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Abstract

In graph-restricted cooperative games, a group of agents, represented by the nodes of a graph, work together
to make a profit. However, two agents can cooperate within a coalition only if they are connected by the
graph in the coalition. Several allocation rules have been proposed for these games, but there is something
in common in all of them: if a player is an indispensable intermediary to communicate with the players in a
coalition, this player will receive, at least, the same share of the profit generated by the coalition as the players
who belong to it. In other words, intermediation power is valued, at least, as much as active cooperation. In
some situations, this is neither fair nor realistic. In this paper, we introduce a family of values for graph-
restricted games that value intermediary power less than active cooperation.

Keywords: cooperative games; Shapley value; graph-restricted games; Myerson value; multichoice games

1. Introduction

Cooperative game theory provides a framework for analyzing strategic interactions among play-
ers aiming to achieve mutually beneficial outcomes. When dealing with cooperative games, it is
often assumed that the players can cooperate without any restrictions. However, in many situa-
tions, this is not the case. There can be different types of limitations on cooperation. In this paper,
we will address limitations in communication. Myerson (1977) introduced graph-restricted games,
in which players are represented by the nodes of a graph, and there exists an edge between two
nodes if and only if the corresponding players can communicate directly. In the context of co-
operative games (with transferable utility), the allocation of payoff among the players becomes
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a central concern. In the case of graph-restricted games, a reasonable allocation rule must take
into account not only the role of each player in the game but also their intermediation power,
that is, their ability to enable communication between other players. Myerson introduced an al-
location rule and characterized this solution in terms of fairness and efficiency. Since then, mul-
tiple solutions for graph-restricted games have been described in the literature. Among these so-
lutions, we point out the position value (Meessen, 1988; Borm et al., 1992), the F-value (Hami-
ache, 1999), the mean value (Hamiache, 2004), the average tree value (Herings et al., 2010), or the
value proposed by Hamiache and Navarro (2020). Remarkable insights into solutions for graph-
restricted games are provided by Borm et al. (1994) and Navarro (2019). The aim of this paper
is to introduce a family of new solutions for graph-restricted games. The distinguishing feature
of these new solutions compared to the Myerson value or the other values introduced in the lit-
erature is that they provide a lesser reward for intermediation power. Just as there are situations
where the reward for intermediation established by the Myerson value or the other solutions may
be appropriate, we believe that there are cooperative situations where the reward for intermedi-
ation should be lower in relation to the reward for actively cooperating in the game itself. The
goal of this paper is to introduce suitable solutions for these situations. To this end, we will in-
troduce a novel weighting mechanism through multichoice games. Hsiao and Raghavan (1992)
introduced cooperative multichoice games, which are games in which players have a finite num-
ber of levels of action at which they can cooperate. They (Hsiao and Raghavan, 1993) proposed
a solution for multichoice games inspired by the Shapley value for classic cooperative games. In
this paper, we propose to use the value for multichoice games introduced by Hsiao and Ragha-
van to adjust the weight of intermediation, thus obtaining a new family of solutions for graph-
restricted games.

The paper is organized as follows. In Section 2, we recall some preliminaries concerning cooper-
ative games and graph-restricted games. In Section 3, we propose a multichoice approach to obtain
a new family of values for graph-restricted games. We also obtain a characterization of these values
in Section 4.

2. Preliminaries

Throughout this paper, N denotes a fixed finite set. The subsets of N will be called coalitions. The
family of all coalitions will be denoted by 2.

2.1. Cooperative games

A cooperative game (with transferable utility) on N is a function (called characteristic function)
v:2Y¥ — R with v(¥) = 0. Given a coalition E, v (E) is the worth of E, and it is interpreted as the
maximal gain that the players in E can achieve when they cooperate. The family of cooperative
games on N is denoted by GV. This set is a (2" — 1)-dimensional real vector space. One basis of
this space is the collection {ur : F € N, F # @}, where for a coalition F e 2V \ {#J} the unanimity
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game up is defined as up(E)=1if F C E and ur(E) = 0 otherwise. Every game v € GV can be
written as a linear combination of unanimity games:

v=" > A(E)ug, with A(E) = (=DFFIyF), (1)

{Ee2V:E+£0} FCE

where A, (E) is named the dividend of the coalition E in the game v. A game v € GV is monotone
if v(F) < v(E)forevery F C E C N. Aplayeri € N is a null player inv € GV if v(E) = v(E \ {i})
forall E C N. A player i € N is a necessary playerinv € GV if v(E) = 0 for every E € N \ {i}.

A value on GV is a function ¥ : GV — R" that assigns to each game v € GV a vector (V:(v));cn
where the real number v; (v) is the payoff to player i in the game v. Multiple values have been defined
in the literature. The best known of them is the Shapley value (Shapley, 1953), which is defined, for
every v e GV and everyi € N, as

Sh) = 3 peli(E) = wE\ (D). where py = (NI =D

{ECN:ieE}

Van den Brink (1994) characterized the Shapley value as the unique value v that satisfies:

EFFICIENCY. If v € GV, then Y, _\ ¥: (v) = v(N).

ApprTivity. If vy, v € GV, then ¢ (v + v) = ¥ (v1) + ¥ ().

