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Abstract

We give a new algorithmic criterium that determines wether an isolated de-
generate singular point of a system of differential equations on the plane is
monodromic. This criterium involves the conservative and dissipative parts
associated to the edges and vertices of the Newton diagram of the vector
field.
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1. Introduction.

We are interested in the behavior of the trajectories in a neighborhood of
a singular point of the planar analytic differential system

ẋ = F(x), (1)

and, in particular, we try to establish when a singular point (we can assume
the origin to be the singular point) is surrounded by orbits of the system
(monodromic singular point), i.e. each trajectory by lying on a vicinity of
a monodromic singular point is either a spiral or an oval. Moreover, from
the finiteness theorem for the number of limit cycles, a monodromic point
of an analytic planar vector field can be only either a focus or a center, see
Il’yashenko [17]. So, the monodromy problem is a previous step to solve the
center problem of a vector field which is one of the open classical problems
in the qualitative theory of planar differential systems, see [2, 12, 13, 14, 15,
16, 18, 20].
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If the eigenvalues of the matrix of the linear part at the origin are conju-
gate complex or the matrix is nilpotent, the monodromy is a problem solved
(Poincaré [20], Andreev [7]). However, there are only partial results when
the quoted matrix is identically null (Medvedeva [19], Gasull et al. [12],
Mañosa [18], Garćıa et al. [11]). All of them use the blow-up procedure in-
troduced by Dumortier [10] which consists of performing a series of changes
to desingularize the point.

Tang et al. [21] use a method of generalized normal sectors to determine
orbits in exceptional directions near high degenerate equilibria.

Currently, the algorithms of Medvedeva [19] (in general) and Garćıa et
al. [11] (for particular cases) are the criteria used in order to determine the
monodromy of the origin.

Here we give an alternative algorithm which improves the Medvedeva
algorithm in two aspects basically: it uses the expressions of the conservative
and dissipative terms (reducing computational efforts) and it does not require
to apply blow-up changes when the conservative quasi-homogeneous term of
minor degree has trivial factors.

The paper is organized as follows. In the next section, we show the
conservative-dissipative decomposition of a quasi-homogeneous vector field
and recall some concept related to the Newton diagram of a vector field. In
Section 3, we state the monodromy algorithm. In Section 4, we give the
concept of characteristic orbit and show its relation with the monodromy
problem. This section also contains some auxiliaries results in order to prove
the correctness of the algorithm (Theorem 2). Last on, as an application of
our algorithm, in Section 5, we obtain the systems

ẋ = ay3 + cxy2 + gx2y + ex5, ẏ = dy3 + hxy2 + fx4y + bx7,

with ab(g2 +h2) < 0, whose origin is a monodromic singular point (Theorem
13). Medvedeva [19] studied the case c = −d, g = 0 and did not give all
cases of monodromy.

2. Quasi-homogeneous vector field and Newton diagram

Next on, we give some definitions and concepts that we will use through-
out the paper. Fixed a type t = (t1, t2) with t1 and t2 coprime natural
numbers, which can be arbitrarily chosen, a function f of two variables is
quasi-homogeneous of type t and degree k if f(εt1x, εt2y) = εkf(x, y). The
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vector space of quasi-homogeneous polynomials of type t and degree k will be
denoted by Pt

k. We will also consider the limit cases t = (1, 0) and t = (0, 1),

being P
(1,0)
k = xkR[[y]] and P

(0,1)
k = ykR[[x]], where R[[y]] (resp. R[[x]]) are

the algebras of the power series of y (resp. of x) with coefficients in R.
A vector field F = (F1, F2)

T is quasi-homogeneous of type t and degree
k if F1 ∈ Pt

k+t1
and F2 ∈ Pt

k+t2
. We will denote Qt

k the vector space of the
quasi-homogeneous polynomial vector fields of type t and degree k.

The expansions of vector fields into quasi-homogeneous terms of type t
of successive degrees are usually considered in the analysis of the topological
determination of the singularity by means of the blow-up technique (see
Bruno [9], Brunella and Miari [8] and Dumortier [10]). This concept also has
been used by Algaba et al. [3] as an application of Normal Form Theory,
and for the study of the integrability and center problems of systems with
a degenerate singular point, i.e. systems whose matrix of the linear part
evaluated in the singular point is identically null, see Algaba et al. [4, 6].

