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Abstract: In this paper, we analyze the problem of determining orbital hypernormal forms—that
is, the simplest analytical expression that can be obtained for a given autonomous system around
an isolated equilibrium point through time-reparametrizations and transformations in the state
variables. We show that the computation of orbital hypernormal forms can be carried out degree by
degree using quasi-homogeneous expansions of the vector field of the system by means of reduced
time-reparametrizations and near-identity transformations, achieving an important reduction in the
computational effort. Moreover, although the orbital hypernormal form procedure is essentially
nonlinear in nature, our results show that orbital hypernormal forms are characterized by means of
linear operators. Some applications are considered: the case of planar vector fields, with emphasis on
a case of the Takens-Bogdanov singularity.
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the resulting normal form is called the mth order normal form, Poincaré renormalized form
or unique normal form. In [16], the simplest normal form obtained by linear procedures is
referred to as the pseudo-hypernormal form, in contrast to the simplest normal form, called
the hypernormal form, which a priori involves nonlinear procedures. Moreover, in [14],
it is shown that this simplest normal form under conjugation can be obtained through
linear procedures.

Another means of obtaining further simplifications in the classical normal form refers
to the kind of expansion used for the vector field. Instead of the Taylor series, one can
work in the framework of graduated Lie algebras (see [7,17-19]), where the vector field
is expanded as the sum of quasi-homogeneous terms, as is usually done in the blow-up
techniques for determining the topological type of a singularity (see, e.g., [1,18,20]). The
use of quasi-homogeneous expansions gives rise to a theory, similar to the classical one,
but now the homological equation depends on the lowest-degree quasi-homogeneous term
(called the principal part) of F(x), which plays the role of the linear part.

Another possibility of obtaining further simplifications in the classical normal form
is based on the use of transformations not only in the state variables but also in the time
(i.e., one can use equivalence instead of conjugation). This kind of transformation does not
change the orbit’s structure; only the speed along the trajectories can vary.

This idea can be formalized by defining some homological operators that take into
account the effect of time-reparametrizations (see [21]).

The main goal of this paper is to show that the simplest normal form using equivalence
(called the orbital hypernormal form) can be characterized by means of linear procedures,
with reduced time-reparametrizations and near-identity transformations. Although there
are many works devoted to the analysis of hypernormal forms, they are restricted to cases
of specific singularities (see [22-27]). Here, we present a general approach, valid for any
singularity, based on Lie transformations and using restricted operators, which means
minimizing the computational effort in the calculation of hypernormal forms.

The orbital hypernormal form is of primary importance in several problems of great
interest in the qualitative theory of dynamical systems. In fact, it is unique (if the comple-
mentary subspaces to the range of the homological operator are fixed) and it determines
the invariants of the vector field. For instance, in the analysis of the center problem for the
nilpotent singularity carried out in Proposition 6, we use an orbital hypernormal form (see
Theorem 5), which shows the invariants that prevent the center conditions.

Moreover, the orbital hypernormal form is the starting point in the study of local
bifurcations in linear degeneracies such as saddle-node-Hopf, Hopf-Hopf and triple-zero
cases (see [28]), as well as their nonlinear degenerate cases (see [29-31]). It is of great
interest in the study of bifurcations in control systems (see [26,32]), in the study of the
orbital reversibility problem, because the orbital hypernormal form uses as evidence the
invariants that prevent this kind of symmetry (see [33-37]), as well as in the study of the
center and integrability problems (see [38—41]).

There are different methods for the effective computation of normal forms. One
method is the straightforward use of the near-identity transformations. Another one,
which appears to be computationally more efficient, is the use of Lie transforms (see,
e.g., [7,10,16,42,43]), where the change in variables is understood as the flow of the au-
tonomous system generated by a vector field called the generator of the change. In the
present work, we use this last approach. All the results presented here must be under-
stood in a formal sense, because we will not address the convergence problem for the
normal forms.

Summarizing, in what follows, we give a rough description of the contents and main
results of this paper. In Section 2, we present the definitions and properties related to
quasi-homogeneous vector fields, with special emphasis on the Lie formalism, where our
analysis lies.

In Section 3, we present the basic ideas of the classical orbital normal form theory
and define the concept of the orbital hypernormal form. The main result of this section is
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Theorem 2, which states that the computation of orbital normal forms can be carried out
taking reduced time-reparametrizations and generators, which is of primary interest in the
applications, because a drastic reduction in the computational effort is achieved.

In Section 4, we present a procedure to obtain an orbital hypernormal form for a
given vector field. Although this procedure is essentially nonlinear, we show that the
simplest normal form is characterized by means of a suitable linear homological operator
(see Theorem 3).

In Section 5, we show that orbital normal forms agree with orbital hypernormal forms
(i.e., no further simplifications are possible) if the kernel of the orbital homological operator is
trivial. Finally, in Section 6, we give some results to compute orbital hypernormal forms in the
case of planar systems, which are applied to the analysis of a Takens-Bogdanov singularity.

2. Basic Definitions and Technical Tools

Recall that a function f of n variables is quasi-homogeneous of type t = (t1,...,t,) € N”
and degree kif f (ehxy, ..., enx,) = ek f(x1,...,x5). The vector space of quasi-homogeneous
functions of type t and degree k will be denoted by P}.

A vector field F = (Fy,..., F,)T is said to be quasi-homogeneous of type t and degree
kif Fje P}, . forj=1,...,n. We will denote by Q! the vector space of quasi-homogeneous
vector fields of type t and degree k.

If we denote E = diag(e', ..., &), then:

feP < f(Ex) =€f(x), and Fe Q! « F(Ex) = ¢'EF(x).

Expanding the vector field of system (1) as the sum of quasi-homogeneous terms of
type t, we can write the above system as

% = F(x) = Fy(x) + Frag(x) + -, @)

where F, € Q! for all k. The lowest-degree quasi-homogeneous term F, # 0 (where
r € Z) is the principal part of the vector field F with respect to the type t. Taking the
typet = (1,...,1), Taylor expansions of vector fields are used. Instead, a subtle selection
of the type t will help us in the normalization procedure because, by using adequate
quasi-homogeneous terms, we manage monomials with different homogeneous degrees
but the same quasi-homogeneous degree. In particular, the homological operator is not
only based on the linear part of the vector field, as in the classical normal form theory, and
we could take advantage of the nonlinear terms of the vector field F, which allows further
simplifications in the classical normal form, following the former idea of Takens [10].

There are two basic tools in the characterization of the transformed vector field by
formal equivalence. The first one is the Lie product, defined by

[F, G](x) = DE(x)G(x) — DG(x)E(x),

where F, G are smooth vector fields. Its is well-known that it is a bilinear and anti-
symmetric operation on the space Of.

The second tool arises when we perform a time-reparametrization depending on the
state variables g—% =1+ pu(x), where 1(0) = 0. In this case, the transformed vector field is
the original one multiplied by 1 + p.

To take into account the effect of both time-reparametrization and transformations
in the state variables, it is enough to combine the above tools. In this respect, it is easy to
show that

[uF, G] = (V- G)F + u[F,G], ®)

for any smooth scalar function p and vector fields F, G. Moreover, from the above equality,
it can be easily shown that
[HE, F] = (V- F)F, )
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and
(Vi - G)F = [uF,G] + [uG,F] — (Vu - F)G. (5)

Throughout this paper, we will use quasi-homogeneous expansions truncated to
some quasi-homogeneous degree. Given a vector field G = G, + G,41 + - - - expanded in
quasi-homogeneous terms, we define its quasi-homogeneous k-jet by

J¥G) =G, +Gyy1+- -+ Gy

Sometimes, we need to pick-up the k-degree quasi-homogeneous term of a vector field.
As we have already done, we use subscripts to denote its projection on the space of quasi-
homogeneous vector fields. For instance, [F, G]x denotes the k-degree quasi-homogeneous
term of the Lie product.

There are a number of properties related to the use of quasi-homogeneous expansions,
which are proven, e.g., in [17]. Namely, we have that uF,; € Qlt<+l' [F;, G]'] € Q}Jrj and
Vi -F e Py, forany y e PLF e Qf, Gj e Q]t..

