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Based upon a combined formalism of Schwinger-Dyson and Bethe-Salpeter equations in quantum
chromodynamics (QCD), we propose a QCD-kindred algebraic model for the dressed quark propagator, for
the Bethe-Salpeter amplitude of the pion and the electromagnetic quark-photon interaction vertex. We then
compute the y* 7%y transition form factor Gf”””(Qz) for a wide range of photon momentum transfer squared
Q7. The quark propagator is expanded out in its perturbative functional form but with dynamically
generated dressed quark mass. It has complex conjugate pole singularities in the complex-momentum
plane, which is motivated by the solution of the quark gap equation with rainbow-ladder truncation of the
infinite set of Schwinger-Dyson equations. This complex pole singularity structure of the quark propagator
can be associated with a signal of confinement, which prevents quarks from becoming stable asymptotic
states. The Bethe-Salpeter amplitude is expressed without a spectral density function, which encapsulates
its low- and large-momentum behavior. The QCD evolution of the distribution amplitude is also
incorporated into our model through the direct implementation of Efremov-Radyushkin-Brodsky-Lepage
evolution equations. We include the effects of the quark anomalous magnetic moment in the description of
the quark-photon vertex, whose infrared enhancement is known to dictate hadronic properties. Once the
QCD-kindred model is constructed, we calculate the form factor GV"”D}’(QZ) and find it consistent with
direct QCD-based studies, as well as most available experimental data. It slightly exceeds the conformal
limit for large Q2, which might be attributed to the scaling violations in QCD. The associated interaction

radius and neutral pion decay width turn out to be compatible with experimental data.
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I. INTRODUCTION

Quantum chromodynamics (QCD) [1], the theory of
strong interactions, is perhaps the most intriguing and
challenging piece of the standard model of elementary
particles. Recall that all the QCD elementary degrees of
freedom, quarks and gluons, lie in the fundamental and the
adjoint representation, respectively, of the SU(3) color
gauge group. Therefore, it is a non-Abelian gauge theory—
it is renormalizable and it exhibits asymptotic freedom [2,3]
in its perturbative tail. This feature allows us to study strong
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interaction processes using the well-established Feynman
diagrammatic approach at an energy scale sufficiently
greater than its intrinsic hadronic scale Agcp. However,
in the infrared region, strong coupling is of order one or
higher, which makes the perturbative approach inappli-
cable. Therefore, at this energy scale, one is forced to resort
to intrinsically nonperturbative methods, such as lattice
simulation of QCD [4] and a coupled formalism of
Schwinger-Dyson (SDEs) and Bethe-Salpeter equations
(BSEs) [5,6].

All hadronic observables may be calculated if we know
the Green functions of QCD, which satisfy a set of infinite,
coupled, nonlinear integral equations, the already men-
tioned SDEs [6,7]. The mathematical structure of these
equations is such that the two-point one-particle irreducible
(1PI) Green functions (quark, gluon, and ghost propaga-
tors) are related to the three-point functions (for example,
quark-gluon and triple-gluon vertices), which in turn are
intrinsically entangled with the four-point functions (2 — 2
scattering kernels), ad infinitum. This fundamental and
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accurate description of QCD through its SDEs is not
limited to its perturbative domain. However, in the weak
coupling regime of QCD, this formalism reduces to the
well-known order-by-order perturbative expansion of the S
matrix of the theory. Even more interestingly, in the
nonperturbative domain of QCD, emergent phenomena
of confinement and dynamical mass generation, inacces-
sible in perturbation theory, emanate naturally through
realistic studies of the SDEs. Reliable extraction of physical
observables in any nonperturbative formalism of QCD is
cumbersome and prone to methods that are less systematic
and robust than perturbation theory. In this article, we
employ the coupled SDE/BSE formalism. Before attempt-
ing any solution within this approach, the infinite set of
equations must be truncated by introducing mathematical
model(s) of some suitable set of Green functions. That is
why modeling remains a crucial component in hadron
physics. However, despite this challenge, remarkable
progress has been made, and QCD-akin truncations offer
increasingly precise solutions [8—13]. Fortunately, our
understanding of the intricate interplay between the quark
propagator and the meson’s BS amplitude (BSA) [14]
enables us to build their models, which are amicable
enough to allow for algebraic manipulations while still
producing reliable predictions for the physical observables.
In this article, we construct a QCD-kindred algebraic model
(QAM) for the pion. Most algebraic models to date shuffle
the momentum dependence of the quark propagator and
that of the BSA so as to simplify algebraic manipulation to
compute hadronic observables. We present the construction
of the QAM, which embodies the following key properties:

(i) The quark propagator incorporates its confining
features. It is expanded in terms of complex con-
jugate poles, which are present on the timelike half
of the complex momentum plane. The existence and
location of these poles resonates with more elaborate
studies of the QCD SDEs.