Next, we recall the decomposition of a quasi-homogeneous vector field
as a sum of two quasi-homogeneous fields, a conservative one (having zero-
divergence) and a dissipative one (in the sense of the non-conservative part
that fully captures the divergence of the vector field), which will be useful in
what follows and it will play a main role in our analysis. Throughout this
paper, Hamiltonian system associated to the C1 function f is denoted by Xf ,
i.e. Xf = (−∂f

∂y
, ∂f
∂x

)T . Algaba et. al. [6] proved that any quasi-homogeneous

vector field Fj = (Pj+t1 , Qj+t2)
T ∈ Qt

j can be expressed as

Fj = Xhj+|t| + µjD0, (2)

where D0(x, y) := (t1x, t2y)T ∈ Qt
0, µj := 1

j+|t|div(Fj) ∈ Pt
j (the divergence

of Fj), hj+|t| :=
1

j+|t|(t1xQj+t2 − t2yPj+t1) ∈ Pt
j+|t| (the wedge product of D0

and Fj) and |t| = t1 + t2.
We will write the components of the vector field F in the form P (x, y) =∑
aijx

iyj−1 and Q(x, y) =
∑
bijx

i−1yj.
The support of (1) and also of F, denoted by supp(F), is the set of pairs (i, j)
with (aij, bij) 6= (0, 0). The vector (aij, bij) is called vector coefficient of (i, j)
in the support. Consider set ⋃

(i,j)∈supp(F)

(
(i, j) + R2

+

)
,
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where R2
+ is the first quadrant and the union is taken over all points (i, j)

in the support. The boundary of the convex hull of this set is made up of
two open rays and a polygon, which can be just one point. The polygon
together with the rays that do not lie on a coordinates axes, if they exist, is
called Newton diagram of the vector field F. The component parts of New-
ton diagram are called edges and their endpoints are the vertices of Newton
diagram.
If a vertex of Newton diagram does not lie on any coordinates axis, then it
is said to be inner; otherwise, it is an exterior vertex.
The exponent of a bounded edge ` of Newton diagram is a positive rational
number t2/t1, equal to the tangent of the angle between the edge and the
ordinate axis, and pair t = (t1, t2) is called type of edge `. If Newton diagram
contains an unbounded horizontal edge then we set its exponent equal to ∞
and its type is (0, 1), and if there is a vertical edge, it has exponent 0 and its
type is (1, 0). We will denote α` and α˜̀, with α` < α˜̀, as the exponents of
the edges upper ` and lower ˜̀ adjoining the vertex V .

3. Monodromy algorithm

We now give two concepts which play a main role in our algorithm.

Definition 1. Let hr+|t| ∈ Pt
r+|t| and µr ∈ Pt

r polynomials associated to
lowest-degree quasi-homogeneous term of type t of F.
We say that a polynomial of the form yt1 − λxt2 , λ 6= 0, is a strong factor
associated to the type t if it satisfies one of the following properties:

(i) it is a factor of hr+|t| of odd multiplicity order,
(ii) it is a factor of hr+|t| of even multiplicity order (2m) and, either it is a

no factor of µr with µr 6≡ 0 or is a factor of µr with even multiplicity
order (2n) with 0 < n < m.

Definition 2. Give an inner vertex V of Newton diagram of system (1) such
that t = (t1, t2) and s = (s1, s2) are the types of its upper and lower adjacent
edges, respectively, i.e. α` = t2/t1 < s2/s1 = α˜̀, with hrt+|t|hrs+|s| 6≡ 0, we
define the constant associated to the vertex V as

βV = c̃j0ci0 , (3)

where i0 = min {i ≥ 0 |ci 6= 0}, j0 = min {j ≥ 0 |c̃j 6= 0} and ci and c̃j being
the coefficients of the polynomials hrt+|t| and hrs+|s|, ordered from the highest
to the lowest exponent in x and y, respectively.
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The following result provides a series of necessary conditions which must
verify system (1) for the origin to be monodromic.

Proposition 1. If origin of system (1) is monodromic then the following
properties hold:

(A) Newton diagram of system (1) has two exterior vertices. Moreover, if
(a, 0) and (0, b) are the vector coefficients of the exterior vertices of
Newton diagram, then ab < 0,

(B) all vertices of Newton diagram of (1) have even coordinates.

Proposition 1 is proved in Section 4.
Next, we state our algorithmic criterium, which we use for characterizing

the monodromy of the origin.

Theorem 2. Let system (1) be verifying conditions (A) and (B). Then ori-
gin of system (1) is monodromic if and only if system (1) satisfies, step to
step, all conditions of the following process:
Step 1. If all inner vertices V of its Newton diagram verifies
(1) βV > 0.
Step 2. For each edge of Newton diagram with exponent t2/t1, polynomial
hr+|t| verifies
(2a) hr+|t| 6≡ 0, and
(2b) hr+|t| does not have any strong factors.
Step 3. For each factor of hr+|t| of the form yt1 − ãxt2 with ã 6= 0,
• if t1 is odd, applying the directional blow-up x = ut1, y = ut2(ȳ+ ã1/t1) and
the reparameterization dt = (t1/u

r)dτ , we obtain system

u′ = u
∞∑
j=0

Pr+j+t1(1, ȳ + ã1/t1)uj,

ȳ′ =
∞∑
j=0

(r + |t|+ j)hr+j+|t|(1, ȳ + ã1/t1)uj.

(4)

• if t1 is even, applying the directional blow-up x = ut1(x̄ + ã−1/t2), y = ut2

and the reparameterization dt = (t2/u
r)dτ, we obtain system

u′ = −u
∞∑
j=0

Qr+j+t2(x̄+ ã−1/t2 , 1)uj,

x̄′ =
∞∑
j=0

(r + |t|+ j)hr+j+|t|(x̄+ ã−1/t2 , 1)uj.

