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The evolution of quadrupole and octupole collectivity and their coupling is investigated in a series
of even-even isotopes of the actinide Ra, Th, U, Pu, Cm, and Cf with neutron number in the in-
terval 130 6 N 6 150. The Hartree-Fock-Bogoliubov approximation, based on the parametrization
D1M of the Gogny energy density functional, is employed to generate potential energy surfaces
depending upon the axially-symmetric quadrupole and octupole shape degrees of freedom. The
mean-field energy surface is then mapped onto the expectation value of the sdf interacting-boson-
model Hamiltonian in the boson condensate state as to determine the strength parameters of the
boson Hamiltonian. Spectroscopic properties related to the octupole degree of freedom are pro-
duced by diagonalizing the mapped Hamiltonian. Calculated low-energy negative-parity spectra,
B(E3; 3−

1 → 0+
1 ) reduced transition rates, and effective octupole deformation suggest that the tran-

sition from nearly spherical to stable octupole-deformed, and to octupole vibrational states occurs
systematically in the actinide region.

I. INTRODUCTION

Over the decades, octupole deformation in nuclei and
the related spectroscopy of negative-parity collective
states has been an active research field in low-energy nu-
clear physics [1, 2]. It is well known that the ground state
of most medium-mass and heavy nuclei is reflection sym-
metric and therefore the dominant intrinsic deformation
is of quadrupole character. On the other hand, there are
a handful of nuclear systems where reflection symmetry is
broken, giving rise to an octupole-deformed ground state.
The octupole shape is expected to be present in those
mass regions corresponding to protons Z and neutron
numbersN close to 34, 56, 88, and 134 [1, 2]. Observables
characteristic of the ground state static octupole defor-
mation are low-lying negative-parity bands, which form
well deformed quadrupole deformed nuclei and approx-
imate alternating-parity doublet with the ground-state
positive-parity band, and enhanced electric dipole and
octupole transition rates. Fingerprints of stable octupole
shapes have been found experimentally in light actinides
(220Rn, 224Ra and 222,228Ra [3, 4] and 228Th [5]) and lan-
thanides (144,146Ba [6, 7]). Within this context, numer-
ous theoretical investigations have been made to predict,
and support evidence of octupole deformation by means
of various theoretical models: macroscopic-microscopic
models [8–10], self-consistent mean-field (SCMF) meth-
ods based on the nuclear density functional theory [11–
38], interacting boson model (IBM) [39–45], geometrical
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collective models [46–48], and cluster models [49, 50].

Octupole collective excitations in the light actinide nu-
clei with Z ≈ 88 and N ≈ 134 have been extensively
studied both experimentally and theoretically. However,
spectroscopic data for those actinide nuclei heavier than
Th, such as Pu, Cm, and Cf isotopes, are scarce, espe-
cially in the neutron-deficient side of the nuclear chart
with N ≈ 134. This is because these isotopes are close
to the proton drip-line and have not been accessible so
far by experiments. It is, nevertheless, worth to explore
theoretically whether the robustness of the neutron oc-
tupole magic number N = 134 in actinides holds when
one departs from Z ≈ 88 towards the proton drip-line.

In the present work, we employ the EDF-to-IBM
mapping procedure [51] for a theoretical calculation of
the properties of octupole collective excitations. This
procedure involves two main steps: first, for each nu-
cleus a potential energy surface (PES) depending upon
the axially-symmetric quadrupole β2 and octupole β3
shape degrees of freedom is computed within the con-
strained SCMF method with a choice of an universal
energy density functional and pairing force. In a sec-
ond step, the PES is mapped onto the expectation value
of the bosonic Hamiltonian in the condensate state of
the monopole s, quadrupole d, and octupole f bosons
in order to fix some of the model’s parameters [39, 52].
Subsequent diagonalization of the resulting boson Hamil-
tonian yields excitation energy spectra and transition
strengths. The mapping procedure has been initially im-
plemented [42, 43] in the study of spectroscopic proper-
ties of reflection-asymmetric Ba, Sm, Ra, and Th nuclei
using the relativistic density-dependent point-coupling
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(DD-PC1) EDF [53] to generate the microscopic PES.
More recently, updated calculations have been performed
[45] in the 218−238Ra and 220−240Th isotopic chains
within the mapped IBM framework based on the Gogny
D1M EDF [54]. In those studies, consistent with the
empirical trend, we have identified a most pronounced
octupolarity around the neutron number N = 134 in the
systematic of calculated physical observables.

