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Abstract

We consider analytic perturbations of quadratic homogeneous differential systems
having an isolated singularity at the origin. We characterize the systems with an
analytic first integral at the origin. We apply the results to two families of degenerate
vector fields.

1 Introduction
Given the homogeneous polynomial planar differential system

(i‘vy)T = Fn(‘r7y) = (Pn(l‘,y),Qn((L‘,y»T,

with P, and @,, homogeneous polynomials of degree n and whose origin is an isolated
singular point, it is interesting to know whether x = F,, +h.o.t., analytic perturbations
of F,,, has an analytic first integral at the origin.

For n = 1, i.e. when the linear part F of the vector field is non-zero, if A1, Ay are
the eigenvaluesxof D(F1)(0), it has the following cases (assuming that the origin is an
isolated singular point of Fy): if A;Ag # 0, the origin is either a saddle, or node or a
non-degenerate monodromic singular point (with imaginary eigenvalues).

The nodes are not analytically integrable. A non-degenerate monodromic point is
analytically integrable if, and only if, the system is orbitally equivalent to (—y,z)”
and a resonant saddle has an analytic first integral around the singular point if, and
only if, the system is orbitally equivalent to (px, —qy)? with p,q € N [16,20]. The
most studied systems whose origin is a resonant saddle are the Lotka-Volterra systems,
see [11-13,15,17,18] and references therein. Therefore, the analytical integrability
problem for the vector fields whose origin is an isolated singular point with non-zero
linear part is solved theoretically in the following sense:

?

Theorem 1.1 ( [16,20]) The analytic vector field F = F1 + h.o.t., with F1 analytic
integrable, is analytically integrable if, and only if, F and F1 are orbitally equivalent.

For n = 3, Algaba et al. [5] have proved that Theorem 1.1 is true for the perturbations
of cubic Kolmogorov systems. However, in general, Theorem 1.1 is not satisfied for
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vector fields with zero linear part (the origin is a degenerate singular point). For
example, the vector field F = F4 + F5 with

3 4 3,2
ro= (4, T ) Fe= (Tl )
it is a Hamiltonian vector field whose Hamiltonian function is a polynomial and there-
fore is analytically integrable and Algaba et al. [5, Theorem 3.20] prove that is non-
orbitally equivalent to its leader term Fy.

For vector fields whose origin is a degenerate singular point, the problem remains
open. We know only some partial results. The analytical integrability problem when
the first quasi-homogeneous component is conservative whose Hamiltonian function
h has only simple factors is solved in [2]. A particular case with & having multiple
factors is studied in [1].

Recently, Algaba et al. [3] have solved the analytic integrability problem around a
nilpotent singularity of a planar vector field under generic conditions. Later, Algaba et
al. [4] solved the remaining case completing the analytic integrability problem for such
singularity. In both cases, the vector field has an analytic local first integral if, and only
if, it is orbitally quasi-homogenizable (orbitally equivalent to its quasi-homogeneous
leader term).

In this work, we focus on the study of the analytical integrability of the vector
fields

F=Fy+ -, Foz,y) = (Pa(2,9), Q2(z,y))"
with P2 and Q2 homogeneous polynomials of degree two (vector fields with zero linear
part) and the origin is an isolated singular point of x = Fa(x).

As far as we know, several authors have provided some normal forms (under conju-
gation and equivalence) of vector fields whose leader homogeneous term is quadratic,
for example, see [7-10, 21].

First, we give an unique orbital normal form under equivalence of the vector fields
whose lowest-degree term is quadratic and polynomially integrable (Theorem 2.9).
The analysis of this normal form makes it possible to establish whether the systems
considered have an analytic first integral at the origin. Concretely, we prove that,
under the condition of polynomial integrability of F'5, the vector field F is analytically
integrable if, and only if, it is orbitally equivalent to its lowest-degree component
(Theorem 2.11). Thus, Theorem 1.1 is satisfied for n = 2. As consequence, we provide
an expression of a first integral, if it exists (Theorem 2.12). We characterize its
analytical integrability through the existence of a Lie symmetry (Theorem 2.13). It
is known that the existence of an analytic inverse integrating factor non-zero at the
origin is a sufficient condition of integrability. Here, we prove that the existence of
an inverse integrating factor zero at the origin and whose lowest-degree term has a
specific expression is also a necessary and sufficient condition of analytical integrability
(Theorem 2.14).

Finally, in Section 3, we provide the analytically integrable Volterra systems of the

family
( @ ) B ( x(—x + 3y) >+< zPy(z,y) )
gy ) \ yBz—y) yQ2(z,y)
with Pa, Q2 homogeneous polynomials of degree two. A first integral of these systems

is of the form zy(z — y)? + h.o.t..
We also study the analytical integrability of the following system

T\ —2xy n xPy(z,y)
y 3a? +y° Qs(z,y)
with P», Q3 homogeneous polynomials of degree two and three, respectively. In this

case, the line x = 0 is the unique line invariant of the family. The primitive first
integral of the leader term is z(2? + y?).



1.1 Invariant curves and first integrals of vector fields

We deal with a vector field F = (P,Q)T with P,Q analytic functions at the origin
and P(0) = Q(0) = 0. Throughout the paper, we denote the differential operator
associated to the vector field F by F, that is, F' := P0, + Q0,. We recall the concept
of invariant curve and its associated cofactor.