(5)
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The new system (4) or (5) (which axis u = 0 is invariant for) verifies:
(3a) there is a point in support of system (4) or (5) lying on axis u = 0, and
(3b) all vertices of Newton diagram of (4) or (5) have even ordinates.
We continue the process from Step 1 for system (4) or (5).

Theorem 2 is proved in Section 4.
The process above is finite since, by Dumortier [10], see [1, pages 80-82], a

degenerate singular point of a vector field on the plane can be desingularized
by means of a finite number of polar blow-ups (σ-process).

Figure 1: Diagram of the monodromy algorithm.

4. Auxiliary results and proof of the algorithm.

4.1. Characteristic orbits

Fixed a type t, it defines the generalized trigonometric functions, Cs(θ)
and Sn(θ), as the unique solution of the initial value problem

dx

dθ
= XH(x), x(0) = (1, 0)T ,

where H is the Hamiltonian H(x, y) = x2t2 + y2t1 ∈ Pt
2t1t2

. These functions
are periodic and T will denote their minimal period. Moreover, they satisfy
the equality Cs2t2(θ) + Sn2t1(θ) = 1. For more details, see Dumortier [10].
We can already introduce the generalized polar coordinates, u and θ of the
real plane (x, y) ∈ R2, as

x = ut1Cs(θ), y = ut2Sn(θ), (6)

with u ≥ 0 and θ ∈ [0, T ) .
We name t-characteristic orbit of system (1) to an orbit curve of system

(1) defined in a neighborhood of the origin W which is transformed by means
of the change (6) in γ(τ) = (u(τ), θ(τ)), such that

1. lim
τ→+∞

u(τ) = 0 (or lim
τ→−∞

u(τ) = 0), and

2. there exists lim
τ→+∞

θ(τ) = θ∗ ∈ [0, T ) (or lim
τ→−∞

θ(τ) = θ∗ ∈ [0, T )).

The following result proved in [5], ranks the different orbits of (1) that
tend to the origin and give the relationship among them. It is an easy
extension of the well-known result given by Zhang et al. [22, Theorem 3.10].

Theorem 3. Let x(t) be an orbit of analytic system (1) verifying lim
t→∞

x(t) =

0. Then it is either a spiral orbit of (1) (in such a case, origin is a focus) or
it is a t-characteristic orbit of (1) for any type t.
Otherwise, if there is no orbit of (1) such that lim

t→∞
x(t) = 0, then origin is a

center.

4.2. Detecting characteristic orbits from the lowest-degree quasi-homogeneous
vector field

The system (1) by means of the change (6) and rescaling the time by
dt = (2t1t2/u

r)dτ, becomes

u̇ = du/dτ = u
∞∑
j=0

[
−h′r+j+|t|(θ) + 2t1t2µr+j(θ)

]
uj,

θ̇ = dθ/dτ =
∞∑
j=0

(r + j + |t|)hr+j+|t|(θ)uj,
(7)

where we have denoted

hr+j+|t|(θ) = hr+j+|t|(Cs(θ), Sn(θ)), µr+j(θ) = µr+j(Cs(θ), Sn(θ)),

see Algaba et al. [2].

6



We emphasize that the quoted transformation does not change the direc-
tion of the orbits, since dt/dτ > 0, and it carries the region of the plane (u, θ)
given by rectangle R = {0 ≤ u ≤ ε, 0 ≤ θ < T}, ε > 0 to the neighborhood
of the origin W = {(x, y) ∈ R2, x2t2 + y2t1 ≤ ε2t1t2}.

The next results are proved in Algaba et al. [5], which are obtained easily
from expression of system (7).

Proposition 4. Let us assume that the lowest-degree quasi-homogeneous term
of type t of F is Fr = µrD0, (i.e. hr+|t| ≡ 0 and µr 6≡ 0). Then, the origin
of system (1) is a node (origin is surrounded of parabolic sectors).

Proposition 5. Let hr+|t| ∈ Pt
r+|t| be the Hamiltonian associated to the

lowest-degree quasi-homogeneous term of type t of F. If hr+|t|(θ) 6= 0, for
all θ, then the origin of system (1) is monodromic.

From above proposition, polynomial hr+|t|(θ) must have some root so that
the system have characteristic orbits. Therefore, if there were t-characteristic
orbits, polynomial hr+|t|(x, y) should have factors x, y or yt1 − λxt2 , with
λ 6= 0.

Proposition 6. If there exists a strong factor associated to a type t, then
there exists a t-characteristic orbit of system (1).

With some abuse of the language, we will say that the characteristic orbit is
associated to the strong factor.

The following property is a consequence of Proposition 6. It is a condition
which must hold the support point of a vertex of system (1) so that there
exist characteristic orbits different from the coordinate axes.

Proposition 7. Let (m,n) a vertex of Newton diagram of system (1). If
axis x = 0 (or y = 0) is not invariant and m (or n) is odd, then there is a
characteristic orbit of (1) different from the coordinate axes.

