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We study the analytic system of differential equations in the plane
oo
(i’,y)t = Z Fo—pt2is,
i=0

where p,g €N,p<¢q, s=(n+1)p—q¢>0, nc€Nand F; = (P;,Q;)" are quasi-
homogeneous vector fields of type t = (p,q) and degree i, with F,_, = (y,0)"
and Qg—p+2s(1,0) < 0. The origin of this system is a nilpotent and monodromic
isolated singular point. We prove for this system the existence of a Lyapunov
function and we solve theoretically the center problem for such system. Finally,
as an application of the theoretical procedure, we characterize the centers of
several subfamilies.

Centers, nilpotent and monodromic singular point, Lyapunov function.

1. INTRODUCTION.

The characterization of the local phase portrait at an isolated singular
point of a system of autonomous planar ordinary differential equations is a
problem almost completely solved, see Arnold & I’yashenko [6]. The only
case that remains open is the case when the critical point is monodromic
(the orbits move around the singular point). If the system is analytic, a
monodromic point is either a center (i.e. a critical point with a punctured
neighborhood filled with periodic orbits) or a focus (i.e. a critical point with
a neighborhood where all the orbits are spirals which arrive at the equilib-
rium point in forward or backward time), see Ecalle [10] and II’yashenko
[16]. The problem of distinguishing when a monodromic critical point is
either a center or a focus is called center problem.

If the matrix of the associated linearized dynamical system at the singu-
lar point has no eigenvalues on the imaginary axes (hyperbolic fixed point)



the orbit structure of the system near a critical point is qualitatively the
same as the local orbit structure given by the associated linearized system,
see Hartman [14] and Grobman [13].

If the critical point is non-hyperbolic, three cases are distinguished:

a) when the eigenvalues of the quoted matrix are imaginary with real part
null, the critical point may be a center or a focus. This problem is known
as the Poincaré-Lyapunov center problem,

b) when the matrix of the linear part at the origin is not identically null
but it has its eigenvalues equal to zero, by Andreev [4] we know what is the
behavior of the solutions in a neighborhood of the singular point, except if
it is a center or a focus (nilpotent center problem), and

¢) when the matrix of the linear part at the origin is identically null, the
local phase portrait of the system can be seen in Brunella & Miari [7],
except when the point is monodromic, which has been characterized by
Medvedeva [19]. Distinguishing whether the point is a center or a focus
(degenerate center problem) is a problem that remains open.

The Poincaré-Lyapunov center problem was theoretically solved by Po-
incaré [21] and Lyapunov [17], and the nilpotent center problem by Moussu
[20] and Sadovskii [22]. Nevertheless, in practice, in spite of the efforts in
the last years, given an analytic system with a monodromic point, it is very
difficult to know if it is a focus or a center, even in the case of polynomial
systems of a given degree. To understand the profound nature of this
problem see [10].

In this paper, we are interested in the study of some families of nilpotent
centers. An analytic system of differential equations in the plane having a
nilpotent singular point, in some suitable coordinates, can be written as

I:y+P(l’,y), y:Q(x,y), (1)

where P(z,y) and Q(z, y) are analytic functions without constant nor linear
terms defined in a certain neighborhood of the origin.

There are only a few families of polynomial differential systems (1) whose
centers are known. The center problem for the system (1), where P(x,y) =
Pypi1(z,y) and Q(x,y) = Qa2ny1(x,y) are homogeneous polynomials of
degree 2n+ 1, was solved for n = 1 by Andreev, for n = 2 by Sadovskii and
for n = 3 by Andreev et. al., see [5]. In that paper, the authors also find the
multiplicity of the focus for n = 1,2 and 3. Sadovskii [22] finds the centers
of the family (1) for P(z,y) = Py(z,y) and Q(z,y) = Qs(x,y). Gasull
& Torregrosa [11], using the so-called Cherka’s method, which consists in
doing a change of variables that transforms (1) into a Liénard differential
equation, characterize the centers of the system