Definition 1.2 A function C € Cllz,y]] (algebra of formal power series in x,y over
C), with C(0) = 0, is an invariant curve at the origin of the vector field F, if there
exists K € Cl[[z,y]], cofactor of C, such that F(C) = KC.

Moreover, if K = 0, the vector field F is formally integrable and C is a first integral
of F. If K = div(F) (divergence of F), C is an inverse integrating factor of F.

It is worth pointing out that for analytic vector fields, by [19, Theorem A], the
existence of a formal first integral is equivalent to the existence of an analytic first
integral. For this reason, when we use Taylor expansions of functions and vector fields,
we do not consider questions of convergence.

We denote by Py the vector space of all homogeneous scalar polynomials of degree
k and by Hj the vector space of polynomial homogeneous vector fields of degree k.

Throughout the paper, we write D = (z,y)7 € Q; (dissipative homogeneous
vector field) and X, = (—0h/dy,0h/0z)T (Hamiltonian vector field associated to the
polynomial h).

The following splitting of a homogeneous vector field plays a main role in our study.

Proposition 1.3 /2, Prop. 2.7] Every F,, € Q,, can be uniquely written as F,, =

Xy + pD with h = nil (D AF,) € Pryir (product wedge of both vector fields) and

W= n%_ldiv(Fn) € P,_1 (divergence of F,, ).

We give the first homogeneous term of the Taylor expansion of a formal invariant
curve at the origin of a formal vector field.

Proposition 1.4 Consider ¥ = .. F;, F; € H; with F, # 0. Let C a formal
invariant cuve of F with cofactor K. Then, C = Zj>s Cj, C; € Pj and K =
Zj>n K;, K; € P;, where Cs is a polynomial invariant curve at the origin of the
polynomial vector field F,, with cofactor K,.

Proof. 1t is enough to consider the lowest-degree homogeneous term of the equation
F(C)—-KC=0. ]

As a consequence, we have the following necessary condition of integrability.

Corollary 1.5 Consider F = F,, + h.o.t. with ¥,, € P,,. If F is formally integrable at
the origin, then F,, is polynomially integrable.

The following two results give an expression of the invariant curves at the origin
of a homogeneous vector field.

Proposition 1.6 FEvery homogeneous polynomial invariant curve at the origin of a
homogeneous vector field F,, is given by gy'gy*...gm each g; being a polynomial
invariant curve at the origin of F.,.

Moreover, its cofactor is ni K1 + - - - + np, Ky, where K is the cofactor of g;.

Proof. We suppose that g = g1u, (g1 an irreducible homogeneous polynomial and «
a suitable homogeneous polynomial), is an invariant curve at the origin of F,, with
K,, cofactor of g. We have that F,(q1u) = ¢g1Fn(u) + uF,(g91) = Kpgiu, that is,
g1 (uK, — F,(u)) = uF,(g1). From the irreducibility of g;, it has two situations: either
g1 is an irreducible invariant curve at the origin of F,,, in such a case, u is also an
invariant curve at the origin of F,, and we repeat the process for u. Or u = gyv
with v a homogeneous polynomial, i.e. g = gfv. We now have that F,(g3v) =
91F,(v) + 2vg1 F,(g1) = Kng3v. Thus, g1 (vK, — F.(v)) = 20F,(g1). Reasoning in a



similar way, the proof is completed.
The proof of the second part is straightforward. [ ]

Proposition 1.7 Consider ¥,, € H,,. Any factor of h := %H(D AF,) € Ppiq is an
invariant curve at the origin of F,,. Conversely, any homogeneous polynomial invariant
curve at the origin of F,, is a factor of h.

Moreover, if I is a polynomial first integral of ¥y, then I = ¢ gy? - gim where
g1, ---,9m are all irreducible factors of h and n; > 0.

Proof. From Proposition 1.3, we know that F,, = X;, + uD with » = —1-(D A F,,)

n+1
and p = n%_ldiv(Fn).
We prove that any factor of h is an invariant curve of F,,.

If A is irreducible, the result follows since it is an invariant curve of F,,. Otherwise,
let f € P, a factor of h, that is, h = fg with g a suitable homogeneous polynomial
and o (f) = X;,() 4+ uD(f) = FX, () +suf = (X,(f) +su)f, where X, and D are
the operators associated to the vector fields Xy and D. Therefore, f is an invariant
curve at the origin of F,.

We see that any polynomial invariant curve of F,, is also a factor of h. Indeed, if
f € P, is an irreducible invariant curve at the origin of F,, with cofactor K, then
Kof = Fu(f) = Xu(f) + uD(f) = Xu(f) + spf. Ths, Xu(f) = (K — spi)f and [ is
an invariant curve at the origin of Xj. So, f divides h.

Last on, if I is a first integral of F,,, it is an invariant curve at the origin of F,,, from
Proposition 1.6, a factorization of I is formed by the irreducible factors of h. On the
other hand, any first integral satisfying 1(0) = 0, is zero on every invariant curve. So,
n; > 0. |

1.2 Necessary condition of analytical integrability for pertur-
bations of quadratic systems

Now we proceed with the study of the integrability of vector fields whose first ho-
mogeneous component is a homogeneous quadratic vector field. The following result
provides the expression of the lowest-degree component in the case of polynomial
integrability of this class of vector fields.