In view of the renewed interest in a global search for the
static octupole deformation beyond Ra and Th isotopes,
here we extend the analysis of [45] to heavier actinide nu-
clei 222−242U, 224−244Pu, 226−246Cm, and 228−248Cf, and
verify whether the octupole-related shape phase transi-
tion generally occurs in the actinide region, that is, the
onset of stable octupole deformation at N ≈ 134 and oc-
tupole softness starting from N ≈ 138. With the present
study we also aim to assess the performance of the EDF-
based IBM approach in the global description of octupole
collective states in the actinide region. The results fur-
ther include quantitative predictions on spectroscopy in
proton-rich actinides that have not been explored so far
by experiment. This has not been possible in the previ-
ous IBM calculations, since they are mostly fit to known
experimental data. Hence, the present work points not
only to an alternative EDF-based approach to the de-
tailed spectroscopy of a large number of actinide nu-
clei, but a first implementation of the IBM framework
in the octupole-related spectroscopic studies on proton-
rich heavy actinides, that is based on the microscopic
EDF.

It should be noted that interplay between quadrupole
and octupole degrees of freedom in the low-lying nega-
tive parity collective states of U, Pu, Cm, and Cf nuclei
has also been studied within the framework of the gener-
ator coordinate method (GCM) [55–57] using the Gogny
D1M EDF [38]. The GCM calculation is, however, quite
time consuming especially for heavy systems or when the
number of collective coordinates increases. Computa-
tional complexity also prevents to have access to high
spin states like, for instance, the members of alternating
parity rotational bands. In Refs. [33, 34], a large number
of heavy and superheavy nuclei up to No isotopes with
mass A ≈ 300 have been analyzed by solving quadrupole-
octupole collective Hamiltonian, with parameters speci-
fied by the relativistic EDF calculations. Detailed spec-
troscopy of stable U and Pu nuclei has been explored
within a purely phenomenological spdf -IBM framework
in Refs. [41, 58].

The paper is organized as follows. The mapping pro-
cedure used to obtain the IBM Hamiltonian is illustrated
in Sec. II. The results of our analysis are discussed in
Sec. III, including the Gogny-D1M quadrupole-octupole
SCMF-PESs, i.e., the microscopic building blocks of the
calculations, mapped IBM-PESs, low-energy excitation
spectra, transition properties, and the effective β2 and
β3 deformation parameters. Finally, Sec. IV is devoted
to the concluding remarks and work perspectives.

II. THEORETICAL METHOD

To obtain the quadrupole-octupole SCMF-PESs, the
HFB equation has been solved with constrains on the ax-
ially symmetric quadrupole Q̂20 and octupole Q̂30 opera-
tors [27, 38]. The mean values 〈ΦHFB|Q̂20|ΦHFB〉 = Q20

and 〈ΦHFB|Q̂30|ΦHFB〉 = Q30 define the quadrupole and
octupole deformation parameters βλ (λ = 2, 3), i.e.,

βλ =
√

4π(2λ+ 1)Qλ0/(3R
λ
0A), with R0 = 1.2A1/3 fm.

The constrained calculations provide a set of HFB states
|ΦHFB(β2, β3)〉 labeled by their static deformation pa-
rameters β2 and β3. The HFB energies EHFB(β2, β3)
associated with those HFB states define the so-called
SCMF-PESs used in this work. As the HFB ener-
gies satisfy the property EHFB(β2, β3) = EHFB(β2,−β3)
only positive β3 values are considered when plotting the
SCMF-PESs.

Excitation energies and transition probabilities of the
quadrupole and octupole collective states are computed
by diagonalizing the IBM Hamiltonian that is determined
with microscopic input from the Gogny-HFB SCMF cal-
culation - see below. For computing negative-parity
states, we consider the J = 0+ (s), 2+ (d), and J = 3−

(f) bosons as building blocks of the IBM. The total num-
ber of bosons n = ns + nd + nf is conserved for a given
nucleus, and is equal to half the number of valence nu-
cleons. The doubly-magic nucleus 208Pb is taken here as
the inert core, and thus n = (A − 208)/2 for a nucleus
with mass A. We adopt the sdf -IBM Hamiltonian [45]:

ĤIBM = εdn̂d + εf n̂f + κ2Q̂2 · Q̂2 + ρL̂ · L̂+ κ3Q̂3 · Q̂3.
(1)

The first (second) term represents the number operator
for the d (f) bosons with εd (εf ) being the single d (f) bo-
son energy relative to the s boson one. The third, fourth,
and fifth terms represent the quadrupole-quadrupole in-
teraction, the rotational term, and the octupole-octupole
interaction, respectively. The quadrupole Q̂2, the an-
gular momentum L̂, and the octupole Q̂3 operators are
expressed as