T=y+axy+ agxq“, Y= —g2l 4 b1y2 + boxly + b4,
and

=y — (ag2® + azz® + agz* + asz®), § = —(b3a® 4 bya* + bsx®),



where a;,b;, ¢ =1,...,5 unknowns and g € N.
The same authors in [12] deal with systems (1) with P(z,y) = Pyy1(z,y) +
Pn+2($a y) +... and Q(:Ca y) = 71’2“71 +Qn+1(gj7 y) +Qn+2(x7 y) + .. Wherea
in this case, the vector fields (Py, Qx) are quasi-homogeneous vector fields
of type (1,n) and degree k. They study the center problem of this fam-
ily by writing its associated differential equation in the generalized polar
coordinates introduced by Lyapunov [17, 18], and compute the so-called
generalized Lyapunov constants that give the stability of a singular point
degenerated. In particular the center case is characterized by the vanishing
of all the constants.
In [2, 3], Alvarez & Gasull calculate the first two generalized Lyapunov
constants of (1) and they solve the stability problem of several polynomial
families.

In the present paper, fixed p,q,n € N with p < ¢, we consider the
system of differential equations in the plane whose origin is a nilpotent
singular point

=Y+ Y Prprois(@y), 9= Quoprais(,y), (2)
i=1 i=1

where s = (n+1)p—q > 0 and F; = (P;,Q;)! is a vector field quasi-
homogeneous of type (p,q) and degree i with Q(2,,41)p—q(1,0) < 0. That
is, according to the degree, F,_, = (y,0)" is the quasi-homogeneous com-
ponent of minor degree, the second one is F (3,1 1),_4 Which, among others,
has the term (0, —2%"*1)! and the edges of its Newton’s polygon of the
remaining components are parallel to the edge associated to F(a,41)p—q-
This class includes, among others, the nilpotent systems which are invari-
ant to the change of variables (x,y) — (—z, —y). In particular, it includes
the family & = y + Xon11(2,v), ¥ = Yonr1(x,y) where Xo,11 and Yo, 11
are homogeneous polynomials of degree 2n + 1 with ¥3,4+1(1,0) < 0 (case
p=qg= ]-7P2n(xay) = X2n+1(xay)7 QZn(xvy) = Y2n+1(xuy)v Py = QQi =
0, i >nin (2)).

The results obtained in this paper are the following: in the second
section, we prove that for system (2) there exists a Lyapunov function
of class C*° which can be formally expanded in the form W = %y2 +
Z?; Wag+t2s1 Where Wag o4 is a quasi-homogeneous function of type (p, q)
and degree 2q + 2sl, [ > 1. This result allows us to solve theoretically the
center problem for the system (2). Finally, as application, we characterize
the centers of the family

T= y+ a1m5 + agxzy + a3x7 + a4m4y + a5acy27
y=  —xT 4+ bty — agwy® + b3y + baxy® + bsy?,

the centers of the families (i, 9)! = Fo + F; with Fy = (y,0)!, F; quasi-
homogeneous vector fields of type t = (1,i—1) and degree i, with i = 4,6, 8,



and of the family (i, )t = Fy + Fso, where

B — y F _ a1x15y2+a2$10y5+a3x5y8+a4y11
2 0 ) 52 —x19+b1x14y3—I—b2x9y6—|—b3x4y9 )

are quasi-homogeneous vector fields of type t = (3,5) and degree 2 and 52,
respectively.

We find subfamilies of nilpotent centers which are neither a hamiltonian
one, nor a time-reversible system (i.e. in this case, the system isn’t invariant
neither to the change (z,y,t) — (—z,y, —t) nor to (z,y,t) — (z,—y,—t) ).

2. MAIN RESULTS.

Note that it is usual to consider quasi-homogeneous expansions in the
analysis of degenerated singularities (see Bruno [8] and Brunella & Mi-
ari [7], for instance). Recall that a function f of two variables is quasi-
homogeneous of type t = (p, ¢) and degree k if f(ePx,c%y) = e f(x,y). The
vector space of quasi-homogeneous polynomials of type t and degree k will
be denoted by Pt. A vector field F = (F}, F») is said quasi-homogeneous
of type t and degree k if F; € P, and F» € P}, . We will denote Qj the
vector space of quasi-homogeneous polynomial vector fields of type t and
degree k.

