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We combine the Dyson-Schwinger/Bethe-Salpeter equations framework with modern numerical
reconstruction methods to derive the three-dimensional and transverse two-dimensional charge distribution
of an array of ground-state pseudoscalar and vector mesons from their elastic electromagnetic form factor
in the low-momentum region. The charge radii obtained by averaging over the reconstructed charge
distributions have been checked to be consistent with those calculated from the slope of the elastic
electromagnetic form factor at zero transferred momentum. The capability of the reconstruction procedure
for capturing a reliable low-distance charge distribution is discussed and argued to work down to distances
of around 0.1 fm, such that it might be potentially applied to extract, e.g., mass densities from gravitational
form factors.
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I. INTRODUCTION

The study of the meson’s fundamental nature constitutes
one of the main directions of research in experimental and
theoretical hadron physics. The analysis of meson proper-
ties such as masses, leptonic decay constants, form factors,
etc., should make us better understand their dynamics and
its connection with QCD, the quantum field theory for the
strong interaction. Particularly, the elastic electromagnetic
form factors have attracted wide attention and have been
derived within many different calculational schemes and
approaches. Among the most successful, the one based
on the solutions of the corresponding Dyson-Schwinger/
Bethe-Salpeter equations (DSEs/BSEs) [1–8] must be
underlined, but others also deserve mention as, for instance,
lattice-regularized QCD [9–11], dispersive analyses [12],
or QCD sum rules [13,14]. On the other hand, apart
from the quark model [15,16], the earliest and most widely
used model to describe the elastic electromagnetic form
factor is the so-called single-pole vector meson dominance

model (VMD) [17,18], that can be extended to account for
multipole structures [19,20].
We will aim here at a computation of a complete array of

elastic electromagnetic form factors for pseudoscalar and
vector mesons and derive from them their associated charge
distributions, delivering therewith an intuitive physical
picture of their spatial distribution. The usual (nonrelativ-
istic) approach is obtaining a meson’s or baryon’s charge
distribution from the three-dimensional (3D) Fourier trans-
form of its electric form factor [21–23] (their size being
therefore expressed by an average squared radius which
results from the form factor derivative at zero momentum,
as done in the Particle Data Group compilation [24]).
How to extract reliable spatial distributions from hadrons,
especially the light ones, has anyway been under intensive
discussions in the last few years [25–33]. Other transforms
are possible (see, e.g., Ref. [27]), which, judiciously
interpreted, should deliver equivalent qualitative pictures
[34]. Particularly, one may choose the two-dimensional
(2D) transverse charge distribution as a representation of
the meson’s spatial distribution [26,35].
Whether the charge distribution is 2D or 3D, the Fourier

transform requires form factor’s data in the full spacelike
region, which will be herein approached by exploiting
the DSE/BSEs formalism, within a nonperturbative and
Poincaré-covariant framework capable of simultaneously
describing confinement and dynamical chiral symmetry
breaking (DCSB), and which has been successfully used
to describe a wide range of meson properties [36–39].
That the Bethe-Salpeter amplitudes (BSAs) are usually
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computed in the hadron’s rest frame entails an instrumental
difficulty for their direct implementation into the triangle
diagram representing the form factor in the impulse
approximation. Chebyshev extrapolations were first used
[1] to circumvent this problem, and some perturbation
theory integral representations were more recently applied
aiming at the same [3,40,41]. On the other hand, in Ref. [2],
solving BSE based on the moving frame is proposed,
avoiding thus any required extrapolation of the numerical
BSEs solutions. However, in the current DSEs/BSEs
framework, the gluon propagator is usually replaced by
a model, and a quark propagator should be solved in the
complex plane by Cauchy integral theorem, to ensure the
relative momentum in the gluon model is real. Hence,
the singularity in the complex plane constraints the solvable
region (Ref. [42]), and, accordingly, the electromagnetic
form factors obtained from the BSEs in the moving frame
are also restricted to low transferred momentum [4,43–46].
Consequently, the next step in order to capitalize on the

moving-frame BSAs solutions is to propose a well-defined
and reliable procedure to extract charge distributions on the
basis of a form factor defined within a low-momentum
finite region. The latter is a typical ill-posed inversion
problem, for which a variety of powerful modern numerical
methods have been developed, relying on the recent
improvement of computing performance. Among them,
the maximum entropy method (MEM) has been recently
successfully applied to analogous problems in hadron
physics [47–53]. Such will be our choice in this work,
being herein supplemented with the standard cross-
validation techniques widely used in machine learning,
in order to reconstruct both 3D and 2D charge distributions
from elastic electromagnetic form factors.
The manuscript is organized as follows. We introduce

the calculation of the meson’s electric form factor
within the DSEs/BSEs framework in Sec. II, whereas
the reconstruction of the related charge distribution can
be found in Sec. III. In Sec. IV, we show the numerical
results for the charged states1 π; πs;c;b; ρ; ρs;c;b; K; K� and
the neutral ones2 K0; K�

0, which are separately discussed
therein. Finally, Sec. V provides a brief summary and some
concluding remarks, while further elaborations about the
reliability of the reconstruction procedure are presented in
two Appendixes.

