are used for the study of
the homological operator £, :

D} = {Py € Q : Pr = mDo, m € Pi}, Ch:={X,€Qp: gePp, 1y}

By the uniqueness of conservative-dissipative splitting (2) of a quasi-homogeneous

vector field, QF can be represented uniquely as Qf = Cf @ D§, for any k € N.
We give some properties related to the action of the Lie bracket on both

subspaces. These properties have a straightforward proof that is omitted.

t
r+|t]’

L [Xp, Xy =Xy eCl,,, being f=—Lx,g.
2. (r+k+t)ueXpn = (r + [t)) X0 + (Lx, ) Do € CEyy, @ Dy
3.

X, s Do) = 2L X,y — I (Lx, )D€ €8, @ D

Lemma 8. Given h € P g€ fPZ_Htl and py, € PL, it holds:

|
For system (3), from Lemma 8, we re-define the homological operator under
orbital equivalence given in (8) as

L,ip: CE x DE x Cor(fy) — C:Jrk X D:Jrk

with

=+t +|t
L1 (Xg, uxDo,vg) = (—:(I;H‘”t)\ Xygh — TikL|‘t‘Xukh + Xt e (9)

k
M%ﬂﬂgwk(uk)])o — s bk (ve) Do)

Hence, by taking appropriate bases, we get a triangular-block matrix for the
above linear operator:

’ H X, € Ct \ wDo € D} \ vy, € Cor(ly) ‘
r(r £t e
C:+k X2r+k+\t\(g) _r+k+|t|Xl“ch _WX”’“"
13
,thi-&-k 0 T+-]:;I:|‘t|£’l"+k? (pr)Do _7r+k1+|t}€7‘+k(yk)D0

From the expression of the matrix, it deduces that a complementary subspace
to the range of the operator £, is expressed in terms of a complementary sub-
space to the range of the operator ¢, s, which acts on scalar functions, instead
of vector fields. So, Cor(L,4x) = XSisrie @ Cor(£,41)Do, being Sy 4y a
subspace verifying Cor({q,1t|) = Skiryje) © hCor(ly).

Next proposition, given in [2], establishes that it is enough to know a finite
number of complementary spaces to the range of the operators ¢, to compute
all of them.

For sake of completeness, we include its proof.

Proposition 9. Let h € (P:Htl be, whose factorization on Clz,y] only has
simple factors. If Pt +# {0} (i.e. k—r € I*) with k > r, then a complementary
subspace to Range(€,yytjy)) is Cor(Cpppype)) = hCor(Ly,).



PROOF. It is straightforward to prove dim(Cor (i ,4¢|)) = dim(hCor(£)). For
more details see [2].

To complete the proof, it is enough to show that huy ¢ Range(fy,1¢)) for each
pr € Cor(4y).

We assume on the contrary, that is, there exists uy € Cor(¢y) such that hu €
Range({j44¢))- Then, there exists vy € TZHQ such that

hpge = Cpgrpio) (Vg (e) = Viigpe - Xn = —=Vh-X

Vi4t|*

Therefore, h = 0 is an invariant curve of X,, . . This implies that all irreducible
factors of h are also irreducible factors of v, |¢|. As the factorization of h only
has simple factors, it has that vyt = vg—.-h. Also, it can be easily derived, by
using that VA - Xy = 0, that £y q ¢ (ve—rh) = Wl (ve—r).

Hence, huy = hy(vi—,) and then uy € Range(f)) which is a contradiction. O

Remark 3. If h has multiple factors, Proposition 9 is not true, in general. For
example, for h =y? € ngl’”, it gets Cor({;) =< 7 >, j > 1.

The next result provides a formal normal form of (3) when h only has simple
factors in its factorization on Clz,y].
Theorem 10. Let h € :P‘;-Htl be, whose factorization on Clx,y] only has simple
factors. Then, a formal normal form under orbital equivalence for system x =
Xp + g-h.h.o.t. s

no—1 no+r—+|t|—1 co r+t|—1

. 0 i i
x=Xp+ § X pratel T § : 77; )DU + § : 2 : 773('-‘:)-noh Do,  (10)
j=1 j=r+1 i=1j=0

with ng := 1+ r + maz {Ng\ I*}, nj(-i) € Cor(l;) and Sji,yp¢) @ subspace
verifying Cor(lyryj¢)) = Sjtrtit| © hCor(ly). Moreover, r +1 <ng <7+ 1+
maz{0,t1ts — |t|}.

