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Abstract

In this paper we study the analytic integrability around the origin inside a family of degen-
erate centers or perturbations of them. For this family analytic integrability does not imply
formal orbital equivalence to a Hamiltonian system. It is shown how difficult is the integra-
bility problem even inside this simple family of degenerate centers or perturbations of them.
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1 Introduction

This work centers in determining the existence of analytic first integrals in a neighborhood
of a degenerate center singular point which indeed is a center or which is a perturbation of
a degenerate center. It is well-known that a system has a center at a singular point only if
it is monodromic and it has either linear part of center type, i.e. with imaginary eigenvalues
(nondegenerate point), or nilpotent linear part (nilpotent point) or null linear part (degenerate
point). Any nondegenerate center has always a local analytic first integral in a neighborhood
of its singular point, see [11, 17, 21, 22]. However, there are nilpotent and degenerate centers
without a local analytic first integral, see [12, 13, 14, 15, 16, 19, 20, 22, 23] and references
therein. There are methods to detect nondegenerate and nilpotent centers of a given family
of polynomial vector field, see [16, 19, 20]. However there is no method to detect centers for
a general degenerate singular point.

Any nilpotent center has a local analytic first integral if, and only if, it is analytically
equivalent to the Hamiltonian system & = vy, § = —z2*~! where k > 1, see for instance [3].
The integrability problem has been studied for a few families of degenerate singular points.

In [4] the analytic integrability problem for degenerate systems of the form

i =y’ +3uz’y +o(lz,y*),  §=-2"—3pzy’ +o(lz,y*), pweR, (L1

was analyzed and the following result was established.

Theorem 1.1 System (1.1) is analytically integrable if, and only if, it is formally equivalent
to & = y* + 3ux’y, y = —x® — Suxy’.

In [5] the analytic integrability problem for degenerate systems of the form

i=vy>+2a’y+---, g =—2°—3az’y® + -, a€R, (1.2)
was also studied where here the dots mean terms of higher order than the first component
in the quasi-homogeneous expansion (see definition of quasi-homogeneous expansion below).
The next result was established in [5].



Theorem 1.2 System (1.2) is analytically integrable if, and only if, it is formally equivalent
to & =y +2axdy—2Boxty, § = —2® —3az’y? +4Box>y?, where By is written in the parameters
of the first quasi-homogeneous components of system (1.2).

The integrability problem for these two previous families can be solved using the following
result given in [3].

Theorem 1.3 Let us assume that the lowest-degree quasi-homogeneous term of the degener-
ate system is F, = X;, = (—0h/dy,0h/0x)T, where h has only simple factors. Then, the
quoted system is formally integrable if and only if it is formally conjugated, via dissipative
transformations, to a divergence-free system.

First we give some comments and results about the integrability problem for a vector field
F = Zj>r F; F; e Q;, in function of its first quasi-homogeneous component F,.. As we have
said Theorem 1.3 solves the integrability problem in the case that F, = X} where all the
irreducible factors of h over Clz,y| are simple. The case div (F,) # 0 with F, reducible or
F, = X}, where h has multiple factors is not solve and it is an open problem.

However a necessary condition in order that F be integrable is that F,. be also integrable.
The integrability problem for F,, = X;, + Do with Do = (t1z, t2y)”, 1 # 0 is solved in [6],
see Theorem 4.12. This theorem shows the necessity of certain resonances in the parameters
of the vector field in order that F, be integrable. Moreover such resonances determine the
exponents of the irreducible factors of h that appear in the first integral.

Lemma 1.4 Let F,. = (P,Q) € QY irreducible. If I € Pt is a first integral of F,., then
i >r+|[t| and ezists f € fpf_,n_m such that fF, = X;.

Proof. The reasoning is taken from the proof of [6, Theorem 3.1]. We have VI -F, = 0. As
the components of F,. have not common factors, we have that exist f € TPLT,M such that

VI = f(-Q,P). Thus X; = f(P,Q)T = fF,. [ ]

On the other hand if F,, = X} + Dy is integrable and [ is a first integral, from the previous
Lemma we deduce that exists a quasi-homogeneous function f such that I = %Do ANXr =
% fDoAF, = %‘t‘ f h. Hence the integrability problem of a quasi-homogeneous vector field
with not null divergence is equivalent to the integrability problem of a quasi-homogeneous
Hamiltonian vector field where its Hamilton function has multiple factors. It is logical to
think that the resonances appearing in a problem are also determinants in the other.

We recall that if h has not simple factors Theorem 1.3 can not be applied. This is the case
of the family we are going to study in this work which have A with multiple factors. In fact
we consider degenerate systems of the form

i=—y@®+y )+, g=a@ +y")+, (1.3)

where here the dots mean terms of higher order than the first component in the homogeneous
expansion and which corresponds to X, + - -- whose h = (:r2 + y2)2/4. This type of systems
was studied in [25] where it was proved that there exist centers inside this family without an
analytic first integral.

We will see that there exist a blow-up and a scale of time that transforms system (1.3)
into a nondegenerate system of the form

G=—ut-r, D=v+---. (1.4)

Using this transformation the center problem of system (1.3) reduce to the center problem
for a nondegenerate system for which there are methods as we have mentioned. However the
integrability problem of the systems of the form (1.3) is open. It is clear that if system (1.3)
is analytic integrable then system (1.4) is also analytic integrable but the converse is not true.
Hence analytic integrability of system (1.3) is not solved and in this work we will see that even
for such simple family it is a difficult problem. We solve the analytic integrability problem for
the generic case and only a degenerate case remains open. The paper also shows the difficulty
in obtaining the complete solution for any degenerate differential system.



2 A family of perturbed degenerate centers

The objective of this work is to study the formal integrability around the origin of a system
of the form
(&9)" = (" +v*)(~y,2)" +q—hhot. (2.5)

First we highlight that in [18] it is proved that if a vector field is formal integrable around
an isolated singular point then it is analytic integrable. Hence, in what follows the study of
the formal integrability is equivalent to the study of the analytic integrability.

As we have said in [26], the blow up

z =u(w® +0%)?, y=ov@®+0? (2.6)
and the scaling of time dT" = (u? 4 v?)®dt transforms system (2.5) in a nondegenerate analytic
system

(', 0" = (—v,u)" 4+ ¢ — h.h.o.t. (2.7)

Note that this transformation is an homeomorphism but not a diffeomorphism. Therefore
this transformation preserves the topological properties but not the differentiable. The center
problem is completely solved because the existence of a center for system (2.5) is equivalent
to the existence of a center for system (2.7). However, it is not the same for the formal
integrability. If system (2.5) is formal integrable then system (2.7) is also formal integrable
and it has a center at the origin. But the converse is not true. If system(2.7) is C*-integrable
with a formal first integral H, undoing the transformation (2.6) we obtain a first integral of
system (2.5) which is not always formal. Therefore, the fact that system (2.7) be C*-integrable
does not implies that system (2.5) be also C*-integrable.

