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Multidimensional landscape of the 7 and 7' mesons
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We employ a recently proposed form-invariant algebraic model for the quark propagator and the Bethe-
Salpeter amplitude of pseudoscalar mesons to study the internal structure of 7 and 5’ mesons. This model
facilitates the construction of the Bethe-Salpeter wave function, whose projection onto an appropriate
flavor basis leads to the light-front wave function for convenient linear combinations of the s5 and
11 ~ (uit + dd) states. Using an overlap representation, we compute the valence-quark generalized parton
distributions (GPDs). The construction of the model ensures that this multidimensional quantity is
determined entirely by the corresponding valence-quark distribution amplitudes. Once the GPDs are
constructed, we carry out a straightforward derivation of other desired physical observables, such as the
distribution functions and the electromagnetic form factors. We also provide explicit comparisons
with available results, demonstrating that the present model offers a consistent physical picture for all

ground-state pseudoscalar mesons.

DOI: 10.1103/8w28-zvxc

I. INTRODUCTION

From a seemingly perspicuous yet naive point of view,
ground-state pseudoscalar mesons might be seen as the
simplest hadrons; after all, these are merely spin-0
composite systems of negative parity that consist solely
of a valence quark-antiquark pair. Expectedly and unsur-
prisingly, such a simplistic picture turns out to be largely
inadequate and insufficient. These states carry the imprint
of nature’s uncanny complexities, especially because of
their intricate connection with the most dominant mass
generating mechanism for the visible matter in the known
universe [1,2]. With the singular exception of the ' meson,
all other ground-state pseudoscalars can be regarded as the
Nambu-Goldstone bosons arising from dynamical chiral
symmetry breaking. This mechanism is a defining building
block of the emergent hadronic mass and it is directly
interlinked with the nonperturbative dynamics of quantum
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chromodynamics (QCD) in the infrared domain [3,4]. An
intriguing implication of the dynamical chiral symmetry
breaking is that in the absence of the mass generating
mechanism by the Higgs field, the Nambu-Goldstone
bosons would be identically massless. Consequently, the
mass and several other structural differences observed for
the pseudoscalar mesons can be attributed to the subtle
interplay between the weak and the strong mass generating
mechanisms. On the other hand, the non-Abelian U (1)
anomaly in QCD sets the 7/ meson apart from the Nambu-
Goldstone boson family and provides it with a significant
mass even in the chiral limit [5,6]. Consequently, as
displayed in Fig. 1 from Refs. [7-9], the mass composition
of the 7, significantly driven by dynamical chiral symmetry
breaking, markedly differs from the rest of the ground-state
pseudoscalar mesons, resembling more closely that of the
proton. This manifestation of the emergent hadron mass
indicates that despite the # and #' mesons being composed
of the same types of valence quarks, and having strongly
intertwined properties, a highly intricate internal dynamics
is at play. These distinctive features make the mixed n — i/
system unique and valuable for understanding the emer-
gence of mass and its connection to the structural character-
istics of hadrons [10-12].

Published by the American Physical Society
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FIG. 1. The mass composition of different pseudoscalar mesons

arises from three main sources: emergent hadron mass, Higgs field
mechanism, and the interference between between these two
effects. The mass distribution within pion, kaon, and # mesons
is dominated by the interplay between emergent hadron mass and
the Higgs field mechanism, accounting for approximately 95%,
80%, and 82%, of the total mass, respectively. In contrast, for the
heavy quarkonia, their mass is primarily dominated by the con-
tribution from the Higgs field, which makes up around 85-90% of
the total mass. Unlike other pseudoscalars, the 7' meson derives a
significant portion of its mass—approximately 70—75%—from the
emergent hadron mass contribution, making its mass composition
qualitatively comparable to that of the proton.

Nevertheless, how hadrons are formed and how their
properties are dictated by the strong forces of QCD remains
largely indiscernible solely from the perturbative picture
provided by the QCD Lagrangian. Rather, these phenom-
ena are emergent and are inherently connected to the
nonperturbative characteristics of this non-Abelian theory.
It is essential to employ a robust mathematical framework
that can effectively manage the intricacies of the strong
interactions, such as lattice QCD [13,14], and the coupled
formalism of Schwinger-Dyson and Bethe-Salpeter
equations [15,16]. The latter approach connects computed
hadronic observables to the Green functions of elementary
degrees of freedom, namely, quarks and gluons. Moreover,
the meson properties are encapsulated within the corre-
sponding Poincaré-covariant Bethe-Salpeter wave function
(BSWF). This framework has enabled the calculation of a
plethora of physically relevant quantities related to mesons,
including distribution amplitudes (DAs) and functions
(DFs), electromagnetic and gravitational form factors
(FFs), as well as generalized parton distributions (GPDs)
and light-front wave functions (LFWFs)—see, e.g., [4,7,17]
and references therein.

