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 a b s t r a c t

Orbital angular momentum (OAM) is not a Poincaré invariant quantity; so, its value is observer dependent. 
Notwithstanding that, in quantum chromodynamics, a Poincaré-invariant theory, OAM is part of every hadron 
wave function. Using continuum Schwinger function methods, we elucidate both the subjective character of in-
hadron OAM and expose some of its impacts on pion and kaon structure and observables. For instance, working 
with light-front projections of their Bethe-Salpeter wave functions, it is found that the pion is a roughly 50/50 
mix of light-front OAM zero and one components and the kaon is a 60/40 system. The overall picture is that 
(near) Nambu-Goldstone modes are complex bound states, each with significant intrinsic OAM, independent of 
the observer’s reference frame. This feature must be accounted for in the calculation of observables. Inductively, 
the same is true for all hadrons.

1.  Introduction

In quark potential models, the pion, 𝜋, is represented as a 11𝑆0, 
𝐽𝑃𝐶 = 0−+, isospin unity (𝐼 = 1) bound state of a constituent light quark, 
𝑙, either up, 𝑢, or down, 𝑑, and a constituent light antiquark, 𝑙, viz. an 
𝑆-wave, radial ground state in which the constituents possess zero or-
bital angular momentum (OAM), 𝓁 = 0, and the parity is simply given 
as 𝑃 = (−1)𝓁+1 [1, Ch. 15]. The kaon, 𝐾, is similar, with the only differ-
ences being that one of the pion’s light quarks or antiquarks is replaced 
by a strange, 𝑠, quark or antiquark and 𝐼 = 1∕2.

In potential models, the Nambu-Goldstone (NG) boson character of 
the 𝜋, 𝐾 does not usually emerge naturally. Instead, the low masses 
of these mesons [1] are typically engineered by finely tuning pieces of 
the interaction potential; see, e.g., Ref. [2] and citations thereof. This 
need for tuning the interaction in order to reproduce NG mode masses 
is found in a wide variety of models, e.g., Refs. [3–8].

Significantly and often overlooked, the NG character of these states 
is expressed in more than merely their low masses. There is an intimate 
connection between 𝜋, 𝐾 properties and the axial-vector Ward-Green-
Takahashi identity in quantum chromodynamics (QCD) [9–15]. This 
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imposes many additional constraints, which extend into features of their 
internal structure [16–20] and also to the spectrum and structure of all 
their 0−+ excitations [21–27].

In any Poincaré-invariant treatment of 𝜋, 𝐾 properties, these states 
are not purely 𝑆-wave systems. That is impossible because Poincaré 
covariance itself, required for any QCD-connectable treatment of bound 
states seeded by light valence quarks, entails that every hadron contains 
OAM [28–30]. Consider that if one reference frame did exist in which 
the OAM characterising 𝜋 and/or 𝐾 were zero, then because 𝓁 is not a 
Poincaré invariant quantity, one would find 𝓁 ≠ 0 in all other frames. 
(Only total angular momentum, 𝐽 , is observable [31, Ch. 1-2-2].) Fur-
thermore, OAM and parity are unconnected in quantum field theory. 
This is clear because parity is a Poincaré invariant quantum number, 
whereas 𝓁 is not; and no observable can properly be defined by a sub-
jective quantity [32].

Evidently, 𝜋, 𝐾 structure is far more complicated than some may 
imagine. For instance, the dichotomies attending upon the character 
of light/lighter quark pseudoscalar mesons are commonly obscured in 
effective field theories or models built upon the implicit assumption that 
they are elementary (pointlike) degrees of freedom. Yet, delivering a 
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sound explanation of the structure of strongly interacting NG bosons and 
its expressions in observables are fundamental longstanding challenges 
in high-energy nuclear and particle physics [33–40].

Herein, we elucidate some aspects of these points by drawing pic-
tures of 𝜋, 𝐾 OAM content; identifying OAM connections with the 
physics of emergent hadron mass (EHM) [16,41–46]; calculating OAM 
decompositions of pseudoscalar meson electric charges and leptonic de-
cay constants, and explicating the dependence of these things on the 
quantisation/reference frame. In addition, by considering a (fictitious) 
heavy pion, 𝜋𝑠𝑠̄, built from valence degrees of freedom with degener-
ate current-masses that are inflated to match that of the 𝑠 quark, we 
expose additional impacts of Higgs boson couplings into QCD on NG 
boson OAM content.

Interest in exposing the OAM content of Poincaé-covariant hadron 
wave functions has been high since the “proton spin crisis” surfaced 
[47]. Using CSMs, a first elementary exposition was provided for octet 
and decuplet baryons in Ref. [48], with recent results sketched in Ref. 
[49]. The pion and its first radial excitation were discussed in Ref. [29] 
and, subsequently, related systems were considered in Ref. [30]; how-
ever, these studies were restricted to the leading-order CSM approxima-
tion, viz. rainbow-ladder (RL) truncation [50,51]. The study herein is 
novel and broader because it is the first to discuss OAM decompositions 
obtained in a higher-level, nonperturbatively improved CSM truncation 
[15] and the first to provide internally consistent comparisons between 
the rest-frame and light-front pictures, with the latter enabled by the 
methods introduced and exploited in Ref. [52].

