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a b s t r a c t

For perturbations of integrable non-Hamiltonian quasi-homogeneous planar vector
field whose origin is a non-degenerate singular point, orbital linearization and
analytic integrability are equivalent. We show a class of analytically integrable
vector fields whose origin is a degenerate singular point which is orbitally
equivalent to a semi-quasi-homogeneous system, that is, it is not orbital equivalent
to its lowest-degree quasi-homogeneous term.
© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

We are interested in studying the local analytical integrability of a planar differential system, and so we
study the problem of determining whether a differential system is locally orbitally equivalent to the leading
term of its quasi-homogeneous expansion. We recall that a quasi-homogeneous expansion is a expansion
in quasi-homogeneous polynomials also called weight-homogeneous polynomials [21], see also the definition
in Section 2. It is known that the planar differential systems that are integrable and non-Hamiltonian are
C1 orbitally equivalent to a linear differential system in a full Lebesgue measure subset of the domain of
efinition of the differential system, in general, not containing the singular points and other curves of zero
easure, see [20]. The result was generalized to n-dimensional systems in [23]. Moreover considering the

ocal integrability, by the flow box theorem [14, Cauchy–Arnold Theorem], the differential systems are locally
nalytically integrable around a regular point.

For a differential system at certain singular point (we can assume the origin) the problem remains open.
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Let us do now a more detailed review of the works related to this problem. An analytic differential system

ẋ = dx/dt = Fn(x) + h.o.t. (1.1)

and with Fn(x) a homogeneous polynomial vector field of degree n, is homogenizable if it is orbitally
quivalent to its leading homogeneous part Fn(x) where h.o.t. are higher order terms. In the case that
= 1 we say that is linearizable. More specifically, by means of a near-identity change of variable x = ϕ(y)

and a formal rescaling of the time dt/dτ = η(x), with η(0) = 1, system (1.1) is transformed into
y′ = dy/dτ = Fn(y). This definition is also known as orbitally linearizable and it is studied its relation
with the Lie symmetries and the generalization to Rn differential systems, see [17–20,26].

For F1 ̸= 0 and if the origin is an isolated singular point of F1, the nodes and saddle–nodes points are not
analytically integrable and the nondegenerate monodromic singular points and the saddle singular points are
local analytically integrable if, and only if, they are linearizable, see for instance [22,27]. Several methods
are proposed by different authors to compute necessary and sufficient conditions of analytic integrability for
such singular points, see for instance [15,16,25].

If F1 is zero and F2 non-zero (or F1 = F2 = 0 and F3 non-zero) and assuming that the origin is an isolated
singular point of F2 (or F3, respectively) it has been proved that system (1.1) is analytically integrable if,
and only if, it is homogenizable, see [1,8,10,11]. Nevertheless this result is false for n ≥ 4.

For systems having a nilpotent singular point, we have a similar result. They are analytically integrable
if, and only if, its leading quasi-homogeneous term is integrable and the vector field is orbital equivalent to
this leading term (in such a case, we say that the system is quasi-homogenizable), see [2,6,7].

For systems whose leading quasi-homogeneous term is Hamiltonian, Algaba et al. [4] prove that are
analytically integrable if, and only if, are orbitally equivalent to a Hamiltonian system and, therefore, in
general, they are not quasi-homogenizable. For instance, Theorem 3.20 of [8] provides a Hamiltonian system
sum of quartic and quintic homogeneous terms that is analytically integrable and not homogenizable. In [1,5]
more families of systems non-orbitally equivalent to their leading term are presented. Indeed the family in [5]
is not orbitally equivalent to its quasi-homogeneous leading term. However in all these systems the leading
quasi-homogeneous term is Hamiltonian.

In this work we present a wide family of analytically integrable systems, whose leading quasi-homogeneous
term is non-Hamiltonian, which are orbitally equivalent to a semi-quasi-homogeneous system (sum of two
quasi-homogeneous terms), and not orbitally equivalent to its leading quasi-homogeneous term. Concretely,
we prove that the analytic systems whose quasi-homogeneous expansion respect of the type t = (2, 3) is

ẋ = −4y3 + 2dx3y + · · · , ẏ = −6x5 + 3dx2y2 + · · · , (1.2)

are analytically integrable if and only if they are orbitally equivalent to a semi-quasi-homogeneous system
(which has been conveniently chosen)

ẋ = −4y3 + 2dx3y + 14(d−2)
d+14 β9x4y, ẏ = −6x5 + 3dx2y2 − 7β9x6 + 28(d+2)

d+14 β9x3y2, (1.3)

ith d ∈ Q ∩ (−2, 2) and β9 a real number introduced by Proposition 3.3.
As far as we know, this is the first example of a family of analytically integrable systems, whose leading

erm is non-Hamiltonian, which are not quasi-homogenizable.