NULL PLAYER PROPERTY. If i € N is a null player in v € GV, then v, (v) = 0.

NECESSARY PLAYER PROPERTY. If i is a necessary player in a monotone game v € GV, then v, (v) >
Y;(v)forall j e N.

2.2. Graph-restricted games and the Myerson value

In order to model cooperative situations with communication restrictions, Myerson (1977) intro-
duced graph-restricted games. A graph-restricted game consists of a finite set of players N, a game
v e GV, and an undirected graph g = (N, L). In this model, g represents the communication pos-
sibilities between the players, in the sense that a coalition is feasible only if all their players are
connected, according to g, within the coalition. Myerson introduced a value for these games. Given
a graph-restricted game (v, g), he defined v, : 2V — R as

e (S)= > wW(T)

TeS/g

for every S € 2V, where S/g denotes the set of connected components of the induced subgraph g[.S].
Then, Myerson defines

Y (v.8) = Shv,).
Myerson proves that Y is characterized by the following properties:
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COMPONENT EFFICIENCY. If v e GV, ge TV, and T € N/g, then

3 Y g) = w(T).

ieT
FAIRNESS. If ve G, g= (N, L) e TN, andij € L € N, then

Yi(v,g) = Yi(v,g-ij)) = Y;(v,g) — Y;(v,gi)),

where g_;; denotes the graph obtained by removing in g the edge between i;.

3. The r-fair communication value
3.1. Motivating example

The following example shows that the Myerson value does not satisfactorily solve all graph-
restricted cooperative situations.

Example 1. Let N = {1, 2, 3} and consider the graph g € I'" represented by the diagram below.

® @ ®

It is easy to check that

1 11
Y(upy, g = 535 .

Notice that player 2 is a null player in the game u(; 3;. However, it receives the same payoff as the
rest of the players, who are necessary players in the game. In other words, a player with a passive
role of enabling communication obtains the same payoff as the players who actively generate all the
profit. In almost any realistic context, this distribution of profits would be out of place. Our goal in
this paper is to introduce a solution for graph-restricted games that allows us to weigh the value of
intermediary power. To this end, we will use multichoice games.

3.2. Multichoice games

Hsiao and Raghavan (1993) introduced multichoice games to model cooperative situations in which
each player, when cooperating within a coalition, can choose between different levels of coopera-
tion. Each player is allowed to take (m + 1) actions oy, o1, . .., 0, Where oy is the action of doing
nothing and oy, is the action of cooperating at level k foreachk=1,..., m. If g =1{0,1,...,m}
then the action space is given by B. Each element x € 8" is called an action of N, and x; = k if
and only if player i takes action oy. A multichoice cooperative game over N with levels g is a function
V. ,BN — R satisfying V(O) = 0. The set of multichoice games over N with levels B is denoted by
MG?". A value on MG”" is a mapping W : MGF" — RU-m>3N If 1 € MGF", k € B\ {0}, and
i € N, the number W, ;(V') is interpreted as the payoff that is allocated to player i for taking action
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oy. It is considered that Wy ;(V') = 0. In order to obtain a value for multichoice games, Hsiao and
Raghavan consider weights 0 = w(0) < w(l) < --- < w(m) for the different actions that the play-
ers can take. These weights determine the ratios that are considered to be fair when allocating the
payment obtained by a group of players who take different actions within a coalition. Once these
weights are fixed, Hsiao and Raghavan introduce the value ®, defined as

SH-Y Y Y D) (V(x)— Vix —e))
ki - . — ] - - s
Wiy XEP) FEN ()L Il 2 jer (v0x; + 1) = w(x;))

where the following notation has been used: if x € 8V and / € B then N/(x) ={j € N:x; =1},
X[l = 3= ;e w(x,) and e € {0, 1}V is given by ¢! = 1 and e; = O forevery j € N\ {i}. The number
@, (V) is the payoff to player i when she takes action oy in game V. Hsiao and Raghavan proved

that this value is the unique value ¥ on MG?" that satisfies the following properties:

(H1) ify € BY and V € MGP" satisfies V(x) = V(x A y) for every x € BV, then Yoin Uy (V) =
Vim,...,m).

(H2) W(V; + V>) = W(V}) + W(V>) for every Vi, V> € MGP".

(H3) ifye VN and V e MG satisfies V(x) = 0 for every x #y, then W ;(V) = 0 for every i € N
and k < y;. ,

(H4) ifye pV¥,e>0and V € MG*" is defined by V' (x) = cif x > y and V' (x) = 0 otherwise, then
(W),.i/(V))ien 1is proportional to (W(y;))ien-

3.3. Proposed methodology

We aim to define a new value for graph-restricted games. To this end, we will follow a proce-
dure widely used in the literature to obtain values for cooperative games with a combinatorial
structure. First, gathering the information from the characteristic function and the combinatorial
structure, a new characteristic function is obtained. And, second, a solution concept is applied to
this new game. In our case, the key point is that this game will not be a cooperative game in
coalitional form, but a multichoice game. We detail the procedure below.