II. ELECTRIC FORM FACTORS

The DSEs/BSEs framework formulated in Euclidean
space and within the rainbow-ladder (R-L) truncation is

applied herein. Therefore, the generalized impulse approxi-
mation allows us to describe electromagnetic processes
in terms of dressed quark propagators, meson’s BSAs, and
the dressed quark-photon vertex; these couplings can be
written as [1,2,5]

Λμ;fgg
H ðP;QÞ ¼ iNc

Z
k
Tr½SfðkpÞΓHðk−; kpÞSgðkþÞ

× Γμðkþ; k−ÞSgðk−ÞΓHðk−; kpÞ�; ð1Þ

where

kþ¼kþP
2
þQ

2
; k−¼kþP

2
−
Q
2
; kp¼k−

P
2
; ð2Þ

and P −Q=2 and PþQ=2, and Q are incoming meson,
outgoing meson, and incoming photon momenta, in that
order. Note that the on-shell condition fixes the relation

ðP −Q=2Þ2 ¼ ðPþQ=2Þ2 ¼ −M2; ð3Þ

with M the meson’s mass.
The dressed quark propagators Sðk̃Þ, meson’s BSAs

ΓHðk̃þ; k̃−Þ, and dressed quark-photon vertex Γμðk̃þ; k̃−Þ
can be obtained by solving the gap equation

S−1ðk̃Þ ¼ Z2iγ · k̃þ Z4m

þ Z1

Z
Λ

q̃
g2Dαβðk̃ − q̃Þ λ

a

2
γαSðq̃Þ

λa

2
γβ; ð4Þ

the homogeneous BSE

ΓHðk̃þ; k̃−Þ¼
Z

Λ

q̃
Kðq̃; k̃;P̃ÞSðq̃þÞΓHðq̃þ; q̃−ÞSðq̃−Þ; ð5Þ

and the inhomogeneous BSE

Γμðk̃þ; k̃−Þ¼Z2γμ−
Z

Λ

q̃
Kðq̃; k̃;P̃ÞSðq̃þÞΓμðq̃þ; q̃−ÞSðq̃−Þ;

ð6Þ

respectively. Where q̃� ¼ q̃� P̃=2, m is the current-quark
mass and Z1;2;4 are the renormalization constants. Here,
we employ a mass-independent momentum-subtraction
renormalization scheme and choose the associated scale
to be μ ¼ 19 GeV [54,55], and

R Λ
q̃ represents a transla-

tionally invariant regularization of the four-dimensional
integral with the regularization scale Λ. Under R-L
approximation, the scattering kernel can be written as

Kðq̃; k̃; P̃Þ ¼ Z1g2Dαβðk̃ − q̃Þ λ
a

2
γα ⊗

λa

2
γβ; ð7Þ

1Herein, πs;c;b are charged πþ-like systems, defined by con-
sidering a first flavor generation of two quarks with a degenerate
mass as s, c, b, quarks, respectively, and ρs;c;b standing for the
analogous charged vector meson counterparts.

2We used the nonstandard notation K�
0 for the first spin

excitation of the neutral kaon.
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with

Z1g2Dμνðk̃Þ ¼ Z2
2Gðk̃2ÞPT

μνðk̃Þ; ð8Þ

and PT
μνðk̃Þ ¼ δμν − k̃μk̃v=k̃

2, which is the transverse pro-
jection operator. Concerning the effective interaction,
Gðk̃2Þ, we employ the Qin-Chang model [56]

Gðk̃2Þ
k̃2

¼ D
8π2

ω4
e−k̃

2=ω2 þ 8π2γmF ðk̃2Þ
ln½τ þ ð1þ k̃2=Λ2

QCDÞ2�
ð9Þ

with F ðk̃2Þ ¼ f1 − exp½ð−k̃2=ð4m2
t Þ�g=k̃2, mt ¼ 0.5 GeV,

τ ¼ e2 − 1, ΛQCD ¼ 0.234 GeV, and γm ¼ 12=25. In order
to generate sensible values of masses and decay constants,
we use typical values of the parameters ω and D, namely
ω ¼ 0.5 GeV and Dω ¼ ð0.8 GeVÞ3 for mesons contain-
ing only u=d and s quarks; and, ω ¼ 0.8 GeV with Dω ¼
ð0.6 GeVÞ3 for heavy quarkonia [55,57]. More details
about solving Eqs. (4)–(6) with the model specified in
Eqs. (7)–(9) can be found in, for instance, Refs. [56,58];
particularly, the corresponding numerical technique have
been reviewed in Ref. [42].
The novelty of this work is that we solve Eqs. (4)–(6)

in the moving frame [2,5] and then the quark-photon
coupling, Eq. (1), can be derived. Note here that the
coupling of a photon to the quark and antiquark pair
should be written as a sum of two terms,

Λμ
HðP;QÞ ¼ Q̂gΛμ;f̄gg

H ðP;QÞ þ Q̂f̄Λμ;gf̄ f̄
H ðP;QÞ; ð10Þ

where Q̂ is the quark/antiquark electric charge.
For pseudoscalar mesons, the electromagnetic form

factor is unique

GPS
E ðQ2Þ ¼ FðQ2Þ ¼ Pμ

2P2
ΛμðP;QÞ; ð11Þ

whereas, for vector mesons, there are actually three
electromagnetic form factors. In this work, we just focus
on the electric one,

GVC
E ðQ2Þ ¼

�
1þ 2

3

Q2

4M2

�
F1ðQ2Þ þ 2

3

Q2

4M2
F2ðQ2Þ

þ 2

3

Q2

4M2

�
1þ Q2

4M2

�
F3ðQ2Þ; ð12Þ

with

Λμ
ρσðP;QÞ ¼ −

X3
j¼1

Tj
μρσðP;QÞFjðQ2Þ; ð13Þ

and

Tμ;1
ρσ ðP;QÞ ¼ 2PμPT

ργðP−ÞPT
γσðPþÞ; ð14aÞ

Tμ;2
ρσ ðP;QÞ ¼

�
Qρ − P−

ρ
Q2

2M2

�
PT

μσðPþÞ

−
�
Qσ þ Pþ

σ
Q2

2M2

�
PT

μρðP−Þ; ð14bÞ

Tμ;3
ρσ ðP;QÞ¼ Pμ

M2

�
Qρ−P−

ρ
Q2

2M2

��
QσþPþ

σ
Q2

2M2

�
: ð14cÞ

The electric form factor at Q2 ¼ 0, GEð0Þ defines the
meson’s charge,

GVC
E ð0Þ ¼ GPS

E ð0Þ ¼ e; ð15Þ

and e ¼ 1 for a meson with unit positive electric charge,
and e ¼ 0 for a neutral meson.
It is worth noting that, although this approach avoids

any extrapolation and fitting, it comes at the cost of only
accurately computing the form factors of mesons in
low-momentum finite region [4,43,44]. In the next section,
we will present how to extract the charge distributions
from them.