Before proceeding, we note that the results presented herein are to 
be interpreted as expressing meson structural properties at the hadron 
scale, 𝜁H < 𝑚𝑁 , 𝑚𝑁  is the nucleon mass. At 𝜁H , all hadron properties 
are carried by its quasiparticle valence degrees of freedom (dof). The 
existence of such a scale is guaranteed by the theory of effective charges 
in QCD [53,54], [55, Sec. 4.3]. Evolution to scales 𝜁 > 𝜁H  can proceed 
via the all-orders (AO) scheme [56], which has proven efficacious in 
numerous applications; see, e.g., Refs. [19,57–60].

2.  NG bosons via the Bethe-Salpeter equation

We use continuum Schwinger function methods (CSMs) to obtain 
Poincaré-covariant Bethe-Salpeter wave functions (BSWFs) for the 𝐽𝑃 =
0− states considered herein. Each such BSWF has the form: 
X𝟧(𝑘;𝑄) = 𝑆𝑓 (𝑘𝜂)Γ5(𝑘;𝑄)𝑆𝑔(𝑘𝜂̄) (1a)

= 𝑆𝑓 (𝑘𝜂)
{

𝛾5
[

𝑖𝐸𝟧(𝑘;𝑄) + 𝛾 ⋅𝑄𝐹𝟧(𝑘;𝑄)

+𝛾 ⋅ 𝑘 𝑘 ⋅𝑄𝐺𝟧(𝑘;𝑄) + 𝜎𝜇𝜈𝑘𝜇𝑄𝜈𝐻𝟧(𝑘;𝑄)
]}

𝑆𝑔(𝑘𝜂̄) (1b)

=∶ 𝛾5
[

𝑖E𝟧(𝑘;𝑄) + 𝛾 ⋅𝑄F𝟧(𝑘;𝑄)

+𝛾 ⋅ 𝑘 𝑘 ⋅𝑄G𝟧(𝑘;𝑄) + 𝜎𝜇𝜈𝑘𝜇𝑄𝜈H𝟧(𝑘;𝑄)
]

, (1c)

=∶ g1E𝟧(𝑘;𝑄) + g2F𝟧(𝑘;𝑄)

+ g3G𝟧(𝑘;𝑄) + g4H𝟧(𝑘;𝑄), (1d)

=∶ X 1
𝟧 (𝑘;𝑄) + X 2

𝟧 (𝑘;𝑄) + X 3
𝟧 (𝑘;𝑄) + X 4

𝟧 (𝑘;𝑄), (1e)

where Γ5(𝑘;𝑄) is the BS amplitude (amputated BSWF); 𝑄 is the meson 
total momentum, 𝑄2 = −𝑚2

𝟧
, 𝑚𝟧 is the meson mass; 𝑘 is the relative mo-

mentum between the valence quark, 𝑓 , and antiquark, 𝑔̄, whose proper-
ties specify the character of the system; 𝑘𝜂 = 𝑘 + 𝜂𝑄, 𝑘𝜂̄ = 𝑘 − (1 − 𝜂)𝑄, 
0 ≤ 𝜂 ≤ 1; and g𝑖=1,2,3,4 are Dirac matrices, defined implicitly by com-
paring Eqs. (1c), (1d). For 𝑚𝑓 = 𝑚𝑔 , it is useful to choose 𝜂 = 1∕2; then, 
𝐸𝟧, 𝐹𝟧, 𝐺𝟧,𝐻𝟧 in Eq. (1b) are even functions of 𝑘 ⋅𝑄. 

Considering the rest-frame projection of the BSWF in Eq. (1), one 
finds [29,61] that E𝟧,F𝟧 correspond to 𝑆-wave, whereas G𝟧,H𝟧 are 𝑃 -
wave components. (These associations are signalled by the appearance 
of 𝑘 in the second line of Eq. (1c).) In contrast, regarding light-front 
wave functions (LFWFs), as discussed in Section 4 below, F𝟧, G𝟧 ex-
press zero OAM between the valence quasiparticle constituents and H𝟧

generates the OAM unity component. The remaining term, E𝟧, does 
not contribute to the leading-twist LFWF. These remarks highlight the 

frame dependence of OAM. (N.B. In light-front quantisation, with 𝑧̂, the 
𝑧-direction, taken to define the light-front, both 𝐽 and 𝐽𝑧 = 𝓁𝑧 + s𝑧 are 
kinematic operators [62]. Hence, the 𝐽 = 0 pseudoscalar meson LFWF 
has two components: 𝓁𝑧 = 0, s = 0 and 𝓁𝑧 = ±1, s = ∓1; see Eq. (15) be-
low. Consequently, pseudoscalar meson light-front OAM may be di-
rectly linked with the helicity of the dof. In contrast, rest-frame OAM 
deals with eigenvalues of the dof 𝓁.)

In Eq. (1), 𝑆{𝑓,𝑔}={𝑙,𝑠} is the 2-point Schwinger function (propagator) 
associated with the valence quasiparticle dof in the bound-state, with 
𝑙 = 𝑢 or 𝑑: 
𝑆𝑙,𝑠(𝑞) = 1∕[𝑖𝛾 ⋅ 𝑞𝐴𝑙,𝑠(𝑞2) + 𝐵𝑙,𝑠(𝑞2)], (2a)

=∶ 𝑍𝑙,𝑠(𝑞2)∕[𝑖𝛾 ⋅ 𝑞 +𝑀𝑙,𝑠(𝑞2)] . (2b)

The vector part of the dressed-quark self-energy, 𝐴𝑙,𝑠(𝑞2), becomes uni-
formly closer to unity as the quark current mass is increased, whereas 
the scalar part, 𝐵𝑙,𝑠(𝑞2), increases uniformly in magnitude at the same 
time [16, Fig. 2.5], [63, Fig. 3]. 𝑀𝑙,𝑠(𝑞2) is the dressed-quark mass func-
tion [64], which is renormalisation group invariant in a multiplicatively 
renormalisable theory.