Proposition 1.8 (Necessary condition of analytical integrability) Let Fy be a
homogeneous quadratic vector field. If F = Fao+h.o.t. is formally integrable, then there
exist a linear change of variables and a re-parameterization linear of the time such that
F is transformed into one of the following vector fields:

(a) F =Fg o+ h.o.t., with

Fao = (z(—qz + (g +r)y),y((p+r)z —py)", p,q,r €N, (1.1)

(Fa, has three invariant real lines), gcd(p,q,r7) = 1 and Iy = zPyi(z —y)" is a
polynomial first integral of degree M = p+ g+ r.
(b) F =Fy} + h.o.t., with

Fap = (—2qzy, (p+ 29)2° + py*)", (1.2)

(Fap, has one invariant real line only), ged(p,q) = 1 and Iy = 2P(z% + y?)? is a
polynomial first integral of degree M = p + 2q.
(¢) F =Fqy .+ h.o.t., with

Fy. = (—qry,py*)", (1.3)
(Fa.c has two invariant real line and one line of singular points), gcd(p,q) = 1 and
Iy = xPy? is a polynomial first integral of degree M = p + q.
(d) F =Fyq+ h.o.t., with

Foq = (0,2%)7, (1.4)



(F2 4 has one line of singular points) and I = x is a polynomial first integral.

Proof. Let I = Ip; + h.o.t. a formal first integral of F. Equation F'(I) = 0 for degree
M +11is Fy(Ip) = 0, i.e. Fg is polynomially integrable and I is a first integral of
Fo.

We seek the vector fields Fs satisfying the condition F5(Ips) = 0 (necessary condition
of analytical integrability). By Proposition 1.3, Fs is Fo = X}, + uD with h € P35 and
ne 9)1.

If the polynomial h is identically zero, it has that Fo = pD and it is non-formally
integrable. Otherwise, h has always a linear factor, ayx+ b,y with a; and by constants,
since h is a cubic homogeneous polynomial. We can assume that h = zps with ps a
homogeneous polynomial of degree two, since if a3 = 0 we do the change (z,y) —
(y,x). Otherwise, we do (z,y) — (a1 + b1y, y). We distinguish the following cases
according to the factors of the polynomial ps:

o Assume h = az(x + by)(x + cy) with b.c # 0 and b # ¢, with a,b, ¢ constants.

The linear change of variables (z,y) — ((c — b)x, c(x + by)) and the linear re-parame-
terization of the time at = be(c — b)7, transform Fsy into Fy = X; + gD with h =
2y(y — z). We write the linear polynomial i = Az + By. From Proposition 1.7, if it
existed a first integral of F, it would have the expression Iy, = z™Py™4(z — y)™"
with ged(p, ¢,7) = 1. By imposing FQ(IM) = 0, we arrive to

1 1
A=rp—2¢+r),B=1:(a=2p+7),

with M = p + ¢ 4+ r. By performing the reparameterization of the time 3t = M7, F
turns on (1.1).
o Assume h = ax((z + by)? + 2?) with b # 0.
The linear change (z,y) — (z,z + by) and the scaling at = 7, transform F; into
F, = X; + D with h = z(x? + y?). We write i = Az + By. Now, by Proposition
1.7, the expression of a first integral of Fy would be Ip; = 2™P (22 4+ y?)™4 with
ged(p, ¢) = 1. By imposing FQ(IM) =0, we arrive to

A 2

=0,B=1:(p—a),
with M = p + 2q. By performing the reparameterization of the time 3t = M, F,
turns on (1.2).
o Assume h = az(z + by)? with a,b # 0.
The linear change of variables (z,y) — (z,z + by) and the scaled of the variable time
at = 7, transform Fy into Fy = X; + D with h = zy?. We write i = Az + By.
From Proposition 1.7, if it existed a first integral of Fs, it would have the expression
Iy = x™Py™1 with ged(p, ¢) = 1. By imposing Fy(Ip;) = 0, we arrive to
1

A=0B=—(2p—
0, M(p q),

with M = p+ q. By performing the reparameterization of the time 3t = M, F, turns
on (1.3).

o Assume h = ax® with a # 0. ~

The scaled of the variable time at = 7, transforms F into F, = X; +4aD with h = x3.
We write i = Az + By. From Proposition 1.7, if it existed a first integral of Fa, it
would have the expression I; = zP. By imposing FQ(IM) =0, we arrive to A = 0 and
B = 0. By performing the reparameterization of the time 3t = M, Fy turns on (1.4)
where I; = x is a primitive first integral. [ |



2 Main results

Our purpose is to characterize the analytically integrable perturbations of a quadratic
system having an isolated singularity at the origin.

First, we are going to provide a suitable expression of the orbital normal form of
the vector fields considered.

We do not consider questions of convergence in the normal forms because, as we
mention before, the formal integrability is equivalent to the analytical integrability for
the vector fields analyzed, see [19, Theorem A].

