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Using available information from Drell-Yan data on pion and kaon structure functions, an approach is described 
which enables the development of pointwise profiles for all pion and kaon parton distribution functions (DFs) 
without reference to theories of hadron structure. The key steps are construction of structure-function-constrained 
probability-weighted ensembles of valence DF replicas and use of an evolution scheme for parton DFs that is all

orders exact. The DFs obtained express qualitatively sound features of light-meson structure, e.g., the effects of 
Higgs boson couplings into QCD and the size of heavy-quark momentum fractions in light hadrons. In order to 
improve the results, additional and more precise data on the 𝑢-quark-in-kaon, u𝐾 , to 𝑢-quark-in-pion, u𝜋 , DF ratio 
would be necessary. Of greater value would be extraction of u𝐾 alone, thereby avoiding inference from the ratio: 
currently, the data-based form of u𝐾 is materially influenced by results for u𝜋 .

1. Introduction

The kaon was identified via a series of observations that began more 
than seventy years ago [1--4]. Today, it is known to be a dichotomous 
system, viz. both a bound state seeded by a light quark/antiquark and a 
strange antiquark/quark and, like the pion, first seen around the same 
time [5], a Nambu-Goldstone boson. For instance, the valence content 
of the 𝐾+ is 𝑢𝑠̄. Moreover, the fascinating dichotomy can be resolved 
by exploiting the impact of interference between Nature’s two known 
sources of mass generation; namely, Higgs boson couplings into QCD 
and emergent hadron mass (EHM) [6--11]: pions and kaons are keys in 
the effort to elucidate EHM phenomena.

Data relating to pion structure are limited [12], but the kaon case 
is dire; so, validating any picture of the kaon is especially difficult. In 
fact, even after seventy years, practically nothing is known about kaon 
structure, e.g., the precision of charged kaon elastic electromagnetic 
form factor, 𝐹𝐾 , measurements is such that no objective result for the 
kaon charge radius is available [13], the evolution of 𝐹𝐾 with squared 
momentum-transfer, 𝑄2, is uncertain [14], and only eight points relat
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ing to in-kaon parton distribution functions (DFs) are available [15]. 
These difficulties stem from the short lifetime of the kaon and its rela

tively low production rate. The situation is expected to be improved in 
the coming decades by exploiting the capacity of high-luminosity, high

energy accelerators [6,16--20]. In the interim, it is worth determining 
what can be inferred from existing kaon data and thereby highlight some 
of the insights that new data should bring. Such information should also 
provide useful benchmarks for contemporary phenomenology and the

ory of Nambu-Goldstone boson structure, which, following recognition 
of its role as a clear window onto EHM, is receiving much attention -- 
see, e.g., Refs. [21--32].

2. DF evolution and the hadron scale

To be concrete, we will speak of the 𝐾+. Apart from changing 𝑢→ 𝑢̄, 
𝑠̄→ 𝑠, all remarks pertain equally to 𝐾−. So, denote the valence DFs of 
the 𝐾+ by q𝐾 (𝑥; 𝜁), where q = u, s̄ , 𝑥 is the light-front fraction of the 
kaon’s four-momentum carried by the indicated valence species, and 
𝜁 is the scale at which this fraction is resolved. Any such DF is fully 
characterised by its Mellin moments (𝑚 ∈ℤ>):
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⟨𝑥𝑚⟩𝜁
q𝐾

=

1 

∫
0 

𝑑𝑥 𝑥𝑚q𝐾 (𝑥; 𝜁) , (1)

with ⟨𝑥0⟩𝜁
q𝐾

= 1 owing to baryon number conservation.