(i) The momentum dependence of the quark propagator
in our model is akin to the QCD-kindred truncations
of SDEs. The mass function saturates in the infrared
domain, while it falls off as 1/p? in the ultraviolet
domain, which agrees with its perturbative behavior
up to QCD logarithms in the chiral limit.

(iii) We put forward a simple QAM for the leading pion
BSA, which again encodes its low- and large-
momentum behavior.

(iv) The model guarantees that the axial vector Ward
identity is observed, thus ensuring that the Gold-
berger-Treiman relation connecting the quark propa-
gator with the BSA is satisfied.

(v) To study the pion with electromagnetic probes, we
also require the quark-photon vertex (QPV), for
which we add to the usual y,, part a transverse vertex
containing anomalous magnetic moment (AMM)
distribution, which is known to affect the infrared
limits of form factors.

(vi) The QAM in its totality ensures that the Abelian
anomaly is correctly reproduced at Q% = 0.

(vii) We explicitly show that the large Q% power law for
the transition form factor (TFF) is correctly repro-
duced in accordance with the expectations of asymp-
totic QCD up to the logarithms, which stem from the
running of the strong interaction coupling.

(viii) Finally, our constructed QAM takes into account the
Efremov-Radyushkin-Brodsky-Lepage (ERBL) evo-
Iution equations for the pion distribution ampli-
tude (DA).

Note that the precise shape of the pion DA to be
determined is an intriguing topic that has been studied using
numerous approaches, e.g., the QCD sum rules, the lattice
QCD, the SDEs, etc. [15-19]. DAs play an essential role in
describing various hard exclusive processes of QCD [20—
22], such as the electromagnetic form factors (EFFs) and
TFFs [20,23], diffractive vector-meson production [24,25],
as well as in the study of CP violation via the nonleptonic
decays of heavy-light mesons [26,27], etc. We then employ
our model to compute the pion TFF to two photons (yy*).

Chiral anomaly fixes the value of the pion TFF at the origin
Q? = 0, while its behavior at large values of momentum
transfer Q® has been predicted through asymptotic QCD.
Therefore, it is a particularly important transition that studies
the internal structure of the neutral pion both in the infrared
and ultraviolet domains of QCD through one single physical
observable. Until 1998, the CELLO [28] and CLEO [29] data
were available for the pion TFF in the spacelike region
0? < 7 GeV2. BABAR collaboration [30] released data on
the pion TFF for the spacelike region Q? € [4,40] around the
end of 2009. These data initiated a contentious debate by
suggesting the TFF’s unexpected scaling violation through a
power law instead of the usual much milder QCD logarithms.
Their measured results show a rapid growth of QG? 7 (Q?)
for the region Q% > 15, which contradicts the well-known
asymptotic prediction that Q>G”'*'7(Q?) — constant for
large O up to QCD logarithms. It took several works,
which immediately followed, to suggest that the BABAR data
might not be an accurate measure of the pion TFF [31-34]. In
support of these predictions, the subsequent Belle collabo-
ration measurements in 2012 for the same energy region do
not reconcile well with the BABAR data [35]. Their data
clearly seem to indicate that Q2G”'*'7(Q?) — constant for
large Q°. This was confirmed later by the QCD-akin SDE
computations [36] and the recent data-driven calculation
[37]. Hopefully, at the experimental level, the Belle II at
SuperKEKB experiment [38], with less uncertainty at large
Q?, will be helpful to clarify the above experimental
discrepancy. The aim of this work is to reexamine these
varying claims using an updated investigation of the pion
TFF with a QAM of the quark propagator, BSA, and DA.

Recall that in Ref. [36], refined calculations were
performed using a model parametrization of the QCD-akin
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quark propagator and the quark-photon vertex together,
incorporating the spectral density in the specific Nakanishi
representation of the BSA. In contrast, the present work
adopts simpler models for the quark propagator, quark-
photon vertex, and the BSA, without relying on a spectral
density function. We argue that this exercise is valuable for
several reasons. Firstly, these simplified, yet physically
motivated, and reliable models make the calculations more
tractable while still yielding the correct value for the chiral
anomaly, the large photon-virtuality behavior, and results
that agree rather satisfactorily with the available exper-
imental data. Secondly, the DA calculated with these
models shows good agreement with the predictions from
the SDEs. The qualitative and quantitative behavior of the
DA is captured by the momentum dependence of the quark
mass function and the Bethe-Salpeter amplitude, rather
than being controlled by an ad hoc choice of spectral
density for the BSA. Furthermore, the evolution of the DA
can be studied at the level of the propagator and amplitude,
allowing exploration of scaling violation phenomena
directly. Finally, this approach can be extended to other
areas of physical interest with ease, such as the electro-
magnetic properties of kaons and the axial-vector meson
transition form factor to two photons, among others.