We will restrict our attention to the vector fields whose first homogeneous com-
ponent is quadratic, integrable and the origin is an isolated singular point. So, from
Proposition 1.8, we only will consider the vector fields F = Fy +h.o.t. with Fy =F5 ,
or Fy = Fy given by (1.1) or (1.2).

Next result provides a orbital normal form of the perturbations of the vector fields
considered. To prove this, we have used the technical results given in Appendix 4.

Theorem 2.9 The vector field F = Fy + h.o.t. with Fy = Fa, (or Fap) is or-
bitally equivalent to Fq + Zj>2 n; D, with n; € Cor({;), a complementary subspace to
Range((;), where {; is the Lie operator of Fa, i.e.

éj : :Pj—l — j)}:
nj-1 — Fa(nj-1).

Proof. From [5, Theorem A.32], if for all j > 2, Ker (€§+2) = {0}, then F is orbitally
equivalent to G = Fa + 3,5, Gjy1, with G = Xy, + ;D € H;y1, where
gj+2 € Cor (€§+2) , 1; € Cor (¢;) and 5, (Lie operator of Fa moved),
o v Ajpr — Ajyo \
gi+1 — Proya, ,(F2 — 7551D)(gj+1),

with j > 2 and A9, the subspaces such that P10 = Ao @ hP;_1 (such subspaces
must be considered as fixed).

Therefore, in order to prove our result it is enough to check that Fy, and Fa4
satisfy the hypothesis of [5, Theorem A.32] and Cor (£5,,) = {0}. Indeed, we con-
sider F = Fy, + h.o.t. (similar arguments apply to the case Fj3;). The Hamilto-
nian of the conservative part of vector field Fo, is h = ’H'%”xy(x — y), which
has only simple factors. On the other hand, the vector field Fo, — j%,u with
= %((7211 +p+r)x+(g+r—2p)y), is irreducible. Therefore, by applying Lemma
4.19, it has that Ker (¢5,,) = {0}.

Second part follows since both Aj;i; and Ajis have the same dimension and as
Ker (£5,,) = {0}, it has that Cor (£5,,) is also a trivial subspace.

S0, gj+2 = 0 for all j, and we can assert that F is orbital equivalent to Fo + 222 n; D
with n; € Cor (¢;). |

Next statement establishes a cyclicity relation between the co-ranges of the oper-
ators /j, associated to F , and Fy .

Proposition 2.10 Consider Fy = Fy, (Fo = Fay, resp.). For k > 2, it is always
possible to choose Cor(lxypr), a complementary subspace to Range({xypr), such that
Cor(Cpyar) = IngCor(£y,) with Iny = 2Pyd(x —y)" (I = xP(2® + y?)9, resp.).

Proof. First, we consider Fy = Fy,. We see that both subspaces have the same
dimension. Indeed, Ker(¢y) = (I,) if k — 1 = IM. Otherwise, Ker({;) = {0}. Thus,
dim(Cor(¢y)) = 2 if k = IM and dim(Cor(¢;)) = 1, otherwise; i.e. dim(Cor({y)) =
dlm(Cor(EHM))



The proof is completed by showing that Ip;Cor(¢;) C Cor(fr4as) or equivalently
that InsCor(¢;)NRange({k4ar) = {0} by reductio ad absurdum. Let py, € Cor (¢x)\ {0}
such that pxIys € Range ({i4ar), then there exists pryar—1 € Priar—1 \ {0} such that
Oeent(Prsai—1) = pelar, that is, fxpar(prsar—1) is multiple of Ip;. As 2L

P M, j=1,.,p—1; =D s g G= 1, g -1y L s
1,...,7—1, by applying Lemma 4.21 we have that pyiar—1 € (@) N (y?) N {(z —y)"),

thus pryar—1 = pr—11a with pr_1 € Pr_1 \ {0} and consequently

vl = FoaPrrrvi—1) = Fo(po—1lar) = Ine Fo o (Pr—1)-

Hence py = Fb q(pr—1), that is, pi, € Range (¢) N Cor (¢) which gives a contradiction.
For Fy = Fy, reasoning as before and applying Lemma 4.22, the result follows. ®

We give the main result of our study. As particular case, this result also solves the
analytical integrability problem for vector fields which are perturbations of generic
quadratic Lotka-Volterra vector fields. It also gives the expression of a first integral.

Theorem 2.11 Consider F = Fy , + h.o.t. (F = Fy;, + h.o.t., resp.). The vector
field F is analytically integrable at the origin if, and only if, it is orbitally equivalent
to Fa o (Fayp, Tesp.).

Moreover, in such a case, F has an analytic first integral of the form I = In; + h.o.t.
where Iy = zPy?(z —y)" is a primitive first integral of Fo o ( Iy = 2P(2* +y?)? a
primitive first integral of Fap, resp.).

Proof. We do the proof for the case Fy = F3 , only. The other case is similar.

We see the sufficiency. The polynomial Iy = zPy?(xz — y)" is a first integral of Fa ,
which is transformed into a formal first integral I = Ip; + h.o.t. of F and from [19,
Theorem A], F is analytically integrable.

We see the necessity of the condition. Applying Theorem 2.9, we can assert that F is
orbital equivalent to G = Fa , + .5, n;D with 7; € Cor (¢;).

