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Working with the 29 available data on the ratio of proton electric and magnetic form factors, u ,,G”E ©Q%»/ wa (0?),
and independent of any model or theory of strong interactions, we use the Schlessinger point method to objectively
address the question of whether the ratio possesses a zero and, if so, its location. Our analysis predicts that, with
50% confidence, the data are consistent with the existence of a zero in the ratio on Q2 < 10.37 GeV2. The level of
confidence increases to 99.9% on Q? < 13.06 GeV?. Significantly, the likelihood that existing data are consistent
with the absence of a zero in the ratio on 0% < 14.49 GeV? is 1 /1-million.

1. Introduction

The proton is Nature’s most fundamental composite system. It was
discovered over one hundred years ago and, during the intervening
years, a great deal of empirical information has been gathered on pro-
ton properties. Today, by any reasonable measure, it may be considered
stable: the lower limit on the proton lifetime is reckoned to be more
than 10%-times the age of the Universe; and its mass, m,, seems to set
a basic scale for life and matter.

Within the Standard Model of particle physics, the proton is supposed
to be constituted from three light valence quarks u + u + d, bound by
interactions described by quantum chromodynamics (QCD). However,
despite QCD itself being a fifty-year-old theory, a solution to the proton
bound state problem has not yet been found. Approximate treatments
and numerical studies exist; yet, many questions remain unanswered.
They may all be collected under a single umbrella, viz. how do the
mass, spin, and structure of the proton emerge from interactions be-
tween the (practically) massless degrees-of-freedom used to express the
QCD Lagrangian density? Perspectives on these problems may be found
elsewhere [1-9].

Throughout the history of proton structure investigations, electron
scattering has played a key role [10,11]. In elastic electron + proton
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scattering, the proton contribution to the associated matrix element may
be described by the following current:

J2Q) = ieh,(p LF (0, + ﬁansz”(Qz)]AAp,-), o)
P

where e is the positron charge, m,, is the proton mass, the incoming
and outgoing proton momenta are p; I QO=p =D is the momentum
transfer to the proton in the interaction, A, (p; ) are positive-energy
proton-spinor projection operators, and F i ,are the Dirac and Pauli form
factors. The interaction current can equally be expressed in terms of the
proton charge and magnetisation distributions (v = 0? / [4m§]) [12]:

P _ P P P o_ P P
Gp=F -7tF,, G, =F +F,. 2)

In the last century, it was suggested that, with My = Gﬁ/[ 0),
,qu"’E(QZ)/Gg/[(Q2 A constant, i.e., this ratio is independent of mo-
mentum transfer, so that proton electric charge and magnetisation
distributions are effectively identical. This was a data-driven conclusion
[13-20]. Even so, from a quantum mechanics perspective, the sugges-
tion could be seen as surprising: form factors computed from a wave
function expressing a rigid sphere (radius R) bound state typically ex-
hibit a series of diffraction zeros, with the first located at 0% ~ (37 /2R)?,
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Fig. 1. 4,G.(0%)/G",(Q?). Available data obtained using the polarisation trans-
fer reaction [21-25]; and M =9 analysis of this data, showing the 5000 data-
replica interpolating functions (purple curves) and their mean (thicker purple
curve) obtained as discussed in Steps 1-4.

viz. ~ (1.1 GeV)? for the proton. The zeros in GIIJ:" o need not coincide.
Only a point particle has positive definite (constant) form factors.

The results for G’é M(QZ) that are reported in Refs. [13-20] were
obtained via Rosenbluth separation of e + p — e + p cross-section
data. In that approach, sensitivity to the electric form factor dimin-
ishes rapidly with increasing Q2, so the magnetic form factor be-
comes dominant. On the other hand, the polarisation transfer reaction
€+ p — e+ p can be used to obtain a data ratio that is directly sensi-
tive to u,G}(0%)/G",(Q?) [26], thereby avoiding issues with Rosen-
bluth separation. Following the beginning of operations with the high-
luminosity electron accelerator at JLab, such data could be obtained;
and they dramatically changed the picture [21]. The data indicate that
1,G1(0*)/G", (Q?) falls steadily away from unity with increasing Q?,
reaching a value of ~ 0.6 at Q% ~ 3 GeV2. Additional such data have
since been accumulated: the set now contains 29 points, reaching to
0? = 8.5 GeV? [21-25]. They are displayed in Fig. 1. Evidently, the
downward trend continues. It is anticipated that the foreseeable future
will deliver data on the ratio out to Q% = 12 GeV? [27,28].