The relation between DFs at different resolving scales is given by 
the DGLAP equations [33--36]. Herein, we exploit the all-orders (AO) 
scheme detailed in Ref. [37], which is built upon the following two 
propositions. (I) There is an effective charge, 𝛼1𝓁 (𝑘2), of the type ex

plained in Refs. [38,39] and reviewed in Ref. [40], that, when used to 
integrate the leading-order perturbative DGLAP equations, defines an 
evolution scheme for every parton DF that is all-orders exact. The point

wise form of 𝛼1𝓁(𝑘2) is largely immaterial. Nonetheless, the process

independent QCD running coupling calculated in Refs. [41] has all re

quired properties. (II) There is a scale, 𝜁 , whereat all properties of a 
given hadron are carried by its valence degrees-of-freedom. At 𝜁 , DFs 
associated with glue and sea quarks are zero. Working with the charge 
discussed in Refs. [40--42], the value of the hadron scale is a predic

tion [43]: 𝜁 = 0.331(2) GeV. A consistent value, 𝜁 = 0.350(44) GeV, 
is obtained from an analysis of lattice-QCD (lQCD) results relating to the 
pion valence quark DF [44].

The AO approach defines a nonperturbative extension of DGLAP evo

lution. It has successfully been used in many applications, e.g., delivering 
unified predictions for pion fragmentation functions [45] and all pion, 
kaon, and proton DFs [22,46--49], a viable species separation of nucleon 
gravitational form factors [50], and insights into quark and gluon angu

lar momentum contributions to the proton spin [51].

Within the AO scheme,

⟨𝑥⟩𝜁
u𝐾

+ ⟨𝑥⟩𝜁
s̄𝐾

= 1 ; (2)

hence s̄𝐾 (𝑥; 𝜁 ) = u𝐾 (1 − 𝑥; 𝜁 ) and

K (𝑥; 𝜁 ) = 1
2 [u

𝐾 (𝑥; 𝜁 ) + s̄𝐾 (𝑥; 𝜁 )] = K (1 − 𝑥; 𝜁 ) . (3)

Working with this symmetric DF, one may capitalise on both the Mellin 
moment physical bounds and recursion relation presented in Ref. [52].

Predictions for hadron scale valence DFs in the pion and kaon are 
available [22]. For practical purposes, they can be interpolated using 
the following function:

q𝑀 (𝑥; 𝜁 ) = 𝑛0 ln
[
1 + 𝑥2(1 − 𝑥)2∕𝜌2

𝑀

]
[1 ± 𝛾𝑀 (1 − 2𝑥)] , (4)

𝑀 = 𝜋,𝐾 , where 𝑛0 = 𝑛0(𝜌𝑀 ) ensures ⟨𝑥0⟩𝜁
q𝑀

= 1, 𝛾𝜋 = 0, and, in the 
kaon, one has ``+𝛾𝐾'' for the 𝑢 quark and ``−𝛾𝐾'' for the 𝑠̄. Equally good 
interpolations are obtained using

u𝑀 (𝑥; 𝜁 ) = 𝑛̃0 ln
[
1 + 𝑥2(1 − 𝑥)2(1 + 𝛾̃2

𝑀
𝑥2(1 − 𝑥)4)∕𝜌̃2

𝑀

]
, (5)

with 𝑛̃0 = 𝑛0(𝜌̃𝑀 , 𝛾̃𝑀 ), 𝛾̃𝜋 = 0, s̄𝐾 (𝑥; 𝜁 ) = u𝐾 (1 − 𝑥; 𝜁 ). Both forms re

spect the 𝑥 ≃ 0,1 endpoint behaviour predicted by continuum analyses 
of the meson bound state problem that preserve an identifiable con

nection with a gluon exchange interaction between valence degrees of 
freedom [6, Sec. 5.A]. Moreover, for any 𝜌𝑀 > 0, they express the EHM

induced dilation that is a characteristic feature of 𝜋, 𝐾 DFs [6,8,32]; and 
with 𝛾𝐾 ≠ 0 (equivalently, 𝛾̃𝐾 ≠ 0), the skewing introduced by Higgs bo

son couplings into QCD is preserved [23]. For our purposes, Eq. (4) is 
easier to work with, but it is better to use Eq. (5) when considering frag

mentation functions [45]. This is not an issue because one may readily 
map (𝜌𝑀, 𝛾𝑀 )→ (𝜌̃𝑀 , 𝛾̃𝑀 ); so, pass between the two forms without in

formation loss.

