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1. Introduction

We are interested in studying the local analytical integrability of a planar differential system, and so we
study the problem of determining whether a differential system is locally orbitally equivalent to the leading
term of its quasi-homogeneous expansion. We recall that a quasi-homogeneous expansion is a expansion
in quasi-homogeneous polynomials also called weight-homogeneous polynomials [21], see also the definition
in Section 2. It is known that the planar differential systems that are integrable and non-Hamiltonian are
C! orbitally equivalent to a linear differential system in a full Lebesgue measure subset of the domain of
definition of the differential system, in general, not containing the singular points and other curves of zero
measure, see [20]. The result was generalized to n-dimensional systems in [23]. Moreover considering the
local integrability, by the flow box theorem [14, Cauchy—Arnold Theorem], the differential systems are locally
analytically integrable around a regular point.

For a differential system at certain singular point (we can assume the origin) the problem remains open.
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Let us do now a more detailed review of the works related to this problem. An analytic differential system
x = dx/dt = F,(x) 4+ h.o.t. (1.1)

and with F, (x) a homogeneous polynomial vector field of degree n, is homogenizable if it is orbitally
equivalent to its leading homogeneous part F, (x) where h.o.t. are higher order terms. In the case that
n = 1 we say that is linearizable. More specifically, by means of a near-identity change of variable x = ¢(y)
and a formal rescaling of the time dt/dr = n(x), with n(0) = 1, system (1.1) is transformed into
y' = dy/dr = F,(y). This definition is also known as orbitally linearizable and it is studied its relation
with the Lie symmetries and the generalization to R™ differential systems, see [17-20,26].

For F; # 0 and if the origin is an isolated singular point of F';, the nodes and saddle-nodes points are not
analytically integrable and the nondegenerate monodromic singular points and the saddle singular points are
local analytically integrable if, and only if, they are linearizable, see for instance [22,27]. Several methods
are proposed by different authors to compute necessary and sufficient conditions of analytic integrability for
such singular points, see for instance [15,16,25].

If F; is zero and Fs non-zero (or F; = Fy = 0 and F3 non-zero) and assuming that the origin is an isolated
singular point of Fo (or F3, respectively) it has been proved that system (1.1) is analytically integrable if,
and only if, it is homogenizable, see [1,8,10,11]. Nevertheless this result is false for n > 4.

For systems having a nilpotent singular point, we have a similar result. They are analytically integrable
if, and only if, its leading quasi-homogeneous term is integrable and the vector field is orbital equivalent to
this leading term (in such a case, we say that the system is quasi-homogenizable), see [2,6,7].

For systems whose leading quasi-homogeneous term is Hamiltonian, Algaba et al. [4] prove that are
analytically integrable if, and only if, are orbitally equivalent to a Hamiltonian system and, therefore, in
general, they are not quasi-homogenizable. For instance, Theorem 3.20 of [8] provides a Hamiltonian system
sum of quartic and quintic homogeneous terms that is analytically integrable and not homogenizable. In [1,5]
more families of systems non-orbitally equivalent to their leading term are presented. Indeed the family in [5]
is not orbitally equivalent to its quasi-homogeneous leading term. However in all these systems the leading
quasi-homogeneous term is Hamiltonian.

In this work we present a wide family of analytically integrable systems, whose leading quasi-homogeneous
term is non-Hamiltonian, which are orbitally equivalent to a semi-quasi-homogeneous system (sum of two
quasi-homogeneous terms), and not orbitally equivalent to its leading quasi-homogeneous term. Concretely,
we prove that the analytic systems whose quasi-homogeneous expansion respect of the type t = (2, 3) is

= —dy® + 22ty +---, §=—62"+3da®y  + -, (1.2)

are analytically integrable if and only if they are orbitally equivalent to a semi-quasi-homogeneous system
(which has been conveniently chosen)

& = —4y3 + 2dxy + %1_42)69%‘4:(}, y = —62° + 3dz’y® — 7oz’ + 2Z(fff)ﬁ9m3y2, (1.3)

with d € QN (—2,2) and By a real number introduced by Proposition 3.3.
As far as we know, this is the first example of a family of analytically integrable systems, whose leading
term is non-Hamiltonian, which are not quasi-homogenizable.

