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We present novel lattice results for the form factors of the quenched three-gluon vertex of QCD, in 
two special kinematic configurations that depend on a single momentum scale. We consider three form 
factors, two associated with a classical tensor structure and one without tree-level counterpart, exhibiting 
markedly different infrared behaviors. Specifically, while the former display the typical suppression 
driven by a negative logarithmic singularity at the origin, the latter saturates at a small negative 
constant. These exceptional features are analyzed within the Schwinger-Dyson framework, with the aid 
of special relations obtained from the Slavnov-Taylor identities of the theory. The emerging picture of 
the underlying dynamics is thoroughly corroborated by the lattice results, both qualitatively as well as 
quantitatively.

 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The three-gluon vertex is a central component of QCD [1–3], 
being intimately linked to a variety of fundamental nonperturba-
tive phenomena, and the scrutiny of its properties has received 
considerable attention in recent years [4–23]. A particularly note-
worthy feature of this vertex in the Landau gauge is the infrared 
behavior of the form factors associated with the classical (tree-
level) tensorial structures. Specifically, as the space-like momenta 
decrease from the ultraviolet to the infrared regime, the size of 
these form factors is gradually reduced, displaying the so-called 
“infrared suppression” [5–22]. This suppression culminates with 
the manifestation of a logarithmic divergence at the origin, which 
drives the form factors to negative infinity [8–10,16,19–22,24]

As has been explained in detail in the recent literature, this 
special behavior of the vertex originates from the interplay be-
tween dynamical effects occurring in the two-point sector of QCD 
[20–22]. In particular, while the gluon acquires dynamically an 
effective mass [25–29], responsible for the infrared saturation of 
the Landau-gauge gluon propagator [30–48], the ghost remains 
massless even nonperturbatively [37,38,49–51]. As a result, loop 
diagrams containing ghost propagators furnish infrared divergent 
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logarithms, while gluonic loops, being “protected” by the mass, are 
infrared finite.

The formalism obtained from the fusion of the Pinch Tech-
nique [25,52–54] with the Background Field Method (PT-BFM) [55], 
known as “PT-BFM” scheme [36,54,56], is particularly suitable for 
exposing this interplay, by combining the Schwinger-Dyson equa-
tions (SDEs) with the Slavnov-Taylor identity (STI) satisfied by the 
three-gluon vertex [1–3,57].

In the present work we employ this scheme to scrutinize fur-
ther this dynamical picture, through the analysis of new results 
from quenched lattice simulations for three vertex form factors, 
defined in two special kinematic configurations that involve a sin-
gle momentum scale.

In particular, in the case of the two “classical” form factors sim-

ulated, a considerable increase in the statistics permits us to obtain 
a cleaner signal of the infrared divergences that they display, and 
accurately determine their strength. This new information, in turn, 
enables us to probe more stringently, at the quantitative level, the 
underlying mechanisms associated with their emergence.

In addition, we present for the first time lattice results for a 
form factor that has no classical analogue. The dynamics of this 
purely quantum contribution may be described by means of the 
corresponding SDE, and, in contradistinction to the classical form 
factors, does not display any infrared divergences. The data ob-
tained corroborate this prediction, being completely compatible 
with a finite rather than a divergent contribution at low mo-

menta.
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2. General considerations and theoretical setup

Our point of departure is the three-point correlation function 
composed by SU(3) gauge fields, Ãa

α(q), in Fourier space,

Gabc
αμν(q, r, p) = 〈 Ãa

α(q) Ãb
μ(r) Ãc

ν(p)〉 = f abcGαμν(q, r, p) , (1)

with q + r + p = 0. Note that, in principle, Gabc
αμν(q, r, p) may con-

tain contributions proportional to the fully symmetric color tensor, 
dabc , with a symmetric dependence on the momenta. However, 
since such terms vanish to all orders in perturbation theory [58], 
we will neglect them in what follows.