In what follows, given a function P and the vector fields F = (Fy, F»)t, G =
(G1,Go)t, the Lie derivative of P by F is defined by Ly P = £ 1y + %’Fz
and the wedge product of two vector fields by F A G = F1G — FoGy.
The following result holds:

LEMMA 1. The following property are satisfied:
i) IfPe Pt and F € Q;, then Ly P € fPfﬂ.
ii) IfF e Q% and G € Qf, then FAG € P%

jt+k+ptaq:
Proof.
i) By differentiating we have that

LFP(pra qu) = Eiip%(xa y)Fl (pra qu) + Eiiq%(‘rv y)FQ (prv qu)
=TI LpP(z,y).

ii) This property is easily obtained. n
In [1], we can find more properties of the quasi-homogeneous functions and
the quasi-homogeneous vector fields.

We consider the analytic system of differential equations

(#,9)" = ZFq—pwm (3)
i=0

where p,q € N,p < ¢ and without common factors, s = (n+ 1)p — ¢ >
0, n € Nand F; = (P;,Q;)" are quasi-homogeneous vector fields of type



t = (p, ¢) and degree i, with F,_, = (y,0)" and Q4—p+2s(1,0) < 0 (without
loss of generality, we can assume Qq—p+25(1,0) = —1). In this system, this
last condition implies that the germ is monodromic at O, see Andreev [4].
Note that if p or ¢ is even, then the origin is a center of (3). Indeed,
we assume, for instance, p is even then ¢ will be odd (since p and ¢ have
no common factors), in that case Py_pi2is(, —y) = —Py_pt2is(x,y) and
Qq—p+2is(x, —Y) = Qq—p+2is(x, y) since g+2is is odd and 2¢g—p+2is is even.
The system (3) is time-reversible, i.e. has symmetrical phase portrait with
regard to a straight line passing through the origin (y = 0, in this case),
changing time direction. So, O is a center, since it is monodromic.
In what follows, we assume that p and ¢ are odd.
For all k > 1, we define the linear operator (see Lemma 1):

by @ P —s fP',“Hqﬂ,
Uk — LFq_pUk~

It is easy to prove that if k can be expressed as k = kspq + kog + k1p with
0 <k <q, 0<ky<p,then the set Bf = {a0+Fiyrlka=iFhz ( <j < ky}
is a base of Pt. Otherwise, Pt = {0}.

We prove the following result, which we will use later on.

LEMMA 2. Fork > 1, k= kspqg+kog+kip with0 <k <gq, 0<ko <
p, ks > —1, it holds:
i) If ko = p— 1, a complementary subspace to the range (co-range) of . is
Cor(fy,) = span{zd*s+D+k1=11 " Otherwise, Cor(£;,) = {0}.
ii) If ki = 0, the kernel of the linear operator £y, is Ker(fy) = span{yPkstkz}
Otherwise, Ker(¢;) = {0}.

Proof.
Let Uj, = Z’-Cio al(- %r:‘”‘”“lyp(’€3 Dtk2 ¢ PL.
We first assume that &y > 0. If ks < p — 1, for ks = —1 it has Tk+q =
Pr = {0}, and if k3 > —1 a basis of P}, i
Blthrqu = {xqi+k1—1yp(k3—i)+k2+17 0 <i<ks},

that is dim(P}) = dim(Pt

Ftq p) = k3 + 1. Moreover,

8U
gk(Uk:) _ k y_za ql—f—kl qu—i—kl 1 p(kg i)+ko+1

So, it deduces that Ker(¢;) = {0} and Cor(¢;) = {0}.

If kg =p —1, a basis of Py, is

Bl = xR lypR 0 0 < < kg 413,



therefore dim(P}) = k3 4+ 1 and dim(P},, ) = ks + 2. The operator £
has the form

8U
ék(Uk:) = k a: y Y= Za (qi + k1) qu+k1 1 p(k3+1 @)

Therefore, in such a case, it has that
Ker(¢x) = {0}, Cor(¢y) = span{zd(ks+)+ki—11

For k; = 0, we have k3 > —1 since otherwise k£ + ¢ — p < 0. Using an
argument similar to that given above, it has that

Ker(¢;,) = span{yP*s**2} Cor(fy) = {0} if kg <p—1

and

Ker(f),) = span{yPFs+D=11 " Cor(¢;,) = span{zd*stD=11 if ky = p — 1.
[

Now we prove our main result.

