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Abstract

We give a new algorithmic criterium that determines wether an isolated de-
generate singular point of a system of differential equations on the plane is
monodromic. This criterium involves the conservative and dissipative parts

associated to the edges and vertices of the Newton diagram of the vector
field.
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1. Introduction.

We are interested in the behavior of the trajectories in a neighborhood of
a singular point of the planar analytic differential system

X = F(X)7 (1>

and, in particular, we try to establish when a singular point (we can assume
the origin to be the singular point) is surrounded by orbits of the system
(monodromic singular point), i.e. each trajectory by lying on a vicinity of
a monodromic singular point is either a spiral or an oval. Moreover, from
the finiteness theorem for the number of limit cycles, a monodromic point
of an analytic planar vector field can be only either a focus or a center, see
[I’'yashenko [17]. So, the monodromy problem is a previous step to solve the
center problem of a vector field which is one of the open classical problems
in the qualitative theory of planar differential systems, see [2, 12, 13, 14, 15,
16, 18, 20].
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If the eigenvalues of the matrix of the linear part at the origin are conju-
gate complex or the matrix is nilpotent, the monodromy is a problem solved
(Poincaré [20], Andreev [7]). However, there are only partial results when
the quoted matrix is identically null (Medvedeva [19], Gasull et al. [12],
Marnosa [18], Garcia et al. [11]). All of them use the blow-up procedure in-
troduced by Dumortier [10] which consists of performing a series of changes
to desingularize the point.

Tang et al. [21] use a method of generalized normal sectors to determine
orbits in exceptional directions near high degenerate equilibria.

Currently, the algorithms of Medvedeva [19] (in general) and Garcia et
al. [11] (for particular cases) are the criteria used in order to determine the
monodromy of the origin.

Here we give an alternative algorithm which improves the Medvedeva
algorithm in two aspects basically: it uses the expressions of the conservative
and dissipative terms (reducing computational efforts) and it does not require
to apply blow-up changes when the conservative quasi-homogeneous term of
minor degree has trivial factors.

The paper is organized as follows. In the next section, we show the
conservative-dissipative decomposition of a quasi-homogeneous vector field
and recall some concept related to the Newton diagram of a vector field. In
Section 3, we state the monodromy algorithm. In Section 4, we give the
concept of characteristic orbit and show its relation with the monodromy
problem. This section also contains some auxiliaries results in order to prove
the correctness of the algorithm (Theorem 2). Last on, as an application of
our algorithm, in Section 5, we obtain the systems

&= ay® + cxy® + griy + ex’, y = dy® + hay® + fo'y + b,

with ab(g® + h?) < 0, whose origin is a monodromic singular point (Theorem
13). Medvedeva [19] studied the case ¢ = —d, g = 0 and did not give all
cases of monodromy.

2. Quasi-homogeneous vector field and Newton diagram

Next on, we give some definitions and concepts that we will use through-
out the paper. Fixed a type t = (t1,t3) with ¢; and ¢y coprime natural
numbers, which can be arbitrarily chosen, a function f of two variables is
quasi-homogeneous of type t and degree k if f(chiz,c?y) = ¥ f(x,y). The



vector space of quasi-homogeneous polynomials of type t and degree £k will be
denoted by Pt. We will also consider the limit cases t = (1,0) and t = (0,1),
being P = 2*R[[y]] and PV = y*R[[z]], where R[[y]] (resp. R[[z]]) are
the algebras of the power series of y (resp. of ) with coefficients in R.

A vector field F = (Fy, F5)T is quasi-homogeneous of type t and degree
kif Fy € P;, and F, € Pi,, . We will denote Qj the vector space of the
quasi-homogeneous polynomial vector fields of type t and degree k.

The expansions of vector fields into quasi-homogeneous terms of type t
of successive degrees are usually considered in the analysis of the topological
determination of the singularity by means of the blow-up technique (see
Bruno [9], Brunella and Miari [8] and Dumortier [10]). This concept also has
been used by Algaba et al. [3] as an application of Normal Form Theory,
and for the study of the integrability and center problems of systems with
a degenerate singular point, i.e. systems whose matrix of the linear part
evaluated in the singular point is identically null, see Algaba et al. [4, 6].