Gabc
αμν(q, r, p) may be cast in the form

Gαμν(q, r, p) = gŴαμν(q, r, p)�(q2)�(r2)�(p2) , (2)

where we have introduced the transversally projected vertex [21,22],

Ŵαμν(q, r, p) = IŴα′μ′ν ′

(q, r, p)Pα′α(q)Pμ′μ(r)Pν ′ν(p) , (3)

with I Ŵ denoting the usual one-particle irreducible (1PI) three-
gluon vertex. In addition, g is the gauge coupling, and �(q2) the 
scalar component of the gluon propagator,

�ab
μν(p) = 〈 Ãa

μ(p) Ãb
μ(−p)〉 = �(p2)δab Pμν(p) , (4)

with Pμν(p) = gμν − pμpν/p2 , the standard transverse projector. 
Evidently, qαGαμν = rμGαμν = pνGαμν = 0.

The typical quantity studied in Landau-gauge lattice simulations 
is the projection [16,17,19]

L(q, p, r;λ) =
Gαμν(q, r, p)λαμν(q, r, p)

λαμν(q, r, p)λαμν(q, r, p)

, (5)

where λαμν is a transverse tensor whose form should be appropri-
ately chosen, depending on the kinematic configuration employed 
and the form factor that one wants to extract. In what follows we 
will focus our attention on the (i) totally symmetric and (ii) asym-

metric configurations of the three-gluon vertex.
In case (i), the momenta configuration is defined by q2 = p2 =

r2 := s2 , such that q ·r = q ·r = r · p = −s2/2 and θ = q̂r = q̂p = r̂p =

2π/3. The tensor structure of Ŵ is then reduced down to [59,60]

Ŵ
αμν

(q, r, p) = Ŵ
sym
1 (s2)λ

αμν
1 (q, r, p) + Ŵ

sym
2 (s2)λ

αμν
2 (q, r, p) ,

(6)

with the two tensors

λ
αμν
1 (q, r, p) = Ŵ

αμν
0 (q, r, p) , (7a)

λ
αμν
2 (q, r, p) =

(q − r)ν(r − p)α(p − q)μ

s2
; (7b)

Ŵ
αμν
0 (q, r, p) is the tree-level version of the vertex in Eq. (3).
We next project out of L two particular combinations, denoted 

by T sym
i , each containing one of the Ŵ

sym
i , namely

T
sym
i (s2) := gŴ

sym
i (s2)�3(s2) = L

(
λi

) ∣∣
q2=r2=p2:=s2

, (8)

where

λ
αμν
i (q, r, p) =

2∑

j=1

βi j λ
αμν
j (q, r, p) , (9)

with β11 = 1, β12 = 1/2, β21 = 6/11, and β22 = 1, such that

λiαμν(q, r, p)λ
αμν
j (q, r, p) = δi jλiαμν(q, r, p)λ

αμν
i (q, r, p) .

(10)

In case (ii), the asymmetric configuration corresponds to the 
kinematic limit p → 0, r = −q and θ = q̂r = π . In these kinematics 
we have [61]

Ŵ
αμν

(q,−q,0) = Ŵ
asym
3 (q2)λ

αμν
3 (q,−q,0) , (11)

in terms of the single tensor,

λ
αμν
3 (q,−q,0) = 2qν Pαμ(q) , (12)

which emerges after the implementation of the asymmetric limit 
on the tensorial basis of the three-gluon vertex.

A careful analysis reveals that the projection of Ŵ
asym
3 from L

proceeds through contraction by λαμν
3 (q, −q, 0) itself, namely

T
asym
3 (q2) = gŴ

asym
3 (q2)�2(q2)�(0) = L (λ3)

∣∣
r2=q2;p2→0

. (13)

Note that the limit p → 0 is path-independent, i.e., does not depend 
on the angle formed between p and q.