The following example shows the situation. Consider the following system

(D) (2)e () e

This system is monodromic, to see that it is enough to apply [8, Theorem 2]. Moreover it is
R,-reversible, hence it has a center at the origin. The associated nondegenerate system (2.7)
is C¥-integrable. However, using Corollary 5.15, it is possible to show that system (2.8) is
not formal integrable, i.e., the integrability problem is not equivalent for system (2.5) that for
system (2.7). Therefore, we have to propose another method to study the formal integrability
for system (2.5), because with the study of the non-degenerate associated system is not enough.

In the rest of the paper first we give some previous results and we obtain conditions to have
formal integrability of system (2.5). Finally we apply our results to two particular families.

3 Preliminary definitions and results
We write a system of differential equations as
x = F(x), (3.9)

where x = (amy)T € R* and F = (P, Q)T is an analytic planar vector field defined in a
neighborhood of the origin U C R2.

We recall the following concepts and definitions. Given t = (¢1,¢2) non-null with ¢; and
t> non-negative integer numbers without common factors, a function f of two variables is
quasi-homogeneous of type t and degree k if f(e'tz,e'2y) = €*f(x,y). The vector space of
quasi-homogeneous polynomials of type t and degree k will be denoted by PE. A vector field
F = (F1, F»)7 is quasi-homogeneous of type t and degree k if I} € ’P}QHI and F> € P£+t2. We
will denote Q% the vector space of the quasi-homogeneous polynomial vector fields of type t
and degree k.

We write the vector field F as
F=F.+F, 1+,
for some r € Z, where F; = (Pjit,, Qj41,)” € Q; and F,. # 0, because any vector field can

be expanded into quasi-homogeneous terms of type t of successive degrees. Such expansions
will be expressed as F = F, + ¢ — h.h.o.t.



We will denote by Do = (t1z,t2y)T € QF (a dissipative quasi-homogeneous vector field)
and by X, = (—0h/dy,0h/0z)T (the Hamiltonian vector field associated to the polynomial
h). Ifh e 'Pf_Ht‘, then X, € QF, where [t| = t1 +t2. Moreover, it is proved that every Fy, € QF
can be expressed as

Fr. =X, + ;LDO (3,10)
with h = (Do AFy)/(k+|t]) and p = div(Fg)/(k + |t|), where Do AFy € P,§+|t| is the wedge
product of both vector fields and div(Fy) € P} is the divergence of Fy, see [3]. This sum is
known as the conservative-dissipative splitting of a quasi-homogeneous vector field.

The procedure to obtain a normal form under equivalence for the system (3.9) is described
in, for example, [7]. Here we recall some notions.

The key in the problem of obtaining a normal form for the system (3.9) is to analyze the
effect of a near-identity transformation x = y + Py(y) and a reparametrization of the time
given by dt/dT = 1+ ug(x), where Py € Q% and ui € Pf, with k > 1.

The quasi-homogeneous terms of the transformed system y = G(y) agree with the original
ones up to degree r + k — 1 and for the degree r + k it has

Gy = Frpp— Lip(Pr,pn)
where we have introduced the homological operator under formal orbital equivalence:

Lr : Q5 xPp— Qi
Py i) = Li(Pr, ) = [Py, Fr] — i Fo. (3.11)

Following the ideas of the conventional normal form theory, it is enough to choose (Pg, pux) €
¢ x Pp adequately in order to simplify the (r + k)-degree quasi-homogeneous term in system
(3.9), by annihilating the part belonging to the range of the linear operator L. And we say
that the corresponding term has been reduced to normal form under orbital equivalence. So,
by means of a sequence of time-reparametrizations and near identity transformations system
(3.9) can be formally reduced to normal form under orbital equivalence.
To study the homological operator, we define the linear operator

bieyr ¢ Phoy — P§
Hk—r = Ly, pit—r 1= Vp—r - Fp,
i.e. the Lie derivative of the lowest degree quasi-homogeneous term of F.
Following the developing made in [7], we have the following lemma adapted to our purposes.

Lemma 3.5 Let us assume that the lowest-degree quasi-homogeneous term of system (3.9) is
F, =Xy € Qf, where H € Pf_Ht‘. A complementary subspace to the range of Ly, with k > 1,
can be written as

Cor(Ly) =X @ Cor(4)Do,

being S,4i¢1+x a subspace verifying Cor(Lyyie) = Srtjt)+k ® (HCor(lr—r) N Cor(Lyyye)))-

Srtlt|+k

Proposition 3.6 Let us assume that the lowest-degree quasi-homogeneous term of system
(3.9) is F,. = Xg € Qf, with H = h®. A complementary subspace of the range of Lg,. in P

is
Cor(Lx,,) NPL="h (C’or(Lxh) N P,:, —_ > ® Ak,
2

where Ay is such that Pf = Ap® < h >.

Proof. By the definition of the linear operator, we have Lx,, (1) = Vp-Xp2 =2hVy - Xp,
from where we deduce Range(Lx,,) € h-Range(Lx, ). On the other hand, h- Range(Lx,, ) €
Range(Lx,,) because h - Lx, (u) = h-Vu-Xp =VE - X2 = Lx,, (4). Hence we have the
equality Range(Lx,,) = h- Range(Lx,, ). From here the result follows. ]

In order to study the formal integrability of system (2.5) we first compute a formal equiv-
alent normal form for such system.

Theorem 3.7 A formally orbital equivalent normal form for system (2.5) is

(#9)" = @ +1") (—y,2) "+ Xo,wir2py o1y + (02" +d;a’ " 'y)Do+ Y ea;h’Do. (3.12)

j=3 Jj=2



Proof. In this case, 7 = 2 and [t| = 2. From Lemma 3.5, Cor(Ly) = Xs,,, ® Cor({x)Do
with & > 1. So we must calculate Cor(f;) and the subspace Siix.

From proposition 3.6, we have Cor(¢;) = Cor(Lx,,) NPi.o = h (Cor(Lx,) NPL) ®Akta,
k > 1, where we can choose A; =< z7, 277y >. Tt is easy to proof that Cor(Lx,) NPf =0
if k is odd and Cor(Lx, ) NPE =< h' > if k = 21 with [ > 1. So, Cor(fx) =< zF 2 2" 1y >
for k odd and Cor(fy) =< "2 "1y p'HL > for k=21, 1> 1.

