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Abstract

A polyad-conserving algebraic model applied to vibrational excitations of the asymmetric iso-
topologues of CO2 is presented. First the problem of vibrational excitations is studied by taking
into account only the minimum subspace of states to characterize the Fermi interaction. This anal-
ysis allows an estimation of the force constants as well as the feasibility of describing the system in
a local mode scheme, in terms of SU(2)-operators associated with Morse ladder operators for the
stretches. This description together with the algebraic U(3) for the bends establishes the dynami-
cal group SU1(2)×U(3)×SU2(2) for the series of isotopologues. Six isotopologues are considered,
namely 16O12C18O, 16O12C17O, 16O13C18O, 16O13C17O, 17O13C18O and 17O12C18O in their elec-
tronic ground states. For the isotopologues 16O12C18O, 16O12C17O, 17O12C18O, and 16O13C18O,
the vibrational description was carried out using a Hamiltonian involving 14 parameters. For this
series of isotopologues with a number of energy terms 90, 57, 42 and 40, the deviations obtained
were rms=0.15, 0.10, 0.06 and 0.07 cm−1, respectively. For 16O13C17O, with 28 experimental
energies and involving 13 parameters, the deviation was rms=0.05 cm−1 while, for 17O13C18O, a
different strategy was proposed since only 12 experimental energy levels. In all cases the polyad
scheme P212 = 2(ν1 + ν3) + ν2 was considered. In addition, a new criterion of locality/normality
degree is proposed, embracing the case of molecules with normal mode behavior, in particular, the
isotopologues of CO2.

Keywords: Algebraic approach, vibrational excitations, asymmetric isotopologues of CO2, polyad-
conserving scheme.
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1 Introduction

Beyond the unquestionable importance of the CO2 molecule in the chemistry of the Earth’s environ-
ment, this molecule is also significant because it has been detected in the atmosphere of other planets
as well as in the exterior space and it is used as a tracer of the evolution of stars [1, 2, 3, 4, 5, 6, 7].
Human industrial activity is responsible for the alarming increase of this greenhouse gas, being the
atmospheric CO2 the central contribution in the global warming [8, 10, 11, 12]. This fact together with
the advances in spectroscopic techniques have lead to a large augmentation of experimental analysis
with the purpose of establishing a complete and accurate characterization of CO2 and its isotopologues
[13, 14, 15, 16, 17, 18, 19, 20, 21, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40,
41, 42, 43, 44, 45, 46, 47, 48, 50, 51]. In spite to the great amount of ongoing experimental spectro-
scopic information on the isotopologues of CO2, for some of them very few experimental vibrational
energies have been reported, in particular for (838), (737) and (738) (in simplified notation,17O13C18O
→ (738), for instance). Given the profuse spectroscopic data, theoretical models can be tested in
different fronts. A precise theoretical description may be of great importance to provide a feedback
to the experimentalists in the search of line assignment, but also to test and improve the models
providing additional physical insights about the systems. In particular, the experimental techniques
involving highly excited states of the ro-vibrational degrees of freedom demand theoretical treatments
in the field of high resolution spectroscopy. In this venue, the rotational description is usually carried
out through a perturbative approximation of the Hamiltonian [52, 53, 54, 55, 56, 58]. On the other
hand, variational approaches address both spectra and potential energy surface to study the nuclear
dynamics [59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74] as well as the dipole moments in
case we were interested in the simulation of the infrared spectra [64, 75, 76, 77, 78, 79, 80]. Regarding
the description of the isotopologues of CO2, the work of Huang et al deserves particular attention due
to the comprehensive study of them [65]. Within the Born-Oppenheimer approximation the potential
energy surface is the same for every isotopologue, a fact that establishes relations between their fre-
quencies [81]. Concerning this point the determination of the abundances has received much attention
in the last years due, in part, to the fact that it is now possible to make accurate measures to deter-
mine low natural abundances [60, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91]. Gas phase mass spectrometry
represents the first option to identify abundances, but it presents limitations that impedes their deter-
mination of all the isotopologues [92, 93] despites the advances in high resolution mass spectrometry
permits the differentiation of the isotopologues (627) and (636) [94]. The difficulty in determining the
relative abundances has motivated scientists to a search for alternatives represented by IR and Raman
spectroscopy [95, 96, 97]. These analytical tools involve a detailed study of the vibrational degrees of
freedom to provide the wave functions, a fundamental ingredient for the simulations of IR and Raman
spectra.

The study of the principal isotopologue 12C16O2 has been developed using an algebraic approach
based on the dynamical group SU1(2) × U(3) × SU2(2) since 14 years ago. This study was first
carried out paying attention to the vibrational excitations [98, 99, 100, 101] and, later on, focusing on
the simulation of the Raman spectrum [102, 103, 106]. More recently we started a systematic study
of the vibrational excitations of the symmetric isotopologues of carbon dioxide 13C16O2, 12C18O2

and 12C17O2 in their electronic ground states [107]. The description was again approached using
the algebraic model SU1(2) × U(3) × SU2(2), which consists in considering Morse potentials for the
stretches [108, 109, 110, 111] and the 2D-vibron model for the bends [112, 113]. In this contribution we
present the study of the asymmetric isotopologues in the framework of the same scheme. Surprisingly,
the description of the asymmetric series turned out to be somewhat more involved due to the fact that
the symmetry adapted coordinates do not coincide with the normal coordinates and, consequently,
a treatment involving the GF formalism should be introduced [114]. We shall show that, in this
case, a suitable basis set is obtained considering the same symmetry adapted coordinates used for the
symmetric isotopologues, a fact that allows the symmetric limit to be recovered in natural form. The
convenience of this basis is proved through the estimation of force constants when compared with the
normal modes.

The carbon dioxide and its isotopologues have a strong normal mode behavior. This fact makes
them ineligible to be analyzed in the context of the traditional study of local modes, where the local
coordinates are assigned to the stretching degrees of freedom [115, 116, 117, 118, 119, 120, 121, 122].
In contrast we propose a criterion based on a model of harmonic oscillators keeping the connection
between the normal and local bosonic operators through a Bogoliubov transformation [123, 124]. This
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transformation provides the key to introduce a measure of the degree of normality/locality for any
set of equivalent oscillators beyond the type of behavior of a given molecule. This procedure allows
the connection between a Hamiltonian given in terms of normal modes and a Hamiltonian in terms of
local oscillators. The importance of establishing this connection is crucial in our algebraic method since
it is through the local representation that we propose a mapping from bosonic harmonic oscillators
to SU(2)-Morse ladder operators for the stretches and U(3)-ladder operators for the bends. This
anharmonization procedure allows us to improve the vibrational descriptions in a local scheme even in
molecules with a clear normal mode behavior.

The general scheme of our approach consists in expanding both the kinetic and potential contri-
butions up to cubic terms just to include the Fermi interaction characterizing these molecules [125].
The next step consists in introducing an algebraic representation invoking the connection between the
bosonic operators and the normal coordinates and momenta. An algebraic representation in terms
of local operators is obtained through a canonical transformation. The final algebraic representation
of the Hamiltonian is then improved by adding interactions of higher order in purely algebraic form.
The goal of our model is to establish an effective Hamiltonian with a minimum number of parameters
capable of providing high quality vibrational descriptions.

In our description the polyad P212 = 2(ν1 + ν3) + ν2 is considered. For the principal isotopologue
alternative polyad schemes have been used. McCoy and Sibert III [126] used the polyad P214 =
2ν1 + ν2 + 4ν3, while polyad P213 = 2ν1 + ν2 + 3ν3 is in general used in the context of variational
methods [60] as well as in effective Hamiltonians [14]. For the isotopologues under study the three
polyads may be tested. However, based on the assessment of the three polyads carried out through the
comparison between the experimental and the simulated Raman spectra in 12C16O2, where the polyad
P212 was considered as the best option, we chose this latter polyad in our description, previously used
with good results [99, 100, 101, 102, 103].

This paper is organized as follows. In Section 2, the local-to-normal transition is analyzed from
the point of view of the estimation of the force constants. Here a criterion to assign a degree of
locality/normality is introduced. Section 3 is devoted to present the Hamiltonian associated with
polyad P212. In Section 4, the vibrational analyses obtained for the six asymmetric isotopologues are
presented. Finally, the conclusions are drawn in Section 5. An appendix is added where the case of
the limit of symmetric isotopologues is discussed.

2 Local-to-normal mode transition

For the description of the vibrational degrees of freedom a crucial ingredient is the selection of the
coordinates used to obtain the Hamiltonian. In our case we are interested in a local mode description
because this is the appropriate way to introduce the mapping to anharmonic oscillators. Hence, the
model must be given in terms of internal coordinates, although starting from a scheme of normal
modes. In this process we shall introduced an intermediate step in terms of the symmetry adapted
coordinates used for symmetric isotopologues. This proposal turns out to be close to the normal modes
as it will be proved through the estimation of the force constants. In addition, we connect the normal
and the local mode descriptions leading to a criterion to establish the degree of normality/locality
for the series of asymmetric isotopologues. This criterion helps to provide a correlation between the
components of the wave functions and the degree of normality/locality. We start with the vibrational
description in terms of local coordinates. Although, at first sight, this analysis resembles an exercise
of textbook, it is relevant to justify our selection of the basis as well as to establish our normal/local
degree criterion.