We next implement multiplicative renormalization by introduc-
ing the standard renormalization constants, Z i , relating bare and 
renormalized quantities as

�R(q2) = Z−1
A �(q2), GR(q, r, p) = Z

−3/2
A G(q, r, p),

gR = Z
3/2
A Z−1

3 g, ŴR(q, r, p) = Z3Ŵ(q, r, p) . (14)

Within the momentum subtraction (MOM) scheme [62] that 
we use, the renormalized correlation functions must acquire 
their tree-level expressions at the subtraction point μ2 , e.g., 
�−1

R (μ2) = μ2 .

Turning to the kinematic configurations (i) and (ii), we impose, 
correspondingly, the MOM conditions

Ŵ
sym
1R (μ2) = 1 , Ŵ

asym
3R (μ2) = 1 , (15)

which define the symmetric and asymmetric MOM schemes, respec-
tively [59–61,63].

Focusing on case (i), we want to express Ŵ
sym
R i (s2) exclusively 

in terms of the bare lattice quantities � and T sym
i . This may be 

readily accomplished, since multiplicative renormalization entails 
that, for any correlation function G(q2), the ratio G(q21)/G(q22) =
GR(q21)/GR(q22) is a renormalization-group invariant combination.

In particular, forming the ratio T sym
i (s2)/T

sym
1 (μ2) using Eq. (8), 

and employing the condition of Eq. (15), we find

Ŵ
sym
i R (s2) =

T
sym
i (s2)

T
sym
1 (μ2)

(
�(μ2)

�(s2)

)3

with i = 1,2 . (16)

Applying exactly analogous reasoning to the case (ii), we obtain

Ŵ
asym
3R (q2) =

T
asym
3 (q2)

T
asym
3 (μ2)

(
�(μ2)

�(q2)

)2

. (17)

From this point on, we drop the subscript “R” from the renormal-

ized Ŵi .

3. Connecting the two- and three-point sectors of QCD

In this section we present the salient features of PT-BFM ap-
proach, pertinent to the gluon propagator and three gluon vertex. 
The upshot of these considerations is the derivation of theoretical 
expressions for the form factors Ŵi , which will be contrasted with 
the new lattice results in the next section.

Within the PT-BFM framework it is natural to cast the infrared 
finite �(q2) as the sum of two distinct pieces [64],

�−1(q2) = q2 J (q2) +m2(q2) , (18)

2
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where J (q2) denotes the so-called “kinetic term”, while m2(q2)

represents a momentum-dependent mass scale. Clearly, m2(0) =
�−1(0) is the saturation point of the gluon propagator.

The emergence of m2(q2) hinges crucially on the structure of 
I Ŵαμν , entering in the SDE for �(q2). In particular, I Ŵαμν must be 
decomposed as

IŴαμν(q, r, p) = Ŵαμν(q, r, p) + Vαμν(q, r, p) , (19)

where Vαμν is comprised by longitudinally coupled massless poles, 
i.e. Pα

α′ (q)P
μ
μ′ (r)P

ν
ν ′ (p)Vαμν(q, r, p) = 0, and Ŵαμν denotes the 

pole-free part of the vertex. By virtue of the above property, Vαμν

drops out from the Ŵαμν in Eq. (3), and, consequently, the lattice 
projection of Eq. (5) depends only on Ŵαμν .

Ŵαμν(q, r, p) is usually decomposed into a longitudinal and a 
transverse contribution [2,3,20,22]

Ŵαμν(q, r, p) = Ŵ
αμν
L (q, r, p) + Ŵ

αμν
T (q, r, p) , (20)

with qαŴ
αμν
T (q, r, p) = rμŴ

αμν
T (q, r, p) = pνŴ

αμν
T (q, r, p) = 0.

Their tensorial decomposition in the basis of [2,3,20], reads

Ŵ
αμν
L (q, r, p) =

10∑

i=1

Xi(q
2, r2, p2) ℓ

αμν
i (q, r, p) , (21a)

Ŵ
αμν
T (q, r, p) =

4∑

i=1

Y i(q
2, r2, p2) t

αμν
i (q, r, p) , (21b)

where the explicit form of the basis tensors ℓi and ti is given in 
Eqs. (3.4) and (3.5) of [20].