Q̂2 = s†d̃+ d†s̃+ χd[d
† × d̃](2) + χf [f† × f̃ ](2) (2)

L̂ =
√

10[d† × d̃](1) +
√

28[f† × f̃ ](1) (3)

Q̂3 = s†f̃ + f†s̃+ χ3[d† × f̃ + f† × d̃](3). (4)

Note that the term proportional to (d†d̃)(1) · (f†f̃)(1)

in the L̂ · L̂ term has been neglected [45]. The pa-
rameters εd, εf , κ2, ρ, χd, χf , κ3, and χ3 of the sdf -
IBM Hamiltonian are determined, for each nucleus, in
such a way [44, 45] that the expectation value of the
sdf -IBM Hamiltonian in the boson condensate state,
EIBM(β2, β3) = 〈φ(β2, β3)| ĤIBM |φ(β2, β3)〉, reproduces
the Gogny-HFB SCMF PES EHFB(β2, β3) in the neigh-
borhood of the global minimum. The boson condensate
wave function is given by [59]:

|φ(β2, β3)〉 = (n!)−1/2(s† + β̄2d
†
0 + β̄3f

†
0 )n |0〉 , (5)
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where |0〉 denotes the inert core, i.e., 208Pb. The am-
plitudes β̄2 and β̄3 entering the definition of the boson
condensate wave function are proportional to the defor-
mation parameters β2 and β3 of the fermionic space,
β̄2 = C2β2 and β̄3 = C3β3 [43, 44, 59], with dimension-
less proportionality constants C2 and C3. Their values
are also determined by the mapping procedure so that
the location of the global minimum in the SCMF-PES,
denoted by β2,min and β3,min, is reproduced. A more de-
tailed description of the whole procedure can be found
in Ref. [45]. As for the analytical expression of the IBM-
PES EIBM(β2, β3), we refer the reader to Ref. [44].

For the numerical diagonalization of the Hamiltonian
ĤIBM (1), the computer code ArbModel [60] has been
used.

FIG. 1. SCMF-PESs computed with the Gogny-D1M EDF
for the nuclei 224−234Pu (left), and the corresponding mapped
sdf -IBM PESs (right). The color code indicates the total HFB
and IBM energies in MeV units, plotted up to 10 MeV with
respect to the global minimum. Energy difference between
neighboring contours is 1 MeV. For each nucleus, the global
minimum is indicated by an open circle.

FIG. 2. Same as for Fig. 1, but for 248−238Cf.

III. RESULTS AND DISCUSSIONS

A. Gogny-D1M SCMF-PESs

As representative cases, the Gogny-D1M SCMF-PESs
for 224−234Pu and 228−238Cf are depicted in the left
columns of Figs. 1 and 2, respectively. In most of the
Pu isotopes, a non-zero β3 minimum β3,min is found in
the interval of 0.1 6 β3 6 0.2. The most pronounced oc-
tupole minimum is obtained at N = 134 (228Pu) around
β3,min ≈ 0.17. For Cf nuclei in Fig. 2, only three iso-
topes are octupole deformed with β3,min < 0.15. Note
that for those isotopes with N > 140, the potential en-
ergy becomes softer in β3 and no octupole deformation
is found.

The systematic of the SCMF-PESs for U and Cm iso-
topes is similar to the one for Pu and Cf isotopes, and
the PESs for Ra and Th can be found in Ref. [45]. It is
also worth mentioning that the Gogny-D1M SCMF-PESs
used in this paper are very similar to those obtained in
Ref. [26] using the Gogny-D1S [61] and D1N [62], and
the Barcelona-Catania-Paris (BCP) [23] EDFs. Recent
comparisons of several non-relativistic Skyrme and rela-
tivistic EDFs in a survey of octupole correlations can be
found in Refs. [37] and [31], respectively. In those refer-
ences, it is noticed that for most of the adopted EDFs
pronounced octupole mean-field minimum occur around
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FIG. 3. The β2,min and β3,min values, corresponding to the
ground state minimum are plotted as a function of neutron
number in panels (a) and (b), respectively. In panel (c) the
deformation energy ∆Edef , defined as the energy difference
between the global minimum and the spherical configuration
is plotted as a function of neutron number. The octupole
deformation energy ∆Eoct, defined as the energy difference
between the global minimum and the quadrupole deformed
minimum along the β3 = 0 axis, for the mapped IBM-PESs
is plotted in panel (d). The corresponding quantities for the
SCMF-PESs are also plotted in the right hand side panels
from (e) to (h). The results for the Ra and Th nuclei have
been taken from Ref. [45]. See the main text for definitions
of the above quantities.
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FIG. 4. The strength parameters εd, εf , κ2, χf , χd, κ3, ρ
and χ3 of the sdf -IBM Hamiltonian Eq. (1) are plotted as
a function of neutron number in panels from (a) to (h) for
the four isotopic chains considered. The coefficients C2 and
C3 connecting the IBM and microscopic quadrupole and oc-
tupole deformation parameters are plotted in panels (i) and
(j). Finally, the boson effective charges for the quadrupole
e2 and octupole e3 transitions are plotted as a function of
the neutron number in panels (k) and (l), respectively. The
parameters for Ra and Th isotopes can be found in Ref. [45].