Let note that F has an analytic first integral equivalents to G has a formal first
integral. Assume that G is formally integrable and not all the n; are zero. Let N
be defined by N = min{j > 1:17; #0}. A formal first integral of G is of the form
I=1+ Zj>Ml I; with I; € P;. Imposing the integrability condition we have

0 = (GU)n+a = (mvD)T}y) + Fa(Innen—1)
= MinnTh; + s v (Tnisn—1) -

But this equation is incompatible since, by Proposition 2.10, MlnNIle € Cor (Lari4N)
and Loy N (Innien—1) = —Mlinn T, € Range (¢34 ), which is a contradiction. Con-
sequently, G = Fy 4, i.e. F is orbitally equivalent to F5 4.

We now see the second part. A first integral of Fa 4 is Ips. So, a first integral of F
is Ips + h.o.t. since F is orbitally equivalent to Fa . [ |

A consequence of Theorem 2.11 is the following result. The important point to
note here is the form of the first integral.

Theorem 2.12 Consider F = Fy , + h.o.t. (F = Fy), + h.o.t., resp.). The vector
field F is analytically integrable if, and only if, ¥ has a first integral of the form
I = (z+ho.t)P(y+h.ot)(x—y+hot) (I=(x+ho.t)P(x®+y>+h.0.t.), resp.).

Proof. We prove the necessary condition. Consider F = F3 , +h.o.t.. From Theorem
2.11 there exist a change of variables and a reparemeterization of the time such that
F, , is transformed into F. These changes transform the first integral Ip; = zPy?(y —
x)" of Fa, into a first integral of F, which has the expression I = (z + h.o.t.)P(y +
h.0.t.)4(z —y + h.o.t.)".

For F = F3; + h.o.t. the proof is analogous.



Reciprocally, if F has a formal first integral, from [19, Theorem A], F has an
analytic first integral. [ |

The following theorem characterizes the analytical integrability of a vector field
whose first homogeneous component is quadratic through the existence of a Lie sym-
metry.

Theorem 2.13 Consider F = F3 + h.o.t. with Fo = Fy, or Fo = Fy,. Then F is
analytically integrable if, and only if, there exist a formal vector field G = D + h.o.t.
and a formal scalar function v, v(0) = 1 such that [F,G] = vF, i.e. F has a Lie
symmetry.

The proof of Theorem 2.13 follows from Theorem 2.11 and applying [6, Theorem 1.3].

We solve the analytical integrability problem through the existence of a formal
inverse integrating factor.

Theorem 2.14 Consider F = Fa, + h.o.t. (F = Fay, + h.o.t., resp.). Then F is
analytically integrable if, and only if, it has a formal inverse integrating factor of the
form V = zy(x —y) + h.o.t. (V = z(2* +y?) + h.o.t., resp.).

Proof. We do the proof for the case Fy = F3 , only. The other case is analogous.

We prove that the condition is necessary. We assume that F is analytically in-
tegrable. From Theorem 2.11, it is orbitally equivalent to Fy, = X; + uD with
h = P gy(x — y) and p = £((—2¢ + p+ r)z + (¢ + 7 — 2p)y), which has the in-
verse integrating factor h. Undoing the change, F has a formal inverse integrating
V =h+hot.

Now we see the sufficiency of the condition. Let V' = h + h.o.t. a formal inverse
integrating factor of F. From Theorem 2.9, we can assert that F is orbital equivalent to
G =F20+);5,m;D withn; € Cor (¢;). Therefore, F has a formal inverse integrating
factor if, and only if, G has it too. Moreover, the formal inverse integrating factor W
of G is also of the form W = h +h.o.t.. Also, the unique invariant curves at the origin
of G are z,y,z —y. So, we have that W = hu with u a formal function and u(0) = 1.
Equation G(W) — Wdiv(G) = 0 is

0 = uG(h) + hG(u) — hudiv(G).
As G(h) = 3hpu+ 3 .5 3hn; and div(G) = 3u+ >, ,(j +2)n;, we have that
0 =h(G(u) —u)_(j = L)) (2.5)
j>2

We see that n; = 0 for all j. Indeed, otherwise, let jo = min{j € N: n;41 # 0}.
As njo—g+1 =0 for 1 <k < jo—1, and expanding u = 14 ., u;, equation (2.5) to
degree jo +4is Ga(ujy) = joNjo+1, i-e. Njo+1 € Cor (¢j,+1) and n;,+1 € Range (¢5,41) .
We arrives to n;,4+1 = 0. [ |

3 Applications
Consider the following six-parameter family
e\ _ [ z(By—x) + z(ag0z” + anxy + apzy?) (3.6)
J y(3z —y) Y(b2oz? + brwy + bo2y?) ) '
This family is a perturbation of a Lotka-Volterra system and the edges * = 0 and
y = 0 are invariant curves. The first homogeneous component of the vector field is



Fy = (z(—z + 3y), y(3z — y))T, i.e. system (1.1) with p = ¢ = 1, » = 2. From
Proposition 1.3, we have that Fy = Xj, + uD with h = fzy(z — y) and p = £ (z +y).

The vector field Fs is polynomially integrable and a primitive first integral is I, =

zy(z —y)?.

The following result solves the analytical integrability problem for this family.