Note that the tree-level expression for Ŵαμν is recovered from 
Eq. (21a) by setting X1 = X4 = X7 = 1, and Xi = 0 for all remaining 
terms.

Using the above decomposition, one may express the Ŵi in 
terms of the vertex components Xi and Y i . Specifically, in Eu-
clidean space, we obtain

Ŵ
sym
1 (s2) = X1(s

2) −
s2

2
X3(s

2) +
s4

4
Y1(s

2) −
s2

2
Y4(s

2) ,

Ŵ
sym
2 (s2) =

3s2

4
X3(s

2) −
3s4

8
Y1(s

2) −
s2

4
Y4(s

2) , (22)

where Xi(s
2) ≡ Xi(s

2, s2, s2) and Y i(s
2) ≡ Y i(s

2, s2, s2). Moreover, 
one has

Ŵ
asym
3 (q2) = X1(q

2,q2,0) − q2X3(q
2,q2,0) . (23)

Past this point, we will determine the Xi by resorting to a con-
struction relying on the STIs satisfied by I Ŵαμν , i.e.,

pν IŴαμν(q, r, p) = F (p2)[Tμα(r, p,q) −Tαμ(q, p, r)] , (24)

with

Tμα(r, p,q) := �−1(r2)Pσ
μ(r)Hσα(r, p,q) . (25)

F (p2) denotes the ghost dressing function, while Hνμ(q, p, r) is 
the ghost-gluon scattering kernel [2,3,65], whose tensorial decom-

position is given by [Ai ≡ Ai(q, p, r)]

Hνμ(q, p, r) = gνμA1 + qμqν A2 + rμrν A3 + qμrν A4 + rμqν A5 .

(26)

The decompositions given in Eqs. (18) and (19) prompt the 
separation of the above STI into two “partial” STIs, obtained by 
implementing the matching Ŵ ↔ J and V ↔m2 [64,66]. Based on 

Fig. 1. SDE diagrams contributing to the derivative of the gluon propagator at the 
origin. Blue (red) circles indicate fully dressed propagators (vertices).

this hypothesis, one may extend the BC construction of [2] to the 
case of infrared finite gluon propagator, expressing the Xi in terms 
of the J , the F , and the Ai . In particular, we obtain

X1(s
2) = Z

sym
1 F (s2) J (s2)R

sym
1 (s2) ,

X3(s
2) = Z

sym
1 F (s2)

[
J ′(s2)R

sym
2 (s2) + J (s2)R

sym
3 (s2)

]
, (27)

and

X1(q
2,q2,0) = Z

asym
1 F (q2) J (q2)R

asym
1 (q2) , (28)

X3(q
2,q2,0) = Z

asym
1 F (0)

[
J ′(q2)R

asym
2 (q2) + J (q2)R

asym
3 (q2)

]
,

where the Rsym
j and Rasym

j are linear combinations of the Ai and 

their derivatives, whereas Z sym
1 and Zasym

1 are, respectively, the fi-
nite renormalization constants [67] of the ghost-gluon kernel in 
the symmetric and asymmetric MOM schemes, defined in Eq. (15).

Note that this procedure leaves the transverse vertex compo-

nents Y i undetermined; nonetheless, as we will see in the next 
section, their qualitative features may be deduced from the corre-
sponding SDE governing the vertex Ŵ.

The ingredients comprising Eqs. (27) and (28) are obtained as 
follows. Rsym

j and Rasym
j may be computed using the SDE results 

for the form factors Ai presented in [21]. The values of Z sym
1 and 

Z
asym
1 have been estimated by means of a one-loop calculation 

in [67], while F (q2) is accurately known both from lattice simu-

lations and functional studies. Finally, the gluon kinetic term J (q2)
requires a more elaborate treatment, which is outlined below.