THEOREM 2.1. For system (3) with p and q odd, there exists W a C>°-
function in a neighborhood of the origin whose 2(q+N's)- quasi-homogeneous
jet of type t = (p,q) at origin, N >0, is

N
JHaENI W — Z Wagrs)
1=0

where Wyq1s1) is a quasi-homogeneous polynomial of type (p,q) and degree
2(g+sl), 1 >0, with Way(z,y) = %yQ and Wo(g4.)(1,0) = m such that
the derivative of W along the trajectories of the system (3) has the form

o0
— $2m Zfix%s + T(l‘,y)
i=1
where m € N and f;, i > 1, are polynomials in the coefficients of the

right-hand sides of (8) and T is a flat function at the origin.

Proof.
We first consider a formal series

U= Z Us(q+s1)
=0

with Ugg(z,y) = %y2, where Us(q41) i a quasi-homogeneous function of
type (p,q) and degree 2(q + sl), 1 > 0.



From Lemma 1, the quasi-homogeneous of type (p,q) expansion of the
derivative of U along the trajectories of the system (3) is given by

U = LqupU + Z Lqup+2siU

=1

Fq- pU2(q+sl) + Z Z LFq—p+2£iU2(q+8l)

1=0 i=1
l

LFQ—IJ UQ(‘H‘SZ) + Z LFq—p-%-?Sj UQ(Q+51_5j)
j=1

]2 HMS

Il
—

[62(q+sl) (U2(q+sl) ) - A3qu+2sl]

1

. _ l t .
being Agg—pt2si = — ijl Le, 0 Uz(qtsi—sj) € P3y—pros- By breaking
down Asq_pi2s1 = Rag—prasi + C3q—pt2s1, Where

R3q—pi2s1 € Range(o(g451)) and Czq_pyog € Cor(fogisr)),

and by choosing Us(q1s1) such that fog1s1)(Us(grst) = R3q—pt2st, for all
[ > 1, from Lemma 2, it is possible by means of a recursive procedure to
obtain U such that the quasi-homogeneous terms of the derivative of U
along the trajectories of (3) are of the form 2™ with mp = 3¢ —p+2sl. As
3q—p+2sl = [2(n+1)I—1]p+(3—2l)q and p and ¢ have no common factors,
it must be 20 — 3 multiple of p, that is 2 = (2k —1)p+3. So, 3¢ —p+2sl =
[3n+24 (2k —1)s]p. Concretely, if kg = min{k € Z, 3n+2+(2k—1)s > 0}
we have that

S S
U= E fi$3n+2+[2(k0+i)7l]s _ x3n+2+(2k071)s E fiins.
=0 i=0

Moreover, as p and ¢ are odd, it is easy to prove that 3n 4+ 2 + (2kg — 1)s
is even, since n is even (odd) if and only if s is even (odd).
Also, Asg—ptos = —Lr, ,,.Uzq = —yQq—pt2s(z,y) € Range(la(gys)),
therefore, fo = 0.
We now see that Us(q44)(1,0) = As 2(q+s) = 2(n+ 1)p, the poly-

2(n+1)
(2(q+s>))) 2(n+1) 4

nomial Us(g4s) has the form Usigqs)(2,y) = @ S(nt . and as

f 2(q+s) (U2(q+s)) A3q,p+257 we have that

s (g+s)
ox

thus, 25 (2, ) + Qq_pas(,y) = 0. For (z,y) = (1,0), get

(z,y)y + qu—p+2s(xa y) =0,

2(n+ 1)a 252?1) = —Qu_pi2s(1,0) = 1.



2(g+s) _ 1
Thereby, 062(3’_,’_1) = m
Lastly, from the Borel’s Lemma, see Hartman [15], there exists W a C*°-
function in a neighborhood of the origin such that J"W = J"U, for all

n > 1; thus, the result is proved. [ ]

Note that, in general, from Lemma 2, the terms Us(y441),! > 0, aren’t
unique and, as consequence, the constants f;,2 > 1, aren’t unique either.
Nevertheless, by imposing that Us(q4)(1,0) = 0, for all [ > 0, it arrives at
the uniqueness of the formal series U and of the constants f;.

Throughout the following, the f; are referred to as the focus quantities of
the singular point O of the system (3). The above recursive procedure will
allow us to compute the first quantities focus of a family given.

LEMMA 3. In the conditions of Theorem 2.1, the locus of points sat-
isfying W(x,y) = C =constant are closed curves for different values of
C > 0 encircling O with W(0O) = 0 and W(z,y) > 0, (x,y) # O, in a
neighborhood of the origin.