III. CHARGE DISTRIBUTIONS

The electric form factors, obtained as discussed in the
previous section, and the corresponding charge distribu-
tions relate to each other by a Fourier transform, which
reads [21–23]

FðQ2Þ ¼ 4π

Z
∞

0

drj0ðQrÞr2ρ3DðrÞ; ð16Þ

where the charge density resulting from the usual non-
relativistic approach in three spacelike dimensions is
denoted as ρ3D, and j0 stands for the zeroth spherical
Bessel function. As discussed in the Introduction, some
controversy [27–29,34] has been recently raised about
the interpretation and reliability of nonrelativistic objects
as 3D or transverse 2D densities, the latter defined for the
charge as [26,35,59]

FðQ2Þ ¼ 2π

Z
∞

0

dbJ0ðQbÞbρ2DðbÞ; ð17Þ

where J0 is the zeroth Bessel function of the first kind. In
the vector case, one keeps FðQ2Þ ¼ GVC

E ðQ2Þ and ignores
form factor corrections that originate from projecting form
factors defined in three dimensions to two dimensions [60].
An exact relation between charge distribution and form
factor is still under investigation [27,61].
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Let us first focus on the 3D case and capitalize on the
Taylor expansion of j0 to recast Eq. (16) as

FðQ2Þ ¼
X∞
n¼0

ð−1Þn Q2n

ð2nþ 1Þ! hr
2ni; ð18Þ

with

hr2ni ¼ 4π

Z
∞

0

drr2þ2nρ3DðrÞ: ð19Þ

As illustrated in Appendix A, Eq. (18) is only valid
provided that ρ3DðrÞ decreases faster than any power of
r at asymptotically large r, and its right-hand side’s series is
only convergent within a given range of Q2, depending on
the particular density profile. On the other hand, considered
as an asymptotic series, the form factor derivatives at
vanishing momenta can be directly related to the charge
distribution moments, viz, Eq. (A1). In particular, for
n ¼ 1, one is left with the well-known result

hr2i ¼ −6
d

dQ2
FðQ2Þ

����
Q2¼0

: ð20Þ

Analogous arguments work for the 2D case, such that
Eq. (17) leads to

FðQ2Þ ¼
X∞
n¼0

ð−1Þn Q2n

22nðn!Þ2 hb
2ni; ð21aÞ

hb2ni ¼ 2π

Z
∞

0

dbb2nþ1ρ2DðbÞ; ð21bÞ

from which, for n ¼ 1, one obtains

hb2i ¼ −4
d

dQ2
FðQ2Þ

����
Q2¼0

: ð22Þ

It is apparent from Eqs. (18) and (21a) that an accurate
knowledge of the form factor, even within a restricted
domain of momenta, makes a priori available the deter-
mination of moments for 2D or 3D distributions, the more
accurate the more moments. The zeroth moments are fixed
by the normalization condition

hr0i ¼ hb0i ¼ e; ð23Þ

while the first ones, Eqs. (20) and (22), define the charge
radius and have been widely used to evaluate hadron’s
sizes [5,24,62,63]. However, a distribution is only fully
defined by the knowledge of all its moments (as a simple

illustration, Fig. 1 exhibits how different two normalized
distributions sharing the same charge radius could be).
In practice, a sensible number of moments is needed to
fairly approximate the density profile, which offers a more
precise physical picture of the hadron than its simple size.
Alternatively, the charge distribution can be directly

obtained by inverting the Fourier transform in Eqs. (16)
and (17) [64], with the results for the electric form factors as
an input. However, especially to derive an output at small r,
a numerically challenging evaluation of form factors at very
large momentum is required. This complication is often
bypassed by considering a physically motivated extrapo-
lation [34,65–67] of the form factor.
In this work, we will proceed differently and, as far as

the inversion of Eqs. (16) and (17) is a typical ill-posed
problem, apply a technique denominated MEM, which
has been proven efficient within this context in hadron
physics [47–53]. The procedure can be outlined as follows.
Let us schematically represent Eqs. (16) and (17) as

FðQ2Þ ¼
Z

∞

0

dr̃KðQ; r̃Þρðr̃Þ; ð24Þ

where K is the integral kernel, either 4πr̃2j0ðQr̃Þ or
2πr̃J0ðQr̃Þ, with r̃ ¼ r or b, respectively, for 3D or 2D.
The distribution function ρðr̃Þ is assumed to satisfy the
normalization condition and the asymptotic property at
large r̃ expressed above; and, under MEM framework, can
be reconstructed by maximizing the functional

Q½ρ� ¼ αS½ρ� − L½ρ�; ð25Þ

where L½ρ� is the likelihood function

L½ρ� ¼
X
i

1

2σ2i

�
FðQ2

i Þ −
Z

∞

0

dr̃KðQi; r̃Þρðr̃Þ
�
2

; ð26Þ

FIG. 1. An example of two very different charge distributions
giving the same value of the charge radius, hr2i ¼ 3=5.
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corresponding to an ordinary χ2-fitting, and α is a regu-
larization parameter which needs to be tuned as explained
below, and S½ρ� stands for the Shannon-Jaynes entropy

S½ρ� ¼
Z

∞

0

dr̃

�
ρðr̃Þ − ρ0ðr̃Þ − ρðr̃Þ log

�
ρðr̃Þ
ρ0ðr̃Þ

��
; ð27Þ

with ρ0 denoting a prior estimate that, in the following, will
be simply implemented by considering the well-known
VMD model. Thus, given a form factor behaving as

F0ðQ2Þ ¼ M2
v

M2
v þQ2

; ð28Þ

where Mv is vector meson’s mass taken from Table I, the
prior in Eq. (27) will be replaced by