2. Necessary condition of analytic integrability of systems (1.2)

We introduce some notation and concepts. Given t = (¢1,t3) with ¢; and ¢y natural numbers without
common factors, a scalar function f of two variables is a quasi-homogeneous function of type or weight
exponent t and degree j if f(e'1z,e'2y) = 7 f(z,y). The vector space of quasi-homogeneous polynomials of
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type t and degree j is denoted by fPt A vector field F = (P, Q)7 is a quasi-homogeneous vector field of type t
and degree j if P € fP'; 41, and Q € fP] +t,- We denote the vector space of the quasi-homogeneous polynomial
vector fields of type t and degree j by Q’;. An analytic vector field can be expanded into quasi-homogeneous
terms of type t of successive degrees. Thus, the vector field F' can be written in the form

F=F.+F 1+,

for some integer 7, where Fj = (Pji4,,Qj11,)" € Q% and F,. # 0.

From [4, Prop. 2.7], every F,. € QF can be uniquely written as F,. = X, +uD§ with h € fP:Ht\ and pu € Pt
where DY = (t1z,t2y)T € Qf (dissipative quasi-homogeneous vector field) and X;, = (—0h/dy,dh/0x)T
(Hamiltonian vector field associated to the polynomial h). Throughout the paper, we denote the differential
operator associated to the vector field F by F', that is, F' := PO, + Q0,.

We recall the concept of invariant curve and its associated cofactor. A function C' € C[[z,y]] (algebra of
formal power series in x,y over C), with C'(0) = 0, is an invariant curve at the origin of the vector field F,
if there exists K € Cl[x,y]], named cofactor of C, such that F(C) = KC. Moreover, if K = 0, the vector
field F is integrable and C' is a formal first integral of F.

Here, we study the analytic integrability of the systems (1.2), that is, the systems x = F7+4- - - | F; =
X146 + dr?yDf with d a real number.

A necessary condition of analytic integrability of a vector field is the polynomial integrability of its
lowest-degree quasi-homogeneous term. This fact allows to give the following result.

Proposition 2.1. If system (1.2) is analytically integrable then d is a rational number and |d| < 2. Moreover,
in such a case, if we write d = %_g;) with my, mo coprime natural numbers, then an analytic primitive

first integral of system (1.2) is of the form I = (y?> — a3 + - )™ (y2 + 23 + ... )™

Proof. If the system has an analytic first integral, then F7 is polynomially integrable. From [9, Theorem 16]
if the origin of system (1.2) is an isolated singular point and F7 is integrable then for each factor of y* — 2%
(i.e. y*> — 23 and y? +23) there exists an unique invariant curve at the origin starting by y* — 3 and y? + 3.
By [9, Theorem 17] a primitive first integral is I = (y? — 23+ )™ (y? + 23 +---)™2, with my, my coprime
natural numbers. So, a polynomial primitive first integral of Fy is, of existing, Iy = (y? — %)™ (y? + 23)™2
with M = 6(my + mg). Taking into account that Fr(y?> — x3) = 6(d + 2)2%y(y*> — 23) and Fy(y? + 23) =
6(d — 2)x%y(y? + 2?), the equation Fy(I5;) = 0 becomes

0=6[mi(d+2) +ma(d—2)](y* —2®)" (y* +2°)"22y.

Therefore, d = % Thus, d is a rational number satisfying |d| < 2. H

In what follows, to study the analytic integrability problem of system (1.2), without lost of generality by
Proposition 2.1, we will deal with the analytic systems whose quasi-homogeneous expansion respect of the
type t = (2,3) is

X=Fr+-, Fr=Xu o+da?yD§, d =202 e Qn(-2,2), (2.4)
and we will denote by Iy = (y? — %)™ (y? + 23)™2 € Pt, the polynomial first integral of F; where
M = 6(mi + my).