It might be worth recalling the importance and impact of
the pion TFF to two photons in the precision studies of the
celebrated standard model of particle physics. The hadron
light-by-light contribution coming from the neutral pion
transition to two photons is the most dominant to the
anomalous magnetic moment of the muon [39,40].
Therefore, an accurate prediction of this observable is
important in the precision studies of the standard model [41].

The article is organized as follows: in Sec. II, we
introduce the QAM of the quark propagator and the leading
pion BSA. We also present in detail the QPV with the
AMM transverse to the photon momentum. In Sec. III, we
discuss the pion DA and its QCD evolution. In Sec. IV, we
study, compute, and report the y* 7’y TFF—in particular, its
connection with chiral anomaly, its asymptotic behavior in
QCD, and a comparison with experimental data. We also
explain the effect of the AMM term on pion TFF and the
Abelian anomaly. Finally, in Sec. V, we present our
conclusions and final remarks.

II. FORMALISM

The BSE [42,43] provides the full relativistic description
of meson-bound states, which appear as poles for specific
values of invariant masses in BSA, and these masses
depend on the quantum numbers of the given meson state.
The solution of the BSE,

s
) @)
X (Sa(k+)FM(k; P>Sb(k—))rs’ (1)

[FM<p;P)]tu K;,i(p,k,P)

provides the BSA, i.e., the one-particle irreducible quark-
meson vertex ['%7(p;P), where a and b represent the
flavors of the quark and the antiquark, respectively, and
r, s, t, and u collectively stand for the color and Dirac
indices. Here, M only specifies the type of the meson. The
momentum conservation implies that p. = p =5, P and
k. = k £ 5. P, which satisfies the condition , +#_ = 1.
The renormalized, amputated quark-antiquark kernel K is
irreducible with respect to cutting a pair of quark-antiquark
lines. The kernel K is the physical input to BSE along with
the quark propagator, and we must specify it in order to
solve the BSE for the meson mass and the BSA. For a
comprehensive review of the SDE-BSE formalism and its
applications to hadron physics, see Refs. [44—47].

The a-flavor-dressed quark propagator S, is obtained as
the solution of the quark SDE [45,48-51]

2

$71(p) = (i + my) + L

< [ G Pulp = 08 ONk.p). ()

Here, m, is the a-flavor current quark mass and g is the
strong interaction coupling constant appearing in the
Lagrangian. The rest of the components of Eq. (2) are
defined as usual: the symbols D, and I, respectively, are
the fully dressed gluon propagator and the QPV, each of
which satisfy their own SDE. The eventual goal is to obtain
the solution of the BSE by solving it in a coupled form
along with the SDEs of the gluon propagator and the QPV.
This is a prohibitively tough problem to solve and such a
study is beyond the scope of this work. Despite this
impediment, many studies have been carried out that unveil
the nonperturbative structure of these additional functions
through QCD symmetries and/or directly using their
corresponding SDEs [52-55]. Lattice formulation of
QCD also provides useful insight [56-59]. Despite the
fact that sophisticated, robust, and reliable solutions for the
propagators and BSA can be obtained from the correspond-
ing SDEs and BSEs, less complicated models can be
constructed that capture the essence of infrared aspects
of strong interactions, constrained by the requirements of
asymptotic QCD [51,60,61]. Our effort includes realistic
and explicit momentum dependence of the quark propa-
gator, implements confinement, and provides a simple yet
physically sensible description of the pion BSA, as dis-
cussed in the subsections below.

A. Constructing the model

A simple but efficacious model of the quark propagtor,
the BSA, and the QPV can be constructed to algebraically
compute electromagnetically probed physical observables
related to the pion.
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1. The quark propagator

A simple but physically sensible Ansatz for the momen-
tum-dependent quark propagator can be written as follows:

S~1(k) =iy - k + B(K?), (3)
with the running quark mass function [62]

yM?

B =2

4)

which saturates in the infrared domain to a constituent mass
B(0) = M and drops off as 1/ p? in the ultraviolet domain,
as dictated by perturbation theory, save the logarithmic
corrections. Here, y is a parameter that controls the width of
the mass function. In order to mimic confinement effica-
ciously, the Ansatz in Eq. (4) can be extended into the
complex plane by requiring it to be expanded into a sum of
a few complex conjugate pole representations,

3 .
ﬂ@zZ}?:iWLEﬂrmuw+%w% (5)

Comparing Egs. (3)—(5) and allowing for the complex poles
leads to the identification of y; and a;, §;. It has long been
known that the usually employed rainbow-ladder (RL)
truncation to the quark propagator SDE does produce
complex conjugate singularities on the timelike half of the
complex momentum plane, which can be linked to confine-
ment. Our present model for the quark propagator mimics
these singularities, which play an essential role in this work.
Such representation also allows us to directly calculate the
form factors for large-momentum regions [63].