To determine J (q2), we first compute m2(q2) from its own 
dynamical equation (see, e.g., [22]); the result is shown in the 
inset of Fig. 2. Then, we subtract the m2(q2) from the lat-

tice data for the gluon propagator [31], by employing Eq. (18), 
i.e., J (q2) = [�−1

latt
(q2) −m2(q2)]/q2 . While this procedure is com-

pletely stable for a wide range of momenta, it becomes less reliable 
as q2 → 0, due the fact that J (q2) diverges logarithmically at the 
origin, e.g.,

J (q2) ≃

q2→0
a ln(q2/μ2) + b , (29)

as a direct consequence of the nonperturbative masslessness of the 
ghost [9].

It turns out that the behavior of J (q2) near the origin may be 
computed from the SDE of the gluon propagator, by recognizing 
that, in the limit q2 → 0, differentiation with respect to q2 singles 
out the divergent contribution of J (q2), e.g.,

d�−1(q2)/dq2 =

q2→0
J (q2) + . . . , (30)

where the ellipses denote infrared finite terms.

The direct differentiation of the diagrams contributing to the 
SDE of �(q2) [see Fig. 1] leads to major technical simplifications, 
yielding finally the value of a ≈ 0.046. It should be noted that all 
diagrams (ci) contribute to the value of a. Specifically, diagram 
(c1) furnishes the primary divergence, owing to the masslessness 
of the ghost propagators, yielding ac1 ≈ 0.101, while (c2) and (c3)
contribute secondary divergences, due to fully-dressed three-gluon 
vertices attached to the their external leg (Lorentz index ν), with 
ac2 ≈ −0.024 and ac3 ≈ −0.031.

3
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Fig. 2. Gluon kinetic term, J (q2), and gluon mass, m2(q2) (inset). When combined 
according to Eq. (18), they reproduce accurately the lattice data of [31] for �(q2).

Fig. 3. The vertex component X1(q
2, q2, 0) (black continuous) which composes the 

tree-level tensor structure of the full three-gluon vertex and the dimensionless com-

bination q2X3(q
2, q2, 0) (red dashed).

Thus, the combined treatment furnishes J (q2) for the entire 
range of q2 , as shown in Fig. 2.

Finally, putting together all ingredients described above, we ob-
tain from Eqs. (27) and (28) the SDE-derived result for the Xi in 
the two kinematic configurations of interest. In particular, in the 
asymmetric limit we obtain the X1(q

2, q2, 0) and q2X3(q
2, q2, 0)

shown in Fig. 3.
As will become apparent in the next section, X1 diverges log-

arithmically, inheriting directly from Eqs. (27) and (28) the corre-
sponding logarithmic divergence of the J (q2), given by Eq. (29). 
Instead, while X3 is dominated by the divergent J ′(q2), the com-

binations s2X3(s
2) and q2X3(q

2, q2, 0) appearing in Eqs. (22) and 
(23) saturate to finite constants in the infrared.

4. Presentation and analysis of the results

The lattice evaluation of the form factors Ŵ
sym
1,2 and Ŵ

asym
3 pro-

ceeds through the direct simulation of the projections T i and of 
the gluon propagator � [Eqs. (8), (13) and (4)], and subsequent 
use of Eqs. (16) and (17), respectively. This is accomplished by 
exploiting lattice gauge field configurations obtained from simu-

lations with the Wilson action on a 484 lattice at β=5.8 (970 
configurations) and 5.6 (980 configurations), and on a 524 lat-

tice at β=5.6 (980 configurations); for further details see [68]. In 
addition, we have reanalyzed 1050 gauge-field configurations pro-
duced with the tree-level Symanzik action in a 644 lattice [16,19], 
making thereby apparent that different discretizations of the QCD 
action provide practically the same results for the three-gluon form 