B. Mapped IBM-PESs

The corresponding IBM-PESs are drawn on the right-
hand sides of Figs. 1 and 2. One can clearly observe
the similarities between the SCMF and IBM PESs: the
topography of the IBM-PES changes with the neutron
number in a similar way as the SCMF-PES, from nearly
spherical configurations (N ≈ 130) to pronounced oc-
tupole deformation (N ≈ 134) continuing with β3-soft
(N ≈ 138). The IBM-PESs are generally softer than the
SCMF-PESs. This is related to the more restricted con-
figuration space of the IBM as compared to the one of
the SCMF model.

In Fig 3 we show, as a function of neutron number,
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the values of several quantities characterizing the self-
consistent minima found in the IBM (left panels) and
SCMF PES (right panels). On panels (a) and (b) the
values of the quadrupole and octupole deformation pa-
rameters of the absolute minimum β2,min and β3,min are
plotted. On panel (c) the quadrupole deformation en-
ergy ∆Edef defined as the energy difference between the
energy at the global minimum and at the spherical point:

∆Edef = E(β2,min, β3,min)− E(0, 0), (6)

is shown, where E(β2, β3) refers either to the SCMF-
PES or the IBM-PES. Finally, the octupole deformation
energies ∆Eoct, defined as the energy difference between
the energy at the global minimum and the local minimum
on the β3 = 0 axis, i.e.

∆Eoct = E(β2,min, β3,min)− E(β′2,min, 0), (7)

is shown in panel (d). In the above expression β′2,min

stands for the β2 deformation parameter corresponding
to the local minimum on the β3 = 0 axis. The cor-
responding quantities calculated with the SCMF-PESs
EHFB(β2, β3) are included in panels from (e) to (h) in
the plot. The systematic as a function of neutron num-
ber of most of these quantities is basically the same when
looking at the SCMF and IBM PESs.

Only one exception can be seen in the quantity ∆Eoct

shown in Fig. 3 panel (d): the IBM values are a factor
between two to five lower than the SCMF ones. This
discrepancy reflects the fact that the IBM-PESs are much
softer in β3 direction than the SCMF-PESs: the latter
displays a much steeper potential in β3 than the former
(see also Figs. 1 and 2). It is partly attributed to the
fact that the analytical form of the IBM-PES [44] is so
restricted, comprising only limited number and species of
bosons, that it is not able to reproduce in full detail the
topology of the SCMF-PES, which is much steeper in β3
direction, but only the overall topology of the SCMF-PES
typically up to a few MeV from the minimum. However,
the SCMF solutions within this energy range are most
relevant to low-lying states. In addition, the fact that
the IBM-PESs are considerably β3 soft as compared to
the SCMF ones presents a general feature of the IBM
framework, but is considered to be of minor relevance to
reproducing spectroscopic properties of low-energy yrast
state and thus does not alter the main conclusions.

C. Derived IBM parameters

In Fig. 4 we display the IBM parameters obtained for
the considered U, Pu, Cm, and Cf nuclei as functions of
the neutron number N . Most of the derived parameters
appear to stay nearly constant with N , and their values
also do not significantly differ between different isotopic
chains. This is conceptually very satisfying as it indicates
the consistency of the approach and its predictive power.
An exception is perhaps the f -boson energy εf depicted

in panel (b) of Fig. 4, which exhibits an abrupt structural
change between neighboring isotopes. The rapid decrease
of the quantity −εf from N = 130 to 136 indicates the
development of the octupole collectivity.
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FIG. 5. Low-energy excitation spectra of positive-parity even-
spin yrast states of 222−242U, 224−244Pu, 226−246Cm, and
228−248Cf computed by the diagonalization of the mapped
sdf -IBM Hamiltonian Eq. (1). Experimental data are taken
from Ref. [63]. Results for Ra and Th isotopes can be found
in Ref. [45].

