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ARTICLE INFO ABSTRACT

Editor: A. Ringwald A light-front holographic model is used to illustrate an algebraic scheme for constructing a representation of a
hadron’s zero-skewness generalised parton distribution (GPD) from its valence-quark distribution function (DF)
and electromagnetic form factor, F;;, without reference to deeply virtual Compton scattering data. The hadron’s
mass distribution gravitational form factor, A, calculated from this GPD is harder than F,;; and, for each hadron,
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Elastic gravitational form factors the associated mass-density profile is more compact than the analogous charge profile, with each pion near-core
Emergence of mass density being larger than that of its proton partner. These features are independent of the scheme employed.
Nambu-Goldstone bosons

Nucleons

1. Introduction ern and anticipated facilities. Thus, a theory effort is underway, which

focuses on the prediction and physical interpretation of hadron GFFs.
There have been many model studies - see, e.g., Refs. [15-22]; and pre-
dictions for pion and proton GFFs have recently been obtained using
both continuum and lattice Schwinger function methods [23-26]. These
studies can potentially reveal links between EFFs and GFFs, and tie both
to phenomena underlying and connected with the emergence of mass in
strong interactions [4,27-30].

A key feature of GPDs is the connection they provide between a
hadron’s parton distribution functions (DFs) and their EFFs and GFFs.
This suggests that even before sufficient precise DVCS data become
available, one might use existing knowledge of DFs and EFFs to make
projections for a hadron’s GFFs. Pursuing this idea, Ref. [31] used pion
+ nucleus Drell-Yan and electron + pion scattering data [32-34] to de-
velop ensembles of model-independent representations of the pion GPD
and therefrom arrive at a data-driven prediction for the pion mass distri-
bution GFF, denoted A,,(Qz) below. A principal conclusion of Ref. [31]
is that A”(Qz) is less compact (harder) than F,[(QZ), its EFF. Moreover,
in general, defined in the usual way from these form factors, the associ-
ated radii are constrained as follows:

Hadron electromagnetic form factors (EFFs) are defined via the in-
hadron expectation value of the electromagnetic current in quantum
chromodynamics (QCD), which only involves quark contributions be-
cause gluons do not carry electric charge. Owing to their capacity for
revealing structural details of hadron targets and the longtime availabil-
ity of electron accelerators, such EFFs have been a focus of scrutiny by
experiment and theory for many years - see, e.g., Refs. [1-3]. Notwith-
standing this attention, numerous questions pertaining to both nonper-
turbative and perturbative aspects of QCD remain unanswered; so, this
interest continues today, with modern and anticipated high-luminosity,
high-energy facilities expected to deliver related data whose reach in
momentum-squared transfer may extend to 0%% 3Om12, [4-8], where m »
is the proton mass.

Analogous gravitational form factors (GFFs) are defined via the in-
hadron expectation value of the QCD energy momentum tensor. Ter-
restrial experiments involving graviton + hadron scattering are un-
realisable. However, following development of the generalised parton
distribution (GPD) formalism [9-11], it was recognised that empirical
information on hadron GFFs might become accessible via data on deeply
virtual Compton scattering (DVCS), i.e., by adapting electron beams to
a new purpose [12-14]. Here, too, precise data are expected from mod- % < (ri /r’;)2 <1. 1
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The lower bound is saturated by a pointlike two valence body system
and the upper by an infinitely massive such system, for which all radii
must smoothly approach zero from above and, therefore, their ratio ap-
proaches unity. Kindred analyses may be found in Refs. [35,36].

Herein, our goal is to introduce an algebraic simplicity to such anal-
yses and sketch an extension to the proton. We accomplish this using a
light-front holographic model of hadrons (LFHM) [37-39]. Some gen-
erality and QCD connections are lost, but these costs are offset by the
clarity and insights gained.

2. GPDs in a light-front holographic model

Adopting the LFHM described in Ref. [37-39], hadron electromag-
netic form factors (EFFs) are expressed via the Euler Beta function:

2
F.(Q% = Lp <T— Ly Q—)

N, 2 44
1
1 2 0%/4i—
= / (1= )2y @/ ay, @
T
0

where, for ground states, 7 is the number of constituent quarks and/or
antiquarks in the hadron; Q2 is the momentum-squared transfer in the
scattering process; N, =I'(1/2)['(r — 1)/T'(z — 1/2) ensures unit nor-
malisation at Q2 = 0; and A is the model mass scale. In this case, for
2<rez,

F.(0%) = ! : ®

’ (1+Q?/MH(1+Q2/M?) - (1+Q/M? )

with Mr% =4A(n + 1/2). Assuming that the pion (r = 2) EFF may be
approximated as a Q? monopole characterised by the p-meson mass,
m, =0.775 GeV [40], then \/ﬂ =0.548 GeV. Amongst this model’s mer-
its are its simplicity and reproduction of large-Q? power-law scaling
behavior for pion and nucleon electromagnetic form factors. The model
does not incorporate the In Q? scaling violations that are characteristic
of QCD [41].