3. Orbital Normal and Hypernormal Forms

As mentioned before, in this paper, we address the problem of determining the
simplest expression to which the n-dimensional system (1) can be reduced by time-
reparametrizations and near-identity transformations in state variables. Firstly, we recall
the basic ideas of the Orbital Normal Form Theory.

3.1. Orbital Normal Forms

The classical orbital normal form for system (1) is obtained by splitting the vector
field in quasi-homogeneous terms as in (2), and then the simplification procedure, which is
performed degree by degree, depends on the principal part F,.

For each k > 1, the simplifications in the (r + k)-degree quasi-homogeneous term of
system (2) are obtained in two steps. Firstly, we reparametrize the time by g—; =14 pur(x),
with yy € TP}(. Then, system (2) becomes

F=xX =F () + Frp1(0) + (g () + () Fr(x)) + -
Secondly, we use a near-identity transformation x = y + Pi(y). It is immediate to

show that again the transformed system y’ = G(y) agrees with the original one up to
degree r + k —1,ie., J"*"1(G) = J"*1(F), and the (r + k)-degree is:

Gryk = Frok + p Fr + [Fr, Pr] = Frp — Li(P, pig),
where we have introduced the homological operator:

ﬁk : Q]t( X :Pltc —> Qit’Jrk
(Pr, uk) — Li(Pr, px) = —[Fr, Pr] — py Er. (6)

As this operator is linear, its range, Range(Ly), is a vector subspace and we can define
a co-range (a complementary subspace to the range) of £y in Qf, which we denote by
Cor(Ly); that is,
O = Range(Ly) ® Cor(Ly).

Then, to simplify the (r + k)-degree quasi-homogeneous term, it is enough to write
F, ik = F[ ; +F;  where F] | € Range(Ly) and F{_; € Cor(Ly). By selecting (Py, pi) satis-
fying the homological equation Ly (Py, ) = F;;, we can eliminate the part of F,  ; belong-
ing to the range of the linear operator L. In other words, we achieve
Gk = Fryx — Ff ., = F7, and we can state that this term has been reduced to orbital
normal form. The classical orbital normal form theorem arises when we perform formally
this procedure for the value k = 1, later for k = 2, and so on.
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Theorem 1. System (2) can be formally reduced to orbital normal form by a sequence of time-
reparametrizations and near-identity transformations.

3.2. Orbital Hypernormal Forms

The orbital hypernormal form for system (1) is obtained by performing a general
time-reparametrization and near-identity transformation, and selecting them to achieve
a transformed system that is as simplified as possible. We will see that, in this case,
the simplification procedure not only depends on the principal part F,, but also on the
higher-order quasi-homogeneous terms.

Hence, the hypernormal form procedure consists of two steps. Firstly, we reparametrize
the time by g—; =1+ p(x), with 1£(0) = 0. Then, system (1) is transformed into

2% = x' = (1+ p(x))F(x).

Next, we use a near-identity transformation and look for the simplest expression that
can be obtained. We will introduce the following notation: the transformed of the vector
field F of system (1) by a near-identity transformation & is denoted by ® . F, that is,

@, F(y) i= [Dq>(cp—1(y))]_11:<q>—l(y)).

The orbital normal form procedure tries to simplify, as much as possible, the analytical
expression of system (1) using both a nonlinear time-reparametrization g—} =1+ u(x)and
a near-identity transformation ®. In other words, the goal is to find y and ® such that
D, ((1 + u)F) is as simple as possible.

It is well-known that any near-identity transformation can be understood as the time-1
flow of some autonomous system (see [44]). Namely, any change in variables y = ®(x) can

be written as ®(x) = u(x, 1), where u is the solution of the initial value problem:
% — U(u(x,€)), u(x0)=x.

The vector field U is called a generator of the change.

Throughout this article, we will often use generators instead of the change in variables
itself. In this case, the transformed vector field is denoted by U 44 F := ® 4 F and it can be
expressed in terms of nested Lie products (see [7,16,44] and references therein) as

U..F=F+[F U]+ 4[[F,U],U] + [[[F, U], U, U] +---. @)

In this context, the orbital normal form procedure consists of determining y, U such
that U 4 ((1 + p)F) is as simple as possible.

It is straightforward to show that we can express the transformed vector field in terms
of the time-reparametrization y and the generator U(x) associated with ® as

Uss (L+w)F) = (1+p)F+[(1+p)F, U]+ %[[(1+ u)F, U], U] ®)
+5[[[(1+ w)F, UL UL U] + -
= F+uF+ [F, U]+ [uF, U] + 4[[F, U], U] + %[[uF, U], U]
+3[[[F, U], U], U] + 5[[[uF, U], U], U] +---

From now on, we assume formal expansions for the time-reparametrization and the
generator U in quasi-homogeneous terms; that is,

U= Z Uy € Dj=1 Qi m= Z Mk € @k>13)1tc-

k=1 k=1
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Let us introduce the Lie derivative along the principal part F, of the vector field F:

Ek—r . ?i—r—)?z

9
Hk—r — Vg, Fr. ©)

This is a linear operator, and then we can define a complement to the range of this
operator in P}, which we denote by

Pt = Cor(f_,).

This means that R
Pt = Range({_,) ® Pi.

On the other hand, we denote by @,ﬁ a complementary subspace to Ker(¢_,)F; in Of;
that is,
Qi = Ker(gk—r)Fr @ @;t{
Our first main result states that the computation of orbital hypernormal forms can
be achieved taking a reduced time-reparametrization where ji € @~ ,Pt and a reduced

U t
generator U € D1 Q;.

Theorem 2. Let us consider the vector field F given in (2), U € @y, Qf and p € @y, PL. Then,
there exist U € @y OF and fi € @y Pt such that

U (L +n)F) = U (14 #)F).

The proof of the above theorem is presented in Appendix A. Theorem 2 is of primary
interest in the applications, because it allows a drastic reduction in the computational effort
in the orbital normal form procedure.

For instance, in the analysis of the Hopf normal form, if we take the unit type t = (1,1),
then the principal partis Fy = (—y,x)T € Q!, and we have

Cor(fzj,l) = Ker(fz]‘,l) = {0},
Cor(fj) = Ker(fy)) = span{(x2 + yz)f}, forallj > 1.

Then, the dimension of the subspace ‘j)z is 0 (if k is odd) or 1 (if k is even), whereas the

subspace fP,t( has dimension k + 1. On the other hand, if k is even, Q}( has dimension 2k + 1,
whereas the dimension of Qi is 2k 4 2 (if k is odd, both spaces have the same dimension).

Theorem 2 is also useful in determining the structure of orbital normal forms, because
this can be done with reduced generators and reduced time-reparametrizations. In particu-
lar, we can restrict the domain of definition of the homological operator given in (6) in the
orbital normal form procedure.

Proposition 1. Let us consider k € N. Then,
Range(Lx) = Range ( Ly| 5t x 5’2) .

Proof. It is enough to prove that Range(Ly) < Range ( Ll gt ), because the converse
k

X f/}\’;(
inclusion is trivial.
Let us consider Uy € Qf and py € PL. Then,

Li(Ug, px) = —[Fr, Ug] — py Fy.
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As P! = Range({_,) ® if’,t(, we can write py = Viji_, - Fr + Jiy for some n,_, € Pt
and Jiy € SAD}C Then, using (4), we obtain:

(Fy, Ui] + pFr = [F,, U] + (Vige—y - F)Fy + [k Fr = [Fr, U — 1, Fr ] + jiicFy.