Alongside these complex QCD-based computations, a
series of algebraic models have been developed that aim to
streamline the calculations and facilitate the exploration
of hadron structural properties without compromising
the essential features of the formalism provided by the
Schwinger-Dyson and Bethe-Salpeter equations (see, for
example, [18-24]). Broadly speaking, this approach begins

from coherent Ansdtze for the quark propagator and the
Bethe-Salpeter amplitude, followed by the subsequent
construction of the BSWF and the LFWF [24]. The
parameters of the models are fixed by exploiting the
connection between the LFWF and the experimentally
accessible quantities that are deduced from it.

The recently proposed algebraic model, Ref. [25], gen-
eralizes several earlier attempts to a maximal form-invariant
construction while preserving a plain algebraic relationship
between the leading-twist LFWF and its corresponding
DA. This permits the BSWF to be rigorously determined
from the prior knowledge of the latter. This model has
earlier been employed to study the internal structure of light
pseudoscalars (7 — K), heavy quarkonia, and heavy-light
systems [25-27], with explorations also conducted in the
context of vector mesons [28]. Herein we intend to expand
this series of investigations by considering the mixed n — %’
states. Thus, we shall apply the algebraic model outlined in
the references to compute the LFWFs and GPDs of the
n —1n bound states, as well as other directly computable
objects, such as distribution functions, electromagnetic
form factors, and impact parameter space (IPS) GPDs.
This allows us to deliver an in-depth perspective on the
internal structure of these mesons and completes a unified
picture of all ground-state pseudoscalar mesons.

The manuscript is organized as follows: Sec. II intro-
duces the general framework of the algebraic model and
explores its implications for LFWFs and GPD-related
quantities. Subsequently, Sec. III focuses on adapting this
framework to the case of the mixed # —#’ system. The
numerical results that include the analysis of DAs, DFs,
GPDs, FFs, and IPS-GPDs are presented in Sec. I'V. Finally,
Sec. V presents a summary of the present analysis and
potential future perspectives.

II. AN ALGEBRAIC MODEL FOR
PSEUDOSCALAR MESONS

In this section, we summarize the key elements of the
algebraic model adopted to describe pseudoscalar mesons,
as introduced in Ref. [25]. Starting from an analytically
tractable representation of the meson BSWE, we highlight
the efficient computation of the LFWF within this model,
the construction of the GPDs, and the subsequent extraction
of the DF, the elastic form factors, charge radii, as well as
the impact parameter space GPDs.

A. The model and its generalities

Consider a generic meson composed of a g(h)-flavored
valence quark (antiquark). The label M denotes quantities
associated with the corresponding meson. Although our
analysis focuses on the 7 and #' mesons, the general
expressions presented here are valid for any pseudoscalar
meson M. The BSWF (y,,) of the meson is defined as the
following product of the corresponding Bethe-Salpeter
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amplitude, denoted as I'y;, and the propagators of the
valence quark and antiquark, S, and Sj, respectively:

Hulko, P) = S, (k)T (k_, P)S;(k — P), (1)

where k_ = k — P/2 and P?> = —mZ,, with m,, being the
mass of the meson. Following Refs. [25-27], we adopt the
following ansatz for the quark (antiquark) propagator:

Sy (k) = [=iy -k + Mq(ﬁﬂd(kz,Mi(,;))’ (2)

with M, interpreted as the dynamically generated con-
stituent quark (antiquark) mass and the denominator d(s, ) =
(s +1)~!. For pseudoscalar mesons, the model proposes the
following form for its Bethe-Salpeter amplitude:

1 ~
nly (k. P) = irs / ()G ALY ()

This choice reflects the consideration of only the leading
Bethe-Salpeter amplitude, which is sufficient for many
applications, provided an appropriate spectral density, p(w).
We define d(s,7) =td(s,7) and k, =k + (w/2)P. ny
serves as a canonical normalization constant, while the
exponent v governs the asymptotic behavior of the Bethe-
Salpeter amplitude, including logarithmic corrections, and
may retain a degree of residual freedom depending on the
chosen form of the quark propagator. Notwithstanding, to
match the expectations from QCD-driven approaches [29],
our preferred choice is v = 1. The last defining component of
the model, A2, := A?(w), encapsulates the interplay between
the relevant mass scales [M, ), my] and the spectral density

function (via w dependence), as expressed by

1 1
A2(w) = M3 = (1= w2 (1= w) (M3 = M3). (4)