The quality of the LFHM’s EFF descriptions is illustrated in Fig. 1.
Regarding the pion, the omission of scaling violations entails that a good
description of the form factor is only obtained on Q2 < 4m§ - see, e.g.,
Ref. [42]. Concerning the proton Dirac form factor, the picture is better
because, in this case, scaling violations set in at larger values of 02.The
LFHM delivers a poor description of the neutron Dirac form factor [37].
It is against this backdrop that one may judge the efficacy of the LFHM
as a starting point for hadron physics phenomenology.

Turning now to QCD, the contribution of a given valence quark to a
hadron’s EFF may be expressed in terms of a GPD [12]:

1
Fi(Q%) = / dx HY (x,£,-0?). @
0

Here we have limited ourselves to those terms which link to valence-
quark distribution functions (DFs) in the forward limit (¢ =0, 0% =0):

¢.(x)= HY (x,0,0). 5)

There is a similarity between Egs. (2), (4), which we shall proceed to
exploit.
Consider the following two functions, in general distinct:

X X

F(x;0%) = / dy f(1;0%), G(x;0%) = / dyg(y;0%), 6
0 0

where f, g are integrable, non-negative and continuously differen-
tiable (C!) functions on x € (0, 1). Plainly, F(0, 0?%)=0=G(0,0%). The
similarity between Egs. (2), (4) is recovered by requiring F(1,Q?%) =
G(1,0%.
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Fig. 1. Panel A. Pion form factor. Solid blue curve — LFHM, Eq. (3); dashed pur-
ple curve — prediction obtained using continuum Schwinger function methods
(CSMs) [42]; data obtained and analysed by JLab F, Collaborations [33,34].
Panel B. Proton Dirac form factor. Solid blue curve — LFHM, Eq. (3); and dashed
purple curve — CSM prediction [43]. On the displayed domain, the CSM result
is indistinguishable from a standard parametrisation of data [44].

Under the conditions stipulated, F(x;0?) and G(x;Q?) are mono-
tonically increasing C' functions of x, which are equal at the endpoints
of their support domains. (For this discussion, Q? is merely a label.) It
follows that there is another C! function w(x; Q2), satisfying

w(©0;0)=0, wl;0)=1, w'(x0%)>0, %)

where the derivative is on x, for which F(w(x; 0?); 0%) = G(x; 0?). This
is simply the statement that two functions, possessing the properties
highlighted above, can be deformed, one into the other, by a C! coor-
dinate mapping. (The functions F(x,e) =In(1 + ezxz)/ In(1+€?), e eR,
and G(x) =sin(zx/2) define a class of useful, illustrative examples.) It
follows that

Fwx); 0w (x;0%) = g(x; 0?). ®

Returning to Egs. (2), (4) and using Eq. (5), one may immediately
infer that the LFHM GPD has the form

HY_(x.0,-0%) = ¢,(x: 09w, (x; 0})]2*/44, (9a)
7.(x; 0 = Ni[l - w,(x: OO 2w, (x; 0w (x: Q7). (9b)

This analysis means that when using the LFHM, the zero-skewness GPD
is known once w_(x; 0?) is determined.

A GPD with a product form kindred to that in Eq. (9a) may be ob-
tained from a factorised representation of a hadron’s light-front wave
function - see the discussion in Ref. [45]. Even though factorised func-
tions are poor pointwise approximations on (x ~ 0,1; 1/Q? ~ 0), they
can nevertheless deliver reliable results for integrated quantities [46].