The subspace Siyr is such that Cor(€rq2) = Sayr & (HCor(€x—2) N Cor(fr42)). Taking
into account the previous calculations, we can deduce Syt =< 24, 2" 3y >, with k > 1.

Therefore, Cor(Lx) =< X rta, X nts,, 2 Do, 2"t 1yDg > if k is odd and Cor(Ly) =<
X yita, Xghray, #°2Dg, 2" 1yDo, h3 Do > if k is even, with k > 1. n

As a consequence we obtain the following result

Theorem 3.8 System (2.5) is formal integrable if and only if, system (3.12) is formal inte-
grable.

From now on we will study the formal integrability of system (3.12). In the following
lemma we apply the blow-up technique to transform system (3.12) into another whose first
quasi-homogeneous component be irreducible and thus learn more about necessary conditions
of integrability and existence of invariant curves of system (3.12).

Lemma 3.9 The blow up ¢ = u, y = wv, the scaling of time dT = u?dt and then the
translation v = x2 — i0, where o = +1 with i = v/—1 transforms system (3.12) into

v = 2uzs + Sicurs — urs — ijuJ;l + Z(Cj — iadj)ujfl + Zdju];l:m
Jj=3 Jj=3 j>3
+Zegng(:v2 — 2ig) w7 (3.13)
j=2
ry = —das —dioxs + x5+ Z(] +2)(a; —iobj)u’ > + Z(] + 2)bju’ 2xs.
j=3 jz3

In order to study the integrability conditions for the system (3.12), we studied the different
Newton diagrams in terms of the parameters of system (3.13), and we make some definitions
in terms of the coefficients of the normal form which we will be useful later.

The Newton diagram associated to system (3.13), (see [9, 10]), has always a non compact
edge leaving from the inner vertex Vo = (1,2) associated to the vector (2uxs, —4x3)7, see
Figure 1.

We define the following non-negative integers

m = min{jéN,jZS:a?—i—bi;ﬁO},
| = min{jeN,j>3:c +d, #£0}, (3.14)
E = min{jeN,j>2:ey #0},

where min(0) := 4oo0.

In the case m < 2(I — 1) with m < 4oco the Newton diagram has a exterior vertex Vo =
(m —1,0) associated to the vector (0, (m + 2)(am — icby)u™ )T,

The case 2(I — 1) < m < 400 has also the inner vertex Vi = (I — 1,1) associated to the
vector field ((¢; — iody)u'™',0)T and two compact edges.

In the case m = 2(I — 1) < +o0, the vector field ((¢; — iod;)u'~",0)7 is not associated to
any vertex, its points in the Newton diagram are located on the unique compact edge of the
Newton diagram.

If m = +o0, we will see by Theorem 4.13 that system (2.5) is integrable if | = k = 4+00. In
this case the system is C* orbitally equivalent to system (z*+y?)(—y, z)”. Hence the system
has a first integral of the form I = (2% +¢?) + - - -.

If m < 400, with | = k = 400, system (2.5) is formally integrable because system (3.12)
is Hamiltonian of the form (i,9)” = (2% + y*)(—y,z)* + Yoies Xajwit2baitty = Xn +
> i23 Xa,wit2b,ai+1y Where h = (22 + y*)?/4. Hence system (2.5) has a first integral of the
form I = (22 +4%)% +---.

Consequently, from now on we assume [ < +00 0 k < 400; i.e., we assume that the vector
field is not formally equivalent to a Hamiltonian one.

We remark the new scenario in which we are. Theorem 1.3 does not characterize the
integrability of these vector fields, see below Lemma 6.19.



Vo =1(1,2) Vo =(1,2) Vo =(1,2)
J=1,1) J=1,1) Ji=(0-11)

Vo = (m —1,0) Vo = (m—1,0) Vo = (m—1,0)
a) b) c)

Vo =1(1,2) o
‘/.1 :(l_171)

d) e)

Figure 1: Different situations, Newton diagram in black line. a) Case m < 2(I — 1). b) Case
m=2(l—1). c) Case 2(I — 1) < m. d) Case l < +00, m = +00. €) Case | =m = +00

4 The main results

First we study the case when system (2.5) is reducible.

Definition 4.10 We say that the vector field F is reducible if there exists a scalar function
f, with f(0) =0, such that F = f - G.

Theorem 4.11 Assume that system (2.5) is integrable and let F = (z* + y*)(—y, )" + ---
its associated vector field. System (2.5) has a first integral of the form I = (x® + y*) + -+ if
and only if F is reducible.

Proof. We assume that the vector field F is reducible. Hence we it can be written F =
(2 +y? + - )[(=y,z)T 4+ --] = f- G. The vector field G is integrable because F it is
integrable. Moreover a first integral of G is of the form I = (z* 4+ 4?) + ---. Therefore,
I = (z®+y?) + - is a first integral of system (2.5).

Now we assume that I = (z%4y?)+- - is a first integral of F. By the Moser Lemma, see [24,
Lemma 2.3], there exist a change of variables (z,y) = ¢(u,v) such that I(¢(u,v)) = h(u,v),
where we denote h = z? + y?, being I(¢(u,v)) = h(u,v) a first integral of the transformed
vector field G = ¢.F.

We write G as G = (z° +y?)(~y,z)T + > ;52 Gj. We claim that G; = f; - (~y, z)T, v > 2.
If h is a first integral of G, then is a first integral for each G;. Vh-G = 0 = Vh - (z® +
v (~y, )" + > js2 Vh - G; = 0 which implies VA - G; =0, Vj > 2.

Now, we write each G as G; = Xy, +;Do+X;(—y,z)", with g; € A;, Vj > 2, (see definition
in Proposition 3.6). Then we have Vh-G; = Vh-X,, 4+ 2u;h = 0; therefore, h is an invariant
curve of Xy, and we can write g; = f; - h, Vj > 2. But this is in contradiction with g; € Aj;
then we have g; =0, Vj > 2. Consequently, Vh - G; = 2u;h = 0, from where p; =0, Vj > 2.
From here G; = \;(—y,2)”, Vj > 2. Thus we have G = (:c2+y2)(—y,x)T+Zj>2 \j(—y,z)T =
(2 +y°+ 2 is2 M) (=Y, z)T. In short we can write the vector field G = f-(—y,2)”. Undoing
the change ¢ we obtain F = f - [(—y,z)T 4+ -], where f = ¢7}(f) = a® + 4> + - -.