Given a graph-restricted game (v, g), we will define a multichoice game M¢. In M3, when a coali-
tion is formed, players in N will be able to take three different actions. The action oy consists of
doing nothing, that is, neither actively cooperating nor allowing communication between other
players. The action o} consists of not actively cooperating but allowing communication. The action
o, consists of both actively cooperating and allowing communication. Therefore, the action space
will be 3V, where 3 = {0, 1, 2}. The payment that will be obtained by the multichoice coalition
x € 3V will be equal to

Mix)= > WSNNy(x)

Se(N1(x)UNy(x))/g
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for every x € 3". Let us justify the definition of M%. Suppose that a coalition x is formed and we
aim to calculate the profit generated. The players that will actively cooperate are those in N,(x), but
we must take into account the restrictions in communication. The players that will allow communi-
cation are those in N;(x) U N,(x), so we must consider the connected components of the subgraph
induced by this union. Notice that in each of those connected components, only the players in N,(x)
will cooperate actively. This leads us to the definition given above for M5.

Now, we will apply the multichoice value ®" to the game M. To this end, we will use the weights
w(0) =0,w(1) =r €0, 1] and w(2) = 1. We are interested in the payoffs that the players will re-
ceive when they decide to actively cooperate. In this way, we obtain the payoff vector @3 (M %) given
by

@y (M) =

-y % LU
N Xl + rlFo(x)| + (1 — r)|F(x)]

xe3V FS(No(x)UN; (x)\{i}

Xi=

(M (x) — M§(x —e))

(—))" , o
+Y > (M(x) — Mi(x —¢')),
xe3V FENG(X)UN, (x) ”X”w + V|E)(X)| =+ (1 - V)|E(X)|

Xi=

where the following notation has been used: if x € 3V, 7 € {0, 1,2}, and H € N, then H;(x) = {j €
H:x; =1}, |Ix[ly = 3 oy w(x;), and € € {0, 1}V is given by ¢! = 1 and e} = Oforevery j € N\ {i}.

Definition 1. The r-fair communication value is the value A" for graph-restricted games defined as
Aj(vg) = @5 (M)

for every (v,g) € GN x 'V and every i € N.

Once A’ is defined, the question arises of what values are obtained for » = 0 and r = 1. The
following two propositions answer this.

Proposition 1. The I-fair communication value is equal to the Myerson value, that is, A' =Y.

Proof. Letve GY,ge 'V, and i € N. We have that

(_1)IF\ .
Al g) =) Y. e (MEX) - ME(x —¢)
N X + [Fo(x)]
xe3 FS(No(x)UN; (x)\{i}
(_1)‘F‘ g g |
+ T T e M (X) — Mi(x —e)
21:, Z X1l + [Fo(x)
xg}z FCSNo(x)UN1(x)
YooY S rw-mx—e)
= M{(x) — MS(x — ¢
IxIh + 1R

xe3N FC(No(x)UN; (x)\{i}
Xi=
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(_1)|F| )
T2 )Y iRy M) - M)
X3 FEMo(UM NG T 0
Xi=
= Z Z L)W(Mg(x—i—ei)—Mg(x—ei))
Xl + [Fo()] " '

xe3V FE(No(x)UN1 (x))\{i}

Xi=

Given x € 3V with x; = 1, if we write each F C (Ny(x)U N;(x))\ {i} as F = HUR with H C
No(x)\ {i} and R C N;(x)\ {i}, we obtain

F H
3 (=17 .S (—1)HI L
FES(No(x)UN1 ())\ {7} Xl + £ ()] HESNo(x)\{i} IxIh + 1H] REN; (x)\{i}
Notice that if Ni(x) \ {1} # @ then Yy )\ (=1D'® = 0. Therefore,
A= > > i —— (M4(x +€') — M5(x —¢'))
W 8) = v - v -
X[l + | F]

xe3V  FCNy(x)
Ni(x)={i}

which, identifying each x € 3" such that N;(x) = {i} with the set E = N,(x) U {i}, is equal to

|F|
= > ¥ (|jr)|| YowsS) - Y w1

{ECN:icE) FCN\E SeE/g Te(E\(i})/g

= Z Z |+|F|(vg(E) vo(E\ {i})). (2)

{ECN:icE)} FCN\E

We calculate!

n—|E
g ot ' (n— |E|>( ' _ (EI =Dl = |ED! &
FemE |E| + |F| — r |E|+r n!
Substituting in (2), we obtain Al (v, g) = Yi(v, g). O
Proposition 2. If'v e GNand A € TN, then
A(rg)= Y ShOlr)
TeN/g
The equality follows from the expression of the beta function, for all a, b € N:
(a—Dib— 1! _ o« (=1Y
(a+b—1) Z; ( r )
© 2024 The Author(s).

International Transactions in Operational Research published by John Wiley & Sons Ltd on behalf of International Federation
of Operational Research Societies.

85US0| SUOWILLIOD BAIRBIO 3| ddke BUy Aq PaUBAOB 32 SO WO 128N JO 3N J0J Al 178UIIUO AB]1 UO (SO BIPUCY-PUE-SULBILIOY' A3 1 ARG [BU 1 |UO//STY) SUOIPUOD PUe SWi | U 89S *[GZ02/60/52] Uo AXiqiT2ulluo A8|IM BARNH 8Q PepS.RAIUN ~BnaD AQ €2GET JON/TTTTOT/I0P/LIC" 3| ARRIqIUIIUO//SAN LU0 PBPROlUMOQ ‘0 ‘SB6ES.IT



8 A. C. Alarcén et al. / Intl. Trans. in Op. Res. 0 (2024) 1-22

where v|7 € GV is defined as v|7(E) = v(E N T) for every T € N/g. In particular, if g is connected,
then

A°(v, g) = Sh(v).