3. Orbital normal form for systems (2.4)

Here, we will use the following orbital normal form provided by Algaba et al.[6].
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Theorem 3.2. LetF = F,+ 3., Fyi; with By = X, +uDh € Qb and Fypj € Qb I Ker (£,5,) =
{0} for all j € N then F is orbitally equivalent to

G=F,+> Gy, withGyy; =Xs . +n,Df € Ot

j>0
where §,4 1t € Cor (£i+j+lt\)’ a complementary subspace of the range of the operator £i+j+lt\ P A —
A, 4 jie| 8 the linear operator defined by
_ di’U(FT) t
S‘+j+\t| (6) = PTOYATHHH (Fr — P Dy)(9) (3.5)

where Aj ¢ is a complementary subspace to hiP;_r, and nry; € Cor (ryj), a complementary subspace of the
range of the operator

by Pt — PE (3.6)
pj — Fr(pj)'

Next, we apply Theorem 3.2 to obtain an orbital normal form of system (2.4).

Proposition 3.3. An orbital normal form of system (2.4) is

% =F7+ psD§ + Fo + > ;D (3.7)
j=10

with F7 = X a6 + de*yDf, Fg = X5 2 .5),4 + age®yDf and p; € Cor (¢;).
Proof. The linear operator (3.5) for system (2.4) is

Uiiaa t Ajys — Ajyrz
Pj+s = Proya, ., (Xya p6 + 52y D) (pj+s),

where Aj;i5 is a complementary subspace to hf]’}L? and h = y* — 25 We prove that the hypothesis of
Theorem 3.2 are satisfied, that is Ker (E;Hz) = {0} for any j. Indeed, if j = 2, we choose A7 = span {a:Qy}
and Ayq = span {7, 2*(y> — %) }. It has that ¢§, (z?y) = (d — 14)27 + da*(y* — 2®). So, Ker (£5,) = {0}
and we choose Cor (£§,) = span {z*(y* — %) }. For j # 2, both subspaces A;;5 and A;; 12 have dimension
2 and it is easy to check that the associated matrix to the operator ¢}, is not singular and therefore
Ker (£5,,5) = {0}. Consequently, Cor (£5, ;,) is also a trivial set.

We obtain an expression of Cor ({y). A basis of P§ is B, = {z} and a basis of P} is By = {23y, y>}. The
transformed of the basis By is fo(x) = 2dz3y — 4y®. So, we can choose Cor (fy) = span {z3y}. Applying
Theorem 3.2, we have the orbital normal form (3.7). W

The following result is direct.

Lemma 3.4. If j = kM, the kernel of the operator {;7 is Ker({pari7) = span{[ll\“/f}, Otherwise,
Ker(¢;47) = {0}.

In remark after Proposition 4.8 we will see that the way to choose the expression of the corranges Cor (¢5,)
and Cor (¢9) will be essential in our study.
The following result provides a cyclicity between the corranges of the operators (3.6) for system (3.7).
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Proposition 3.5. Consider system (3.7). Then we can choose a complementary subspace to Range(€i 1),
for k > 7, such that Cor({xyar) = IprCor(ly).

Proof. On the one hand, subspaces Cor({i4 ) and IpCor(¢x), have the same dimension since for any
I and [ it has that dim(Cor(£g4:)) = dim(Cor (447, ;)) and M = 6(m1 + m2). On the other hand, we see
that InsCor({y) C Cor(¢kyar) or equivalently we prove that Ip;Cor(¢x) N Range(r+a) = {0}. Indeed, we
apply reductio ad absurdum. Let p € Cor ({) \ {0} such that pypIps € Range (€54+ar), then there exists
Pk+M—7 € iPk+M77 \ {0} such that £k+M(pk+M77) = kaM, that iS, €k+M(pk+JV177) is multiple of IM As
ml(k:ﬁ >M, j=1,...,m; —1 and ’I’TLQW > M, j=1,...,me — 1, by applying Lemma 3.7 we
have that pryrar—7 € ((y? — 23)™) N ((y? + 2%)™2), thus pryar—7 = pr_7lyr with py_7 € Pr_7 \ {0} and
consequently

PrIv = Fr(pryni—7) = Fr(pr—rdn) = I Fr(pr—r).

Hence px = Fr(pr—r), i.e. pr € Range (£;) N Cor (¢;) which gives a contradiction. Thus, the proof is
completed. W

The following results are used in the proof of above proposition. The first one is [6, Lemma 3.22].