Finally, we have write F as F = (2% +4*> +---) - [(~y,2)T + - -], thus the vector field F is
reducible. m

In the following we assume that the vector field F associated to system (3.12) is irreducible.
Now we recall the following result proved in [6] that we have adapted to our purpose.



Theorem 4.12 The system x = F, = (P,Q)7, with F,. € Q%, P,Q coprimes, PQ # 0 and
div(F,) # 0 is integrable if, and only if,

Sy

(Do AF,) (z,y) = ca™y® [ (" — Niz'), (4.15)

=

=1

with © + [t| = t10s + t20y + titam, ¢ # 0, 05,0y € {0,1}, 6 + dy +m > 2 and A1, ..., A,
distinct complex numbers not zero and exist ng,ny, n;, 1 = 1,---, m non-negative integers, not
all zero, verifying

Res[n(x,1),0] = — + (et DEHED if 6. = 1,
Res[n(1,y), 0] = £ — (el if 6, =1, (4.16)
Res[n(l,y),)\:/tl] — % _ W i=1,-,m,
where M = t1(ng + 1)0x + ta(ny + 1)8, + tata X7 (n; +1) and n = 73:5\%1,
Moreover a first integral is of the form
I = gl metlyfulnyth) ﬁ(y“ ety (4.17)

i=1

We denote by G the vector field associated to system (3.13). Recall that if system (3.12)
is formal integrable then system (3.13) also is formal integrable.

In the following result we give necessary integrability conditions of system (3.12), (a normal
form of system (2.5)). In its proof we will use Theorem 4.12.

Theorem 4.13 Let F be the associated vector field of system (3.12) and consider m, 1, k
defined in (3.14). We assume F irreducible. If F is formal integrable then the following
conditions are satisfied.

e min{l,m} < 2k, k < 400,
e m<2(l—1),1<+o0,

o2
e Ifm=2(1-1), m< +oo, then %(cl —iod)® 4 (am — iobm) #0

Proof. We will prove the converse result. If it is verified any of the following conditions, then
system (3.12) is not formal integrable.

e min{l,m} > 2k, k < 4o0,

e m>2(l—1),1< +o0,

=%
1612

We assume that min{l,m} > 2k. If F is the associated vector field of system (3.12), then
we have F = Fy + Fop + - -+ with Fy = %hXh and Fy, = (egkhlC + u)Do + X where

e eop #0,
o 1y =zt + dix! ™y if 2k = I, otherwise y; = 0,

e m=2(l—1), m < +oo and (c1 —iod))® 4 (am — iobm) =0

9m >

e gm = amz™t? + bmmmHy if 2k = m, otherwise g, = 0.
If the system was integrable a first integral would be of the form I = A" + 3 ., I; with
I; € P;LD, by Theorem 4.11 we have that p > 2. The integrability condition (VI -F = 0) is
satisfied and at the lower degree 2p + 2k is

0

Vh? - Fop + Vipiop—2 - Fa
= 2peaxh? ™ 4+ 2pph® + ph?"'Vh-X,, + hVIapion o - Xy

= h[2pe2khp+k71 + 2p/uhp71 — 2hP "2V g 'X% + Viapiok—2 X%]

which is compatible only if esr, = 0, giving a contradiction.



We assume now that m > 2(I — 1). In this case the Newton diagram of (3.13) (after
applying the blow-up to system (3.12)), would have two compact edges (if m < 400) or one (if
m = +o00). In any case, we focus in the edge of type t = (1,1 —2), common to both situations.
This edge has associated the vector field G, = (2uzo+(¢; —iod;)u' ™!, —423)T, where r = 1 —2.

If F is formal integrable then G is formal integrable and G, is also is formal integrable.
To apply Theorem 4.12, first we compute the Hamiltonian function

1 T l -2
h = -2 G, =——"— Y ,
e |t|(u7( Jz2)" A 57— g usz(r2 = AuT]
where A = 2.1 (¢; — iod;). On the other hand,
1 6 -1

(e —dod)u' 7).

[z2 — —¢

= ——div(F,)=———
n= ) = 5
Applying Theorem 4.12 and computing the residue expressions, we have

3 _ —M+(2—3)(na+1)

Res[n(u,1),0] = 7 - Q)M
Res[n(1,z2),0] = l2__1[ _ M — (21 —]T;)(ny + 1)7
Res[n(1, 22), *ll(;fl;ﬁ _ M- };)(nl 1)

where M = (ny +1) + (I — 2)(ny +1) + (I — 2)(n1 + 1). From the second equation we get
ny +1=—(—2)(n1 + 1) and taking into account that [ > 3, we would have that n, should
take negative values which implies a contradiction. Hence G, is not formal integrable.

(=272 . _
gz (@ —iod)” + (am = iobm) = 0. In this

case, G, = (2uzs + (¢ — iod))u' ™!, —4x3 + 2(am — ioby)u? T = (P,Q)T. Moreover we
have

Finally we assume that m = 2(I — 1) and

—21 -2 . 1—-2\2 . 2
T 3u(:c2 + 1 (aq —dod)u ") =au-f
—6 -1

no= m(mz — T(CZ —iod))u

l—2)

We will see that G is irreducible. Otherwise G, = g - @S, with G‘.S € 0% and g€ Tﬁ_s.
Thus we have Do A G, = (r + |t|) h = gDo A Gs; therefore, the irreducible factors of g are

irreducible factors of h. That is the possible reducible factors of G, are u o f. But u is not a

factor of @ and f is not a factor of P = 2u(z2+ Wul%); otherwise (z2+ wul%) =

f, from where 7l = —2, which gives a contradiction.
By Theorem 4.12, as G, is irreducible and Do A G, has not simple factors, G, is not
integrable and therefore system (3.13) is not integrable. |

In the following result we give necessary conditions of integrability for system (2.5).

Theorem 4.14 Let F be the associated vector field of system (8.12) irreducible. Consider m
and | defined in (3.14). If F is integrable, then it is verified

(a) If m < 2(1 — 1), m odd, then a first integral is of the form I = (x® 4+ y*)% 4 ---.

(b) If m < 2(l — 1), m even, then a first integral is of the form I = fifs where f1 Z fo y
fi= @4+ +-- fori=1,2.

(¢) If m = 2(1 — 1) and am — iobm # %(cl —iod;)? then exist M € N and N € N, with
M # N, such that

2

an = e (02255 - (-2 (- d),
2

by, = &%((zjug)zgﬁjx;z—(z—zf) d;.

In this case a first integral is of the form I = fM f&N where fi £ fo and f; = (22 +y*)+- -
fori=1,2.