4.3. Characteristic orbits and blow-up of vertices of the Newton diagram.

We start giving a class of blow-up, which we name blow-up of vertices,
and plays a main role in our study.

Let V be an inner vertex of Newton diagram of system (1) with α` and
α˜̀ the exponents of the adjacent edges, upper and lower, respectively. Let
t = (t1, t2) and s = (s1, s2) be, with α` = t2/t1 < s2/s1 = α˜̀ and hrt+|t|,
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hrs+|s| the Hamiltonians associated to the lowest-degree quasi-homogeneous
terms of F of type t and s, with hrt+|t|hrs+|s| 6≡ 0.
If we define the sets

W
(σ1,σ2)
t,s = {(x, y) ∈ R2 | εxs2/s1 ≤ y ≤ 1

ε
xt2/t1 , (−1)σ1x ≥ 0, (−1)σ2ε > 0},

with σ1, σ2 ∈ {0, 1}, it is easy to see that the blow-up

x = ut1s2vt1s1 , y = ut2s2vt1s2 ,

transforms the rectangle of the (u, v)−plane {0 ≤ u ≤ δ1, 0 ≤ v ≤ δ2} in the

region of the first quadrant W
(0,0)
t,s with εδ

t1s2(s2/s1−t2/t1)
1 = εδ

t1s1(s2/s1−t2/t1)
2 =

1, ε > 0.
In what follows, the characteristic orbits lying on W

(σ1,σ2)
t,s will be named

characteristic orbits associated to vertex V .
We now study the existence of characteristic orbits contained in W

(0,0)
t,s and

later we extend the results for the remaining quadrants.

Proposition 8. Let V be an inner vertex of Newton diagram of system (1)

with hrt+|t|hrs+|s| 6≡ 0. The region W
(0,0)
t,s is a parabolic ( resp. hyperbolic)

sector of the origin if and only if βV < 0 (resp. βV > 0).

The following result makes easy the study of the existence of characteristic
orbits defined in the remaining quadrants.

Proposition 9. Let system (1) be with axis y = 0 non-invariant. We as-
sume that its Newton diagram has a inner vertex V = (m,n) with βV > 0
and hrt+|t|hrs+|s| 6≡ 0.
If axis x = 0 is not invariant, then there exist characteristic orbits associated
to V in a quadrant different from the first one if it satisfies at least one of
the following properties:

(a) n or m are odd,

(b) hrt+|t| or hrs+|s| have a factor of the form x, y, yt1 − λxt2 or ys1 −
λxs2 , λ 6= 0, which has odd multiplicity order.

If axis x = 0 is invariant, then there exist characteristic orbits associated
to V in the forth quadrant, if n is odd or there is a factor different from x
satisfying (b).
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Next, we cite the following result which provides necessary conditions of
existence of characteristic orbits.

Proposition 10. If system (1) has a characteristic orbit in the first quadrant
different from x = 0 and y = 0, then it has one, and only one, of the following
situations:
(e1) There exists an edge of Newton diagram of (1) with type t = (t1, t2)
such that hrt+|t|(x, y) ≡ 0.
(e2) There exists an edge of Newton diagram of (1) with type t = (t1, t2) and
a certain ã real non-zero such that yt1 − ãxt2 is a factor of hrt+|t|(x, y).
(v) There exists an inner vertex V of Newton diagram of (1) with βV < 0.

Proof of Proposition 1. On the one hand, if not (B), by Proposition
7, the system has a characteristic orbit, hence the origin is not monodromic.
On the other hand, if system (1) does not have two points in the support lying
on the axis, then there is an invariant axis, thus the origin is not monodromic.
Lastly, if a and b have the same sign, system (1), parameterizing the time
and rescaling the state variables, becomes

ẋ = y2m−1 + y2mΦ1(y) + xΦ2(x, y),
ẏ = x2n−1 + x2nΨ1(x) + yΨ2(x, y),

(8)

with n,m ∈ N. We suppose that the origin of (8) is monodromic. We denote
by Vi, i = 0, ..., p, to the vertex of Newton diagram of (8) ordered according
their abscissas, i.e. V0 = (0, 2m) and Vp = (2n, 0), and denote by `i to the
edges, that is, the exponents satisfy α`1 < · · · < α`p . Also, we denote by hi

to the lowest-degree hamiltonian associated to the type t(i) = (t
(i)
1 , t

(i)
2 ) of the

edge `i. As origin is monodromic, from Proposition 6, all real factors of hi
have even multiplicity order; so, hi(x, y) = x2miy2nih̃i(x, y), mi, ni ∈ N0.
By the one hand, both h̃i(1, 0) and h̃i(0, 1) have the same sign since other-
wise hi there is a factor with odd order multiplicity. By the other hand, from
Proposition 8, βVi = h̃i(1, 0)h̃i+1(0, 1) is positive, i = 1, ..., p − 1. Therefore,
all coefficients of h̃i with greater exponent in x and y have the same sign. But,

this leads a contradiction since h̃1(0, 1) = − t
(1)
2

r1+|t(1)|
and h̃p(1, 0) =

t
(p)
1

rp+|t(p)|
have different sign.