Using CSMs, the solution of a given meson bound state problem is 
obtained by considering a set of coupled gap and Bethe-Salpeter equa-
tions [65,66]. Owing to feedup within the infinite tower of equations 
(Dyson-Schwinger equations, DSEs [65]) of which the gap and Bethe-
Salpeter equations form a part, it is necessary to introduce an approxi-
mation scheme that enables one to deliver physics results from a finite 
subsystem of DSEs.

Two methods are commonly used today: (I) rainbow-ladder (RL) 
truncation, i.e., the leading-order approximation in the scheme intro-
duced in Refs. [50,51]; and (II) the nonperturbative extension (bRL) of 
that truncation elucidated and employed in Refs. [14,15,27]. Effica-
cious implementations of RL truncation can be traced from Ref. [10] 
and the beginning of steps beyond RL truncation are described in Refs. 
[11,12,67]. In both cases, two elements are key, viz. (a) the effective 
charge; and (b) the dressed gluon-quark vertex, Γ𝜈 (𝑞, 𝑝).

Studies of the gauge sector in QCD have led to the following ef-
ficacious form for the product of effective charge and gluon 2-point 
Schwinger function [60,68–70]: 

d (𝑦) = 2𝜋
𝜔4
𝐷𝑒−𝑦∕𝜔

2
+

𝜋𝛾𝑚F (𝑦)
1
2 ln

[

𝜏 + (1 + 𝑦∕Λ2
QCD)

2
]

, (3)

where 𝛾𝑚 = 12∕25, ΛQCD = 0.234GeV, 𝜏 = e2 − 1, and F (𝑦) = {1 −
exp(−𝑦∕Λ2

I )}∕𝑦, ΛI = 1GeV.
Given Eq. (3), then the kernel of the gap equation for 𝑆𝑙,𝑠(𝑝) can be 

written as (𝑙 = (𝑝 − 𝑞), 𝑦 = 𝑙2) [10,70]:

d (𝑦)𝑇𝜇𝜈 (𝑙)[𝑖𝛾𝜇
𝜆𝑎

2
]𝑡𝑟[𝑖Γ𝜈 (𝑞, 𝑝)

𝜆𝑎

2
]𝑠𝑢, (4)

𝑙2𝑇𝜇𝜈 (𝑙) = 𝑙2𝛿𝜇𝜈 − 𝑙𝜇𝑙𝜈 . Landau gauge is employed because, amongst 
other merits, it is a fixed point of the QCD renormalisation group. 
In solving all relevant DSEs, we use a mass-independent momentum-
subtraction renormalisation scheme [71], with renormalisation scale 
𝜁 = 19GeV. At this scale, the quark wave function renormalisation con-
stant is practically unity, 𝑍2 ≈ 1, which leads to useful simplifications. 
Evolution to different renormalisation scales is straightforward.

Rainbow-ladder truncation may now be introduced as [10, Sec. II] 
ΓRL𝜈 (𝑞, 𝑝) = 𝛾𝜈 ; then the bRL (EHM-improved) vertex employed in Refs. 
[15,27] has the following form:
Γ𝜈(𝑞, 𝑝) = ΓRL𝜈 (𝑞, 𝑝) − a 𝜅(𝑦) 𝜎𝛼𝜈 𝑙𝛼 . (5)

Here, a = 1.1 expresses the strength of the associated EHM-induced 
dressed-quark anomalous chromomagnetic moment (ACM) [72–75]. 
The ACM is essentially nonperturbative in origin; hence, an IR-focused 
profile function is appropriate, viz. 𝜅(𝑦) = (1∕𝜔) exp(−𝑦∕𝜔2). This ACM 
improvement eliminates most defects of RL truncation in spectrum cal-
culations [15,67] and also has a discernible effect on hadron structure 
[27].
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Table 1 
Panel A. Quark current masses and interaction parameters, 
Eq. (3), employed to calculate meson BSWFs. The strength 
of the bRL anomalous chromomagnetic moment, Eq. (5), is 
a = 1.1. Panel B. Meson masses and leptonic decay constants 
calculated using the values in Panel A. With the listed renor-
malisation group invariant current masses, leading-order 
evolution to 𝜁 = 2GeV yields the following values (in GeV): 
RL – 0.0054, 0.121; bRL – 0.0031, 0.083. For context, Ref. [1, 
PDG] reports: 0.0035, 0.094, values which align well with the 
bRL masses. (All tabulated quantities listed in GeV.).

 A 𝑚̂ 𝑚̂𝑠 𝜔 (𝜔𝐷)1∕3

 RL 0.0072 0.161 0.6 0.80
 bRL 0.0041 0.110 0.8 0.72

 B 𝑚𝜋 𝑚𝐾 𝑚𝜋𝑠𝑠̄ 𝑓𝜋 𝑓𝐾 𝑓𝜋𝑠𝑠̄

 RL 0.14 0.49 0.69 0.090 0.11 0.13
 bRL 0.14 0.49 0.67 0.098 0.11 0.12

It should be stressed here that whilst RL truncation is still the most 
widely used, owing to its simplicity, available comparisons with infer-
ences from data and other robust calculations indicate that bRL results 
are more realistic; see, e.g., Refs. [15,17,27,57,76–78].