The combination of Egs. (1)—(4) enables the BSWF to be
conveniently cast as follows:

ko P) = Myilk.P) [Tt D6 P). (9

where the profile function, p%(w) == py(w)A2, has been
defined in terms of the spectral density. Moreover, the Dirac
y-matrix structure is encoded in (p = k — P)

Mk, P) = —ys[Mgy - P+y k(M —M,)
+0 kPD—i(k-p+MqM,—1)}, (6)

v

and D’; E(k’ P) is a product of quadratic denominators,

D;J-l(k, P)= d(kz,M?I)d(kfv_l,A%V)”d(pz,M%).
Based on this structure of the BSWEF, a well-defined
algebraic procedure leads to the following expression:

1
nM)(M(k_,P):Mqﬁ(k,P)/ daF(a,6"2), (7)
0

where 6 = (k —aP)? + A?_,,, and a is the usual Feynman
parameter. Moreover, the convenient representation chosen
for A?(w), as given in Eq. (4), entails

Fulao?) =240 [ a2 )

-1 1—w

1 I —a\| pu(w
+ / dw ) g
1-2a 1 +w o’
It is important to stress the fact that, in order to prevent the
emergence of poles on the real axis, it is crucial to ensure

the positivity of A%(w). This condition is satisfied as
long as

|Mﬁ_Mq‘SmMSMﬁ +Mq' (9)

It is worth noting that the leftmost side of the inequality is
trivially satisfied for isospin-symmetric systems (where
M, = Mj}) and, indeed, holds for any realistic ground-state
bound systems [30-32]. The remaining condition of Eq. (9)
does not pose a problem for Nambu-Goldstone modes,
owing to the relatively small values of m,,. However, for
other mesons, a careful selection of constituent quark
masses is essential, or an alternative approach must be
considered. In the following subsection, we show how the
Nakanishi integral representation for the BSWF, Eqs. (7)
and (8), yields an analytical relation between the meson
LFWF and the DA.

B. Light-front wave functions

The projection of the meson BSWF onto the light front
results in the associated LFWF. It yields the leading-twist
expression for a quark ¢ within a generic pseudoscalar
meson M,

(X, k3) = trCD/

6ﬁ(kM)757'”)(M(k—’P)v (10)

where &) (ky) =d6(n-k—xn-P), n is a lightlike four-
vector, such that n”2 =0 and n- P = —m,;, and x corre-
sponds to the light-front momentum fraction carried by the
active quark. The symbol trqp refers to the trace over color
and Dirac indices. The compact and convenient notation

/. = i @ has been employed and the 4-momentum
integral is defined as usual,
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[ f ] o

It turns out relatively more convenient to consider the
Mellin moments of the LFWE,

1
(= [ dvended)

1 n-k|m
— ey —— - . k_,P). 12
rCDn P ” L P] vsy - myw(k_, P) (12)

When adopting the BSWF representation introduced in
Sec. I A, a clear sequence of straightforward algebraic
steps yields

1 12 v+1
e = [ dan [ 22 o]
0

ny v+1
Yula.o ™) = Fyla.o ™) (aMj + (1 —a)M,),  (13)
where 6, = k3 + A?_,,. Moreover, the uniqueness prop-
erty of the Melhn moments, Egs. (10) and (12), establishes
a connection between the Feynman parameter o and the
momentum fraction x, allowing for a straightforward

identification of the LFWF,

12 Yy (x, 64
ACN o ML 2. 14
ya(x k1) = LM vl (14)
Integrating over k| yields the DA,
1 2 2
fM(UM( ) = 161 T3 d kJ_lI/M(x k ) (15)

where ¢f;(x) is unit normalized and f,, denotes the
corresponding weak leptonic decay constant. As might
be inferred from Egs. (8) and (13), the k|, dependence of
wi(x, k%) is trivial and the integration follows directly. An
advantageous and desirable outcome is the algebraic
relation below:

v ‘%Uz q
= . (16
<k2 A2 2 2x),,+1 ¢M('x) ( )

wh(x k) = 1622f,,
Many crucial implications of this simple algebraic con-
nection between the LFWF and the DA are discussed in
Refs. [25-27]. Here, we emphasize again that with the prior
knowledge of the DA, there is no need to construct the
spectral density py(w) in any way to derive the LFWF,
albeit the connection between py,(w) and ¢j(x) is well
known and direct [25]. Only the relevant mass scales,
namely, my and M ;, need to be determined.
It should be pointed out that the intrinsic resolution scale
£, at which the LFWF is defined, remains unspecified.
Being a leading-twist distribution, it turns out natural to set