2.1 Description in terms of local internal coordinates

Due to the preponderance of the Fermi resonance in these systems it is clear that even the simplest
model must include the Fermi interaction. Hence we start considering the simplest Hamiltonian up to
cubic interactions plus the Fermi interaction.

The Hamiltonian in configuration space of two non-equivalent interacting oscillators plus the bend-
ing and Fermi contributions is given by

Ĥ(L) = Ĥ
(L)
[2] + V̂ (L)

F , (1)
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where

Ĥ
(L)
[2] =

2∑
i=1

(
1

2
g(0)

ii p
2
i +

1

2
fiiq

2
i

)
+ g(0)

12 p1p2 + f12 q1q2

+
1

2
g(0)

aa(p2a + p2b) +
1

2
faa(q2a + q2b ), (2)

and

V̂ (L)

F =
1

2

(
∂gaa
∂q1

)
0

q1(p2a + p2b) +
1

2

(
∂gaa
∂q2

)
0

q2(p2a + p2b)

+
1

2

(
∂g1a
∂qa

)
0

[p1(qapa + qbpb) + H.c.]

+
1

2

(
∂g2a
∂qa

)
0

[p2(qapa + qbpb) + H.c.]

+
1

2!
[f1aa(q1 + q2)(q2a + q2b )]. (3)

where qi = ri − re (i = 1, 2) are the internal displacement coordinates with associated momenta pi
for the stretches, while {qa, qb} are the Cartesian bending coordinates and their conjugate momenta

{pa, pb} [104, 105]. The coefficients g
(0)
ij and fij , f1aa correspond to the Wilson matrix elements

evaluated at equilibrium and the force constants, respectively. Using the transformations given in the
Appendix A, the Hamiltonian (1) can be recasted in the following algebraic form

Ĥ(L’) =h̄ωg a†gag + h̄ωu a†uau + h̄ω
∑

α=+,−
τ †ατα

+ δgu(a†gau + aga
†
u)

+ α(L’)
g (a†gτ+τ− + H.c.) + α(L’)

u (a†uτ+τ− + H.c.), (4)

where

α(L’)
g =

1

4

[(
∂gaa
∂q1

)
0

+

(
∂gaa
∂q2

)
0

]
h̄ωµ

√
h̄

ωgµg

− h̄

2

[(
∂g1a
∂qa

)
0

+

(
∂g2a
∂qa

)
0

]√
h̄ωgµg

− 1

2!

h̄

ωµ

√
h̄

ωgµg
f1aa, (5)

and

α(L’)
u = −γ

4
h̄ωµ

√
h̄

ωuµu
; δgu =

h̄

8
reγ

√
ωgωu

G(0)
ggG

(0)
uu

. (6)

The introduction of the realizations (71) and (72) implies that the Hamiltonian we are considering
does not correspond to a local algebraic representation. In fact, it corresponds to a representation in
terms of normal modes of the symmetric isotopologues. Nevertheless, as this Hamiltonian is originally
expressed in local coordinates, it is labeled with the superindex (L′). On the other hand, this set of
coordinates allows the identification of two specific contributions for the asymmetric isotopologues.

They are the interactions associated with the coefficients δgu and α
(L’)
u that contain the ungerade

operators a†u(au). Because we are interested in comparing the force constants derived from (4) and
the corresponding Hamiltonian in terms of normal modes, where only four interactions are involved,
we consider only the following states

Σ+ : a|1000⟩ + b|0200⟩, (7)

Σ+ : b|1000⟩ − a|0200⟩, (8)

Σ+ : |0001⟩, (9)

Π± : |0110⟩. (10)
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which allow to determine the force constants {f11, f12, faa, f1aa}. However the Hamiltonian (4) involves
six interactions from which these four constants are to be obtained. In principle we need two more
states to determine the six parameters. Since we are interested in evaluating the importance of choosing
the symmetry adapted coordinates, not in obtaining a good fit (for the moment), we shall neglect the

contributions δgu and α
(L’)
u . In this way we are able to estimate the force constants using the four

states listed above. Later on, these results will be compared with the ones provided in the framework
of normal modes. Following this approach we obtain the parameters displayed in Table 1 , from which
we have estimated the force constants displayed in Table 2. As a reference we have included the
force constants obtained by Sánchez-Castellanos et al [100], where interactions up to quartic order
are compared with Chedin & Teffo[72, 73], whose consider terms up to sextic order. This comparison
permits to conclude the convenience of the symmetry adapted coordinates. However, it should be
highlighted that the correct analysis of the asymmetric isotopologues must be done in terms of normal
modes, a task to be done in the next section. Before proceeding to accomplish this task, it is worth
stressing that we may carry out in straightforward way the analogue predictions of the force constants
for the symmetric isotopologues, presented in the Appendix B.

Table 1: Parameters in cm−1 obtained by fitting the four states (7-10) using the Hamiltonian (4) with

δgu = α
(L’)
u = 0.

Isotopologue ωg ω2 ωu α(L′)
g

(637) 1318.97 645.74 2274.09 -47.96

(638) 1300.51 643.33 2265.97 -48.19

(627) 1318.87 664.72 2340.01 -51.61

(628) 1300.52 662.37 2332.11 -51.81

(728) 1280.85 659.69 2322.44 -52.09

Table 2: Local force constants estimated from the spectroscopic constants displayed in Table 1 using
the relations (73,74) and (5).

Isotopologue f
(L′)
11 (aJÅ−2) f

(L′)
12 (aJÅ−2) f(L′)

aa (aJÅ−2) f
(L′)
1aa (aJÅ−3)

(637) 15.55 1.35 0.57 -0.91

(638) 15.55 1.35 0.57 -0.90

(627) 15.54 1.35 0.57 -0.93

(628) 15.54 1.35 0.57 -0.94

(728) 15.54 1.35 0.57 -0.96

(626) Sánchez-Castellano[100] 15.95 1.24 0.58 -0.96

(626) Chedin[72] 15.97 1.25 0.58 -0.88

2.2 Normal mode scheme

Since the Hamiltonian (2) is quadratic, it can be reduced to a diagonal form by introducing the
normal modes. In the case of the asymmetric isotopologues, both stretching local modes carry the
same irreducible representation and, consequently, a symmetry adapted basis does not simplify the
Hamiltonian to a diagonal form as in the case of the symmetric isotopologues. Hence we invoke the
GF formalism to obtain the normal mode scheme.

The normal modes can be defined in terms of the internal coordinates using the transformation L
matrix by

L−1G0FL = Λ, (11)

where the matrices G0 and F are given in terms of the symmetry adapted coordinates S = {Sg, Su}.
It is convenient to notice that the condition L†G−1

0 L = 1 provides the normalization of L after the
diagonalization (11). The selection of symmetry adapted coordinates allows to establish the limit for
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the symmetric isotopologues

lim
g
(0)
22 →g

(0)
11

Q1 → 1√
g(0)

11 + g(0)

12

Sg (12)

lim
g
(0)
22 →g

(0)
11

Q2 → 1√
g(0)

11 − g(0)

12

Su. (13)

Imposing this limit, the phases involved in the diagonalization are fixed. We may now proceed to
express the Hamiltonian (1) in normal coordinates. Before accomplishing this task we should recall
that the limits (12) and (13) imply that we have chosen the first stretching mode to be in resonance
with the bending mode according to the symmetry. We can thus neglect the Fermi interaction of
the bending mode involving the second normal mode. Taking into account these considerations the
Hamiltonian (1) is written as

Ĥ(N)

[2] =
1

2

{
P2
1 + λ1Q2

1

}
+

1

2

{
P2
2 + λ2Q2

2

}
− gaaP+P− − faaQ+Q−, (14)

while the Fermi interaction is

V̂ (N)

F = αF
1 Q1P+P− + αF

2 [P1(Q−P− + Q+P+) + H.c.] + αF
3 [Q1Q+Q−], (15)

with the definitions

αF
1 = − 1√

2

[(
∂gaa
∂q1

)
0

(L11 + L21) +

(
∂gaa
∂q2

)
0

(L11 − L21)

]
αF
2 =

1√
2

(
∂g1a
∂qa

)
0

(L̃−1)11

αF
3 = −2

√
2

1

2!
f1aaL11. (16)

Here the momenta Pι are associated with the normal coordinates. We now proceed to obtain the
algebraic representation by introducing the bosonic operators A†

ι (Aι) associated with ι-normal mode

A†
ι =

1√
2

(βιQι −
i

h̄βι
Pι); Aι =

1√
2

(βιQι +
i

h̄βι
Pι), (17)

where β2
ι = 1

h̄ (λι)
1/2 with λι = Λιι. In terms of this transformation the algebraic representation takes

the form

Ĥ (N) =

2∑
ι=1

h̄Ωι

2
(A†

ιAι + AιA†
ι ) + h̄ω

∑
α=+,−

τ †ατα + αF V̂
(N)

F , (18)

where Ωι = λ
1/2
ι , with the Fermi contribution as

V̂ (N)

F = α(N)

F [A†
1τ+τ− + H.c.], (19)

and the spectroscopic parameter

α(N)

F =
1

4

h̄ωµ

β1

[(
∂gaa
∂q1

)
0

(L11 + L21) +

(
∂gaa
∂q2

)
0

(L11 − L21)

]
− h̄2β1

(
∂g1a
∂qa

)
0

(L̃−1)11 −
1

2!

h̄

β1ωµ
f1aaL11. (20)

We have carried out a fit with the Hamiltonian (18) obtaining the spectroscopic parameters displayed
in Table 3, which turn out to be the same as the ones given in Table 1. Indeed the difference between
the local and the normal scheme comes up from the identification of the spectroscopic parameters
with the structure and force constants [123, 124, 137]. From the fitted spectroscopic parameters given
in Table 3 we calculated the force constants given in Table 4. We notice that, in general, the force
constants are similar to the ones displayed in Table 2, a fact that validates the use of the symmetry
adapted coordinates for the asymmetric isotopologues, chosen to describe the symmetric isotopologues.
In fact, the normal coordinates turn out to be close to the symmetry adapted coordinates. This fact
will help us to establish the mapping of the Hamiltonian (18) to an algebraic local representation as
we present in the next subsection.
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Table 3: Parameters in cm−1 obtained fitting the first three Σ+ levels (7-9) and the bending funda-
mental ν2 in the normal scheme using the Hamiltonian (18).

