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1. Introduction

We consider an autonomous system X = F(x) where F = (P, Q)T
is a planar vector field defined in a domain U c C2 whose com-
ponents P and Q are analytic in a neighborhood of the origin and
coprimes.

Let ¥ c U be with U\ ¥ open, a set of integral curves of the
system, we say that a continuous function H : U\ £ — C is a first
integral of F if H is constant on each solution of system x = F(x)
contained in U \ X, and H is non-constant on any open subset of
U\ XZ. If ¥ is a empty set, H is a strong first integral; otherwise,
H is a weak first integral. Thus, the first integrals computed by Dar-
boux [15] in 1878 for polynomial systems are weak first integrals,
in general.

Here, we study the existence of an algebraic first integral, i.e.
a first integral which is solution of a polynomial with coefficients
over C[[x,y]] (ring of the formal series in x,y with coefficients on
C). As we will see below (Proposition 4, the existence of an alge-
braic first integral is equivalent to the existence of a first integral
that is a ratio of two coprime formal functions.

A function H = £ with f and g analytic or formal functions,
is a first integral o? F if H is a weak first integral on the open
set Qg = {(x,y) € U : g(x,y) # 0}. Obviously, if H is a first integral,
then Lie derivative of H by F is zero in Qg, i.e. F(H) =0 in Qg,
where F := Pdx + Qdy denotes the differential operator associated
to the vector field F. It will cause no confusion if we use the same
letter to designate the vector field and its associated differential
operator.

If the open U does not have any singular point, from flows box’s
theorem [12, Cauchy-Arnold Theorem|, the vector field is analyti-
cally integrable, i.e. there always exists an analytic first integral of
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F. Consequently, we will assume that U has a singular point of the
vector field.

We recall a classification of the singular points of a vector field
according to the expression of DF(0), the linear part of a vector
field evaluated at the singular point (we will suppose that the ori-
gin is the singular point). We say that the origin is an elementary
singular point if at least one eigenvalue of DF(0) is non-zero. Par-
ticularly, if both eigenvalues are non-zero, we say that the elemen-
tary singular point is nondegenerate. Otherwise, both eigenvalues
are zero, the origin is degenerate. A special case of degenerate sin-
gular point is the nilpotent singular point (DF(0) is non-zero and
the eigenvalues are zero).

The integrability problem consists in determining if the planar
vector field has a first integral. In a general framework, it is an
important question because the existence of a first integral deter-
mines completely its phase portrait. For example, a nondegenerate
singular point type center-focus (its linear part has imaginary eigen-
values) is a center if, and only if, it has an analytic first integral
around the singular point, see [27,29].

Several authors have studied the existence of first integrals ac-
cording to the type of singularity. Poincaré [29] was interested in
the rational integrability. Namely, he gave necessary conditions so
that a nondegenerate elementary singular point has a rational first
integral. The conditions provided are conditions of resonance of
the eigenvalues associated to the singular point. Li et al. [25], using
the Poincaré-Dulac normal form theory, generalized the results of
Poincaré to the analytic two-dimensional systems with elementary
singular points, and obtained necessary and sufficient conditions in
order that the vector field has generalized rational local first inte-
grals (ratio of two coprime analytic functions). Subsequently, Cong
et al. [14] and Llibre et al. [26] extended this result for the vector
fields with arbitrary dimension.

Furta [18] proves that if the eigenvalues associated to the origin
do not satisfy any resonance condition then the vector field does
not have any analytic first integrals at origin. See also Yoshida [33],
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Goriely [22] and Nowicki [28]. Shi [32] studies the nonexistence of
rational first integral for semiquasihomogeneous systems.

Two analytic differential systems are called orbitally equivalent if
there exists a transformation of the phase space which takes com-
plex phase curves of the first to those of the second one or equiv-
alently, there exist a formal near-identity change of variables and a
formal re-parameterization of the time-variable that transform one
into the other one.

By [17,23], the nondegenerate center-focus type and resonant sad-
dles singular points, have an analytic local first integral if, and only
if, they are orbitally linearizable.

In this paper, we deal with analytic differential systems

y:Y(xsy)’ (1)

with X and Y analytic functions without constants and linear
terms. Thus, the linear part valued at the origin is non-zero and
the eigenvalues of the linear part of the vector field are zero at
that point, i.e. the origin is a nilpotent singular point.

The study of this class of vector fields has attracted the atten-
tion of several authors. For example, Sadovskii [31], Berthier and
Moussu [11], Andreev et al. [10], Giacomini et al. [21], Garcia et al.
[20], Algaba et al. [4] have characterized the nilpotent centers. The
center problem has been solved for some families, see [9,16,24].
Particularly, Chavarriga et al. [13] and Garcia and Giné [19] study
the analytically integrable nilpotent centers.

The analytic integrability problem around a nilpotent singu-
larity is already solved. Algaba et al. [1] study the vector fields
whose leader quasi-homogeneous term is Hamiltonian, see |1, The-
orem 3.19]. Recently, Algaba et al. [3] have solved the analytic
integrability problem around a nilpotent singularity of a planar
vector field under generic conditions (the origin of the leader
quasi-homogeneous vector field is an isolated singular point), see
[3, Theorem 1.2]. Later, Algaba et al. [2] have solved the re-
maining case, completing the analytic integrability problem for
such singularity, see [2, Theorem 1.4]. In all the cases, the vec-
tor field has an analytic local first integral if, and only if, it is
orbitally quasi-homogenizable (orbitally equivalent to its quasi-
homogeneous leader term).

Here, we study the nilpotent vector fields which have an alge-
braic first integral on C[[x,y]]. Because the eigenvalues are zero,
Poincaré-Dulac normal form theory is not applicable and so we
need an appropriate normal form for the study of this problem.

We introduce some notation and concepts to present the main
results. Given t = (t1,t;) with t; and t, natural numbers without
common factors, a scalar function f of two variables is a quasi-
homogeneous function of type or weight exponent t and degree j
if f(ehx, e2y) = &df(x,y). The vector space of quasi-homogeneous
polynomials of type t and degree j is denoted by ij.. A vector field

F=(P,Q)T is a quasi-homogeneous vector field of type t and de-
gree j if Pe (P} " and Q € TP; L, We denote the vector space of
the quasi-homogeneous polynomial vector fields of type t and de-
gree j by Qy. An analytic vector field can be expanded into quasi-
homogeneous terms of type t of successive degrees. Thus, the vec-

tor field F can be written in the form

x=y+Xxy)),

F:Fr+Fr+1+"',

for some integer r, where F; = (Piyty5 Qje, )T e Q§ and Fr # 0.