Following publication of the first 4,G%(Q?)/G" (Q?) data and its
subsequent confirmation, numerous model and theory calculations have
been performed. With varying degrees of parameter dependence and
tuning, some produce a form factor ratio that is consistent with available
measurements. Amongst these are analyses that predict a zero in the
ratio beyond the range of extant data - see, e.g., Refs. [29-31]. However,
not all calculations produce such a zero - see, e.g., Refs. [32-36].

It is worth noting that relativistic effects are important in describ-
ing available 4,G",(0%)/G", (Q?) data, but particular features of QCD
may be equally or more significant. For instance, owing to dynamical
chiral symmetry breaking, a corollary of emergent hadron mass (EHM)
[1-6], light quarks acquire a strongly momentum dependent running
mass that is large at infrared momenta [37]: M (k? = 0) ~ 0.35 GeV.
Quark + interacting-diquark Faddeev equation models of proton struc-
ture [38] suggest that the rate at which M (k?) runs toward its ultraviolet
(k2 / mi > 1) current-mass limit has a material influence on the proton
Pauli form factor [39,40]: if the evolution is very rapid, ie., pertur-
bative physics is quickly recovered, then u,G}(0%)/G", (Q?) does not
exhibit a zero, whereas a zero is found with a slower transition from the
nonperturbative to the perturbative domain. Plainly, delivering a QCD
explanation of the puzzling behaviour of MPG%(QZ) / Gfu Q¥ isa high
priority.
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2. Objective analysis of available data

A key point is whether or not uPG’fE(QZ) / Gﬁl(QZ) possesses a zero.
Eschewing any theory of hadron structure, we address this question by
employing the Schlessinger point method (SPM) [41-43], to which we
now provide a little background.

Suppose one has N pairs, D = {(x;,y; = f(x;))}, being the values of
some smooth function, f(x), at a set of discrete points, an SPM applica-
tion constructs a continued-fraction interpolation:

Y1
Cy(x)=————— 3
N( ) 1+ aj(x=xp) ( )
1+ ap(x—xp)
fay_j(x=xy_p)
wherein the coefficients {qg;|i = 1,..., N — 1} are constructed recursively

and ensure Cy(x;) = f(x;), i=1,..., N. The SPM may also be described
as a multipoint Padé approximant. The procedure reliably reconstructs
any analytic function within a radius of convergence determined by that
one of the function’s branch points which is closest to the domain of real-
axis points containing the data sample. For instance, given a monopole
form factor represented by N > 0 points, each one lying on the curve;
then using any one of those points, the SPM will precisely reproduce the
function.

Modern SPM implementations include a statistical element, so that
representations of an unknown underlying curve come with a reliable
quantitative estimate of uncertainty. Crucially, the SPM is free from
practitioner bias — it is blind to any and all prejudice concerning the
target function; hence, the SPM delivers objective estimates of the ana-
lytic continuations of the function being sought.

In practice, the SPM has been blind-tested against numerous mod-
els and physically validated in applications that include extraction of
hadron and light nucleus radii from electron scattering [44]; inference
of resonance properties from scattering data [45]; validating evidence
of the odderon in high-energy elastic hadron+hadron scattering [46];
and prediction of meson and baryon electromagnetic and gravitational
form factors [31,47,48].

Herein, we proceed as follows.

Step 1 Regarding RP(Q?) = u,G7.(0%)/G", (0%, N =29 pairs are
available. As experimental data, supposing that systematic er-
rors are small — as is expected when polarisation transfer data
are collected in simultaneous measurements of both recoil polar-
isation components [25], then they are distributed statistically
around the underlying analytic target curve. To accommodate
this, we generate a replica of the data set by replacing each
datum by a new point, relocated according to a Gaussian distri-
bution whose mean is the original experimental value and whose
width is fixed by the associated experimental uncertainty. We do
this 15000 times.