Isotopologue ω1 ω2 ω3 αF

(637) 1318.97 645.74 2274.09 -47.96

(638) 1300.51 643.33 2265.97 -48.19

(627) 1318.87 664.72 2340.01 -51.61

(628) 1300.52 662.37 2332.11 -51.81

(728) 1280.85 659.69 2322.44 -52.09

Table 4: Force constants estimated in the normal mode scheme using the parameters displayed in
Table 3.

Isotopologue f
(N)
11 (aJÅ−2) f

(N)
12 (aJÅ−2) f(N)

aa (aJÅ−2) f
(N)
1aa (aJÅ−3)

(637) 15.55 1.35 0.55 -0.863

(638) 15.55 1.35 0.55 -0.875

(627) 15.54 1.35 0.54 -0.889

(628) 15.54 1.36 0.54 -0.913

(728) 15.54 1.36 0.54 -0.915

(626) Sánchez-Castellanos[100] 15.95 1.24 0.58 -0.96

(626) Chedin[72] 15.97 1.25 0.58 -0.88

2.3 Connection between the normal and local bosonic operators

We have presented two schemes to describe the vibrational excitations, namely, the local and normal
mode descriptions. We next proceed to connect the Hamiltonian (18) with the local representation,
a crucial task to improve the description by establishing a mapping of the local bosonic operators to
Morse ladder operators. To accomplish this task we recall the expression of the bosonic operators
A†

ι (Aι) associated with ι-normal mode (17) and introduce the transformation to symmetry adapted
coordinates to obtain

A†
ι =

1√
2

∑
α

{
βι(L

−1)ιαSα − i

h̄βι
(L̃)ιαΠα

}
, (21)

where Sα and Πα are defined in (71) and (72). In order to establish the connection to the local
description we introduce the local bosonic operators. To achieve this goal we introduce in (21) the
definitions of the symmetry adapted coordinates in terms of the local coordinates. The result is

A†
ι =

1

2

∑
α

{
βι(L

−1)ια(q1 + (−1)(α+1)q2) − i

h̄βι
(L̃)ια(p1 + (−1)(α+1)p2)

}
, (22)

where α is considered 1(2) for gerade(ungerade) stretching modes. We now take into account the
algebraic realization

qi =
1√
2

√
h̄

ωiµi

[
a†i + ai

]
; pi =

i√
2

√
h̄ωiµi

[
a†i − ai

]
, (23)

to obtain
A†

ι =
∑
j

(cι,j+ a†j + cι,j− aj), (24)

where

cι,j± =
1

2
√

2

∑
α

(−1)(α+1)(1−δj1)βι

√
h̄

ωjµj

[
(L−1)ια ± (L̃)ια

ωjµj

h̄β2
ι

]
. (25)

We should notice that the commutator [Aι,A†
ι ] = 1 implies the normalization

2∑
j=1

(|cι,j+ |2 − |cι,j− |2) = 1, (26)
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which, in fact, is satisfied. In Table 5 we present the results of these coefficients for the different
isotopologues. From this table we notice that the main contributions to the operators A†

ι correspond
to the local creation operators albeit with different weights. Based on these results, if we neglect the

Table 5: Table of coefficients cι,j± involved in the expansion (24) for the asymmetric isotopologues.

Isotopologue ι−th Mode cι,1+ cι,2+ cι,1− cι,2−
∑

j |cι,j− |2 δ−

(637) 1 0.7156 0.7346 0.1619 0.1598 0.0518 0.0349

2 0.7230 -0.7037 -0.0929 0.0968 0.0179

(638) 1 0.7076 0.7434 0.1656 0.1617 0.0535 0.0359

2 0.7315 -0.6957 -0.0919 0.0992 0.0182

(627) 1 0.7182 0.7357 0.1700 0.1681 0.0572 0.0380

2 0.7225 -0.7048 -0.0952 0.0989 0.0188

(628) 1 0.7112 0.7439 0.1738 0.1702 0.0591 0.0392

2 0.7302 -0.6970 -0.0943 0.1013 0.0192

(728) 1 0.7208 0.7362 0.1762 0.1746 0.0615 0.0405

2 0.7217 -0.7061 -0.0970 0.1003 0.0195

contribution of the annihilation operators and normalize the coefficients we have

A†
ι ≈ cι,1N+a

†
1 + cι,2N+a

†
2, (27)

with

cι,jN+ =
cι,j+

|cι,1+ |2 + |cι,2+ |2
(28)

The relation (27) defines a canonical transformation satisfying

[Aι,A†
ι ] = 1; |cι,1N+|

2 + |cι,2N+|
2 = 1. (29)

This transformation may be a good approximation as long as the contributions |cι,j− | are small compared

with |cι,j+ |. This is indeed the situation for an ideal molecule with local mode behavior. For carbon
dioxide, this is not the case, but we propose to apply the canonical transformation (27) to obtain a
local representation without breaking the polyad and providing the possibility of mapping the local
bosonic operators to ladder operators associated with Morse functions. Here it is convenient to clarify
the use of polyad in this context. The polyad for the asymmetric isotopologues is the same as for the
symmetric isotopologues since the involved interactions in both cases are basically the same. Hence
we take into account the set of states (7-9) as part of a polyad even though the state (9) is not really
in resonance. However, we retain this name for convenience because it embrace the states of interest.
As the contributions of the annihilation operators in the expression (24) could be relevant, we thus
define

δ− =
1

2

2∑
ι=1

[ 2∑
j=1

|cι,j− |2
]
, (30)

which measures the feasibility of establishing the canonical transformation (27), but also the degree
of locality/normality of a system of equivalent oscillators, as we next show. It is important to clarify
that the CO2 isotopologues have a clear normal mode behaviour, but we are establishing a formal way
to measure the degree of this normality, which may also be considered as certain degree of locality. On
the other hand, in a previous work [123, 124], it was shown that the parameter γ defined as

γ =
1

8
(xf − xg)2; xf =

f12
f11

, xg =
g(0)

12√
g(0)

11 g
(0)

22

, (31)

measures the locality degree, in such a way that in the exact local limit γ = 0. Therefore, the
parameters δ− and γ are independent and both must tend to zero in order to recover the exact local
limit. A correlation between the parameters (30) and (31) is then expected. To show this correlation
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Figure 1: Location of the isotopologues in a diagram δ− vs γ, where γ = 1
8 (xf − xg)2 . The force

constants used in the calculation of xf were extracted from the normal scheme. The point for (738) is
a prediction.

we present in Figure 1 the plot δ− vs γ. It is clear that this plot allows the quantitative measure of
the degree of locality/normality, using only the fundamentals of the molecule.

We should stress that the linear behavior with slope m in Figure 1 establishes the equation

δ− = m γ + b, (32)

satisfied for any isotopologue. The linear fit shown in Figure 1 provides the values m = 0.998248 and
b = −0.0171966. In addition, in the same works [123, 124], in order to measure the degree of locality
(normality) for the case of two equivalent oscillators, the parameter ζ was introduced

ζ =

∣∣∣∣ 2

π
arctan

(
(E1 − E2)

(E1 + E2)/2

)∣∣∣∣, (33)

which is based on the fact that the splitting of the fundamentals are expected to be small in the local
limit. In Figure 2 the plot ζ vs γ is displayed. We see an almost linear trend in the distribution
of all the isotopologues, which manifests the degree of locality. It is clear that in both figures the
isotopologue (636) is located at the extreme of locality due to the heavier central atom, while the
isotopologue (828) presents the extreme normality due to the heavier ending atoms. In both figures
the symmetric isotopologues were included using the results given in the Appendix C. Again the linear
trend establishes the relation

ζ = m′γ + b′, (34)

with m′ = 2.25042 and b′ = 0.215731, which may be useful to determine the missing fundamental
frequency not available from experiment for a given isotopologue. For example, for the isotopologue
(738) we have γ = 0.054567 with the identified fundamental ω3 = 2255.95 cm−1. Using the expression
(34) we obtain ω1 = 1230.34, not identified experimentally. This value may be used as the initial
guess to obtain the complete rovibrational description. It is clear, however, that the best approach to
estimate the fundamental is through the potential surface energy obtained from the other isotopologues.
Based on this analysis we now proceed to establish the model to describe the vibrational excitations.

It is also interesting to exhibit in Fig. 3 the correlation between the strength of the Fermi interaction
and the local-to-normal mode behavior at this level of approximation. Although a uniform linear
trend is not manifested, the correlation of the strength of the Fermi interaction with the local/normal
character is still present.