Proof.
It is enough to prove that the origin of the hamiltonian system
ow ow
._ oW L_ oW 4
=%, (@9), §=—75-(2.y), (4)

is a center.

The quasi-homogeneous principal part of the system (4) is (y, —2z?*+1)t,
see Brunella & Miari [7], which doesn’t have curves that arrive at O with
defined direction. From Andreev [4], by using a quasi-homogeneous blow
up, the system (4) is monodromic and as it is hamiltonian, it follows that
O is a center. As a consequence, the curves W (z,y) = C > 0, are closed
and fill a punctured neighborhood of the origin. n

THEOREM 2.2. In the conditions of Theorem 2.1, the origin is a center
of (3) if and only if f; =0, for all i > 1.

Proof.

If there exists M > 0 such that f; =0, 1 <i < M — 1 and fj; # 0,
the C®-function W verifies W = fy a2 +M)s 4 O(22(m+M)s) So. there
exists a neighborhood of the origin where W doesn’t change its sign, and
from Lemma 3 the curves W(x,y) =constant are closed; therefore W is a
Lyapunov function, thus, O is a focus. Concretely, if fj; < 0, O is asymp-
totically stable, otherwise O is asymptotically unstable.

On the other hand, if f; = 0, for all ¢ > 1, then O is a focus of infinite
order. In the case of nilpotent monodromic fields, there exists a Poincaré
map which is analytic, see Lyapunov [18]. Concretely, we can choose a sec-
tion transversal to the field and a parametrization of this one, such that the



Poincaré map is analytic. Therefore, a focus of infinity order is a center.
Consequently, if f; = 0 for all ¢ > 1, it follows that O is a center. ]

3. NILPOTENT CENTERS OF SEVERAL FAMILIES OF
POLYNOMIAL SYSTEM

In this section, we have computed the first focus quantities of some
subfamilies of the system (3) by means of the recursive procedure developed
in Theorem 2.1. These have the form

i—1
fi=owg, fi=oigi+ Y Biifi, i =2,
j=1
with «; positive constants and 3; ; polynomials in the coefficients of the
right-hand sides of (3).
Furthermore, in order to obtain a simpler expression of the focus quantities
of (3), we emphasize the following decomposition that we will use later.

LEMMA 4. For each t = (p,q), given F, = (P, Qr)t € QF, there exist
hi, € Pl pyq and i € Py such that
1
Frp = ———(Xp, + tDy), 5
k k+p—|—q( hi + kD) (5)

with hy, = Fi, ADg and py, = div(Fy), where it denotes Dy = (px, qy)t and
X, = (G (2, y), -5 (2, 9))".
Furthermore a such decomposztzon s unique.

Proof.
It is straightforward to show that

G (2, y) + pdiv(Fy) = (pr%2(z,y) + %= (,)) + P,

— 5 (2, y) + qudiv(Fy) = (pr %2 (x,y) + v % (2, 9)) + pQs-

As P, € Pt ypand Qk € P +¢» from Euler’s Theorem for quasi-homogeneous
polynomial it follows the first part.
We see the second part. For any hy, € Pp, ., fir, € P} it holds

div(Xj, ) =0,
div(fixD¢) = Lo, fux + (p + Q)i = (k +p + @)
Therefore, if hy, fi, verify (5), it has that
div(Fy) = k+p+q (div(Xy, ) + div(iigDe)) = fix,

Fi ANDy = th ADg = LDthk = hk n

k+p+q k+p+q



We show several applications of our research. Firstly, we study the problem
of center of the family

= y+ a1z’ + aszy + azz” + aszty + aszy?, (6)
y= —xT 4+ bty — agwy® + b3y + baxy® + bsy®.

This system is a subfamily of (3) given by
(#,9)" = Fo + F4 + F,

with F; € Qf, i =2,4,6, t = (1,3), and

F, — Y F, — ajz® + a2m2y

2 o) 4 —2" 4 bty + boxy? )7
F. — a3x7 + a4x4y + a5:cy2

07\ bga® + b3Sy + bazy? + bsy®

with bg = 0 and by = —as.
The following result characterizes the centers of the system (6).