As Qk = Ker(4;_,)F, @ @L, we can write Uy — n_,F, = 0, F, + ﬁk, for some
Ok—r € Ker(£y_,), Uy € Q. As 5, € Ker(¢;_,), we have [F,, §_,F,] = 0 (see (4)), and then

[F, Ug] + 1cFy = [y, 0, F/] + [Fr, fjk] + igF, = [Fr, ﬁk] + Ky,
which implies that Ly (Uy, px) = Ly (ﬁk, ﬁk> O

4. Orbital Hypernormal Form Procedure

The orbital hypernormal form procedure consists of determining a generator
U € @y~ Q} and a time-reparametrization with y € @ P} that lead system (2) to its sim-

plest expression. Recall that, from Theorem 2, we can take a reduced generator Ue D=1 @z

and a reduced time-reparametrization with ji € @k;lﬂ-

The procedure to reduce system (2) to its simplest expression is essentially nonlinear
in nature (see (8)). Once this has been done (if it is actually possible), we can state that the
system has been reduced to orbital hypernormal form.

The aim of this section is to show that the orbital hypernormal form procedure is
feasible and that, in fact, it is essentially linear and can be carried out recursively.

To this end, it is convenient to write the vector field of system (2) as FO .= F. Its
quasi-homogeneous expansion is

0
FO = ) F£°+)] ~FY+F9 49, + (10)
j=0

where Fﬁ)j € Qfﬂ-, forallj > 0.
In the following subsections, we show how we can simplify as much as possible the

quasi-homogeneous terms degree by degree.

4.1. Orbital Hypernormal Form of Degree v + 1

The first step in the orbital hypernormal form procedure consists of simplifying

(0)
r+1’

and a time-reparametrization with i € (T’{ In this way, the vector field of system (2) is

the (v + 1)-th degree quasi-homogeneous term F,_’,, by means of a generator U e @§

transformed into F(1) := Uy 4 ((1 + ﬁl)F(O)). Its quasi-homogeneous expansion is

e}
0 1 0 1 !
RO B0+ SR 0 B
=1

where FSF) j € of i for all j > 1. In particular, the (r + 1)-th degree quasi-homogeneous

term is given by
F) = (O1ae (@ +30)F))

This fact allows us to introduce the following operator:

r+1'

N Qi X 935 — Qs
(O17) — FY — ((00) = (1 7)E®))

r+1
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1)

We observe that we can write F, Jqas
1 0 ~ A
K0, - K, -0 (007,

We have denoted the above operator by ML to indicate that the operator could be
nonlinear (in fact, this happens in the cases that we will present in the following subsections
corresponding to higher-degree orbital hypernormal forms). However, in the current case,
the quoted operator is linear. Namely, from (8), we have that the (r + 1)-th degree quasi-
homogeneous term of F) is

Fﬁl-)l Fﬁ)l + [F(O) ﬁl] + ﬁlFﬁo),
and then N2 = £(1) where
G,
(\71,171) - —[Fﬁo),{h] - 171F£0)

is the homological operator (compare this linear operator with the one defined in (6)).
To reduce (r + 1)-th degree quasi-homogeneous term to orbital hypernormal form, we
follow the basic idea of the normal form theory. Namely, we consider a complementary

subspace Cor (E(l)) to the range of the operator £() in ot e,
Qf | = Range (E(l)) @Cor<£(1)>.

Then, by splitting F£+)1 = F(Jr)1 +F£+)1 , where F(Jr)1 € Range (ﬁ( )) FOe ¢ Cor(£(1)>,

r+1
and selecting (U1,]41) € Ql X iP1 such that £(1) (Ul yl) = F(Jr)1 , we obtain
0) Q© 1 1
B -7+ Fr+)1C + 2 Fr+] )+ FS—{-)l + F£+)2 + F£+)3 o

Roughly speaking, the orbital hypernormal form procedure at degree r + 1 eliminates
in F£ +)1 the part belonging to Range (ﬁ(l)) and then we achieve FSr)l = FS?&C e Cor (£(1)>.

Finally, we observe that the operator N, £ = £ depends on FEO) and we can make
explicit this dependence (when necessary) by writing £(1) = E({l)(o)}
4.2. Orbital Hypernormal Form of Degree r + 2

The second step of the orbital hypernormal form procedure consists of simplifying
the (r + 2)-th degree quasi-homogeneous term Fgr)z of the vector field FV). It is done
by means of a generator U = ﬁl + ﬁz € @{ ® @5 and a time-reparametrization with
ﬁ:ﬁ1+ﬁzeﬂ§§®§’§.

Since we do not want to modify the (r 4+ 1)-th degree term (which has already been
simplified in the first step), we choose (61, ﬁ1> € Ker (N E(l)>. In this way, the vector field

F(1) is transformed into

Fo —F” + K| 1+2Fr+] F£O)+F£21+F£?2+F£i)3+---,
j=2
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where FV. € Cor (E( )) and F?. e Qt . forall j > 2. In particular, the (r + 2)-th degree

r+1 r+j r+j’
quasi-homogeneous term is given by

F2 = (O (14 ﬁ)F(l)))m'
As in the previous case, we define the nonlinear operator
NE® o Ker(NLW) @ (94 x Ph) — QL
(0.2) = (Oun) + (D2 fiz) = Fs — (Ous (04 MED))

The orbital hypernormal form at degree r + 2 is obtained by selecting (fJ, ﬁ) adequately

in order to eliminate the part of Fgr)z belonging to Range (N E(z)). Unfortunately, this is not

r+2.

a feasible task because the above operator is nonlinear. Namely, from (8), we obtain
NED(0,) = i, - b — [£0, 0] - [0, 0] - [0, 0]
~3[[F" 0} 0,

and we can see that U; appears "quadratically” in the last term of the above expression.
Therefore, we can define neither complementary subspaces to the range of N'Z() nor the
orbital hypernormal form of degree r + 2 in a straightforward way. To overcome this

difficulty, we notice that [FSO),IAH] = —ﬁngo) because (ﬁl, ﬁl) e Ker (E(l)). Using (3),
we obtain

[.6.].0)

R, B] = (v 8)EO [0, 5]
(Vm U *Vl)F(O)

Hence, we have

NL® (ﬁ, ﬁ) x (Vﬁl 0 - ﬁ%) E [F£1+)1'61] N [Fﬁo),ﬁz] ~ iFY) - i
—[FSO),ﬁz] - (Vz AR U; + 2ﬁ%)F£O) - [ngﬁl] - ﬁlFE}r)r

As Pt = Range(f,_,) ® P}, we can write

(0)

(ﬁz v U+ %ﬁ%) =l (n2—r) + 12 = Vi - F7 + 1,

forsomen,_, P, 1r € ﬂAﬁz Observe that 17,_, and 7, depend nonlinearly on ji; and U,.
Now, using (4), we can write
F(O) [F(l) 0 ] VlF( )

NL®) (&ﬁ) _ 7[1:(0) 0 ] _ (Vﬂz FO ))F(O) % W, o
_ [Fﬁo),ﬁz P ] 5,F 0 [ W, ] — i FY,.
As Qf = Ker((z,r)Fg)) @ @5, we can write
U, - Uz—rFEO) — 5, FO 4+ V,,
for some 8,_, € Ker(fr_,), Vs € @5 Therefore,

NL® (ﬁ, ﬁ) _ _[Fﬁo),@_rpﬁo)] - [F§O),\A/2] — 9, — [Ffi)l,fll] S
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As 6y, € Ker(f»_;), using (4), we obtain [FSO),(52,,F£O)] = — (V(Sz,ngO))Fgo) =0,
which leads to the following expression:

NL® (ﬁ,ﬁ) - f[Fﬁo),\Alz] —5F0 _ [ £+)1,U1] i FY

This fact allows us to define the following linear (homological) operator:

£ . Ker(ﬁ(l)) (Qz x iPt) — oL,

(\7, 17) - (V1 + Vo, 0y + ﬁz) - —[FEO),VZ] —5,F0 [F( ) V1] ST AU

Observe that we have
N,C(Z) (ﬁl + 62, “l//l\l + ‘1/1\2) = ﬁ(z) ({71 + {/'2, 1//\1 + 1//\2),
where V; = Uy, 7 = #i1 and V5, 7, have been obtained previously. This means that

Range (./\/E(Z)) < Range (E(Z)).