3 Vibrational description

We found that for the asymmetric isotopologues a good option to estimate the force constants is to
use the normal mode scheme. To accomplish this plan we may follow the same procedure followed

10



Figure 2: Location of the isotopologues in a diagram ζ vs γ, where ζ = | 2π arctan(E1 − E2)/Ē| and
γ = 1

8 (xf − xg)2 with Ē = (E1 + E1)/2. The force constants used in the calculation of xf were
extracted from the normal scheme. The point for (738) is a prediction.

Figure 3: Location of the isotopologues in a diagram δ− vs αF , taking the values displayed in Table 3.

in the previous analysis where we started from configuration space in terms of normal coordinates
to get an algebraic Hamiltonian. This route provides the spectroscopic parameters in terms of the
structure and force constants. However, in a general case, given the imposed symmetry over the force
constants due to the Born-Oppenheimer approximation, their number turns out to be less than the
number of spectroscopic parameters, which means that the higher order force constants cannot be
uniquely determined. Instead, we proceed to propose an algebraic expansion from the outset. As a
first approximation, the following Hamiltonian is considered where the spectroscopic parameters are
fitted taking into account all available experimental energies

Ĥ(N)

0 =
∑
ι=1,3

h̄Ωι

2

(
A†

ιAι + AιA†
ι

)
+

h̄ω

2

∑
α=+,−

(τ †ατα + τατ
†
α)

+
∑
i,j

xij ν̂iν̂j + g22ℓ̂
2 + α

(N)
F [A†

1τ+τ− + H.c.
]
, (35)
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where

ν̂i =A†
iAi; i = 1, 3 (36)

ν̂2 =
∑

α=+,−
(τ †ατα), (37)

ℓ̂ =τ †+τ+ − τ †−τ−, (38)

following the standard numbering scheme for the normal modes [81]. This Hamiltonian corresponds
to the usual realization in terms of normal modes, justified by the strong normal behaviour of these
isotopologues. In this contribution we propose to improve the description by introducing local operators
associated with the CO stretching coordinates through the canonical transformation (27) providing a
Hamiltonian of the form

Ĥ(N)

0 = Ĥ (N)

0 (a†i (ai), τ
†
α(τα)); i = 1, 2, α = +,−. (39)

Because of the canonical transformation involved, both Hamiltonians (35) and (39) are equivalent: they
provide the same fit to the experimental vibrational energies. However the representation (39) has the

advantage that the bosonic local operators a†i (ai) can be mapped to SU(2) operators b†i (bi) associated
with ladder operators for the Morse states |Ψj

v⟩, while for the bends, the U(3) vibron model can be
implemented. Following this route, the vibrational description is improved by taking into account
anharmonicities from the outset [127, 128, 129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139]. In
practice, we introduce the following mapping at the local level for the stretching modes

a†i → b†i , ai → bi ; |vi⟩ → |Ψj
vi⟩, (40)

with matrix elements

b†i |Ψ
ji
vi⟩ =

√
(vi + 1)(1 − (vi + 1)/κi) |Ψji

vi+1⟩ ,

bi|Ψji
vi⟩ =

√
vi(1 − vi/κi) |Ψji

vi−1⟩ ,

v̂i|Ψji
vi⟩ = vi|Ψji

vi⟩, (41)

where vi is the vibrational quantum number for the i-th oscillator with vi = 0, 1, 2, . . . , ji − 1. The
parameter κi = 2ji + 1 is related to the potential depth D, the potential range β and the reduced
mass. In the algebraic representation the Morse Hamiltonian takes the form

ĤM
i =

(
b†i bi + bib

†
i +

1

2κi

)
, (42)

with eigenvalues

EM (vi) = h̄ωi

[
(vi + 1/2) − 1

κi
(vi + 1/2)2

]
, (43)

where

ωi =

√
2Dβ2

µi
; κi =

√
8Dµi

h̄2β2
. (44)

From Eqs. (44) we obtain the relations between the κ′’s of the isotopologues:

κi =

√
g(0)

jj

g(0)

ii

κj ; i, j = 1, 2. (45)

Notice that this equation establishes the relations between the κ’s and, consequently, the κ for a given
isotopologue must be considered as a reference to obtain the parameters κ of the other isotopologues.
Our reference will be the principal isotopologue.A similar procedure is carried out for the bends through
the U(3) vibron model introducing the mapping

τ †± → b†±, τ± → b± , (46)
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in the Fermi interaction with matrix elements

b†±|[N ];nℓ⟩ =

√(
n± ℓ

2
+ 1

)(
1 − n

N

)
∥[N ]; (n + 1)ℓ±1⟩ ,

b±|[N ];nℓ⟩ =

√(
n± ℓ

2

)(
1 − n− 1

N

)
|[N ]; (n− 1)ℓ∓1⟩. (47)

In this context, N stands for the total number of bosons (vibrons), which determines the dimension
of the available Hilbert space for the bending degree of freedom. These transformations leads to a
Hamiltonian of the form

Ĥ (N)

0 = Ĥ(N)

0 (N,κi; b†i (bi), b
†
α(bα), τ †α(τα)); i = 1, 2, α = +,−, (48)

where we have indicated the parametric character of the stretching potential depth κi and N for the
bends. We have thus started considering the anharmonic version of the potential (35) which takes the
form

Ĥ(N)

0 = Ĥ(N)

0

∣∣∣∣
a†
i ,τ

†
α→b†i ,b

†
α

=
∑
ι=1,3

h̄Ωι

2

(
A†

ιAι + AιA†
ι

)
+

h̄ω

2

∑
α=+,−

(τ †ατα + τατ
†
α)

+
∑
i,j

xij{ν̂i, ν̂j} + g22ℓ
2 + α(N)

F V̂F , (49)

with

A†
ι = cι,1+ b†1 + cι,2+ b†2, (50)

ν̂ι = |cι,1+ |2b†1b1 + |cι,2+ |2b†2b2 + cι,1+ cι,2+ (b†1b2 + b1b
†
2) (51)

ν̂2 =
∑
α

τ †ατα, (52)

V̂F = [A†
1b+b− + H.c.

]
. (53)

Here we have introduced the notation {Â, B̂} for keeping the symmetrization of the operators

{Â, B̂} =
1

2
(ÂB̂ + B̂Â), (54)

since the number operators stop commuting due to the anharmonization procedure. Here we should
notice that the anharmonization for the bends expressed by the matrix elements (47) is involved only
in the Fermi interaction. In addition, we also stress that up to now all the interactions conserve any
of the polyads considered to describe the CO2, since we have chosen an expansion in terms of normal
modes. Although Hamiltonian (49) provides reasonable results, in order to obtain spectroscopic quality
with square root deviations of the order of 0.1 cm−1, additional interactions must be included. We
have thus found that the Hamiltonian should be extended to

Ĥ(N) = Ĥ(N)

0 + α
(1)
F {ν̂1, V̂F } + α

(3)
F {ν̂3, V̂F } + dN D̂, (55)

where D̂ is the Darling-Dennison interaction given by

D̂ = A†
1A

†
1A3A3 + H.c., (56)

which is characteristic of the polyad P212 = 2(ν1 + ν3) + ν2. This polyad has been proved to be
convenient after comparing the experimental and the simulated Raman spectra for the three different
polyads used for CO2 [106]. To obtain the parameter κ of local stretching potential we have the
relation (45) associated with the individual m1Cm2O bonds. The first guess for the parameter κ can
be estimated from the vibrational constants ωe = 2169.82 cm−1, ωexe = −13.293 cm−1, for the 12C16O
molecule [140], since

ωe

ωexe
≈ 163,

ωe

ωexe
= κ. (57)

13



This value κ = 163 can be considered as a starting guess for the principal isotopologue. We have found
that the best value to minimize the rms corresponds to κ = 164. Using the relation (45) we obtain the
different κi values for the bonds m1Cm2O in accordance with the relation

κi =

√
(1/12 + 1/16)

(1/m1 + 1/m2)
κ. (58)

The results for the different bonds involved in all the series of isotopologues are displayed in Table 6.

Table 6: Values of κi using Eq. (58) for the different CO-bonds involved in the different isotopologues.
We have taken κ = 164 corresponding to the principal isotopologue as a reference.

(m1,m2) (12,16) (12,17) (12,18) (13,16) (13,17) (13,18)

κi 164 166 168 168 170 172

For the U(3) model a potential in the same footing as the SU(2) model is not given. However it
was found that the coordinates and momenta are given by [105]

Q± =
1√
2

√
h̄

ωµ
(b†± − b∓); P± = − i√

2

√
h̄ωµ(b†∓ + b±), (59)

where the matrix elements of the ladder operators are given in Eq. (47). The quadratic bending
Hamiltonian in configuration space is given by

Ĥb = −1

2
g+− (P+P− + P−P+) − 1

2
f+− (Q+Q− + Q−Q+) , (60)

where the substitution of (59) into the Hamiltonian (60) gives rise to the algebraic representation

Ĥalg

b = h̄ω

{(
1 − 1

2N

)
n̂ + 1 − n̂2

N

}
, (61)

that, when the energies are refered to the ground state, the Hamiltonian can be expressed as

Ĥalg

b ≈ h̄ω

{
n̂− n̂2

N

}
. (62)

This expression turns out to be similar to the Morse case (43) and, consequently, we may propose a
similar expression to (45)

Ni =

√
g(0)
aa(j)

g(0)
aa(i)

Nj , (63)

where i and j correspond to the i-th and j-th isotopologue. Taking again Nj = N as the number of
bosons associated with the principal isotopologue, we have

Ni =

√
1/16 + 1/16 + 4/12

1/mO1 + 1/mO2 + 4/mC
N. (64)

Eq.(62) provides a way to estimate N for the principal isotopologue by taking the energies for the
states (0110) and (0310) corresponding to E1 = 667.38 cm−1 and E2 = 1932.47 cm−1, respectively.
The obtained value is N = 58, which is taken as a first guess in the fit. The best value turned out to
be N = 154, from which we obtain the boson numbers displayed in Table 7.