Using Eq. (4), one has

⟨𝑥𝑚⟩𝜁
q𝐾

(𝜌𝐾 , 𝛾𝐾 ) = ⟨𝑥𝑚⟩𝜁K ± 𝛾𝐾 (⟨𝑥𝑚⟩𝜁K − 2⟨𝑥𝑚+1⟩𝜁K ) , (6)

where the subscript K indicates a moment of the symmetrised DF in Eq. 
(3). For 𝑚 = 1, with kaon DF skewing measured via 𝛿𝐾 = 1∕2− ⟨𝑥⟩𝜁u𝐾 =⟨𝑥⟩𝜁s̄𝐾

− 1∕2,

𝛾𝐾 = 2𝛿𝐾∕[4⟨𝑥2⟩𝜁K − 1] . (7)

3. DFs at empirical scales

An interpretation of experimental data in terms of parton DFs is only 
possible at resolving scales 𝜁 ≫ 𝜁 . In this connection, the strength of 
the AO scheme becomes manifest because one finds [37, Eq. (9)]:

⟨𝑥𝑚⟩𝜁K ∕⟨𝑥𝑚⟩𝜁K = [⟨2𝑥⟩𝜁K ]𝛾
𝑚
0 ∕𝛾10 , (8)

where

𝛾𝑛0 = −4
3

[
3 + 2 

(𝑛+ 1)(𝑛+ 2)
− 4

𝑛+1 ∑
𝑘=1

1 
𝑘

]
, (9)

so 𝛾00 = 0, and all other anomalous dimensions may be found in Ref. 
[37, Eq. (6)]. Equation (8) is the statement that given the symmetrised 
valence quark DF in Eq. (3), then its pointwise form at any 𝜁 > 𝜁 is 
completely determined by its 𝑚 = 1 moment at that scale. It is further 
worth recording that, ignoring quark current-mass dependence in the 
splitting kernels, which is a good approximation for 𝜋 and𝐾 mesons 
[22]:

∀𝜁 > 𝜁H | ⟨2𝑥⟩𝜁K = ⟨2𝑥⟩𝜁u𝜋 = ⟨𝑥⟩𝜁q𝐾 ∕⟨𝑥⟩𝜁q𝐾
< 1 (10)

and

⟨𝑥𝑚⟩𝜁
q𝑀

∕⟨𝑥𝑚⟩𝜁
q𝑀

= [⟨2𝑥⟩𝜁u𝜋 ]𝛾𝑚0 ∕𝛾10 . (11)

The following function is a commonly used parametrisation of va

lence DFs at 𝜁 > 𝑚𝑝, where 𝑚𝑝 is the proton mass:

q𝑀 (𝑥; 𝜁) =𝑁0(𝛼, 𝛽, 𝑐𝑀𝑞 ) 𝑥𝛼−1(1 − 𝑥)𝛽
(
1 + 𝑐𝑀

𝑞
𝑥2
)
. (12)

Here, 𝑁0 ensures unit normalisation for the 𝑚 = 0 DF moment and the 
parameters (𝛼, 𝛽, 𝑐𝑀

𝑞
) depend on 𝜁 . It is straightforward to establish that

𝑐𝑀
𝑞,𝜁

= −
(2 + 𝛼 + 𝛽)(3 + 𝛼 + 𝛽)(𝛼 − (1 + 𝛼 + 𝛽)⟨𝑥⟩𝜁

q𝑀
)

𝛼(1 + 𝛼)(2 + 𝛼 − (3 + 𝛼 + 𝛽)⟨𝑥⟩𝜁
q𝑀

) 
. (13)