Following Ref. [39], we proceed by supposing that w,(x; Q?) is in-
dependent of Q?, working hereafter with w_(x). In this case, the profile
function for a given hadron is completely determined by its valence
quark DFs. Such DFs depend on the resolving scale, ¢. Since the LFHM
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Fig. 2. Hadron scale valence quark DFs for the pion [48] (dashed green) and
proton [49] (0.5 X u quark - solid red; d — dot-dashed blue). The long-dashed
grey curve is g;(x; &) = () (x;&5) + 47 (x;8;)1/3. The DF in Eq. (15) is the
dotted brown curve.
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Fig. 3. Profile functions, w,(x), for the pion (r =2 — dashed green) and proton
(7 =3 - solid red) associated with the hadron scale valence quark DFs in Fig. 2.
Profile associated with Eq. (15) — dotted brown curve.

works with constituent-like degrees of freedom, then the natural choice
is the hadron scale, {;;, whereat valence degrees of freedom carry all
hadron properties. This identification of {;, is a basic tenet of the all-
orders (AO) DF evolution scheme detailed in Ref. [47]. The AO approach
has been employed successfully in numerous applications, e.g., deliver-
ing unified predictions for all pion, kaon, and proton (unpolarised and
polarised) DFs [48-51] and pion fragmentation functions [52], and de-
livering a viable species separation of nucleon gravitational form factors
[24]. Using the process-independent charge in Ref. [53] as an exem-
plar for the class of AO effective charges, one finds {;; = 0.331(2) GeV.
Analysis of 1QCD results relating to the pion valence quark DF yields a
consistent result [54]: {3, =0.350(44) GeV.

It is worth noting that in LFHM phenomenology [37,38], a parame-
ter-weighted model for a 7 =4 term can be included to improve agree-
ment with selected data. We omit such additional degrees of freedom
because, in connection with the form factors and DFs discussed herein,
nothing material is lost thereby when one considers the LFHM to be
defined at the hadron scale.

Hadron-scale valence-quark DFs for the pion and proton are avail-
able in Refs. [48,49]. Drawn in Fig. 2, they were computed using contin-
uum Schwinger function methods (CSMs) and are consistent with much
available empirically-based information. Notably, owing to correlations
in the proton wave function and consistent with experiment [55,56],
u(x;¢&yy) # 2d (x;&3). This feature is not preserved in the LFHM un-
less additional model degrees-of-freedom and parameters are introduced
[38]. To avoid that in determining w,_3(x), we use instead a mean va-
lence quark DF in the proton, i.e., g;(x;{3) in Fig. 2. As will be shown
below, this Ansatz has no material impact on our discussion.

Using the DFs drawn in Fig. 2, it is straightforward to solve Eq. (9b)
numerically and obtain the required profile functions. The solutions are
drawn in Fig. 3. Evidently, they satisfy the constraints in Eq. (7).

At this point, the LFHM pion and proton GPDs are completely spec-
ified via Eq. (92). They are drawn in Fig. 4: as remarked elsewhere,
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Fig. 4. GPDs (at hadron scale). Pion (Panel A) and proton (Panel B), obtained
using Eq. (9), the relevant DFs from Fig. 2 and associated profile functions in
Fig. 3. At Q% =0, the peaks lie at x = 1/2, 0.29, respectively. They move toward
x = 1 with increasing Q?, showing valence quark dominance of scattering pro-
cesses at ultraviolet momentum-squared transfers.

pion DFs are the most dilated in Nature [49], and this feature is nec-
essarily expressed in GPDs, too. It is worth reiterating that their forms
are entirely fixed by supposing Eq. (2) — equivalently, Eq. (3) - to be
a good approximation to the given hadron’s EFF and using CSM pre-
dictions for the GPD’s forward limit, viz. the hadron’s valence quark
DFs at the hadron scale. The approach taken herein may be understood
as an algebraic simplification of the data-driven numerical method for
GPD determination employed in Ref. [31]. The scale-dependent parton
species decompositions of these GPDs can be obtained using the AO evo-
lution scheme, as shown for the pion and kaon in Ref. [45].

It should be stressed that owing to the established link with Eq. (2),
the LFHM produces pion and nucleon EFFs that exhibit no sensitivity to
the given hadron’s valence quark DFs. The analysis in Ref. [31] shows
that such an outcome is possible with a wide variety of GPD Ansdtze.
However this feature is not a property of QCD because it entails a vio-
lation of the connection between valence DF behavior on x ~ | and the
large-Q2 scaling-power of hadron form factors [49,54,57-601, viz. with
Goe (G0 ~ (1= x)P, p=27 =3 +2AS7, where ASZ® = 1/2,0,

1 7—1
2
F(0) ~ [E] . 10)

The insensitivity to hadron DFs does not persist for higher Mellin
moments of a GPD; so, the LFHM prediction for the mass distribution
GFF that appears in a hadron’s gravitational current is an independent
test of the model. On the other hand, one should not be surprised to find
that the sensitivity is weak.