THEOREM 3.1. The origin of the system (6) is a center if and only if
one of the following three series is satisfied:
i) Bay + by = Tag + b = 2a4 + by = a5 + 3bs = 0, (Hamiltonian system,).
ii) a1 = a3 = a5 = by = by = b5 =0, (Time-reversible system).
iii) ag = 4&%, bl = —aq, b5 = CL1b4, a5 = a1(4a4 — b4)
Moreover, each one of them has a local analytic first integral.

Proof.
Taking t = (1,4), (that is, the type of the vector field (y, —z7)¢, i.e. the
quasi-homogeneous principal part of the system (6)) and applying Lemma
4 degree to degree, the system (6) comes given by (i,79)! = X, + uDy,
being h the defined positive function
h(z,y) = g(a® +4y?) — erzy — foear’y® — fresay
— Lewty? — oo,
and
wlz,y) = %dlx‘l + ﬁd3x6 + $d4x3y + %sd5y2
where
cp =by —4ay, dy =5a1+by, co=—bay,

c3 = bz —4a3, d3=Taz+ b3, c4=>bs—4as, dy=4ay+ 2by,
05:b5—4a5 d5:a5+3b5,

10



The first nine constants g;, i = 1, ...,9 have the form

g1=di, ga=d3, g3s=ds+ %01d4,

ga =dy [03 +2c1(c2 + 26%)] )

g5 = dy [Cs +4ei(eq + Tlgdél) — %C:{)(CQ + 26%)] )

g6 = —dsci(c2 +263) [ea + 3ds — B (o +26})],

g7 = dyca(co + 201 [d4 — —cg 7480201 1‘11g80‘11] ,
(7743 — 4681cac? + 6641c]),
(381374c¢y + 859813c7).

g8 = —dyci(c2 + 2¢7)
gg = 7d461(62 + 261)
First, we suppose that dy = 0. Imposing g1 = g2 = g3 = 0, we have that
dy =d3z =ds =0, ie. bay + by = Taz + b3 = 2a4 + by = as + 3b5 = 0.

In this case, (6) is a hamiltonian system whose Hamilton’s function is

H(z,y) = %yQ + %xs +a1zdy + %a2m2y2 + azx"y + %a4x4y2 — byay®
and therefore, O is a center.
In particular, H is a local analytic first integral defined at the origin.
If we suppose that ¢; = 0 and dg # 0, from g; =0, i = 1,...,5, it succes-
Sively has that dl = d3 = d5 = C3 = C5 = 0, i.e. a] = a; = a3 = b1 = b3 =
bs = 0. Thereby, the singular point O is a center, since the direction field
of the system (6) is symmetric around y = 0, i.e. the system is invariant
to the change (z,y,t) — (x, —y, —t). Therefore, the system has a local an-
alytic first integral, see Chavarriga et. al. [9].
Finally, we suppose that c;dy # 0. If g; are zero, i = 1,2, 3 then it arrives
at dl = dg = 0,d5 = 7%01(14.
If c; = —2¢2, from g4 = 0, we obtain c3 = 0, and from g5 = 0, it follows
that e = —4e1(cq + 1—13d4). Therefore, by substituting we have

a9 = 4a%, b1 = —aq, b5 = a1b4, a5 = a1(4a4 — b4)

In this case, the system (6) has the form

&=y + 19(z,y) — bay?) §(2, ) + aayg(x,y), @
§ = 5(bay® = g(,9)) 5 (),

where g(x,y) = 2* + 4a;2y. Making the change u = g(z,y),v = y?,dr =
y%(:r7 y)dt, the system (6) is transformed into

du dv 1
— =1+ a4u

e = §(b4v —u). (8)

The origin is a regular point of (8). As a consequence of flow box theorem,
the system (8) has an analytic first integral ¢(u,v) = cte at the origin. So,

11



®(x,y) = ¢(g9(x,y),y?) = cte is an analytic first integral of (7) on Ny \ N
where Nj is a neighborhood of the origin and N the set of null measure
{y =0} U {g. =0}.

The function ¢ can be prolonged analytically in a neighborhood of the O
and its derivative on the trajectories of (7) is zero in a neighborhood of the
origin, therefore (7) has an analytic first integral at O, it follows that O is
a center.

Lastly, if (c2 + 2¢2)c1dy # 0, gs and gg aren’t zero simultaneously. There-
fore, the origin of system (6) is a focus. [

We now give necessary and sufficient conditions for what the origin of
the families
(Jbay)t =F, +F17 1= 47678

with Fy = (y,0)! € Q%, F, € Qf, i =4,6,8, t = (1,i — 1), be a center.