Step 2 Taking a particular replica, we choose M =9 points at random
and produce an interpolator in the form of Eq. (3). (There are
more than 3.7-million possible choices of distinct 9-point sets.
Below, we explain the choice of this maximum value M =9.)
Such an interpolator is accepted into our function space so long
as it is (i) a C! function on 0 < Q2 /GeV2 < 20 and (ii) mono-
tonically decreasing. This step is repeated until we obtain 25
acceptable interpolators on the given replica.

Step 3 If 25 such functions cannot be obtained, we discard the replica
as being too noisy, and randomly select another from the 15000
member set. On this new replica, we again seek 25 interpolators.
If successful, then we keep that replica. If not, a new replica is
chosen, etc.

Step 4 Steps 2, 3 are repeated until we arrive at 5 000 independent repli-
cas which support 25 acceptable interpolators. On each of these
replicas, the average of the 25 interpolators is identified as the
curve representative of the selected replica.
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Fig. 2. Each row shows the same 4 distinct, randomly selected replicas from our 5000 member set — in each panel, the set of 29 black dot-centred circles is the given
replica. Then, as labelled from top to bottom, the images display the 25 associated M -point SPM interpolators and the averaged result (thick black curve) which is

our final M -point SPM representative of the replica in the panel.

N.B. Given the large data uncertainties, especially on Q2 > 3
GeV?, this averaging procedure produces a more faithful repro-
duction of a given replica’s content than a single interpolator —
see Fig. 2.

Constructed as described above, the 5000 M =9 interpolators that
represent the N =29 available R?(Q?) data and their uncertainties
are drawn in Fig. 1 — see the purple curves. In the process of averag-
ing over these curves (to obtain the thick purple curve), we find that
92% of the individual interpolators have crossed zero on Q2 < 15 GeV2,
The conclusion of this M =9 analysis is that a function-form unbiased
extrapolation of available data, which accounts for its uncertainties, in-
dicates that R?(Q?) should exhibit a zero at the location indicated in
Table 1.

We next repeat Steps 2, 4 for M =8,7,5,4. In these cases, the 5000
replicas that support 25 M =9 SPM interpolators also carry 25 interpo-
lators for the other M values. So, Step 3 is unnecessary and we have the
same set of 5000 replicas for each value of M. In all cases, the vast ma-

jority of interpolators predict a zero in R?(Q?), with the number that
cross zero before Q2 = 15 GeV? being as follows: M =9 — 92%; M =8
—85%; M =7-95%; M =5 -97%; M =4 - 87%. All SPM predictions
are listed in Table 1.

Referring back to Steps 2 — 4, we have checked the influence of us-
ing less/more interpolators to define the replica representative. With
10 interpolators chosen, the final M =7 result for the zero crossing is
10.06f‘1‘:$§ GeV?; and with 50 interpolators, 10.05?:2; GeV?2. Plainly, the
impact is negligible, producing no change in the central value and hav-
ing only a modest effect on the uncertainty. Consequently, all results
reported herein are obtained with 25 interpolators because this value
delivers an optimisation of time used versus precision gained.

Finally, for M =9, we repeat Steps 1 — 4 with a different set of 15000
randomly chosen initial replicas; and then Steps 2, 4 for M =8,7,5,4, in
order to demonstrate that the outcomes are independent of input details.
This is plainly the case — see the results in Table 1, which are also drawn
in Fig. 3.
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Fig. 3. Points - M-value SPM predictions for the location of a zero in
ypG”E(Qz)/Gﬁl(Qz), drawn from Table 1. Purple line and associated uncer-
tainty band — combined (final) SPM result in Eq. (8). Blue dot-dashed line and
like-coloured uncertainty band — parameter-free Faddeev equation prediction in
Ref. [31].

Table 1

Location of zero in 1,G",(Q%)/G4,(Q?) predicted by SPM anal-
yses of available data — see the explanation associated with
Steps 1 — 4. The subscripts 1, 2 indicate the results obtained us-
ing two independent, randomly chosen 5000 member replica
sets for the ratio data.