Next, we recall the decomposition of a quasi-homogeneous vector field
as a sum of two quasi-homogeneous fields, a conservative one (having zero-
divergence) and a dissipative one (in the sense of the non-conservative part
that fully captures the divergence of the vector field), which will be useful in
what follows and it will play a main role in our analysis. Throughout this
paper, Hamiltonian system associated to the C* function f is denoted by X,
ie. Xy = (—%, %)T. Algaba et. al. [6] proved that any quasi-homogeneous
vector field Fj = (Pjy4,, Qj4r,)" € QF can be expressed as

F] = ther + :ujDOa (2>
where Dy(z,y) := (tiz, t2y)” € QF, pj = j%‘tldiV(F]‘) € P% (the divergence

of Fj), hjtp = j%m(tlejJrh —tayPji,) € P, (the wedge product of Dy
and F;) and [t| =t; + ts.

We will write the components of the vector field F in the form P(z,y) =
> ayr'y’™t and Q(z,y) = 30 bya' Ty
The support of (1) and also of F, denoted by supp(F), is the set of pairs (i, j)
with (a;;,b;5) # (0,0). The vector (a;;, b;;) is called vector coefficient of (i, j)
in the support. Consider set

U  (G)+R),

(1,5)€supp(F)



where R? is the first quadrant and the union is taken over all points (i, j)
in the support. The boundary of the convex hull of this set is made up of
two open rays and a polygon, which can be just one point. The polygon
together with the rays that do not lie on a coordinates axes, if they exist, is
called Newton diagram of the vector field F. The component parts of New-
ton diagram are called edges and their endpoints are the vertices of Newton
diagram.

If a vertex of Newton diagram does not lie on any coordinates axis, then it
is said to be inner; otherwise, it is an exterior vertex.

The exponent of a bounded edge ¢ of Newton diagram is a positive rational
number ¢5/t;, equal to the tangent of the angle between the edge and the
ordinate axis, and pair t = (¢1, t2) is called type of edge (. If Newton diagram
contains an unbounded horizontal edge then we set its exponent equal to co
and its type is (0, 1), and if there is a vertical edge, it has exponent 0 and its
type is (1,0). We will denote o, and oy, with ay < oy, as the exponents of
the edges upper ¢ and lower ¢ adjoining the vertex V.

3. Monodromy algorithm
We now give two concepts which play a main role in our algorithm.

Definition 1. Let h,4p € Pt e and g € Pt polynomials associated to
lowest-degree quasi-homogeneous term of type t of F.
We say that a polynomial of the form y* — \z2, X\ # 0, is a strong factor

associated to the type t if it satisfies one of the following properties:

(i) it is a factor of h,¢ of odd multiplicity order,

(ii) it is a factor of h, | of even multiplicity order (2m) and, either it is a
no factor of p, with u, # 0 or is a factor of y, with even multiplicity
order (2n) with 0 < n < m.

Definition 2. Give an inner vertex V' of Newton diagram of system (1) such
that t = (¢1,t2) and s = (s1, s9) are the types of its upper and lower adjacent
edges, respectively, i.e. ay = to/t; < so/s1 = ay, with hyotit)Prgtis) Z O, we
define the constant associated to the vertex V as

ﬁV = éjocim (3>

where 79 = min{i > 0|c¢; # 0}, jo =min{j > 0|¢; # 0} and ¢; and ¢; being
the coefficients of the polynomials h,., ;| and h, s, ordered from the highest
to the lowest exponent in x and y, respectively.
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The following result provides a series of necessary conditions which must
verify system (1) for the origin to be monodromic.

Proposition 1. If origin of system (1) is monodromic then the following
properties hold:

(A) Newton diagram of system (1) has two exterior vertices. Moreover, if
(a,0) and (0,b) are the vector coefficients of the exterior vertices of
Newton diagram, then ab < 0,

(B) all vertices of Newton diagram of (1) have even coordinates.

Proposition 1 is proved in Section 4.
Next, we state our algorithmic criterium, which we use for characterizing
the monodromy of the origin.

Theorem 2. Let system (1) be verifying conditions (A) and (B). Then ori-
gin of system (1) is monodromic if and only if system (1) satisfies, step to
step, all conditions of the following process:

Step 1. If all inner vertices V' of its Newton diagram verifies

(1) Bv > 0.

Step 2. For each edge of Newton diagram with exponent ty/ty, polynomial
hyyj¢) verifies

(2a) hyye) Z 0, and

(2b) h,yye) does not have any strong factors.