PROOF. From Lemma 5 and Remark 2, it claims that ng exists and it holds
that r + 1 < ng < maz{0,t1t2 — |t|} + r + 1. The co-range of the homological
operator L, is determined by the co-range of the linear operator ¢, . From
Proposition 9, if k& > ng + r + [t|, then Cor(f) = hCor({,_,_};|) and Sp={0}.

Taking i = {’;;m and j = k — (r + [t])d, it holds g < j < np + 7 + [t|. Ap-
plying, Proposition 9, it gets Cor(¢;) = h?Cor(¢;). This completes the proof. O

Remark 4. a) It is necessary only the computation of a certain number of these
co-ranges, concretely, from r +1 to ng +r + |t| — 1, to obtain the normal form
of (3).

b) The systems analyzed in this paper, systems (5), are the systems which satisfy
one of the following conditions:



1. the sets Sj, j=r+[t|+1, ...,nog+7r+ [t| — 1 are empty-sets, or

2. the sets S; are not empty-sets and have the normal form given by (10)
with gj =0 forallr+[t|+1<j<ng+r+|t| -1, i.e. the coefficients
of g; are nulls. For example, the system (&,9)T = (—y3,2°)T + ¢-h.h.o.t.
18 orbitally equivalent to

(@,9)" = (—%,2°)" + (as2™ + Bszy® + D )22, 3y)" + aoXgaye,
Jiz9

with p; € Cor(¢;). In such a case, it is possible to study the system for
the values of the coefficients that verify the condition ag = 0.

2.1. Reduced Normal Form under orbital equivalence of system (5) non-integrable.

We consider the systems (5), which are non-integrable; i.e. the systems
x = Xp + uDo, with pp = pun + >,y 1y, #j € Cor(¢;) and puy # 0.

It is possible to compute a reduced normal form by proceeding as follows.
Firstly, it performs a re-parameterization of the time dt/dT = 1 — v, (x) and a
coordinate transformation x = y + Py(y), with v € Cor(¢y), Py € QF, that
puts the k-degree quasi-homogeneous terms in normal form as it is explained
before. Later, it performs a new re-parameterization of the time d7T/dr =
1 — Upyp-n(y) and a near-identity transformation y = z + P, r_n(z) with
(Prgk—n, Vryk—n) € Ker(Lopyr—n) C QF,_n X Cor(€yp_n). This process
defines the two-step homological operator:

Definition 2. For every k > 1, we define the linear operator

,Cﬁ)k : QF x Cor(fy) x Ker(Loppr—n) — Qbp

(Pr, vk (Prgk—N, Upyk—nN)) = ££2+)k(Pk7 Uk, (Prgh—N, Urpk—nN))

= [Pk, Fr] —vpFy + [P’I‘-i-k—Na FN] - DT+’€—NFN

=Lryrk(Pr,vi) + [Prgp—n,Fn] — Orpi—nFn. (11)

It is clear that the quasi-homogeneous terms of the transformed system y =
G(y) remain unaltered up to degree r + k — 1 and for the degree r + k get

Gy =Frpp — Eﬁ)k(Pk, Vi, (Prik— Ny Drik-nN))-

To obtain the expression of a reduced normal form of system (5) with py
non-null, it is necessary to know the bases of Ker(¢, ) and Ker(L, ) which
will allow us to get the expression of a complementary subspace to the range of
the operator [,Si)k

Lemma 11. Let k = I1(r + [t]) + l2 be, with 0 <ly < r+ |t|. It holds:
1. Ker(lryx) = span{h'*}, if ly = 0,
2. Ker(L,yx) = span{(0, h'*Dg, —rh!1)}, if I, = 0,
3. Ker(Ly1r) = span{(Xpi,+1,0,0)}, if lo = 1.



Otherwise, both sets Ker(€,1) and Ker(L,y1), are trivial spaces.