. Necessary condition of analytic integrability of systems (1.2)

We introduce some notation and concepts. Given t = (t1, t2) with t1 and t2 natural numbers without
ommon factors, a scalar function f of two variables is a quasi-homogeneous function of type or weight
xponent t and degree j if f(εt1x, εt2y) = εjf(x, y). The vector space of quasi-homogeneous polynomials of
2
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type t and degree j is denoted by Pt
j . A vector field F = (P, Q)T is a quasi-homogeneous vector field of type t

nd degree j if P ∈ Pt
j+t1 and Q ∈ Pt

j+t2 . We denote the vector space of the quasi-homogeneous polynomial
ector fields of type t and degree j by Qt

j . An analytic vector field can be expanded into quasi-homogeneous
erms of type t of successive degrees. Thus, the vector field F can be written in the form

F = Fr + Fr+1 + · · · ,

for some integer r, where Fj = (Pj+t1 , Qj+t2)T ∈ Qt
j and Fr ̸≡ 0.

From [4, Prop. 2.7], every Fr ∈ Qt
r can be uniquely written as Fr = Xh +µDt

0 with h ∈ Pt
r+|t| and µ ∈ Pt

r

where Dt
0 = (t1x, t2y)T ∈ Qt

0 (dissipative quasi-homogeneous vector field) and Xh = (−∂h/∂y, ∂h/∂x)T

Hamiltonian vector field associated to the polynomial h). Throughout the paper, we denote the differential
perator associated to the vector field F by F , that is, F := P∂x + Q∂y.

We recall the concept of invariant curve and its associated cofactor. A function C ∈ C[[x, y]] (algebra of
formal power series in x, y over C), with C(0) = 0, is an invariant curve at the origin of the vector field F,
if there exists K ∈ C[[x, y]], named cofactor of C, such that F (C) = KC. Moreover, if K ≡ 0, the vector
field F is integrable and C is a formal first integral of F.

Here, we study the analytic integrability of the systems (1.2), that is, the systems ẋ = F7 + · · · , F7 =
Xy4−x6 + dx2yDt

0 with d a real number.
A necessary condition of analytic integrability of a vector field is the polynomial integrability of its

lowest-degree quasi-homogeneous term. This fact allows to give the following result.

Proposition 2.1. If system (1.2) is analytically integrable then d is a rational number and |d| < 2. Moreover,
in such a case, if we write d = 2(m2−m1)

m1+m2
with m1, m2 coprime natural numbers, then an analytic primitive

rst integral of system (1.2) is of the form I = (y2 − x3 + · · · )m1(y2 + x3 + · · · )m2 .

Proof. If the system has an analytic first integral, then F7 is polynomially integrable. From [9, Theorem 16]
if the origin of system (1.2) is an isolated singular point and F7 is integrable then for each factor of y4 − x6

(i.e. y2 −x3 and y2 +x3) there exists an unique invariant curve at the origin starting by y2 −x3 and y2 +x3.
By [9, Theorem 17] a primitive first integral is I = (y2 − x3 + · · · )m1(y2 + x3 + · · · )m2 , with m1, m2 coprime
natural numbers. So, a polynomial primitive first integral of F7 is, of existing, IM = (y2 − x3)m1(y2 + x3)m2

with M = 6(m1 + m2). Taking into account that F7(y2 − x3) = 6(d + 2)x2y(y2 − x3) and F7(y2 + x3) =
6(d − 2)x2y(y2 + x3), the equation F7(IM ) = 0 becomes

0 = 6 [m1(d + 2) + m2(d − 2)] (y2 − x3)m1(y2 + x3)m2x2y.