In fact, in Theorem 3, we will show that Range (Nﬁ(z) ) = Range (5(2))‘ Thus,

although NV£(?) is a nonlinear operator, its range is a subspace of Q! , because it agrees
with the range of a linear operator. Hence, we can use the basic ideas of the normal form
theory to simplify the (7 + 2)-order quasi-homogeneous term. Namely, we consider a

complement Cor (£(2)> to Range (5(2)> in Q:Jrz, ie.,
Qf , = Range (C(z)) @Cor<£(2)>.

Then, we split F( )2 = F( )2 + Fg)zc, with F( )2 € Range(ﬁ( )) F( )2 € Cor( (2)>,
and we select (U, y) e Ker (NE ) (Q; X iPtz) such that

NE® (D7) = K05,
In this way, we reduce the vector field of system (2) to orbital hypernormal form up to
degreer + 2

1 1),c
F@ — F()+F( )1+F() +ZF

A S SO SONNE VAR S o

r+j r+4 +-

Roughly speaking, the orbital hypernormal form procedure at degree r + 2 does not

change the quasi-homogeneous term of degree » + 1 and eliminates in F +)2 the part belong-

ing to Range (E(z)). Then, we achieve Fgr)l € Cor (E( )> and F( )2 = F£+)2 € Cor ([,(2)).

We finally observe that the operator £(2) depends on F£ ), Fﬁ}r)l and we can make

explicit this dependence (when necessary) by writing £(2) = E({ZF) ) )

r+1}
4.3. Orbital Hypernormal Form of Degree r + N

Let us assume that the vector field of system (2) has been reduced to the following
orbital hypernormal form of degree r + N — 1:

FN-D = B ¢ FEi-)l +- FgNl)l + ) Frf] Y,
=N
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where F(Jr)1 € Cor(ﬁ(l)) (i)z € Cor(£(2)) FﬂNl)l € Cor(E(N_l)) and Fgf;l) €

Qr+] forallj >

Now, we descrlbe the procedure of simplifying the (r + N)-th degree quasi-homoge-
(N—1

neous term F N—)l of the vector field FIN—1),

We use a generator U= 61 + ﬁz + 4 ﬁN € @]l\il @]t and a time-reparametrization
with i = jlh+ i+ + N € @]I\Llﬁ)]t The vector field FN~1) is transformed into
FN) = U, ((1 + ﬁ)F(N—U).

Since we do not want to modify the quasi-homogeneous terms having degree less
than (r + N — 1) (which have already been simplified in the previous steps), we choose

(fll o+ Uy, i+ + ﬁN_1> € Ker(/\fﬁ(l\H)).

In this way, FV) agrees with FIN—1) up to degree r + N — 1; that is,

FN = F% ¢ FEi-)l +- f’le)l + Z Fr+]

Moreover, the (r + N)-th quasi-homogeneous term of F(N) is
N o A m(N—
FON = (O (14 END))

This suggests that the following nonlinear operator can be defined:

r+N.

NEM) ; Ker (LD ) @ (4 B ) — Qb
(ﬁ’ﬁ> - (ZjN:_l1 U, 355! ﬁ]') + (ﬁNrﬁN) . S (ﬁ . ((1 +ﬁ)F(N—1)>)

The simplification in the r + N degree quasi-homogeneous term is obtained by select-

r+N

r+N
Unfortunately, this is not a feasible task because this is a nonlinear operator. Moreover,
as we cannot define complementary subspaces to the range of NL(N), we cannot define a
(r + N)-order orbital hypernormal form.
To overcome this difficulty, we define the following linear (homological) operator:

ing ( , ;u) adequately in order to eliminate the part of N belonging to Range (./\f LN )

LN Ker(ﬁ(N_l)) ® ( Ot x JAD}\,> — QN

(9.0) = (93579 53579) + () == X ([R5 9| )

j=0

In Appendix B, we prove the following result.

Theorem 3. Range (./\/Z(N)> = Range (E(N)).

The above theorem states that Range (NE(N )) is a subspace of Q! , \,, because it agrees

with the range of the linear operator £(N). Hence, we can use again the basic ideas of the
normal form theory to simplify the (r + N)-order quasi-homogeneous term. Namely, we

consider a complement Cor (E(N)) to Range (E(N)) in Q§+N, ie.,

ol y = Range(C(N)> (—BCor(ﬁ(N)).
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N
FQ\JNU “ e Cor (E(N)), and selectlr:; ( ,ﬁ) € Ker (Nﬁ(N_l)) ® (é}\] X 555\]) such that

By splitting F(N;]l) = pWN DT Fg;)’c, with Fgf;]l)’r € Range(ﬁ(M)l

NE®) (T, ) = EOZ

r+N’

we achieve Fg;\] = F£+N —NLWN) ( ,y) (Ngjl)’c e Cor (LZ(N)).

In this way, the vector field FIN~1) is transformed into

0
R S SURSRES SNTRES SIS YR 0P
j=r+N+1

where Fg;\, € Cor (,C(N)>.

We notice that the operator £(N) depends on F(O) Fgl, . Fngl)l and we make
N

explicit this dependence by writing £(N) = © =@ (N1
Fy ’Fr-i—)l""’Fr+N—)1

In summary, a (r + N)-order orbital hypernormal form for system (2) is

PO _ O FD BN )

(k)
where F rk

k=1,...,N. In this case, £L*) = E(k){FSO),Ffl) i 1)1}

e Cor (C(k)>, a complementary subspace to Range (E(k)) in Of 4 for each

4.4. Formal Orbital Hypernormal Form

Let us consider system (2). If the normalization procedure is carried out as described
before, first for degree r + 1, later for degree r + 2, and so on, we obtain a formal orbital
hypernormal form for system (2) that corresponds to N = .

Definition 1. A vector field F(* = 2j>0 Frl/ where F j € Q;ﬂ for j = 0, is an orbital
hypernormal form for system (2) zf

Fg\g\, € Cor (E(N)), forall N e N,

where Cor (E(N)) is a complementary subspace to Range( ) in QY . In this case, LN =
r(N) {Fgm,F(l) D }

+N—-1

We remark that, if vector field F(*) — Z]}O F£]+) y is an orbital hypernormal form

for system (2), then we have that Fﬁ)l e Cor (E(l){FEO)}), ng)z e Cor (E(Z){Fﬁo),Ffi)l}),

Fg‘j’r)s € Cor (5(3){1:(0) F) E?) }) and so on.

On the contrary, the vector field F(*) = 3 j=0 F ) j is not an orbital hypernormal form
for system (2) provided one of the following cond1t1ons holds:

{20 o
o EY) e Cor(£0{r0}) but F, ¢ Cor (£ (k060 }), or

r+
¢ E e Con{ 0 nd < or(es ).

FL2), ¢ Cor( L0 {50 800, 1% ) et

We notice that the orbital hypernormal form procedure provides the simplest analyti-
cal expression degree by degree (i.e., no further simplifications are possible).
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5. Orbital Normal Forms vs. Orbital Hypernormal Forms

Obviously, orbital hypernormal forms are simpler than orbital normal forms. Nev-
ertheless, in some situations, classical orbital normal forms agree with orbital hypernor-
mal forms.

The next theorem provides a condition that warrants that the above-mentioned fact occurs.

Theorem 4. Let us consider the homological operator Ly defined in (6) and assume that
Ker(Ly) = {(0,0)}, for all k € N. Then, classical orbital normal forms agree with orbital hy-
pernormal forms.

The proof of the above theorem is a consequence of Theorem 3 and the following result.

Proposition 2. Let us assume that Ker(L;) = {(0,0)}, for all k € N. Then,
Ker(ﬁ(N)) = {(0,0)}, and Range(E(N)) = Range(Ly), forall N e N.