PROOF. The basis of Ker(¢,) is obtained in [2].
Now we are going to obtain the second one. Let <X9k+\t| , weDo, i) € Ker(L, 1)
be. It holds that:

Coirlel (9eiel) = T nh + Fsgveh (12)
(k+ |thpr — vi € Ker(441). (13)

We suppose that Iy # 0. As Ker(¢,1;) = {0}, from (13), it deduces that

v = (k+ [t])pr; ie. pp € Cor(fg). So (12) becomes £y pijt|(grtie)) =

(r + [t))puxh € Cor(€,ypqie)) N Range(lyypyt)), that is, up = v = 0. Moreover,

G+t € Ker(4,p41¢))- Consequently, gj ¢ = ahb*lif I, = r, and Gr+1t) = 0 if

lg # T.

Now, we suppose that I = 0. It has that Ker((,;) = span{h'1} and Ker({, ;1 ¢) =

{0}. Hence, by (13), it leads v, = (k + |t|)ux + ahlt (it claims that pu €

Cor(¢},) since vy, h'' € Cor((y)) and (12) gets £y i e (grtie)) = (7 + |6 peh +
wH Rt Cor(£ryr+1e)) NRange(Cy 4t j¢))- So, by (12) and (13), grykie) =

r+k+|t]
0 and pg = R,y =

T

T+z‘+‘t| h't. This completes the proof. O

__a
r+k+|t|
We give the following linear operator:

Definition 3. For given k = N +11(r +|t|) + 12, with 0 < Iy < r+|t|, we define
the linear operator 622) : Pt x Ker(lpyp—n) — Pt as

O (g, b)) = O (pp—y) + apnht, i 1o =0,
31(62) (th—r,0) := Lr(pr—r), if 1o # 0.

The operator above is well-defined and provides an expression of Cor(ﬁi?k).

Proposition 12. Cor(£!?,) = Cor(¢?),)Dy, if r + k > N.

PROOF. The natural number r 4+ k — N is written as 7+ k — N = [ (r +|t|) + 2

with 0 < Iy < 7+ [t].

We distinguish two cases:

We suppose that l5 # 0. As Ker(fa,15—n) is a trivial space, it deduces that
2

££~+)k =Llrti:

Moreover, if lo # 7, then Ker(Lo,1r_n) is actually a trivial space and thus

L, = L,y Otherwise, Iy = r and Ker(Lz,-41—n) = span{(X,1,+1,0,0)}. So,

by applying Lemma 6 (item 4), it gets

L3, (Xy + Do, v, (Xpi,+1,0,0))

= Er-‘rk(xg +nDo, V) + a[Xhll'HhuNDO]
= £T+k(Xg + T]Do, l/) + Oé(l1 + 1)£T+k(hl1,uNDo, —(k‘ — N)hll,uN).

10



Therefore, Range(ﬁﬁ)k) = Range(L, ). For both cases, Iy # r or Iy = r, it
gets
Cor(£%),) = Cor(L,11) = Cor(£r14)Doy = Cor(¢!?, ) Dy.

Otherwise, we suppose that Iy = 0. In this case, Ker(La,1 1 n) = {(0, h'*Dg, —rhl1)}.
Hence,
Egﬁk(XQ +nDo, v, (0,ah' Dy, —arh!t))
= L,11(Xy +1Do,v) + a(r + k — N)unh'' Dy,
with g € Py, n € P, v € Cor(¢;) and « real number. Therefore,
Range(ﬁgk) = Range(L, ;) + span{h! uxyDg}.
Moreover, as the system (5) is a normal form, then

Range(L;+1) = X

rkt]

+ Range(¢,1+1)Do.

Thus, it concludes that Cor(ﬁv(jzk) = Cor(&(ﬁk)Do. This completes the proof.
O

Proposition 12 yields the next theorem, which determines a reduced normal
form of non-integrable systems.

Theorem 13. Let h € :P‘;-Htl be, whose factorization on Clz,y] only has simple

factors. A formal normal form under orbital equivalence for system x = X, +
uDo, with pp =375 n pj, pj € Cor(€y), j >N, un #0, is
x =Xp + punDo + Z f1; Do,
>N

where [i; € C’or(ﬁf)).