Proof. Letve GN,4eTV, andie N. We have

(=¥l .
A?(v, g) = ———————(M(x) — M§(x —¢")).
L 2 KL FIE®
xe3V FSNy(x)UN;(x)

Xi=

Following a reasoning similar to that used in Proposition 1, we can obtain that if x € 3V, x; = 2,
and Ny(x) # ¢, then

GO
2 Xl + [F(x)]

FCSNo(x)UN(x)

Therefore,

0 _ ( l)IFl g _ g N
ANrg= Y Z —(M¥(x) — ME(x — ¢))

= ot IXI =+ IF]
NO(EX) 9
xX;=2
_ Gl WTNE)— Y W(TN(E\ i)
|E| + |F|

{ECN:eE} FCN\E TeN/g TeN/g

—]HIF
=2 2 2 |,(5|+)|F| M (E) = vlr(E\ (i)

TeN/g{ECN:icE} FCN\E

which, by (3), is equal to

— D) — |E])!
y oy WD gy v i)=Y sholn,

TeN/g{ECN:icE) : TeN/g

O
Example 2. Let us go back to the motivating example given at the beginning of this section. Let

us take r = o This value for r establishes a more appropriate weighting of intermediary power,

in most contexts, than the value 1 (corresponding to the Myerson value, according to the previous
proposition). It is easy to check that

10 1 10
AT 3. 8) = 212121
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Note that the payoff received by player 2 is significantly lower than the payoff received by the players
that actively generate the profits.

One might wonder if A’ is some convex combination of A” and A!. It is easy to provide an
example to dismiss this idea.

Example 3. Let N = {1, 2, 3, 4} and consider the graph g € I'" represented by the diagram below.
O, © ® ®

Consider the game v = uy; 3) + u(1.4) € GV. We have that

7 7 7 3
¥(r.g)= A (v.g) = ( )

127127127 12
11
AO ) = 1707 A A ]
(o= (1.0.5.5)
1 430 43 241 210
Mg = (0, 2 24 210)
462 462 462 462

We can see that the value A' (the Myerson value) rewards intermediary power as much as active

. . . 1 .
profit generation, the value A’ does not reward the intermediary role, and the value AT weighs
intermediary power and the ability to generate profit in a way that is not a convex combination of
Aand A'.

3.4. Characterization of A"

Let W be a value for graph-restricted games. In order to characterize the r-fair communication
value. we will consider the following properties:

Apprtivity. If v, w € GV and g € TV, then W(v + w, g) = W(v, g) + ¥(w, 2).

FAIRNESS FOR NULL PLAYERS. Let ve GV, g= (N, L) e 'Y, and ij € L be such that i, j are null
players inv. Then,

Vi(v,g) —Vi(v,g-ij) =V;(v,g) — V(v g)).

FAIRNESS FOR NECESSARY PLAYERS. Let ve GV, g=(N,L) e T'", and ij € L be such that i, j are
necessary players in v. Then,

Vi(r,g) —Vi(v,g-i)) =¥;(v,g) — V(. g-i)).

r-FAIRNESS (r € [0, 1]). Letve GV, g= (N, L) e T'V, and ij € L be such that i is a null player in v and
j is a necessary player inv. Then,

Wi(v, &) — Wi(v, gi)) = r(¥;(n, g) — V(v g)))-

To interpret the equality above, note that the differences W;(v, g) — W;(v, g—;;) and ¥;(v, g) —
W, (v, g_;;) represent the additional gains that players i and j, respectively, will obtain when they
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establish bilateral communication with each other. Now, observe that, on the one hand, the addi-
tional gain of player i solely rewards action o7 of this player, that is, their capacity as an intermedi-
ary, since 7, being a null player, cannot contribute through active cooperation. On the other hand,
the additional gain of player j rewards action o, of this player, because j, being necessary, cannot
generate any gain through mediation alone. Therefore, note that if r-fairness holds, there exists a
fixed weighting for the reward for action o in relation to the reward for o,. Finally, note that the
requirement for r to belong to [0,1] is entirely reasonable, as, on the one hand, it would not make
sense to penalize intermediation power, and, on the other hand, it would also not make sense for
action o7 to be rewarded more than action o>, since the latter encompasses the former.
In the following theorem, we show a characterization of the r-fair communication value.

Theorem 1. Let r € (0, 1]. A value for graph-restricted games is equal to the r-fair communication
value if and only if it satisfies the properties of component efficiency, additivity, fairness for null players,
fairness for necessary players, and r-fairness.