The proof of Theorem 4.14 is given in the next section.

Remark. The case m = 2(I — 1) with am — iobm = % (c; — iod;)® which corresponds to the
case where the principal part of system (3.13) is reducible remains open.

5 Proof of Theorem 4.14

i) If m < 2(I—1), the Newton diagram of system (3.13) has a unique compact of type (2, m—2)
associated to the vector field Gp—2 = (2ux2, —4z3 + (M + 2)(am — iobm)u™ )T with
the Hamiltonian function and function p given by

1 m+ 2 . —
h = WDO A Gm,Q = —mu [.’Eg — (am — Z(Tbm)u 2} s (518)
1 3
= ——div(Gn—2)=— .
a r g lv(Gme2) = — e

Here we distinguish if m is odd or even.

e If m is odd, the Hamiltonian function has the irreducible factor [:r% — )\umfz] be-
cause m is odd, where A\ = (am — iobn). Now applying Theorem 4.12 and we
compute the residue

Res[n(u,1),0] — mi Q*M +?T<nm:2)1%nz+1)

Resn(1,z2), )‘1/2] = 2(m3+ 2) = M- 2(m2_/]\\4'})(n1 + 1)»

where M = 2(ne + 1) + 2(m — 2)(n1 + 1). Equating the expressions of the residue
and taking into account the value of M, we obtain

(ne +1) =4(n1 +1).

Hence, by Theorem 4.12; a first integral of G,,—2 is of the form I = u
A2yt — A D (2 e tymtl — (A (g2 — A2 Mt = (w23 —
Au™ )N where N = ny + 1. Therefore, I = (u*(z3 — ™ 2))N + .- is a first
integral of system (3.13). Since the first component of the vector field is integrable,
we can write I = (u*(23 — Au™2) +-- )N . U, where U is a unity in the ring of the
formal series of the variables u, 2. Consequently a first integral for system (3.13)
is of the form

nm+1(x§

I=u'(xy =M™ ) +---. (5.19)

On the other hand, if system (2.5) is integrable, a first integral is of the form
I= (2> +y*)" +---, with n € N. If we apply the change of variables described in
Lemma 3.9, this first integral becomes I = u*"z} (22 — 204)™ + O(u*"*!), that we
can write as

I=u""zy + O ™). (5.20)

Considering the type t = (3,1) in system (3.13), the first quasi-homogeneous com-
ponent of the vector field is G1 = (2uxa, —423)7. Ordering respect this type the
first integral (5.19) we get I = u*23 + ---.. Now we consider (5.20) with respect
to the type t = (3,1) and we have I = ugh + ... Equating both expressions
we deduce that n = 2. Therefore, for system (2.5) a first integral is of the form
I= (2> +4*)?+---. and this corresponds to case (a).

o If m is even, we can factorizes h; from the expression of (5.18) we have

_m+2 [x2 — Vam — iabmumTiz][mg +Vam — iabmumTJ].

m—lu




Consider R? = v/aZ, + b2, and «a such that R? cos(a) = a., and R*sin(a) = —obn,.
Thereby vam — toby, = R(cos(a) + ¢sin(a). Then we have

h = 7m+2u[x27/\1um;2][m27/\2um272]7
m—1
ko= m—1 2

where A\; = Rcos(a) + iRsin(a) and A2 = —Rcos(a) — iR sin(a).

Consider the type t = (1, m;2) and applying Theorem 4.12 we obtain

Resln(u,1),0)= 05 = 22Ut
m+ 2 (m—2)M
3 M—(m—1)(ni+1) |
Resly(lea) \] = -2 = MO Gy

where M = (ne + 1)+ 22(n1 4+ 1) + 22 (np + 1).

2
We define M =ny1 +1, N = n2 + 1 and solving the equations we get

1

M = N=(n+1)

~ 1

M = Z(m +2)(ns +1).
Hence by Theorem 4.12, a first integral of G,,_2 is of the form I = w™* " (zy —
)\ m—2 ni+1 m—2 no+1 . _ 4 m—2

w2 ) (x2 — Aou” 7)) , that we write as I = (u"(z2 — \u” 2 )(z2 —

)\gumzﬂ))N = [(u2a:2 — Alum*2)(u2x2 - /\gum*Q)]N. Therefore, reasoning as the

previous case, as the first quasi-homogeneous component is integrable, we can prove
that a first integral of system (3.13) is of the form

I=(ul2s —Mu™ 2+ )(Wwlza — dou™ 2 +--0).

As in the case m odd, we can consider the type t = (3,1) in system (3.13), and we
deduce that a first integral of system (2.5) is of the form I = (z* + 4% +---)(2® +
y? +---). This corresponds to case (b).

ii) if m = 2(I — 1), the Newton diagram of system (3.13) has a unique compact edge of type
(1,1 — 2) associated to the vector field G;_z = (2uzs + (¢; — iod))ul ™, —4x3 + 2l(am —
i0bm)u? ™Y AS trm —i0by, # % (c1—iod;)?, the vector field associated to system (3.13)
is irreducible since its first quasi-homogeneous component it is irreducible. Therefore we
can apply Theorem 4.12, where the Hamiltonian function and the dissipative term of

Gj_» are
-2 -2 NI
h = mﬂ{(l‘Q-‘rTl(q —’lO'dl)U >
—92)2 _
_ ((l16l2) (a — iadl)2 + (am — iabm)> u?! 4} .
_ —6 -1 ) 1—2
woo= 573 |:1'2 5 (a —iod))u } ,
By Theorem 4.13 we have that <l176[22)2 (a— iadl)2 + (am —i0bm) # 0, hence we can write
h as
h 2;_ 3u [xg - A1u172] [xg — )\zul%] ,
where

-2 [—2 . .
A = _TCZ — Rcos(a) + (Tlgdl - RSIH(OZ)) 2,

A2 = _l 4126z + Rcos(a) + <l;7l2adl + Rsin(a)) i,
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and «a is an angle such that (am 4 =22 (cf — d?)) = R? cos(2a), — (bm + (l;z

)2 Cldl) g =

1612

2
R%sen(2a) and R? = \/ (m + S22 — )+ (b + G2 dt) . Now applying

Theorem 4.12 there exist n1, n2, n, non—negative integers, not all zero, verifying

Res[ﬁ(u, 1),0} = § — -M+ (2l — 32\(/17,95 + 1)’