3. Proofs of the main results.

The following lemmas are used to prove Theorem 1.

Lemma 14. Let ® be a near identity diffeomorphism on U C C2. If f(x) = 0 is
an invariant curve of the system x = F(x), whose cofactor is K, then f(®(y)) =
0 is an invariant curve of the system y = (P.((1 4+ a)F))(y), whose cofactor is
(14 ao®)(K o®), for any o a C™-class scalar function with a(0) = 0.

PROOF. Indeed, let G = ®,((1 + a)F) be. It has that
La(fo®)(y) = V/(®(y)) D7 0(y)(1+a(®(y)))F(2(y))
(1+ a(x)VF(x) D (y) D~ (y)F (x)
X)Vf(x) - F(x) = (14 a(x))K(x)f(x)

(1+a )
= (1+a(@@)E(@(y)f(2());

(
(

as desired. O
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Lemma 15. Let h € ?hlt\ be. Every Fj € Qb with j > r is expressed as

Fj = XQJ'HH + T]jDO + Aj—th; with )\j—r S fP;;T, n; € fP; and i+t € Aj+|t|;

being Aji g a complementary subspace of hP%_ ., i.e. T;Htl =Dy DRPE,.

PROOF. Hence, by the conservative-dissipative splitting of a quasi-homogeneous

vector field (2), Fj = Xy, +p;Do with p; € P% and hj ) € :P;Htl' As TPEHH

= Ajie) @ hPt_ . it expresses hjtie) = gjepe) + S\j_rh with g;4 ¢ € Aj4 )¢ and

j=m

Aj—r € P%_,. Therefore
Fj =Xy, 00 +X5,_n T #iDo-
On the other hand, by applying Lemma 8, 2), it gets

_ i1ty

Xj—rh T + |t|)‘j—7” h — (Aj—r)Do.

.
[t
Hence,

J+1tl5 1 5
Fi = XKoo iqgvrXn+ (1~ g Gi-r) ) Do

j+1tl5
Aj—r Xp,.
[

1 -
= Xgip T <:“J’ R |t|£j(>‘j—r)) Do +

Zj(j\jfr) and )\jfr = j+|t‘5\j,7‘. O

The result follows by taking n; = u; — e

_1
r+[t]
Lemma 16. LetF =3, F; be, withF; € Q% and F, = Xy, being h € T:Htl'
If h = 0 is an invariant curve of x = F(x), then F = (1 + \)X}, + 7Dy, where
A=2"s1Ns A €PSand =32, my, mj € P

PROOF. If h is an invariant curve of F, as h is a quasi-homogeneous polynomial,
it deduces that h is an invariant curve of each F, that is Ly h := Vh-F; = K;h
with Kj € ':P; By above lemma, Fj = ng+|t\ + T]jDo + )\j—thy /\j—r S {P;,T,
n; € P4 and gj ¢ € Ajyje)- Thus,

K;h = Vh-F;=Vh- (X9j+|:| +n;Dg + )\j_th) =Vh-Xg n*+ (r +|t])n;h,

Le. his an invariant curve of X, . . Therefore, g;,|; belongs to the ideal
generated by h and as g; ;| € Aj ¢y this leads to g; ¢ = 0.

So, for each j > r, F; = n;Do + A\; X}, and then F = (1 4+ X)X, + 7Dy with
A= Aj—rand =3 . m;. O

PRrROOF OF THEOREM 1.

We prove the necessity. We assume that there is a p = Zj>7. Wi, Hj € iP;
such that F and G := X, + uDg are orbitally equivalent. That is, there is a
U near-identity diffeomorphism and « scalar function with «(0) = 0 such that
U.(1+ a)(Xp+ pDg) =F. We claim that h is an invariant curve of Xj, + uDg
with cofactor (r + |t|)u since Lgh = pLp,h = (r + |t])ph.

12



Hence, by Lemma 14, f = h(¥) = h + ¢-h.h.o.t. is an invariant curve of F,
that is, f is actually conjugated to h.