Proof of Theorem 2. Necessity. The conditions (A,B) must be verified
by Proposition 1. The condition (1) holds from Proposition 8. From Propo-
sition 4, (2a) holds. If hr+|t| 6≡ 0, for the strong factor associated to the type
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t, from Proposition 6, it has that (2b) holds. The condition (3a) holds,
since, otherwise it has an invariant axis different from u = 0. And condition
(3b) must be satisfied from Proposition 7.

Sufficiency. We see that if there is a characteristic orbit of (1), then at
least one condition of the algorithm is not satisfied.

In fact, if such an orbit is a solution of the form y = τ(x) (or x = τ(y))
with τ flat at origin, then it is easy to prove that y = 0 (or x = 0) is invariant
and hence condition (A) does not hold.

From Proposition 10, if the characteristic orbit lies on the first quadrant
then this orbit will be associated either to an inner vertex or to an edge of
diagram Newton of (1). On the one hand, if it is associated to the inner vertex
V , then (1) is not satisfied. On the other hand, if it is associated to an edge,
from Proposition 4, hr+|t| ≡ 0, and from Proposition 10, there exists a real
number ã non-zero such that the orbit is associated to the factor yt1 − ãxt2 ,
factor of hr+|t|. We distinguish two possibilities: it is a characteristic factor of
hr+|t|, that is (2b) does not hold. Otherwise, we apply the changes described
in Step 3 and the process continues.

If the orbit is associated to an edge of Newton diagram but it lies another
quadrant different from the positive, the change x = (−1)σ1u, y = (−1)σ2v
with σ1, σ2 ∈ {0, 1} , it moves to the first quadrant. The following situations
can appear:

1. the new associated Hamiltonian gr+|t| is identically null. It is easy to
prove that in such a case the Hamiltonian above is also hr+|t| ≡ 0, thus,
(2a) does not hold.

2. the new associated Hamiltonian is non-null and there exists a real
number ã non-zero such that the characteristic orbit is associated to
vt1− ãut2 , factor of gr+|t|(u, v). It is easy to see that this factor is trans-
formed in the factor yt1− ã(−1)σ2t1+σ1t2xt2 of hr+|t|(x, y) with the same
multiplicity order. Moreover, such a factor conserves, after making
the indicated change, the multiplicity order as factor of the divergence
of the lowest-degree quasi-homogeneous term of type t. So, the trans-
formed factor verifies (2b) if and only if the original factor also verified
it. In such a case, we apply the described changes in Step 3, checking
conditions (3a) and (3b) for new system and the process continues.

If the orbit is associated to an inner vertex V but it does not lie on the first
quadrant, after reflecting it into the first quadrant, such an orbit continues
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associated to the same vertex V of Newton diagram and from Proposition 9
at least one of conditions (B) or (2b) is not satisfied.

5. Application

We consider system

ẋ = ay3 + cxy2 + gx2y + ex5

ẏ = dy3 + hxy2 + fx4y + bx7, ab(g2 + h2) < 0.
(9)

Its Newton diagram consists of two exterior vertices A = (0, 4) associated
to (ay3, 0)T and E = (8, 0) associated to vector field (0, bx7)T and an inner
vertex C = (2, 2) associated to (gx2y, hxy2)T .

Figure 2: Newton diagram of system (9)

We observe that all vertices have even coordinates and ab < 0, therefore
the system satisfies conditions (A) and (B) of Proposition 1. The Newton
diagram has two edges, one associated to the type t = (1, 1) and other of
type s = (1, 3). Figure 2 shows its Newton diagram and the conservative and
dissipative parts of least degree.

We denote by ∆1 and ∆2 the discriminants of polynomials h
(1,1)
4 and h

(1,3)
8 ,

that is

∆1 = (d− c)2 + 4a(h− g),

∆2 = (f − 3e)2 − 4b(h− 3g).

According to their signs, both polynomials will have different factors. Specif-
ically, they will have double factors if their discriminants are null. Next, we
analyze separately both cases in order to study the existence of characteristic
orbits of (9) associated to their factors.

Proposition 11. We assume that ∆1 = 0 and d 6= c. There are not char-
acteristic orbits of (9) associated to the factor y − d−c

2a
x of h

(1,1)
4 if and only

if
h = d(c−d)

2a
, g = c2−d2

4a
(10)

and one of the following conditions is verified:

i. (3d− c)(e− f) > 0, (3d− c)(c− d) < 0,

ii. c = 3d, d(e− f) < 0,

iii. e = f, 4e2 ≤ (c− d)(5d− c)b/a.

Proof. If ∆1 = 0 and d 6= c, polynomial y − d−c
2a
x is a factor of h

(1,1)
4 with

multiplicity order two. It is not a strong factor if it is a simple factor of
µ
(1,1)
2 . So, (10) holds. Following the monodromy algorithm, we perform the

blow-up
x = u, y = u(ȳ + d−c

2a
), dt = 1

u2
dτ.