M 9 9, 8, 8,
0?/GeV? 9.86f‘]‘:§§ 9.87 i‘f:?ﬁ 10.52f§’:2§ 1 0.59j§:$§
M 7 7, 5, 5,
0?/GeV? | 10.06733 1008733 993128 9954248
M 4 4
Qz G VZ lll 26+4.50 121 29+4.64

:/Ge <0195 “7 108

It is necessary to supply an explanation for omitting M = 6, 10 in-
terpolators. Consider, then, that with M =2k + 1, k €N, Eq. (3) yields
interpolating functions that approach a constant at ultraviolet values of
Q2. This constant can take any value — positive, negative, or zero; hence,
no hidden constraint is imposed on the extrapolation. The situation is
different for even values of M. For M = 4k, Eq. (3) delivers interpola-
tors with odd numerator degree d =2k — 1 and an even denominator
degree, one power larger. Consequently, the interpolator can be mono-
tonically decreasing and have a single zero crossing at real Q?; so, may
be accepted by our algorithm. On the other hand, for M = 4k + 2, the
numerator has even degree d =2k and odd denominator degree, again,
one power larger. In each such case, the interpolator must have an even
number of zero crossings; and the only monotonic functions satisfying
these conditions are those which do not exhibit a zero at finite Q2. We
eliminate all values of M for which this hidden constraint is active.

In order to explain the maximum value M =9, we note that this
value depends on the number and character of the available data. The
following observations are pertinent: there are 20 distinct Q2 points in
the RP? set; at 9 of these points, there are two values of R” [21,23];
and the data involves considerable scatter between R? values at neigh-
bouring Q? points. Balancing these features with the need to obtain 25
monotonic interpolators for each of the 5 000 replicas — which rapidly
becomes more difficult as the number of interpolation points, M, in-
creases, one arrives at an optimal number of M = 10 randomly selected
02 points and associated function values. However, as just described,
M =10 must be excluded. Consequently, the optimal available starting
pointis M =9.
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Fig. 4. In-likelihood functions for the M -value SPM data replica analyses listed
in Table 1 along with the combined result obtained as discussed in connection
with Eq. (7).

3. Final SPM result

All results in Table 1 are statistically independent and compatible
— the latter observation is highlighted by Fig. 3. Hence, they can be
averaged. Care must be taken, however, because the uncertainties are
asymmetric. We follow the method described in Ref. [49], sketched
hereafter.

Assume that the In-likelihood functions associated with the SPM re-
sults may be represented by a variable Gaussian form and the values of
the zero crossing, z, are distributed around the true value, y, according
to

1 (pu—z 2
lnL=—§<6(z)> . 4

Supposing that in the neighbourhood of interest, the variation in the
standard deviation is linear, viz. 6(z) = ¢ + ¢’(z — u), then one has

2
__1f_u-z
InL= 2<6+o"(z—;4)> ’ )

with o, ¢’ determined by requiring that the solutions of In L = —1/2 are
uto,:

26,0_ o,—0_
c=—F— == . (6)
o, +o_ oy to_

(With a symmetric uncertainty, one recovers the usual Gaussian distri-
bution.)

In combining K independent, consistent results, one works with the
following In-likelihood function:

K
1 Hi—2
lnLK——§Z<

2
——— | —max,InLg. 7
= 6,-+0',./(z—/,t)> z K

Without loss of generality, we have shifted the maximum value to zero.
Now, the z location of the maximum determines the combined value of
u, and o, are the solutions of In Ly = —1/2. The individual and com-
bined In-likelihood functions are displayed in Fig. 4. At this point, we
can list the final result produced by this function form unbiased SPM
analysis of available RP(Q?) data, viz. the SPM predicts a zero in the
proton electric form factor at

2 _ +0.87 2
07 =10377 ¢ GeV~. (8)
This result is consistent with the parameter-free Faddeev equation pre-

diction in Ref. [31]: Q? = 8.86f(l)'gg GeVZ; and the analyses in Refs.

[29,30] also predict zeroes in this neighbourhood.
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Fig. 5. Final SPM prediction for the ratio ypG”E(Qz)/ wa(Qz). For comparison,
the image also depicts the parameter-free Faddeev equation predictions [31,
Fad-I, Fad-II] and the result obtained via a subjective phenomenological fit to
the world’s electron + nucleon scattering data [50, Ye]. The displayed data are
from Refs. [21-25].