Theorem 3.15 System (3.6) is analytically integrable if, and only if, one of the fol-
lowing conditions holds:

(1) b11 4 Bboz = bag + 2bo2 = a1 + 3bo2 = a0 — bo2 = ag2 =0,

(ii) bi1 + 3boz = ag2 + 2bo2 = a11 + 5boz = azp — boz = bao = 0,

(iii) 2a11 + 2a02 — 3bag — 3b11 — 5bo2 = ap2b20 + ao2b11 + 3ao2boz + 2b20bo2 = 2a20 +
bag + b11 + 3bg2 = 0,

(1) ao2 + 5bo2 = a1 + bi1 = Sagg + bao,

(v) air + b1y = ago + bo2 = ap2 = bap,

(vi) bao — bo2 = a2 + bo2 = a1 + b11 = azg + boz.

Proof. In order to prove the necessary condition, we have computed the first coeffi-
cients of the normal form given in Theorem 2.9. By Theorem 2.11, the vanishing of
the coefficients leads us to the integrability of (3.6). In this case, it has been necessary
to obtain the coefficients of the normal form up order 7,

(&, g'/)T =Fy + (a2® + azz® + ozt + aszly + Bsyly + aer?ly)(z, y)T.

The coefficients as, as, ay, as, g and B5 have been obtained following the procedure
given in the proof of [5, Theorem A.32]. They are polynomials too long, so we do not
given them here. Moreover, the irreducible decomposition of the variety of the ideal
generated by the vanishing of the coefficients has been obtained using the computer
algebra system SINGULAR [14]. This decomposition leads us to the systems (3.6)
cases (i)-(vi).

We prove the sufficiency. System (3.6) case (i) has an analytic first integral zy(x —
y — bo2x? + $bozxy)? (1 — bozx — bozy) 3.
System (3.6) case (%) is transformed into system (3.6) case (i) by using the involution
(2.9) © (3 ).
System (3.6) case (71) has an inverse integrating factor zy(z — y)(2 + baox + b1z +
3bgax — 2bg2y) whose first component is h. Applying Theorem 2.14, the vector field is
analytically integrable.
System (3.6) case (iv) has a polynomial first integral xy(3z — 3y — 3agox? + b1y +
3boay?)?.
System (3.6) case (v) has an analytic first integral

Iy(S.’,E — 3y + (bog + bll)l’y)Z(Q + 2b0217 — 2bogy + (b02b11 + ng)ZEy)is

System (3.6) case (vi), for by; = —2bg2, has an inverse integrating factor zy(z —y)(1+
boax — boay). Otherwise, we don’t have found the expression of an inverse integrating
factor starting by h. In this case, we center on proving its existence in order to apply
Theorem 2.14.

Consider V' = zyC(z,y) with C the invariant curve given by Lemma 3.16. Then
F(V) = zyF(C)+2CF(y)+yCF(z) = V(KW + K@+ K®) with KO, K?) and K®)
the cofactors of z, y and C, respectively, K1) = —z+3y—bgaz? —by1xy—boay?, K3 =

3r — Yy + b02132 + bllxy + b02y2 and K(s) = 7(1‘ + y)(l + 2[)021‘ — 2b02y) and as
KM+ K® 4+ KG) = g4y —2bgpa? +2bgay? = div(F), then V is an inverse integrating
factor of F. This completes the proof. [ |

Lemma 3.16 System (3.6) case (vi) has an invariant curve C = x — y + h.o.t. with
cofactor K = —(x 4+ y)(1 + 2bp2x — 2bg2y).



Proof. System (3.6) case (vi) is x = Fy + F3 with Fy = (z(—x + 3y), y(3z —y))T
and F3 = ($(7b02I2 — bllfﬂy — bogyz), y(b02$2 + bllzy + bOQyZ))T.
We claim that there exists a formal invariant curve at the origin of F of the form

C = ZjZl Cj with
ng,1 = Agj,lxjflyjfl(x — y), C2j = "Ejilyjil(AQj(ﬂ2 + ngl'y — Agjy2), (37)

for any j > 1, with cofactor K; + K5 where K = —z —y and Ky = —2bgp2? + 2boay?>.
We are going to verify that C satisfies F/(C) — KC = 0 degree to degree.

For the degree 2, F5(C1) — K1C1 = 0 leads to C; = x — y, and for the degree 3,
Fy(Co) + F5(C1) — Co K1 — C1 Ko = 0 yields Cy = boaz? + %(bu — 4bo2)zy + b02y2.
Thus, C; and Cy have the form given by (3.7). Assume that (3.7) is true for 2jo — 1
and 2j9 and we prove that (3.7) also holds for 2jp + 1 and 2jo + 2.

Equation F(C) — KC = 0 for degree 2jy + 2 is

F3(Cajg41)—Cajoy1K1 = —F3(Cajy ) +Cajy Koy = 2270y7° (2 —y) (z-+y) (Azj,br1—Bajybo2).-

A solution of this equation is Cojy41 = (A2j,b11 — ngobog)xj(’*lyjofl(x —y), ie.
Cajy+1 is of the form given by (3.7) with Agjo41 = A2j,b11 — Baj,boz-
Analogously, equation F(C) — KC = 0 for degree 2jy + 3 is

Fy(Cojo12) — Cojor2K1 = —Agjo1127°y7 (x + y) (bo2x® — (b11 + 4bo2)zy + booy?).