The system is transformed into

u′ = d(d−c)
2a

ȳu+ 3d−c
2
ȳ2u+ aȳ3u+ eu3,

ȳ′ = −aȳ4 + (c− d)ȳ3 − 1
4a

(d− c)2ȳ2 + (f − e)ȳu2

+bu4 + 1
2a

(c− d)(e− f)u2. (11)

The Newton diagram of (11) has an inner vertex Ṽ0 = (1, 2) associated to

(d(d−c)
2a

uȳ,− (c−d)2
4a

ȳ2)T and an exterior vertex. If e 6= f the exterior vertex is

Ṽ1 = (3, 0), associated to (0, 1
2a

(e − f)(c − d)u2)T , and if e = f the exterior

vertex is Ṽ2 = (5, 0) associated to the vector field (0, bu4)T .
So, Newton diagram of (11) has a unbounded vertical edge of type (1, 0)
whose hamiltonian is

h̃
(1,0)
1 (u, ȳ) = uȳ2[− 1

4a
(c− d)2 + (c− d)ȳ − aȳ2].

First, we suppose that f 6= e. In such a case, the bounded edge of Newton
diagram of (11) is of type (1, 1) and its associated hamiltonian is

h̃
(1,1)
3 (u, ȳ) = 1

12a
(c− d)u[(3d− c)ȳ2 + 2(e− f)u2].

We assume that c 6= 3d. Thus, βṼ0 = − 1
48a2

(c− d)3(3d− c).
If (3d − c)(e − f) < 0, there are characteristic orbits of (11) since h̃

(1,1)
3 has

simple factors. If (3d − c)(e − f) > 0, there are not non-trivial factors.
Moreover, if (c− d)(3d− c) < 0, then βṼ0 > 0 and hence there are not char-
acteristic orbits different from u = 0; otherwise, there exists a characteristic
orbit associated to Ṽ0.
We now assume that c = 3d. Thus, h̃

(1,1)
3 = 1

3a
d(e− f)u3 and βṼ0 = − d3

3a2
(e−

f).

11



So, if d(e − f) > 0 there are not characteristic orbits; otherwise, there is a
characteristic orbit associated to the vertex Ṽ0.

On the other hand, if e = f, the bounded edge of Newton diagram of (11)
is of type (1, 2) and its associated hamiltonian is

h̃
(1,2)
5 (u, ȳ) = u

5
[ 1
4a

(5d− c)(c− d)ȳ2 − 2eu2ȳ + bu4].

The discriminant of h̃
(1,2)
5 is ∆ = 4e2− (c− d)(5d− c)b/a. We distinguish the

following cases:
If ∆ > 0, the polynomial has simple factors and therefore there are charac-
teristic orbits of system (11).
If ∆ < 0 (that is, (c− d)(5d− c) < 0), then βṼ0 = − 1

80a2
(c− d)3(5d− c) > 0,

therefore there is not any characteristic orbit.
If ∆ = 0 and e 6= 0, then (c− d)(5d− c) < 0 and by reasoning a similar

way, we deduce that there is not any characteristic orbit.
Last, if ∆ = 0 and e = 0, then h̃

(1,2)
5 = b

5
u5 and thus βṼ0 = − b

20a
(c− d)2,

i.e. there is not any characteristic orbit different from u = 0.

Proposition 12. We assume that ∆2 = 0 and f 6= 3e. There are not char-
acteristic orbits of (9) associated to the factor y+ 2b

f−3ex
3 of h

(1,3)
8 if and only

if
h = f2−9e2

4b
, g = e(f−3e)

2b
(12)

and one of the following conditions is verified:

i. (d− 3c)(f − 5e) < 0, (f − 3e)(f − 5e) > 0, ii. f = 5e, e(d− 3c) < 0.

Proof. As ∆2 = 0 and f 6= 3e, then y + 2b
f−3ex

3 is a double factor of h
(1,3)
8 .

Therefore, it will not be a strong factor if it is a simple factor of µ
(1,3)
4 .

Imposing these conditions, (12) holds.
In order to establish if characteristic orbits of (9) associated to such a

factor exist, we do the blow-up change

x = u, y = u3(ȳ − 2b
f−3e), dt = 1

u4
dτ

which transforms system (9) into

u′ = e(f−3e)
2b

uȳ + 4cb2

(f−3e)2u
3 − 4cb

f−3eu
3ȳ + cu3ȳ2 − 8ab3

(f−3e)3u
5

12



+ 12ab2

(f−3e)2u
5ȳ − 6ab

f−3eu
5ȳ2 + au5ȳ3,

ȳ′ = (f−3e)2
4b

ȳ2 − 8b3(d−3c)
(f−3e)3 u

2 + 12b2(d−3c)
(f−3e)2 u2ȳ − 6b(d−3c)

f−3e u2ȳ2

− 48ab4

(f−3e)4u
4 + (d− 3c)u2ȳ3 + 96ab3

(f−3e)3u
4ȳ − 72ab2

(f−3e)2u
4ȳ2

+ 24ab
f−3eu

4ȳ3 − 3au4ȳ4. (13)