Adding to these comparisons, in Fig. 5 we depict our final, objective
0?-dependent SPM result alongside the Faddeev equation predictions
from Ref. [31]: the two distinct, yet mutually consistent, Faddeev equa-
tion results are obtained using slightly different algorithms for reaching
large 02. Plainly, even pointwise on 0? 22 GeV2, the SPM prediction
and Faddeev equation results are consistent within mutual uncertain-
ties. (The Faddeev equation study omits what may be called meson cloud
contributions; hence, deviates somewhat from the data on Q% <2 GeV?
where such effects are noticeable.)

Fig. 5 also includes a result for RP(Q?) obtained via a phenomeno-
logical function-form-specific practitioner-choice-constrained global-fit
to electron + nucleon scattering data [50] — see the grey dot-dashed
curve and like-coloured uncertainty band. In that analysis, a positive-
definite proton electric form factor is not excluded, but the favoured
result exhibits a zero whose location is consistent with our objective
SPM prediction. Indeed, its pointwise behaviour on 2 < Q? /GeV2 S12
is similar to the SPM result.

It is worth describing the significance of the result in Eq. (8). To that
end, consider the following hypothesis:

H1 The ratio ﬂPGZ(QZ)/G’;’W(QZ) exhibits a zero on 02 < Qﬁl.
For any value of Q%l, the z score is z = (QIZ{1 - Qﬁ)/GQI, where we
make the conservative choice 6y = 0.87 because the uncertainty in Eq.
(8) is not very asymmetric. In Fig. 6 we plot the likelihood, according
to our SPM analysis, that the available data is consistent with H1. With
leﬂ = Qi, the likelihood is 50%; with 90% confidence, one can say
the data is consistent with H1 for Q2H1 = 11.49 GeV? and with 99.9%

confidence when Q2Hl =13.06 GeV2.
It is also worth remarking on a complementary hypothesis; namely,

H2 Theratio u,G" (0Q%)/G" (Q?)is positive definite on 0?<14.49 GeV.

The likelihood that available data are consistent with H2 is 1/1-million.
4. Summary and perspective

The possibility that the ratio 4,G%.(Q?)/G},(Q?), u, = G" (0), pos-
sesses a zero at some Q2 2 6m? has excited great interest for nearly
twenty-five years [21]. Whether it does and, if so, its location, present
fundamental questions to any attempt at solving the strong interaction

Physics Letters B 862 (2025) 139323

Likelihood H1

10 11 12 13 14 15 16

Fig. 6. SPM prediction for likelihood that available data on 4,G}(0*)/G},(Q?)
are consistent with a zero in the proton electric form factor on Q? < le_“. The
90% and 99.9 % confidence limits are marked by vertical dotted and dashed
lines, respectively. The boundary associated with H2 is marked by the red dot-
dashed line; namely, the likelihood that available data are inconsistent with a
zero to the left of this line is 1/1-million.

problem within the Standard Model of particle physics. The answers will
shine light on the character and expressions of emergent hadron mass.

Working with the 29 available data on u pG’;(QZ) / wa (0?) and with-
out reference to any model or theory of strong interactions, we develop
50000 function-form unbiased continued-fraction interpolator estimates
of the curve that underlies the data. Our analysis scheme - the Sch-
lessinger point method (SPM) - is founded in analytic function theory
and applicable in the same form to diverse systems and observables. The
SPM returns an objective expression of the information contained in any
data under consideration along with a reliable quantitative estimate of
interpolation and extrapolation uncertainties.

Our study predicts that, with 50% confidence, the data are consistent
with the existence of a zero in the ratio on Q% < 10.37 GeV? [Eq. (8)].
The level of confidence rises to 99.9% on Q? < 13.06 GeV? [Fig. 6].
Moreover, the likelihood that the data are consistent with the absence
of a zero in the ratio on Q2 < 14.49 GeV? is 1/1-million.

New data on the ratio should become available in the foreseeable
future. Meanwhile, the predictions presented herein can serve as useful
benchmarks for strong interaction phenomenology and theory. Some
models and phenomenological data fits are challenged by the conclu-
sions that our analysis supports.
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