Under flavour-independent nonsinglet AO evolution, 𝛼 and 𝛽 evolve 
separately, but in the same way for all mesons and from the same start

ing point, i.e., the values 𝛼(𝜁), 𝛽(𝜁) are each generated from hadron scale 
DFs with 𝛼(𝜁 ) = 3, 𝛽(𝜁 ) = 2 -- see Eq. (4). Hence, u𝐾∕u𝜋 is a nonzero 
finite number at 𝑥 = 0,1:

u𝐾∕u𝜋 |||𝜁𝑥=0 = 2 + 𝛼 − (3 + 𝛼 + 𝛽)⟨𝑥⟩𝜁
u𝐾

2 + 𝛼 − (3 + 𝛼 + 𝛽)⟨𝑥⟩𝜁u𝜋 , (14a)

u𝐾∕u𝜋 |||𝜁𝑥=1 = 𝛼(4 + 2𝛼 + 𝛽) − (3 + 𝛼 + 𝛽)(2 + 2𝛼 + 𝛽)⟨𝑥⟩𝜁
u𝐾

𝛼(4 + 2𝛼 + 𝛽) − (3 + 𝛼 + 𝛽)(2 + 2𝛼 + 𝛽)⟨𝑥⟩𝜁u𝜋 . (14b)

It should be stressed that Eqs. (14) are only applicable on some domain 
𝜁 > 𝑚𝑝; namely, when Eq. (12) provides a good representation of the 
pointwise form of the valence quark DFs.

Given that the light-front momentum fraction carried by valence 
quarks vanishes as 𝑚𝑝∕𝜁 → 0, then u𝐾∕u𝜋 ||𝑥=0 → 1 on this scale domain: 
singlet DFs become dominant on 𝑥 ≃ 0. Furthermore, u𝐾∕u𝜋 ||𝑥=1 < 1
for ⟨𝑥⟩𝜁

u𝐾
< ⟨𝑥⟩𝜁u𝜋 , which is predicted by all studies with a sound im

plementation of Higgs boson couplings into QCD [23]. Both these pre

dictions are compatible with the (sparse) available data [15]. An illus

tration is readily extracted from the DFs calculated in Ref. [22], the 
𝜁 = 𝜁5 = 5.2GeV results for which may be expressed using Eq. (12) with 
𝛼 = 0.88, 𝛽 = 2.52 and ⟨𝑥⟩𝜁

u𝐾
= 0.47, ⟨2𝑥⟩𝜁5u𝜋 = 0.44, to find

u𝐾∕u𝜋 |||𝜁5𝑥=0 = 1.06 , u𝐾∕u𝜋 |||𝜁5𝑥=1 = 0.66 . (15)
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Fig. 1. Pion and kaon structure functions. Panel A. Pion (purple) and kaon (or

ange) ensembles of valence 𝑢 quark DF replicas. Points (green): analysis of Ref. 
[53, E615] Drell-Yan data discussed in Refs. [43,54,55]. Panel B. Replicas for 
𝐾−∕𝜋− 𝑢 quark DF ratio (green curves). Points (orange): analysis of Drell-Yan 
data in Ref. [15].

4. Exploiting available data

So far as pion and kaon DFs are concerned, two practicable data 
sets are available, viz. 𝜋-induced Drell-Yan reaction cross-sections that 
may be understood with regard to u𝜋(𝑥; 𝜁5) [53, E615] and Drell-Yan 
measurements that can be interpreted in terms of the 𝐾−∕𝜋− structure 
function ratio at this same scale [15], i.e., u𝐾 (𝑥; 𝜁5)∕u𝜋(𝑥; 𝜁5). The anal

ysis of E615 data discussed in Refs. [54,55] is displayed in Fig. 1A -- the 
issues with other analyses are canvassed in Ref. [43]; and the 𝐾−∕𝜋−

analysis from Ref. [15] is reproduced in Fig. 1B -- these eight points rep

resent all that is today known about the kaon structure function. We 
now use this information to produce data-driven estimates of pion and 
kaon DFs.

To begin, working with the E615 points drawn in Fig. 1A, we use 
least-squares minimisation to determine the parameters that produce a 
best fit in the form of Eq. (12), with the result:

[𝑤𝜋
0 ] = {𝛼0, 𝛽0, 𝑐𝜋0 } = {0.792,2.71,2.49} . (16)

It should be borne in mind that 𝜁 = 𝜁5 and 𝑞 = 𝑢 = 𝑑. Furthermore, 
the large-𝑥 exponent, 𝛽(𝜁5) = 2.71 > 2, is consistent with QCD-based 
expectations [43,47,52,56--58].