Lemma 3.6. Let f € Pt an irreducible quasi-homogeneous polynomial invariant curve of F,., K, € Pt
its cofactor and k,m € N. Assume that the vector fields of QF, (k — js)F, + jK,D§, 0 < j <m — 1, are
irreducible. Then, if F,.(p) € (f™) with py, € PL, it satisfies that py, € (f™).

We apply Lemma 3.6 for systems (2.4).

Lemma 3.7. Consider system (2.4). The following statements are satisfied:
(a) Assume that M #+ mlf, j=1,....,m—1withk >m. Then, if p € Pt such that F7(py) € ((y* — x3)™),
it has that py, € {(y* — z®)™).
(b) Assume that M # mgg, j=1,....,m—1 with k > m. Then, if py € Pt such that F7(py) € <(y2 + x3)m>,
it has that p, € ((y* + 2*)™).
Proof. We prove the statement (a), the proof of statement (b) is analogous.

The cofactor of y? —x3 € PE is K7 = 6(d+2)z%y. The components of the vector field (k —65)F7 + j K7D}
are

2y[(kd +127)2® + (125 — 2k)y?],  322[(125 — 2k)z> + (kd + 125)y?].

These polynomials are coprime if and only if k # %, that is, M # my %, j=1,...,m—1. From Lemma 3.6,
the result follows. W

4. Characterization of analytic integrability of system (2.4)

We now provide necessary and sufficient conditions of formally integrability of system (3.7), the orbital
normal form of the system (2.4).

Proposition 4.8. System (2.4) is analytically integrable if, and only if, is orbitally equivalent to system
(3.7) with ug = 0 and p; = 0 for all i > 0 and ag = %ﬁg. Moreover, in such a case, a first integral of
system (3.7) is
J = (y2 _ x3)m1 (y2 + x3 + ﬁﬁ9x4)m2.
5
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Proof. The sufficient condition is trivial since it enough to check that J is a polynomial first integral of
F7 + Fg with Qg = %Bg

Note that from (F7 + Fy)(J) = 0, if we write J = Ja + Jar42 + -+ + Jar42my, we deduce the following
relation

Fr(Ju) =0,

Fr(In25) + Fo(ara-1) =0, 1 < j <mo, (4.8)

Fy(Jnr42my) = 0.

We are going to necessary condition. Assume that system (3.7) is formally integrable and we distinguish

two cases:
We suppose that f9 = 0. Denoting pg = a9, the vector field associated to system (3.7) is F =
Fr+ 2> o7 w;D§, with p; € Cor(¢;). We assume that not all the p; are zero. Let jo be defined by
Jo = min{j >7:pu; #0} A formal first integral of F is of the form I = Ins + >, I; with I; € P;.
Imposing the integrability condition and taking into account that ¢71;(p;) = Fr(p;) and D§(p;) = jp; with
pj € P%, we have

0= (F())jos+sm = Fr(Intjo—7) + (1jo D) (Iar)
= Unr+jo Unjo—7) + Mpjo I,

t.e. pjoln € Range ({ary4,). But by Proposition 3.5, pj,Iar € Cor (€aryj,) it which is a contradiction. Thus,
F is not formally integrable. Now, we suppose that 89 # 0. From Proposition 2.1, a first integral of F is of
the form I = Ips + 2,0, ;i with Iy = (y? — %)™ (y? + 23)™2 and I; € P

Next, we impose that the equation F'(I) = 0 is satisfied degree to degree.

Integrability condition to degree M + 8 is

ERange(€A4+8) ECOY([M+8>

0=(FUI))ps = Fr(Insr) + Fs(Im) = Fr(Iv1) + Mpsly.

So, on the one hand, uslp € Range (¢ar4s) N Cor (dar+s) = {0} which implies ug = 0. On the other hand,

Inry1 € Ker (Upr48). From Lemma 3.4, Ker (£3748) = {0} i.e. Inry1 = 0.