it as the so-called hadronic scale {y, where the hadron’s
properties can be adequately captured by the dressed
valence-quark degrees of freedom [24]. Therefore, we
expect {y to be of the order of {y ~ M, ~0.3-0.4 GeV
[33-35]. We shall assume this scale from now on.
Another feature of Eq. (16) is that the x — k| correlations
are determined by the A?_, term, which explicitly takes the
form
Afy, = MG+ x(M; — M3) —x(1 —x)m3,.  (17)
It encapsulates the fact that these correlations are driven by
the extent of chiral M, and flavor (M} — M3) symmetry

breaking. In the chiral limit, A7_, = M2, implying
i (x. k1) = o (kD)o (%) (18)
~q (12 2 vMy
Pu(k1) =167 fmmv (19)
which recovers the chiral limit results from

Refs. [20,24,36]. Note that this corresponds to a separable
ansatz.

Finally, it might be mentioned that to obtain all anti-
quark-related quantities, it is sufficient to replace

q

Ph(x) = @li(x) = @lh(1 —x) (20)

and exchange the constituent quark masses Mj, <> M,. We
are now set to compute the GPDs.

C. Generalized parton distributions

The valence-quark GPD can be obtained from the
overlap representation of the LFWF [37],

ki .
Hin 6 &%) = [ St (R (D)),
+ xif + AL 1 — X
= — k = - . 21
Y 1=k F 2 1+é (21)

As before, x represents the light-front momentum fraction
carried by the struck quark, and A? denotes the momentum
squared transferred from the probe to the struck hadron.
In this context, its transverse component squared is
AZ =AY (1 - &) —48mg,, while & referred to as the
skewness, is the longitudinal momentum fraction trans-
ferred. Both x and & have support on [—1, 1], but the overlap
representation is only valid in the Dokshitzer—Gribov—
Lipatov—Altarelli-Parisi region |x| > & [36,38]. Exploring
this domain is sufficient for several quantities of interest,
such as the distribution functions, electromagnetic form
factors, and the impact parameter space GPDs.
Considering the LFWF representation previously
derived in Eq. (16), it follows directly that the GPD takes
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the following form:

HY (. £, A7) = Ay [M] Bh(x. 5 A, (22)
Al—2x+Al—2x’

where the normalization constant N, ensures unit nor-
malization in the forward limit, where the associated DF is
defined, i.e.,

UG TC) S

2
Al —2x

()]
/)qM dx-/NH AL, dx = 1.

Notice that the closed form of the relation between DA and
DF, i.e., Eq. (23), is valid only at . Moreover, one can
readily deduce from Eq. (22) that ®f; drives the A2
evolution of the GPDs. This function reads as

qu(x) = ( ,0) =

(24)

L oow(1—u)
_ 2u+1 2u+1
q)l(\]/l(x7§’A2)_N¢’Al ;x*Al J'Z_X A duW’ (25)
where
M? (1) = zu(l — u) + u (A%2+_A1 o) T A -
I'2v+2) (1-x)?
== = A2 26
No=mr vy *=li-ep (26)

It is also noteworthy that for specific values of v > —1, the
integral in Eq. (25) can be evaluated analytically. This
highlights the practicality of the algebraic model. Focusing
on the chiral limit (c.l.), one has
cl.

M2 (1) = zu(1 — u) + M2, (27)
so that ®y; is fully expressed as a function of the single
kinematic variable z. The GPD then reduces to

(. 6.4%) = N [P g

= NuVqu(x)gu(x )@Y (2)

The second line is merely a consequence of the definition of
the DF, Eq. (23), whose chiral limit evaluation yields

(28)

(X3 ) ¢ [ (x5 ) (29)
Notice that we explicitly reinstate the model scale { here,
which, as mentioned before, is implicitly employed
throughout this manuscript. The reason is that DA and
DF evolve in a different manner. Thus, Eq. (29) would not

be valid beyond the model scale. Moreover, the relationship

between the distributions, established by Egs. (28) and
(29), is a defining feature of systems characterized by a
factorized LFWEF, Eq. (18). For this family of Ansdtze,
regardless of the specific shape of ®f(z) and @7 (k3 ), an
array of additional algebraic outcomes follow [24,39].