Fig. 4. Results for Ŵsym
1 (s2) (upper panel) and Ŵsym

2 (s2) (lower) obtained from three 
simulations with the Wilson action in a 484 lattice at β=5.8 (dark green) and β=5.6

(orange), and a 524 lattice at β=5.6 (brown); and from a fourth simulation with the 
tree-level Symanzik action in a 644 lattice at β=3.9 (light green). Data for Ŵsym

1 cov-

ering a range of larger momenta (turquoise), obtained from several β ’s and volumes 
and previously published in [69,70], have been also used to fix the subtraction point 
at μ=4.3 GeV.

factors. In the case of Ŵ
sym
1 , for the sake of both comparison and 

implementation of the renormalization condition1 at μ=4.3 GeV, 
we have also used earlier results [19], which cover a wider range of 
momenta. All these configurations have been obtained from large-
volume, quenched lattice simulations, neglecting thus the effect 
of dynamical quarks. The implications of this approximation have 
been recently assessed in [21], where only minor quantitative but 
no qualitative effects have been detected.

The new lattice results are shown in Figs. 4 and 5. It should be 
stressed that the results for Ŵ

sym
1 and Ŵ

asym
3 are considerably im-

proved with respect to previous analyses [16,19], capitalizing on a 
better statistical sample and the careful treatment of discretization 
artifacts, especially for propagators [68]. In addition, to the best of 
our knowledge, results for the form factor Ŵ

sym
2 are presented for 

the first time in this letter.
As a very apparent and distinctive feature, Ŵ

sym
1 and Ŵ

asym
3

clearly display the infrared suppression previously reported [16,19,

1 For Eq. (16) to work properly, the bare quantities evaluated both at s2 and μ2

must be computed from configurations simulated at the same β , such that the cut-
off dependence, assumed to be multiplicative, cancels out in the ratios. Therefore, as 
the accessible momenta to β=5.8 and 5.6 do not reach 4.3 GeV, one needs to first 
fix a renormalization condition at a lower momentum and next match the results 
to previous data renormalized at 4.3 GeV. As it is obvious from Eq. (16), the overall 
matching constant required for Ŵsym

1 also applies for Ŵsym
2 .

4
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Fig. 5. Results for Ŵasym
3 (q2) obtained from the same lattice simulations with the 

Wilson action quoted in the caption of Fig. 4 (same color code). The black solid line 
corresponds to the SDE-based computation which, in the asymmetric limit, deter-
mines entirely the transversally projected three-gluon vertex.

Fig. 6. The SDE of the three-gluon vertex at the one-loop dressed level. Blue (red) 
circles indicate fully dressed propagators (vertices).

21], accompanied by the characteristic logarithmic divergence near 
the origin. Instead, Ŵ

sym
2 appears to saturate at a small negative 

constant at low momenta. As we explain below, these behaviors 
are well understood within the context of the SDE analysis of the 
previous section.

Quite interestingly, the transverse vertex components Y i of the 
full vertex do not contribute to the projection Ŵ

asym
3 (q2) in the 

asymmetric limit, which is thus completely determined through 
Eq. (23) by X1(q

2, q2, 0) and X3(q
2, q2, 0). Substituting in it the re-

sults of Fig. 3, we obtain the SDE based prediction for Ŵ
asym
3 (q2), 

given by the black continuous curve in Fig. 5; evidently, the co-
incidence with the lattice data is rather notable. This fine agree-
ment may be ultimately attributed to the accurate determination 
of J (q2) over the full range of momenta, following the considera-
tions outlined in section 3.

We next focus on the features of the Ŵi in the deep infrared, 
contrasting the common behavior of Ŵ

sym
1 and Ŵ

asym
3 to that of 

Ŵ
sym
2 . The upshot of this comparison is that, while the former 

quantities display the infrared divergence known from previous 
studies, the latter saturates at a finite constant.