D. Evolution of low-energy excitation spectra

The excitation spectra for the low-lying even-spin
positive-parity and odd-spin negative-parity yrast states
of 222−242U, 224−244Pu, 226−246Cm, and 228−248Cf are de-
picted in Figs. 5 and 6 as functions of N , respectively.
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FIG. 6. Same as the caption of Fig. 5, but for the odd-spin
negative-parity yrast states.

In Fig. 5, the calculated positive-parity levels in each iso-
topic chain (panels (a1) to (d1)) are seen to decrease from
N = 130 to 134, as the quadrupole collectivity develops.
A typical rotational band structure starts to appear from
N ≈ 132, and there is no significant change in positive-
parity states from N = 134 on. Agreement between the
theoretical and experimental (panels from (a2) to (d2))
positive-parity levels is remarkable. It should be noted
that the predicted level structure of the transitional nu-
clei with N = 130 and 132 looks rather irregular: energy
levels of the 4+1 and 6+1 are close to each other, at variance
with the well-known vibrational or rotational band pat-
terns. As we show in Sec. III E, such a irregularity in the
calculated levels seems to occur due to strong mixing be-
tween positive- and negative-parity boson configurations

in the low-spin states of these nuclei.
The systematic behavior of the calculated negative-

parity states is depicted in Fig. 6 (panels (a1) to (d1)).
The comparison of our results with the available experi-
mental data (panels from (a2) to (d2)) is reasonable. For
each considered isotopic chain, the predicted negative-
parity states exhibit an approximate parabolic behavior
centered around N = 134 which corresponds with the nu-
clei where the octupole minimum is most pronounced in
the SCMF-PESs. From N = 134 on, the negative-parity
level energies keep increasing up to N = 142, where an-
other parabolic-like behavior sets in the U, Pu and Cf
isotopes. The absence of permanent octupole deforma-
tion in those isotopes hints to an increasing dominant
role of dynamic octupole correlations.
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FIG. 7. Expectation values of the f -boson number operator
〈n̂f 〉 in the IBM wave functions of the states 0+

1 , 2+
1 , 0+

2 , 2+
2 ,

1−
1 , and 3−

1 of the Ra, Th, U, Pu, Cm, and Cf nuclei, plotted
as functions of the neutron number. The values for the Ra
and Th isotopes have been taken from [45].

E. f-boson contribution to low-lying states

Next, we discuss the contribution of the f boson to
the wave functions of the low-lying positive and negative
parity states. Figure 7 displays the expectation values
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of the f -boson number operator 〈n̂f 〉 computed in the
IBM wave functions of the states 0+1 , 2+1 , 0+2 , 2+2 , 1−1 ,
and 3−1 . From panels (a) and (b) of Fig. 7, we learn
that the expectation value 〈n̂f 〉 is rather large in the
transitional region 132 6 N 6 138 indicating that the
mixing between the s − d and f boson spaces is signifi-
cant in the ground-state band. There is a marked differ-
ence in the results between the Ra and Th isotopes and
the U, Pu, Cm, and Cf isotopes with the neutron num-
bers 136 6 N 6 140: the f -boson contributions to the
ground-state bands of the U, Pu, Cm, and Cf isotopes are
by a factor two to five smaller than for the Ra and Th nu-
clei. Thus it follows that, in the present framework, the
quadrupole-octupole correlations become weaker as the
proton number increases. For N larger than 140, both
the 0+1 and 2+1 states are made of the s and d bosons
alone, as the expectation values 〈n̂f 〉 ≈ 0.

By looking at panels (c) and (d) in Fig. 7, we conclude
that the structure of the wave functions of the 0+2 and 2+2
states corresponds to a double-octupole phonon structure
as the expectation value 〈n̂f 〉 ≈ 2. Empirical studies
have interpreted that low-energy K = 0+ excited bands
in the actinide region are partly accounted for by the
coupling between double octupole phonons [41, 58]. Both
isotopic and isotonic dependencies of these values are not
as strong as in the cases of the 0+1 and 2+1 states.

In panels (e) and (f) of Fig. 7 we notice that for the
1−1 and 3−1 states 1.5 6 〈n̂f 〉 6 2.0 when N < 140. For
larger values of N , 〈n̂f 〉 gradually decreases to reach the
value of one at N ≈ 150. Therefore, we conclude that
more than one f boson is needed for the employed EDF-
to-IBM mapping procedure to reasonably describe exci-
tation spectra of low-lying negative-parity yrast states in
actinide nuclei with N 6 140, while for heavier actinides,
inclusion of only one f boson seems to suffice.