Now, we prove the sufficient condition. We suppose that there exists an
invariant curve f of F such that f = h 4+ g-h.h.o.t. and it is conjugated to h,
thus there is a formal diffeomorphism ® such that h = f(®). From Lemma 14
for & = 0, h is an invariant curve of G := ®,F. Applying Lemma 16, it gets
G= (1+ X)X} 4+ nDg. Consequently,

F o= #G=0"((1+NXy+ 175D0)) = ((1+ 1) (X + Do)
with p = 1-%\ So, F is orbitally equivalent to X + pDg. O

The following result gives a necessary condition so that an inverse integrating
factor exists.

Proposition 17. Let the system x = X, + ADq be, with h € P,y and X €
Priser4it)) being s a natural number. Then, the polynomial w5t s an inverse
integrating factor of the system.

PROOF. It names V(h) = h**l. From Euler’s Theorem (i.e. Lp,p; = ip;, for
any p; € PY), it gets

Lx,+3DoV = Lap,V = V/(h)Lp,h = (s + 1)(r + [t) AT

and div(Xp 4+ ADg) = div(ADg) = (LpyA + |t|A) = (s + 1)(r + [t]) A, thus, the
result follows. O

Next we relate the terms of an inverse integrating factor and we provide its
lowest-degree quasi-homogeneous term.
Proposition 18. Let the system x = Xy + pDg be, with p = Zj>7, My, My €
Cor(¢;) and h € (P';Ht‘ having only simple factors in its factorization on Clz,y]

and p % 0. We assume that the system has an inverse integrating factor V.
Then, it has that

1. V=ht4 D jsstl bjhi, for a certain s natural number.
Moreover, it holds

k—(s+1)(r+lt])

0= S U= ([t — 20V s (14
=1

with V; the quasi-homogeneous term of degree j of V.
2. p= My 4s(r+|t]) + g-h.h.o.t. with Hor4-s(r+t|) 7é 0.
PROOF. The fist part is Proposition 19 of [4].
We see the second one. We suppose that p = uny + g-h.h.o.t. with puy # 0.
Equation (14), for k= (s+ 1)(r + [t|) + N —r, is
0 (s +D)(r+[t)) + N =7 =7 = [t] = 2(N = 7))Viss1)(r+1t) HN
(s(r+[t]) = N +7)h"*" py.

13



It follows that N =7+ s(r + [t|) >r. O

ProoF oF THEOREM 2. The sufficiency follows from Proposition 17.

We prove the necessity. If p; = 0 for all j, the system is a Hamiltonian system
whose first integral is h. In such a case, h is also an inverse integrating factor.
Otherwise, let N = min{j, p; # 0}. Hence, by Theorem 13, system (5) is for-
mally orbital equivalent to x = X, +punDo + > ;- v i1;Do, with fi; € Cor(gg,?)).
By Proposition 18, if y = puny + g-h.h.o.t. with py # 0, then N = r + s(r + [t])
and V = h*tt 37 bl

We do the proof in two steps:

Step 1. We see that V = h**t! and By (j—1)(r+Jt)) = 0, for any j > s+ 1.
Indeed, we assume the contrary, i.e. there exists an inverse integrating factor V'
of the form V' = h**t 4377 ., b;h/, with some b; # 0 and let jo = min{j >
s+ ].7 bj 75 0}

For k = (jo + s)(r + |t|), there are only two components Vj_; # 0 with
1<1<k—(s+1)(r+|t]). In particular, for [ = (jo — 1)(r + [t]) we have
Vi = V(s+1)(r+\t|) = h%t! and for | = s(r+1t]), Ve = Vjo(r+|t|) = bjohjo.
Then, the equality (14), for k = (jo + s)(r + |t|), becomes

0

((Jo +8)(r + [t]) — (r + [t]) = 28(r + [€) Vo (rt1t) ort-s(rt181)

+((o + s)(r + [t]) = (r + [t]) = 200 = ) (r + [€]) Vis+1) (161 B+ Go—1) (r-+18])
= (jo—s—1)(r +[t)bjoh? un — (o — 5 = D)+ [£)A* " firy o 1) r 1181

= (Jo—s—=1)(r+ [T [bjoh”° " " N — firg (GGo—1)(rt1t]) ] -

Consequently, fir+(jo—1)(r+/el) = bioh** ™"~ i € Cor(€y) ;1) a1ep) \ 0},
but also bj, hio =51y = zfﬁ(jofl)(rﬂt‘)(o, bj,h7o=5=1) which is a contradiction.
So, V.= h*t! and fi, ¢ (j_1)(r4je)) = 0, for all j > s+ 1.