2. Bethe-Salpeter amplitude

We propose a simple momentum-dependent BSA model
for the pion without considering the so-called spectral
density function,

1 M3
(ki P) = iys——~

I 6
fak? +yM?’ (6)

where k is the relative gg momentum and f, is the leptonic
decay constant of the pion. At P = 0, i.e., in the soft pion
limit, we recuperate the exact Goldberger-Treiman relation

B(k?)
e

T(k; P =0) = iys : (7)

where B(k?) is the Lorentz scalar mass function appearing
in the quark inverse propagator, Eq. (4), thus already
connecting the BSA of the pion with the quark propagator.

3. Quark-photon vertex

It has been known for a long time that the longitudinal
Ball-Chiu (BC) vertex Ansatz [64] could ensure chiral
anomaly by construction [65,66]. Although we could
naturally incorporate the BC vertex into our model, it
has also long been established that without the appropriate
transverse pieces of the vertex [67,68], the BC vertex is not
entirely reliable. As a result, it is noticed that in the
intermediate photon momentum region, the calculated form
factor is too hard [69]. Therefore, we prefer our proposed
QPV, which includes a transverse AMM part. Our con-
struction consists of the bare vertex augmented by a part
transverse to the photon momentum adapted from the
Ansatz [70,71]

B(p) - B(q)

P H(Q%). ()

Lu(p.q) =v.—0ulp—a),

where H(Q?) = n(1 — exp[—Q?%/M?])/(Q*/M?). The sec-
ond term can be regarded as the dynamically generated
nonperturbative analogue of the Pauli form factor for the
AMM term [68,72]. Note that H(Qz) is independent of the
relative momentum of the quark and antiquark, and thus
depends only on the photon momentum squared Q. The
parameter M can be used to adjust the pion interaction
radius.

It is worth noting that the dressing function H(Q?) of the
AMM term is proportional to the strength parameter 5. The
AMM term disappears for the 7 = 0 limit and H(Q?) — 0
as Q% — co. All these features of the H(Q?) dressing
function become more perceptible in Fig. 1, which depicts
its profile in a pertinent momentum range. Therefore, as we
discuss in detail in Sec. IV, the AMM term could indeed
contribute to the chiral anomaly in the y*7°y transition TFF
quantitatively.

1.0
0.8
.06
I

W 0.4

0.2

0.0
Q?

FIG. 1. The QPV dressing function H(Q?) for the AMM
contribution with M = 0.3105 GeV and 5 = 1.

114047-4



NEUTRAL PION TO TWO-PHOTONS TRANSITION FORM ...

PHYS. REV. D 110, 114047 (2024)

III. PION DISTRIBUTION AMPLITUDE
AND THE MODEL PARAMETERS

The pion TFF is sensitive to the shape of the pion DA.
The precise behavior of the pion DA is an intriguing issue
that has been addressed using numerous approaches, e.g.,
the QCD sum rules, the Lattice QCD, the SDEs, etc.
[16,18,73-76]. Following the standard definition of the DA
[77] and the practical operation process [78], we can obtain
the following analytical representation of the DA with the
input of the quark propagator and BSA in the chiral limit:

_ 3yM? xajfp+ (1= x)app)
2f77° it 2y—vi—vp

§ {]Og {2y<1 x) = (1 2x>yﬂ} , <x B 1)
(1 =x)yj +xrp 2
+log{2yx+(1 Zx)yjl]é(l—x)}. 9)
(IL=x)yji +xrpp] \2

We find that the proper choice of the parameter y can
produce different DAs at 2 GeV. We choose two sets of
parameters that reproduce the same value of f, and yield
the second moment {(2x — 1)?) = 0.25(0.01) of the pion
DA based on an earlier SDE prediction [79]. In Table I, we
present these best two sets of parameters at 2 GeV, the
computed f,, and the second moment of the PDA.

We depict the pion DAs in Fig. 2, and compare with the
asymptotic two-particle DA ¢, (x) = 6x(1 —x) and the
SDE prediction. Owing to the dominance of dynamical
chiral symmetry breaking (DCSB), pion DA is rather
dilated, exhibits a significant deviation from ¢, (x), and
has good agreement with the SDE prediction [79]. All the
DAs are symmetrical in Fig. 2. Historically, in the con-
stituent quark mass algebraic models, the spectral density is
introduced in the BSA to produce broad DA. However, in
the present work, we find that the broad DA can be
produced without the specific choice or even recourse to
any spectral density. We propose the simplest form of the
leading pion BSA with its correct power law description. It
is merely equivalent to taking the delta function to represent
the spectral density in earlier models.