3. Gravitational form factors

The GFF describing the distribution of mass within a hadron may be
obtained via [12]:
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Fig. 5. Panel A. Pion mass distribution form factor. Solid blue curve - LFHM
result obtained using Eq. (9) v =2 solutions in Eq. (11); dashed purple curve —
CSM prediction [23]; and grey up-triangles — IQCD results from Ref. [26], ob-
tained using m'?P ~ 0.17 GeV configurations. (Empirically, m, = 0.138 GeV
[401.) Dotted brown curve — result obtained using the DF in Eq. (15). Panel B.
Proton mass distribution form factor. Solid blue curve — LFHM obtained us-
ing Eq. (9) 7 =3 solutions in Eq. (11); dashed purple curve — CSM prediction
[24] and grey down-triangles — 1QCD results from Ref. [25], obtained using
m'QP ~ (.17 GeV configurations. Both panels. Dot-dashed green curve obtained
by replacing 4 — (m'° /m,)*1 in LFHM.

1

ANQH) = / dxx H,(x,0,-0%). a1
0

In the LFHM context, the GPD is that associated with ¢;,. Additional
information, pertaining, e.g., to parton species decompositions of GFFs,
may be found elsewhere [24,45]. Since a species decomposition is scale
dependent, readily accomplished using AO evolution, and contains no
new objective information, we do not discuss it further herein. Suffice
to say, as shown explicitly in Ref. [24], the level of agreement/disagree-
ment with any other calculation of, or data on, the total form factor is
enough to judge the same for each species decomposed form factor.

Using the GPDs constructed in Sec. 2 — depicted in Fig. 4, one obtains
the LFHM results for pion and proton mass distribution GFFs drawn in
Fig. 5. In this case, the LFHM pion result is slightly harder than the
CSM prediction [23], matching the EFF pattern, but this is reversed for
the proton, with the LFHM result being softer than the CSM prediction
[24]. Relative to the associated electric radii, the pion mass GFF radii
are given by:

LFHM CSM [23]
/e 058 054 (12)

consistent with the bounds in Eq. (1).

Turning to the proton, a comparison between mass radii and charge
radii requires knowledge of the so-called D-term in the first case and
the Pauli-term in the second:

3

- D),

(13a)
QZ =0 Zm?)

d
(r}y)* =6 255 A0
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P
+ %Fz ), (13b)

a
dQ?

where D(0) < 0 is the proton D-term and F; (0) is the proton anoma-
lous magnetic moment. The Pauli term in Eq. (13b) can be estimated
from empirical information: F;(0)3/ [2m12)] = (0.345 fm)?. Concerning
Eq. (13a), the value of D(0) is the “last unknown global property” of
the proton [15]. Using the recent CSM prediction, viz. D(0) = —=3.11(1)
[24], one finds D(0)3/ [2m§] = —(0.455(1) fm)?2. For the purpose of il-
lustration, we combine these results with the LFHM values of the first
terms in Egs. (13) and obtain:

"y =-6 —F'(Q%)
02=0

LFHM
(Fhass /70> 0.87

CSM [24]
0.81(5) . 14)

Fig. 5 also displays lattice-QCD (1QCD) results, reproduced from Refs.
[25,26]. Since the CSM predictions are parameter-free, are part of a body
of work that unifies pion, kaon, and nucleon electromagnetic and grav-
itational form factors [23,24,42], and agree with data wherever it is
available, the displayed comparisons suggest that the IQCD pion results
are too hard, possibly in part because the simulation pion mass-squared
is 50% too large. To check this possibility, we recall that, on a material,
relevant domain, pseudoscalar meson charge radii, -, satisfy the fol-
lowing relation [61]: r2_ mg_ ~ constant, where m- is the meson mass.
One might therefrom argue that in LFHM comparisons with studies that
use a heavy pion, the value of A should be increased because it deter-
mines the meson radius via Eq. (3). Implementing 4 — (mi?CD /my )4,
one obtains the dot-dashed green curve in Fig. 5A, which is a good match
for the 1QCD result. The same outcome is achieved for the proton — see
Fig. 5B. Implementing an analogous modification in CSM analyses is not
straightforward because hadron charge radii are not so trivially related
to the mass of the lightest vector meson. Consequently, the most that
can now reliably be stated is that 1QCD results at the physical pion mass
are desirable.

It is worth illustrating the sensitivity of LFHM results for A, to the
form of the DF. This is most straightforward for the pion, whose hadron-
scale valence quark DF is symmetric around x = 1/2 - see Fig. 2. Con-
sider, therefore, the following DF:

S (x: &5) = 1.0202[x(1 — x)]1°" . (15)

Drawn as the dotted brown curve in Fig. 2, it is practically x-independent
and, thus, very unlike the CSM prediction for #] (x;3,): the relative £,
difference between these two curves is 38%.