Therefore, d = 2(m2−m1)
m1+m2

. Thus, d is a rational number satisfying |d| < 2. ■

In what follows, to study the analytic integrability problem of system (1.2), without lost of generality by
roposition 2.1, we will deal with the analytic systems whose quasi-homogeneous expansion respect of the

ype t = (2, 3) is

ẋ = F7 + · · · , F7 = Xy4−x6 + dx2yDt
0, d = 2(m2−m1)

m1+m2
∈ Q ∩ (−2, 2), (2.4)

and we will denote by IM = (y2 − x3)m1(y2 + x3)m2 ∈ Pt
M the polynomial first integral of F7 where

= 6(m1 + m2).

. Orbital normal form for systems (2.4)

Here, we will use the following orbital normal form provided by Algaba et al.[6].

3
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Theorem 3.2. Let F = Fr +
∑

j≥1 Fr+j with Fr = Xh + µDt
0 ∈ Qt

r and Fr+j ∈ Qt
r+j. If Ker

(
ℓc

r+j+|t|

)
=

0} for all j ∈ N then F is orbitally equivalent to

G = Fr +
∑
j>0

Gr+j , with Gr+j = Xδr+j+|t| + ηr+jDt
0 ∈ Qt

r+j ,

here δr+j+|t| ∈ Cor
(

ℓc
r+j+|t|

)
, a complementary subspace of the range of the operator ℓc

r+j+|t| : ∆j+|t| −→
r+j+|t| is the linear operator defined by

ℓc
r+j+|t| (δ) = Proy∆r+j+|t|

(Fr − div(Fr)
r+j+|t| D

t
0)(δ) (3.5)

here ∆j+|t| is a complementary subspace to hPt
j−r, and ηr+j ∈ Cor (ℓr+j), a complementary subspace of the

ange of the operator

ℓr+j : Pt
j −→ Pt

r+j (3.6)
pj → Fr(pj).

Next, we apply Theorem 3.2 to obtain an orbital normal form of system (2.4).

roposition 3.3. An orbital normal form of system (2.4) is

ẋ = F7 + µ8Dt
0 + F9 +

∑
j≥10

µjDt
0 (3.7)

ith F7 = Xy4−x6 + dx2yDt
0, F9 = Xβ9(y2−x3)x4 + α9x3yDt

0 and µj ∈ Cor (ℓj).

roof. The linear operator (3.5) for system (2.4) is

ℓc
j+12 : ∆j+5 −→ ∆j+12

pj+5 → Proy∆j+12(Xy4−x6 + dj
j+12 x2yDt

0)(pj+5),

here ∆j+5 is a complementary subspace to hPt
j−7 and h = y4 − x6. We prove that the hypothesis of

heorem 3.2 are satisfied, that is Ker
(
ℓc

j+12
)

= {0} for any j. Indeed, if j = 2, we choose ∆7 = span
{

x2y
}

nd ∆14 = span
{

x7, x4(y2 − x3)
}

. It has that ℓc
14
(
x2y
)

= (d − 14)x7 + dx4(y2 − x3). So, Ker (ℓc
14) = {0}

and we choose Cor (ℓc
14) = span

{
x4(y2 − x3)

}
. For j ̸= 2, both subspaces ∆j+5 and ∆j+12 have dimension

2 and it is easy to check that the associated matrix to the operator ℓc
j+12 is not singular and therefore

Ker
(
ℓc

j+12
)

= {0}. Consequently, Cor
(
ℓc

j+12
)

is also a trivial set.
We obtain an expression of Cor (ℓ9). A basis of Pt

2 is B2 = {x} and a basis of Pt
9 is B9 =

{
x3y, y3}. The

transformed of the basis B2 is ℓ9(x) = 2dx3y − 4y3. So, we can choose Cor (ℓ9) = span
{

x3y
}

. Applying
heorem 3.2, we have the orbital normal form (3.7). ■

The following result is direct.

emma 3.4. If j = kM , the kernel of the operator ℓj+7 is Ker(ℓkM+7) = span
{

Ik
M

}
. Otherwise,

er(ℓj+7) = {0}.

In remark after Proposition 4.8 we will see that the way to choose the expression of the corranges Cor (ℓc
14)

and Cor (ℓ9) will be essential in our study.

The following result provides a cyclicity between the corranges of the operators (3.6) for system (3.7).