3 2

Taking into account that y?> — 2% is an invariant curve of system (3.7), we have that I = (y? —
23)™(y? + 2% + co12®y + (caox? + crozy?) + ---)™2. Thus, Iy = (y? — 23)™(y? + 23)™2, Iy =
mao(y? — x3)™1 (y? + 23)"2 " Leg 22y, From Ip;11 = 0 we have that cg; = 0. Moreover, Ip1o = ma(y? —
)™ (y? + 2%)™2 " (caoat + cray?).

The integrability condition for degree M + 9 is F7(Ip42) + Fo(Ip) = 0. Expanding the condition, we
have that Fr(Ipri2) + Fo(In) = —2—y(y? — 23)™ (y? + 23)™2 "1 A(z, y) = 0 with

m1+mg

A(z,y) = [3(m1 4+ ms)2ag + 2(my + ma)(2my — 5ms) B — 6eiama(my + my)
+4ma(my + 2ms)cqo] 2°
—2c19ma(my + ma)z3y?
+ [3(m1 + ma)?ag + 4(my 4+ ma)? o + dma(my + 2ma)cia — 8ma(my + ma)cao) yt.

Solving the equation and taking into account that % = %, we have that

_ _ 7 _ _s8d
c12 =0, ca0 = 77789, a9 = 31759

We denote Fg = X o (y2—a3)zt T %ng?’yDg. The analytic first integrals of F; + Fo are I = v(J) =
J 4+ asJ? +azJ? + -+ with ¥ any analytic function with ¥(0) = 1. Thus

N

Fr (0(J)ns2) + Fo (U(J)n) =0, YN > M. (4.9)
6
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We now prove that p; = 0 for all ¢ > 9. Otherwise, let jo = min {i > 9: u; # 0}.
We suppose that F* = F;+Fg+p;, DS+ - - is analytically integrable, satisfying J70~1F* = J/0—1(F,;+Fy),
where J*F denotes the k-jet quasi-homogeneous of F, then there exists a first integral I* of F*, such that

jjO—M—gj* — jjO_M_S(W(J»’
jjO_M_7I* — JjO_M_g(W(J)) +I;07M77’

and J90+M=71* i a first integral of F7 + Fy up to order jo+ M — 1. Moreover
Fr (I yar—1) + Fo (P (J)joa1-9) + 115 Do(Iar) = 0.
From (4.9), we have that Fy (¥(J)j1a—9) = —Fr (¥(J)jo+a—7)- So,

€Range ({4 M) €Cor(Lj,+n)

* e N
Iy (Ijo+M4 - W(J)joJqu) + MlIypj, =0.

Therefore, p;, = 0 and we arrive to contradiction. W

Remark. The choosing of an appropriate expression of A;4 and Cor (fy) is the key of our research.
On the one hand, if the vector field Fg does not have any polynomial first integral, for example Fg =
Xﬁ;z‘ly? + ajy3D§, then F7 + Fg is not polynomially integrable. Then in order that the normal form (3.7)
be integrable some term p; must be non-zero. On the another hand, Fg it must be in such a way that the
vector field F7 + Fg has a polynomial first integral. Taking into account these considerations and as the
invariant curves of F; are y? — 2 and y? + 23, we choose an expression of A4 such that Fg has at least one
of them as invariant curve, for example A1y = span {z*(y> — 2%)}, i.e. Fg = X gy (y2—a3) T HoDE. Last
on, we have chosen Cor (¢9) = span {x?’y} so that Fg is polynomially integrable.

We give the main result of our study.

Theorem 4.9. The vector field F, associated vector field to system (2.4), is analytically integrable if, and
only if, it is orbitally equivalent to F7 + Fy where Fg = X g (y2—a3)at T %ﬁgx:}yDg.

Proof. We prove the necessity. We assume that F is analytically integrable. From Proposition 3.3,
system (2.4) is orbitally equivalent to (3.7) and therefore system (3.7) is formally integrable. Applying
Proposition 4.8, we have that system (3.7) is Fr + Fy. We see the sufficient condition. We assume that
F is orbitally equivalent to F; 4+ Fg. From Proposition 4.8, J = (y2 — #3)™1 (32 4+ 23 + cq0rt)™2 with
Ca0 = ﬁﬁg, is a polynomial first integral of F; 4 . So, I = -2+ )M +a3+-- )™ isa
formal first integral of F. By [24, Theorem A], F has also an analytic first integral, see also [25]. W

Remark. The first integral I = (y?> — 23)™1(y? + 2° + az*)™2 can be deduced using the theory of
singularities [12,13], but from this information we cannot deduce system (3.7), the system that allows to
construct an algorithm for the computations of the necessary conditions of integrability of system (2.4)
which is the objective of this work.