We suppose that d − 3c 6= 0. The Newton diagram of (13) has an inner

vertex V̂0 = (1, 2) associated to ( e(f−3e)
2b

uȳ, (f−3e)
2

4b
ȳ2)T , an exterior vertex

V̂1 = (3, 0) associated to (0,−8b3(d−3c)
(f−3e)3 u

2)T and one edge of type t = (1, 1)
whose hamiltonian is

ĥ
(1,1)
3 (u, ȳ) = f−3e

4b
u
[
(f − 5e)ȳ2 − 32b4(d−3c)

(f−3e)4 u2
]

whose multiple factors can be only trivial factors. So, if (d− 3c)(f − 5e) > 0
there are characteristic orbits of the origin different from u = 0 since there

are simple factors; if (d − 3c)(f − 5e) < 0 and βV̂0 = (f−3e)3(f−5e)
16b2

> 0 there

are not characteristic orbits associated to the factor y+ 2b
f−3ex

3; and if f = 5e

and βV̂0 = −16b2(d−3c)
f−3e > 0, i.e. e(d − 3c) < 0, there are no characteristic

orbits associated either.
On the other hand, if d = 3c, Newton diagram of (13) has an inner

vertex V̂0 = (1, 2) associated to ( e(f−3e)
2b

uȳ, (f−3e)
2

4b
ȳ2)T , an exterior vertex

V̂1 = (5, 0) associated to (0,− 48ab4

(f−3e)4u
4)T and one edge of type t = (1, 2)

whose hamiltonian is

ĥ
(1,2)
5 (u, ȳ) = 1

5
u
[
(f−3e)(f−7e)

4b
ȳ2 − 8cb2

(f−3e)2u
2ȳ + 48ab4

(f−3e)4u
4
]
.

Let ∆ = 16b4

(f−3e)4
[
c2 − 3a

4b
(f − 3e)(f − 7e)

]
, discriminant of ĥ

(1,2)
5 . We dis-

tinguish the following cases, separately:
Case ∆ > 0. In this case there are characteristic orbits associated to the
factor y + 2b

f−3ex
3.

Case ∆ < 0. As ab < 0, then it must be (f − 3e)(f − 7e) < 0, and hence

βV̂0 = (f−3e)3(f−7e)
80b2

< 0. It follows that there are characteristic orbits associ-

ated to the factor y + 2b
f−3ex

3.

Case f = 7e and ∆ = 0. Thus, c = 0; in such a case, ĥ
(1,2)
5 has only a factor,

u. Moreover, βV̂0 = 12ab3

(f−3e)2 < 0, i.e. there are characteristic orbits associated

to the factor y + 2b
f−3ex

3.

13



Case ∆ = 0 and (f − 7e) 6= 0. It has that (f − 7e)(f − 3e) = 4bc2

3a
< 0,

that is, βV̂0 = (f−3e)3(f−7e)
80b2

< 0. So, it has that there are characteristic orbits

associated to the factor y + 2b
f−3ex

3.

Theorem 13. The origin of system (9) with ab(g2 +h2) < 0 is monodromic
if and only if one of the following conditions holds:
(a) (h− g)(h− 3g) > 0, (d− c)2 + 4a(h− g) < 0, (f − 3e)2− 4b(h− 3g) < 0.
(b) h = g, d = c, (f − 3e)2 + 8bg < 0.
(c) h = g, d = c, f = −e, 2e2 + bg = 0, ce < 0.
(d) h = 3g, f = 3e, (d− c)2 + 8ag < 0

(e) h = (f+3e)(f−3e)
4b

, g = e(f−3e)
2b

, (d− c)2 + a
b
(f −3e)(f + e) < 0, (d−3c)(f −

5e) < 0, (f + e)(f − 5e) > 0.
(f) h = 4e2

b
, g = e2

b
,f = 5e, (d− c)2 + 12e2 a

b
< 0, e(d− 3c) < 0.

(g) d = −3c, h = −6c2/a, g = −2c2/a, f = 3e, ec > 0.
(h) d = −3c, h = −6c2/a, g = −2c2/a, e = f = 0, c 6= 0.
(i) (3d−c)(e−f) > 0, (3d−c)(3c+d) < 0, (f−3e)2+(c−d)(d+3c)b/a < 0,
and (10).
(j) 2d2 = 2ha = ga, c = 3d, d(e− f) < 0, (f − 3e)2 + 20d2b/a < 0.
(k) e = f, 4e2 ≤ (c− d)(5d− c)b/a, 4e2 + (c− d)(d+ 3c)b/a < 0, and (10).
(l) f = 5e, d = −2c, ec > 0, hb = 4gb = 4e2, 3c2b+ 4e2a = 0.
(m) (f + e)(f − 5e) > 0, (3c + d)(c − 3d) > 0, (c − 3d)(f − e) > 0, (3c −
d)(f − 5e) > 0 and (10) and (12).
(n) c = 3d, f = −2e, de < 0, ag = 2ah = 2d2.

Proof. If ∆1 > 0 or ∆2 > 0, the system has strong factors associated to
h
(1,1)
4 or to h

(1,3)
8 . If (h− g)(h− 3g) < 0, then βV1 = (h−g)(h−3g)

32
< 0 and thus

there is a characteristic orbit associated to V1. Therefore, in both cases, the
origin is not monodromic.