Proof. We use induction on N.
The result for N = 1 is trivial because Range(£;) = Range (E(l)) and we assume

Ker(L1) = {(0,0)}.
Let us assume that the statement is true for N — 1, where N > 1. By the induction

hypothesis, we have Ker (E(N _1)) = {(0,0)}. Therefore, using Proposition 1, we obtain

Range(LM) = M (Ker(£N D) @ (Ol x 7)) = £M ({0,001 @ (Qf < 7))
= EN(Q}\, X 5’&) = Range(Ln).
On the other hand, if

({/, 17) = ({/1 +---+ {/Nfl,f/\] +---+ 1//\N,1> + ({/N/ DN) € Ker(E(N)),

then
(Vi 4+ Unoa, By + o+ O ) e Ker(£0N7D) = {(0,0)}.

Hence, £V (\7 0) L (VN, VN) = 0,ie, (Vy,y) € Ker(Ly) = {(0,0)}.

Therefore, ( ) ). In summary,

Ker(E(N)) = {(0,0)},
i.e., the statement is also true for N. O

6. Orbital Hypernormal Forms for Planar Systems

The analysis of normal forms for planar systems and related questions (center prob-
lem, integrability, etc.) has been considered in [45]. In this study, a splitting of quasi-
homogeneous planar vector fields is of great interest. Namely, let us denote the symplectic
2 x 2 canonical matrix by

0 -1
=)

The Hamiltonian vector field defined by a Hamiltonian h(x), where x = (x,y) € R?, is
denoted by X;, = JVh. Then, any quasi-homogeneous planar vector field F; € Of can be
univocally written as the sum of a radial vector field and a Hamiltonian vector field:

F = diDo + Xp,.s (11)

r+\t| r+|t|



Symmetry 2021, 13, 1500

14 of 28

where d; = div(Fy) € P! is the divergence of F, Do = (t1x,fy)" € O} is a radial quasi-
homogeneous vector field and iy = Dg A Fy € iP]tC e Recall that the wedge product of two
planar vector fields F, G is defined as F A G = FT JG.

There are two properties that we use in our study of the planar case: the first is Euler’s
Theorem, which states that Vi - Dy = k iy for each py € PL, and also that [Fy, Dg] = kFy,
for any Fy € Qi.

According to (11), we can write the principal part F, of (2) as

F, = XhVHtI + d,Dgy, where hr+|t| € ?:+|t|’d” € fP:

Let us denote by 53;( + ¢ @ complementary subspace to /, +1gPh_, in P} 1}y thatis,

t t P
ﬂ)k+|t\ - hr+|t|g)k—r ® iPk+|t\'
Let also define the linear operator

7 . Pt Dt
bere © Phggg — Prokrpy

- ~ ~ N . ~ K+t
Hr+t| € kaHt‘ - €k+|t| (.”k+|t|> = Proj (Vﬂkﬂt\ : (Fr - Hkijr\‘t\ero))'

rk+t|

The following result follows from [46] (Theorem 3.18).
Proposition 3. Let us assume that Ker (Ek +|t|) = {0}. Then,

Cor(Ly) =X ®§):+k Dy

Cor(?k_'_m)

is a complementary subspace to the range of L. Moreover,
Ker(Ly) = {(11xDo, —11k) : 1k € Ker(fx_)}-

From Proposition 3, we deduce

Corollary 1. Let us assume that Ker({) = Ker@kﬂt‘) = {0}, for all k € N. Then, orbital
normal forms agree with orbital hypernormal forms.

We remark that the hypothesis Ker(¢) = {0}, for all k € N, holds if, and only if, F, is
not polynomially integrable.

A Takens—Bogdanov Singularity

Our goal here is to obtain an orbital hypernormal form for higher-order perturbations
of a non-integrable quasi-homogeneous Takens-Bogdanov singularity, which has been
analyzed in [46].

According to Propositions 2.5 and 2.13 of the quoted paper, there exists ¥ € Ny such
that the system can be written as

x=Fx) =F(x) +Fp1(x)+---, (12)
and F € Q}, for k > r, being t = (1,7 + 1). The principal part is

B y+dxr+1 ¢
Fr(x,y) = ( o(r+ D)x? 4 (r + 1)dx"y " (13)

where o = +1. As we assume that F, is not integrable, then we haved # 0if c = —1, or
d¢Qn[-1,1]ifoc = +1.
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Notice that, for r = 0, the principal part (13) is a vector field associated with a linear
system with nonzero trace, and then we deal with a linear focus, node or saddle with
nonzero divergence.

Our orbital hypernormal form analysis starts by characterizing the kernel and a
complement to the range of the Lie derivative operator (9) associated with the principal
part (13).

Proposition 4. Let us consider k € N, k > r, and denote by ki and ko, respectively, the quotient
and the rest of the division (k —r) — (r + 1); that is,

k—r=ki(r+1)+ky, withki,kpeN,0<ky <r.

Then,
(a) Ker({_,) = {0}.
(b) If ko = 0, then the complementary subspace to Range(¢x_,) is the trivial subspace Pt — {0}.
Ifky > 0, then a complementary subspace to Range(¢_,) is (T’,t = span{xk}.

Proof. As F, is not polynomially integrable, then Ker(¢;_,) = {0}, and then item (a) holds.
To prove item (b), we first introduce adequate bases for the spaces P! and P}. We
deal with the cases k; = 0 and k, > 0 separately.

If kb, = 0, a basis of ka_r is By_, = {xi(r+1)yk1_i 1= 0,...,k1} and a basis of
Phis B = {20, k| As dim(P),) = ki +1 = dim(P}) and
Ker(¢;_,) = {0}, we deduce that ¢;_, is onto and then Pt = {0}.

If k; > 0, abasis of PL__is By_, = {xkﬁi(rﬂ)ykl’i 1i=0,... ,kl} and a basis of P} is
B = {xkf”i(”l)ykﬁl*i 1i=0,...,k + 1}. In this case, we have dim(iPLJ =k +1
and dim (iPz) = k1 + 2. Hence, dim i]ADi = 1. Next, we determine the matrix of the linear

operator {_, with respect to the bases By_, and By, given before. After some computations,
it is easily obtained that

b, (xkz+i(r+1)yk1—i) = (b+i(r+1) xk2—1+i(r+1)yk1+1—i +(k— r>dxk2+r+i(r+1)yk1—i
+o(r+1) (kg — i) xk271+(i+2)(r+1)yk17171’_

Then, the matrix of the linear operator ¢;_,, associated with the bases given for fPi_ .
and 3’}(, is a banded matrix whose non-zero entries are confined to the main diagonal, and
to the first and second subdiagonals:

xQ
Bo a1
Yo PB1
T ’
Ly
’Yk1—1 lBk1
where
o = ko+i(r+1)#0, fori=0,...,kq,
Bi = (k—r)d, fori=0,...,k,

Yi = 0'(T+1)(k1—i), fori=0,...,kf — 1.
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It is a simple matter to show that a complement to the column space of the above matrix
is generated by the vector (0,...,0,1)T. Therefore, (T),z = span{xk} is a complementary
subspace to Range(¢;_,). O

Proposition 5. Let us consider k € N, k > v, and assume that 0 = —1, or ¢ = +1 and
|d| #1+ Z(krjrl). Then,

Ker(?kﬂ) = Cor (Zk+2) = {0}.

Proof. Let us consider the following bases for the subspaces PP

t .
k+27 Vr k42

Dt k+2 k—r+1 D
P, = span{x 2 xRt y}, P = span{x’+k+2, kay},

and an arbitrary element fix,, = aox¥*? + gty e Pt 4o+ Using that
y? = ox¥ 2 _2n, +|¢) it is a straightforward computation to show that
~ ~ . d(k—r)(k+2 k42
lero(fikr2) = Pr0]§>;+k+2 ((%ﬂo +o(k+ 2)“1)xr+ *
d(k—r)(k+2 k+1 k—
+ ((k +2)ag + %m)x tly 2k —r+1agx ’hr+|t|).

Then, the matrix associated with the linear transformation zk+2 is
dk=r_ o
(k +2)< r+k+2 s )
1 d r+k+2

To obtain the result, it is enough to observe that the above matrix is nonsingular if
c=—lorifc=+1land|d| #1+ 2(,::1). O

The next theorem presents an orbital hypernormal form for system (12).