In the calculation of any observable, one must employ the canoni-
cally normalised BSWF [79, Sec. 3]. In nonrelativistic quantum mechan-
ics, a bound-state wave function, Ψ(𝑥), is a probability amplitude and 
its normalisation is simply implemented by introducing a multiplica-
tive scaling factor that ensures 1 = ∫ 𝑑𝑥 |Ψ(𝑥)|2. In Poincaré-invariant 
quantum field theory, however, owing, inter alia, to the loss of parti-
cle number conservation, the Poincaré-covariant Bethe-Salpeter wave 
function does not permit interpretation as a probability amplitude. One 
consequence of this is that its normalisation is different from that used 
in nonrelativistic quantum mechanics.

Using any approximation scheme in which the Bethe-Salpeter kernel, 
K , is independent of the total momentum of the pair of valence dof, 𝑄, 
like RL truncation, it is common to implement canonical normalisation 
by rescaling the solution of the homogeneous Bethe-Salpeter equation 
such that [10, Eq. (27)]: 

1 = 2trCD ∫𝑑𝑘
𝑑
𝑑𝑄2

[

𝑖X̄𝟧(𝑘; −𝐾)𝑆−1
𝑓 (𝑘𝜂)𝑖X𝟧(𝑘;𝐾)𝑆−1

𝑔 (𝑘𝜂̄)
]𝑄2+𝑚2

𝟧
=0

𝐾=𝑄
, (6)

where the trace is over colour and spinor indices, ∫𝑑𝑘 indicates a trans-
lationally invariant regularisation of the four-dimensional integral, and 
X̄5(𝑘; −𝑄) = 𝐶†X T

5 (−𝑘; −𝑄)𝐶, with 𝐶 = 𝛾2𝛾4 and (⋅)𝑇  indicating matrix 
transpose, is the charge-conjugated BSWF [10, Eq. (27)].

In the general case, when K  does depend on 𝑄, canonical normal-
isation can be implemented by first writing the homogeneous Bethe-
Salpeter equation in the following eigenvalue form:

Γ𝟧(𝑘;𝑄) = 𝜆(𝑄2)∫𝑑𝑞
X𝟧(𝑞;𝑄)K (𝑞, 𝑘;𝑄) . (7)

Then the required meson wave function is obtained at that value of 𝑄2

for which 𝜆(𝑄2) = 1 and the resulting wave function is normalised by 
rescaling such that [79, Sec. 3]: 

1 =
[

𝑑 ln 𝜆(𝑄2)
𝑑𝑄2

× trCD ∫𝑑𝑘
X̄𝟧(𝑘; −𝑄)𝑆−1

𝑓 (𝑘𝜂)X𝟧(𝑘;𝑄)𝑆−1
𝑔 (𝑘𝜂̄)

]

𝑄2+𝑚2
𝟧
=0
.

(8)

The analogue for baryons can be found in Ref. [80, Fig. 3].
Importantly, in RL truncation and using the same Bethe-Salpeter 

wave function, both Eqs. (6) and (8) yield an identical numerical re-
sult for the normalisation rescaling factor. This is despite the fact that, 
after the differentiation in Eq. (6) is applied, which is common when 
proving current conservation in RL truncation [81], the integrands in 
Eqs. (6) and (8) are very different. One merit of the procedure associ-

ated with Eq. (8) is that it has more of the appearance of wave function 
normalisation in quantum mechanics.

In addition to RL truncation, herein we also deliver predictions ob-
tained with the bRL kernel defined implicitly by Eq. (5) and constructed 
explicitly using the procedure introduced in Refs. [14,15]. In each 
channel, this bRL kernel introduces additional sensitivity to both EHM 
and Higgs-boson related chiral symmetry breaking effects, but its de-
pendence on the meson total momentum is weak. Consequently, the 
numerical value of the canonical normalisation constant obtained using 
the general formula, Eq. (8), is little different from that yielded by the 𝑄-
independent kernel form, Eq. (6): for all systems considered herein, the 
relative differences are ≲ 1%. The mismatch is especially small because 
all three systems are pseudoscalar meson ground states and the ACM 
has most observable impact on systems in which EHM plays a greater 
role, like axial-vector mesons [14,15,67].

At this point, with the quark current masses and parameter values 
in Table 2A, the necessary gap and Bethe-Salpeter equations can be 
solved using standard algorithms [10,82,83]. Along with the pointwise 
behaviour of the meson Bethe-Salpeter wave functions, this delivers the 
meson masses (from the value of 𝑄2 for which 𝜆(𝑄2) = 1) and leptonic 
decay constants listed in Table 2B. The leptonic decay constants are 
obtained using (recall that 𝑍2 ≈ 1):

𝑓𝟧𝑄𝜇 = trCD ∫𝑑𝑘
𝛾5𝛾𝜇𝑋𝟧(𝑘;𝑄) . (9)

For the ground state 𝜋, 𝐾, both RL and bRL predictions are a good 
match with empirical determinations [1]. This outcome is an implicit 
expression of the NG character of these states [9–13]: all symmetry-
preserving CSM truncations must deliver a good description. Regard-
ing 𝜋𝑠𝑠̄, the meson masses are the same, but one sees a 12% difference 
between the decay constants. This is one indication of the observable 
impact of bRL corrections in the neighbourhood of 𝑚̂𝑠, i.e. following this 
size of Higgs-boson induced shift away from the NG boson limit.