Because of the mappings (40) and (46), this model introduces anharmonicities from the outset,
a feature that permits to obtain better fits with a smaller number of parameters, albeit keeping the
connection with coordinates and momenta. This means that force constants can be estimated [100].
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Table 7: Values of Ni using Eq. (64) for the different isotopologues. We have taken N = 154
corresponding to the principal isotopologue as a reference. For convenience we have chosen the closest
even number for N . The corresponding values for (κ1, κ2) have been included in accordance with Table
6.

Isotopologue (626) (636) (727) (828)

Ni 154 158 156 156

(κ1, κ2) (164,164) (168,168) (166,166) (168,168)

Isotopologue (638) (627) (628) (728) (637) (738)

Ni 160 154 154 156 160 160

(κ1, κ2) (168,172) (164,166) (164,168) (166,168) (168,170) (170,172)

The parameters are optimized by a least square fit to the experimental energies for the given
values of κ and N , which are modified for each minimization procedure until the best description is
reached. The fits were carried out considering a symmetry adapted basis [141, 142, 143, 144] and all
the experimental energies were assigned equal weights. The accuracy of the fit is shown using the usual
definition for the root mean square deviation (rms) in terms of the quadratic energy deviation χ2:

rms =
χ√

(Nexp −Npar)
; χ2 =

Nexp∑
i=1

(Ei
exp − Ei

cal)
2, (65)

where Nexp is the total number of fitted experimental energies and Npar stands for the number of
parameters. During the fit procedure, we distinguish two kinds of parameters. A first set corresponds
to the spectroscopic parameters, while a second set are given by the anharmonicities κ and N implicitly
involved in the matrix elements. In the fitting procedure κ and N are fixed each time the iterative
least square method is applied to optimize the first set of parameters. Following this procedure,
by taking different values for the set {κ,N}, we search for the minimum of the root mean square
deviation in each fit of the first set of parameters, until we obtain the convergence for the complete
set of parameters. To determine the significance of the fits, a statistical error analysis was carried out.
Two types of uncertainty calculations are given for all the parameters (xi): the delta-uncertainty (δxi)
and the epsilon-uncertainty (ϵxi) [145, 146]. They are defined in such a way that χ2 does not increase
more than a fraction ∆ (in all fits the value was taken to be ∆=0.05) of the minimum value χ2

min.
The uncertainty δxi is defined through the condition that χ2 remains under (1 + ∆) χ2 when xi is
chosen in the interval [xi − δxi, xi + δxi] around its optimum value xi, keeping fixed the rest of the
parameters. On the other hand, ϵxi determines the range in which xi varies when all other parameters
are optimized again.

3.1 Results for the vibrational energies of the CO2 isotopologues

We now start presenting the results for the series of the studied isotopologues in the framework of the
polyad P212 = 2(ν1 + ν3) + ν2, which has been proved as the best option for the simulation of the
Raman spectra. In our vibrational study, updated experimental energy levels were considered in the
fit.

Isotopologue (638)

For the isotopologue 16O13C18O (638), 40 energies up to 9, 300 cm−1 including polyad P212 = 11
have been reported. First we have considered the Hamiltonian (49) involving 11 parameters, which
provided a fit with an rms=0.76 cm−1. This vibrational description was considerably improved by
adding the interactions {ν̂1, V̂F } and {ν̂3, V̂F }, which introduce the coupling of the Fermi resonance
with the stretching modes, as well as the Darling-Dennison interaction. The Hamiltonian takes thus
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the form (55), which provides the rms=0.0712 cm−1 . To evaluate the improvement provided by our
model, a fit using the harmonic limit of the Hamiltonian (55) omitting the interactions associated

with parameters α
(1)
F , α

(3)
F and dN , gives rise to the deviation rms=1.07 cm−1. The addition of the

interactions α
(1)
F and α

(3)
F improves the fit to rms=0.67 cm−1, but Darling-Dennison interaction does

not converge.
This analysis was carried out applying the anharmonization procedure (40) for the stretches and

(46) for the bends in the Fermi interaction. The effect of the Darling-Dennison interaction is not
determinant but it was included because it is the only interaction defining the polyad P212. The
optimized parameters are displayed in Table 8, where the uncertainties have been included, showing
that they are well determined. In Table S1 of the Supporting Information the fitted energies are
displayed. The predicted energies are included in Table S6 of the Supporting Information.

Table 8: Spectroscopy parameters (in cm−1) of the Hamiltonian (55) and their corresponding uncer-
tainties for the isotopologue (638) optimized involving the 40 available experimental vibrational levels.
The parameters associated with the potential depth are taken to be κ1 = 168, κ2 = 172 and N = 160.
The criteria of the fit quality χ2 (in cm−2) and the root mean square deviation rms (in cm−1) are also
included.

Parameter Fit ϵxi δxi

ω1 1318.77 0.2119 0.0079

ω2 643.21 0.0420 0.0037

ω3 2295.13 0.0431 0.0059

g22 0.3018 0.0511 0.0089

x11 1.0669 0.0324 0.0029

x22 -5.0313 0.0205 0.0025

x33 -0.1467 0.0518 0.0007

x12 3.2816 0.0348 0.0066

x13 1.2832 0.2002 0.0037

x23 -11.7535 0.0146 0.0033

αF -48.5166 0.0528 0.0038

α
(1)
F 0.2899 0.0163 0.0024

α
(3)
F 0.5171 0.0113 0.0035

dN 1.0673 0.5755 0.1299

χ2 0.1319

rms 0.0712
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Isotopologue (627)

For the isotopologue 16O12C17O (627), the number of available experimental energies are 57 em-
bracing polyads up to P212 = 12 and energies up to 12,800 cm−1. As in the previous isotopologue, we
first considered the Hamiltonian (49) involving 11 parameters, which provided a fit with an rms=0.73

cm−1. The addition of the interactions associated with the parameters α
(1)
F and α

(3)
F in the Hamil-

tonian (55) reduces the root means square deviation to rms=0.10 cm−1. Finally we included the
Darling-Dennison interaction to obtain an rms=0.099 cm−1. The optimized parameters are displayed
in Table 9, where the uncertainties have also been included, showing a good convergence. In Table S2
and S7 of the Supporting Information the fitted and the predicted energies are displayed, respectively.

Table 9: Spectroscopic parameters (in cm−1) of the Hamiltonian (55) together with the corresponding
uncertainties for the isotopologue (627) using the Hamiltonian (55) optimized involving the 57 available
experimental vibrational levels. The parameters associated with the potential depth are taken to be
κ1 = 164, κ2 = 166 and N = 154. The criteria of the fit quality χ2 (in cm−2) and the root mean
square deviation rms in cm−1) are also included.

Parameter Fit ϵxi δxi

ω1 1335.88 0.3636 0.0129

ω2 664.64 0.0555 0.0056

ω3 2371.21 0.0534 0.0086

g22 -0.2274 0.0824 0.0081

x11 1.1315 0.0427 0.0051

x22 -5.5237 0.0271 0.0003

x33 0.3876 0.0782 0.0012

x12 3.6905 0.0439 0.0122

x13 -0.7651 0.3228 0.0078

x23 -12.6533 0.0211 0.0051

αF -52.0349 0.0439 0.0064

α
(1)
F 0.4805 0.0338 0.0049

α
(3)
F 0.4029 0.0226 0.0057

dN 0.8613 0.9261 0.1308

χ2 0.43

rms 0.10
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Isotopologue (628)

The isotopologue 16O12C18O (628) presents 95 reported experimental energy terms up to polyad
P212 = 20 with energies up to 22, 200 cm−1. A first fit with 11 parameters provided an rms=0.87 cm−1,
which was reduced using the Hamiltonian (55) to an rms=0.43 cm−1. Since the quality of this descrip-
tion is somewhat far from the previous cases, in order to reach the same level of accuracy, we decided
to include the next order in the anharmonicities given by

V̂ =

3∑
i=1

yiii ν̂
3
i +

∑
i ̸=j

yiij {ν̂2i , ν̂j} + y123 ν2{ν̂1, ν̂3}, (66)

This Hamiltonian, including 23 parameters, provided a fit with an rms=0.22 cm−1. Although this
description can be considered of a good quality, it is still far from the results obtained for the other
cases considering the increase of the number of parameters. Hence we have decided to suppress the
set of experimental energies leading to such large deviation. Using the Hamiltonian (55) with 13
parameters and considering only 90 of the available experimental energies up to 13,600 cm−1, polyad
P212 = 12, we obtained χ2 = 2.34 cm−2 and a deviation of rms=0.17 cm−1. This description is
indeed of the expected spectroscopic quality. The five experimental energies taken out from the fit
belong to the symmetry Σ+ and to the polyads 14, 16, 18 and 20 with energies up to 22,200 cm−1.
Their predictions obtained from Hamiltonian (55) are given in Table 10. When the states (0, 0, 7) and
(5, 4, 0), both of the same polyad 14, are included in the fit, the deviation raised to χ2 = 8.75 cm−2

with rms=0.33 cm−1. This increase may be considered not significant, and including the whole set
of 5 energies we have χ2 = 15.4 cm−2 with rms=0.43 cm−1. This increase is unexpected given the
predictions associated with the lower polyads in the fitting process. We have thus decided to consider
the fit with the 90 energies. The optimized parameters are displayed in Table 11. The fit involving
90 energies are presented in Table S3 of the Supporting Information. The predicted energies obtained
from this fit are given in Table S8 of the Supporting Information.