Step 3. For each factor of hyqpy of the form y" — ax' with a # 0,

o if ty is odd, applying the directional blow-up x = u', y = u'*(y+a'/"') and
the reparameterization dt = (t1/u")dr, we obtain system

u = uzpr+j+t1(17g+dl/t1>uj7
=0
2 | (4)
Jo= D b+ ) g (1, g+ @)l
=0

e if t; is even, applying the directional blow-up v = u*(Z + a~1/*2), y = u'?
and the reparameterization dt = (to/u”)dT, we obtain system

u = —u Z Qr+j+t2 ('i' + dil/tga 1)uj7
j=0
w’ | (5)
= (r =+ [t] + ) P (T + a2, 1)
j=0



4.1. Characteristic orbits

Fixed a type t, it defines the generalized trigonometric functions, C's(6)
and Sn(#), as the unique solution of the initial value problem

dx

o =Xu(x).  x(0) = (L0)".

where H is the Hamiltonian H(z,y) = 2*? + y** € P4, , . These functions
are periodic and T will denote their minimal period. Moreover, they satisfy

thgecavplitystem () or 357" (@hichladionmmore defpilyuon %upn%mﬁeiw
V8a yanereadypmigodusapihe s systiand moler (o9 gingten duang £ of the
{%P@P%Mzé@s%ﬁ%ﬁeﬁfton diagram of (4) or (5) have even ordinates.

We continue the processirqf)i@c‘?stféﬁvl forysgéstﬁggsg()e)qr (5). (6)

Theorem 2 is proved in Eectlon 4.

Wlt}fﬁe—p&@@s@ b%\LQ id finite since, by Dumortier [10], see [1, pages 80-82], a
%%%@%%f%%%%%&@ﬁ%%@ﬁ%ﬂ%%&@niﬁ%&
Filefined, Wﬁﬁﬁ% ﬁ%%&wﬁ%@@?%%& £¥&W&%2ﬁﬂsmﬂwd y means

the change (6) in (7 , such that
1. lim wu(7)=0 (or lim u(T) = 0)7 and
T—r+00 T——00
2. there exists lim 0(7) =0* € [0,T) (or lim (1) =6" € [0,7)).

T—+00 T—>—00
The following result proved in [5], ranks the different orbits of (1) that
tend to the origin and give the relationship among them. It is an easy
extension of the well-known result given by Zhang et al. [22, Theorem 3.10].
Theorem 3. Let x(t) be an orbit of analytic system (1) verifying tlim x(t) =
—00

0. Then it is either a spiral orbit of (1) (in such a case, origin is a focus) or

it is a t-characteristic orbit of (1) for any type t.

Otherwise, if there is no orbit of (1) such that tlim x(t) = 0, then origin is a
—00

center.

4.2. Detecting characteristic orbits from the lowest-degree quasi-homogeneous
vector field

The system (1) by means of the change (6) and rescaling the time by
dt = (2t1ts/u")dr, becomes

u = dU/dT = UZ |:— ;n+j+|t‘(0) + 2t1t2uT+j(9)} uj,

J
0 =dojdr = > (r+j+ [6) s (0),
where we have denoted

Pttt (0) = hri gt (Cs(6), Sn(6)), tr+5(6) = prs5(Cs(6), Sn(8)),
see Algaba et al. [2].



We emphasize that the quoted transformation does not change the direc-
tion of the orbits, since dt/dr > 0, and it carries the region of the plane (u, )
given by rectangle R = {0 <u <e¢ 0<60 <T}, >0 to the neighborhood
of the origin W = {(z,y) € R?, a2z 4yt < ¢rf2}

The next results are proved in Algaba et al. [5], which are obtained easily
from expression of system (7).

Proposition 4. Let us assume that the lowest-degree quasi-homogeneous term
of type t of F is F,, = 1, Dy, (i.e. hyyg) =0 and p, #0). Then, the origin
of system (1) is a node (origin is surrounded of parabolic sectors).

Proposition 5. Let h,y ) € ‘P’;Ht‘ be the Hamiltonian associated to the
lowest-degree quasi-homogeneous term of type t of F. If h,y4(0) # 0, for

all 0, then the origin of system (1) is monodromic.