In order to calculate charge radii, one must know the electromag-
netic current that is symmetry-consistent with the approximation to the 
Bethe-Salpeter kernel. For RL truncation, this current was introduced in 
Ref. [81]: it may be viewed as the origin of the Eq. (6) normalisation 
condition; and has since been widely and efficaciously employed, most 
recently in Ref. [84]. The symmetry-consistent current is not known 
for any bRL kernel. Notwithstanding, given the near numerical equiv-
alence of the Eqs. (6) and (8) normalisation values obtained using the 
bRL kernel described herein, one might reasonably expect that the asso-
ciated bRL electromagnetic current evaluated with the associated wave 
functions yields results that are quantitatively similar to those obtained 
in RL truncation. Here, therefore, we record charge radii of the 𝜋, 𝐾, 
𝜋𝑠𝑠̄, which were calculated elsewhere [84,85] using precisely the same 
RL framework as that described herein (in fm): 𝑟𝜋 = 0.67; 𝑟𝐾 = 0.60; 
𝑟𝜋𝑠𝑠̄ = 0.49. Where the comparison makes sense, these results are in 
good agreement with the empirical values [1,86]: 𝑟𝜋 = 0.663(6); 𝑟𝐾 =
0.56(3).

3.  Rest-frame OAM

Consider the following collection of projection operators: 
P1=E=𝑆wave =

−𝑖
4 𝛾5, (10a)

P2=F =𝑆wave =
1

4𝑄2 𝛾 ⋅𝑄𝛾5, (10b)

P3=G=𝑃𝑤𝑎𝑣𝑒 =
1
4

1
𝑘2

1
𝑘⋅𝑄 𝛾 ⋅ 𝑘𝛾5, (10c)

P4=H =𝑃wave =
1
4

1
(𝑘⋅𝑄)2−𝑘2𝑄2 𝜎𝜇𝜈𝑄𝜇𝑘𝜈 , (10d)

which, when applied to Eq. (1c), yield the independent wave function 
components whose rest-frame OAM association is specified in the sub-
script. Working with these projection operators, one has
X 𝑖
𝟧(𝑘;𝑄) = g𝑖trDP𝑖X5(𝑘;𝑄), (11)
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Fig. 1. RL truncation valence dof OAM pairing contributions to the normali-
sation of a charged pseudoscalar meson, defined via Eq. (13). There are both 
positive (above plane) and negative (below plane) contributions, the total sum 
of which is unity. 

with no sum on 𝑖, e.g., the leading 𝑆-wave component is X 1
𝟧
(𝑘;𝑄) =

g1E5(𝑘;𝑄).
Focusing first on RL truncation, then using these projection operators 

and the Poincaré-covariant Bethe-Salpeter wave function, we construct 
the following matrix: 

l 𝑖𝑗 = 2trCD ∫𝑑𝑘
𝑑
𝑑𝑄2

[

𝑖X̄ 𝑖
𝟧(𝑘; −𝑄)𝑆

−1
𝑓 (𝑘𝜂)𝑖X

𝑗
𝟧
(𝑘;𝑄)𝑆−1

𝑔 (𝑘𝜂̄)
]𝑃 2+𝑚2

𝟧
=0

𝑄=𝑃
. (12)

Eq. (6) guarantees

1 =
4
∑

𝑖,𝑗
l 𝑖𝑗 . (13)

Hence, when calculated with RL truncation Bethe-Salpeter wave func-
tions evaluated in the meson rest frame, l 𝑖𝑗 may be viewed as a way 
of measuring the contribution of a given OAM partial-wave pairing to 
the bound-state normalisation. Since canonical normalisation is equiv-
alent to requiring that the elastic electric form factor of a charged pseu-
doscalar meson is unity at zero momentum transfer, then, equivalently, 
l 𝑖𝑗 provides one means of describing the contribution of a given OAM 
partial-wave pairing to the bound-state electric charge. In implementing 
this scheme, we employ a modified version of the procedure introduced 
in Ref. [30].

Fig. 1A, depicts RL truncation results for the valence quasiparticle 
dof OAM-pairing contributions to the normalisation of the 𝜋+, defined 
via Eqs. (12), (13). As with analogous images for baryons [49], there are 
both positive (above plane) and negative (below plane) contributions, 
and the total sum of all contributions is unity (100%). Evidently, the 
X 1
𝜋 ⊗ X 1

𝜋  (𝑆 ⊗ 𝑆-wave) contribution has the largest magnitude but it is 
also negative. This part is marginally overcompensated by positive X 1

𝜋 ⊗
X 2
𝜋  contributions. So, finally, the unit normalisation (charge) is almost 

Table 2 
Panel A. Contributions (measured in %) from 
various in-meson rest-frame partial wave over-
laps to the pseudoscalar meson charge (canoni-
cal normalisation) as measured in RL truncation 
by the matrix in Eq. (12). The entries quantify 
the images in Fig. 1. Panel B. % contributions 
from in-meson rest-frame partial wave overlaps 
to the meson charge as measured in RL trun-
cation by the matrix in Eq. (14) – quantifying 
Fig. 2 images. Panel C. % contributions from 
in-meson rest-frame partial wave overlaps to the 
meson charge as measured in bRL truncation by 
the matrix in Eq. (14) – quantifying Fig. 3 im-
ages.