Step 2. We prove that fi; = 0, for all 7 > N. We use a contradiction. Let
Jo =min{j > N, [i; # 0} be. For k = jo —r+ (s + 1)(r + |t]), (14) gets

Jo—m
0 = Z (Jo—71+s(r+[t]) — QZ)‘/YJ'gfr+(s+1)(r+|t|)fl K1
1=1
= [s(r+[t]) = Go = MIViss1)(rt18) Hio>

and as Vigi1)(r4j¢)) = P71 and jo —r # s(r+t]) (by step 1), we obtain p;, =0,
a contradiction. O

The coefficients of the formal normal form (10) of system (3) have been
obtained by using the procedure given in Algaba et al. [1]. This method consists
in a recursive procedure to compute quasi-homogeneous normal form under
orbital equivalence, which uses the Lie triangle.

PROOF OF THEOREM 3. System (6) is a system (3) with t = (1,1), h =

)

—1y® —ox?y € (Pgl’l ,i.e. 7 =1 and h only simple factors on C[z,y]. By
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Theorem 10, (in this case ng = 2) a formal normal form of system (6) is

') 2
(@,9)7 =X + Xy, + 3 > 0Lkl (@, y)7, (15)
i=0 j=0

with 773('i) € Cor(4;), ga € Ss. The co-ranges of ¢;, j =2,3,4 are
Cor(fy) = span{y®}, Cor(f3) = span{h}, Cor(¢;) = span{zh,yh},

i.e. Cor(4y) = hCor(¢y), (Sq4 = {0}). Thus, g4 = 0. Therefore, system (15) up
to order 4 has the form

(,9)" = Xp, + (2y® + agh + auzh + Bayh)(z,y) 7", (16)

with aq, as, ay, B4 real numbers.

From Theorem 2, if system (6) has an inverse integrating factor then p; =0
for 2 < j < 14 3s, for some s € N. Thus, the coefficients as and az must be
null. So, by applying the algorithm given in [1], it obtains that as = 3bgs + a12.
For ap = 0, it has that az = boz(b12 + az1).

If byja+ag; =0, it is in case 1). In this case, system (6) is a Hamiltonian system;
therefore, f(h), being f any scalar function, is an inverse integrating factor of
system (6).

Otherwise, bgz = 0 (it arrives to a1o = 0) and bia+as; # 0 (case b)). System (6)
is an R -reversible system. Performing the change of variables z? = %(u +v),
y = v and re-parameterizing the time dI' = 2o0xdt, the system is transformed
into

u'= v+ §(bao)u?,

v = u+agyouv+ %(—blg(f + b3o + 2a210)u® + %(bgoaog)vﬁ.

The result follows because any perturbation of a weak saddle has an inverse
integrating factor, see [4, Theorem 6].

We see the second part. System (6) for case 1) is a Hamiltonian system
and it is analytically integrable. We focus in the case 2). In such a case, the
coefficient of xh of the normal form is ay = b3o(b12 + a21)(2a210 + bzo — b120).
At this point, we distinguish two cases:

e Case bgg = 0. If b1 # 0, system (6) has the inverse integrating factor W4
being W = 1— %(blga)y and A = %(agl +b12). Otherwise, bjs = 0, €*217Y is an
exponential inverse integrating factor. Thus, system is analytically integrable
for both cases because the inverse integrating factor is non-null at the origin.

e Case byg = (b2 — 2a21)0 # 0. Ii is easy to check that it has the complex
inverse integrating factor W4 with

1
2A
((A—1)a3;, + (A —2)as bz — bi,),

1
W =1— —(az + bi2)oy + 55 (203, + azbiz — biy)oz?

A
b
242
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where A is a solution of the equation
(—cagsbiz + 20a03a21 + agbia)A? — (ag1 + b12)A + (ag1 + b12)? =0,

whose discriminant is A = — (a1 + b12)%[40(2a21 + b12)aos — (a1 + b12)?].