4
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Proposition 3.5. Consider system (3.7). Then we can choose a complementary subspace to Range(ℓk+M ),
or k ≥ 7, such that Cor(ℓk+M ) = IM Cor(ℓk).

roof. On the one hand, subspaces Cor(ℓk+M ) and IM Cor(ℓk), have the same dimension since for any
and l̃ it has that dim(Cor(ℓ6l+i)) = dim(Cor(ℓ6l̃+i)) and M = 6(m1 + m2). On the other hand, we see

hat IM Cor(ℓk) ⊂ Cor(ℓk+M ) or equivalently we prove that IM Cor(ℓk) ∩ Range(ℓk+M ) = {0}. Indeed, we
pply reductio ad absurdum. Let pk ∈ Cor (ℓk) \ {0} such that pkIM ∈ Range (ℓk+M ), then there exists
k+M−7 ∈ Pk+M−7 \ {0} such that ℓk+M (pk+M−7) = pkIM , that is, ℓk+M (pk+M−7) is multiple of IM . As
1

(k+M−7)
j > M, j = 1, . . . , m1 − 1 and m2

(k+M−7)
j > M, j = 1, . . . , m2 − 1, by applying Lemma 3.7 we

ave that pk+M−7 ∈ ⟨(y2 − x3)m1⟩ ∩ ⟨(y2 + x3)m2⟩, thus pk+M−7 = pk−7IM with pk−7 ∈ Pk−7 \ {0} and
onsequently

pkIM = F7(pk+M−7) = F7(pk−7IM ) = IM F7(pk−7).

ence pk = F7(pk−7), i.e. pk ∈ Range (ℓk) ∩ Cor (ℓk) which gives a contradiction. Thus, the proof is
ompleted. ■

The following results are used in the proof of above proposition. The first one is [6, Lemma 3.22].

emma 3.6. Let f ∈ Pt
s an irreducible quasi-homogeneous polynomial invariant curve of Fr, Kr ∈ Pt

r

ts cofactor and k, m ∈ N. Assume that the vector fields of Qt
r, (k − js)Fr + jKrDt

0, 0 ≤ j ≤ m − 1, are
rreducible. Then, if Fr(pk) ∈ ⟨fm⟩ with pk ∈ Pt

k, it satisfies that pk ∈ ⟨fm⟩.

We apply Lemma 3.6 for systems (2.4).

emma 3.7. Consider system (2.4). The following statements are satisfied:
a) Assume that M ̸= m1

k
j , j = 1, . . . , m−1 with k ≥ m. Then, if pk ∈ Pt

k such that F7(pk) ∈
⟨
(y2 − x3)m

⟩
,

t has that pk ∈
⟨
(y2 − x3)m

⟩
.

b) Assume that M ̸= m2
k
j , j = 1, . . . , m−1 with k ≥ m. Then, if pk ∈ Pt

k such that F7(pk) ∈
⟨
(y2 + x3)m

⟩
,

it has that pk ∈
⟨
(y2 + x3)m

⟩
.

Proof. We prove the statement (a), the proof of statement (b) is analogous.
The cofactor of y2 −x3 ∈ Pt

6 is K7 = 6(d+2)x2y. The components of the vector field (k −6j)F7 + jK7Dt
0

re
2y[(kd + 12j)x3 + (12j − 2k)y2], 3x2[(12j − 2k)x3 + (kd + 12j)y2].

hese polynomials are coprime if and only if k ̸= 24j
2−d , that is, M ̸= m1

k
j , j = 1, . . . , m−1. From Lemma 3.6,

he result follows. ■

4. Characterization of analytic integrability of system (2.4)

We now provide necessary and sufficient conditions of formally integrability of system (3.7), the orbital
normal form of the system (2.4).

Proposition 4.8. System (2.4) is analytically integrable if, and only if, is orbitally equivalent to system
(3.7) with µ8 = 0 and µi = 0 for all i ≥ 0 and α9 = 8d

d+14 β9. Moreover, in such a case, a first integral of
ystem (3.7) is

J = (y2 − x3)m1(y2 + x3 + 7 β x4)m2 .
d+14 9

5
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Proof. The sufficient condition is trivial since it enough to check that J is a polynomial first integral of
7 + F9 with α9 = 8d

d+14 β9.
ote that from (F7 + F9)(J) = 0, if we write J = JM + JM+2 + · · · + JM+2m2 , we deduce the following

elation
F7(JM ) = 0,
F7(JM+2j) + F9(JM+2(j−1)) = 0, 1 ≤ j ≤ m2,
F9(JM+2m2) = 0.