 A RL Eq. (12) 𝑆 ⊗ 𝑆 𝑆 ⊗ 𝑃 𝑃 ⊗ 𝑃

𝜋+ 16.2 84.5 −0.7
𝐾+ 23.7 78.3 −2.0
𝜋+
𝑠𝑠̄ 17.9 90.1 −8.0

 B RL Eq. (14) 𝑆 ⊗ 𝑆 𝑆 ⊗ 𝑃 𝑃 ⊗ 𝑃

𝜋+ 100.7 −1.9 1.2
𝐾+ 97.5 −0.3 2.8
𝜋+
𝑠𝑠̄ 108.9 −22.1 13.2

 C bRL Eq. (14) 𝑆 ⊗ 𝑆 𝑆 ⊗ 𝑃 𝑃 ⊗ 𝑃

𝜋+ 101.0 −1.6 0.6
𝐾+ 110.3 −17.4 7.1
𝜋+
𝑠𝑠̄ 119.8 −33.5 13.7

entirely provided by X 1
𝜋 ⊗ X 4

𝜋  (𝑆 ⊗ 𝑃 -wave) constructive interference; 
see Table 3A.

As valence quark current mass is increased – see Fig. 1B, C, the mag-
nitude of both X 1 ⊗ X 1 and X 1 ⊗ X 2 terms increases and an X 2 ⊗ X 2

term appears. The sum of these four contributions remains a modestly 
sized positive number; so that the positive normalisation (charge) con-
tinues to be largely generated by X 1 ⊗ X 4 (𝑆 ⊗ 𝑃 -wave) constructive 
interference. (This terms grows slower with increasing current mass.) 
In all cases, 𝑃 ⊗ 𝑃 -wave interference is destructive when measured via 
Eq. (12).

Note now that: (i) the axial-vector Ward-Green-Takahashi identity 
forces an approximate linear proportionality between X 1 and the scalar 
piece of the dressed-quark self-energy, Eq. (2) – see, e.g., Ref. [10, 
Eq. (34)] – and the latter function increases with quark current mass; 
and (ii) the X 2 term carries a linear dependence on 𝑚𝟧. Consequently, it 
is unsurprising that these 𝑆 ⊗ 𝑆 terms increase in magnitude in a man-
ner that approximately matches the growth in current mass. (Naturally, 
this is hidden in the relative sizes (percentages) listed in Table 3.)

Owing to charge conjugation symmetry in 𝜋, 𝜋𝑠𝑠̄, X 3-connected con-
tributions to the normalisation are only apparent in the kaon. These lead 
to destructive interference, which suppresses 𝑆 ⊗ 𝑃 -wave strength, so a 
greater fraction of the charge owes to the 𝑆 ⊗ 𝑆-wave components.

Now, instead, consider the general case, Eq. (8), working from which 
one can construct an analogous matrix: 

L 𝑖𝑗 = −
[

𝑑 ln 𝜆(𝑄2)
𝑑𝑄2

trCD ∫𝑑𝑘
X̄ 𝑖
𝟧(𝑘; −𝑄)𝑆

−1
𝑓 (𝑘𝜂)X

𝑗
𝟧
(𝑘;𝑄)𝑆−1

𝑔 (𝑘𝜂̄)
]

𝑃 2+𝑚2
𝟧
=0
,

(14)

wherewith, this time, Eq. (8) guarantees 1 =
∑4
𝑖,𝑗 L 𝑖𝑗 .

The matrix in Eq. (14) provides an alternative measure of the rest-
frame OAM pairing contributions to a meson’s electric charge. In omit-
ting the derivative on the integrand when compared with the matrix 
in Eq. (12), it is plain that Eq. (14) is more akin to the normalisation 
condition of bound-state wave functions in nonrelativistic quantum me-
chanics.

Calculated RL results obtained using Eq. (14) are drawn in the pan-
els of Fig. 2; see, also, Table 3B. By this measure, the rest-frame pion 
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Fig. 2. RL truncation valence dof OAM pairing contributions to the normalisa-
tion of a charged pseudoscalar meson, defined via Eq. (14). As in Fig. 1, there 
are both positive (above plane) and negative (below plane) contributions – see 
Table 3, the total sum of which is unity, notwithstanding the marked differences 
between related images. 

is predominantly 𝑆 ⊗ 𝑆-wave, although 𝑃 -waves contribute somewhat. 
Here, too, with increasing dof current mass, the relative strengths of 
𝑃 -wave contributions are magnified. However, the images in Fig. 2 
are very different from those in Fig. 1. This highlights again that, in 
quantum field theory, where canonical normalisation involves combin-
ing numerous integrals of overlaps of the various Bethe-Salpeter wave 
function components, it is only the sum that is truly a probability, not 
the individual terms in that sum.

Some additional remarks are, perhaps, useful at this point. The in-
tegrands in Eqs. (6), (12) are obtained by considering the electromag-
netic currents of the valence constituents inside the meson [87]. How-
ever, as stressed in Ref. [79, Sec. 3], there are many other possibilities, 
e.g., avoiding issues with electric-charge-zero bound-states, the energy-
momentum tensor was used in Ref. [88]. These two schemes, and oth-
ers, too, deliver different integrands, but identical values for the integral 
therewith defined [89]. Likewise, for Eqs. (8), (14). (Such outcomes are 
standard; for instance, ∫ 1

0 2𝑥 = 1 = ∫ 1
0 [4𝑥 − 3𝑥2].) This must be the case; 

otherwise, the normalisation of a Bethe-Salpeter amplitude would be ar-
bitrary and, e.g., one could not use it to predict even a leptonic decay 
constant. The basic point is that a system’s OAM decomposition depends 
on both the frame used to define it and the probe used to resolve it. 
Thus, OAM decompositions in Poincaré-invariant quantum field theory 
are only defined within these subjective horizons.