Theorem 5. Let us consider system (12), where F, is given in (13). Let us assume that d € R and
also that

e og=—-1andd #0,o0r
o« o=+41,d¢Qn[-1,1)andd| #1+2ED forallke N k> r.

Then, an orbital hypernormal form is

[00]
x = F,(x) + >, Dy, (14)

j=r+1
j#r mod (r+1)

where Dy = (x, (r + 1)y)" € Qb

Proof. It is enough to apply Propositions 3-5. [

We notice that, if r = 0, then the linearization of system (12) is non-resonant, and
the above theorem agrees with the Poincaré Theorem, which states that it is analytically
linearizable (see [2]).

The orbital hypernormal form (14) also provides interesting dynamical information for
system (12). The next result characterizes the centers of system (12) by means of the orbital
hypernormal form (14), which evidences the invariants of the vector field that prevent the
center conditions.
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Proposition 6. The origin for system (12) is a center if, and only if, 0 = —1, and the orbital
hypernormal form (14) is Ry-reversible (i.e., invariant to (x,y,t) — (—x,y, —t)).

Proof. The monodromy problem for system (12) has been considered in [47,48], where it is
shown that the quoted system is monodromic if, and only if, o = —1.

The sufficient condition is trivial, because if ¢ = —1 and the orbital hypernormal
form (14) is Ry-reversible, then the equilibrium at the origin of system (14) is monodromic
and reversible and, consequently, it is a center.

Let us prove the necessary condition. If we assume that the origin of system (12) is a
center, then it is monodromic and ¢ must be equal to —1. Moreover, the origin of the orbital
hypernormal form (14) is also a center.

Let us prove by reductio ad absurdum that the orbital hypernormal form (14) is
Ry-reversible. Let us suppose on the contrary that system (14) is not Ry-reversible. Then,
there exists j even such that ¢; # 0 and we denote by j = 2k the lowest index satisfying
cox # 0. Let us also denote by H the vector field associated with the orbital hypernormal

form (14); that is,
e 6}

H=F + > /Dy,
j=r+1
j#r mod (r+1)

and define

2k—1 ‘

G=J*'H)=F+ )  ¢xD,.
j=r+1
j#r mod (r+1)
Notice that the vector field G has a center at the origin because it is monodromic and

reversible. On the other hand, after some computations, we obtain

o0 o0
HAG = G+ Z C]‘X]D() AG = Z C]'x]D()/\G
j=2k j=2k
j#r mod (r+1) j#r mod (r+1)
0 ] 2k—1 ) 0 )
= Z ciX’'Do A | Fr + Z ciX'Dy = Z cixX'Dg A Fy
j=2k j=r+1 j=2k
j#r mod (r+1) j#r mod (r+1) j#r mod (r+1)
= X Do AF, 4= —(r + 1)egyex? <x2r+2 + yz) +--,

where the dots denote higher-order quasi-homogeneous terms. As cy; # 0, we deduce
that H A G is a negative semidefinite function that is nonzero almost everywhere in the
neighborhood of the origin. Hence, the origin of H is a focus (stable if cy; > 0 or unstable if
cor < 0), but this is a contradiction because the origin of the orbital hypernormal form (14)
is a center. [

As a consequence of the above proposition, we obtain (by using a different approach)
the following result of [49].

Corollary 2. The origin for system (12) is a center if, and only if, o0 = —1, and it is formally
orbital reversible.
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Appendix A. Proof of Theorem 2

Let us consider system (2), a near-identity transformation of the state variables asso-
ciated with a generator U € P>, 9} and a time-reparametrization g—; =1+ u(x), with
jt € @jy=1P}- Theorem 2 states that

Usr (1 +p)F) = U (1 + n)F), (A1)

for some U ¢ D=1 Q}( and i € ®k>1§)1t<' This means that instead of performing on
system (2) an arbitrary orbital transformation, we can also do so with a reduced or-
lzital transzormation (with the time-reparametrization ji € @;~,P} and the generator
U € @y=19))-

The expression for the transformed vector field U .+ F by means of the generator U is
presented in (7). To write this formula in a compact form, we introduce the following operators:

TO®) :=F, and T (F) := Té’*”([F,U]), forl = 1.

I times

gy — :
As Ty’ (F) =[---[F,U],---, U], then formula (7) can be written as

Using the above notation, the expression (8) corresponding to the transformed vector
field of F by a generator U and a time-reparametrization g—; =1+ pu(x) reads as

Ui (14 0F) = Y47 (A + wF)

=0

0
— F+[EUl+pF+ Y iy T (B UL+ (1 + DpF). (A2)
1=1

The proof of Theorem 2 requires the following technical result, which states that the
near-identity transformations associated with generators that are multiple of the principal
part F, can be avoided in the orbital normal form procedure, since the simplifications
obtained through them can also be obtained through time-reparametrizations.

Lemma Al. Let us consider the vector field F of system (2). Let also consider ay_, € PL_ (where
k>r)and p € @, P;. Then, there exists ji = 3j;1 Jij € D1 P}, such that

(5, F) s ((1 + y)F) — (1+ji)F.

Moreover, ji and y agree up to quasi-homogeneous degree k — 1, i.e., 7571 (ji) = J*Y(u), and
fix = P — Vay_, - Fy.

Proof. Firstly, we will show using induction that, for each | € N, there exists
il e Dy P} satisfying:
l ~
T (1 +wF) = iOF, (A3)

where ﬁ,((l) = —Va,_, - F.
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Let us prove (A3) for I = 1. Namely, applying successively (3) and (4), we obtain

T b (L4 WF) = |1+ WE i F| = (e (Vi F) = (14 0)(Va—, - F) ),

and it is enough to take i) := a;_(Vu-F) — (1 + u)(Vay_,-F). Equating quasi-

homogeneous terms, we obtain ;71(1) =0fori=1,...,k—1,and y( ) = —Vay_, - F,.

Next, we assume that (A3) holds for | — 1. From (3), we obtain:
1— ~(]— -
70 (0 108) = [T (5 0F), e F] = [FO-DEap_¥] = O,

where i) = a_, (Vﬁ(zfl) F) — gD (Vay_, - F). As i~V e @jg(zq)kﬂ’;r it is easy to
show that jil!) e D> lk‘J’]t.. This proves the equality (A3).
Using this equality, we complete the proof as follows:
F 1+u)F) = M. 1 1+u)F+ 272, 5iF
(t—rF) s ( (14 p1) SEon Ty k(L4 HE) = L+ pF+ 252 i
= (1+y+2 LA )Ff (1+Ji)F,

where we have introduced i := p + D>1 ll—!ﬁ(l), O
Let us now prove Theorem 2.

Proof of Theorem 2. Let us define
K= min{k eN: PrOjKer(zk_,)F,(Uk) #0, or ProjRange(ék_r)(yk) # 0}.

Ifx = oo, then U e @)y @; and p € (—B]->1fJA>;, and the result holds trivially taking
U=U,ji=-pn

Let us assume x < o0. From the definition of x, we obtain that Uy € Oy and y; € Pt,
fork=1,...,x—1. R

We make the following ansatz for U and ji:

= U+ 401 +U0+ U1+ -,
= ﬁl+"’+ﬁx—1+ﬁK+ﬁK+l+"'/

= O

where ﬁj =Uje @;, pi=fje UAD;, forj=1,...,x —1; and we will determine ﬁj € @Jt,
jij € C/JS;, for j = x, such that equality (A1) holds degree by degree.

Firstly, we show how U, and jix are obtained by dealing with the x-degree quasi-
homogeneous term. Higher-degree terms of U and ji can be obtained by repeating the
reasoning, and then the proof is completed.