As mentioned before, the nilpotent vector fields are analytically
integrable if, and only if, they are orbitally equivalent to a poly-
nomially integrable quasi-homogeneous vector fields, see [1-3]. In
this paper, we solve the remaining case, completing the algebraic
integrability problem for such singularity; that is, we address our
study when the vector field has an algebraic first integral but it
does not have any analytic first integral and we obtain the follow-
ing result.
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Theorem 1. (Algebraic and non-analytic integrability of nilpotent
vector fields). We assume that F is an analytic vector field whose ori-
gin is a nilpotent singularity and F is not analytically integrable. The
vector field F has an algebraic first integral if, and only if, after a poly-
nomial change of variables (if necessary), is formally orbitally equiva-
lent to

v+ dx™ 1o + (n+ 1) (™1 + dx"y)0,,

with n a natural number and d a rational number with |d| > 1, i.e.
a quasi-homogeneous vector field of weight t = (1,n+ 1) and degree
n.

Next result allows to extend the results of [17,23,25] on alge-
braic integrability for vector fields whose origin is a nondegenerate
or elementary singular point to the nilpotent vector fields.

Theorem 2. (Algebraic integrability of nilpotent vector fields). Let F
be an analytic vector field with a nilpotent singularity at the origin.
The vector field F has an algebraic first integral if, and only if, it is or-
bitally equivalent to a rationally integrable quasi-homogeneous vector
field.

We also provide a characterization of algebraic integrability (an-
alytic or not) through the existence of an inverse integrating factor,
ie. a formal function V, zero at origin, such that (P/V,Q/V)T is a
Hamiltonian vector field in U \ {V = 0}.

The following result is a tool we will use to obtain necessary
and sufficient conditions of algebraical integrability.

Theorem 3. let F=3"; .F; F;e Q} be an analytic vector field
whose origin is an isolated nilpotent singularity. Assume that F, =
(Pr+t;, Qrit,)T is a rationally integrable vector field and t1xQryr, —
t2yPrit, € Tﬁﬁﬁt has only simple factors on C[x,y]. Then F is alge-
braically integrabzle if, and only if, F has a formal inverse integrating

factor V= ZjZTth]Jrfz Vj, Vj € Tj with Vr+t] +t, = t]XQrthZ - fzyPr+t1.

The condition on the expression of the lowest-degree term of
the inverse integrating factor can not be removed. We remark that
there exist nilpotent vector fields which are not algebraically in-
tegrable and nevertheless have an algebraic (and formal) inverse
integrating factor. For example, the polynomial (x* —2y2)? is an
inverse integrating factor of the vector field (y + x2(x* — 2y2)) 0y +
(x3 4 2xy(x* — 2y%))d,, which is not algebraically integrable, see [8,
Theorem 2].

The rest of the paper is organized as follows: In Section 2,
we provide a normal pre-form of a nilpotent vector field with
an algebraic first integral, Proposition 5. Here we also include
some properties of the invariant curves of this normal pre-form.
Section 3.1 contains a normal form of an analytic planar vector
field using quasi-homogeneous expansion, see Theorem 8. We in-
clude this section trying to do the paper self-contained. The re-
sults shown and their proofs, we can find them in [3]. The re-
sults of subsection 3.1 are new, we give a orbitally equivalent nor-
mal form for the vector fields whose quasi-homogeneous leader
term is rationally integrable but no polynomially integrable, see
Theorems 9 and 10. Section 4 is the proof of Theorem 1, 2 and
3 and Section 5 contains some technical results we use for proving
the above results. Last on, in Section 6, we solve our problem for a
polynomial family by providing the algebraic first integrals.

2. Necessary conditions of algebraical and non-analytical
integrability of nilpotent vector fields

We first give necessary conditions of algebraic integrability. We
recall that an invariant curve at the origin of a vector field F is
a formal curve C(x,y) =0, null at the origin, satisfying F(C) = KC
with K formal function, named cofactor of C.
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Proposition 4. Consider a non-analytically integrable vector field. If
it has an algebraic first integral at the origin then it has a first integral
that is ratio of two coprime formal functions. Moreover, it has two
formal invariant curves at the origin with the same cofactor.

Proof. We assume that the analytic vector field has an algebraic
first integral and it is not analytically integrable. From [30, Propo-
sitions 1 and 2], it also admits a first integral V of the spe-
cific form V = <pf1 ---gofs, with ¢; € C[[x,y]], non-invertible, irre-
ducible invariants and rational numbers d; non-zero. So, if we

write d; =m;/n; and denote N =Ilcm({|nq|,...,|ns|]}) and M=
gcd({N|'r’:—1‘| ..... NIZ£[}), then VMM is also a first integral and has
the expression []}_; (p!‘i, with kg, ..., ks non-zero integer numbers

(no all k; have the same sign), ie. it is a ratio of two coprime
formal series, W; and W5, with W; and W, functionally indepen-
dent and W; (0) = W, (0) = 0. We prove the second part. As W; /W,
is a first integral we have that F(%) =0 in Qy, and therefore
0 = W,F(Wp) — WiF(W,) in Q. As Wy and W; are functionally in-
dependent, we have that F(W;) = KW; and F(W;) = KW, in Qy,.
This property also is satisfied in Qy, since it is enough to consider

the first integral % Therefore, the property is true on C2 since

Quw, N Qw, = {0}. Thus, W; and W, are formal invariant curves
with the same cofactor. O

We give a normal pre-form of nilpotent vector fields with an
algebraic first integral. This result allows to obtain necessary con-
ditions of algebraic integrability.

Proposition 5. We assume that F is an analytic vector field whose
origin is a nilpotent isolated singularity and has an algebraic first
integral. There exists a polynomial change of variables ¢ such that
O F=F-+-.., Frec Ot where F. is one of the following vector
fields:

A) Fr =yd+ax?"dy,a #0, ie. T=2n-1, t=(2,2n+1).

Moreover, in this case, F is analytically integrable.