Proof. First, we will prove that A" satisfies the four properties mentioned in the theorem.
N
COMPONENT EFFICIENCY. Let v e GV, ge 'V, and T € N/g. Let V7, Vinr € MG defined as

Vr(x) = > V(S N N2(x)
[Se(Ni(x)UN1(x))/g:SCT}
Vir(x) = > v(S N Na(x))

{Se(NV1(X)UN2(x))/g:SEN\T'}
for every x e 3V. Notice that V7 (resp., Vi) 1s, loosely speaking, the restriction of V' to T (resp.,
N\ T), since it assigns to each coalition the profit achievable in V' by the coalition with the restric-

tion that players outside 7" (resp., N \ T') cannot cooperate. From the fact that T € N/g, it can be
easily derived that

MS=Vr+Vnr. “4)
Moreover, it is easy to check that

@y, (Vr) =0 foreveryie N\ T (5)
and

@), (Vi) =0 foreveryie T. (6)

By (4) and the additivity of @3, we have that

DA =) @Y (M =Dy (Vr)+ Y O (Vinr),

ieT ieT ieT ieT
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which, by (5), (6), and the property (H1) of @}, is equal to
>y (V) =Vr(2.2,....2) = w(T).
ieN
Apprtivity. Let v, w € G, g € TV, and i € N. It is clear that M%, , = M; + M. If we also use
the additivity of ®), we obtain
Aj(v+w, g) = @y (M5,,) = 5 (MF + M)
= ©) (MF) + @3 (M) = Aj(v.8) + Ai(w, 8).

FAIRNESS FOR NULL PLAYERS. Let v e G¥, g = (N, L) e 'V, and ij € L be such that i, j are null
players in v. We have that

Aj(v,8) — Aj(v.g-ij) =
) (=1)"1r
=2 ) R TARGI A DRI

xe3V FE(No(x)UN; (x))\{i}

Xi=

(M8(x) — MS(x —¢))

(—1)F
2 NITERM DR

xe3V FSNy(x)UN|(x)
Xi=.

(M3(x) — Mi(x — ¢))

SIS s
Xl + rlF(x)] + (1 — 1) F(x)]

xeS‘T F C(No(x)UN; (x))\{i}

Xi=

(M (x) = ME(x = &)

(—1)FI (M .. 4
SO M (%) = MV (x =€)
v X TR+ (= IR )]

Xj:2
which, taking into account that 7 is a null player in v, is equal to

-y ¥ il
B XL + rlF ()] + (1 — 1) F(x)]

xe3V FE(No(x)UN; (x))\{i}

Xi=

(MF(x) — Mi(x — &)

DS e
XL + 1 F(X)] + (1 — 1) F ()]

xe3V FE(No(x)UN; (x))\{i}

Xi=

(M5 (%) — MY (x — &)

which, from the fact that M%(y) = M " (y) for every y € 3" such that y;, = 0, is equal to

-y ¥ o
- } Il + rlFo(x)| + (1 — )| F(X)]

xe3V FS(No(x)UN1 (x))\{i

Xi=

(M (x) — My (x))
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which, from the fact that M§(y) = M} "(y) for every y € 3" such that y; = 0, is equal to

-y > o
B Xl + I F(X)] + (1 — 1) F(x)]

XE3A¥ FCS(No(xX)UN; (x)\{i}
Xi=
x;=1

(M5 (x) — My (x))

DD o
X1l + rlFo ()| + (1 — r)[F(x)]

xe3V FS(No(x)UN; (x)\{i}
Xi=
X/'=2

(M%) — M7 (x))

- ¥ SEEE
a Xl + rlE(x)] 4+ (1 — r)FA(X)]

xe3V FS(No(x)UNi (x))\{i, /}

Xi=

(M5 (x) — My (x))

x;=1
(_1)|FU{j}|r o
+ ME(x) — MY
% FqNo(waNl(x»\u,ﬂ NI U GG+ (1= nIE 0 G )~ M)
o=
(=DIr

) (M) - M ()
xe3Y FEWo(UN GO Xl + rIE GOl + (1 = I Fi(x)]
X=2

-y ¥ i
B Xl + rlF )] + (1 = 1) F(x)]

xe3N FS(No(x)UN{ (x)\{i. /}

(M5 (x) — My (x))

Xi=

Xj:1
(—=1)FI+y o
+> > (M3 (x) — My (x))
i revonion oy X HROOT+ (T=n(F L+ 1)
e
(=D"1r

YD (M(x) — M (x)
oo X+ AR+ (L= DIRX)]

Xi=

Xj=2

which, taking into account that j is a null player in v, is equal to

- ¥ St
a Xl + rlF ()] + (1 = r)F(X)]

XE};’ FCS(No(x)UN1 (x)\{7, }
Xi=
)C/'=l

(M5 (x) — My (x))
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DY b (500 M5 (0)
+ ME(x) — M5 (x)
L e oy X ARG+ (= DA+ D)
o
+ Z Z D (ME(x — &) — My "(x — ¢/))
v v
T PRI (N XLy + (Xl + (1 = r)|F(x)]
=2
(—l)lFlr o
= Z Z (M’;’(x) — M, ”(X))
oS o X+ RGO+ (T = DIF ()]
Nl
> ox i (500~ )
+ Mi(x) — My (x)
Y FEOU NN XL+ rlFo(x)] + (1 =) (A &)+ 1)
o=l
(=DHiFly »
+2 > (ME(x)— M (x)