Table 10: Predictions for the isotopologue (628) provided by the fit of the 90 experimental energies
using the Hamiltonian (55) with 13 parameters.

Polyad Normal label Coefficient Exp. energy Theor. energy Residual

14 1524 0.2880 9412.75[28] 9409.03 3.7

14 37 0.9999 15806.6[157] 15808.0 -1.4

16 38 0.9999 17966.7[157] 17969.4 -2.7

18 39 0.9999 20102.2[157] 20107.2 -5.0

20 310 0.9999 22213.4[157] 22221.5 -8.1
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Table 11: Spectroscopic parameters (in cm−1) of the Hamiltonian (55) together with their correspond-
ing uncertainties for the isotopologue (628) optimized involving 90 of the 95 available experimental vi-
brational levels. The parameters associated with the potential depth are taken to be κ1 = 164, κ2 = 168
and N = 154. The criteria of the fit quality χ2 (in cm−2) and the root mean square deviation rms (in
cm−1) are also included.

Parameter Fit ϵxi δxi

ω1 1318.13 0.0831 0.0079

ω2 662.23 0.0409 0.0037

ω3 2363.09 0.0335 0.0069

g22 -0.0350 0.0264 0.0091

x11 1.1282 0.0157 0.0022

x22 -5.5298 0.0090 0.0018

x33 0.2055 0.0045 0.0007

x12 3.6449 0.0280 0.0097

x13 - - -

x23 -12.5604 0.0142 0.0043

αF -52.3159 0.0162 0.0043

α
(1)
F 0.4312 0.0076 0.0025

α
(3)
F 0.4571 0.0080 0.0052

dN 1.0067 0.3199 0.1163

χ2 2.34

rms 0.17

Isotopologue (728)

For the isotopologue 17O12C18O (728), the number of available experimental energies are 42, em-
bracing polyads up to P212 = 10 and energies up to 7,780 cm−1. Here we consider the Hamiltonian
(55) with 14 parameters giving rise to a root means square deviation of rms=0.058 cm−1. The op-
timized parameters are displayed in Table 12, where the uncertainties have been included, showing a
good convergence. In Table S4 of the Supporting Information the fitted energies are displayed. The
predicted energies are included in Table S9 of the Supporting Information.

Isotopologue (637)

For the isotopologue 16O13C17O (637), the number of available experimental energies are 28, em-
bracing polyads up to P212 = 10 and energies up to 7,700 cm−1. In this case we considered 13
parameters of the Hamiltonian (55), giving rise to a root mean square deviation of 0.058 cm−1. The
optimized parameters are displayed in Table 13, where the uncertainties have been included. With the
exception of the parameter g22, we have a good convergence consequence of the lack of experimental
energies involving several projections of the angular momentum. In Table S5 and S10 of the Supporting
Information the fitted and predicted energies are given, respectively.

Isotopologue (738)

For the isotopologue 17O13C18O (738), the number of available experimental energies are 12, up
to polyad P212 = 8 and energies up to 7,870 cm−1. Here we face the problem that the frequencies
in resonance with the Fermi interaction for P212 = 2 are not experimentally available. In order to
reduce this problem we have invoked the linear relation (34) to obtain the estimation of the frequency
ω1 = 1230.34 cm−1. On the other hand, the initial guess for the Fermi interaction is obtained using
an average of the estimation of the force constants displayed in Table 4. We then proceed with a first
fit to 13 energies (the 12 experimental ones plus the estimated term value for the fundamental ν1),
optimizing the parameters up to quartic order (excluding Darling-Dennison interaction) to obtain an
rms=0.38 cm−1. The optimized parameters are displayed in Table 14, where the uncertainties have
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Table 12: Spectroscopy parameters (in cm−1) of the Hamiltonian (55) and the corresponding uncer-
tainties for the isotopologue (728) optimized involving the 42 available experimental vibrational levels.
The parameters associated with the potential depth are taken to be κ1 = 166, κ2 = 168 and N = 156.
The criteria of the fit quality χ2 (in cm−2) and the root mean square deviation (in cm−1) are also
included.

Parameter Fit ϵxi δxi

ω1 1296.82 0.1164 0.0048

ω2 659.58 0.0289 0.0023

ω3 2352.90 0.0218 0.0039

g22 -0.3023 0.0283 0.0069

x11 1.2120 0.0149 0.0019

x22 -5.47215 0.0078 0.0018

x33 0.4695 0.0182 0.0005

x12 3.7752 0.0200 0.0045

x13 -0.9918 0.0839 0.0032

x23 -12.4631 0.0138 0.0020

αF -52.0669 0.0412 0.0026

α
(1)
F 0.5405 0.0079 0.0019

α
(3)
F 0.3524 0.0091 0.0023

dN -0.0204 0.0106 0.0015

χ2 0.11

rms 0.06

Table 13: Spectroscopy parameters (in cm−1) of the Hamiltonian (55) and the corresponding uncer-
tainties for the isotopologue (637) optimized involving the 28 available experimental vibrational levels.
The parameters associated with the potential depth are taken to be κ1 = 168, κ2 = 170 and N = 160.
The criteria of the fit quality χ2 (in cm−2) and the root mean square deviation (in cm−1) are also
included.

Parameter Fit ϵxi δxi

ω1 1336.30 0.0799 0.0061

ω2 645.64 0.0334 0.0031

ω3 2303.45 0.0378 0.0047

g22 -0.0081 0.0135 0.0059

x11 1.0355 0.0245 0.0022

x22 -5.0041 0.0211 0.0020

x33 0.1517 0.0048 0.0006

x12 3.2143 0.0649 0.0058

x13 - - -

x23 -11.7978 0.0155 0.0029

αF -48.5142 0.02005 0.0033

α
(1)
F 0.3572 0.0090 0.0023

α
(3)
F 0.4085 0.0155 0.0031

dN 2.4693 1.2211 0.1601

χ2 0.05

rms 0.06

been included, showing a good convergence. Although this fit present a small rms, we have too many
parameters compared with the number of energies. In addition we notice the value x12 = 16.69 cm−1,
is clearly far from the average x12 ≈ 3.0 cm−1 for the other isotopologues. Another point is that
there is only one energy belonging to symmetry Π and, consequently, it is not enough to stabilize the
parameter g22. Hence, in this case, an strategy must be proposed to obtain a confident fit that provide
reasonable wave functions. To achieve this goal we have analyzed simultaneously the wave functions
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together with the fit of energies, a task that will be done in the next subsection.

Table 14: Spectroscopy parameters (in cm−1) of the Hamiltonian (55) with the corresponding uncer-
tainties for the isotopologue (738) optimized involving 12 + 1 experimental vibrational levels. The
parameters associated with the potential depth are taken to be κ1 = 170, κ2 = 172 and N = 160. The
criteria of the fit quality χ2 (in cm−2) and the root mean square deviation (in cm−1) are also included.

Parameter Fit 1 ϵxi δxi

ω1 1289.8 0.2242 0.0103

ω2 643.01 0.1011 0.0052

ω3 2283.09 0.0508 0.0068

g22 -1.8610 0.1158 0.0350

x11 0.5629 0.0498 0.0045

x22 -4.4222 0.0182 0.0027

x33 -0.5841 0.0348 0.0012

x12 16.6918 0.1421 0.0106

x13 3.2467 0.1672 0.0105

x23 -14.3516 0.0442 0.0045

αF -47.9495 0.02327 0.0059

χ2 0.29

rms 0.38

3.2 Wave functions

The fits for the different isotopologues provide wave functions useful to simulate the Raman spectra.
In particular the four transitions given in Table 15 give rise to the most intense lines in the spectra.
Given the correlation between δ− and γ displayed in Figure 1, we wonder about a possible correlation
between the two components {a, a′} and the degree of locality. In Table 16 a summary of the relevant
results is presented, while in Figure 4 we display the plot of the components of the wave functions for
both symmetries versus δ−. With the exception of the isotopologue (738), it is clear the correlation
between the locality degree and the components. This fact suggests a similar correlation for the relative
strength of the corresponding lines in the Raman spectra. Let us now consider the isotopologue (738),
characterized by the suspicious values of x12 and g22 in the fit provided by Table 14. The corresponding
states components provided by this fit have been pointed out as ”Fit 1” in Figure 4. Since the
components are quite different from the general trend for the rest of the isotopologues, we conclude
that the corresponding wave functions lack of physical sense. Hence we have decided to look for a fit
where the components of the wave functions are close to the straight line. This can be accomplish
by identifying the parameters that have an effect over the components of the wave functions, which
turn out to be precisely g22 and x12. First the latter parameter was fixed to x12 = 3.5214 cm−1 in
accordance to the average the other isotopologues. In addition, since the g22 parameter is expected to
be close to g22 = ±0.3 cm−1 according to the fits for the other isotopologues, we proceeded to carry
out a new fit starting with a frozen parameter g22 = −0.3 cm−1. In the next steps, the parameters
g22 and x12 were modified manually to obtain the best fit taking care that the wave functions agree
with the linear trend. The result is given in Table 17. The components of the wave functions were
also included in Figure 4 with label ”Fit 2”. Although this fit is not as good as the others, it keeps
the physical meaning according to the wave functions.