B) Fr = yox + bx"ydy. b #0,ie.r=n, t=(1,n+1).

Moreover, in this case, F is analytically integrable.

C) Fr= (y +dx™ 1)y + (n+ 1) (™1 +dx"y)dy, deQ, ie. 1=
n, t=(1,n+1). Moreover:

For |d| < 1, in this case, F is analytically integrable.

For |d| > 1, in this case, F is not analytically integrable.

Proof. A normal pre-form of analytically integrable nilpotent sys-
tems can be found in [3]. We study the algebraic and non-analytic
integrability.

According to the kind of the Newton diagram of a vector field
and therefore depending on the type and degree of the quasi-
homogeneous leader term, a vector field F whose origin is a nilpo-
tent singularity can be transformed, by means of a polynomial
change of variables into ¢,F=F; +..-, with F € Q! being one,
and only one, of the following quasi-homogeneous vector fields:

« Fr=(y+yf(x)0x +y?g(x)dy, ie.t=(0,1) and r=1. In this
case, ¢.F= (v +yf(x.y))d +y28(x, y)dy, that is, the compo-
nents of the vector field are not coprimes (the origin is a not
isolated singular point) and it is always analytically integrable
by the flow box’s theorem, see [12].

Fr =ydx +ax*™dy, a#0, ie.t=(2,2n+1)and r=2n-1. In
this case, ¢.F has one invariant curve at origin, %yz +
ﬁxzn“ + ---. Therefore, by Proposition 4, ¢,F does not have
any algebraic and non-analytic first integral (case A)). The an-
alytic integrability of the vector field ®.F has been studied in
[1].

Fr = yox + bx"ydy, b+#0,ie. t=(1,n+1) and r = n. The vector
field ¢.F has, at most, two irreducible invariant curves at origin
of the form (n+1)y — bx™! +... and y +---, whose cofactors
to degree n are 0 and bx", respectively. Therefore, these curves
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do not have the same cofactor, by Proposition 4, ¢.F does not
have any algebraic and non-analytic first integral (case B)). As a
consequence, if there exists an algebraic first integral then the
vector field is analytically integrable.
Fr = (y +dx™ 1)y + (n+ 1) (cx®™1 + dx"y)dy,
{-1,0,1}, d#0, iie.t=(1,n+1) and r =n.
If c= -1, there exists an unique irreducible analytic invariant
curve at origin starting by y% +x2"+2 and therefore ¢.F does
not have any algebraic first integral.
If c =0, the vector field ®.F is not analytically integrable since
its Hamiltonian part has multiple factors, see [7, Theorem 3.2].
In this case, the invariant curves, of existing, are invariant
curves of the form y + --- . We assume that the vector field has
two invariant curves f; and f, with the same cofactor. This fact
arrives to a contradiction since f; — f, is also an invariant curve
of F; and it does not star with y. Thus, the vector field ®.F does
not have any algebraic first integral.
Otherwise, ¢ = 1. We distinguish two cases: if |d| = 1, the curve
y +dx"1 is a curve of singular point of F;. The change of vari-
ables (x,v) = (x,y + dx"+1), transforms the vector field into B).
If |d| # 1, from [6, Theorem 22], has, at most, two irreducible
analytic invariant curves at origin starting with f:=y —x"t1
and g:=y+ x"*1, respectively, whose cofactors start with (n +
1)(d—1) and (n+1)(d + 1), respectively.
The formal invariant curves of ¢.F (if they exist) are f™ +
, meN, and g™ + ..., my € N, whose cofactors are (n+
1)(d-1)m;+--- and (n+1)(d+1)my +---, respectively. So,
if ¢.F has two irreducible analytic invariant curves at origin
with the same cofactor, then m; and m; hold (d —1)m; =
(d + 1)m,, therefore, d is a rational number with |d| > 1. From
Proposition 4 the result follows (case C)).

with c e

O

So, by above proposition, the algebraic integrable nilpotent vec-
tor fields without any analytic first integrals, after a polynomial
change of variables, if necessary, are of the form

W +dx" )3+ (n+ 1) +dx"y)dy + -+ (2)

with n a natural number and d a rational number with |d| > 1.
The existence of invariant curves of system (2) is provided by
Algaba et al. [6].

Proposition 6. (/6, Theorem 19]) Let F be the vector field (2). It
holds:

(i) if d e Q and d > 1, F has a unique irreducible analytic invari-
ant curve at the origin starting with y — x"t1,

Moreover, it has an irreducible analytic invariant curve at the ori-
gin starting with y + x™1 if d > 2n + 3.

(ii) if d e Q and d < —1, F has a unique irreducible analytic in-
variant curve at the origin starting with y + x"+1.

Moreover, it has an irreducible analytic invariant curve at the ori-
gin starting with y — x™+1 if d < —2n — 3.

We emphasize that if C is a formal or analytic invariant curve
at the origin, then for any unit function u € C[[x,y]], u(0) =1, Cu
is also a formal invariant curve since

F(u F(u
F(Cu) = CF(u) + uF(C) = Cu(?) +Cuk = <(u) +K>Cu,
with K cofactor of C and u(0) = 1. As a consequence of [6, Theo-
rem 5], at least one of the formal irreducible invariant curves of
(2) starting with y — x™1 (or y + x™1) is analytic.

The following result provides a canonical expression of the in-
variant curves starting with y — x™1 or y 4 x"*+1,

Proposition 7. If C =Gy, + Gy + -+ is an invariant curve of (2),

with oy =y —x™1 (or oy =y +x"1) and Cyyqyj € Tfmﬂ. with
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t=(1,n+1), then there exists a unit function u such that Cu=
Cpi1 + Cnp2X™2 + €y 3X™3 .. is an invariant curve of (2).

Proof. We suppose that C =
with G, 1=y —

Cyye1 + -+ is an invariant curve of F
x™t1 (the proof is analogous for G, =y +x™1).

We consider the sum TP,‘HHJ (XY Py - x”“)?}.
We know that Cu = (y —x™1 +Cyp+--- )1 +up +up +---) is
an invariant curve of F for any unit function u.