! (1-2)M
_=1 cp—1io 20 — 3 1
Resl(l,a2),\] = Pl oy - GL=mad),
M
— [ 10 2l - 3 1
Res[n(]'?xZ)? )‘2} = o l()?z (/\Ll) ) =1- ( ),97’2 + )7
M
where M = (n, 4+ 1) + (I — 2)[(n1 + 1) 4 (n2 4 1)]. From this equations we get
¢ sin(a) + ad; cos(a) = 0, (5.21)
11+2 . M-N
1B (cicos(a) — odsin(a)) = UM N (5.22)

where M =n1+1, N=n2+1and ny, + 1 =2(M + N).
We distinguish four cases:

1)

Casec; # 0,d; = 0. Form (5.21) we have sina = 0 and | Cos(a)\ = 1, hence cos(2a) =
a=

812

1 and sin(2a) = 0. From the expression — (bm + cldl o = R*sin(2a), we

deduce b,, = 0. From the expression (am + l1612§ (c} d2)) = R? cos(2a), we

deduce am, = R* — (116122) ¢t. Condition (5.22) can be written as (I+2)c¢; cos(a)(M +

N) = —4lR(M — N). We multiply by cos a and we isolate R cos(a) = —2 M ¢
(M # N). We have a,, = R* — (11612:2 ¢t = R*cos’(a) — (11612? cf, and replacing

R cos a, we obtain the expression given in the statement.
Case ¢ = 0, di # 0. Analogously to the previous case. From (5.21) we have

cosa = 0 and |sin(a)| = 1, hence cos(2a) = —1 and sin(2a) = 0. From the
expression — (b + (ls_l?2cldl o = R?sin(2a), we deduce b,, = 0. From the ex-
pression (am + (116122) (¢ d2)) = R?cos(2a), we deduce a,, = (116122)2 d? — R%.

Condition (5.22) can be written as (I + 2)od; sin(a)(M + N) = 4IR(M — N). We
multiply by sina and we isolate Rsin(e) = S22+ 0d, (M # N). We have
Gm = (l16122)2 odi — R* = ”1;?222 od} — R*sin’(a) and replacing Rsin a, we obtain the
expression given in the statement.

Case ¢l +d? # 0, ¢ —d} = 0. From (5.21) we have cos? @ = sin?a. From the
expression (am G s (¢ d2)) = R?cos(2a), we deduce a, = 0. In (5.21)

16z
_oadjcos(@) (142)od; _ M-—N
sin(a) 4lRsin(a) — M+N"
As M # N, we can isolate Rsin(a) = (l+2”dl %f% On the other hand, if we
od; cos(a) sin(a)

c

_ (42)%d} (M+N)?
1612 (M—N)2

we can isolate ¢ = , and replacing in (5.22) we get

multiply (5.21) by sina, we can isolate sin® o = — , and substituting

. From here we

into the last equality we obtain —R2Z% Cos(a) sin(a)

_ 42?2 (M+N)
1612 (M—N)2

can isolate R? cos(a)sin(a) = ocyd;. Substituting this last equality

in the expression — (b + (lsz2 cldl) o = R*sin(2a) = 2R? cos(a) sin(a), we can
isolate b,, and we obtain the expression given in the statement.
Case ¢ +d? #0, ¢ —d? # 0. From (5.21) we have tana = —U‘ci—f. Moreover

tan(2a) = 13:2(20&) = _C?g(:célgdl. On the other hand,

tan(20) = sin(2a) _ ( 8,2 S o

cos(2a) 4 (116122) (c? _dl2)

Equating both expressions and isolating a.,, we obtain a,, = o dll bm. Reasoning
as in the previous case, we obtain the expression of b, given in the statement, that
substituted in the last equality gives the expression of a.,, given in the statement.

11



Hence in this case results that a first integral is of the form I = y2(M+N) (x2—A1 ul_Q)M(xQ—
/\gul%)N . Reasoning as in previous cases, since the first quasi-homogeneous component
of the vector field is integrable, we can write I = u2(M+N)(:L‘2 —nutT? 4+ --~)M(ac2 —
Xou!"2 + .- ~)N, ie, I = (u2m2 — 2ot + ---)M(u2x2 — dou! + )N Ordering respect
to the type t = (3,1), this first integral becomes I = (u?x2 + - )M (v?x2 + -- )N =
(u2x2)1\/I+N 4o

On the other hand, we know that a first integral for system (2.5) is of the form I =
(as2 + y2)" + .-+, n € N. Applying the change described in Lemma 3.9, it can be written
as I = u®"zh+--- = (u®x2)"+- - -. Equating both expression, we deduce that n = M+N.
Therefore, a first integral for system (2.5) is of the form I = (z? +¢* 4+ - )M (2 + 4> +
---)N. This corresponds to the case (c).

Remark. Theorem 4.14 is useful because in its absence to demonstrate the integrability
of a vector field F = (2% 4 y*)(—y,z)” 4 --- we would have to try with first integrals I =
(22 4 y*)™ + --- for any n € N. Theorem 4.14 not only gives us the value of n but also gives
us some initial conditions to have formal integrability.

Corollary 5.15 System(2.8) is not formal integrable.

Proof. In the computation of the coefficients of the normal formal, the first we find is b3 =
% # 0. Hence taking into account Theorem 4.14, and that we are in the case m =3 < 2(1 —1)
for all I > 3, we have that if system (2.8) is integrable then it has a first integral of the form
1= (m2 + y2)2 + ---. However, imposing the condition of integrability VI - F = 0, this is not
verified at degree 8. Therefore, system (2.8) is not integrable. ]

6 Applications

First we show a method to find a quasi-homogeneous normal form based in Lie transformations.
Here we present a resume of the procedure, for more details see [2]. The main idea is the use
of a generator U(x) for the change of variables (i.e., the change x = ¢(y,¢) is the unique
solution of the Cauchy problem with initial values %¢(y, €) =U(é(y,¢€)),¢(y,0) =y). The
transformed vector field G of F, using the change of variables x = ®(y,¢) in function of the
generator U, see [1], is given by

1

1
G=F+[F, U]+ [[F, UL, U} + 5

([[F, U], UJU] + -

We consider an expansion in quasi-homogeneous terms of the generator U = U; + Uz +- - -
and of the vector field F = F,. + F, 1 + ---. Thus we can write the term of degree r + k as

k
[F7 U}r+k = Z[F'Nrkfj: Uj]:
j=1

k—1

[[Fv UL U]T-‘rk = ZHF7 U]T+k—j7 UJ]

j=1

Using this equalities we have a recursive method to compute the term G, i as
"1
Gk = Z ﬁvﬂrk,j:
j=0

where
k—1+1

Viiko =Frii k>0, Vegrr= > [Vepej01,Uy], 1<I<k.
j=1
To compute G, we use the Lie triangle. Here we only consider the first two rows, in [2]
is fully developed.