D. Electromagnetic form factors

Electromagnetic form factors are the zeroth Mellin
moment of the GPD. Explicitly, the contribution of the
valence quark ¢ to the FF is given by

Fi(A2) = /1 dxHY(x £ =0,A%),  (30)

0

so that the complete result follows from adding up the
individual components,

Fu(82) = ¢, F4(A%) + eiFh(8Y).  (31)
Clearly, e, and ¢;, are the valence-quark charges in units of
the positron’s electric charge. The integration domain in
Eq. (30) reflects our choice of skewless GPD, & = 0, since
the electromagnetic form factor is independent of this

variable [40]. The associated charge radius r,, is defined
as usual,

(ru)? = e (rh)? + e5 (k)2 (32)
oFY,(A?)
q\2 ._
()= =6— 5~ o (33)
Setting £=0 and expanding Eq. (22) around
A2 A2 ~
q (]2
H (x,0.87)° *MMU - AT+ ]
1-2x
g (1+v)(1+20) (1 —x)?
Lulx) = 23+ 2v) A, (34)
It follows that
1
(47 =6 [ dr (v, (39)
0

The antiquark component is obtained in an analogous way.
In quarkonium systems, F,; = 0 and r; = 0, since we have
e, + ej, = 0. Therefore, when presenting electromagnetic
FFs and charge radii, we shall only consider the individual
flavor contribution (Fy, — Fy, and ry, — r¥). Moreover, if
the charge radius is known experimentally, it can be
employed to tune the mass scales required to define the
algebraic model aligned with phenomenology.
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E. Impact parameter space GPDs

The impact parameter space GPD can be obtained in a
straightforward manner by carrying out the Fourier trans-
form of the zero-skewness GPD [41],

o dA
Qulr. [b.1]) = / 9B N Jo(lb. AV H (,0.0%),  (36)

2

where J, denotes the cylindrical Bessel function. Naturally,
this distribution represents the probability density of find-
ing a parton with momentum fraction x at a transverse
distance |b, | from the center of transverse momentum of
the meson under study.

As suggested in Ref. [25], we consider the following
approximation for the zero-skewness GPD:

H (2,0, A7) = gy (x) expl-25(x)A%.  (37)

This particular form provides additional algebraic benefits
that enhance those of the present model [39]. In particular,
it allows for a straightforward derivation of the IPS-GPD
[here Z3(x. [b1|) = 27(b 1 [qu (x. [b1 )],

T4 b)) = sy bslexp | =gt G

As i1s the case with all other distributions, the form of
Th(x, by |) is expected to reflect the influence of mass
generation mechanisms. This connection arises naturally
because the IPS-GPD is explicitly built from the parton
distribution function, which encodes the longitudinal
momentum dependence. Consequently, the broadness of
T}, in transverse space and the height of its peak directly
trace the behavior of ¢y (x), providing insight into the
spatial distribution of partons and its correlation with
dynamical mass generation [24,39].

III. THE n-5 CASE

For the description of the #—7# mesons, we shall
consider the SU(2) flavor symmetry, i.e., the isospin
symmetry, which entails M, = M; = M,. This approxi-
mation results in the complete decoupling of the neutral
pion from the intertwined system of 7 — ' mesons, which
features s5 components [42]. We follow Ref. [12] and
express these physical states in a generic flavor basis,

Yo (@ P) =T (¢.P) + ToHM" (¢.P),  (39)

with 7, = diag(1/2,1/2,0) and 7, = diag(0,0, 1//2).
Consequently, the mixed 5 — 7 system is fully character-
ized by four BSWFs: )(Zf/(q, P).

We choose to work with the single-angle mixing scheme
(SA-MS) approximation [43,44],

(3) =0 B (7). o

SSs Ny

where 6 is the mixing angle and

cos @
vo =
sin 6

_Sing). (41)

cosd

Here, 77, and 7, denote pure [ ~ (uit + dd) and s5 ortho-
normal states, respectively. Equation (40) implies the
following mixing for the corresponding BSWFs:

(fem)-wolsen) o

X m(q . P)

Clearly, = 0 implies the physical # —#' mesons would
become identical to the #; and 7, states, respectively, and #;
would exhibit pionlike characteristics. In the chiral limit,
this would correspond identically to a massless pion. In the
realistic scenario, € # 0 provides a measure of the appro-
priate degree of mixing between the #; and 7, states to
produce the observed physical states 7 and #/, indicating a
measure of the flavor content in the physical # — 1’ mesons.

One of the key advantages of representing the n — '
mesons in the SA-MS is that extra subtleties are avoided
concerning the positivity condition in Eq. (9). Note that on
adopting the representation from Eq. (39), the substantial
mass of the 7' meson (m,, = 0.96 GeV) would expectedly
lead to a violation of the positivity condition, as realistic
values for M, , typically range from 0.3 to 0.6 GeV [32].
SA-MS circumvents this problem. Assuming SA-MS is a
fair approximation, one can readily establish a mapping
between bases,

0 Xy X
(o )=ve(D 7). @
0, Xy Xy

which translates into

1 s
(o )=vo(l ) @
0 1, £or

Evidently, fﬁf ) denotes the corresponding decay constants
of the M meson. Equipped with the pseudoscalar meson
BSWF and the mixing scheme, we can derive a coherent
and adequate representation of the corresponding LFWF.