ρ3D0 ðrÞ ¼ M2
v

4π

e−Mvr

r
; ð29aÞ

ρ2D0 ðbÞ ¼ M2
v

2π
K0ðMvbÞ; ð29bÞ

either in 3D or 2D cases, where K0 is the zeroth modified
Bessel function of the second kind.
As our input for FðQ2

i Þ comes from the calculations
in the DSEs/BSEs framework described in the previous
section, the same unique error will be assumed at any Qi,
i.e., σi ¼ σ, and the parameter α is redefined: α → ᾱ ¼ σ2α
[52]. Then, we determine ᾱ and the corresponding dis-
tribution function ρðr̃Þ by applying cross-validation meth-
ods widely used in machine learning.3 Indeed, considering

that we can produce sufficient data in the low-momentum
region, ∼Oð102Þ, it works as follows: (i) one divides the
ensemble of data for FðQ2

i Þ into two sets, a training one
collecting a 70% of data, FðQ2

kÞ, and a testing one, FðQ2
jÞ,

made by the remaining 30%; (ii) maximizing the functional
Q½ρ� based on the training set FðQ2

kÞ [see Eq. (25), and
referring to [47,71] for relevant technical details], obtaining
the distribution functions ρðr̃; ᾱÞ and predicting therewith a
value at any Q2

j for the test set; (iii) select the best ᾱ as that
generating the least error between the predicted and test
values, viz., Eq. (30); and, finally, (iv) repeat steps i–iii by
collecting data for the training and test sets in different
ways. As a balance of accuracy and efficiency, we chose to
group all produced data in bins of 10 elements which, as
explained above, can be partitioned each in Cð10; 3Þ ¼ 120
different ways.
The error between the predicted and test values can be

expressed as

xðᾱÞ ¼
X
j

�
FðQ2

jÞ −
Z

∞

0

dr̃KðQj; r̃Þρðr̃; ᾱÞ
�
2

; ð30Þ

which appears displayed in Fig. 2 for two illustrative
partitions of the data ensemble. It can be therein seen that,
as ᾱ gradually decreases, xðᾱÞ decreases first, reaches a
minimum, and increases beyond. This can be interpreted as
owing to a model transitioning from underfitting to over-
fitting. The minimum of xðᾱÞ indicates the best ᾱ, which
depends on the partition choice. We then average all the
obtained ρðr̃Þ from different partitioning of the data
ensemble to determine the final distribution function and
estimate a statistical error band from the dispersion of
results. Additionally, in order to check the sensitivity of
the results to the prior estimate, we rescale the used VMD
model, Eqs. (29), by 0.5–2 times and thus obtain a

TABLE I. Masses and decay constants, in GeV, for pseudo-
scalar and vector mesons. The renormalization-group-invariant
current-quark mass is m̂; M is the meson’s mass; f is the
decay constant. For comparison, the reported experimental data
are [68–70] Mπ ¼ 0.138ð1Þ, fπ ¼ 0.092ð1Þ,Mρ ¼ 0.775ð1Þ,
fρ ¼ 0.153ð1Þ, Mϕ¼1.019ð1Þ, fϕ¼0.168ð1Þ, Mηc ¼2.984ð1Þ,
fηc ¼0.237ð52Þ, MJ=ψ ¼3.097ð1Þ, fJ=ψ ¼0.294ð5Þ, Mηb ¼
9.399ð1Þ, Mϒ ¼ 9.460ð1Þ, and fϒ ¼ 0.505ð4Þ.
Quark m̂ Meson M0− f0− Meson M1− f1−

u=d 0.007 π 0.135 0.095 ρ 0.755 0.150
s 0.160 K 0.495 0.112 K� 0.955 0.178
/ / πs 0.692 0.133 ρs 1.088 0.189
c 1.762 πc 2.984 0.260 ρc 3.094 0.274
b 7.473 πb 9.399 0.479 ρb 9.462 0.461

FIG. 2. xðᾱÞ defined by Eq. (30), expressing the error between
model’s prediction and test set, as a function of the parameter ᾱ,
calculated for the reconstruction of the 3D charge distribution of
the ρ meson. The vertical dashed lines mark the minima resulting
from distinct partitions of the dataset (in different colors).

3Note here that, in the standard MEM [47], the best α
and distribution functions ρðr̃Þ are determined in terms of
probability as long as σ2i are provided. However, the uncertainty
associated with numerical computations in DSEs/BSEs frame-
work is difficult to determine. Therefore, one can opt for
estimating σ2i [50] or comparing the results for different α [52];
we choose the second one and determine the best α and ρðr̃Þ
based on sample partioning and cross-validation techniques.
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dominant effect which is merged it into a total error
band [49]. Further scrutiny of the impact from the choice
of the prior estimate is also performed, specifically for
the lightest pseudoscalar and vector mesons, and described
in Appendix B.

IV. NUMERICAL RESULTS

A. Charge distribution of charged mesons

Within the DSEs/BSEs framework described in Sec. II,
we calculate first the electric form factor of pseudoscalar
and vector mesons in the light-quark sector, i.e., π, K, ρ, K�
mesons, and extend further the calculation to pseudoscalar
mesons constituted from q ¼ u=d-like quarks with current
masses equal to those of the s, c, and b quarks, namely, πs,
πc, πb, respectively, and their associated vector partners
ρs, ρc, ρb. As masses and leptonic decay constants are
concerned, the ρs;c;b and πc;b results can be compared with
those for ϕ, J=ψ , ϒ, ηc, and ηb mesons [5,55,69]. Then,
the charge distributions are reconstructed based on the
form factor’s data obtained within the momentum domain
½0; Q2

max�, as illustrated in Table II. As mentioned in the
Introduction, the singularity of the quark propagator in the
complex plane reduces the range of transferred momentum
[see Eqs. (2) and (3)]. In this work, the used value of (Q2

max)
is a relatively conservative estimate, balancing our com-
putational resources with reliability.
As discussed in Sec. III, the charge radius can be

computed either directly from the derivative of the

corresponding form factor at vanishing momentum, or
from the first nontrivial moment of the charge distributions
[viz., Eqs. (19) and (21b) for n ¼ 1],