From above proposition, polynomial A, ¢(¢) must have some root so that
the system have characteristic orbits. Therefore, if there were t-characteristic

orbits, polynomial A, (z,y) should have factors z, y or y"* — Az'?, with
A # 0.

Proposition 6. If there exists a strong factor associated to a type t, then
there exists a t-characteristic orbit of system (1).

With some abuse of the language, we will say that the characteristic orbit is
associated to the strong factor.

The following property is a consequence of Proposition 6. It is a condition
which must hold the support point of a vertex of system (1) so that there
exist characteristic orbits different from the coordinate axes.

Proposition 7. Let (m,n) a vertex of Newton diagram of system (1). If
azis x = 0 (ory = 0) is not invariant and m (or n) is odd, then there is a
characteristic orbit of (1) different from the coordinate axes.

4.83. Characteristic orbits and blow-up of vertices of the Newton diagram.

We start giving a class of blow-up, which we name blow-up of vertices,
and plays a main role in our study.

Let V be an inner vertex of Newton diagram of system (1) with a, and
a; the exponents of the adjacent edges, upper and lower, respectively. Let
t = (t1,t2) and s = (s1,52) be, with ay = 15/t < s2/51 = oy and Ry,



h 45| the Hamiltonians associated to the lowest-degree quasi-homogeneous
terms of F of type t and s, with Ay, 4¢|fr i) Z 0.
If we define the sets

01,0 1
Wi = {(z,y) € R?| ex™/* <y < =P/ (=1)72 >0, (=1)7€ > 0},
’ €

with 1,09 € {0,1}, it is easy to see that the blow-up

t1s2,,t151 tas2,,t152

T =utPut Yy =uut,

transforms the rectangle of the (u,v)—plane {0 < u < 7, 0 < v <y} in the
region of the first quadrant Wt(g,o) with edlt#22/s170/M) — gho(sa/nt2/t)
1, e> 0.

In what follows, the characteristic orbits lying on Wt(gl’”) will be named
characteristic orbits associated to vertex V.

We now study the existence of characteristic orbits contained in Wt(’(;,o) and
later we extend the results for the remaining quadrants.

Proposition 8. Let V be an inner vertex of Newton diagram of system (1)
with Ny yit)hre+js) Z 0. The region Wt(’(;,o) is a parabolic ( resp. hyperbolic)
sector of the origin if and only if Py < 0 (resp. By >0).

The following result makes easy the study of the existence of characteristic
orbits defined in the remaining quadrants.

Proposition 9. Let system (1) be with axis y = 0 non-invariant. We as-
sume that its Newton diagram has a inner vertex V.= (m,n) with Sy > 0
and hryjgihrg 415 # 0.

If axis x = 0 is not invariant, then there exist characteristic orbits associated
to V in a quadrant different from the first one if it satisfies at least one of
the following properties:

(a) n or m are odd,
(b) hyerpg) o hegyjs) have a factor of the form z, y, y" — Ax* or y* —
Ax®2. X\ # 0, which has odd multiplicity order.

If axis x = 0 is wnvariant, then there exist characteristic orbits associated
to V in the forth quadrant, if n is odd or there is a factor different from x
satisfying (b).



Next, we cite the following result which provides necessary conditions of
existence of characteristic orbits.

Proposition 10. If system (1) has a characteristic orbit in the first quadrant
different from x = 0 and y = 0, then it has one, and only one, of the following
situations:

(el) There exists an edge of Newton diagram of (1) with type t = (t1,t2)
such that hy 5 (2, y) = 0.

(€2) There exists an edge of Newton diagram of (1) with type t = (t1,t3) and
a certain @ real non-zero such that y"* — ax' is a factor of hy 4 /(z,y).

(v) There ezists an inner verter V' of Newton diagram of (1) with By < 0.

PROOF OF PROPOSITION 1. On the one hand, if not (B), by Proposition
7, the system has a characteristic orbit, hence the origin is not monodromic.
On the other hand, if system (1) does not have two points in the support lying
on the axis, then there is an invariant axis, thus the origin is not monodromic.
Lastly, if @ and b have the same sign, system (1), parameterizing the time
and rescaling the state variables, becomes

o= Y4y (y) 4+ 2 Po(z, y),

§o= 2 () + g (e, ). ®)

with n,m € N. We suppose that the origin of (8) is monodromic. We denote
by Vi, i =0,...,p, to the vertex of Newton diagram of (8) ordered according
their abscissas, i.e. V) = (0,2m) and V,, = (2n,0), and denote by ¢; to the
edges, that is, the exponents satisfy oy, < --- < ay,. Also, we denote by h;

to the lowest-degree hamiltonian associated to the type t® = (t(li), t(;)) of the
edge ¢;. As origin is monodromic, from Proposition 6, all real factors of h;
have even multiplicity order; so, hy(z,y) = 22™y*"h;(x,y), mi, n; € Ny.