The quasi-homogeneous term of degree n + 2 of Cu is (Cu)p 1 =
v —x"Duy +Cyyp. By writing Cuyp = Apgz + (v — X1y with
Ani2 € (x"2) and by choosing u; = —v;, we have that (Cu),,p =
Any2 = Cnp2X™2. So we choose, step to step, the Uy, Up, ..., Uj_q.
The term of degree n+ 1 + j of Cu is

CWnp11j= @~ X"H)u] +Coyaltj1 + -+ Gy juir + Gryrajs

and we choose uj such that —(y—x”“)uj is the projec-
tion of Gyyottj_ 1+ -+ Gyyjtis +Gyy14j ON (y—x"“)fP; and thus

(Cni14j € (xm1+). 0

3. Normal form of quasi-homogeneous expansions under
orbital equivalence

We include this section trying to do the paper self-contained.
In the first part of this section, we provide a normal form of an
analytic planar vector field using quasi-homogeneous expansion,
Theorem 8. Its proof we can find it in [3].

We consider a general vector field F = F, + --- , where the low-
est degree quasi-homogeneous term F; verifies that h :=Dg A F; €
?:+It|’ conservative part of F, is non-zero. The key in the prob-
lem of obtaining a normal form of the vector field F is to analyze
the effect that a near-identity transformation x=y+P;(y) and a
reparametrization of the time by 4 dT =1+ 7;(x) has on the system
x = F(x), where P; ¢ Q§ and 7j € fPt with j > 1.

The quasi- homogeneous terms of the transformed system y’ =
dy = G(y) agree with the original ones up to degree r+ j — 1 and
for the degree r + j it holds

(DP]Fr — DFrPJ) =+ T]‘Fr = Fr+]‘ — [PJ, Fr] + T]'Fr
LT+]‘ (P], t])v

where we have introduced the homological operator under orbital
equivalence

Lrij Q X ?t - Qiﬂ
(P 7)) — Ly j(Pj, 7)) =[P}, Fr] -

and [P}, F;] := DP;F; — DF,P; is the Lie bracket of P; and F;. Fol-
lowing the ideas of the conventlonal normal form theory, by means
of a sequence of time-reparameterizations and near-identity trans-
formations, the system X = F(X) can be formally reduced to normal
form under orbital equivalence, i.e. the system can be transformed
into

dy
/
V=gr=6w=
with Gr #0 and G ; € Cor(L,, ) QH] where Cor(L,;) is any
complementary subspace to the range of the homological operator
Ly, j. We note that such space is not unique, in general.

Here, we give an expression of £,,; we will use to obtain an
expression of Cor(£,;), or equivalently, we provide a normal form
of the vector field.

A main role plays the linear operator ¢, ;, Lie-derivative opera-
tor of F,, i.e.

Gr+j = Fr+j -
= Fr+j -

Tj Fr,

G +G () +---.

r+] :P - T}+] (3)

pPj— Fr(pj)-
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The operator £, ; restricted to Q} x Cor(¢;) and the operator L, ;
have the same range. In this way, by keeping the notation, we con-
sider to £, j restricted to Q§ x Cor(¢;) as the homological operator
under orbital equivalence.

The following subspaces of Q; will be useful in the study of the
homological operator under orbital equivalence. Notice that 3’;4 =
{0} if j < r and Pt = span{1}.

¢t = {Xs., 8 € Ajg, @ complementary subspace to h?t_ |,
Dt = {nDg e Pt
Fo= A Fiag et L

(4)

If h # 0, it has that Q§ = C;@D}@}‘;, for all j e N.

This decomposition of the quasi-homogeneous vector fields al-
lows to define the corresponding projectors I1¢, T19 and IIf. Also,
we can identify Q% = C} @ i@ Fj =€} x Df x 1.

So, if P € Q;, there exist & A1+It\’ ne ?j and Ae ?54 such
that

P; = X5 + nDo + AF:,
1°(P;) = P§ := Projee (P;) = X,
Pl'Oth (Pj) = nDg and ITf(P ) P = PrOth( j) = AF:.

Wlth this notation the homologlcal operator under equivalence
can be written as

we denote

. ot t t t t t
Lrij: Cj X Dj X ]:j X Cor(ej) — Cr+] X Dr+] X .7-'r+],

such as
Ly (P PSP ) =

<X(Kc N ‘(5)): —[Fr. X1 + L’r+j(77j)Do, —[F, Xs]" - nn;F 4+ ¢; ()»j,r)l-‘, - ijr>,
et

where €7, .o PAjyjg —> Apyji s the linear operator defined
by

. div(F;)
€ (8) =Projy (Fr— mDo)(é). (5)

Under certain conditions on £¢ , wWe can give an orbitally equiv-
r+j+|t|

alent normal form of an analytic vector field.
F=F+>,F.; with F.je Qr+] If
I(er( r+J+ItI> ={0} for all jeN then F is orbitally equivalent

to

G=F + ZGT+j1 with Gy j= XSH”M +nr4jDo € QL]"
j>0

Theorem 8. Given

where 8,y € Cor(z and 1., € Cor(érﬂ-), the operators

C
Cryjeny

$+j+\t\)
and ¢, ; are defined in (5) and (3), respectively.

Proof. By using the decomposition in direct summa of ini-

tial and final spaces of the operator £, ; and writting F r+] =

Range( J)Fr@Cor( J)Fr, we obtain the following matrix diagonal
by blocks of the operator £, ;:

c 2 7 Cor(¢;)
X(@Mt\ (5)) 0 0 0 C:H
—[F. %51 €rj(n;)Do 0 0 Dt
~[F. X" -rnF ¢;(A;)F- 0 Range(¢))F,
0 —vF, Cor(ej)Fr
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From hypothesis Ker(ﬁﬁﬂ,ﬂtl) = {0}, we can deduce that the

upper left block of the matrix has maximum range. Thus, we can
choose the following subspace complementary to range of £, j,
Cor(Lyyj) = xCOr( ) x Cor(£r,j)Do x {0} x {0}

C
Gejon

and, therefore, the result follows. O

Remark 1. Suppose that there is a jo such that Ker(ﬁﬁﬂoﬂt‘) is
not a trivial set. We consider the linear operator

L :X x Dt — Dt .
+Jo * r+Jo’
1<er(z§+j0w) Jo Jo

defined by L(8. 7;,) := Proth+_ (—[Fr, X51 + €y (njO)Do), ie. the
+ig

second component of the operator £ ;.
If L., j, has full range, the quasi-homogeneous term of degree

I+ jo of the normal form is Gy, j, = Xs with § € C0r<£$+j0+|t\>‘

3.1. Normal form under orbital equivalence of nilpotent systems
whose first quasi-homogmeous component are algebraically but
non-analytically integrable

We give an orbitally equivalent normal form of (2) with
d rational number and |d| > 1, nilpotent vector field whose
lowest-degree quasi-homogeneous term is rationally and non-
polynomially integrable. We distinguish two cases:

Theorem 9. Assume d rational, |d| > 1 and |d| # 1 + z(“—kﬂ) for all
k natural number. The vector field (2) is orbitally equivalent to G =
Fn+ Y0 Gnyjo With Gy j = oty X" (x3y + (n+ 1)ydy), where j is
not a multiple of n+ 1.