In the first two, we prove that O is a center if and only if the system
is either hamiltonian or time-reversible. Nevertheless, in the third family
there are centers which have got an analytic first integral and they are not
hamiltonian nor time-reversible system.

THEOREM 3.2. The origin of the system

i= y+ a2’ 4 ar?y,
.7 h 2 (9)
Y= '+ bixty + baxy”.

is a center if and only if one of the following two series is satisfied:
i) by + bay = as + by =0, (Hamiltonian system,).

ii) a; = by =0, (Time-reversible system).

Moreover, each one of them has a local analytic first integral.

Proof.
As g1 = by +5a1 and g2 = (b1 — 4aq)(az + b2), from the vanishing of g; and
go the assertion follows.
On the other hand, if i) holds, its Hamiltonian is, in particular, an analytic
first integral at O and if ii) holds, the system is time-reversible under the
change (z,y,t) — (x,—y, —t), thereby, the system has a local analytic first
integral, see Chavarriga et. al. [9]. [

THEOREM 3.3. The origin of the system
= y+az’ +axrty + azry?,
Y= —z9 + b1x6y + b2x3y2 + b3y3.

is a center if and only if one of the following two series is satisfied:
i) by + Tay = 2as + by = az + 3bs = 0, (Hamiltonian system).

ii) a; = by = a3 = by = 0, (Time-reversible system,).

Moreover, each one of them has a local analytic first integral.
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Proof.
Applying Lemma 4 for (10) with t = (1,5), degree to degree, the system
(10) has the form (z,9)" = X}, + uDg, being

h(z,y) = 15 (@0 + 5y?) — & (b1 — ba1)x"y — 75 (b2 — bag)xty?
— = (bs — Bag)xy?®,
w(z,y) = 35 (b1 + Ta1)x® + 35 (dag + 2b2)a%y + 15 (as + 3b3)y>.

Therefore, it is convenient to replace a1, as, as, b1, bs and bz by c¢1, co, c3,d1, do
and d3 where

01:b1—5a1, 02=b2—5a2, 03:b3—5a3,
dy = b1+ Tay, do =4as + 2by, d3 = az + 3bs.

It has that
g1 =d1, g2 = cids + 12d3,
g3 = da(70¢} + 45¢1dy + 288cico + TH6¢3), gs = —Cids.

From g; =0, i = 1,...,4 follows the statement. [ ]

THEOREM 3.4. The origin of the system

&= y+az® + axx®y + azx®y® + asy?,

y= —x't + bady + boxSy? + b3y (11)

is a center if and only if one of the following three series is satisfied:
i) 9a1 + by = b + 3az = as + b3 = 0, (Hamiltonian system).

ii) a; = by = a3 = by = 0, (Time-reversible system,).

iii) b1 = —9ayi,a3 = —al(bg — bas + 54(1%), b3 = 3ay (bg + 18&%).
Moreover, each one of them has a local analytic first integral.

Proof.
Taking t = (1,6) and applying Lemma 4 for (11), this system has the form
(4, )" = X, + pDy, being

Wa,y) = 15(2"? +6y%) — fpe12%y — ggeaa®y® — gresa®y’ — greay?,
p(x,y) = fpdia® + {5daa®y + spdsaz?y?,
where the new coefficients that appear are

c1 =by —6ay, cp=0by—6az, c3=03—06a3, c4=—6ay,
d1 :bl +9a1, dz :6a2+2b2, dg :3a3+3b3,

the expressions of the first focus quantities are:
g1 =di, g2 = ci1dy+ 5ds,
g3 = do (426% + 25¢1da + 175¢1¢9 + 37563).

13



If do = 0. For that g1 = go = g3 = 0, it must be dy = dy = d3z = 0,
ie. 9a; + by = by + 3as = az + b3 = 0. In this case, the system (11) is
hamiltonian system and O is a center. In particular, its Hamiltonian is a
local analytic first integral defined at the origin.

We suppose that ¢; = 0, but do # 0. From ¢g; = 0, i = 1,2,3, it has
that dl = C = d3 = C3 = 0, i.e. a1 = bl = ag — b3 = 0. The singular
point O is a center, since the system is time-reversible under the change
(z,y,t) — (x,—y,—t). Also, by Chavarriga et. al. [9] the system has a
local analytic first integral.