By the one hand, both h;(1,0) and %;(0,1) have the same sign since other-
wise h; there is a factor with odd order multiplicity. By the other hand, from
Proposition 8, By, = h;(1,0)hi1(0,1) is positive, i = 1,...,p — 1. Therefore,
all coefficients of h; with greater exponent in z and y have the same sign. But,

~ +(P)
and h,(1,0) =

1
P 6]

~ 1
this leads a contradiction since hy(0,1) = —m

have different sign. m

PROOF OF THEOREM 2. Necessity. The conditions (A,B) must be verified
by Proposition 1. The condition (1) holds from Proposition 8. From Propo-
sition 4, (2a) holds. If h, ¢ # 0, for the strong factor associated to the type

9



t, from Proposition 6, it has that (2b) holds. The condition (3a) holds,
since, otherwise it has an invariant axis different from v = 0. And condition
(3b) must be satisfied from Proposition 7.

Sufficiency. We see that if there is a characteristic orbit of (1), then at
least one condition of the algorithm is not satisfied.

In fact, if such an orbit is a solution of the form y = 7(x) (or z = 7(y))
with 7 flat at origin, then it is easy to prove that y = 0 (or = 0) is invariant
and hence condition (A) does not hold.

From Proposition 10, if the characteristic orbit lies on the first quadrant
then this orbit will be associated either to an inner vertex or to an edge of
diagram Newton of (1). On the one hand, if it is associated to the inner vertex
V', then (1) is not satisfied. On the other hand, if it is associated to an edge,
from Proposition 4, h,, ¢ = 0, and from Proposition 10, there exists a real
number @ non-zero such that the orbit is associated to the factor y'* — az'?,
factor of h,, ;. We distinguish two possibilities: it is a characteristic factor of
414}, that is (2b) does not hold. Otherwise, we apply the changes described
in Step 3 and the process continues.

If the orbit is associated to an edge of Newton diagram but it lies another
quadrant different from the positive, the change x = (—1)7'u, y = (—1)"2v
with 01,09 € {0,1}, it moves to the first quadrant. The following situations
can appear:

1. the new associated Hamiltonian g,y is identically null. It is easy to
prove that in such a case the Hamiltonian above is also h,, ¢ = 0, thus,
(2a) does not hold.

2. the new associated Hamiltonian is non-null and there exists a real
number a non-zero such that the characteristic orbit is associated to
v —au®, factor of g, p)(u, v). It is easy to see that this factor is trans-
formed in the factor y"* —a(—1)72"T7%25% of h, 4 (z, y) with the same
multiplicity order. Moreover, such a factor conserves, after making
the indicated change, the multiplicity order as factor of the divergence
of the lowest-degree quasi-homogeneous term of type t. So, the trans-
formed factor verifies (2b) if and only if the original factor also verified
it. In such a case, we apply the described changes in Step 3, checking
conditions (3a) and (3b) for new system and the process continues.

If the orbit is associated to an inner vertex V' but it does not lie on the first
quadrant, after reflecting it into the first quadrant, such an orbit continues

10



analyze separately both cases in order to study the existence of characteristic
orbits of (9) associated to their factors.

Proposition 11. We assume that Ay = 0 and d 7& c. There are not char-
acteristic orbits of (9) associated to the factor y — S fx of h4 if and only

if

p — dle= d)’ g= CQ—dQ (10)
and one of the following conditions is vemﬁed:

asto(Bited d)f dhe famelyeBek—Vc e Nesten Gliagram and from Proposition 9
atileast gde aff condifieng, (B) or (2b) is not satisfied. m
iii. e=f, 4e* < (c—d)(bd — c)b/a.

Pragplitadion 0 and d # ¢, polynomial y — ﬂx is a factor of h(l’l with
mul licity é)rder tgvo It is not a strong factor if it is a simple factor of
S AG TN  Following the monodromy algorithm, we perform the

blow—up = ay®+ cry® + gxly +d6 9)

y= dy¥ha F %cugj#%_m} ngtb(fq 3 <.