Proof. The linear operator ¢, ; given by (3) is the operator Enﬂ- for
C =0 given by (10). Thus, applying Lemma 12 for C = 0, we have
that a complementary subspace to the range of the linear opera-
tor £, ;, with j=ig+Ilp(n+1), 0<ip<n+1, is Cor(¢y, ) = {0}
if ip = 0, and Cor(¢, ;) = (x™J) if ip > 0.

On the other hand, the linear operator 85 L2t 1) given by

(5) is the operator &, ., for C= —jig”(;}r)])d given by (11). By

. d .
hypothesis, we have that C+d = HzéTl) # =41, for all j, thus
from Lemma 14 for C = — 20D 4 we have that Cor(ej

Fr2(mt1) 2(ne1)) =
{0} and I(er(ej? {0}. So, from Theorem 8, the result
follows. O

L2mi)) =

Theorem 10. Assume |d| =1+ 2“}(—:1) for some ko natural number.
The vector field (2) is orbitally equivalent to G = Fn + 3" ;_o Gy j, with
G j = py jX"H (x0x + (n + 1)ydy) where j is not a multiple of n+
1, j#ko, and Gy y, = (ko + 21+ 2) By g Xk 21419,

Proof. Reasoning as before, we have that a complementary sub-
space to the Range of the linear operator ¢;,, given by (3), with
j=ig+lg(n+1), 0<ig<n+1, is Cor(¢,,;) = {0} if ip =0, and
Cor(yj) = (x") if ig > 0.

On the other hand, if d > 0 (for d < 0 the proof is analogous),

the linear operator ¢¢ given by (5) is the operator ¢

ko+2(n+1) ko+2(n+1)
for C= —%d given by (11). By hypothesis, we have that
C+d= % =1, thus from Lemma 14 for C = —%d,
we have that Cor(¢ ., 1)) = (xko+2(n+1)y 3pd Ker (€5 ,oi1y) =

(xkoﬂ (y— xn+1 ))
By Remark 1, it is enough to prove that L, has full range.
Indeed,

—[Fns Xygor1(yyery | = (DX + Ex*~ (y + X™+1)) Do + FxgFn
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D— 2l(n+2)(n+1) + 2(n+ 2)ko + 2k3

ko
ko(ko +1)
T+
_ (ko + 1) (ko +2n+2)

F= n+1

So, from Lemma 11 for C =0, the matrix of the linear operator
Lyjk,, with ko =ip + (n+ 1), 0 < ip < n, becomes

D dp 0 0 - - 0
E € d] 0 . . 0
0 0 €1 d2 0
0 0 dy,, 0
0 0 €l,-1 dlo
0 0 €

07 (lp+2)x (lop+2)

whose determinant is ejey---e, (Deg —Edp), with e =

(n+1)(g—1) +1iy #0, i=1,....1 and Deg — Edg =
3 2 2

2(k0+(5+4n)k0+3(n+2’20(n+1)k0+(n+2)(n+1) )20, thus Ly, has full

range and Gy, = Bn ik X kor2men- O
4. Proofs of theorems 1, 2 and 3

Proof of Theorem 1. The sufficient condition is direct since the
vector field F, has a rational first integral and the near-identity
change of variables and re-parameterization of the time-variable
transform its integral first into a non-analytic function, it which is
quotient of formal series.

Let prove the necessary condition. From Proposition 5, after a
polynomial change of variables (if necessary) is transformed into
(2).

From now on, without loss of generality, we will consider the
vector field (2) with d a rational number and d > 1 since oth-
erwise, d < —1, the change (x,y,t) — (—x,y,—t) for n even, or
x,y,t) - (x, -y, —t) for n odd, transforms the system (2) into

¥ + ™)y + (n+ 1) (™ 4 dx"y) Dy + -,

with d = —d > 1. Also, the invariant curves y — x"+1 and y + x"+1
are transformed into y + x™1 and y — x™+1, respectively.

We write the positive rational number 5} =1+ 27 := £ > 1
with gcd(p, q) = 1. Thus, d = g—fg and F;, has the irreducible ratio-
nal first integral Iy = % where f =y —x"1 and g =y + x"*! are
the irreducible invariant curves of F.

From [6, Theorem 19], the vector field F has an unique analytic
irreducible invariant curve C starting with f. Therefore, CP is the
unique analytic invariant curve starting with fP. Moreover, the for-
mal invariant curves starting with fP are CPu with u unit function.

Let I an algebraic and non-analytic first integral of F. By
Proposition 4, we know that there exists a first integral of the
form I =W;/W, with W; = fjp; +--- and W, = gny + -+, with W,
and W, two formal invariant curves of F. Therefore fn, = fP and
8my = gl.

If I is a first integral of F in 2y, it holds that F(%) =0in Qy,
and therefore 0 =W,LF(W;) — W;F(W,). In particular, its lowest-
degree quasi-homogeneous term is also zero. So,

0 = guoFr (fin) — S Fr (&) =gﬁ0Fr(%) in Q41 Q.
uhi}

By continuity, it extends to Qg, .

CPu
gq+...
starting with f, g4+ ... formal invariant curve and u unit function.

Hence J;:—g =Ipat and I = with C analytic invariant curve
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We express the positive rational number g%} =7 with
gcd(a, b) = 1. According the value of d, we distinguish two cases:

4.1. Case § # % for all j natural number

Under these conditions, by Theorem 9, the vector field (2) is
orbitally equivalent to G =Fy + 3 ;_ oGy, Where G =y jDo
with iy, j = oty X", with j not multiple of n+ 1.