hr2i ¼
Z

∞

0

drr24πr2ρ3DðrÞ; ð31aÞ

hb2i ¼
Z

∞

0

dbb22πbρ2DðbÞ: ð31bÞ

The quality of the charge distributions derived by inversion
of Eq. (24) within the MEM framework can be first
evaluated through a comparison of the charge radii
obtained from their integration in Eqs. (31) and obtained
from the form factors, viz., Eqs. (20) and (22). This
comparison is shown in Table II and exhibits that the
two determinations are plainly consistent. However, as
illustrated by Fig. 2, radii are quite insensitive to the
pointwise behavior of the charge distribution, precisely
because they are defined in terms of the particular dis-
tribution moment expressing the average of r2, which is
linked to a local property of the form factor by a
mathematical identity. Altogether, two main observations
can be extracted from Table II: (i) the charge radius of
charged mesons decreases as the current-quark masses
increase, and (ii) the one for every vector meson is always
larger than its pseudoscalar partner’s.
Aiming at completion, the values obtained from applying

Eqs. (31) for the neutral mesons K0 and K�
0 have been

incorporated into Table II, although their case will be
discussed in the next subsection. At this point, we will only
underline that their form factors are endowed with a
positive derivative at zero momentum, entailing a negative
hr2i and, hence, an imaginary radius. Despite that unphys-
ical outcome, Eqs. (20) and (22) are still valid, and the
determinations from both the form factor and the charge
distribution are consistent. Indeed, Eqs. (31) implies that a
negative hr2i relies on a positive nondefinite distribution
charge.
Furthermore, the integration of charge distributions

below a given radius,

Q̂3DðrmaxÞ ¼
Z

rmax

0

dr4πr2ρ3DðrÞ; ð32aÞ

Q̂2DðbmaxÞ ¼
Z

bmax

0

db2πbρ2DðbÞ; ð32bÞ

defines a quantity that can be classically interpreted
as a charge covered up to that radius and that offers
further insight into the matter of the spatial extension of
the system. Obviously, the covered charge amounts to the
total charge, given by normalization in Eq. (23), as the
radius approaches infinity. In Table III, we present the radii

TABLE II. Charge radii obtained from form factors (“Slope”)
and charge distributions (“Integration”). As a comparison,
the experimental values of

ffiffiffiffiffiffiffiffi
hr2i

p
are [24,72] π∶0.659ð4Þ,

K�∶ 0.560ð31Þ, K0∶ 0.277ð18Þi, and ρ∶0.721ð35Þ. The units
are fm, except that for Q2

max which, given in GeV2, represents the
maximum value of transferred momentum used to reconstruct
the charge distribution from the corresponding form factor.
The errors quoted for the estimates from charge distributions
only propagate the systematic uncertainty in MEM-based
reconstruction as discussed in Sec. III.

ffiffiffiffiffiffiffiffi
hr2i

p ffiffiffiffiffiffiffiffiffi
hb2i

p
Q2

max
Slope Integration Slope Integration

π 0.646 0.646(1) 0.527 0.528(1) 2.2
K� 0.601 0.601(1) 0.491 0.491(1) 3.0
πs 0.466 0.466(1) 0.380 0.381(1) 4.0
πc 0.227 0.227(1) 0.185 0.185(1) 5.6
πb 0.113 0.113(1) 0.092 0.092(1) 8.5
ρ 0.722 0.722(1) 0.589 0.590(1) 2.2
K�

� 0.645 0.646(1) 0.527 0.527(1) 2.2
ρs 0.520 0.520(1) 0.424 0.425(1) 3.0
ρc 0.247 0.247(1) 0.202 0.202(1) 3.2
ρb 0.120 0.120(1) 0.098 0.098(1) 5.0

K0 0.284i 0.283ð1Þi 0.232i 0.231ð1Þi 3.0
K�

0 0.271i 0.267ð1Þi 0.221i 0.218ð1Þi 2.2
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corresponding to a covered charge equal to 50%, 70%, and
90% of the total charge.
The reconstructed 3D and 2D charge distributions for

charged mesons appear displayed, respectively, in the left-
and right-upper panels of Fig. 3. Their comparison makes
clearly apparent that 2D distributions are more compressed
near the center than 3D, due to the reduction of the
canvassed dimensions, although the shape and the pattern

for the different mesons that each shows, as expected,
remain the same.
Concerning this last pattern, as the meson system

transitions from light to heavy quark sectors, the charge
distribution tends to shrink, which basically means that the
spatial range of motion is larger for a light than for a heavy
quark. In the case that only the lightest quark flavors are
involved (π, ρ and Kþ and K�þ), the charge density is still

TABLE III. Radii corresponding to different covered charges; the unit is fm.

3D 2D

50% 70% 90%
ffiffiffiffiffiffiffiffi
hr2i

p
50% 70% 90%

ffiffiffiffiffiffiffiffiffi
hb2i

p
π 0.442(5) 0.646(6) 1.025(15) 0.646(1) 0.331(7) 0.506(8) 0.850(23) 0.528(1)
K� 0.408(2) 0.592(3) 0.954(6) 0.601(1) 0.306(3) 0.466(3) 0.787(6) 0.491(1)
πs 0.330(1) 0.469(1) 0.735(1) 0.466(1) 0.248(1) 0.369(1) 0.609(1) 0.381(1)
πc 0.179(1) 0.239(1) 0.346(1) 0.227(1) 0.136(1) 0.190(1) 0.290(1) 0.185(1)
πb 0.093(1) 0.120(1) 0.168(1) 0.113(1) 0.071(1) 0.096(1) 0.141(1) 0.092(1)
ρ 0.542(1) 0.732(1) 1.113(1) 0.722(1) 0.416(2) 0.584(2) 0.927(2) 0.590(1)
K�

� 0.477(1) 0.643(1) 0.998(1) 0.646(1) 0.365(2) 0.514(1) 0.824(1) 0.527(1)
ρs 0.400(1) 0.532(1) 0.797(1) 0.520(1) 0.305(2) 0.427(1) 0.662(1) 0.425(1)
ρc 0.203(1) 0.264(1) 0.369(1) 0.247(1) 0.153(1) 0.212(1) 0.312(1) 0.202(1)
ρb 0.099(1) 0.128(1) 0.180(1) 0.120(1) 0.075(1) 0.103(1) 0.153(1) 0.098(1)

FIG. 3. Upper panels: 3D and 2D charge distribution of pseudo-scalar mesons and vector mesons. Lower panels: charge covered by
different radius as explained in the text and Eqs. (32). Solid lines: pseudoscalar mesons; dashed lines: vector mesons.
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significantly nonzero at r or b ∼ 1 fm, while it is zero
already at around 0.6 fm when the current quark masses
are increased to reach that of the charm (πc and ρc) and
at around 0.4 fm when the bottom quark mass is taken
(πb and ρb). When comparing vector and pseudoscalar
partners, the former’s spatial extension is significantly
larger than the latter’s, their difference being maximal in
the lightest sector and diminishing gradually for heavier
mesons, becoming negligible when bottom quark masses
are involved. This appears to suggest that spin-dependent
interactions become less significant when current masses
of the meson’s constituent quarks increase, and the Higgs
mechanism weighs more than DCSB in the meson’s mass
budget.
All the latter are consistent with the radii hierarchy

apparent in Table II and with the conclusions we extracted
from. Equivalently, the same can be inferred from the
evolution of the covered charge with the radius of integra-
tion, shown in the lower panels in Fig. 3, or from the
outputs of Table III. In the lower panels, apart from charged
mesons’ results, those for neutral K0 and K�

0 are also
included and shown to exhibit different behavior which
stems from their positive nondefinite charge distribution
and their null total charge. The discussion of these features
is postponed for the next subsection.

In the aim of providing more elements of comparison,
Figs. 4 (pseudoscalar mesons) and 5 (vector) display the
reconstructed charge distributions (upper panels) and
covered charge (lower) together with the predictions from
the VMD model. Clearly, VMD and DSEs/BSEs results
for light pseudoscalar mesons are compatible, but they
significantly differ in all vector cases and for the heavy
mesons considered herein. The difference, again, gradually
grows up with the current quark mass.
We furthermore illustrate our results by a comparison

in Fig. 6 of the covered charge at the standard radius,
Q̂3Dð

ffiffiffiffiffiffiffiffi
hr2i

p
Þ, obtained with our 3D charge distributions

and with other four typical ones: Yukawa, exponential,
Gaussian, and hard-sphere distributions, usually considered
for pions, protons, light nuclei, and heavy nuclei, respec-
tively [73]. Deviations are apparent for heavy mesons, our
estimations indicating less spatial extension and lying
below (above) the prediction from exponential (Gaussian)
distributions.

B. Charge distribution of neutral mesons

In the case of the neutral K0 and K�
0 mesons, their size

cannot be expressed in terms of a charge radius given by
Eqs. (31). Their form factors possess a positive derivative at

FIG. 4. Comparison between the results of DSEs/BSEs and VMD model. Solid lines: DSEs/BSEs; dot-dashed lines: VMD. The
vertical lines indicate the charge radii obtained by DSEs/BSEs.
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vanishing momentum (see Fig. 7), and, consequently, hr2i
becomes negative, implying that their associated charge
distributions are positive nondefinite.4 Indeed, the

meson form factors are the result of combining two quark
contributions which, in the neutral case, produce a destruc-
tive interference by their opposite charge. Namely,

FK0ðQ2Þ ¼ −
1

3
FK0

d ðQ2Þ þ 1

3
FK0
s̄ ðQ2Þ; ð33Þ

and analogously for K�
0. Therefore, owing to the

linearity of (24), a charge distribution can be separately

FIG. 5. Comparison between the results of DSEs/BSEs and VMD model. Solid lines: DSEs/BSEs; dot-dashed lines: VMD. The
vertical lines indicate the charge radii obtained by DSEs/BSEs.

FIG. 6. The charge covered by
ffiffiffiffiffiffiffiffi
hri2

p
in four typical 3D

distributions and their comparison with our results (red points).
Solid line: Yukawa distribution; dashed line: exponential dis-
tribution; dotted line: Gaussian distribution; dot-dashed line:
hard-sphere distribution.

FIG. 7. Electric form factor of K0 and K�
0 mesons.

4Therefore, it is difficult to directly reconstruct ρK
ð�Þ
0 ðr̃Þ based

on MEM.
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reconstructed from each quark contribution, and both can
be combined as

ρK0ðr̃Þ ¼ −
1

3
ρK0

d ðr̃Þ þ 1

3
ρK0
s̄ ðr̃Þ: ð34Þ

Thus, each expresses a spatial distribution for a total charge
amounting to a positive unity, and weighted by their own
charge, they overlap to produce the full meson’s charge
distribution. This destructive interplay of two opposite

contributions explains that, in the lower panel of
Figs. 3–5, the peak of covered charge for the neutral
mesons is more than 1 order of magnitude smaller than the
saturation value for charged mesons.
For MEM reconstruction, the VMD model is again

used as a prior with ρ and ρs masses for the d and s cases,
respectively, thus implementing Eqs. (28) and (29).
The outputs for the reconstructed charge distribution are
presented in Fig. 8. The same pattern shown for charged
mesons can be seen here: 2D distributions (right panels)

FIG. 8. The 3D and 2D charge distributions of the K0 and K�
0 mesons. Solid lines: DSEs/BSEs; dashed lines: VMD of

Ku=dðK�
u=dÞ; dot-dashed lines: VMD of KsðK�

sÞ; dotted lines: VMD of K0ðK�
0Þ. Upper panels: charge distributions of d and s

quark in K0 meson; middle panels: charge distributions of d and s quark in K�
0 meson; lower panels: the full charge distribution

of K0 and K�
0 meson.
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more compressed near the origin than 3D (left). Here, the
quark contributions for K0 (upper panels) and K�

0 (middle)
are separately displayed, and in both cases, the lighter-quark
density extends farther than the heavier. This can be intui-
tively interpreted as the consequence of a heavier quark
weighting more for the definition of the meson’s center of
momentum and, hence, lying closer to this center than the
lighter. Then, both densities combine to give the full dis-
tributions shown in the lower panels: near the center, positive
charge dominates the interplay, and as the probe gradually
moves away from it, the dominance is reversed, the meson’s
charge distribution becoming negative after crossing a zero.
Again, the pseudoscalar system appears to be more

compact than the vector. Instead of the (negative) average
of r2, one can use the position of the zero crossing to
evaluate and compare the neutral meson’s sizes. Table IV
shows these zeros: r0 (3D) and b0 (2D). As can be seen,
K�

0’s is about (20–30)% larger than K0’s. Our estimates
compare fairly well to VMD predictions in the pseudo-
scalar case but significantly differ for the vector. This is also
consistent with the analysis of charged mesons.

V. CONCLUSIONS

Aiming at delivering charge distributions of pseudosca-
lar and vector mesons, both in three spatial and two
transverse dimensions, we investigated their electromag-
netic form factors within a DSE/BSE framework which
constrains the outputs below a maximum transferred
momentum of ∼2 GeV in most of the cases.
Consequently, as form factors and charge distributions
are related by a Fourier transform which, a priori, requires
being known over the full support, DSE/BSE results need
to be supplemented with a reconstruction procedure. To this
purpose, we have used the maximum entropy method,
supplied by a Bayesian prior fixed by a VMD model with a
vector meson mass given by the corresponding homo-
geneous BSE. Although the VMD model only accounts for
low-momentum DSE/BSE results for the lightest pseudo-
scalar case (and does not incorporate scaling violations),
the sensitivity of MEM outputs for charge distributions to
the prior’s choice has been canvassed, and their reliability
has been proven down to distances of 0.1 fm. Interestingly,
supplementing the DSE/BSE results with our proposed

MEM reconstruction, a differential feature for vectors and
pseudoscalar mesons can be predicted and interpreted,
namely, the form factor exhibition of a zero crossing in
the vector channel.
The overall analysis shows that the charge distribution of

meson gradually shrinks around the center of (transverse)
momentum in three dimensions (two dimensions) with the
increase of the current-quark mass. Moreover, the charge
distribution of a vector meson extends always farther than
that of its pseudoscalar partner, the difference decreasing
gradually when transitioning from light to heavy quark
sectors. The 2D distributions are more compressed than
3D ones, but their shapes and trends with quark-current
mass and meson’s properties are shown to be the same.
Concerning the size, the standard squared average [viz.,
Eq. (20)] is shown to cover about 70% of the total charge
for the light mesons, which agrees with the expectation
for a Yukawa distribution, but the quark-current and
resulting meson masses slightly lower this percentage,
which takes around 65%, when c or b flavors are involved,
a value lying between the expectations from exponential
and Gaussian distributions.
In the case of neutral K0 and K�

0 mesons, they both
exhibits a nondefinite positive charge distribution, resulting
from the nontrivial interplay of those for their quark
constituents, the one corresponding to the s-quark being
more compact than that associated with the u=d-quark. The
consequence is a charge density which is positive near the
center of momentum, crosses zero, and becomes then
negative, where the peaks are about 1 order of magnitudes
smaller than those for charged mesons. Moreover, this zero
crossing could be taken as a measure of the size, at least
for comparative purposes, of the neutral mesons. Thus,
our numerical results suggest that K�

0 is about (20–30)%
larger than K0.
Finally, as an immediate perspective of this work, the

reconstruction method herein used to extract charge dis-
tributions from electromagnetic form factors could be also
considered to derive mass distributions from gravitational
form factors.
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TABLE IV. Neutral radius, in fm, of K0 and K�
0 mesons. See

text for details.

r0 (fm) b0 (fm)

DSEs/BSEs VMD DSEs/BSEs VMD

K0 0.412(7) 0.433 0.316(9) 0.336
K�

0 0.505(1) 0.433 0.411(5) 0.336
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APPENDIX A: CONVERGENCE OF EQ. (18)

After Taylor’s expansion of j0 in Eq. (16), the
exchange of integral and sum entailing Eq. (18) can
be only allowed when the corresponding series, before
and after the exchange, are proved to be convergent.
The former is guaranteed, given the radius of conver-
gence for the series from the Taylor’s expansion of j0,
while, for the latter, ρ3DðrÞ needs to be assumed to
decrease faster than any power of r, when r goes to
infinity, so that hr2ni defined by Eq. (19) is always a
nonsingular c-number.
Furthermore, although the form factor in Eq. (16) might

be well defined for all Q2, the domain of convergence for
the series in Eq. (18) depends on the particular charge
distribution and could be restricted to a given range of Q2.
Notwithstanding this, Eq. (18) can be always approached as
an asymptotic expansion and, as such, delivering reliable
results. Namely, given a few number m of distribution
moments hr2ni, there will always be a Q2

0 such that, for any
Q2 ≤ Q2

0, the series in Eq. (18)’s r.h.s. can be truncated for
n ¼ 0;…; m, delivering therewith a good approximation
for the form factor in l.h.s. Particularly, one can take
derivatives and specialize at Q2 ¼ 0,

dn

dnQ2
FðQ2Þ

����
Q2¼0

¼ ð−1Þn n!
ð2nþ 1Þ! hr

2ni; ðA1Þ

thus relating moments distributions and form factor
derivatives.
Let us illustrate all the latter by considering the VMD

model, Eqs. (28) and (29a). Then, Eq. (19) reads

hr2ni ¼ 1

M2n
ν

Z
∞

0

dxx2nþ1e−x ¼ Γð2nþ 2Þ
M2n

ν
¼ ð2nþ 1Þ!