To that end, we turn to the SDE for the three-gluon vertex, 
shown in Fig. 6, and study the transverse vertex components Y i , 
which are not accessible through the STI-based construction of the 
previous section. In particular, a detailed analysis in the symmetric 
limit reveals that, as s2 → 0, Y1(s

2) ∼ c/s4 and Y4(s
2) ∼ d/s2 , for 

constants c ≈ −0.07 and d ≈ −0.20, and, consequently, the com-

binations s4Y1 and s2Y4 appearing in Eq. (22) approach constant 
values at the origin.

The approximation of the Y i(s
2) through the SDE of Fig. 6 pro-

ceeds as follows. First, the projectors that extract the transverse 
vertex components Y i from the tensor structure of the full vertex 
were determined algebraically. Then, it was verified that the dia-
gram (d3) and its permutations do not contribute to the Y i as long 
as the four-gluon vertex entering there is kept at tree level. The 
ghost-gluon and three-gluon vertices appearing in diagrams (d1)

Fig. 7. [upper panel] Ŵsym
1 (s2) (orange) and Ŵsym

2 (q2) (green) plotted in terms of the 
momentum in logarithmic scale. The solid magenta and blue lines show the asymp-

totic infrared behavior for the two form factors according, respectively, to Eqs. (32)
and (33), the former supplemented by an intercept fitted as explained in the text. 
[lower panel] The logarithmic derivatives of Ŵsym

1,2 (s2) and Ŵasym
3 (q2) computed from 

the fit of f (x) = α ln x + β [x = q2, s2] to lattice data (solid circles), with errors rep-
resenting the statistical deviation from these fits, compared to their SDE estimates 
in Eqs. (32) and (33) (solid lines). The grey bands for Ŵsym

1 (s2) and Ŵasym
3 (q2) display 

the uncertainty obtained from the SDE value of a, by propagating in it a systematic 
error of 5%.

and (d2) are then approximated by retaining only form factors that 
possess a nonvanishing tree-level value.

Specifically, for the three-gluon vertex, we keep only the vertex 
components X1 , X4 and X7 [see Eq. (21)], whereas the ghost-gluon 
vertex is approximated to Ŵμ(q, p, r) = qμB1(q, p, r), where q, r
and p, denote the momenta of the anti-ghost, ghost and gluon, re-
spectively. Furthermore, to simplify the numerical treatment, these 
components are all considered as functions of the single momen-

tum scale, s2 , and evaluated in their corresponding totally sym-

metric limits. Finally, for the ghost and gluon propagators we use 
fits to lattice data, and for the Xi(s

2) and B1(s
2) we use the results 

of Refs. [20,65].
Thus, one reaches the conclusion that the only term that fur-

nishes logarithmically divergent contributions to the Ŵi through 
Eqs. (22) and (23) is X1 , while all others provide numerical con-
stants, i.e.,

X1(s
2) ≃

s2→0
Z
sym
1 F (s2) J (s2) ≃

s2→0
Z
sym
1 F (0)

[
a ln(s2/μ2) + b

]
,

s2X3(s
2) ≃

s2→0
− Z

sym
1 F (s2)s2 J ′(s2) ≃

s2→0
− Z

sym
1 F (0)a ,

s4Y1(s
2) ≃

s2→0
c , s2Y4(s

2) ≃

s2→0
d . (31)

Then, from Eqs. (22), (23) and (31) follows that the leading in-

frared contributions of Ŵ
sym
1 (s2) and Ŵ

asym
3 (q2) are given by

5
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Ŵ
sym
1 (s2) ≃

s2→0
Z
sym
1 F (0)a ln(s2/μ2) ≈ 0.110(6) ln(s2/μ2) , (32)

Ŵ
asym
3 (q2) ≃

q2→0
Z
asym
1 F (0)a ln(q2/μ2) ≈ 0.117(6) ln(q2/μ2) .

Evidently, both form factors diverge logarithmically to −∞ at the 
origin, as captured by the corresponding Figs. 4 and 5, respectively.