(4.8)

We are going to necessary condition. Assume that system (3.7) is formally integrable and we distinguish
wo cases:

e suppose that β9 = 0. Denoting µ9 = α9, the vector field associated to system (3.7) is F =
7 +

∑
j>7 µjDt

0, with µj ∈ Cor (ℓj). We assume that not all the µj are zero. Let j0 be defined by
0 = min {j > 7 : µj ̸≡ 0}. A formal first integral of F is of the form I = IM +

∑
j>M Ij with Ij ∈ Pj .

mposing the integrability condition and taking into account that ℓ7+j(pj) = F7(pj) and Dt
0(pj) = jpj with

j ∈ Pt
j , we have

0 = (F (I))j0+M = F7(IM+j0−7) + (µj0Dt
0)(IM )

= ℓM+j0 (IM+j0−7) + Mµj0IM ,

.e. µj0IM ∈ Range (ℓM+j0). But by Proposition 3.5, µj0IM ∈ Cor (ℓM+j0) it which is a contradiction. Thus,
is not formally integrable. Now, we suppose that β9 ̸= 0. From Proposition 2.1, a first integral of F is of

he form I = IM +
∑

i>M Ii with IM = (y2 − x3)m1(y2 + x3)m2 and Ii ∈ Pt
i .

ext, we impose that the equation F (I) = 0 is satisfied degree to degree.
ntegrability condition to degree M + 8 is

0 = (F (I))M+8 = F7(IM+1) + F8(IM ) =

∈Range(ℓM+8)  
F7(IM+1) +

∈Cor(ℓM+8)  
Mµ8IM .

o, on the one hand, µ8IM ∈ Range (ℓM+8) ∩ Cor (ℓM+8) = {0} which implies µ8 = 0. On the other hand,
M+1 ∈ Ker (ℓM+8). From Lemma 3.4, Ker (ℓM+8) = {0} i.e. IM+1 = 0.

Taking into account that y2 − x3 is an invariant curve of system (3.7), we have that I = (y2 −
3)m1(y2 + x3 + c21x2y + (c40x4 + c12xy2) + · · · )m2 . Thus, IM = (y2 − x3)m1(y2 + x3)m2 , IM+1 =
2(y2 − x3)m1(y2 + x3)m2−1c21x2y. From IM+1 = 0 we have that c21 = 0. Moreover, IM+2 = m2(y2 −

3)m1(y2 + x3)m2−1(c40x4 + c12xy2).
The integrability condition for degree M + 9 is F7(IM+2) + F9(IM ) = 0. Expanding the condition, we

ave that F7(IM+2) + F9(IM ) = 2
m1+m2

y(y2 − x3)m1(y2 + x3)m2−1A(x, y) = 0 with

A(x, y) =
[
3(m1 + m2)2α9 + 2(m1 + m2)(2m1 − 5m2)β9 − 6c12m2(m1 + m2)

+4m2(m1 + 2m2)c40] x6

− 2c12m2(m1 + m2)x3y2

+
[
3(m1 + m2)2α9 + 4(m1 + m2)2β9 + 4m2(m1 + 2m2)c12 − 8m2(m1 + m2)c40

]
y4.

olving the equation and taking into account that m2
m1

= 2+d
2−d , we have that

c12 = 0, c40 = 7
d+14 β9, α9 = 8d

d+14 β9.

e denote F̂9 = Xβ9(y2−x3)x4 + 8d
d+14 β9x3yDt

0. The analytic first integrals of F7 + F̂9 are I = Ψ(J) =
+ a2J2 + a3J3 + · · · with Ψ any analytic function with Ψ(0) = 1. Thus

F (Ψ(J) ) + F̂ (Ψ(J) ) = 0, ∀N ≥ M. (4.9)
7 N+2 9 N

6
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We now prove that µi = 0 for all i > 9. Otherwise, let j0 = min {i > 9 : µi ̸= 0}.
e suppose that F∗ = F7+F̂9+µj0Dt

0+· · · is analytically integrable, satisfying J j0−1F∗ = J j0−1(F7+F̂9),
here J kF denotes the k-jet quasi-homogeneous of F, then there exists a first integral I∗ of F∗, such that

J j0−M−8I∗ = J j0−M−8(Ψ(J)),
J j0−M−7I∗ = J j0−M−8(Ψ(J)) + I∗

j0−M−7,

and J j0+M−7I∗ is a first integral of F7 + F̂9 up to order j0 + M − 1. Moreover

F7
(
I∗

j0+M−7
)

+ F̂9 (Ψ(J)j0+M−9) + µj0D0(IM ) = 0.