If F has an algebraic and non-analytic first integral then G also
has an algebraic and non-analytic first integral I. In this case, f
is an invariant curve of G, thus fP is the unique invariant curve

. . T fIJ . 5_ .
starting with fP. Therefore, [ = T with 2=287+3";_qns1) &j-

On the other hand, G(fP) = p(n+1)((d — X" + ¥ ;¢ fns;) fP.
By Proposition 4, fP and g have the same cofactor, i.e.

G(g) = p(n+1)<(d— 1)X”+Zun+j>§- (6)
j=0

For proving the necessary condition enough to check that all 1 ;
are zero. We imagine by reduction to the absurd one, that there
exists a jo=min{jeN, fiyj#0}, ieflnj) = X0, with
Onij, # 0 and jo is not multiple of n+1.

Denoting m = jo +q(n+ 1), the equation (6) to degree jo+
qgn+1)+nis

0 = Fu(@m) + (in+joDo) (&) — P(n+ 1) (G (d — X"+ g4ty ).

Using the Euler Theorem for quasi-homogeneous polynomi-
als, Do(pj) =jp; with p;e CP;, and re-sorting the terms, the
equation (6) to order jo+q(n+1) +nis

0— (pn _ ‘M“"”x“%) @) — (1) (P — Q) fhs

i.e. gm satisfies the functional equation
(0 @m) = (14 1)(P — @)ty jyx" g, (7)

where K,ﬁ)m is the linear operator given in Lemma 13. If (a is
odd) or (a even and jj # b(2n+ 1)), from Lemma 13, the right-
side of (7) belongs to a complementary subspace of the range
of Zn.m therefore we arrive to contradiction, i.e. nyjy = 0. Oth-
erwise, a even and jo=b(2n+ 1), thus F is orbitally equivalent
to G=F, +o¢n+j0x”“'0D0 + ... . The vector field G has the invari-
ant curves (y —x"™1)P and (y+x""1)7+.... We note that the
curve (y —x™ 1P is the unique invariant curve starting with (y —
x™1)P and its cofactor is (n+ 1)px"((d — 1) + anﬂ-oxfO). The curve
(y+x"1)7 4+ ... could be not unique, ie. could exist other in-
variant curve of the form (y +x™t1)4 4+ ... and its cofactor would
be (n+1)gx"((d+1) + oc,HijJ'O) + ... Therefore, if both factors
were equal, then the quasi-homogeneous terms of degree n+ jg
would be equal, thus o, = 0.

4.2. Case & = %

For proving the necessary condition enough to check that all
G j are zero. We assume by reduction to the absurd one that
there exists a jo = min{j e N, G # 0}.

We distinguish three cases:

o If jo < kg, from Theorem 10, the first term G, ; non-zero with
J >0 Gy j 1=y j X0 (xBy + (1 + 1)ydy), with o, ) # 0.

If kg is even, then a=1 odd. So, by reasoning as before, by
Lemma 13, a complementary subspace to the range of the oper-
ator linear 412j0+(n+1)q is (xJotngd) we arrive to contradiction.

If kg is odd (b = kg), a =2 even and jg # ko(2n + 1) > kg. Thus,
by reasoning as before, . j, = 0.
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e We suppose that jo = ko, the first term G, ; non-zero with
j > 0 is Gn+k0 = :3n+k0XXk0+2n+2 = (ko +2n+ 2)[3”+koxko+2n+1 dy.
with :Bn+k0 # 0.

Let C= f+--- the unique analytic invariant curve starting with
f. From Proposition 7, there exists a formal invariant curve C = f +
Cn2X"2 4 Co3x™3 + ... and its cofactor is K :=Kn 4 Kypq + -
with K, = (n+1)(d — 1)x". We now compute the first coefficient
Cj+n41 NON-ZETO.

It is easy to check that ¢j, ;.1 =0, 1< j<ko.

Equation G(C) — KC = 0 to degree kg +2n +1 is

Fp (Ck0+n+1) + Gryin (Coi1) — C_n+1Kk0+n - C-k0+n+lKn =0.
That is,
@+ dx™ 1) (ko + 1+ 1)Chyan 1 X0 + (Ko + 21 + 2) By g Xl H2n 1
—f Ky, — (M +1)(d - 1)Ckg+n+1xko+n+l~

By writing y+dx™! = f+ (d+ 1Dx™, (d+ kg =2(ko+n+1)
and sorting the coefficients, we get
[2(ko + 21 + 2)Cy nar + (Ko + 21 + 2) By, XK 201

+[(ko +n + 1)Ck0+n+lxko+n — Kiyi,1f = 0.

Therefore,
1 ).Bn+koxn+k0 :
So, the cofactor of CP is p(n+1)(d — X" — 5B,y (ko + 1+
1)pxk0+n_
By Proposition 4, the vector field has an algebraic first integral
if CP and §= g%+ > ;_4(nt1) & have the same cofactor, i.e.

1 1
Ckotni1 = —3Pniky,  and Ky =—3(ko+n+

_ 1 _
6@ = (p(n-+ 1) = DY = 5 Brosy (ko +n+ pro™™ 4 g (8)
The above equation (8) to degree m +n with m =ky +q(n+1) is

i 1
0 = Fa(@m) + Gign (&) = P(n+ 1)(d = 1)X"Zm + 5 iy (Ko + 1+ 1) prlo gt
= Fa(@m) +q(ko + 20 +2) By g, x00F2 181 — p(n 4+ 1)(d — 1)X"gmy

1
+§/3n+l<op(k0 +n+ ])Xk0+ngq-

Using the Euler Theorem for quasi-homogeneous polynomials and
re-sorting the terms, we have that g, satisfies the functional equa-
tion

e (@m) = —q(ko + 21 + 2) By X0 2 1ga-1 (9)
1
-5 p(ko +n+1)Byg,x0 gl

If kg is even, then a=1 odd. So, by Lemma 13, a complemen-

. (]) .
tary subspace to the range of the operator linear £n+k0+(n+1)q is

(xkotngd) Moreover, the right-hand of (9) belongs to Cor(e,(,L)m). In-
deed, following Lemma 12, it is enough to prove that A := q(kg +
21+ 2) By, €q + 3 DKo + 1+ 1) Bk dg # 0. In this case, p=ko +
n+1, gq=n+1,dg=2n+1)(-n+q), eg=ko+M+1)(n+1-
q). Substituting, we get A= —(n+1)?8, . Thus, if B, # 0, we
have that the right-hand of (9) belongs to Cor((,(ffm) and we arrive
to contradiction. Therefore, B, = 0.