A solution of this equation is

.502 22 4 ( ‘b11 %(Qjo + 1?502 - bo2 y2> 7
2jo — 1 2jo+3 (240 — 1)(2j0 +3) 2jo — 1

Cajota = Agjo 1277y (—

i.e. Cyj 42 is of the form given by (3.7). Therefore, the proof is complete. [ |
Next, we study the analytical integrability of the following system

T _ —2xy n a30x3 + aglxzy + a12$y2 (3.8)

Y 322 + 92 bsox® + bo12?y + biaay? + bosy® ) - '
The leader component of the vector field is Fy = (—2zy, 32 + yQ)T with Fy = Fy
with (p,q) = (1,1). We note that F is a Hamiltonian vector field whose Hamiltonian

function is h = x(x? + y?). Moreover, = 0 is an invariant curve of F.
The following result solves the integrability problem of this family.

Theorem 3.17 System (3.8) is analytically integrable if, and only if, one of the fol-
lowing conditions holds:

(i) b1z = b3g = ba1 + 3boz = a12 + boz = azp — 3boz = 0,

(ii) bio = b3g = azy = ba1 — 6bp3 = 2a12 — boz = 2a39 — 3bo3 = 0,

(1ii) a2 + 3bog = a1 + b1z = 3azg + b2; = 0,

(iv) ba1 —3bog = az1+b3o—b12 = azo—a12—2bo3 = a12b30 —a12b12+b30bo3 +b12bos = 0,
(1}) 12 = azp — 621 — 9b03 = b30 =+ 3b12 = a21b12 — 2[)%2 — 6[)%3 =0.

Proof. We assume that Fg is non-zero; otherwise, the vector field is polynomially
integrable.

To prove the necessary condition, it has obtained the expression of F(I) with
I = z(z? + y?) + h.o.t. up to order 9. Its vanishing arrives to systems (3.8) cases
(i)-(v)-

We prove the sufficiency. System (3.8) case (i) has an inverse integrating factor

@21

V= (1= janz — A& +bosy)' "3 (1= Jasiw + FAz + bogy)'

with A = a3; + 48b3; > 0, it which is non-zero at origin. Thus,

—/P/de—i—/ (Q/V+ ai/P/de) da
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is a formal first integral defined in a neighborhood of the origin and, by Mattei and
Moussu [19], there exists an analytic first integral at the origin. Therefore, the vector
field is analytically integrable.
In case (i7), system (3.8) has an analytic first integral

z(z® + y* + bozz’y + 3 b03x )(1 + bozy + %b%3x2)_5/2.

System (3.8) case (444) is a Hamiltonian system whose Hamiltonian function is

x(x2 +y ) asor’y — l(12 x2y? — 1a12xy

In case (iv), system (3.8) for bsg # bi2 has the analytic first integral
z(z® + y* + bosz’y + Sbgsz™) (1 + bosy + %b83x2)_5/2.

Otherwise, bgg = b1z and bps = 0. System (3.8) has an inverse integrating factor
x(z? + y?) whose first component is h. Applying Theorem 2.14, the vector field is
analytically integrable.

If b12 # 0, system (3.8) case (v) has an inverse integrating factor

(1 — xbia + bozy)®(—bia + b3y + 32034 )6b33/(b?2+3b03)

it which is non-zero at origin. Reasoning as before, the vector field is analytically
integrable. Otherwise, b5 = 0, then by3 = 0. In such a case,

_2(:l:y2a§1 — 6a3 2% + 12a21@ + 24) n log(ag z — 2)*®

a3 (aznz —2) a3
is an analytic first integral at the origin. This completes the proof. ]

4 Appendix

We give the following technical lemmas.

Lemma 4.18 Consider F,, € H,, irreducible (its component are coprime) and f €
Clz, y] an irreducible invariant curve at the origin of Fy,. If F,(pr) € (f) with py € Pk,
then py € (f).

Proof. TIf F,(px) = 0 then py is a first integral of x = F,,. A first integral of F,,
vanishes on any invariant curve of it, i.e. pg(x) = 0 when f(x) = 0. Therefore, by
Hilbert‘s Nullstellensatz pi, € rad (f). Since (f) is a prime ideal, then (f) = rad (f),
in consequence p € (f).

If Fo,(p) # 0, let v € Clz,y] \ {0} such that fv = F,(py). Consider ~(t), real
or complex, a solution curve of x = F,,(x) which is a parametrization of f(x) = 0.
We assume that lim;,_ ., y(¢t) = 0, (the other case lim;_, o, v(t) = 0 is proved in a
similar way). Taking into account that py(0) = 0 then

p(1) = pe(y()) — pu(0) = / ACTON . / Vi - Fu((s))ds

= /_t F, (pk ds-/ fly (v(s))ds = 0.