Setting {y as the resolution scale, the Fock space
expansion of the # — #' bound states follows directly from
Eq. (40). Therefore, the mixed system is completely
determined by the mixing angle ¢ and the LFWFs of the
states 77; and #7,. Naturally, these retain the same form as
given in Eq. (16),
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VAT, 115

I[s] ®
@+ ALy P il

Yonin,) (x.k1) = 167°f,,, (x). (45)

I[s]
mins
DAs regarding the  — 1/ system have only been reported in

the generic flavor basis of Eq. (39), Ref. [12]. Therefore, we
consider the mapping in Eq. (43) to produce the following
relations among LFWFs:

The input of ¢ ](x) is thus required. However, realistic

yy, (%, k%) = cos Oy (x, k7 ) + sin Oy, (x. k7).
wy, (v, k1) = —sin Oy (x, k7)) +cos @y (x, k7). (46)

On the other hand, according to Eq. (15), the integration
over k| yields

F @y (x) = cos 0 foy(x) + sin6 f,¢!,(x),
fo. @5, (x) = —sin@ fg5(x) + cos 0 f ey (x). (47)

Subsequently, using Eq. (44), the fffﬂ, decay constants can
be cast in terms of f, , , thus producing

o (x) = cos?0pl(x) + sin0 g, (x),
@} (x) = sin?6 ¢} (x) + cos*6 ), (x). (48)

The above expressions are particularly useful. These
explicitly allow the a priori unknown 7, DAs to be

formulated in terms of the well-established (p;;, The

remaining task is to determine the masses of the constituent
quarks M, ;, of the x;, and 5, system, and compute the
GPDs as well as the associated observables by employing
the theoretical tools developed in this section. This pro-
cedure shall be addressed in the next section.

IV. NUMERICAL RESULTS

We start by depicting the DAs related to the 5 —7#/
system in Fig. 2. The inputs we have used, (pz”‘z/, were first

calculated in Ref. [12] and are conveniently parametrized
as follows [7]:

(p,lf(x; {)=n,ln {1 —|—x

x(1 =x)

1,s\2
(py)

| oo

goff(x; {) = np/x(l —X) exp{

with p*) = 0.329(0.421) and p/*) = 1.7(1.221), and 1,
is the corresponding DA normalization constant. As can be
readily observed in Fig. 2, the #/-related distributions are
narrower than those of the 7 meson. Moreover, the former
lie almost on top of the asymptotic distribution,

X

FIG. 2. #5 — n/-related DAs. Upper panel: those concerning the
generic flavor basis, which are employed as inputs for our
analysis. Lower panel: the 7, ; DAs are derived from Eq. (48).
The pion DA, ¢%, and the asymptotic profile ¢*Y, Eq. (51), are
provided for the sake of comparison.

@™ (x) = 6x(1 —x), (51)

whereas the ones of the # meson resemble those of the pion
more closely. In either case, the DAs associated with the s-
quark tend to be slightly more compressed than the ones of
their lighter-quark counterparts. The computed ga,lw, o,
profiles are marginally broader than the asymptotic
limit—especially the latter exhibits marked similarity with
the limiting result of asymptotic QCD.

In order to compute (pfh and ¢, via Eq. (48), the mixing
angle 6 is required. We now address how to fix its value. We
start by adopting the dressed quark masses from the pion
and kaon analysis in Ref. [25], namely,

M, =0317 GeV, M, =0.574 GeV. (52)
Subsequently, along with the mixing angle 6, the values of
m,, and m, are set to provide sensible values for the
corresponding leptonic decay constants. Therefore,

m, =0.17 GeV,

m, =0.84GeV, 0=415,  (53)
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TABLE I.

n — ' mixing angle and leptonic decay constants in the generic flavor basis and SA-MS, Egs. (39) and (42), respectively.

Results obtained from continuum Schwinger method (CSM) [12] and lattice QCD [6] are shown for comparison. The phenomenological

average is derived from Refs. [43,45,46].