The analysis of the components a,a′ vs δ− has been also carried out for the symmetric isotopologues
using the results given in the Appendix. In Figure 5 the results for all the isotopologues are displayed.
In these diagrams we have supposed a linear trend, just to emphasize the correlation between the
components of the wave functions and the normal/local character. However we are aware that this
relation may not follow the linear behavior for some of the isotopologues.

Finally, it is convenient to show the change of the strength of the Fermi interaction when the global
fit is carried. In Table 18 the results from Tables 3 and 19 as well as from the global fits are displayed.
We can see that the Fermi interaction is pretty stable, showing the general trend with respect to
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Table 15: Wave functions and transition energies involved in the most intense lines in theRaman
spectrum obtained in this work from the fits for the different isotopologues . Given the normalization,
the parameters a and a′ determines the transition strength. The transition energies were taken from
experimental results.

Symmetry (637) (638) (627) (628) (728) |ν⟩ → |ν′⟩

Σ+ 1255.33 1244.90 1272.35 1259.42 1244.59 |0000⟩ → a|1000⟩ + b|0200⟩

Σ+ 1355.12 1342.27 1376.13 1365.84 1355.74 |0000⟩ → b|1000⟩ − a|0200⟩

Π± 1236.84 1225.91 1251.92 1239.35 1224.94 |01±10⟩ → a′|11±10⟩ + b′|03±10⟩

Π± 1374.41 1362.11 1397.38 1386.95 1376.32 |01±10⟩ → b′|11±10⟩ − a′|03±10⟩

Table 16: Summary of the fits for the complete series of asymmetric isotopologues. The components
of the wave functions as well as the parameter δ− are also included.

Isotopologue (637) (638) (738)∗ (627) (628) (728)

No. Energies 28 40 13 57 90 42

No. Parameters 12 14 10 14 14 13

rms 0.056 0.068 0.26 0.10 0.15 0.065

a 0.604859 0.645312 0.747715 0.75071 0.794356 0.830245

a’ 0.636241 0.656285 0.722074 0.743765 0.778424 0.805748

δ− 0.03487 0.03594 0.03717 0.038035 0.03915 0.04051

the local/normal transition. The next work will be to look for a correlation between the degree of
normality and the Raman intensities.

Figure 4: Components of the wave function for the Σ+ states (a) and Π± (a’) states with respect to
the parameter δ− defined in Eq. (30). Two points for isotopologue (738) marked by Fit 1 and Fit 2
are given (for more details, see the text).
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Table 17: Spectroscopy parameters (in cm−1) and the corresponding uncertainties for the isotopologue
(738) optimized to 12+1 energies using 8 free parameters plus two frozen parameters (g22 and x12)
of the Hamiltonian (55). The parameters g22 and x12 were optimized manually to obtain good wave
functions. The criteria of the fit quality χ2 (in cm−2) and the root mean square deviation (in cm−1)
are also included.

Parameter Fit 2 ϵxi δxi

ω1 1295.69 0.5034 0.01482

ω2 639.81 0.1510 0.0251

ω3 2285.07 0.1826 0.0323

g22 0.3 - -

x11 1.8387 0.1486 0.0213

x22 -5.1794 0.0637 0.0130

x12 3.5214 - -

x13 1.0963 0.1445 0.0473

x23 -10.8184 0.0820 0.0235

αF -48.3130 0.0354 0.0275

χ2 6.51

rms 1.14

Figure 5: Components of the wave function for the Σ+(Σ+
g ) states (a) and Π±(Π±

u ) (a’) states with
respect to the parameter δ− defined in Eq. (30) for all the isotopologues, symmetric and asymmetric.
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Table 18: Comparison of the strength of the Fermi interactions obtained from the normal mode

approximation α
(N)
F in Eq. (20) and from the global fits α

(G)
F taking into account all the interactions

needed to obtain fits of spectroscopic quality.
Isotopologue α

(N)
F α

(G)
F

(828) -52.30 -52.89

(728) -52.09 -52.01

(727) -51.82 -52.54

(628) -51.81 -51.92

(627) -51.61 -52.03

(626) -51.35 -51.97

(638) -48.19 -48.45

(637) -47.96 -48.54

(636) -47.70 -48.73
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4 Summary and conclusions

In this contribution we have extended our study of symmetric isotopologues of carbon dioxide (13C16O2,
12C18O2 and 12C17O2) to the asymmetric isotopologues 16O12C18O, 16O12C17O, 16O13C18O, 16O13C17O,
17O13C18O and 17O12C18O. Based on our previous work on the principal isotopologue we have devel-
oped our study in the framework of a polyad-conserving Hamiltonian associated with polyad P212. We
started our analysis by searching the appropriate selection of coordinates to describe the asymmetric
isotopologues. We found convenient to express the normal modes in terms of the symmetry adapted
basis to identify the stretching Σ+ mode involved in the Fermi resonance. In order to show the im-
portance of this coordinate selection, the force constants were estimated first considering a scheme in
terms of symmetry adapted coordinates and, later on, in terms of normal modes. Both approaches
provided similar results. A crucial analysis was based on the Bogoliubov transformation between the
bosonic normal operators and the local bosonic operators. This allowed the introduction of the pa-
rameter δ−, which in the same way as the parameters γ and ζ, establishes a criterion to measure
the degree of normality/locality. These parameters are independent but shows a linear correlation
for the whole series of isotopologues, including the symmetric ones. We stress that the analysis of
the local/normal degree proposed in this work is general and can be applied to any set of equivalent
oscillators. This is in contrast to the traditional approach where the study of the local to normal
transition was constrained to molecules presenting a strong local behavior, like the ones involving X-H
bonds. The criteria presented here allows the possibility to study the local-to-normal mode transition
including any molecular system.

In addition to the study of the local-to-normal mode analysis, an algebraic approach was applied
to describe the vibrational excitations of the asymmetric isotopologues. Since the CO2 isotopologues
present a strong normal mode behavior, a local mode model cannot be proposed from the outset.
Starting with a model in terms of bosonic normal operators, a polyad-conserving canonical transfor-
mation in terms of local operators was applied, which were mapped to SU(2)-Morse ladder operators.
A similar mapping was applied for the bends in the framework of the SU(3) model.

An exhaustive search of experimental energy levels for all the isotopologues was carried out. The
isotopologues 16O13C18O (638), 17O12C18O (728) and 16O12C17O (627), involving 40, 42 and 57 experi-
mental energies, were well described with deviations rms=0.071 cm−1, rms=0.058 cm−1 and rms=0.099
cm−1, respectively. Regarding the isotopologue 16O12C18O (628), a total of 95 experimental energies
are available. In this case the fit including 11 parameters provided an rms=0.43 cm−1. Since the
quality of this fit was not as good as for the previous isotopologues we explored the description adding
9 interactions corresponding to the cubic anharmonicities. The rms reduced to 0.22 cm−1. Since this
accuracy was not of the quality we expected, given the number of parameters, we decided to consider
the subset of 90 experimental energies up to polyad P212=12 using the Hamiltonian (55) with 14 pa-
rameters, providing a deviation rms=0.15 cm−1, which is of the same level of accuracy for the previous
cases. The isotopologue 16O13C17O (637), presents only 28 experimental energies, and with 13 pa-
rameters we obtained a root means square deviation of rms=0.054 cm−1. Finally, for the isotopologue
17O13C18O (738), just 12 experimental energies are available, but the stretching fundamental band
that determines the Fermi interaction is not yet observed. Consequently we took advantage of the BO
approximation through the linear trend ζ vs γ to estimate the missing fundamental. In addition, we
took advantage of the connection between the parameter δ− and the components of the wave functions
to obtain reasonable wave functions.