The QCD evolution of the pion DA is specified through
the ERBL equations, derived in the Refs. [20,23,80]. It
determines the logarithmic dependence of the DAs on . At
the leading order, the QCD evolution equations for the DAs
can be expressed in terms of Gegenbauer polynomials [81]

»(x)

TABLE I. Parameter values at 2 GeV, and the corresponding
computed pion decay constant and the second moment.
y (GeV) M (GeV) [ (GeV) (2x=1)?)
7 0.3105 0.0924 0.24
17 0.2580 0.0924 0.26

1.5

1.0

@r(X)

0.5

0.
8.0 0.2 0.4 0.6 0.8 1.0
X

FIG. 2. DAs for z. The red band corresponds to our DA in
Eq. (12) at 2 GeV. The blue-filled band represents evolved DA at
the scale of 2 = 60 GeV?. The solid black curve corresponds to
the asymptotic DA ¢, (x) = 6x(1 —x). The green curve rep-
resents the SDE prediction of the DA at 2 GeV.

p(x, &) = 6x(1 - x) (1 + iaic?/z(zx - 1)), (10)

n=1

with a5 = a3 (a,(¢)/as((,)) 7. Note that only even n
contributes, and the anomalous dimensions are

CF n+ll 2
n= G 0t arnars) 00

where we have C = Y5-1, g = LN, — 2/3N ;. Moreover,

() = W’I\QCD], with Agcp = 0.234 GeV  being  the

QCD scale parameter. Once the relevant coefficients a,
are determined, the evolution equation can be solved. These
coefficients can be calculated using the initial conditions
that the model calculation provides. By using initial DA
@(x,{, =2 GeV) along with the Gegenbauer polyno-
mials’ orthogonality relation,

2 2n +3
é,z = —
a}'l 3

! 3/20h . .
m/o dxCi/"(2x = Dop(x.52). (12)

one is able to find the a, coefficients. All model calcu-
lations should be consistent with the theoretical asymptotic
behavior of the DA after evolution.

Clearly, our model at the scale of 2 GeV only depends on
the parameters y and M. We now introduce the scale
dependence of these parameters. The procedure is as follows:
we employ leading-order QCD evolution Eq. (10) to obtain
the evolved DA at a specific scale. Then, we refit the
parameters y and M, keeping f, unchanged, to generate a
new DA that is equivalent to the evolved DA. We repeat this
procedure at different scales and, ultimately, obtain the scale-
dependent extrapolation of these parameters. The expres-
sions for these models are as follows:

114047-5
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~T+0.722(—4 +£%) 4 0.003(—4 + £2)?

@)= 1 +0.151(=4 + £?) +0.0007(—4 + £2)?°
M) = 0.3105 + 0.192(—=4 + &%) + 0.004(—4 + £%)?
~ 14+0.596(—4 + &) +0.010(—4 + ¢%)?
(13)
and
)= 17+ 1.644(—4 + ) +0.006(—4 + £2)?
T T 0181(=4+2%) +0.001 (-4 + 2)2
0.285 +0.273(—=4+ %) +0.006(—4 +¢?)?
M(g) =228 0273(=4+E) +0.006(—4+ 8 )

1+1.009(—4 +¢%) +0.018(—4 +¢2)?

for the respective parameter sets. After the evolution, the DA
takes a similar functional form as Eq. (12), but with explicit
scale dependence, ¢(x, {). Figure 2 depicts the slow evolu-
tion of the DA toward the asymptotic limit through a light-
blue band.

IV. TRANSITION FORM FACTOR: y*z%

A single scalar function is required to fully describe the
amplitude for the transition y*7%y,

2

T, (ki ky) = szﬂellbaﬁklakhx

Gk}, ky - ky, K3), (15)

where k; and k, are the photon momenta. The general
impulse approximation for the transition amplitude of
y*y — #° can be expressed as [82-84]

N, )
Tulhioke) = o [ i (6)S(a ko)
q

X T(P)S(q + k)il (ki)S(q),  (16)

where P = —(k; + k,) is the total momentum of the pion,
such that P> = —m2. The kinematic constraints are
=0 KB=07% ki k=-(0*+0+m)/2.