F. Possible alternating-parity band structure

To distinguish if the members of rotational bands are
octupole-deformed or octupole vibrational states, it is
convenient to consider the quantity

δE(J−) = E(J−)− E((J + 1)+) + E((J − 1)+)

2
, (8)

where E(J−) and E((J ± 1)+) represent excitation en-
ergies of the odd-spin negative-parity and even-spin
positive-parity yrast states, respectively. If the positive-
and negative-parity bands share an octupole deformed
band head they form an alternating-parity doublet and
the quantity δE(J−) should be equal to zero. The de-
viation from the limit δE(J−) = 0 means that the
positive- and negative-parity bands form separate bands,
and therefore an octupole vibrational structure emerges.
In Fig. 8, the calculated δE(J−)/E(2+1 ) values for the
J = 1−1 to 9−1 states are plotted as functions of N . Let
us take as examples the results for the Ra and Th iso-
topic chains in panels (a) and (b) of Fig. 8. The ratios
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5

0

5

10

15

20

25

δE
(J
−

)/
E

(2
+ 1

)

oct. def.

(a) Ra
1−

3−

5−

7−

9−

130 134 138 142 146 150

oct. def.

(b) Th

130 134 138 142 146 150
5

0

5

10

15

20

25

δE
(J
−

)/
E

(2
+ 1

)

oct. def.

(c) U

130 134 138 142 146 150

oct. def.

(d) Pu

130 134 138 142 146 150
Neutron number

5

0

5

10

15

20

25

δE
(J
−

)/
E

(2
+ 1

)
oct. def.

(e) Cm

130 134 138 142 146 150
Neutron number
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FIG. 8. The energy displacement δE(J−) [defined in Eq.(8)],
normalized with respect to the excitation energy of the 2+

1

state, is shown as a function of the neutron number. The
theoretical values are connected by lines. The corresponding
experimental [63] values for the J− = 1−, 3−, 5−, 7−, and
9− yrast states are represented by the solid circles, squares,
diamond, triangles, and stars, respectively. Results for the Ra
and Th nuclei are from [45]. The limit of stable octupole de-
formation δE(J−) = 0 is indicated in each panel by a broken
horizontal line.

δE(J−)/E(2+1 ) for each spin are close to zero for a num-
ber of Ra and Th isotopes with neutron numbers below
N ≈ 138, i.e., 218−226Ra and 220−228Th. For heavier
isotopes with N > 140, δE(J−)/E(2+1 ) values turn to
increase with N . Thus the octupole vibrational states
characterized by the octupole-soft potential appear. Es-
sentially the same trend is observed for the U, Pu, Cm,
and Cf isotopes.

G. Transition rates

Transition probabilities are computed with the elec-
tric dipole, quadrupole and octupole transition opera-
tors T̂Eλ = eλQ̂λ (λ = 1, 2, 3). As in Ref. [45], the
effective charge eλ for λ = 2 and 3 depends on the
boson number n, and is determined so that the IBM’s
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FIG. 9. Evolution of the theoretical and experimental exci-
tation energy of the 3−

1 state (panels (a) and (b)), and the
B(E3; 3−

1 → 0+
1 ) transition strength in Weisskopf units (pan-

els (c) and (d)) for the Ra, Th, U, Pu, Cm, and Cf isotopes as
functions of the neutron number. Theoretical values for the
Ra and Th nuclei are taken from Ref. [45]. The experimental
data are from Refs. [63, 64]

intrinsic quadrupole (octupole) moments calculated at
βλ = βλ,min coincide with the SCMF ones. Formu-
las used to determine the values of eλ can be found in
Ref. [45]. In the present calculations, a slight modifica-
tion to the formulas given in [45] has been considered:
for the Cm, and Cf isotopes, an overall factor of the
e2 charge has been re-scaled so that the experimental
B(E2; 2+1 → 0+1 ) values for 244,246Cm are reasonably re-
produced. The employed eλ=2,3 values are also shown in
panels (k) and (l) of Fig. 4. The E1 transition operator
is defined in [45], and the same value of the E1 charge
e1 = 0.0277 eb1/2 is used for all the considered isotopic
chains. The B(E3; 3−1 → 0+1 ) transition rates as well as
the excitation energies of the 3−1 state are depicted as
functions of N in Fig. 9. The predicted B(E3) values
show marked peaks at around N = 136 with a maximum
value of 72 W.u. for 228U. This trend is correlated with
the behaviors of the calculated and experimental E(3−1 )
values plotted in panels (a) and (b) of the same figure:
the B(E3; 3−1 → 0+1 ) values are inversely proportional to
the E(3−1 ) ones.