From (4.9), we have that F̂9 (Ψ(J)j0+M−9) = −F7 (Ψ(J)j0+M−7). So,

∈Range(ℓj0+M )  
F7
(
I∗

j0+M−7 − Ψ(J)j0+M−7
)

+

∈Cor(ℓj0+M )  
MIM µj0 = 0.

herefore, µj0 = 0 and we arrive to contradiction. ■

emark. The choosing of an appropriate expression of ∆14 and Cor (ℓ9) is the key of our research.
n the one hand, if the vector field F9 does not have any polynomial first integral, for example F9 =
β∗

9 x4y2 + α∗
9y3Dt

0, then F7 + F9 is not polynomially integrable. Then in order that the normal form (3.7)
e integrable some term µj must be non-zero. On the another hand, F9 it must be in such a way that the

vector field F7 + F9 has a polynomial first integral. Taking into account these considerations and as the
invariant curves of F7 are y2 − x3 and y2 + x3, we choose an expression of ∆14 such that F9 has at least one
of them as invariant curve, for example ∆14 = span

{
x4(y2 − x3)

}
, i.e. F9 = Xβ9x4(y2−x3) + µ9Dt

0. Last
on, we have chosen Cor (ℓ9) = span

{
x3y
}

so that F9 is polynomially integrable.

We give the main result of our study.

Theorem 4.9. The vector field F, associated vector field to system (2.4), is analytically integrable if, and
only if, it is orbitally equivalent to F7 + F̂9 where F̂9 = Xβ9(y2−x3)x4 + 8d

d+14 β9x3yDt
0.

Proof. We prove the necessity. We assume that F is analytically integrable. From Proposition 3.3,
system (2.4) is orbitally equivalent to (3.7) and therefore system (3.7) is formally integrable. Applying
Proposition 4.8, we have that system (3.7) is F7 + F̂9. We see the sufficient condition. We assume that
F is orbitally equivalent to F7 + F̂9. From Proposition 4.8, J = (y2 − x3)m1(y2 + x3 + c4,0x4)m2 with

4,0 = 7
d+14 β9, is a polynomial first integral of F7 + F̂9. So, I = (y2 − x3 + · · · )m1(y2 + x3 + · · · )m2 is a

ormal first integral of F. By [24, Theorem A], F has also an analytic first integral, see also [25]. ■

Remark. The first integral I = (y2 − x3)m1(y2 + x3 + ax4)m2 can be deduced using the theory of
singularities [12,13], but from this information we cannot deduce system (3.7), the system that allows to
construct an algorithm for the computations of the necessary conditions of integrability of system (2.4)
which is the objective of this work.

5. Applications

We illustrate our techniques, studying the analytic integrability of two semi-quasihomogeneous families
(2.4) for d = − 2

3 , i.e. m1 = 2, m2 = 1.
he coefficients of the normal form (3.7) of the systems have been obtained following the procedure given

n [3].

7
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Theorem 5.10. The system(
ẋ

ẏ

)
=
(

−4y3 − 4
3 x3y + a41x4y + a13xy3

−6x5 − 2x2y2 + b60x6 + b32x3y2 + b04y4

)
. (5.10)

is analytically integrable if, and only if, one of the following conditions is satisfied:
(i) b60 − 3b32 + b04 = a13 − 2b32 = 3a41 − 2b32 = 0,
(ii) 16b60 − 22b32 + 55b04 = a13 + 3b04 = 8a41 + 2b32 + 11b04 = 0,
(iii) 2b60 + 5b32 + 35b04 = a13 + 6b04 = a41 + b32 + 5b04 = 0,
(iv) 12b32 − 5b04 = 36b60 − 7b04 = 2a13 − b04 = 6a41 − b04 = 0,
(v) 3b32 + b04 = 9b60 + 20b04 = a13 + 2b04 = 3a41 + 2b04 = 0.

Proof. System (5.10) is a system (2.4), ẋ = F(x) with d = − 2
3 and F = F7 + F9.