The system is transformed into ‘
Its Newton diagram consists of two exterior vertices A = (0,4) associated

to (ay®,0) uAnd= E 48 ) as%%éig%ad-&ay?eptpmﬁ%ld (0,b2™)T and an inner
vertex C' = (2, 2) assoc ated to (gz2y, h
(P2 il 1o YR N o (1

+bu +%(c—d)(e—f)u2. (11)

The Newton diagram of (11) has an inner vertex Vi = (1,2) associated to
(d(d ) uy, — (C d) T and an exterior vertex. If e # f the exterior vertex is
Vi = (3,0), associated to (0, (e — f)(c — d)u?)", and if e = f the exterior
vertex is Vi = (5,0) associated to the vector field (0, bu*)”.

So, Newton diagram of (11) has a unbounded vertical edge of type (1,0)

whose hamiltonian is

hgl’o)(u,gj) _ uyfz[—t(c . d)2 +(c—d)y— agjz].

First, we suppose that f # e. In such a case, the bounded edge of Newton
diagram of (11) is of type (1,1) and its associated hamiltonian is

WY (w,5) = 1= (c — d)u[(3d — )7* + 2(e — f)u?].

We assume that ¢ # 3d. Thus, Sy = — 5= (c — d)*(3d — ¢).

If (3d —¢)(e — f) < 0, there are characteristic orbits of (11) since ﬁél’l) has
simple factors. If (3d — ¢)(e — f) > 0, there are not non-trivial factors.
Moreover, if (¢ — d)(3d — ¢) < 0, then By > 0 and hence there are not char-
acteristic orbits different from u = 0; otherwise, there exists a characteristic

orbit associated to f/o
We now assume that ¢ = 3d. Thus, h (1) id(€ — f)u’ and 5\70 = _d_s(e -

3a 3a?
).

11



So, if d(e — f) > 0 there are not characteristic orbits; otherwise, there is a
characteristic orbit associated to the vertex Vj.

On the other hand, if e = f, the bounded edge of Newton diagram of (11)
is of type (1,2) and its associated hamiltonian is

7 (u,9) = 2[5 (5d — c)(c — d)i? — 2eu’ + bu'].

The discriminant of izél’z) is A =4e? — (c—d)(5d — ¢)b/a. We distinguish the
following cases:
If A > 0, the polynomial has simple factors and therefore there are charac-
teristic orbits of system (11).
If A <0 (that is, (¢ —d)(5d — ¢) < 0), then By = —goz(c — d)*(5d — ¢) > 0,
therefore there is not any characteristic orbit.

If A=0and e # 0, then (¢ — d)(5d — ¢) < 0 and by reasoning a similar
way, we deduce that there is not any characteristic orbit.

Last, if A =0 and e = 0, then izél’m = 2u® and thus By, = —5%-(c — d)?,

i.e. there is not any characteristic orbit different from u = 0. m

Proposition 12. We assume that Ay = 0 and f 7& 3e. There are not char-
acteristic orbits of (9) associated to the factor y+ f :c ofh zf and only

iof ,
h = f Z[?e ’ g = e(f b3e) (12>

and one of the following conditions is verified:

i. (d—3c)(f —5e) <0,(f—3e)(f—5e) >0, ii. f = be, e(d—3c)<0.

PROOF. As Ay =0 and f # 3e, then y + 7 :1: is a double factor of h
Therefore, it will not be a strong factor 1f 1t is a simple factor of ,u4 ).
Imposing these conditions, (12) holds.

In order to establish if characteristic orbits of (9) associated to such a

factor exist, we do the blow-up change

which transforms system (9) into

-3 3
u = 6(f2b €) uij + (f4cg - u — f4c:13) By + cudy? — (f8a§e) U8

12



ab? 7 a 7 7

+(}33€3)2 u5y - f6_§eu5y2 + au5y3a
1 (f-3e)2-2 83(d—3c), 2 | 12b2(d—3c) 2.  6b(d—3c) 2-2
y = B Y T s W T (g2 WY T T WY

4 _ 3 _ ab? _
- (;1?266)4 ut + (d - 3C)u2y3 + (?ﬁagbe)s U4y - (}33176)2 U4y2

—i——?gl; uty® — 3auyt. (13)