VAT J — J
o e X AR ) A=A (x + ¢
Xi=

x,-:l
(=1)7r g
B Z Z (M S(x) — M, (x))
X‘ESN FC(No(x)UN; (x)\{i, j} ”X“w + rlFb(X)l + (1 — r)lF'l(X)|
xj=1
(—1)FIH1p y
: Z Z (M3(x) — My (x))
xe3VN FC(No(x)UN; (x)\ {7, j} ||X||w+ V|E)(X)| + (1 — V)(|F1(X)| + 1)
N
"L 2 o (ME(x) — M (x))
Xl + L=+ AR+ A - nIRE

X€3l¥ FC(No(x)UN1 (x)\ {7, /}
Xi=
xj=1

-y ¥ o
B Xl + IR (X)] + (1 — r)F (X))

xe3N FC(No(x)UN; (x)\{i. j}

(M3(x) — My " (x)).

Xi=
Xj=1

It suffices to notice that in the last expression i and j are interchangeable.

FAIRNESS FOR NECESSARY PLAYERS. Let v e GV, ¢ = (N, L) e 'V and ij € L be such that i, j are

necessary players in v. We have that

A;(V, g) — A,r‘(V, g—ij)
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-y ¥ o
”X”w + V|Fb(X)| + (1 - I’)IE(X)I

XE}}' F S(No(x)UN; (x)\{i}
Xi=

(M§(x) — Mi(x — ")

(=" 4

ME(X) — ME(x — €

+Z* F%(%M Xl AR+ (iR M)~ Mitx =)
B (=D)*r

2 AR (- AE®)

xe3Y FS(No(x)UN (x)\ (i}

Xi=

(—1)F! - - .
-y oy (M)~ M (x )
= XL AR+ (= IR X))

Xi=

(M5 (x) = M (x — )

which, taking into account that 7 is a necessary player in v, is equal to

(=D .
B M3 —_ Mv i
g’ FgNO%L:JNI(x) Xl + 1B )] + (1 = r)|F(x)| (M3(x) (x))

Xi=

which, since j is a necessary player in v, is equal to

=) > (=D .
R ME(x) — M5 (x)),
XY FEN (UM () 1%l + I F(x)| + (1 — )| F(x)] (M3(x) (x)

Xi=
Xj=2

where we can interchange 7 and J.
r -FAIRNESS. Let v e GV, g = (N, L) e 'V, and ij € L be such that i is a null player in v and j is a
necessary player in v. We aim to prove that

Wi(v, @) — Wi(v, g—ij) = r(V,;(v. g) — W,(v. gif))-
On the one hand, we have
A;(v,8) — Aj(v,g-ij)
-y ¥ o
B Il 4 IR (X)] + (1 = ) F(x)]

Xe}? FC(No(X)UN (xX)\{i}
Xi=

(M§(x) — Mi(x — )

(=" ‘
M8 — M8%(x — ¢€'
" ch%m(x) X+ TEGOT+ (L= iG] o)~ M=)

Xi=
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D3 -
”X”w + V|E)(X)| + (1 - 7’)|E(X)|

xe3‘;’ FC(No(x)UN (x)\ {7}
Xi=

(M5 (%) — M (x — &)

(=" (ME () — ME(x— &
DY M) - M (x— )
L I ARG+ (= DIF )

Xi=
which, taking into account that 7 is a null player in v, is equal to

-y ¥ o
B Xl 4 IR (x)| 4+ (1 — )| F (x)]

xe3V FC(No(X)UN; (x)\{i}
Xi=

-2 > mbaks (M3 (x) — My (x — €))
Vv V
e FEMEIN: X[l + I Fo(x)| + (1 = r)|F(x)]

Xi=

(MB3(x) — Mi(x —¢))

which, from the fact that M%(y) = M’ (y) for every y € 3" such that y;, = 0, is equal to

-y ¥ o
B XL + rlF ()] + (1 — 1) F (%)

xe3V FC(No(X)UN; (x)\ {7}

Xi=

(M5 (x) — My (x))

which, since j is a necessary player in v, is equal to

-y ¥ o
B XL + rlF ()] + (1 — 1) F (%)

xe3V FS(No(x)UN; (x))\(i}
Xi=
X,':2

(M5 (x) — My (x)).

On the other hand, we have that

A;‘(V’ g) - A;‘(“ g—ij)
_ (=)Fr
B Z Z Xl + rlF ()] + (1 = 1) F (x)]

xe3’¥ FCS(No(x)UN1(x)\{/}
Xj=

(M§(x) — Mi(x — /)

(—D)F!
L X RITEARe (- IIA®

xe3V FSNy(X)UN; (x)
xj=2

(M§(x) — Mj(x — ¢/))

DD e
X[l + rlFo(x)] + (1 = )| F(%)]

xe3“;' FS(No(x)UN1 (x))\{/}
Xj=

(M5 (x) = MY (x — )
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(— 1)
DY Il + 1B + (1 — 1) Fi(x)|

xe3V FSNy(X)UN;(x)
Xj=2

(M5 (%) = M (x — ¢/))

which, taking into account that j is a necessary player in v, is equal to

(=D .
B Mg — Mv 7
xezz‘z ngo(,%,vl(x) X[l 4 FlFo(X)] + (1 = )| F(x)] (M3 (x) (x))