(17)

By incorporating these kinematic constraints, the pion TFF
is defined as (we only consider the singly virtual case,
where Q7 = 0)

G'"7(Q?%) = 2G(02.0,0). (18)

where the factor 2 appears in order to account for the two
possible orderings of the photons. The other elements in
Eq. (16) are the quark propagator, pion BSA, and the
dressed QPV proposed in the previous sections. It is in
principle straightforward to compute this transition. The

isospin symmetry approximation, which assumes that up
(1) and down (d) quarks have identical masses, is used.

We first consider the chiral limit and Q2 = (0, which
corresponds to calculating the chiral anomaly, i.e.,
G(0,0,0), using Eq. (16). The first thing to notice is that
the use of the bare vertex alone, i.e., n =0, fails to
reproduce the chiral anomaly. Introducing a more elaborate
QPYV, it is gathered that the AMM term contributes to the
chiral anomaly. To quantify this statement, let us consider
the # =0 limit and calculate Eq. (16). In this limit,
G”ZO(O, 0,0) # % Thus, the value specified by the chiral
anomaly is not reproduced. Therefore, we fix the value of
the strength parameter 7 to acquire G(0,0,0) = 1. Within
our choice of models for the quark propagator, QPV, the
BSA, and the pion DA, we find that the chiral anomaly is
faithfully reproduced, G7=0->%8(0615)(0,0,0) = 1, at2 GeV
with both parameter sets in Table I for slightly different
values of n = 0.598(0.615).

The results obtained through our calculations of the
y*7’y TFF in both cases are depicted in Fig. 3. It is clear
that G”'*'7(Q?) is a decreasing function of Q2. It decreases
rapidly for small values of Q?, while it does so slowly for
large values of Q2. It is also evident that our results agree
with the experimental data for the complete range of Q2,
wherever the results are available, and with the results
reported in Refs. [82,85]. Pion’s interaction radius is
defined as

d
r72[0 = _6d—Q21ngnyy(Q2)|Q2=O’ (19)

where g,,,(0%) = G(0?,0,0). Our computed interaction
radii are bounded within the range

ro€(0.63,0.67), (20)

0.0+

QZ

FIG. 3. The y*z°y TFF. Pion TFF results are represented with
the black band computed with Eq. (15) using the parameters in
Table I. Data: CELLO [28]—squares (orange), and CLEO [29]—
disks (blue).
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where 0.63 corresponds to the first set of parameters and
0.67 to the second set of parameters. Moreover, we use
M = 0.42 GeV in the damping function. The experimental
value, r 0 = 0.65£0.03 fm [28], lies within this range,
which is a positive result. On the other hand, in the limit
n= 0,

ro €(0.53,0.60), (21)
which is considerably less than the experimental estimate.
This observation implies that the presence of the AMM

term in the QPV is crucial. For the sake of completeness,
we also calculate the corresponding decay width,

22 1,3
F,ZOW _ g%yy(Q zaezmmn 7 (22)

167z f,r 02=0
where a., = 1/137 is the fine-structure constant. The
decay width produced by Eq. (22) is ' = 7.72 eV with
both parameter sets, which is in good agreement with the
experimental value I' =7.82 £ 0.14 - 0.17 eV [86]. We
observe that the decay width is substantially sensitive to the
pion mass. Therefore, we use the experimental value of this
mass, i.e., m, = 134.9768 £+ 0.0005 MeV [86].

Our calculated Q% x TFF is shown in Fig. 4. We present
two results, one where we use parameters at 2 GeV (left
panel), and the other with scale-dependent parameters
(right panel). Our prediction is indicated by the light-blue
band with parameters at 2 GeV and the light-red band with
scale-dependent parameters. The asymptotic value of the
pion TFF is 2f, = 0.185 GeV, plotted as the dotted (gray)
curve. From the Figs. 3 and 4, we can observe that the
functional behavior of our pion TFF is in agreement with
perturbative QCD, which predicts constant behavior of the
pion Q? x TFF at very large Q. However, our result