Recalling that f(x) = 0 is the union of orbits, we have that pi(x) = 0 when f(x) =
Therefore, by Hilbert‘s Nullstellensatz py € rad (f). Since (f) is a prime ideal, then
(f) = rad (f), in consequence py € (f). ]

Remark. The hypothesis of the irreducibility of the invariant curve at the origin
is fundamental. For instance, if we consider Fy := (—222, —32% — 22y + 3y?)T € H,
irreducible and the invariant curve (y — x)?2, for p3 = 2%(y — x) we have that Fy(p3) =
32%(y — x)? € ((y — x)?) and nevertheless p3 ¢ ((y — z)?).

11



Lemma 4.19 Consider ¥,, = X + pD with h having simple factors. Assume that

F, — Tfjji)l uD is irreducible, i.e. it has coprime components. Then, Ker (ﬁi_m_l) =
{0}

Proof. Let py € Ker (65, 1) C Ay, ie. (Fo— Tfj_zl)l uD)(pr) € (h), (we note that h is
the Hamiltonian part of both F,, and F,, — (1:1 7uD. So, (F, — éizl)l uD)(pr) € (fi),

(n+1)
i1 MD.

Applying Lemma 4.18 to F,, — ("+1) 71D, it has that p, € (f;), for all f; and
therefore py € (h) since h has simple factorb and h is a first integral of F,,. Hence
Pk € Ag, it has that py = 0. [ |

for all f; invariant curve of F,, —

Lemma 4.20 Let f € Clz,y] an irreducible polynomial invariant curve of F,,, K €
Pn_1 its cofactor and k,m € N with n +k — 1 > m. Assume that the vector fields of
Mo, Frn+7i= LS D 0 <j <m-—1, are irreducible. Then, if F,(pr) € (f™) with px € Py,
it satzsﬁes that pr € (f™).

Proof. Lemma 4.18 proves the statement for m = 1.
We first consider the case m = 2. If F,(px) € (f?) then F,(px) € (f) and, by
Lemma 4.18, we have that there exists py_1 € Pr_1 such that pr = fpr_1. Therefore,

Fo(pr) = Fa(fpk-1) = pe—1Fn(f) + fEu(pr—1) = p—1 K f + fFn(pr-1)
= S (Do) + Falorn)) = F(Fa+ 25 D) (i) € (%),

Hence (F,, + 25 D)(pr—1) € (f). Applying Lemma 4.18 for the irreducible vector field
F, + :5;D, we have that py—1 € (f) and consequently pi € (f?).

Consider now the case m = 3. If F,(px) € (f3) then F,(pr) € (f?) and by the
previous paragraph we have that there exists py_a € Pr_o such that pp = fZpr_a,
therefore

F.(pr) Fo(f?pr—2) = po—aFn(f?) + [ Fu(pr—2) = 2pp—2K [ + [ Fy(pr—2)

- f2(2K D(pr—2) + Fu(pr- 2)) = [*(Fn + 755 D) (pr—2) € (f%).

Hence (F, + 25 .D)(pr—2) € (f) and as F,, + 25D is irreducible, applying Lemma
4.18 we have that py_» € (f) and consequently py € (f3). Reasoning by induction we
get the result for all m natural number. [ |

Lemma 4.21 Consider the vector field Fa, = (z(—qz + (¢+7)y), y((p + 1)z — py))*
with p, q,r natural numbers. Given m a natural number, assume that for every k > m,
it satisfies that p+q+1r #p%, pt+qgt+r# q% p—}—q—i—r#r?, ji=1....m—1.1If
pr € Pi such that Fy o(pr) € (fI"), where f1 =z, fo =y, f3 = © —y, are invariant
curves at the origin of Fa 4, then pp € (f), i=1,2,3.

Proof. We prove the case i = 1, (f1 = z), the cases i = 2,3 are analogous.
The cofactor of = is K1 = —qz + (¢ + r)y. From Lemma 4.20, it is enough to prove
that Fy o + ]KlD 0 <j <m —1, are irreducible, i.e.

(q+ kﬂ)w2+<q+r—%)y% (p+7“+ kﬂ)yx—(er]fii?)y

are coprime. Analyzing the different factorization of both polynomials, one has that
both polynomials are coprime if and only if p 4+ g + 7 # p?, j=1,...,m—1.

For fo =y and f3 = x — y, reasoning in a similar way, it is easy to prove that the
conditions are p + q +r # q? and p+q+r # r?, j=1,..., m—1, respectively. H
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Lemma 4.22 Consider Fo, = (—2qzy, (p+2q)2® +py*)T, with p, ¢ natural numbers.
Given m a natural number, assume that for every k > m, it satisfies that p + 2q #
p% p+q# q%, j=1,...,m—1 If pr € Py such that Fq(pr) € (fI"), where f1 =
x, fa = 22 + 42, are invariant curves at the origin of Fay, then pr € (f™), i=1,2.

Proof. We prove the case i = 1, (f1 = z), the cases i = 2,3 are analogous.
The cofactor of x is K1 = —2qy. From Lemma 4.20, it is enough to prove that

Fop + ilf;.D, 0 < j <m—1, are irreducible, i.e.

2qk —pk+jp+2qj
Stwy, (p+2q)a? + SEE R0

are coprime. Both polynomials are coprime if and only if p+2q # p%, j=1...,m—1
For fo = 22 + %2, reasoning in a similar way, it is easy to prove that the conditions
arep+q7éq§,j:1,...,mfl. [ |
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