F.

(6.23)
Fr+1 [FT‘7U1]

12



This method can be adapted to study the formal orbital equivalence. Consider the system
dx ,
X == D (Frin(x) - Z/J’jFT+k—j)7
k>0 Jj=1

where we have reparametrized the time in the initial system % = F(x) by

dt
g7 = 1= > ni(x), s € Cor(ty).

j=1

The first elements of the Lie triangle, described in [2], are

F,

Fri1—uF, [FT‘7U1] (624)

Frio— wmFrp1 — oF, | [Frpr — i Fr, Up) + [Fy, Ug] | [[Fr, Us], Uy

The main idea is that we can choose Uy y ux in order to simplify the quasi-homogeneous
terms of degree r + k. For each degree, we can solve an homological equation which gives us
a quasi-homogeneous normal form up to this degree.

Using this procedure we have the following result.

Lemma 6.16 Consider the system

( ‘; > = @+ ( I ) + ( Qs + 12y + Ay + ez’ + doay ) +q—hhot.

x baox® + b3123y + baaz®y® + bizzy® + boay®
(6.25)
The first coefficients of the normal form (3.12) for system (6.25) are:
1 1
az = 5(%1 —a13 4 bao — baz +bos), b3 = g(—azxo + aze — apa + b31 — bis),
1 1
c3 = 5(4(140 — 2az2 + b3y — 3b13), ds = g(3a31 — @13 + 2b22 — 4boa).

6.1 Example 1

Consider the following system
; 3
T _ 2 2 -y ar-y
(5)=@et () + (e ) (6.26)

Theorem 6.17 System (6.26) has a first integral of the form I = x> +4* + --- if, and only
if, one of the following conditions is satisfied

(1) a=0, c=hb.
(2) b= —a, c=0.

where a, b, c € R.

Proof. First we assume that T = 2% +y® 4 --- is a first integral of system (6.26). Imposing
the condition of integrability VI -F = 0 and making an analysis for each degree we obtain the
conditions of the statement.

Another way to obtain the necessary conditions is applying Theorem 4.11, that is, F must
be reducible. As the first component is reducible, the second component must be reducible.
Thus we obtain @ = 0, ¢ = b, and in this case 2% + ¢ is the factor of reducibility or ¢ = 0 and
b = —a in which case the vector field (—y, z) is the common factor of both components.

Reciprocally, we first assume that a = 0 and ¢ = b. In this case system (6.26) becomes

()-enl(2)-(2) e

which is integrable with a first integral of the form I = 2% + 3% +---.
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We assume now that b = —a and ¢ = 0. With this values system (6.33) yields

( ‘Z ) _ (m2+y27am3)( v ) (6.28)

which is integrable because is a non-degenerate center doing a scaling of time. Moreover, as
it is reducible, applying Theorem 4.11, a first integral is of the form I = % + 3% + - - -. |

Theorem 6.18 System (6.26) with 254> + 8b 4+ 15ab # 0, is analytically integrable if, and
only if, one of these following conditions is verified.

(1) ¢c=—3a, 5a+2b#0.

(2) c=a+b,b#0, 5a—4b#0, 5a+ 2b # 0 and exist M, N € N, with M # N, such that
b= —2Mi3N,
2

(8) a=—2b,c=2b,b#0.
Moreover in the Cases 1 and 3 a first integral is of the form I = (x* +4*)? +--- and in the
Case 2 is of the form I = (x® + y*)M ™ 4 ...

Proof. By Lemma 6.16 the first coefficients of the normal form of system (6.26) are

agzé(a—i—b—c), bz =0,

c3 =0, dz = é(Sa + 2¢). (6.29)

We consider first the case az # 0, that is, a + b — ¢ # 0, and we apply Theorem 4.14
statement (a), since m = 3 and m < 2(I — 1) for all [ > 3. In this case we have that system
(6.26) is integrable and it has a first integral of the form I = (x? +3?)? +---. Now we assume
that the system is integrable and imposing the integrability condition VI-F = 0 we obtain that
¢ = —3a. Reciprocally if it is verified such relation of statement (1), system (6.26) becomes

( " ) - (3”2+y2)( . )* ( b f‘ggxzyz ) (6.30)

which is Hamiltonian and therefore integrable.
We now assume that az = 0, that is, ¢ = a+b. With this condition the following coefficients
of the normal form for system (6.26) are

a3 = 0, b3=0,
c3 = O, d3 = é(?)a + 21)),
1
- _4 —0.
a4 150b(5a b), ba =0

We first consider the case a4 # 0 and ds # 0. In this case we are under the conditions of
Theorem 4.14 statement (c), that is, m = 2(I — 1) with [ = 3 y m = 4. Therefore we have
that

1 2 (M + N)? 2,2
= [+2)2 Lt/ _(1—2 —d7).
a 1612 (( + ) (M_N)2 ( ) )(Cl l)
In our case this implies
1 (M+N)?, ,
= —[1—-25——~-|ds.
9=l =Pl
If we substitute the values of a4 and ds, we can isolate b = —QMZLMV a. Hence the relations

given in statement (2) are satisfied.
On the other hand, doing the change {u = x,v = 2> 4y*} and scaling the time, if statement
(2) is satisfied, system (6.26) is transformed to the quasi-homogeneous system

( z ) - ( 2@1):;)152@ ) (6.31)
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Hence we can apply Theorem 4.12 and system (6.26) is integrable with a first integral of the
form I = (2* 4+ y*)™(2® + y* + 2522%)N. This completes the proof of statement (2).

We now assume that as = 0, ds = 0 and a4 # 0, that is a = —%b, c= %b and b # 0. We
apply Theorem 4.14 statement (b) and we deduce that system (6.26) is integrable with a first
integral of the form I = (2% 4+ +---)(z® + 4>+ ---). Reciprocally, if it is satisfied statement
(3), system (6.26) becomes

. 2 3
T\ _ 2 2 -y —sbx’y
(5)= e ()4 (uihbe ). (632

which is Hamiltonian with a first integral of the form I = (z® + y°)(z® + ¢y + 22°). ]

Lemma 6.19 System (6.26) under the conditions of statement (2) of Theorem 6.18 is not
orbitally equivalent to a Hamiltonian vector field.

Proof. The result is proved seeing that in this case the coefficient of the normal form as is
not null. |

Remark. Notice that in the case 25a% + 8% 4+ 15ab = 0 the first component of the associated
vector field (3.13) to system (2.5) is reducible and this case remains open.