I fa f f, Iy S I, 0
Herein 0.070 —0.091 0.062 0.103 0.093 0.137 41.50°
CSM 0.074 —-0.092 0.068 0.101 0.101 0.138 42.95°
Lattice 0.076(3) —0.077(4) 0.062(3) 0.093(3) 0.098(3) 0.121(2) 39.3(2.0)°
Phen. 0.090(13) —0.093(28) 0.073(14) 0.094(8) 0.116(11) 0.122(9) 39.28(8)°
where the resulting decay constants are listed in Table 1. In I, =0.52keV, [y, =476 keV, (63)

particular, we find

fo R 1O1f,,  fy ~1.49f,, (54)

which shows a decent agreement with recent lattice QCD
results [6],

fERL0TG) fr  [EA1BI3) 5 (59)

and with the phenomenological average [43,45,46]

Ph126(12)f,  fP'1.33(10)f,.  (56)

Here, f, = 0.092 GeV. A 5-10% variation in the #; and 7,
masses barely affects the produced decay constants. In the
typical octet-singlet basis [43,44], our computed values
translate into

fs=1\/(f2 +2f7)/3~1.35f,. (57)

fr=\/Qf +13)/3~1.2f,, (58)

and the associated octet-singlet mixing angles,
Osp1) :9—arctan(\/ifmm/fm[x]), are found to be O3 =

—22.86° and 0; = —2.33°. For a comparison, the combined
result of Refs. [43,45,46] yields

fs = 1.34(8)f.

05 = —18(6)°,

fi=125(10)f  (59)
0, = —6(6)°. (60)

One can also provide an estimate of the ,%' — yy decay
widths via the phenomenological formulae from [10,44],

L, = a5 11 V215 (61)
R S A

b, = %%, [5Ty V2T (62)
T N

Based on the values presented in Table I, we find

which are fairly compatible with the Particle Data Group
average, see Ref. [47][0.515(18) and 4.34(14) keV, respec-
tively], and with other explorations in Refs. [12,48,49]. We
would like to emphasize that these decay widths will be
measured with higher precision in the 22 GeV upgrade of the
JLab [50]. The related two-photon transition form factors
shall be analyzed elsewhere, following the standard pro-
cedure [23,26].

Provided go,lh and ¢, , Eq. (48), displayed in the lower
panel of Fig. 2, as well as the mixing angle 0, fixed in
Eq. (53), it is now possible to compute the valence-quark
skewless (¢ = 0) GPDs for #; and 7, by means of Eq. (22).
The corresponding results, displayed in Fig. 3, reveal a
slightly milder A? falloff for the 7, system as the momen-
tum transfer increases. Moreover, our results suggest that,
in terms of dilation or compression effects, the correspond-
ing GPDs follow a pattern similar to that of the resulting
DFs, discussed below.

The corresponding DFs, which are derived through
employing Eq. (22) and Eq. (23), are depicted in Fig. 4.

A 0.0
0.5

A? [GeVY

FIG. 3. Valence-quark GPDs of the #; and 7, system in the
SA-MS, Eq. (42). The curves show the x dependence for different
A? values in the £ = 0 case.
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25

—— qp| —_

o[ =mm= vy 7 ~

== Sp, A

qu(x)

X

FIG. 4. Valence-quark DFs of the #;, and 7, systems that
characterize the n —# bound states in the SA-MS, Eq. (42).
The DFs are defined at the hadronic scale (. Pion DF and
partonlike profiles, Eq. (64), are shown for comparison.

Unsurprisingly, these follow the same trends as the asso-
ciated DAs: the DF of 7, is narrower. In the same figure, we
have also included the partonlike (pl) profile,

qP'(x) = 30x*(1 — x)%. (64)

This distribution emerges from squaring ¢“, Eq. (51),
and features no dilation or compression effects induced by
the system’s mass scales. Its position between the DFs of
n; and #n, is physically significant. It implies that the
systems with ss components mark a boundary between the
Higgs field and the emergent hadron mass generation
dominance. We can also note that the pion DF is markedly
broader than the rest of the distributions therein depicted.
A final piece of observation is provided by the low-order
Mellin moments listed in Table II. To some extent, the
broadness of the DFs can be expected by noticing

(ém = 1_2x),

TABLE II. Low-order Mellin moments of the  and 7, ; DFs at
{y. The last row corresponds to the moments associated with the
partonlike profile in Eq. (64).

) 6 ) ) ()

((1-2x)%)

T 0.500 0.300 0.201 0.143  0.107 0.200
n 0.500 0.289 0.183 0.124  0.088 0.156
1y 0.500 0.280 0.171 0.111  0.075 0.120
g 0500 0.286 0.176 0.119 0.083 0.143

0 L
0 1 2 3 4
A2 [GeV?)]
FIG. 5. Electromagnetic FFs of the #; and 7, system that

characterize the  — 5’ bound states in the SA-MS, Eq. (42). The
analogous 7. and 7, profiles, Ref. [25], are also displayed.

in particular, (&), /(&,), = 0.6 already hints toward a
notable compression of the n, DF with respect to that of
the pion.