We prove the necessary condition of analytic integrability provided by Theorem 4.9. As F has only odd
erms, a normal form (3.7) of system (5.10) is(

ẋ

ẏ

)
=
(

−4y3 − 4
3 x3y

−6x5 − 2x2y2

)
+ Xβ9x4(y2−x3) + α9x3yDt

0

+ α11x4yDt
0 + α15x6yDt

0 + α17x7yDt
0 + α19x8yDt

0 + · · ·

Following the decomposition given in [6], we do the following re-parameterization of the constants of the
system

a41 = 2(d31 − c42 − 2
3 λ01), a13 = 2(d03 − 2λ01),

b60 = 7c70 − 6λ01, b32 = 4c42 + 3d31 − 2λ01,
b04 = 3d03.

The coefficients α9 and β9 are α9 = d31 − 4
11 c70 − 1

3 d03 and β9 = 1
22 (21c42 − c70). Applying Theorem 4.9,

the first integrability condition is α9 + 2
5 β9 = 0, i.e.

d31 = 21
55 c70 + 1

3 d03 − 1
55 c42.

or this value of d31, it has that, up to multiply by a constant,

α11 = −3c70(44λ01 − 550d03 + 315c70) + c42(945c42 + 1012λ01 − 4070d03).

We consider the following cases:
• Assume c42 = 0. If c70 = 0, system (5.10) is case (i).

therwise, c70 ̸= 0 and λ01 = − 315
44 c70 + 550

44 d03. In such a case, it has that α15 and α17 are simultaneously
on-zero.
Assume c42 ̸= 0, c70 = 0. So, α11 = 0 if λ01 = − 945

1012 c42 + 185
46 d03. In such a case, it has that α15 and α17

re not zero simultaneously.
Assume c42c70 ̸= 0. Then the coefficient α11 is zero if, and only if, there exists ρ such that

945c42 + 1012λ01 − 4070d03 = 3ρc70,

44λ01 − 550d03 + 315c70 = ρc42.

olving with respect to d03 and λ01, it has that

d03 = 1
8580 ((3ρ + 7245)c70 − (23ρ + 945)c42) ,

λ = 1 ((15ρ + 11655)c − (37ρ + 4725)c ) .
01 3432 70 42

8
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O
r

F
F
F

For these values, it has that α15 = (c42 − c70)(c42 + c70)Q3(ρ, c70, c42), where Q3(ρ, c70, c42) is a polynomial
in ρ, c70, c42 of degree three in ρ. If c42 = c70. System (5.10) is case (ii). If c42 = −c70. System (5.10) is case
(iii). Otherwise, (c42 − c70)(c42 + c70) ̸= 0 and Q3(ρ, c70, c42) = 0. It has that

α17 = (c42 − c70)(c42 + c70)Q4(ρ, c70, c42)
α19 = (c42 − c70)(c42 + c70)Q6(ρ, c70, c42)

where Q4(ρ, c70, c42) and Q6(ρ, c70, c42) are polynomials in ρ, c70, c42 of degree 4 and 6 in ρ, respectively.
Both resultants of Q3(ρ, c70, c42) and Q4(ρ, c70, c42) and Q3(ρ, c70, c42) and Q6(ρ, c70, c42) with respect to
c42 are

c6
70(ρ + 6783)(ρ + 777)R15(ρ), c10

70(ρ + 6783)(ρ + 777)R25(ρ),

where R15(ρ), R25(ρ) are polynomials in ρ of degree 15 and 25 respectively. We distinguish the following
cases:
Assume ρ = −6783. In this case,

α11 =
̸=0  

(c42 − c70)(c42 + c70) (8c42 − 3c70)(29593c42 − 10293c70).

If c42 = 3
8 c70, system (5.10) is case (iv). If c42 = 10293

29593 c70, it has that α15 ̸= 0.
Assume ρ = −777. In this case,

α15 =
̸=0  

(c42 − c70)(c42 + c70) (8c42 − 3c70)(1387c42 − 87c70).

If c42 = 3
8 c70, system (5.10) is case (v). If c42 = 87

1387 c70, it has that α11 ̸= 0.
therwise, (ρ + 6783)(ρ + 777) ̸= 0, we check that the resultant of the polynomials R15(ρ) and R25(ρ) with

espect to ρ is non-null.
To prove the sufficiency we provide an analytic first integral for each case of Theorem 5.10.

or the case (i) with b32 ̸= 0, a first integral is I = (x3 − y2)2(x3 + y2)(b32x − 2)
−3b04

b32 .
or the case (i) with b32 = 0, a first integral is I = (x3 − y2)2(x3 + y2)e 3

2 b04x.
or the case (ii) a first integral is I = (x3 + y2)(32x3 − 32y2 + 15b04x4 − 6b32x4 − 24b04xy2)2.