In addition, we compare in Fig. 10 the calculated and
experimental B(E2; 2+1 → 0+1 ) and B(E1; 1−1 → 0+1 ) val-
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FIG. 10. Evolution of the theoretical and experimental
B(E2; 2+

1 → 0+
1 ) (panels (a) and (b)) and B(E1; 1−

1 → 0+
1 )

(panels (c) and (d)) transition strength in Weisskopf units for
the Ra, Th, U, Pu, Cm, and Cf isotopes as functions of the
neutron number. Theoretical values for the Ra and Th nu-
clei are taken from Ref. [45]. The experimental data are from
Refs. [63]

ues. The predicted B(E2) rates keep increasing with N
as the quadrupole collectivity develops, and are in a good
agreement with the data. However, the present model
is unable to describe, even qualitatively, the empirical
B(E1) rates (panels (c) and (d) of Figs. 10). This is
mainly because of the fact that the E1 properties are less
collective in nature, while the IBM framework is built on
correlated pairs and deals with purely collective states.
Another reason is that, within the sdf boson space, the
E1 transition operator only contains term that is propor-
tional to (d†f̃+f†d̃)(1), and this simplified form may not
satisfactorily describe the details of the observed B(E1)
systematic. Inclusion of higher-order terms in the E1 op-
erator or taking into account explicitly the dipole p boson
with J = 1− could improve description of the E1 rates,
but these extensions are clearly out of the scope of the
present paper.

H. Effective quadrupole and octupole deformations

We further consider quadrupole and octupole shape
invariants [65, 66] calculated in the IBM ground state
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FIG. 11. Effective quadrupole 〈β2〉 (a) and octupole 〈β3〉
(b) deformation parameters, variance δβλ (c,d), and the fluc-
tuations δβλ/ 〈βλ〉 (e,f) for 218−238Ra, 220−240Th, 222−242U,
224−244Pu, 226−246Cm, and 228−248Cf, as functions of the neu-
tron number. Values for the Ra and Th nuclei have been cal-
culated based on the results from Ref. [45]. See the main text
for details.

|0+1 〉:

q
(λ)
2 =

∑
i

(−1)J 〈0+1 ‖T̂Eλ‖Jπi 〉 〈Jπi ‖T̂Eλ‖0
+
1 〉 (9)

q
(λ)
4 =

∑
i,j,k

〈0+1 ‖T̂Eλ‖Jπi 〉 〈Jπi ‖T̂Eλ‖0
+
j 〉

× 〈0+j ‖T̂
Eλ‖Jπk 〉 〈Jπk ‖T̂Eλ‖0+1 〉 (10)

where 〈0+‖T̂Eλ‖Jπ〉’s are reduced matrix elements of the
Eλ transition operators, and Jπ = 2+ and 3− for λ =
2 and 3, respectively. The sums in Eqs. (9) and (10)
include up to 10 lowest 0+, 2+, and 3− states. We can
define the effective quadrupole and octupole deformation
parameters

〈βλ〉 =
√
〈β2
λ〉 (11)

and the variance

δβλ =

√
〈β4
λ〉 − 〈β2

λ〉
2
/2 〈βλ〉 , (12)

where 〈β2m
λ 〉 = (4π/(3eZRλ0 ))2mq

(λ)
2m (m = 1, 2).

In Fig. 11 we display the above mentioned quantities
as functions of N : in panels (a) and (b) we show 〈βλ〉
for λ = 2 and 3, respectively. In panels (c) and (d) the
δβλ are displayed. Finally, the fluctuations δβλ/ 〈βλ〉 are
presented in panels (e) and (f). The effective quadrupole
deformation 〈β2〉 increases monotonously with N as the
quadrupole collectivity develops. Behavior of the effec-
tive octupole deformation parameter 〈β3〉 for each iso-
topic chain is characterized by a parabolic trend with a
marked peak at N ≈ 136. The behavior of these quan-
tities with neutron number is in agreement with the one
of the intrinsic deformation parameters shown in Fig.
3. The variance for both the quadrupole and octupole
deformations is large from N ≈ 132 to N ≈ 140. In
such transitional regions, potentials are soft in both β2
and β3 (cf. Figs. 1 and 2), and large shape fluctuations
are present. This is confirmed by rapid changes of the
quantities δβ2/ 〈β2〉 and δβ3/ 〈β3〉 between N ≈ 132 and
N ≈ 138 (cf. panels (e) and (f) of Fig. 11).
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FIG. 12. Comparison of theoretical and experimental low-
energy level schemes of 240Pu.