As Qt = Ker({x—,)F, @ @K, we can write UK = U(l) + U,(f), with U,(<1) = px—/Fr €

Ker(¢x—,)F, (for some py_, € Ker(¢x_,)) and U ) e Qt

As P — Range(fy—) & P, we have i — u + u,

where y,(cl) = Vijx—r - Fr €
Range({—,) (for some 1, € Pt_ ) and V}({z) € fJAJ,tc

Let us denote by @ and ¥ the near-identity transformations associated with the
generators U and a,— rF respectively, where we have introduced ax—, = px—r + fx—r. If we

consider a generator U of the transformation ® o ¥~1, then

U s ((1 + y)F) (CDO‘F_l o‘I’) . ((1 + y)F) - (q> o‘I’_l) . (‘I’* ((1+ y)F))

U s ((u(K,rF) i ((1 n y)F)).
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From Lemma Al, there exists ji € P ]»2133; such that

ﬁ sk ((“K—rF) sk ((1 + ,V)F)) = ﬁ sk ((1 + ﬁ)F)/
where ji and p agree up to quasi-homogeneous degree k¥ — 1. Moreover,

]\/ZK = Uk — Vae_-F = Wi — VPK—r -F, — vﬂx—r ‘F, = V;(cl) + ,u;(<2) - vﬂx—r -F, = .u;(<2) € ﬁ\)tx

On the other hand, a generator of the transformation ¥—1is —a,_,F, +---, where the
dots denote higher-order quasi-homogeneous terms. Using Lemma 2.8 of [35], we obtain

~

that 7~ 1(U) = J*~}(U), and
ﬁK = Uk —ax—Fr = U;(cl) + U1(c2) — Px—rFr — 1—rFr = U1(<2) — —rFr € @;
0

Appendix B. Proof of Theorem 3

Theorem 3 states that Range (./\/C(N )) = Range (E(N )) . This theorem is a consequence
of Propositions Al and A2 below. Their proofs require some technical results.

Lemma A2. Let us consider the vector field F of system (2).  Let also consider
U= Z]N:1 Uie Q—)JNzl Qjand v = Z]Iil vj € @—)]N:li]’;, where N € N, such that

JrHN-1 ([F, U]+ VF) —0.

Then, for each y = Z]N=1 M€ (—B]-I\il?]t« and | = 0, we have

k

(TP 0®) = 3 Wy, forallk=1+1,..,1+ N -1,
j=I+1

where

j—
‘u](O) = “Ll], and y](l) = ZI ((V]/ll(lil) 'Ujfi) — ‘ul(lil)l/j,i) € T]t (A4)

(!
j

Observe that y ](l)

of (U,v, u).

does not depend on k, i.e., p:’ depends univocally on the (j—I)-jet

Proof. We use induction on .
For | = 0, the result is trivial because

k k
(Tl.(IO) (ﬂF)>r+k - (VF)r-‘rk - Z ‘Z/lfF7+k*j - Z VJ(O)FrJFkij’
P =1

0 _

where we have introduced u i = W
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Let us consider [ > 0 and assume that the result is true for I — 1. Then,

(e, = S[@0m),,, v)- 2[2““ P

j=1 j=11 i=l
k—1k—j —1k—
= Z Z[Vz(l_l)Fﬂrk —j—irs ] Z Z[ z(l D Fr-i—k—j—i/Uj]
j=1i=1 =l j=1
k—1 [k—i 1 -
= ! (V.uz( = 'Uj) r+k—j—i 2 VI( ) 2[ r+k—j—is ]
i=1 \j=1
k—1 [ k—i 1 1
= (Vyf Y 'UJ> rtk—j—i Z P‘( '[FUL s
i=1 \j=1
As ([F,U] +1/F) o Ofork=1,...,N —1,we obtain
r
k—i
[Fr U]r+kfi = _(VF>r+k7i = Z 1/] r+k—j—is fori=1,...,k—1
j=1

Hence,

(R0m), = S )

and the result is also true for [. O

Lemma A3. Let us consider the vector field F of system (2).  Let also consider
U= Z]N:1 Uje @]N=1 Q;, U= Z]N=1 jj € (—D]-ILT;, where N € N, and denote

H=F-U,. ((1+pF).

Let us assume that v = Z]N:l vj € (—B]»Iilﬂj; verifies J" N1 ([F, U] + VF) = 0. Then,

[Nagls

Hy = _<[Fr U] + VF)rHc - (;Ll] — Vit Z V] ) r+k—j
o
= —<[F, U]+ VF)Hk —(p1 —v1)F g1 — (ﬂz -1+ M§1)>Fr+1 4+,

forallk =1,...,N, where y](l) are given in (A4). As usual, a sum with no terms evaluates to 0.
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Proof. Using (A2), for each k € N, we obtain

H i = F— (U s (14 H)F))r+k
1

kl
S (R W), - Lg(Ren),.,

On the other hand, as we assume that J’+N~1 ([F, U] + UF) = 0, then we obtain
[F,Uly+j = —(vF),4j forj=1,...,N — 1. Therefore, forall ] > 1, we have

(7’6” ([F, U]))r+k = —(Tél)(vF))Hk, forallk=1,...,N.

Consequently,
H ., = —<[F/U] +VF>r - ((F_V)F)H_k
S AT SRV
* 1221 (I+1)! <TU (UF))H-k A ﬁ(T (v ))r+k

From Lemma A2, we obtain:

k

j=1+1
0

forany! =1,...,k, where u j depends univocally on the (j —I)-jet of (U, v, #). Hence,

M»

r+kfj

Hyr = _([F'U]+VF) ((V_ )r+k i

~+

= —(ru+vr) zkl |

j=1

= —([F,U]+1/F) —(m1 —v1)Frppo1 — ( —V]+ZV] ) rk—js
j=2

foreachk=1,...,N. O

Z r+k—j

n M» T

Lemma A4. Let us consider the vector field F of system (2). Let also consider k, j € N with k < j,
and a_, € Pt . Then,

j
2( r+j—is Xk—r Fryio k] (v“k—r'Fr-i-i—k)FrJrjfi) = 0.
i=k
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Proof. From (3), we obtain

]
> ([Fr+j—i/ ax—Frpiok] + (Vg - Fr+ifk)Fr+j—i) =
i~k

j
=] ( — (Vak—r B jmi)Fppif — e p [Frpicie Frgji | + (Ve - Fr+i—k)Fr+j—i)
ik

j j
=~ ) [Friicto Fraji] + ( = (Vag—y Fryjoi)Frpip + (Vag_, - Fr—&-i—k)FrJrjfz’)-
i=k i=k

In the last line, the first sum is zero because the Lie product is anti-symmetric. More-
over, simplifying the second sum by subtracting out the many self-similar terms, it can be
easily proven that it is zero and then the proof is completed. [

Lemma A5. Let us consider the vector field F of system (2). Let us also consider V. = Z]N=1 Ve @]-Ii1 Q},
v = Zszl vj € (‘B]‘Z\iﬂ)}, where N € N. Then, there exist V. = Z]Z\il \Alj € (—D]N:l Q; and
V= Z]N=1 Uje @}iﬁ’;, such that

JN ([F, V] + vF) _ grN ([F, V] + 01:).

Proof. Let us define x(V,v) = N + 1 if PrOjicer(t,_,)F, (Vj) =0and PrOjRange(, )(Uj) =0,

—r —r

forallj =1,..., N. Otherwise, we define

k(V,v) = min{i € {1,..., N} : Projer(y,_, ), (Vj) #0or ProjRange(r;_.) (vj) # O}.