If kg is odd (b = kg), a = 2 even and kg # kg(2n + 1). Thus, from
Lemma 12 and reasoning as before, B, ;, = 0.

o if jo > kg, from Theorem 10, an orbitally equivalent normal
form of F is G = Fn + 3" Gn.j, Where Gy, j = oty X" (xdy + (1 +
1)ydy), with j is not multiple of n+ 1. By reasoning as the case
Jjo < ko, we prove that all the G, ; =0.

Proof of Theorem 2. We see the necessary condition. If the vec-
tor field F is analytically integrable then there exists ®, a poly-
nomial change of variables, such that the lowest-degree quasi-
homogeneous term ®.F :=F; is polynomially integrable. We dis-
tinguish three cases: for F, Hamiltonian vector field, we apply [1,
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Theorem 3.19]; for F, non-Hamiltonian and irreducible, we apply
[3, Theorem 1.2]; and for F- non-Hamiltonian and reducible we ap-
ply [2, Theorem 1.4]. In all the cases, the analytic integrability leads
to F orbitally equivalent to F;.

Otherwise, if F has an algebraic first integral but it is not ana-
lytic, we apply Theorem 1.

The sufficient condition is trivial.

Proof of Theorem 3. By Proposition 5, we can assume that, after
a polynomial change of variables and a scaling, if necessary, F =
Fr + ... where F; = Py, 0x + Qryt, 0y is one of the following vector
fields:

A) ydx +ax?"dy, a#0, t=(2,2n+1), r=2n-1,

B) yox + (n+ 1)x"ydy, t=(1,n+1), r=n,

C) (y+dx™ 1o+ (n+ 1) (*x*™+1 +dx"y)d,, with d rational
number.

For the case A), the vector is a perturbation of the Hamiltonian
vector field whose Hamiltonian function is tixPry, — £YQrir, =
2ax?"+1 _ (2n+ 1)y2. From [1], the vector field F is analytically in-
tegrable if, and only if, it is orbitally equivalent to ydx + ax2"dy.
This vector field has the inverse integrating factor 2ax2"t1 — (2n +
1)y2. Thus, undoing the change of variables, it has a formal inverse
integrating factor starting with 2ax2"+! — (2n + 1)y2.

For the case B), we have t;xPr, —tYQrys, =y(x"1 - (n+
1)y). From [2, Theorem 1.5], the vector field F is analytically in-
tegrable if, and only if, it has a formal inverse integrating factor
starting with (n + 1)y (x"+1 —y).

For the case C) the polynomial t1xPri, — tyQri¢, is (n+ 1) (¥ —
xZ"2)  From [5, Theorem 11], these vector fields are orbitally
equivalent to F; if, and only if, they have a formal inverse integrat-
ing factor starting with (n+ 1)(y% —x2"*2). So, from Theorem 2,
the result follows.

Notice that, by Proposition 5, after a polynomial change of vari-
ables, if necessary, we can always assume that if the leader quasi-
homogeneous term F; is rationally integrable then it satisfies that
t1XPry¢; — £¥Qryr, has only simple factors on C[x, y].

5. Auxiliary and technical results

Throughout this section,
Fn = (y +dx™1)d, + (n 4 1) (x2™1 + dx"y) 0,
t=(1,n+1),i e. Dy =x3 + (n+1)yd,,
f:y—x”“, g:y+x““.
The following result is technical and its proof is direct.
Lemma 11. Let j=Ilg(n+1) +iy with 0 <ig <n+ 1. For each i =
0,..., lp, we denote gl.(lo) 1= x(lo-DDgl  We consider G, =F, +
Cx"Dg with C € R. Then,
(i) ifig =0,
Gn(g?) = dix"g” + eix"g!"),
withd; =(d+C-1)j+2(n+1)i, e,=j—(n+1)i, i=0,..., lo.
(ii) if ig > O,
Gn (xiggl(lo)) — dixio—lglglwr]) + eixiu_lgi(_lf;rl)v
withdi=(d+C-1)j+2(n+1)i, e=j—(n+1)i, i=0,..., 1.
Fixed C € R, we consider the linear operator

bngj i P > Py (10)
pi  Inij(pj) = (Fa +Cx"Do)(p;)
We have the following result.

Lemma 12. Consider the linear operator Znﬂ with j=Ilp(n+1) +
ip, 0 <iy <n+ 1. Then, a complementary subspace to Range(fnﬂ-)
is
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(i) ifip = 0,
ifd+C—1#-%, i=0,--- I,

(x"tiy,  otherwise.

(ii) if ig > O, Cor((?nﬂ-) = (x"+i),

Moreover, if di=m+1)((d+C—1)lg+2i)+(d+C—1)ig #
0, i=0,..., -1, with | <ly, then we can choose Cor(Z,Hj) =
(xi071+(lo+1fl)(n+l)gl>_

Cowﬂwp::{{oh

Proof. We distinguish two cases:
Assume ig =0, ie. j=Ilp(n+1). In this case, ?} = (g

0.--.lp) and Pt = (xng), ,lp). if we choose these

basis, from Lemma 11, the matrix of the linear operator Zn+j is
the following square matrix and diagonal whose elements d; are
all different

(Ip) ;
RS

i=0, ..

dd 0 0 0
e di 0 ... ... 0
0 €1 dz 0
. . 0
0 d,0,1 0
0 ep-1 dj, (lo+1)x(lo+1)

So, if there exists any d; null, the range of the matrix is lp.
Therefore, the dimension of Cor(ZnH-) is one and we can choose
Cor(ZnH-) = (xi*") since the elements e, - - - , €1, are all non-zero.
Otherwise, if all d; are non-zero, the operator has full range, that
is Cor(y, ;) is a trivial set.