Instead, in the same limit, Ŵ
sym
2 (s2) saturates to a negative con-

stant near zero,

Ŵ
sym
2 (s2) ≃

s2→0
−

3

4

[
Z
sym
1 F (0)a +

c

2
+

d

3

]
≈ −0.006(5) . (33)

In obtaining the numerical values quoted above, the finite renor-
malization constants Z

sym
1 and Z

asym
1 were evaluated perturba-

tively at μ=4.3 GeV, where they amount to 0.85 and 0.90, re-
spectively. Moreover, the standard value F (0)=2.8 [65] has been 
employed (for the same μ). In addition, as mentioned above, 
a ≈ 0.046, while the vertex SDE yields c ≈ −0.07 and d ≈ −0.20. 
The errors have been estimated and displayed in Eqs. (32) and (33), 
for illustrative purposes, through the propagation in them of an 
uncertainty of 5% in the determination of a, c and d. Note that the 
numerical difference in the logarithmic slopes of Ŵ

sym
1 and Ŵ

sym
3 in 

Eq. (32) is entirely due to the difference between Z sym
1 and Zasym

1 .

The asymptotic behaviors of Ŵ
sym
1 (s2) and Ŵ

sym
2 (s2), given in 

Eqs. (32) and (33), are next compared to the lattice data; the re-
sults of this comparison are shown in the upper panel of Fig. 7. 
Specifically, we introduce the function f (x) = α ln x +β , which rep-
resents a straight line on a logarithmic plot (x = s2, q2). Then, in 
the case of Ŵ

sym
1 (s2), the slope α is fixed at the value predicted 

by Eq. (32), namely α = 0.11, while the value of its intercept β
(not predicted by our calculation) is adjusted such that one gets 
the best fit to lattice data below s=0.5 GeV; the result of this pro-
cedure is the magenta line. For the case of Ŵ

sym
2 (s2), one simply 

fixes α and β at their theoretical values α = 0 and β = −0.006

(no fitting), thus obtaining the blue line.
A second comparison involves the logarithmic slopes of Ŵ

sym
1,2 (s2)

and Ŵ
asym
3 (q2). In particularly, we now fit the lattice data below 

0.5 GeV with f (x), treating both α and β as free parameters, 
determined by a least-squares fit, including statistical errors. The 
resulting values for α, together with the associated errors, are then 
compared with the theoretical predictions, as shown in the lower 
panel of Fig. 7. In all cases, the agreement is excellent, indicating 
a consistent picture from both SDE and lattice computations.

5. Conclusions

In this work we have explored crucial nonperturbative aspects 
of the quenched three-gluon vertex through the combination of 
new lattice data obtained from large-volume simulations and a de-
tailed SDE-based analysis within the PT-BFM framework.

To begin with, we have acquired a clearer view of the infrared 
logarithmic divergences associated with the form factors Ŵ

sym
1 and 

Ŵ
asym
3 by reducing considerably the statistical errors of the lattice 

simulation. Thus, the presence of these characteristic divergences, 
already identified in earlier studies (see e.g., [16]), is further sup-
ported by the present data. In addition, lattice results for the form 
factor Ŵ

sym
2 are reported here for the first time, strongly supporting 

its finiteness at the origin.
The new lattice results offer an invaluable opportunity to fur-

ther scrutinize key dynamical mechanisms from new angles and 
perspectives. In particular, the nonperturbative features of the 
Landau-gauge two-point sector of QCD, especially the infrared 
finiteness of the gluon propagator and the ghost dressing function, 
are instrumental for obtaining infrared divergent Ŵ

sym
1 and Ŵ

asym
3 , 

and, and the same time, a finite Ŵ
sym
2 . The observed agreement 

between lattice and SDE results clearly corroborates the physical 

picture put forth, and bolsters up the confidence in the predictiv-
ity of continuous functional methods in general.
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