So, without loss of generality, we can assume that ∆1 ≤ 0, ∆2 ≤ 0 and
(h− g)(h− 3g) ≥ 0.

Next, we analyze all the possibilities:
(1) If ∆1 < 0, ∆2 < 0 and (h − g)(h − 3g) > 0, applying the algorithm, it
has that the origin of system (9) is monodromic (case (a)).
(2) If h = g, as ∆1 = (d − c)2 ≤ 0, then ∆1 = 0; that is, d = c. So,

h
(1,1)
4 (x, y) = −a

4
y4 does not have non-trivial factors. Moreover, ∆2 =

(f − 3e)2 + 8bg and βV1 = ag
16
6= 0.

14



We now differentiate two cases:
(2.i) If ∆2 = (f − 3e)2 + 8bg < 0, then bg < 0 and therefore βV1 > 0 since
ab < 0. Thus, the origin is monodromic (case (b)).
(2.ii) If ∆2 = 0 (in such a case, f − 3e 6= 0), then y + 2b

f−3ex
3 is a factor of

h
(1,3)
8 with multiplicity order two. From Proposition 12 the conditions h = g

and d = c arrive to f = −e and ce < 0 (case (c)).
(3) If h = 3g, as ∆2 = (f − 3e)2 ≤ 0, then ∆2 = 0 and f = 3e. In

this case, h
(1,3)
8 = b

8
x8, i.e. it does not have non-trivial factors. Moreover,

∆1 = (d − c)2 + 8ag and βV1 = bg
16
6= 0. Reasoning in a similar way, we

distinguish two cases:
(3.i) If ∆1 = (d − c)2 + 8ag < 0, then ag < 0 and therefore βV1 > 0 since
ab < 0. Thus, the origin is monodromic (case (d)).
(3.ii) If ∆1 = 0 (in such a case, d− c 6= 0), then y + d−c

2b
x is a double factor

of h
(1,1)
4 . Applying Proposition 11, it has that h = 3g = −6c2/a, d = −3c

and ec > 0 (case (g)) or e = f = 0, c 6= 0 (case (h)).
(4) If (h − g)(h − 3g) > 0, ∆1 < 0 and ∆2 = 0, the conditions h − 3g 6= 0

and ∆2 = 0 arrive to f − 3e 6= 0. So, y + 2b
f−3ex

3 is a double factor of h
(1,3)
8 .

If f 6= 5e, from Proposition 12 it has that for that the system does not have
characteristic orbits associated to this factor, it must hold (12), (d− 3c)(f −
5e) < 0, (f − 3e)(f − 5e) > 0. So, condition (h− g)(h− 3g) > 0 is equivalent
to (f − 3e)(f + e) > 0. And the two conditions (f − 3e)(f − 5e) > 0 and
(f − 3e)(f + e) > 0 arrive to (f + e)(f − 5e) > 0 (case (e)). And if f = 5e,
from Proposition 12, the system must hold h = 4e2

b
, g = e2

b
and e(d−3c) < 0,

(case (f)).
(5) If (h− g)(h− 3g) > 0, ∆2 < 0 and ∆1 = 0, since h− g 6= 0 and ∆1 = 0,

then d− c 6= 0. Thus, y− d−c
2b
x is a double factor of h

(1,1)
4 . From Proposition

11 if the system does not have characteristic orbits associated to this factor,
then (10) holds, hence (h−g)(h−3g) > 0 implies (c−d)(d+3c) > 0. On the
other hand, since the system does not have characteristic orbits associated
to the factor y− d−c

2b
x, applying Proposition 11, the series of conditions lead

to cases (i), (j) and (k).
(6) We suppose that (h− g)(h− 3g) > 0, ∆2 = 0 and ∆1 = 0.
It is easy to check that d 6= c and f 6= 3e, since otherwise h = g or h = 3g.
Therefore, applying Propositions 11 and 12, system satisfies (10) and (12).
By (10) and (12), condition (h− g)(h− 3g) > 0 becomes (c− d)(d+ 3c) > 0
and (f + e)(f − 3e) > 0.
We suppose that f = 5e. By (10) and (12), d = −2c, from Proposition 12

15



case ii and Proposition 11 case i, we get case (l). We note that conditions
given by Proposition 11 cases ii and iii lead to c = d = 0 and e = f = 0,
respectively.
If f 6= 5e, so that the origin be monodromic, the system also must hold
(d− 3c)(f − 5e) < 0 and (f − 3e)(f − 5e) > 0, Proposition 12 case i.
From Proposition 11 case i and case ii, we obtain cases (m) and (n), respec-
tively.
Lastly, Proposition 11 case iii does not hold, otherwise f = e, i.e. (f+e)(f−
3e) < 0 and this is a contradiction.

Acknowledgments. This work has been partially supported by Ministerio
de Educación y Ciencia, Plan Nacional I+D+I co-financed with FEDER
funds, in the frame of the projects MTM2007-64193 and MTM2010-20907-
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