5. Applications

We illustrate our techniques, studying the analytic integrability of two semi-quasihomogeneous families

(2.4) for d = —% t.e. mp =2, mg=1.

The coefficients of the normal form (3.7) of the systems have been obtained following the procedure given
in [3].
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Theorem 5.10. The system

T —dy? — 23y + a2ty + arzayt
() < . Y 3L7Y 4127Y 132Y ' (5.10)

Y 2® — 20%y? 4 beoa® + bsa®y® + boay®

is analytically integrable if, and only if, one of the following conditions is satisfied:
(i) beo — 3b32 + bos = a13 — 2b3a = 3as; — 2b3z = 0,

(ii) 16bgo — 22bsa + 55bgs = a13 + 3boa = 8agy + 2b3a + 11bgs = 0,

(iii) 2bgo + Hbsa + 35bgs = a13 + 6bgs = ag1 + b3z + Hbos = 0,

(iV) 12b32 — 5b04 = 36b60 — 7b04 = 2(113 — b04 = 6(141 — b04 = 0,

(V) 3bss + bos = Ybgo + 20bg4 = a13 + 2bps = 3a41 + 2bgs = 0.

Proof. System (5.10) is a system (2.4), x = F(x) with d = —2 and F = F7 + Fy.
We prove the necessary condition of analytic integrability provided by Theorem 4.9. As F has only odd
terms, a normal form (3.7) of system (5.10) is

T —4y3 — %x?’y 3
(y) ) (—st g2 ) T Xpertat) T 0070DS
+ a1 z*yDy + a1525yDE + a7z yDf + a19z®yDE + - -

Following the decomposition given in [6], we do the following re-parameterization of the constants of the

system
as1 = 2(ds1 — ca2 — 3Xo1), a1z = 2(dos — 2Xo01),
beo = Tcro — 6o, bz = 4caz + 3d31 — 2)o1,

The coefficients ag and By are ag = d3q — %070 — %dog and g = %(21042 — ¢70). Applying Theorem 4.9,
the first integrability condition is ag + %ﬁg =0, i.e.

d31 = ZLcr0 + 2dos — sz Ca2-
For this value of ds1, it has that, up to multiply by a constant,
Q11 — —3070 (44)\01 — 550d03 + 315670) + C42 (945042 + 1012)\01 — 4070d03).

We consider the following cases:
o Assume ¢q2 = 0. If ¢79 = 0, system (5.10) is case (i).

Otherwise, c7g # 0 and A\g; = —%070 + %dog. In such a case, it has that a15 and «q7 are simultaneously
Nnon-zero.
e Assume cq9 # 0, c79 = 0. So, ay; = 0 if g1 = 7%042 + %dog. In such a case, it has that a5 and aq7

are not zero simultaneously.
e Assume cyoc79 # 0. Then the coefficient app is zero if, and only if, there exists p such that

945¢40 + 1012)Xg; — 4070dgs = 3pcro,
44)\01 — 550d03 + 315070 = pPC4q2.

Solving with respect to dgs and Agp, it has that

dos = g5 ((3p + 7245)cr0 — (23p + 945)caa)
A1 = 3353 ((15p + 11655)cr0 — (37p + 4725)caz) .
8
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For these values, it has that a15 = (c42 — ¢70)(ca2 + ¢70)Q3(p, c70, ca2), where Q3(p, cr0, ca2) is a polynomial
in p, ¢r0, ca2 of degree three in p. If c4o = c7g. System (5.10) is case (ii). If c42 = —c7p. System (5.10) is case
(iii). Otherwise, (ca2 — c70)(ca2 + ¢70) # 0 and Q3(p, 70, ca2) = 0. It has that

a17 = (ca2 — o) (a2 + c70)Qa(p, ¢70, Ca2)

a1g9 = (ca2 — ¢70)(ca2 + ¢70) Qs (p, €70, Ca2)

where Q4(p, cr0,ca2) and Qg(p, c70, ca2) are polynomials in p, c7g, cso of degree 4 and 6 in p, respectively.
Both resultants of Q3(p, 70, ca2) and Q4(p, cr0, ca2) and Qs(p, cro, ca2) and Qg(p, cro, cs2) with respect to
Cqo are