M2n
ν

;

ðA2Þ

which plugged into Eq. (18) gives

FðQ2Þ ¼ 1þ
X∞
n¼1

ð−1Þn
�
Q2

M2
ν

�
n

; ðA3Þ

entailing that the convergence of the series is restricted
to Q2 < M2

ν. Clearly, Eq. (A3) corresponds to the Taylor
expansion of F0ðq2Þ from Eq. (28). Taking derivatives in
both sides and applying Eq. (A1), one can equivalently
recover (A2); e.g., hr2i ¼ 6=M2

ν.

APPENDIX B: SENSITIVITY TO PRIOR’S
FUNCTIONAL BEHAVIOR

As explained in Sec. III, the inversion of Eq. (24) via
MEM details the optimization of (25) with the likelihood
function (26) and the Shannon-Jaynes entropy (27). The
latter requires the implementation of a (Bayesian) prior,
herein taken from a VMD model entirely defined by a
vector meson mass derived from the corresponding
homogeneous BSE. The initial prior’s large-momentum
behavior is made to evolve through MEM optimization
and thus deliver a final MEM solution which, at low
momenta and is attached to input data (from DSE/BSE
form factors) by the likelihood function. As far as the
low-distance profile of the charge density relies on the
form factor large-momentum behavior, it is pertinent
to question the impact of prior’s on MEM solution’s
behavior and, hence, on the low-distance profile.
We can elaborate further on this issue by the inspection

of the panels of Fig. 9, displaying rρ3DðrÞ (upper) and
Q2FðQ2Þ (lower) for the lightest pseudoscalar (left) and
vector (right) mesons. The VMD prior, a particular fit,
and the MEM results appear therein compared for both
cases. We focus on the 3D case (an analogous arguments
works also for two dimensions) and choose to display
rρ3DðrÞ because Eq. (16) can be recast as

FðQ2Þ ¼ 4π

Q

X∞
n¼0

Z
π=Q

0

dr sin ðQrÞ

×

�
ϕ

�
rþ 2n

π

Q

�
−ϕ

�
rþ ð2nþ 1Þ π

Q

��
; ðB1Þ

with ϕ3DðrÞ ¼ rρ3DðrÞ. Then, Eq. (B1) makes clearly
apparent that a necessary condition for a form factor
exhibiting a zero crossing and sign reversing is its deliv-
ering a charge distribution such that rρ3DðrÞ does not
monotonically decreases with r. Otherwise, all the terms of
the sum in Eq. (B1) would be positive definite. On the other
hand, as far as ρ3DðrÞ decreases with r faster than 1=r in the
large-distance domain, one can then naturally conclude that
rρ3DðrÞ is suppressed at r ¼ 0 and, in the low-momentum
domain, increases with r.
A zero crossing is known to happen for FðQ2Þ ¼

GVC
E ðQ2Þ, in the vector case. This could be physically

interpreted as the consequence of a spin-dependent con-
tribution to the quark-antiquark effective interaction, which
is expected to separate away spin-aligned quarks (vector)
and draw near spin-antialigned ones (pseudoscalar).
Consequently, larger support for the charge density at
small distances (near the center of momentum) is expected
for the latter case with respect to the former. Investigating
whether the MEM analysis can capture this differential
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feature for pseudoscalar and vectors from low-momentum
data from DSE/BSE therefore deserves attention.
In the pseudoscalar case, the VMD form factor repro-

duces very well the DSE/BSE data and, at large momenta,
decreases as FðQ2Þ ∼Q−2, while the fitting expression,
following Ref. [34] [viz., Eq. (27) therein], keeps an
accurate description of data and behaves as FðQ2Þ ∼
Q−2= lnQ2 at large momenta (incorporating a logarithmic
suppression accounting for the scaling violations expected
for a four-dimensional quantum field theory). Concerning
the vector case, VMD does not account for DSE/BSE data,
and for comparative purposes, we have considered as a
fitting expression

FðQ2Þ ¼ 1

ð1þ aQ2Þ2 ⇒ ρ3DðrÞ ¼ 1

8πa3
e−r=a; ðB2Þ

which, with a ¼ 1.046, reproduces fairly well the data up
to Q2 ≃ 2 GeV2.
In the upper panels of Fig. 9, rρ3DðrÞ for the VMDmodel

is shown as a monotonically decreasing function. In the
pseudoscalar case, it is in good agreement with the MEM

result in the whole range and only differs below 0.1 fm
from the numerical inversion of (16) with the best fit to
DSE/BSE data as input.5 In the vector case, both the MEM
solution (with VMD prior) and the numerical inversion
of (16) with the best fit of Eq. (B2) to DSE/BSE data are
consistent with each other and strongly differ from the
VMD prior. In the lower panels, both for pseudoscalar and
vector, Q2FðQ2Þ obtained from the VMD prior, the MEM
solution, and the best fits are displayed and compared to
DSE/BSE data. Clearly, the likelihood contribution to (25)
makes, in both cases, the optimal MEM solution to be
constrained by the DSE/BSE input, and irrespectively of
the prior, this is good enough to deliver a reliable charge
density down to very low distances. Especially in the vector
case, the presence of a zero crossing is captured by the
MEM solution and shown to correspond with the congruent
low-distance density behavior, despite the implementation
of a prior lacking it.

5If, in applying MEM, one replaces the VMD prior with this
numerical inversion of the best fit, the MEM solution would be
shown to be plainly consistent with the inversion.

FIG. 9. The upper panels show rρ3DðrÞ for the lightest pseudoscalar (left) and vector (right) mesons, while the lower ones display the
corresponding form factors, Q2FðQ2Þ. The red solid circles stand for the DSE/BSE calculation of the form factors (lower) which are
numerically inverted by the implementation of MEM with a VMD prior (displayed in a black dashed line) to give the charge distribution
in the blue solid line (upper). Form factors are reobtained by applying Eq. (16) and displayed also in blue solid lines (lower). The blue
bands express the systematic uncertainty from the numerical inversion. For the sake of comparison, accurate fits to the DSE/BSE data
and their corresponding inverted charge distributions are shown with a brown dashed line in, respectively, lower and upper panels.
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