In addition, the electromagnetic FFs are computed by
means of Eq. (30) and displayed in Fig. 5, including the
ones of 7. and 5;,, which are taken from Ref. [25]. It is clear
that as the system becomes heavier, it exhibits a FF with a
less pronounced A? evolution, which would result in
narrower charge distributions [31,39]. The associated
charge radii are listed in Table III. This quantity provides
an estimate of the hadron’s size and, understandably, it
turns out to be inversely related to the bound state’s mass.
Notably, the product f, - ry, remains nearly constant up to
the charm quark sector, as expected from QCD-driven
backgrounds [51].

Finally, Eq. (38) allows us to compute the corresponding
IPS-GPD, shown in Fig. 6. As a function of |b, |, the
distribution for the heavier 7, system appears noticeably
more compressed while the one corresponding to #; shows
a less pronounced falloff. Intuitively, this suggests that the
heavier system is likely to be significantly more localized in
its spatial extent. The location (x™*,|b, |™*) and magni-
tude (Z{ ™) of the maximal values are collected in
Table IV.

The values presented in Table IV follow a consistent
trend: as the meson mass increases, the distributions exhibit

TABLE III. Masses, charge radii, and the product f, - r,,. With
the exception of #; and 7, all other results are taken from
Ref. [25], which employs the same framework.

my, [GeV] ry [fm] NEYRRsY
T 0.14 0.659 0.307
n 0.17 0.655 0.308
g 0.84 0.472 0.330
e 2.98 0.255 0.301
My 9.39 0.088 0.217
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b, [fm] 15
1.0

0.5
1.0

— I (x,by) [GeV]
= I}, (x,b1) [GeV]

0.5

0.0

FIG. 6. The valence-quark IPS-GPDs of the #; and 7, system in
the SA-MS, Eq. (38). The different curves capture the |b, |
dependence for several values of x.

progressively larger maxima. Moreover, it is clear that x™*
tends to approach 1/2 as the system becomes infinitely
heavy [7]. As far as |b | is concerned, for any system with
isospin symmetry, its expectation value is [24]

2
(buPY =3, (67

Consequently, as the hadron mass increases, its size would
diminish, ultimately approaching the point particle limit.

V. SUMMARY

We have employed a form-invariant algebraic model to
describe the mixed 7 — #’ system. This framework has been
successfully applied to ground-state pseudoscalars [25,27],
as well as ground-state vector mesons [28]. Its extension to

TABLEIV. Location (x™,|b | |™#) and magnitude (Z3; ") of
the global maximum for the IPS-GPDs of the # — i’ system. We
have included the pion and heavy quarkonia results from
Ref. [25].

X |b . [™* [fm] ™ [GeV]
b 0.90 0.07 0.94
m 0.70 0.22 0.74
7, 0.63 0.20 1.04
Me 0.53 0.14 3.09
n,, 0.51 0.05 10.97

the n — ' mesons, presented in this work, yields a physi-
cally congruent picture.

Firstly, the obtained mixing angle and decay constants
are found to be fully compatible with previous results [12].
Moreover, the resulting DAs of the physical states exhibit
the expected pattern: they reveal an asymptoticlike profile,
with those corresponding to the strange quark being
narrower. As has already been established, DAs for pions
and kaons are broad, while those for states with at least one
heavy quark are more compressed. Therefore, this prox-
imity to the asymptotic profile highlights that systems with
s5 components mark a boundary between strong and weak
mass generation mechanisms [7].

The DFs of the valence quarks follow a similar pattern.
The one corresponding to the #; state is broader than that of
ns, while the partonlike profile lies in between these curves.
This behavior is attributed to the emergence of an x — k|
correlation in their respective LFWFs, which in turn is
influenced by the mass of the state in question.
Unsurprisingly, the associated GPDs show similar com-
pression/dilation patterns, with the 7, system displaying a
less pronounced A? evolution.

A complementary perspective comes from electromag-
netic FFs, where heavier systems exhibit a slower decay.
This behavior reflects an inverse relationship with the mass
of the system and its decay constant, which corresponds
to its smaller spatial extent [39]. Remarkably, the product
fu - rv seems to remain constant up to the mass sector of
the charm quark.

Another perspective on the spatial structure is provided
by the IPS-GPDs, demonstrating once again that heavier
states are more spatially compressed but reaching higher
peaks at smaller transverse separations. Moreover, as the
meson mass increases, the current model is fully capable of
capturing the anticipated pointlike limiting behavior. Thus,
based on the quantities analyzed here, the extension of the
algebraic model to the mixed 5 — " system yields remark-
ably robust results. Moving forward, the aim is to examine
complementary physical quantities of interest, including
the n,n’ — y*y(*) transition form factors, in addition to the
corresponding excited states.
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