We note that A is non-null and it can be a complex number. As the field is
real, both the real and imaginary parts of W4 are also real inverse integrating
factors of system (6) and non-null at the origin.

Notice that if b3 (bsg — o(b12 —2a21)) # 0, the normal form has dissipative terms
and from [2, Theorem 3.19], the system is actually not integrable. O

PRrROOF OF THEOREM 4.

System (7) is a system (3) with t = (1,2), r = 3, h = —3y(y* + 3az’y +
3oxt) € Téu). The polynomial h has only simple factors on C|x,y] if and only
if 3a? # 40. The co-ranges of ¢;, j =4,5,6,7,8,9 are

Cor(4y) = span{z?y, y?}, Cor({5) = span{xy?}, Cor(4g) = span{z?y?, h},
Cor(¢7) = span{zh} Cor(fg) = span{z?h, yh}, Cor(ly) = span{zyh, 2°h}.

So, from Theorem 10, in this case ng = 4, system (7) is orbitally equivalent to
system (5). A normal form of system (7) up to order 7 is

(@,9)" = Xp + (uz?y + Bay® + aszy® + az®y® + Beh + arzh)(z,2y)", (17)

with oy, B4, as, ag, B¢ and ay real numbers.

We prove the sufficient condition. From Theorem 2, p1; = 0 for 3 < j < 3+6s,
for some s € N. In particular, ag4, 84, a5, ag, 56 and ay must be zero. The first
coefficients are ay = —2adyo+do10 and 4 = dyao —dyg. Taking dps = 0dyo and
d21 = 2aad40, the next coefficient (6% is a5 = d40 (3613 —oacss + (a2 - 0')651).

So, if dyo = 0, it is case 1). Otherwise, 3¢i13 — oacss + (a? — 0)cs; = 0 and

dao # 0, taking ci13 = —%(a2c51 — 3000 — ¢510), the following coefficients are
Qg = d40(a051 — CgQO')[(GQ — 60’)(&651 — 6320) + 14(0,2 — 0)070],
ﬁG = d40(ac51 — 6320')[(&2 — 100’)051 — C320Q + 140,670 — 4d400’].

If acsy — e300 = 0, it is case 2).
Otherwise, acs; —c3a0 # 0 and (a2 —60)(acs; —c320)+14(a? —0)cqg = 0 (observe
that, a? — o # 0 since, otherwise, > = ¢ and, consequently a? — 60 = 0, which

does not hold). Imposing ag = B¢ = 0, it obtains that c7g = (a276&)((a‘726_3f5“51)

a(ocsz—acs1)
2(a?—o)
Under these hypotheses, the next coefficient o7 is zero if it holds

and Cy1 = —%d40 —

—4(a® — 0)*d3, — bac(oess — acs1)(2a* — 30)(a® — o)dyo
+50(0csy — acsy)?(a® — 3ao — 184 4 270) = 0,

i.e., it gets case 3).
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We see the necessity. If it imposes condition 1), system (7) is a Hamiltonian
system and consequently, the system has an inverse integrating factor.

System (7) for case 2) and dgy # ¢51 has the inverse integrating factor W =
VA with V =1+ 0(dy — c51)r and A = d:flf“gm. Otherwise, exp(—Tocs101) is
an inverse integrating factor.

If condition 3) is satisfied, there is an inverse integrate factor of the form
VA with

1+ 107 + agr? + any + azor® + anzy + agz® + a2y + apy?,
15d40(a2 - O’)
5ac(2a? — 30)(ocs32 — acsy) + 8(a? — o)dyo’

(we have omitted the expressions of «;; because they are too long), under the
condition 5ac(2a? — 30)(oc3a — acsy) + 8(a? — o)dy # 0. Otherwise, we find an

(2a®>—30)a(oczz—acs1) V4

exponential integrating factor exp(> T58(a? —0)?

), where V is

V = a(2a® — 7o) (0c3a — acsy)x® + 16(a® — o)x — 8(a® — o) (ocsa — acs1)y.

O
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