For case (iii) a first integral is I = (x3 − y2)2(8x3 + 8y2 + 21b04x4 + 3b32x4 + 12b04xy2).
For case (iv) a first integral is I = (24x3 − 24y2 − b04x4)2(48x3 + 48y2 − b04x4)(b04x − 8)−12.
Finally, for case (v), a first integral is I = (12x3+12y2+5b04x4+6b04xy2)(6x3−6y2+2b04x4−3b04xy2)2. ■

Theorem 5.11. The system (
ẋ

ẏ

)
=
(

−4y3 − 4
3 x3y + a50x5 + a22x2y2

−6x5 − 2x2y2 + b41x4y + b13xy3

)
. (5.11)

is analytically integrable if, and only if, one of the following conditions is satisfied:
(i) 2b41 + 7a50 = 2a50 + b13 = a22 − 2a50 = 0,
(ii) b41 + 8a50 = b13 − 2a50 = a22 + 5a50 = 0.

Proof. System (5.11) is ẋ = F7 + F8 with

F7 = Xy4−x6 − 2
3 x2yDt

0, F8 =
(

a50x5 + a22x2y2

b x4y + b xy3

)
.

41 13
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We prove the necessary condition. A normal form of system (5.11) is

ẋ = F7 +
(

α
(1)
8 x4 + α

(2)
8 xy2

)
Dt

0 + Xβ9x4(y2−x3) + α9x3yDt
0 + · · ·

The first coefficients are

α
(1)
8 = 1

760 (293a50 + 58b41 − 27a22 + 18b13),
α

(2)
8 = 1

190 (29a22 + 44b13 + 9a50 − 6b41).

mposing α
(1)
8 = α

(2)
8 = 0, we have that b13 = − 6

7 a50 − 4
7 a22 and b41 = 9

14 a22 − 67
14 a50.

or these values, α9 and β9 are

α9 = 1
60368 (757a2

22 + 2502a22a50 − 8571a2
50)

β9 = 1
120736 (−3911a2

22 − 12888a22a50 + 44115a2
50).

o, by Theorem 4.9, if system (5.11) has an analytic first integral then α9+ 2
5 β9 = − 9

21560 (−2a50+a22)(5a50+
22) is zero.
f −2a50 + a22 = 0 we obtain the case (i). If 5a50 + a22 = 0 we have the case (ii).
o prove the sufficiency, we provide an analytic first integral for each family.
or the case (i), an analytic first integral is I = (x3 + y2)(8x3 − 8y2 − 3b13x2y)2.

For the case (ii), an analytic first integral is I = (x3 − y2)2(4x3 + 4y2 + 3b13x2y). ■
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[11] A. Algaba, C. Garćıa, M. Reyes, Analytically integrable centers of perturbations of cubic homogeneous, Qual. Theory

Dyn. Syst. 20 (2) (2021) 17, Paper No. 43.

10

http://refhub.elsevier.com/S0362-546X(23)00096-2/sb1
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb1
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb1
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb2
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb2
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb2
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb3
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb3
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb3
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb4
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb4
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb4
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb5
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb5
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb5
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb6
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb6
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb6
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb7
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb7
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb7
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb8
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb8
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb8
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb9
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb9
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb9
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb10
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb10
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb10
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb11
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb11
http://refhub.elsevier.com/S0362-546X(23)00096-2/sb11


A. Algaba, C. García, M. Reyes et al. Nonlinear Analysis 234 (2023) 113304
[12] V.I. Arnold, Normal forms of functions in neighborhoods of non-degenerate critical points, Russian Math. Surveys 29
(1974) 10–50.

[13] V.I. Arnold, A.N. Varchenko, S.M. Gusein-Zade, Singularities of Differentiable Mappings, in: Monographs in
Mathematics, vols. 82, 83, Birkhäuser, Boston, 1985, 1988.
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[15] B. Ferčec, J. Giné, A blow-up method to prove formal integrability for some planar differential systems, J. Appl. Anal.

Comput. 8 (6) (2018) 1833–1850.
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