Now assume 0 <iy <n+1. In this case, ﬂ’; = (x"Ogi(lO),
0.+ .Ip) and P ;= (xo-T4ngloth j—0... lg+1), that is
dim(fPﬁ) =lp+1<lp+2= dim(?hn). If we choose the basis

given in Lemma 11, the matrix of the linear operator Znﬂ- is the
following lower triangular matrix of order (I +2) x (Ip + 1),

i=

d 0 0 .. 0

€o d] 0 0

0 €1 dz 0

0

0 - dyy O

0 610,1 dlo

0 €0/ (ly42)x (g 1)
thus we can choose Cor(t’nﬂ) = span{x"+J} since e, - - - ., are all
non-zero.

Furthermore, if d; #0, for all i=0,.--1—1, the polynomials
x’0*1gl.(1°71),i= 0.---,1, do not belong to Range(Z,,;). Thus, any
one of them is a base of Range(Znﬂ-). O

We use the following result in the proof of Theorem 1.

Lemma 13. We denote the operator &y j g1y for C=
_p+D)(d-1) i 1) .

ToraneD) and jo natural number, by [n+j0+q(n+1)' If dis a
rational number greater than one, we can write g%} =7 with
gcd(a, b) = 1. Then, if one of the following conditions is satisfied:

(i) a is odd,

(ii) a is even and jo # (2n+ 1)b,

then a complementary subspace to Range(zslﬁjo g1 )) is

1 (i i s

Cor(elgjjﬁq(nﬂ)) = (x"Hot(@-D(ntDgl) with i e {0, -, q}.

Proof. Following above proposition, the proof consists on to check
that d; #0, i=0,---,q—1 with dj=(d+C-1)(jo+q(n+1)) +
2n+1D)i=d-D][jo-(p—-q)(n+1)]+2(n+1)i.
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As 4l = % it has that p=2b+a(n+1) and g=a(n+
1). So, d; = 0 if, and only if, a(2b(n + 1) — jo) = 2bi. Therefore, j, =
2b(n+1) — 271" e N, and 2bi = am, with m natural. So, a = 2i and
j =m since gcd(a, b) = 1. Consequently, a is even and in such case

jo=2b(n+1)—b=bQn+1). O

Fixed C € R, we consider the following linear operator

fj+2(n+1) : Aj+n+2 - Aj+2(n-¢-1) (11)
8 &y (®) =Projs . ((Fa+Cx"Do) (),

where Aj ;. and Ajiypyq) are complementary subspaces to
fg?}fn and fg‘.P;, respectively.
We have the following result.

Lemma 14. Consider the linear operator 5 It has that:

Jj+2(n+1)°

i If C+‘d =1, Cor(Z§+2(n+1)) = (xjr2mt)y  gnd
Ker(%, 1) = (xIt1g). ‘
(i) If C4+d=1, Cor(%, 5 (n1) = (xJ+2(n+1)y and

Ker([§+2(n+1)) = (xJT1f).
(i) If C+d # i],Cor(t’?

{0} and Ker(ﬁju(nﬂ)) = {0}.
Proof. Denoting G, = F; +Cx"Dy, it has that
Gn (X)) = (j+n+2)(d +C— DX/ 4 (j 4 n42)xtm1g,
and
Gu(x1g) = (j+n+2)(d+C+ Dx*" gt (j+1)xi fg,

Hence choosing the bases Aj ., =span{x/*"+2 xi*lg} and
Ajio(ner) = span{x 2D xitn+lgl Notice that dim(Aj ) =

dim(Aj,5(ns1)), We obtain that the matrix of the operator
is similar to

+2(n+1)) =

C
Civamen

d+C-1 0
1 d+C+1

The result follows from the structure of the above matrix.
O

6. Example

Consider the algebraic integrability problem of the following
nilpotent system,

X\ (¥ +4x2 +x(bsx® + axx? + bixy + agy)
v =\ 2x3 + 8xy + 2y(b3x3 + ayx% + bixy + agy)

The quasi-homogeneous expansion respect to the type t= (1,2)
of the associated vector field is F=F; +F, +F; with F; = (y +
4x2) 3y + (223 + 8xy)dy € Q1P| Fy = (agy + apx®)Dg € Q?), F3 =
(b1xy + b3x3)Dg € qu) and Dy = x9x + 2ydy € Q(()I’Z)A

So, the vector field F is of the form (2) withd=4 and n=1.

The origin of system (12) has two irreducible formal invari-
ant curves C; = (y —x%*) +--- and G, = (y +x%) +---. Moreover F,
is rationally integrable and a rational first integral is I3 = (y +
x2)3(y _ XZ)—S_

The following result solves the algebraic integrability problem
for the family (12).

(12)

Theorem 15. System (12) has an algebraic and non-analytic first in-
tegral if, and only if, the following conditions hold:

a —4(10 = (10(b3 —4b]) =0.

Proof. From Theorem 3, the vector field (12) has an algebraic
and non-analytic first integral if, and only if, there exists a for-
mal inverse integrating factor V =V4+ Vs + ... where V; e CP;LZ)

with V4 := 2(x2 — y)(x2 + y). The proof consists in imposing degree
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to degree the vanishing of the coefficients of the expression of
G =F() —div(F)V = Gs + --- because they prevent the algebraic
integrability. To degree 5, it is easy to show that Gs is identi-
cally zero if a, =4ag and, in such a case, V =2(x2 —y)(x2 +y) —
2apX> + 2agxy* + - - - .

To degree 6 there are not any condition and to degree 7, we
have that ag(bs —4by) = 0.

We distinguish two cases: we assume that b3 = 4by. If by =0,
the vector field has the first integral (y 4+ x%)3(y — x2)=(1 + agx)*.
Otherwise, b; # 0. Now we consider three cases:

i) If 4b; — a% =0, the vector field has the first integral
(y + X2)3 (y _ XZ)—S (aox + 2)46—2/(aox+2).

i) If 4by — a3 = a® > 0, the vector field has the first integral

4a,
¢ Jrx2)3(y _ xz)*S[(aZ + ag)xz + dagx + 4]4eT°artan(%[(a2+a§)x+2ag]).

iii) If 4b; — a3 = —a? < 0, the vector field has the first integral
Y +x)3 @ =212+ (@ +ao)x P2 — (a - ap)x 212,

Finally, if ap =0, the quasi-homogeneous polynomial (y—
x2)(y + x%) is an inverse integrating factor and the vector field has
the first integral

(3 +x2)3(y — x2)~5[(4b3 — b1)x* + (4by — by)y + 15]2.
Od
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