030
S N
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O 025
E T e
RS2 ] S - ¢ r= = ) I e
S N LT - - -
G 0.15
5 010
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& 0.05
0.00 : : :
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slightly overshoots the asymptotic value. With the evolved
parameters, we might expect numerical agreement with
pQCD prediction, as we argue later in the text. Within the
range of Q% < 3 GeV?, pion TFF agrees with the available
BESIII (preliminary) data, and it has the same behavior as
experimental determination, within the error bars, in the
2 GeV? < 0% < 8 GeV? region. Figure 4 shows that the
pion TFF has steeper Q> dependence in the range Q? <
14 GeV? than the experimental measurements, and has
good agreement with results from Belle collaboration
beyond this range. The increase found by BABAR collabo-
ration for Q% > 10 GeV? is not reproduced. In addition,
there are theoretical studies speculating that the BABAR
data might not be the exact representation of the pion TFF
[33,87-89]. It is also shown in Ref. [32] that the BABAR
data behavior at large Q” cannot be explained with QCD
calculations by using the asymptotic QCD, AdS/QCD, and
Chernyak-Zhitnitsky models for the DA, but can be
supported by a flat modeling of the pion DA model
[32,90], which significantly underestimates the pion TFF
at low Q2. These theoretical studies compute the pion TFF
using different models of DA. Our approach has the added
advantage that it produces the correct value of chiral
anomaly while preserving satisfactory agreement with
experimental data. Moreover, it incorporates quark confine-
ment through the existence of complex conjugate mass
poles. It also allows us to compute GV*”OV(QZ) on the entire
domain of Q? and produces the required 1/Q? functional
behavior of the TFF for Q> — oo, just as predicted by
pQCD. Our DA model has good agreement with the earlier
refined SDE predictions. The momentum evolution of our
computed DA suggests an expected scaling violation,
which we explain and quantify later in the text. On
the other hand, there are also phenomenological studies
that support the BABAR findings [91-95]. It is worth noting

0.26

100 500 1000

Q% (GeV?)

FIG. 4. (Q*-weighted y*z% TFF. Curves: blue dashed curve—result obtained from Eq. (15) using asymptotic DA Pasy(x), gray dotted
curve—the limit with asymptotic PDA input, and pink dot-dashed curve—related to the limit with the present model DA at 2 GeV input.
Data: BESIII (preliminary) [96]—squares (purple), CLEO [29]—diamonds (blue), Belle [29]—stars (green), and BABAR [30]—disks

(red). Left panel: QZG”*”O}’(QZ) results are plotted with the light-blue band computed with Eq. (15) using parameters in Table I. Right
panel: the light-red band corresponds to our Q2G7>”D}’(Q2) results using the evolved parameters.
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that the z° TFF band calculated with evolved parameters
touches the lower boundary of the TFF band calculated
with parameters at 2 GeV. It also lies within the error bars of
the experimental data.

Finally, let us decipher the large Q2 limit of the pion TFF
within the proposed QAM. The leading-order behavior is
determined by using the bare QPV as input. By introducing
Feynman parametrization and integrating over the momen-
tum coordinate exactly, we can derive

N
G(Q?) = 4M"y Z /T“%Mzﬁv (23)

J1.j2.j3
with (fT = fOl dl/tl f()] du2 f()l du3), and

N =(1+payapfp+ (1 —a)apasfy
+ (1 =a+papapj. (24)

D = Q22M1(1 - l/tz)(l - a) + 2y(1 - MI)MZ
+ 7/1M2<1 - 20+ l/tl)
+ ijMZ(—l + 20 — up + 2M1M2)

+73M*2u, (1 — uy), (25)
where
1
a= —5(—1 + u (=1 4 2uyu3)), (26)
1
ﬁ:—i(l‘i‘ul + 2uguy(—1 + u3)). (27)
Using the change of variable u3 = 15321, one can convert

Jr to
Lo I 1 d
{/2/ +/ / }dadul/ 2L (28)
0 Ji2a S J-142a L Uy U

Now, we integrate over u, and retain the leading-order term
in powers of Q2. Finally, integrating over u; by taking into
account that ) Ja; = 1 yields

2 2
G(Qz)—>4ﬂQ{”Alda

p(a)
31-a)’ (29)

where the DA ¢(a) is defined through Eq. (12). We are thus
able to explicitly derive the analytical expression of the
TFF in the asymptotic limit within this model. It is

1

« 0 0>0;
3 QO > mp 4772f Qsz g y(QZ) ~ 2fﬂW(Q2)’ (30)

withw(Q?) = [} dx "g(()i’_Qj)) , and m,, is the proton mass. This
behavior is fully consistent with the asymptotic QCD
predication with the input DA, ¢(x, Q0 — o) = 6x(1 — x).

If we choose the specific scale of 2 GeV for the input
quark propagator and the BSA for the computation of the
DA, then we naturally expect a different Brodsky-Lepage
(BL) limit, which is clearly marked in Fig. 4, dot-dashed
curve, for both sets of parameters. Numerically, we obtain
the BL limit to be 2.272f, and 2.466f, for parameter sets 1
and 2, respectively. Figure 4 shows that Q% x TFF increases
with Q? and slightly overtakes the asymptotic limit of 2.
At very large values of Q?, Q% x TFF approaches our
computed Q? — oo limit from below.

With scale-dependent parameters, scaling violations are
observed, as the evolution of the DA regulates the Q?
dependence of the TFF. It naturally raises the question: at
what value of Q, do scaling violations become apparent in
this model? The right panel of Fig. 4 clearly shows that
Qo ~ 20 GeV for our model, at which this scale violation
starts to manifest itself. For Q exceeding Q, the Q* x TFF
deceases very slowly, and we can expect it to approach 2f
from above as Q — oo.