Xj=

(=17 , o
) ]\4‘g — Mv ij
% FEN()%EJNI(X) 1%l + I F(x)| + (1 — )| F(x)] (M3(x) (x))

X;=
Xj=2

(=D
DD Xl + IR (X)] + (1 = r)IF ()]

xe3V FSNy(X)UN; (x)
Xi=
x;=2

()" N
M2 _Mv ij
+)§V'F§NO%EJN1(X) ||X||1v+V|FE)(X)| +(1 _r)lF'l(x)l( v(X) (X))

Xi=.
X/'=2

(M5 (x) — My (x))

which, from the fact that M¥(x) = M$ 7(x) for every x € 3" such that x; = 0, is equal to

(=D o
B Mg — Mv J
Z* F%(x%mx) Nl A0 + (1 = DRG] ) (x)

Xi=
Xj=2

(—1)F
D DEED DI v ey e e wry:yoes

xe3V FSNy(X)UN (x)
X,‘=2
Xj=2

(=D .
=2 X (M50 — ME (x)
S reineomcong Xl H 1RGN+ (1= nIAX)]

Xi=
Xj=2

(M5 (x) — M (x))

(=1)Fuial
ty 2 [IX[he + 7I(F U {iHo(x)] + (1 = I(F U {iHhi(x))]

xe3*’lv FS(No(x)UN1 (x))\{7}
Xi=
X/'=2

(M5 (x) — My (x))
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(=" .
+2 D (MS(x) — M$ 7 (x))
xe3Y FENo(UN: (¥) X[+ F(x)] 4 (1 = M X))

(=D"
=L 2 R RN (- R

xe3V FS(No(x)UN; (x)\ (1}
Xi=
xj=2

(M (x) — My (x))

(_1)|Fl+1
M Z Z IXIh + rIF ()] + (1 — ) (F(X)] + 1)

xe3V FE(No(x)UN; (x))\{i}

(M5 (x) — My (x))

Xi=
X/'=2

(1" () — 240
DD D e R e ey [

Xi=
)C,‘:Z

which, taking into account that 7 is a null player in v, is equal to

(— 1) ( )
= > ME(x) — M5 (x))
5 el P TR+ 0= IR G)
o

(_1)|F|+1
22 NTEARM A DIREGITD

xe3’1V FS(No(x)UN; (x))\{7}
Xi=
Xj=2

(M5 (x) — My (x))

(—D)F!
2 D ARG+ A= DR

xe3V FSNy(x)UN; (x)
X;=
x;~=2

(ME(x —e') — My " (x — ¢'))

(=D*
Sl 2 R IR (R

xe3V FC(Ny(x)UN; (x)\{7}
Xi=
xj=2

(M5 (x) — My (x))

(_1)|F|+1
- Z Z Xl + rlFHx) + (1 = (A &)+ 1)

xe3V FS(No(x)UN; (x)\ (7}
Xi=
xj=2

(M5 (x) — My (x))
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(=D . g ij
+ > A : _(ME(x) — M5 (x)
xe3V FCNy(x+e)UN; (x+e') Ix + e, + V|F()(X + el)| + (1 - V)|F] (X + el)| ( ' )
L Fe

Xi=
xj=2

(=" .
=2 X (ME(x) = M (x))
xe3q’ FS(No(x)UN; (x)\{i} 1X1he + rF (O + (1 = NI (x)]
Xi=
X/':2

(_1)\F|+1
" Z Z Xl + rIFx)] + (1 = r)(F (X)) + 1)

xe3V FS(No(x)UN; (x))\ (i}
Xi=
)(/':2

(=1)" " e
DY (M(x) = M ()
i o X+ T=r RGO+ (= IF ()]

Xi=
,‘6/22

(=1 ( o
-y 3 ME(x) — ME (x))
i o X+ ARG+ (= IR X))

Xi=
x‘/-:2

(M5 (x) — My (x))

We have already seen that A" satisfies the five properties mentioned in the theorem. Now we
will show that such properties uniquely determine this value. Let W be a value for graph-restricted
games that satisfies the five axioms for some r € [0, 1]. We must prove that & = A",

Our first goal will be to show thatif c € R, E € 2V \ {#} and g = (N, L) € T'V, then

Y(cug, g) = Ar(CME, 2).

We will prove this by induction on |L|.

BASE caSE. If |L| = 0 then N/g = {{i} : i € N} and, since ¥ and A" satisfy component efficiency,
it is clear that W(cug, g) = A’ (cug, g).