We suppose that d — 3¢ # 0. The Newton diagram of (13) has an inner

vertex Vp = (1,2) associated to (e(f;bge)ug, (f1i6)2g2)T, an exterior vertex

Vi = (3,0) associated to (0, —Sé’;@;j’?UZ)T and one edge of type t = (1,1)
whose hamiltonian is

2 (1,1 _ —3e _ 4(d—3c
A () = Lt | (f = 5e)y? — B

whose multiple factors can be only trivial factors. So, if (d —3¢)(f —5e) > 0
there are characteristic orbits of the origin different from v = 0 since there

are simple factors; if (d — 3¢)(f — 5e) < 0 and By, = % > 0 there

are not characteristic orbits associated to the factor y+ fg—%ex?’; and if f = be

and [y = —% > 0, i.e. e(d — 3c) < 0, there are no characteristic

orbits associated either.
On the other hand, if d = 3¢, Newton diagram of (13) has an inner

vertex Vp = (1,2) associated to (U 2Dug, U jie)zgj?)T, an exterior vertex

Vi = (5,0) associated to (0,—(?§%l’e§4u4)T and one edge of type t = (1,2)
whose hamiltonian is

izél’2)(u, 7) = %u [(f—seiéf—7e) 7 — (ﬁcgz)zUQQ n (;2564)4 u4] '

Let A = %fl_("gz)él [ — 32(f —3e)(f — Te)] , discriminant of ﬁélﬁ)‘ We dis-
tinguish the following cases, separately:
Case A > 0. In this case there are characteristic orbits associated to the
factor y + fz—%eg;’?’.

Case A < 0. As ab < 0, then it must be (f — 3e)(f — 7e) < 0, and hence
BVO = %}# < 0. It follows that there are characteristic orbits associ-

ated to the factor y + %af’.

Case f = Te and A = 0. Thus, ¢ = 0; in such a case, Bé1’2) has only a factor,
12ab®

u. Moreover, Sy = sz < 0, i.e. there are characteristic orbits associated
to the factor y + fzgea:‘?’.
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Case A = 0 and (f — 7e) # 0. It has that (f — 7e)(f — 3¢) = 22 < 0,

3a
that is, Sy, = % < 0 So it has that there are characteristic orbits
associated to the factor y + - f > .

Theorem 13. The origin of system (9) with ab(g* + h?*) < 0 is monodromic
if and only if one of the following conditions holds:

(a) (h— g)(h 39) >0, (d—c)®*+4a(h—g) <0, (f —3e)* —4b(h — 3g) < 0.
(b) h=yg,d=c, (f —3e)*+8bg < 0.

(c) h=yg, d cf——e,262+bg:O,ce<O.

(d) h=3g, f =3¢, (d—c)*+8ag <0

(e) h = UHBAU=30) g U239 (g )2y a(f —3e)(f+e) <0, (d—3c)(f —
be) < (f+e)(f—5e)>0.

() h=12 g2 <. f=5e, (d—c)?+12e* <0, e(d — 3¢) < 0.

(g) d= —30 h=—6c*/a, g = —2c%*/a, f = 3e, ec > 0.

(h) d = —3c, h=—6c%*/a, g= —2c%/a,e= f =0, c#0.

(i) Bd—c)(e—f) >0, (3d—c)(3c+d) <0, (f—3e)*+(c—d)(d+3c)b/a < 0,
and (10).

(j) 2d*> = 2ha = ga, c=3d, d(e — f) <0, (f — 3e)* + 20d*b/a < 0.

(k) e = f, 4e* < (c—d)(bd — c)b/a, 4e*+ (¢ —d)(d+ 3c)b/a < 0, and (10).
(1) f=5e, d=—2c, ec >0, hb = 4gb = 4e?, 3c*b + 4e*a = 0.

(m) (f+e)(f —5e) >0, Bc+d)(c—3d) >0, (c—3d)(f—e)>0, (3¢ —
d)(f —5e) >0 and (10) and (12).

(n) c=3d, f=—2e, de <0, ag = 2ah = 2d>.

Proor. If A; > 0 or Ay > 0, the system has strong factors associated to
hil’l) or to hél’g). If (h—g)(h —3g) <0, then py, = M < 0 and thus
there is a characteristic orbit associated to V;. Therefore in both cases, the
origin is not monodromic.