The vibrational description taking the polyad P212 for all the studied isotopologues can be con-
sidered of spectroscopic quality. Because of this polyad-conserving restriction, the space of the wave
functions is limited, but a previous study proved the advantage of considering this polyad scheme to
deal with the simulation of the Raman spectra. We have also included the analysis of the wave func-
tions involved in the strongest intensity lines of the Raman spectrum. We have found that the degree
of normality is proportional to the amplitude of the components of the wave functions, a fact that
may be useful in the identification of the Raman spectra involving a mixture of isotopologues. This
conclusion is possible due to the incorporation in our study of the symmetric isotopologues previously
considered.
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5 Supporting information

The fits and predictions of the vibrational energies of the asymmetric isotopologues (638), (627), (628),
(728), and (637) are given as supporting information.
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Appendix A. Coordinates transformation to obtain the algebraic Hamiltonian

In order to obtain an algebraic representation of the Hamiltonian (1) we first introduce the polar
coordinates for the bends

Q+ = − 1√
2

(qa + iqb); Q− =
1√
2

(qa − iqb), (67)

with associated momenta {P+, P−} and the symmetrized linearized internal coordinates(corresponding
to the normal coordinates for the symmetric isotopologues)

Sg =
1√
2

(q1 + q2); Su =
1√
2

(q1 − q2), (68)

with the conjugate momenta {Πg,Πu}. We may substitute (67) and (68) into (1) to obtain the
Hamiltonian in these new coordinates and, so, to introduce the algebraic realization of the bending
coordinates in terms of the bosonic ladder operators τ †±(τ±):

Q+ =
1√
2

√
h̄

ωµ
(τ †+ − τ−); Q− =

1√
2

√
h̄

ωµ
(τ †− − τ+), (69)

P+ = − i√
2

√
h̄ωµ(τ †− + τ+); P− = − i√

2

√
h̄ωµ(τ †+ + τ−), (70)

where ω =
√
g(0)
aafaa and µ = 1/g(0)

aa . In a similar form for the coordinates (68) and the corresponding
momenta, the symmetrized coordinates are expressed in terms of the ladder operators a†g (ag) and a†u
(au):

Sg =
1√
2

√
h̄

wgµg
(a†g + ag); Su =

1√
2

√
h̄

wuµu
(a†u + au), (71)

Πg =
i√
2

√
h̄wgµg(a†g − ag); Πu =

i√
2

√
h̄wuµu(a†u − au), (72)

where ωg =
√
FggG

(0)
gg , and ωu =

√
FuuG

(0)
uu, with µg = 1/G(0)

gg and µu = 1/G(0)
uu. The Wilson

matrix elements and the force constants of the symmetrized coordinates written in terms of the local
components are:

G(0)

gg =
1

2
(g(0)

11 + g(0)

22 + 2g(0)

12 ); G(0)

uu =
1

2
(g(0)

11 + g(0)

22 − 2g(0)

12 ) , (73)

Fgg = (f11 + f12); Fuu = (f11 − f12) , (74)
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where we have taken into account that f11 = f22 given the Born-Oppenheimer approximation. In
addition, it is convenient to introduce the following definitions and relations for the derivatives of the
Wilson matrix (

∂g2a
∂qa

)
0

=

(
∂g1a
∂qa

)
0

, (75)(
∂gaa
∂q2

)
0

=

(
∂gaa
∂q1

)
0

+ γ; γ =
2

re
(1/mO1

− 1/mO2
), (76)

for equilibrium distances re1 = re2 = re.$mOi
stands for the masses of the isotopes of oxygen.

Appendix B. Limit of the approach for the symmetric isotopologues

Here we take advantage of the analysis of Section 2 to present the case of symmetric isotopologues
represented by the limit g(0)

22 → g(0)

11 . In this case the symmetry adapted coordinates coincide with the
normal coordinates and, consequently, the corresponding Hamiltonian(1) is obtained as

Ĥ [2],(N) =
1

2

{
GggΠ2

g + FggS
2
g

}
+

1

2

{
GuuΠ2

u + FuuS
2
u

}
− gaaP+P− − faaQ+Q−, (77)

where the Fermi interaction is

V̂ (N)

F = − 1√
2

[(
∂gaa
∂q1

)
0

+

(
∂gaa
∂q2

)
0

]
SgP+P− +

γ√
2
SuP+P−

+
1

2
√

2

[(
∂g1a
∂qa

)
0

+

(
∂g2a
∂qa

)
0

]
[Πg(Q−P− + Q+P+) + H.c.]

− 2
√

2
1

3!

3!

2!
[f1aaSgQ+Q−]. (78)

This Hamiltonian in the algebraic representation takes the same expression of Eq. (4) when δgu =

α
(L’)
u = 0

Ĥ(N) = h̄ωg a†gag + h̄ωu a†uau + h̄ω
∑

α=+,−
τ †ατα + α(N)

F (a†gτ+τ− + H.c.) (79)

where, in this case, the Fermi parameter is

α(N)

F =
1

2

(
∂gaa
∂q1

)
0

h̄ωµ

√
h̄

ωgµg
− h̄

(
∂g1a
∂qa

)
0

√
h̄ωgµg

− 1

2!

h̄

ωµ

√
h̄

ωgµg
f1aa. (80)

The fit using this Hamiltonian provides the spectroscopic parameters displayed in Table 19, while the
estimation of the force constants are given in Table 20.

Table 19: Hamiltonian parameters in cm−1 fitted to the fundamentals as well as to the first bending
overtone using the Hamiltonian (79).

Isotopologue ωg ω ωu αF

(636) 1338.94 648.48 2283.48 -47.70

(626) 1338.83 667.31 2349.14 -51.35

(727) 1299.04 662.07 2330.60 -51.82

(828) 1262.76 657.32 2314.04 -52.30
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Table 20: Force constants derived from the spectroscopic constants displayed in Table 19.
Isotopologue f

(N)
11 (aJÅ−2) f

(N)
12 (aJÅ−2) f(N)

aa (aJÅ−2) f
(N)
1aa (aJÅ−3)

(636) 15.54 1.34 0.57 -0.88

(626) 15.53 1.35 0.57 -0.91

(727) 15.54 1.35 0.57 -0.94

(828) 15.55 1.35 0.57 -0.97

(626) Sánchez-Castellanos[100] 15.95 1.24 0.58 -0.96

(626) Chedin[72] 15.97 1.25 0.58 -0.88

Appendix C. Transformation of the local-normal bosonic operators in the limit for the
symmetric isotopologues

Let us now carry out the analysis of the normal bosonic operators in terms of the bosonic local
operators. Hence we proceed to obtain the limit for the symmetric isotopologues in the expression
(24). In this case ι = α and we have

A†
α =

∑
j

(cα,j+ a†j + cα,j− aj), (81)

with

cα,j± =
1

2
√

2
(−1)(α+1)(1−δj1)βα

√
h̄

ω1µ1

[
(L−1)αα ± (L̃)αα

ω1µ1

h̄β2
α

]
, (82)

and explicitly

cα,j± =
1

2
√

2
(−1)(α+1)(1−δj1)

(
g(0)

11Fαα

f11G
(0)
αα

)1/4[
1 ±

(
f11G

(0)
αα

g(0)

11Fαα

)1/2]
. (83)

where it has been considered that β2
α = 1

h̄

√
Fαα/G

(0)
αα. In terms of the parameters xg and xf , this

expression is recast in the form

cα,j± =
1

2
√

2
(−1)(α+1)(1−δj1)

(
1 + (−1)(α+1)xf

1 + (−1)(α+1)xg

)1/4[
1 ±

(
1 + (−1)(α+1)xg

1 + (−1)(α+1)xf

)1/2]
, (84)

with the correspondence α = 1 → gerade and α = 2 → ungerade. In Table 21 the coefficients cα,j±
are displayed, where we notice again that the main contribution corresponds to the creation local
operators.

Table 21: Table of coefficients cι,j± involved in the expansion (24) for the symmetric isotopologues.

Isotopologue α-th Mode cα,1
+ cα,2

+ cα,1
− cα,2

−
∑

j |cι,j− |2 δ−

(636) g 0.7133 0.7133 -0.0939 -0.0939 0.01767 0.03375

u 0.7245 -0.7245 0.1578 - 0.1578 0.04982

(626) g 0.7136 0.7136 -0.0963 -0.0963 0.01855 0.03684

u 0.7263 -0.7263 0.1660 -0.1660 0.05514

(727) g 0.7138 0.7138 -0.0979 -0.0979 0.01920 0.03933

u 0.7278 -0.7278 0.1724 -0.1724 0.05945

(828) g 0.71407 0.71407 -0.09954 -0.09954 0.01981 0.04181

u 0.7293 -0.7293 0.1786 - 0.1786 0.06380

From (84) we obtain in a straightforward way the pure local limit

lim
xf ,xg→0

cα,j+ =
1√
2

(−1)(α+1)(1−δj1); lim
xf ,xg→0

cα,j− = 0, (85)

and therefore

A†
α =

1√
2

[a†1 + (−1)(α+1)a†2], (86)
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which corresponds to a canonical transformation, as expected.

Finally, it is convenient to present the components of the wave functions involved in the most
important transition intensities for the Raman spectra. The results are presented in Table 22.

Table 22: Wave functions and transition energies (in cm−1) involved in the most intense lines of the
Raman spectrum. Because of the normalization of the states, the parameters a and a′ determine the
transition strength. The transition energies were taken from experimental results.

Symmetry (636) (626) (727) (828) |ν⟩ → |ν′⟩

Σ+
g 1265.83 1285.43 1258.17 1230.32 |0000⟩ → a|1000⟩ + b|0200⟩

Σ+
g 1370.06 1388.28 1364.95 1347.09 |0000⟩ → b|1000⟩ − a|0200⟩

Π±
u 1248.06 1265.09 1238.09 1211.37 |01±10⟩ → a′|11±10⟩ + b′|03±10⟩

Π±
u 1388.61 1409.48 1385.97 1367.2 |01±10⟩ → b′|01±10⟩ − a′|03±10⟩

a 0.5587 0.6983 0.7826 0.8488

a′ 0.6076 0.7045 0.7586 0.8150
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[101] M. Bermúdez-Montaña, R. Lemus, F. Pérez-Bernal, M. Carvajal, Comprehensive vibrational
analysis of CO2 based on a polyad-preserving model. Eur. Phys. J. D 2017, 71, 147.

[102] M. Sánchez-Castellanos, R. Lemus, M. Carvajal, F. Pérez-Bernal, J.M. Fernández. A study of
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