V. CONCLUSIONS

In this work, we computed the pion TEF G7'*7((Q?) for
one real and one virtual photon. We employed models of
the quark propagator, pion BSA, and the QPV instead of the
solutions of the SDEs and BSEs of QCD. For complete-
ness, we also calculated the pion interaction radius and the
corresponding decay width. We modeled the expected
momentum dependence of the quark propagator with a
QAM, which captured the complex conjugate singularities
on the complex momentum plane, which can be related to
confinement. We constructed the BSA without a spectral
density function, which encapsulated its low- and large-
momentum behavior. We then obtained the pion DA by
using the proposed quark propagator and the BSA. We then
evolved it according to the ERBL evolution equation from
perturbative QCD at the hadronic scale to complete the
computation of the pion TFF. Our calculations were based
on the bare as well as the dressed QPYV, by adding the quark
AMM term to the tree-level vertex. While both Ansditze of
the QPV produced the same qualitative behavior of the pion
TFF, the quark AMM term played an essential role to
produce the correct chiral anomaly and the charge radius of
the pion.

Note that the tree-level vertex failed to produce the chiral
anomaly, which was associated with the on-shell photon
and chiral limit pion, i.e., G(0,0,0). The AMM term served
as an effective term that contributed to normalizing the TFF.
The strength parameter 7 could be tuned to produce the
chiral anomaly, i.e., G(0,0,0) = % The dressed QPV
followed the asymptotic limit, ie., T,(Q)—y, as
0% > oo. It is clear from Fig. 3 that the AMM term
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contributed significantly to the QPV in the low Q* domain.
Its contribution virtually disappeared as Q7 increased. As a
result, the interaction radius and the decay width were
consistent with the empirical findings.

We presented pion TFF results using the parameters at
2 GeV as well as using the evolved parameters. We found
decent agreement with experimental data. However, we
tended to disagree with the rapid increase in the large Q?
region suggested by BABAR collaboration; instead, we had
reasonable accordance with the Belle data. The computa-
tion at any desired value of spacelike Q” is an extra
advantage of the QAM due to its simplicity. We also found
that our numerical result for the pion TFF agreed well with
BESIII (preliminary) data in the domain Q% < 3 GeV?. Itis
hoped that the upcoming, more precise results from the
planned Belle II experiment will help explain the previous
discrepancies between experimental observations and theo-
retical predictions [38]. Our DA model had good agreement
with the earlier SDE prediction, which lies within our
proposed DA band. Due to the different scale, i.e., 2 GeV,
our BL limit was larger than the asymptotic prediction
limit, 2f,. However, our numerically computed pion TFF
was clearly in agreement with our analytically calculated
BL limit with both the parameter sets, and at very large O,
it approached the BL limit from below. The evolution of
DA provided the phenomena of scaling violation, starting
from Q) ~ 20 GeV, and TFF approached to 2f, from
above at Q — oo.

In conclusion, we suggested a model of the pion BSA
that is simple but offers a powerful tool for the analysis of
the electromagnetic properties, as well as a momentum-
dependent model of the quark propagator that captures the
confining features through related complex conjugate
singularities. We also proposed a model for the PDA that
has excellent agreement with the SDE predictions. The
pion TFF results obtained with this compound QAM
agreed well with the available experimental data and
obeyed our computed BL limit at 2 GeV from below,
which could be obtained analytically. Whereas with the
evolution of DA, the pion TFF approached the asymptotic
limit, 2f,, from above. Although the model is simple,

without recourse to a spectral density function and with an
added advantage of the momentum-dependent quark mass
function with confinement mimicking complex conjugate
singularities, it must be able to produce a large number of
pion-related observables, such as the pion EFF, generalized
parton distributions, and the parton distribution functions,
at the experimental scale. It is also straightforward to
extend the present work to the case of both photons being
virtual with respected virtualities Q> and Q’z. Considering

02+0”
2

w= —gzz J‘rg;, with the latter quantifying the asymmetry in the

and

this double virtuality case, we can define 1, =

virtuality of both photons. In this case, we can obtain a not
too dissimilar large 7, behavior of the transition form
factor similar to the single virtuality case of Eq. (29),

e p(a)
NEA da1+(1—2a)w' (31)

This is the generalized Brodsky-Lepage limit for the
pseudoscalar meson transition form factor. Moreover,
one can compute its effect on the anomalous magnetic
moment of the muon through the hadron light-by-light
scattering processes involving the neutron pion pole. All
this is a case for future work.
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