If «(V,v) = N +1, then the result holds trivially by taking V =V, 7 = v, because
Ve (—Dszl Q} and v e (—D]Z\iﬁ’]‘

In the case k(V,v) < N + 1, we will show that there exist V = Z]N:1 \vfj € (—B]N:l Q; and
V= Z]I\Ll vj e @]N:li]);, verifying

x(V,7) > k(V,v), and J"+N ([F \7] + 171:) = JrN ([F, V] + vF). (A5)

Once we prove this, the result is obtained by repeating the reasoning on V, ¥ and so
on, until we finally reach V and ¥ satisfying «(V, V) = N + 1, which, as mentioned before,

implies V e @jlil @]t, Ve @jlilﬂA’}, and J+N ([F, V] + vF) = JtN ([F, \A/] + 17F).
Let us denote x = x(V,v). We make the following ansatz for V and 7:

Ny Ve # Ve Vi

= 1\//1+"'+1\//K_1+17K+17K+1+"' ,

o <«

where\vfj =V;e Q;,U] =€ @;,forj = 1,...,K—1,and\v/]- € @;,17] € JAD;,forj > «, will be
determined, indicating that (A5) holds. 5
To define the k-degree quasi-homogeneous terms V, and vy, we notice that

Kk—1

= [F,, Vil +vcF 4 ) ([F,+K_]-,\V/j] n 171-Fr+,<_]-).
j=1

([F, V] + uF)

r+x

Using that Ot = Ker(¢x—,)F, ® @,tc, we can write V. = 6,_,F, + Wy, for some 8;_, €
Ker(lx—,) and Wy € Ot.
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Moreover, as Pt = Range(lx—,) ® Pt, we can write v, = Vi, - Fr + 7, for some
t S~ ot
Nx—r € Pr_, and vy € P

Let us denote by Pt a complementary subspace to Ker(/c—,) in Pt_, (e,

Pt_, =Pt ®Ker(lc—r)). Then, we can write 17—, = U;El—)r + 77,(<2_)r, where 77,(<1_)r € Ker(lx—r)
and n,gz_)r € fT’,t(_r. As n,gl_)r € Ker(¢x—,), we have {_, (UK_r) =ty (17;&2_),), and consequently,
VK == VU(Z) Fr + 1\.//;(.

Kk—r "

Let us introduce {/K = WK - 17(2) F,. As 17(2)

_ ) N
P , € Pt__, we have 17]5—)1*1:7 e Of, and
consequently, V. € Ot.

If we denote ay_, = W;Ez—)r + Ox_r, then
V=V, —a.,F e @f{, and v, = v — Vay—,-F, € iT)f(
This implies that k(V,¥) > k(V,v). Moreover, using (4), we obtain
K N~
([F, V] + vF)r+K = [Frax—Fy] + Var_r Fr + ) ([FH,H, Vi] + UiFr+K,i)

i=1

K
3 ([F,+K_i,Vi] +17iF,+K_i> - ([F V] n 171:) .
i=1 r+K

Finally, we select the higher-order quasi-homogeneous terms as

\v/]- =V, —ax+Fryj« and 17]- =Vj—Vax—r - Frpjy forj=x+1,...,N.

To complete the proof, we will show that ([F, V] + VF) = ([F, \v’] + 17F) » for
rTj r-j
j=x+1,...,N. Namely,

x—1

([F, V] + VF)r+j = [F’” Vf] + UfF’ + Z ([Fr+j—i/ Vz] + 1\//z'Fr-i-]'—z)
i=1

j—1
+ Z ([Fr+j—irvi] + ViFr+j—z')
i=K
Using that
j—1

1
Z ([Fr—i-j—i/ Vi +ViFr+j—i) =

[Fr+j—irVi + D‘K—rFr-‘ri—K]
i=K

—.
|

jag

I
- R

1
+ ) (Vag—y - Frpiy + 1\//i)]-:r+j—i

Il
=

i
1

\‘..

j—1
F7+]'7i/ Vi] + Z [FrJrjfi/ “KfrFr+i7K]
=K i=K
j—1 j—1
+ Z(vak—r : Fr+i—K>Fr+j—ir + Z 1\//z'F‘r-i-j—i/
=K

1

|
—

i=kK



Symmetry 2021, 13, 1500 25 of 28

we find
j—1

([F, V] + vF)rﬂ = [F V] +vF + ) ([Frﬂ_i, \v/i] + UiFr+j_i)
i=1

+ Z ([Fr+j—ir ‘XK—rFr—i-i—K] + (vaK—r : Fr+i—K)Fr+j—i)'

j
From Lemma A4, we obtain Z ([F,Jrj_i,a,(_rFHi_K] + (Vag—y- F,+i_K)Fr+j_l-) =0,
i=K

and then

-1
2 ([Fr+j7i/ aK*VF}'#»i*K] + (Vayx—y - Fr+i7K)Fr+jfi)

i=x
= - ([FT+/ DCK*YF1’+j*K:| + (lexfr : F7+]'7K)F1’)'
Consequently,

([F,V]+vEF),,; = [Fr, V] +v;F, + Z([ rj—is ]+171-F,+]-_i)

_[Frr aK77F7+]7K] - (vakfr : Fr+]7K)FV
_ [Fr,V i Frp o] + (1/]- — (Vatg_r - Fr+j_K))Fr

Z ([ r+j—is ]+i/{iFr+j—i>
j—1

= [Fy, {7]] +1\//]‘Fr + Z ([Fr+]?i/ i/’z] +{//iFr+j*i) = ([F V] + VF)r-&-j'

i=1

O

The next propositions show that Range (N LN )) and Range (E(N )) agree.
Proposition Al. Range (ﬁ(N)) < Range (NE(N)),for all N e N.

Proof. Let us consider (V,7) = (Z]N? \A/j, Z]N? 17-) + (\A/N,f/N) belonging to the do-
main of definition of £(N). Then, (Z]N 11 V;, Z] 1V ) € Ker (E(N _1)> and, consequently,
7 [ i)

We first show that that there exist U € (—D]Nzl Qjand p € (—D]N:lﬂ’;, such that

£(N) ({/, 17) _ (F — U ((1 + V)FDHN'

Namely, we take U = V and 1 = Z]N:1 1€ (—B]N:lT; is defined as follows.
From Lemma A3, we have

(F—\Al**((1+y)F)>r+N - —([F,\?]+1?F) L~ (1= P)Frn
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)

Then, we take 1 = v1, and pj = U; + Z;;} y](l ,forj=2,...,N. In this way, we obtain

JrN-1 (F Vo (1 y)F)) —0,

and

(F- V(0 + y)F))HN - —([p.¥] +17F)r+N = L™ (V7).

To complete the proof, we use Theorem 2, which states that

(Fi U** <(1 + ‘u)F>)r+N B (Fi ﬁ** ((1 + ‘ﬁ)F))r—i-N’

for some U e ®p_; O, ji e DI, P. Moreover, we have
JrHN-1 (F —Uss ((1 v ﬁ)F)) = grHN-1 (F U ((1 + y)F)) —0.

Hence, (ﬁ, ﬁ) belongs to the domain of definition of NE(N), and then
NLWN(T, ) = £M(V,9). O

Proposition A2. Range (Nﬁ(N)) C Range (C(N)),for all N e N.

Proof. Let us consider (ﬁ, ﬁ) = (Z]N;ll ﬁj, Z]N;ll ﬁj) + (ﬁN, ﬁN) belonging to the do-
main of definition of NL().
We first show that there exist V € @]I\il Qlandve E.J—)]Nzli]’; such that

NLO) (ﬁ, ﬁ) _ <[F, V] + uF)HN

Namely, we take V = Uand v = Z]I\i1 vj € ED]N:fP} is defined as follows.
As NLO) (ﬁl,ﬁl) = 0, taking 11 = ji; € P!, we obtain J" ! ([F, V] + vF) = 0. Applying

now Lemma A3, we obtain

AL®@ (ﬁl I ﬁz, i + ﬁz) - 7([1:, V] + VF)H—Z — (1 —v1)Fpq1 — (ﬁz -V — ﬁ§1))1:r.

By selecting v, = jip — ﬁgl) € P4, we obtain J"+2 ([F, A] + vF) = 0.
It is enough to repeat the reasoning for k = 2,...,N, to determine
V= Z]N=1 vj € @]N:ﬂ’; such that J7+N-1 ([F, V] + VF) = 0, satisfying

NLMN(T, 7) = —([F fJ] + vF)r+N
To complete the proof, we use Lemma A5, which states that
TN [F fJ] + vF) — g ([F \7] + 01:),

~

for some V = Zszl \Alj € @jlil @]f, V= Zjlil vj e @]I\Llﬁ); This means that (\AI, 17) belongs

to the domain of definition of L), and then L) (ﬁ, ﬁ) = L) (\A/, 17). O
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