So, without loss of generality, we can assume that A; < 0, Ay < 0 and
(h—g)(h—3g) > 0.

Next, we analyze all the possibilities:
(1) If Ay <0, Ay <0 and (h—g)(h —3g) > 0, applying the algorithm, it
has that the origin of system (9) is monodromic (case (a)).
(2) If h = g, as Ay = (d — ¢)* < 0, then A; = 0; that is, d = ¢. So,
hil’l)(x,y) = —2y* does not have non-trivial factors. Moreover, Ay =

(f —3e)> 4 8bg and Sy, = 52 # 0.
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We now differentiate two cases:

(2.i) If Ay = (f — 3e)? +8bg < 0, then bg < 0 and therefore By, > 0 since
ab < 0. Thus, the origin is monodromic (case (b)).

(2.ii) If Ay = 0 (in such a case, f — 3e # 0), then y + 5 - is a factor of

hél’g) with multiplicity order two. From Proposition 12 the conditions h = g
and d = ¢ arrive to f = —e and ce < 0 (case (c)).

(3) If h = 3g, as Ay = (f —3e)? < 0, then Ay = 0 and f = 3e. In
this case, hél"g) = §$8, i.e. it does not have non-trivial factors. Moreover,

Ay = (d —¢)* + 8ag and By, = ll’—‘é # 0. Reasoning in a similar way, we
distinguish two cases:

(3.1)) If Ay = (d — ¢)* + 8ag < 0, then ag < 0 and therefore fy; > 0 since
ab < 0. Thus, the origin is monodromic (case (d)).

(8.ii) If A; = 0 (in such a case, d — ¢ # 0), then y + Lz is a double factor
of hfll’l). Applying Proposition 11, it has that h = 3g = —6¢?/a, d = —3c
and ec > 0 (case (g)) or e = f =0, ¢ # 0 (case (h)).

(4) If (h—g)(h—3g) >0, Ay <0 and AQ = 0, the conditions h — 3g 7é 0
and Ay = 0 arrive to f — 3e # 0. So, y + 7 x is a double factor of h

If f # 5e, from Proposition 12 it has that for that the system does not have
characteristic orbits associated to this factor, it must hold (12), (d —3¢)(f —
5e) <0, (f —3e)(f —5e) > 0. So, condition (h— g)(h—3g) > 0 is equivalent
to (f —3e)(f +e€) > 0. And the two conditions (f — 3e)(f — 5e) > 0 and
(f —3e)(f +e) >0 arrive to (f +e)(f — be) > O (case (e)) And if f = be,
from Proposition 12, the system must hold h = b ,9="5 and e(d—3c) <0,
(case (f)).

(5) If (h—g)(h—3g) >0, Ay <0and A; =0, since h — g # 0 and Ay =0,
then d — ¢ # 0. Thus, y — —x is a double factor of h( Y. From Proposition
11 if the system does not have characteristic orbits assomated to this factor,
then (10) holds, hence (h—g)(h—3g) > 0 implies (¢ —d)(d+3c) > 0. On the
other hand, Since the system does not have characteristic orbits associated
to the factor y — ¢z, applying Proposition 11, the series of conditions lead
to cases (i), (j) and (k)

(6) We suppose that (h — g)(h —3g) >0, Ay =0 and A; = 0.

It is easy to check that d # ¢ and f # 3e, since otherwise h = g or h = 3g.
Therefore, applying Propositions 11 and 12, system satisfies (10) and (12).
By (10) and (12), condition (h — g)(h —3g) > 0 becomes (¢ — d)(d + 3¢) > 0
and (f +e)(f —3e) > 0.

We suppose that f = 5e. By (10) and (12), d = —2¢, from Proposition 12
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case ii and Proposition 11 case i, we get case (1). We note that conditions
given by Proposition 11 cases ii and iii lead to c =d = 0 and e = f = 0,
respectively.

If f # 5e, so that the origin be monodromic, the system also must hold
(d—3c)(f —be) < 0and (f —3e)(f — 5e) > 0, Proposition 12 case i.

From Proposition 11 case i and case ii, we obtain cases (m) and (n), respec-
tively.

Lastly, Proposition 11 case iii does not hold, otherwise f = e, i.e. (f+e)(f—
3e) < 0 and this is a contradiction. m
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