6.2 Example 2

Consider the following system

. 4 2,2 4
T\ _ 2 2 -y ax® +bx y” +cy

Theorem 6.20 System (6.33) has a first integral of the form I = 2* + y® 4+ --- if, and only
if, it is verified one the following conditions.

(1) a=0,c=—e, d= —b.

(2) a=b—c,d=ce.
Proof. First we assume that I = 2% +4? +- - - is a first integral of system (6.33). By imposing
the integrability condition VI - F = 0 and doing the analysis for each degree we obtain the

conditions of the statement.
Reciprocally, we first assume that a = 0, ¢ = —e and d = —b. In this case, system (6.33)

yields
(5) =@ vt (). (639

T

which is integrable with a first integral of the form I = 2% + ¢
Now we assume that a = b— c and d = e. With this values of the parameters system (6.33)

T G)eeenl(2)o () e

which is integrable because is a non-degenerate center doing a scaling of time. Moreover, as
it is reducible, applying Theorem 4.11, a first integral is of the form I = % + 3% + - - -. |

Theorem 6.21 System (6.33) with (a —c—e)(a—b+c) # 0 is analytically integrable if, and
only if, one of the following conditions is verified.

(1) b=—3e, d=—4a, 5a+c+ Se#0.

(2) b=2a—e,d=e,a—c—e#0.

(8) d=a—b+c+e and exist M, N € N, with M # N, such that 2(a—c—e)M +3(a—b+c)N =

0 and c = —22E3N ((2M + N)a — Nb).
(4) b=—3e, c=—-5a— 3e, d=—4a, da+e #0.
Moreover, in the cases 1 and 2 a first integral is of the form I = (x® 4+ y*)*> + -+, in the

case 4 is of the form I = (x* + 4> 4+ --)(2®> + y*> + --+) and in the case 3 is of the form

15



Proof. Taking into account Lema 6.16, the first coefficients of the normal form are

as = 0, bg:—é(a—b—i—c—d—i—e)7

- —%(2b—4a—d+36), ds = 0. (6.36)

First we assume that b3z # 0; that is d # a — b+ ¢ + e. Applying Theorem 4.14 statement
(a), as m = 3 (odd), it is verified m < 2(I — 1) for all I > 3. Hence, if system (6.33) is
integrable, and a first integral is of the form I = (2% + ¢*)% +---.

Therefore, we assume that I = (22 +y?)?+- - - is a first integral of system (6.33). Imposing
the integrability condition VI - F = 0 for each degree, we obtain the conditions of statements
(1) and (2).

Reciprocally, in Case (1) system (6.33) becomes

. 4 3 2,2 4
xr 2 2 -y ax—iexy +cy
(5)=@em () (i), (637)
which is Hamiltonian with a first integral given by I = (2® + ¢*)? — 4az*y + 2ex?y® — %eyf’.
In Case (2) system (6.33) becomes

(5w ) (<)

x e:c3y + e:):y3

Doing the changes {u = 2%, v = y}, {u < v}, {1 = u, 22 = v +u?}, {#1 = X,23 = Y} and
reparametrizing the time the system transforms to

( )15: ) N ( 40«Y+41(2——6if+e))(4 ) (6.39)

which is integrable by the box flow theorem.
Now we assume that bs = 0; that is, d = a — b+ ¢ + e. The following coefficients of the
normal form of system (6.33) are

as = bg :0,
1
cg = g(5a —3b+c—2e), d3 =0, (6.40)
1
ag = 7@([)72676)(79b+5a+46+130), by = 0.

The study follows analyzing the nullification or not of a4 and cs.

We assume first that a4 # 0 and c3 # 0. Applying Theorem 4.14 statement (c), as m =4
and [ = 3, it is verified m = 2(I — 1). Moreover, we have that a, — iob, # %(cl — iadl)z,
from where, a4 # %cg. Therefore, substituting the expressions of a4 and ¢z we obtain (a —c—
e)(a —b+c) # 0. Thus if system (6.33) is integrable then exist M, N € N such that

2
L [, (M+N)

aq
and a first integral is of the form I = (2 4+ ¢* 4+ -- )M(z? + 4% + .- )V,
If we substitute the values of a4 and c3 we have that the resonance condition (6.41) becomes

20a—c—e)N+3(a—b+c)M =0. (6.42)

Therefore a candidate to be a first integral is of the form I = (2% +¢y*)™ ™V 4 ..., that is,
I: (ZCZ+y2+"-)kj(x2+y2+"')N.

Note that with the fixed values up to now, > + y?> = 0 is an invariant curve of system
(6.33) with cofactor K = 2z(ax? + 2%y* + ey® +y*). Hence, we can write the first integral as
I: ($2+y2)M(ZC2 +y2+)N

Now we impose that system (6.33) has a first integral of the form I = (22 + y?)™ (2? +
y? + >iss g;)N, where ¢; are generic polynomials of degree j > 3, that is, we impose the
integrability condition VI - F = 0 for each degree. At degree 9 we find the last necessary
condition of integrability, which is

(2M 4 3N)(2M + N)a — N(2M + 3N)b+ 3N?%c = 0. (6.43)
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From here we can isolate the parameter ¢ and we obtain the relations of Case (3).

To prove the sufficient condition it is enough to check that I = (z2 4+¢*)™ (2® + y? + Az +
By*)N, with A = fWa and B = %((2M + N)a — Nb), is a first integral of system
(6.33). This completes the proof of Case (3).

Finally we assume that c¢s = 0, that is, b3 = 0, as # 0 and ¢3 = 0, which is equivalent to
2a —b—e#0,c=—ba+ 3b+ 2e and d = —4a + 2b + 3e. Applying Theorem 4.14 statement
(b), it is verified m < 2(I — 1) because m = 4 and [ > 3. Hence, if system (6.33) is integrable
it has a first integral of the form I = (2% 4+ 4%+ ---)(z® +y* +---). Imposing the integrability
condition VI - F = 0, we have that b = f%e. Therefore substituting the found expressions of
the parameters we obtain the relations of Case (4).

Reciprocally, if it is verified statement (4), system (6.33) becomes

. 4_ 3,2 2 5.\, 4
T\ 2 2 —y ax® — jexy” + (—=5a — 5e)y
(5)=wom () ~daz®y + cay’ (64
which is Hamiltonian with a first integral T = (z* + y?)(2® + v* — daz’y + 2(e + 2a)y®). W

Remark. Notice that in the case (a — ¢ — e)(a — b + ¢) = 0 the first component of the
associated vector field (3.13) to system (2.5) is reducible and this case remains open.
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