Returning to Eqs. (8), (14), OAM decompositions obtained using the 
bRL kernel are drawn in Fig. 3. Evidently, for the pion, by this measure, 
RL cf. bRL OAM decompositions are qualitatively similar. Nevertheless, 
there are quantitative differences – compare Table 3B, C: as seen in Ref. 
[52], the bRL kernel enhances OAM effects in the bound state because 

Fig. 3. bRL truncation valence dof OAM pairing contributions to the normali-
sation of a charged pseudoscalar meson, defined via Eq. (14). As in Fig. 1, there 
are both positive (above plane) and negative (below plane) contributions – see 
Table 3, the total sum of which is unity, notwithstanding the marked differences 
between related images. 

EHM remains the dominant matter-mass generating mechanism on a 
larger domain of current mass than in RL truncation.

It is also worth indicating the impact of the different truncations on 
the wave functions themselves. To that end, in Fig. 4, we depict the ze-
roth Chebyshev moment [10, Eq. (69)] of the E𝟧(𝑘;𝑃 ) term in Eq. (1d), 
denoted, as usual, E0

𝟧
(𝑘2). This provides the largest magnitude contri-

bution in all cases; see Figs. 1–3. The evident differences between RL 
and bRL results are typical of the impacts of EHM-improvement on the 
wave functions as a whole. Namely, given the axial-vector Ward-Green-
Takahashi identity constraints and owing to the pion being a near NG 
boson, both RL and bRL truncations deliver much the same results for 
this system. The impacts of EHM-improvement are larger in the current 
mass asymmetric kaon and they grow, too, with increasing quark cur-
rent mass, in large part because the heavier systems are farther from the 
NG boson limit. Given that the ACM is an infrared effect, all differences 
vanish with increasing 𝑘2.

Another observable of interest is the leptonic decay constant, Eq. (9), 
which can also be decomposed over rest-frame partial wave contribu-
tions. Owing to the spinor trace, only 𝑖 = 2 (F𝟧, 𝑆-wave) and 𝑖 = 3 (G𝟧, 
𝑃 -wave) contribute. The results are listed in Table 4. Evidently, calcu-
lated using RL truncation, the 𝑆-wave contributions are large and pos-
itive, with the excess being cancelled via destructive interference with 
the 𝑃 -wave contribution. Although the 𝜋 and 𝐾 results are the same, 
the 𝑆- and 𝑃 -wave fractional contributions diminish in magnitude as 
the current mass of both valence constituents is increased.

Using the bRL Bethe-Salpeter kernel, on the other hand, one sees in 
Table 4 that the rest-frame 𝑆-wave contribution is a more important 
fraction of the final result for 𝑓𝟧, viz. 𝑆-wave alone yields a result closer 
to the final value. Furthermore, the partitioning between 𝑆- and 𝑃  wave 
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Fig. 4. Zeroth Chebyshev moment of the E𝟧(𝑘;𝑄) term in Eq. (1d) as calculated 
with RL and bRL kernels. Using the RL kernel, 𝑀(0) = 0.4GeV, and with the 
bRL interaction, 𝑀(0) = 0.45GeV. 

Table 3 
Rest-frame OAM decomposition of me-
son leptonic decay constants, listed as 
a multiplicative fraction of the total re-
sult in Table 2B.

𝑓𝜋 𝑓𝐾 𝑓𝜋𝑠𝑠̄

 RL 𝑆 1.33 1.34 1.25
𝑃 −0.33 −0.34 −0.25

 bRL 𝑆 1.16 1.18 1.18
𝑃 −0.16 −0.18 −0.18

components is practically the same for all cases considered herein. These 
observations indicate that EHM expressions in the bRL kernel dominate 
over Higgs-boson mass generating effects on a much greater domain of 
quark current masses than one finds with the RL kernel. Since bRL is 
a more realistic kernel, then these outcomes should be considered as 
more reliable indications of the impacts of rest-frame OAM components 
within pseudoscalar mesons.

4.  Light-front OAM

As explicated, e.g., in Ref. [52], with a Poincaré-covariant Bethe-
Salpeter wave function in hand, it is possible to obtain the bound-state’s 
LFWF via a straightforward numerical procedure. For a pseudoscalar 
meson, the resulting leading-twist valence quasiparticle LFWF has the 
form: 

𝜓𝟧(𝑥, 𝑘2⟂) ∝ 𝛾5
[

𝛾 ⋅ 𝑛𝜓L=0
𝟧 (𝑥, 𝑘2⟂) + 𝑖𝜎𝜇𝜈𝑛𝜇𝑘⟂𝜈 𝜓

L=1
𝟧 (𝑥, 𝑘2⟂)

]

, (15)

where 𝑛 is a lightlike 4-vector, 𝑛2 = 0, 𝑛 ⋅ 𝑘⟂ = 0, and 𝑛 ⋅ 𝑃 = −𝑚𝟧 in the 
meson rest frame. The superscript in Eq. (15) indicates the light-front 
orbital angular momentum projection: L = 0 =↑↓=↓↑ means the LFWF 
has the light-front spins of the valence constituents antialigned; and 
L = 1 =↑↑=↓↓ has them aligned.

We take this opportunity to again highlight the frame-dependence of 
OAM. Regarding Eq. (15), X 2

5  (rest-frame 𝑆-wave) and X 3
5  (rest-frame 𝑃 -

wave) contribute to the light-front OAM L = 0 term and X 4
5  (rest-frame 

𝑃 -wave) is the sole contributor to light-front L = 1. Since the X 1
5  term 

is higher twist [90], it makes no contribution to 𝜓𝟧(𝑥, 𝑘2⟂).
In comparison with the BSWF, a bound-state’s LFWF does have a 

probability interpretation. Consequently, its normalisation is guaran-

Table 4 
OAM decomposition of meson LFWF normalisation, 
Eq. (16).