INDUCTIVE STEP. Suppose that |L| > 0. Take 7" € N/g. It suffices to prove that

Vi(cug, g) = Aj(cug, g) (7)

for every k € T. Take i € T. We can assume that |7'| > 2 (otherwise, it suffices to use the property
of component efficiency). Let us suppose that Al(cug, g) > Wi(cur, g) (otherwise, the reasoning to
follow is parallel to the one we will describe in our case). Let j € N be such that ij € L. Let us
distinguish cases:

(a) If i, j € E, then, since A" and W satisfy the property of fairness for necessary players, we have
that

Aj(cup, g) — Aj(cug, g—ij) = N(cug, g) — N(cug, g-ij), 8)
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Vi(cug, g) — Vilcug, g-ij) = V(cug, g) — V;(cug, g—ij). )
Besides, by induction hypothesis,
Ai(cug, g-ij) = Vilcug, g—ij), (10)
Ni(cug, g-ij) = V(cug, g—ij) (11
From (8)—(11), it easily follows that
Ni(cug, g) — Vi(cug, g) = Aj(cug, g) — Vilcug, g) > 0. (12)
(b) Ifi € Eand j € N\ E, then, since A" and W satisfy the property of r-fairness, we have that
r(Aj(cur, g) — Ai(cur, g-ij)) = A(cur, g) — N(cur, g-ij), (13)
r(Wilcug, g) — Vilcug, g-ij)) = V(cug, g) — V;(cug, g—ij). (14)

Besides, by induction hypothesis,

Ai(cug, g-ij) = Vilcug, g-ij), (15)
Ni(cug, g-ij) = Vj(cug, g-ij)- (16)
From (13)—(16), it easily follows that

A'(cug, g) — VY (cug, g) = r(A](cug, &) — Wilcug, g)) = 0. (17)

(c) Ifie N\ E and j € E, then, similarly to case b, we obtain that

. 1
A'(cug, g) — Vi(cug, g) = ;(Al’»(cuE, g) — Vicug, g)) = 0. (18)

(d) If i, j € N\ E, then, similarly to case (a), but using fairness for null players instead of fairness
for necessary players, we obtain that

Ni(cug, g) — Vi(cug, g) = Aj(cug, g) — Vi(cug, g) 2 0. (19)
Notice that, in any case, we obtain that
Ni(cug, g) — V(cug, g) > 0.

With the same reasoning, we can prove that A} (cug, g) — Wi(cug, g) > 0 forany k € T with jk € L.
By iteration, we obtain that

A/’;(CME’ g) - lIJk(CuE, g) 2 0 (20)

for any k € T. By component efficiency, we have that

> (Aj(eug. g) — Wileup, @) = > Ajleup. g) — Y Wileug, g) = w(T) — w(T) =0,

keT keT keT
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and, taking into account (20), we conclude that A} (cug, g) = Vi(cug, g) foranyk e T
So we already know that W(cur, g) = A'(cug, g)forallc e R, E € 2V \ {#} and g e TV,
Finally, take v € GV and g € 'V, Then,

Vg =v| > ABupg|l= Y. W(A(E)usg)

{ECN:E#0)} {ECN:E#0}

= Y. NAEug9=A| Y. AEupg|=AN0g.
{ECN:E+0) {ECN:E+0)

g

Remark. Finally, we will show that if |[N| > 5 then the axioms in Theorem 1 are logically indepen-
dent. Suppose that N = {1, ..., n} withn > 5.

(1) In order to obtain a value that satisfies all the axioms except component efficiency, it suffices to
consider W!(v, g) = 0 for every v € GY and every g = (N, L) e TV,
(2) Let W2 : GV x I'N — R defined as

ne ifyv= Z ugy and g is complete,
V(. g) = "EN

A"(v,g) otherwise,

where e € R" is given by e} = 1 and ¢} = 0 for every j € N\ {1}. Evidently, W* satisfies com-
ponent efficiency. Taking into account that the game ) ,_, u;; does not have either null or nec-
essary players, it is clear that W? satisfies fairness for null players, fairness for necessary players,
and r-fairness. We conclude that W? satisfies all the properties except additivity.

(3) Foreach v e GV and each g = (N, L) € 'V, we define

Wi, ) = A({1, 2DA (w12, g-35) + Z AJE)N (ug, g)
{Ee2M\(9}:E#(1,2}}

if 34,45,35 € L, and W3(v, g) = A’ (v, g) otherwise. By construction, ¥? is additive. Note that
if g = (N, L) and 34, 45,35 € L, then N/g = N/(g_3s). This easily leads us to the fact that W3
satisfies component efficiency. Now notice that if A,({1, 2}) # 0 then the set of necessary players
of vis a subset of {1, 2}. Taking this into account, it is straightforward to prove that ¥? satisfies
fairness for necessary players and r-fairness. Consequently, W* satisfies all the axioms except
fairness for null players.
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(4) Let W*: GV x 'V — RY defined as

Ay (N)e! + Z AJE)AN (ug, g) if gis complete,
\114(11 g) = {Ec2M\(#):E#N}
A, @) otherwise,

where e' € RY is given by e; = I and e} = 0 for every j € N\ {1}. By construction, ¥* is addi-
tive. It is simple to check that W* satisfies component efficiency. Notice that if A,(N) # 0 then
v does not have null players. Keeping this in mind, it is clear that W* satisfies fairness for null
players and r-fairness. We conclude that W* satisfies all the axioms except fairness for necessary
players.

(5) Let W’ : G¥ x TV — R" defined as

Wi, g) = A({1, 2)A (1.2, 8) + 3 A(E)A (ug, g).
{Ee2N\(9}:E£({1,2}}

By construction, W is additive. Taking into consideration that A° and A! satisfy component
efficiency, fairness for null players, and fairness for necessary players, it is easy to verify that ¥>
also satisfies these axioms. Finally, it is evident that ¥> % A’ for any r € [0, 1].
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