The profile function determined from Eq. (15) is drawn as the dotted
brown curve in Fig. 3. Unlike the CSM profile function, it is monotic and
convex. In fact, for all practical purposes, one may represent this profile
as w(x) = x2. (This is the solution of Eq. (9b) when qz(x;Qz) =1)In
that case, the following function is an accurate approximation to the
result obtained from Eq. (11):

Ac(Q*)=2B(1,2+ Q%/24), (16)

which is drawn as the dotted brown curve in Fig. 5A. On the domain dis-
played, the relative £, difference between A, ( is just 6%. Evidently,
therefore, as anticipated after Eq. (10), in this LFHM approach to build-
ing GPDs from EFFs and valence quark DFs, the mass GFF possesses little
sensitivity to the input DF because the EFF possesses none.

It is now plain that Ap(Qz) must be practically independent of the
choice made for ¢,_3; especially, whether one uses #/ or df or any
weighted average of these functions.

With the charge and mass distribution form factors in hand, one can
calculate transverse densities via two-dimensional Fourier transforms
[62]:

[+

pr(b) = / 22 010870, a7

0
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Fig. 6. Two-dimensional density profiles, calculated using Eq. (17) for the pion
and proton mass and charge distributions.

where J;, is a Bessel function of the first kind, and 7 = A delivers the
mass density and F = F, the charge density. Owing to the absence of
QCD scaling violations in LFHM pion form factors, the analogous three-
dimensional Fourier transform is not finite.

The pion and proton profiles are drawn in Fig. 6. Evidently, each
pion profile is more compressed than the like proton profile — unsur-
prisingly, perhaps, given their respective two vs. three valence body
content. Moreover, in each system, the mass profile peaks at a smaller
value of b, than the electromagnetic profile and, naturally, given appli-
cable conservation laws, the peak height is greater:

b /fm height X fm
A F A F
z 0116 0.151 240 1.84
p 0226 0260 185 1.55

(18)

For the pion, such outcomes were anticipated in Refs. [23,63]; and they
have since been found in continuum Schwinger function studies of pro-
ton form factors [24,43].

It should be borne in mind that since hadron wave functions are inde-
pendent of the probe used to explore them, then the relative ordering of
mass and electric radii is a statement about the probe itself, highlighting
that distinct probes perceive different features of the target constituents.
In the present discussion, one notes that a target dressed-quark carries
the same charge, irrespective of its momentum. So, the hadron wave
function alone controls the distribution of charge. On the other hand,
the gravitational interaction of a target dressed-quark depends on its
momentum - see Eq. (11); after all, the current relates to the energy
momentum tensor. Hence, the hadron’s mass GFF depends on interfer-
ence between quark momentum growth and wave function momentum
suppression. This pushes support to a larger momentum domain in the
hadron, which corresponds to a smaller distance domain.

4. Summary and outlook

Within the context of a light-front holographic model of hadrons
(LFHM), we presented an algebraic method that enables one to con-
struct a fair approximation to a hadron’s zero-skewness GPD from its
hadron-scale valence-quark distribution function (DF) and electromag-
netic form factor (EFF), without reference to scarce relevant data on
deeply virtual Compton scattering. The approach lies within a class that
exploits a separable form for the hadron’s light-front wave function [31].
Such schemes typically do not preserve the connection between valence
DF behavior on x ~ 1 and the large-Q? scaling-power of hadron form
factors [Eq. (10)], although that can be implemented as a constraint on
their construction, as was done herein.

Using the hadron GPD built in this way [Fig. 4], one can immediately
calculate the hadron’s mass distribution gravitational form factor (GFF),
Ay [Fig. 5]. Its sensitivity to the hadron’s DF is weak; but since that DF
is merely the GPDs forward limit, this is possibly a general feature. The
Q?-dependence of Ay is most closely tied to that of the related EFF,
Fy;. For both the pion and proton, A is harder than Fy, i.e., falls less

Physics Letters B 862 (2025) 139280
rapidly with increasing Q2. Consequently, the related light-front trans-
verse plane mass density profile is more compact than the analogous
charge density profile, with each pion near core density being larger
than that of its proton partner [Fig. 6]. These outcomes are not a state-
ment about the target wave function; instead, they are an expression of
those qualities of the target constituent to which the different probes
are sensitive.

It would be natural to extend this analysis to spin dependent as-
pects of the proton, relating helicity dependent DFs and spin-flip EFFs
to J(Q?), the proton’s spin distribution GFF. The approach could also be
adapted to more complicated bound-states, including pion and nucleon
excitations.
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