Now, we suppose that c;ds # 0. Referring to the expressions given above
for the first focus quantities, for a center we have d; = 0,d3 = —%cl do and
c3 = —37%5(426113 + 25¢1ds + 1750162).

This implies that by = —9ay, a3z = —ay (ba—6az+54a?), bz = 3a1(by+18a?).
Taking A\; = by + 18a?%, Ay = 6a? — ay, in this case, the system (11) has the
form

P =y+ 2g(2,9) 5 (x,y) + (0 — Bh)g(x,v)y + (a1 — Aha)y?,
Y= —%g(x,y)%(x,y),

where g(z,y) = % + 6a12%y — A\1y®. The change u = g(z,y),v = y*,dr =
y%(x, y)dt, reduces the system (11) to the form

du 1 dv 1

— =14+ -(A1 —3X —AMA — = —cu.

e + 3( 1 2)u + (ay 1A2)v, ar U
This system has an analytic first integral in a neighborhood of the origin.
By passing this integral to the variables x and y and reasoning in the same
way that in Theorem 3.1 we obtain an analytic first integral of system (11)
in a neighborhood of O. It follows that the singular point O is a center.
=

Finally, we find the centers of the family
(4,9)" =F2 4 Fen_2, 1 <n <9, (12)

with t = (3,5) and where Fy = (y,0)" € Q% and Fg,,_2 € QF,,_,.

For 1 < n < 8, the vanishing of the first focus quantities leads us to
hamiltonian or time-reversible systems.

For n =9, we have the system

(#,9)" = F2 + Fag, (13)
with

e (Y . a17592 + asz09% + azzPy® + agyl!
2 0 ) 52 —x19+b1x14y3+b2x9y6+b3x4y9 .

In this case, we also find nontrivial centers (neither hamiltonian nor time-
reversible system).
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THEOREM 3.5. The origin of system (13) is a center if and only if one
of the following three series is satisfied:
i) 5aj + by = 3bg + bag = bas + 9bs = 0, (Hamiltonian system,).
ii) a; = by = a3 = by = 0, (Time-reversible system,).
iii) 10773a3 + 2a1 (—150530ay + 17447by + 26600a2) = 0, by + 5a; = 0, and
96957b3 — 10a1 (—138560as + 24629b, + 26600a%) =0.
Moreover, each one of them has a local analytic first integral.

Proof.
Taking t = (1,9) and applying, degree to degree, Lemma 4 for (13), we
have that

_ 1(.20 2 1 15,3 1 10,6 1 59 1 12
h(z,y) = 55(x*° +10y°) — fze127°y” — 5020 Y° — geesx®y” — f5cay’?,

(e, y) = ggdie'y® + 5daa’y® + gedsaty®,
where the new coefficients are

C1 = b1 — 5a1, Coy = b2 — 10(127 C3 — bg — 100,3, Cq = —10@4,
dy = 15a; + 3b1, do = 10as + 6by, dz = basz + 9bs3,

The expressions of the first focus quantities are

g1 =di, go = cidy+9ds,
g3 = da[5103¢5 + (2662 + 405 + 15395¢2)c].

If do = 0. So that g1 = go = g3 = 0, it must be dy = dy = d3 = 0, i.e. it
holds i). The system (13) is hamiltonian system whose Hamilton’s function
is h(x,y) and O is a center.

We suppose that ¢; = 0 but dy # 0. From g; =0, i = 1,2, 3, it has that
di =c¢1 =ds =c3 =0, 1ie a3 = b = asz = bs = 0. Thereby, the singular
point O is a center, since the system is time-reversible.

Now, we suppose that c1ds # 0. Referring to the expressions given above
for the first focus quantities, for a center we have d; = 0,d3 = —%Cldg and
c3 = 7517103(2666% + 405ds + 15395¢2) ¢y .

Substituting, it has iii). In this case, by means of similar reasoning that
in Theorem 3.1, making the change u = g(x,y),v = y?,dr = y%(m, y)dt,
with

g(z,y) = 210 + Raya®y® — (b + 2a?)y,

it arrives at that the singular point O is a center. [ ]

The centers found that belong to (3) have a local analytic first integral
(hamiltonian and time-reversible system, therein). We conjecture that all
the centers of (3) have this property.
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