I. Detailed level scheme of 240Pu

Finally, we examine the ability of the present approach
to describe detailed spectroscopy in individual nuclei. As
an illustrative example, in Fig. 12 we compare theoreti-
cal and experimental low-energy level schemes of 240Pu.
A good agreement between theory and experiment is ob-
served in the lowest-lying members of the positive- and
negative-parity rotational bands, as well as in the band
built on the 1−2 state. The model, however, consider-
ably overestimates the band-head energies of the excited
Kπ = 0+ band built on the 0+2 state and the γ-vibrational
(Kπ = 2+) band on top of 2+3 . The discrepancies in the
Kπ = 0+ and 2+ bands are most likely related to the fact
that the underlying SCMF-PESs have too steep poten-
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tials to be reproduced by the IBM ones. The description
of the γ-band levels could be partly improved by explic-
itly taking into account the triaxial degree of freedom in
the present calculation. It has been shown [67] that a
specific form of three-body boson term plays an impor-
tant role to lower the γ band. As we have seen in panels
(c) and (d) of Fig. 7, the IBM wave functions of the 0+2
state and the band built on it for most of the considered
actinide nuclei are mainly based on two-octupole-boson
configurations. However, the fact that the 0+2 energy is
overestimated may indicate a need for including addi-
tional building blocks in the IBM framework to improve
the agreement with experimental results. For instance,
inclusion of the dynamical pairing degree of freedom in
the IBM model space has been shown [68] to have a signif-
icant impact on the description of the excited 0+ states.

We note that, except for the heavier isotopes Cm and
Cf, a plenty of spectroscopic data is available for the
neighboring U and Pu nuclei as well. We have then car-
ried out similar analyses, and confirmed that the level of
agreement between the predicted and experimental en-
ergy levels with both parities for these nuclei is similar
to 240Pu, while the same problem as seen in 240Pu is
commonly observed, that is, both the excited 0+ and 2+

bands are considerably overestimated within the mapped
IBM framework.

IV. SUMMARY

Octupole shapes and collective excitations in the ac-
tinide nuclei Ra, Th, U, Pu, Cm, and Cf with neu-
tron number 130 6 N 6 150 have been investigated
by using the EDF-based IBM framework. Axially-
symmetric quadrupole β2 and octupole β3 SCMF-PESs,
obtained from constrained HFB calculations based on
the Gogny-D1M EDF, have been used to determine the
sdf -IBM Hamiltonian. Diagonalization of the mapped
Hamiltonian produces excitation spectra and transition
strengths. The Gogny-D1M SCMF-PESs have suggested
transitions from nearly spherical (N ≈ 130) to sta-
ble octupole-deformed (N ≈ 134) and to octupole-soft
(N ≈ 138) shapes along the considered U, Pu, Cm,
and Cf isotopic chains. Consistently with the empiri-
cal tendency, the calculated negative-parity yrast states
show a parabolic trend centered at N ≈ 136, and the
B(E3; 3−1 → 0+1 ) transition rates are predicted to take
maximal values around N ≈ 136, where the SCMF-PESs
exhibit the most pronounced octupole minima. The rota-
tional bands of a number of nuclei exhibit the alternating-
parity pattern associated with a rigid octupole shape
(cf. Fig. 8). The effective β2 and β3 deformations
and their variance suggest large shape fluctuations near
N = 134. All the spectroscopic properties obtained
from the mapped sdf -IBM Hamiltonian exhibit tenden-

cies that correlate with the variation of the Gogny-D1M
SCMF-PESs, and consistently suggest the onset of sta-
ble octupole deformation around N = 136 and that the
transitions between octupole-deformed and octupole-soft
shapes occur systematically in the actinide region. The
spectroscopic results discussed in this paper also agree
well, at least qualitatively, with the recent EDF-based
spectroscopic calculations [34, 38] that covered the same
region of nuclei as the one studied here.

Even though our model allows for a detailed and eco-
nomic description of octupole-related spectroscopic prop-
erties, the current implementation of the model is not
able to describe quantitatively the spectra of non-yrast
states. For instance, the model has overestimated con-
siderably the excitation energies of the 0+2 states and the
γ(K = 2+) band (cf. Fig. 12). This implies the necessity
of including those building blocks that are beyond the
considered IBM framework, e.g., dynamical pairing and
triaxial degrees of freedom (i.e., higher-order terms in the
IBM Hamiltonian). Since these new building blocks have
negligible contributions to the yrast states with both par-
ities, they would not alter the conclusion of the present
work, that is, the stable octupole shape occurs around
N ≈ 134 and octupole softness emerges around N ≈ 138
in actinide nuclei. Such extensions of the model will be
required for a complete spectroscopic study that involves
an accurate description of excitation energies and transi-
tion rates of non-yrast states. Another interesting topic
is to extend the analysis to odd-mass actinides. Work
along these lines is in progress, and will be reported in
forthcoming articles.
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