𝜋 𝐾 𝜋𝑠𝑠̄

𝑃0 𝑃1 𝑃0 𝑃1 𝑃0 𝑃1

 RL 0.64 0.36 0.66 0.34 0.73 0.27
 bRL 0.51 0.49 0.57 0.43 0.62 0.38

teed by an identity like that in nonrelativistic quantum mechanics: 

1 = 1
(2𝜋)3 ∫ 𝑑𝑥∫ 𝑑2𝑘⟂

[

|𝜓0
𝟧 (𝑥, 𝑘

2
⟂)|

2 + 𝑘2⟂|𝜓
1
𝟧 (𝑥, 𝑘

2
⟂)|

2] . (16)

In this case, it is straightforward to identify the relative strength of the 
different light-front OAM components. We list the results in Table 4, ob-
tained by using the procedure in Ref. [52] to project the Bethe-Salpeter 
wave functions onto the light-front.

Three important observations are signalled by Table 4. (i) Since 
Eq. (16) is equivalent to ensuring unit electric charge for pseudoscalar 
mesons, then L = 1 components of all states considered herein are cru-
cial parts of their LFWFs. They may be ignored only with foresight and 
careful compensation, and exploiting the results in Ref. [52]. (ii) The 
relative strength of the L = 1 light-front OAM component diminishes 
with increasing quark current mass and the L = 0 contribution grows to 
compensate. (iii) The EHM-improved bRL Bethe-Salpeter kernel leads 
to a material enhancement of L = 1 components in pseudoscalar me-
son LFWFs. Indeed, the ground-state pion is roughly an equal mixture 
of L = 0 and L = 1 light-front OAM components. This OAM picture is 
markedly different from that which one draws from Fig. 3.

Regarding 𝑓𝟧 in Eq. (9), the light-front picture is also simpler than 
the rest-frame decomposition. One has

𝑓𝟧 = ∫ 𝑑𝑥∫𝑑𝑘⟂
trD

1
5 𝛾 ⋅ 𝑛𝛾5𝜓𝟧(𝑥, 𝑘2⟂) ; (17)

namely, instead of results like those in Table 4, the light-front L = 0, 
𝜓0
𝟧
, piece of the wave function produces the entire value of 𝑓𝟧. Thus, 

when using LFWFs, there is a stark contrast between the roles of OAM in 
producing electric and weak charges of pseudoscalar mesons. Notwith-
standing these things, as noted above, the 𝜓0

𝟧
 piece of the LFWF is just 

the object obtained from the rest-frame BSWF 𝓁 = 0, 1 components, X 2
𝟧
, 

X 3
𝟧
, which contribute to the decay constant defined by Eq. (9). This 

is why the value of 𝑓𝟧 is unchanged, even though its interpretation in 
terms of frame-dependent OAM contributions is different.

5.  Perspective

The “proton spin crisis” [47] has made the orbital angular momen-
tum content of hadron bound states into a much debated topic. In these 
discussions, a variety of issues are often overlooked; so, we reiterate a 
few here. (a) Orbital angular momentum (OAM) is not a Poincaré invari-
ant quantity; so, it is frame (hence, observer) dependent. (b) In QCD, a 
relativistic quantum field theory, like the degrees of freedom amongst 
which it is distributed, OAM depends on the energy scale of the probe 
used to infer its frame-dependent value.

Herein, using continuum Schwinger function methods (CSMs), we fo-
cused on (a), elucidating aspects of the subjective character of in-hadron 
OAM by exposing its structural impacts within Nature’s most fundamen-
tal (near) Nambu-Goldstone (NG) bosons, viz. pions and kaons. (In the 
CSM context, elements of (b) are sketched elsewhere [91].)

The analysis revealed and stressed the following points. Today, us-
ing CSMs, it is straightforward to calculate a meson’s Poincaré covari-
ant Bethe-Salpeter wave function (BSWF) [Section 2]. Analysing such 
BSWFs, it becomes clear that structural features of NG bosons are quali-
tatively insensitive to the kernel used to complete the CSM bound-state 
equations [Section 3]. Naturally, there are quantitative differences, but 
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they are modest because (near) NG boson properties are much con-
strained by identities associated with partial conservation of the axial-
vector current. Notwithstanding these facts, the perceived OAM decom-
position within a given (near) NG mode is very sensitive to the approach 
chosen to define it [Fig. 1 cf. Figs. 2, 3]. Consequently, whilst it is 
straightforward to calculate a BSWF, that wave function cannot readily 
be interpreted because it is not a probability amplitude.

A system’s LFWF is significantly harder to calculate, but its inter-
pretation is clean because LFWFs do admit interpretation as probability 
amplitudes, albeit, typically, in the infinite-momentum frame. Fortu-
nately, using modern CSMs and with a BSWF in hand, it is possible to 
calculate the associated LFWF for the system of interest. Using this ap-
proach, the pion is seen to be a roughly 50/50 mix of light-front OAM 
zero and one components and the kaon is a 60/40 system.

Our analysis supports a picture of (near) NG modes as complex sys-
tems, each with a significant amount of intrinsic OAM, independent of 
the observer’s reference frame. That OAM must be properly understood 
and accounted for in the calculation of observables. The same is indu-
bitably true for all hadrons.
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