So(p+6783)(p+ TTT)Ras(p),  cro(p+6783)(p + TT7) Ras(p),

where Ri5(p), Ras(p) are polynomials in p of degree 15 and 25 respectively. We distinguish the following
cases:
Assume p = —6783. In this case,

#0
a1l :(042 — 070)(042 + 070) (8042 — 3070)(29593042 — 10293070).

If 4o = %cm, system (5.10) is case (iv). If ¢4o = %070, it has that a5 # 0.
Assume p = —777. In this case,

#0

Q15 :(642 - 670)(642 + 070) (8642 - 3870)(1387642 - 87670).

If cyo = %cm, system (5.10) is case (v). If cqo = %cm, it has that ay; # 0.
Otherwise, (p+6783)(p+ 777) # 0, we check that the resultant of the polynomials Ry5(p) and Ras(p) with
respect to p is non-null.

To prove the sufficiency we provide an analytic first integral for each case of Theorem 5.10.

For the case (i) with b3p # 0, a first integral is I = (23 — y?)?(23 + y?) (bsax — 2)Tg4.

For the case (i) with by = 0, a first integral is I = (2% — y2)2(2% + y2)e3bosz,

For the case (ii) a first integral is I = (2° + y?)(322% — 32y? + 15bgaz? — 6bzax? — 24bgszy?)?.

For case (iii) a first integral is I = (2% — y?)2 (823 + 8y? + 21bgsz* + 3bsax? + 12bgszy?).

For case (iv) a first integral is I = (242% — 24y? — boyx*)? (4823 + 48y? — boyx?) (boax — 8) 712

Finally, for case (v), a first integral is I = (1222 +12y?+5bgsx* +6boszy?) (62> — 69> +2bgsz* —3bosry?)?. M

Theorem 5.11. The system

7 —62° — 22%y* + by aty + bizzy®

(x) B <4y3 — 32%y + asox® + a22x2y2> (5.11)

is analytically integrable if, and only if, one of the following conditions is satisfied:
(1) 2b41 + Taso = 2as0 + b1z = azz — 2a50 = 0,
(il) ba1 + 8asg = b1z — 2a50 = as2 + Hasg = 0.

Proof. System (5.11) is x = F7 + Fg with

5 2,2
asox” + a2k Yy
Fr=X,1 .6 — %nyDB, Fs = < *0 - ) )

buzty + bizay?
9
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We prove the necessary condition. A normal form of system (5.11) is

x=F7+ (agl)x‘l + ag):cyQ) D + X ot (y2—23) T agz®yDE + - -

The first coefficients are

a) = 15(293as0 + 58bay — 27azs + 18b13),
ag’ = ﬁ(29a22 + 44b13 + 9asp — 6[)41).

6 4

1 2
M — aé ) = 0, we have that b13 = —2a50 — 722 and by = %am — %ag,o.

Imposing oy
For these values, ag and (39 are

a9 = guags (757a3, + 2502a90a50 — 8571a,)
By = 1aum35 (—3911a3, — 12888azsaso + 44115a2).

So, by Theorem 4.9, if system (5.11) has an analytic first integral then ag-i-%ﬂg = —ﬁ (—2as0+asa2)(baso+

a99) is zero.

If —2as50 + a2 = 0 we obtain the case (i). If Sasg + a2z = 0 we have the case (ii).
To prove the sufficiency, we provide an analytic first integral for each family.

For the case (i), an analytic first integral is I = (2 + y?)(82% — 8y? — 3b132%y)%.
For the case (ii), an analytic first integral is I = (23 — y?)?(42® + 4y? + 3b132%y).
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