We now take the following steps.

(I) Generate a set of new vectors {[𝑤𝜋
𝑗
] | 𝑗 = 1,… ,𝑁𝑤}, each element 

of which is distributed randomly around the bestfit result and accepted 
into a reference ensemble according to the probability

P =
𝑃 (𝜒2;𝑑)
𝑃 (𝜒2

0 ;𝑑)
, 𝑃 (𝑦;𝑑) =

(1∕2)𝑑∕2

Γ(𝑑∕2) 
𝑦𝑑∕2−1e−𝑦∕2 , (17)

where

𝜒2([𝑤𝜋
𝑗
]) = 1 

𝜎

𝑀E615∑
𝑖=1 

[u𝜋(𝑥𝑖; [𝑤𝜋
𝑗
]; 𝜁5) − 𝑢E615

𝑖
]2

𝛿2
𝑖

; (18)

{(𝑥𝑖, 𝑢𝑖 ± 𝛿𝑖) | 𝑖 = 1,… ,𝑀E615} are the points associated with the E615 
data; and 𝜎 is a rescaling factor that ensures 𝜒2([𝑤𝜋

0 ]) = 𝑑 − 2, making 
this the maximum of the probability density.

(II) Recalling that 𝜋, 𝐾 valence quark DFs are characterised by the 
same values of 𝛼, 𝛽, define

𝑅𝐾∕𝜋
(
𝑥𝑗 ; [𝑣

𝐾∕𝜋
𝑗

]; 𝜁5
)
=
𝑢𝐾 (𝑥𝑗 ; [𝑤

𝑗

𝐾
]; 𝜁5)

𝑢𝜋(𝑥𝑗 ; [𝑤
𝑗
𝜋]; 𝜁5) 

, (19)

which is the ratio depicted in Fig. 1B. Here, [𝑣𝐾∕𝜋
𝑗

] = {𝛼𝑗 , 𝛽𝑗 , 𝑐𝜋𝑗 , 𝑐
𝐾
𝑗
} is 

drawn from [𝑤𝜋
𝑗
] = {𝛼𝑗 , 𝛽𝑗 , 𝑐𝜋𝑗 }, [𝑤𝐾

𝑗
] = {𝛼𝑗 , 𝛽𝑗 , 𝑐𝐾𝑗 }. The single unfixed 

parameter is 𝑐𝐾
𝑗

in u𝐾 (𝑥; 𝜁5). Using Eq. (13), it is determined by ⟨𝑥⟩𝜁5
u𝐾

.

(III) For a given pion configuration, [𝑤𝜋
𝑗
], consider an associated 

kaon DF defined by [𝑤𝐾
𝑗
] with 𝑐𝐾

𝑗
distributed randomly around a best 

fit value determined by the 𝐾∕𝜋 points drawn in Fig. 1B and accepted 
into the reference ensemble with probability

P𝑅𝐾∕𝜋 = P𝑅𝐾∕𝜋 |u𝜋 Pu𝜋 , (20)

where Pu𝜋 is the Step (I) acceptance probability and P𝑅𝐾∕𝜋 |u𝜋 is calcu

lated using Eq. (17) with Eq. (18) amended so that 𝑅𝐾∕𝜋
(
𝑥𝑗 ; [𝑣

𝐾∕𝜋
𝑗

]; 𝜁5
)

becomes the first term within the numerator parentheses and the refer

ence values and uncertainties are the 𝑀𝐾∕𝜋 = 8 points from Ref. [15]. 
Unsurprisingly, P𝑅𝐾∕𝜋 |u𝜋 ≡ Pu𝐾 |u𝜋 , so Pu𝐾 = P𝑅𝐾∕𝜋 ; to wit, given u𝜋 , 
then the acceptance probability of a 𝐾∕𝜋 ratio is equivalent to that for 
u𝐾 .

Beginning with 𝑁𝑤 = 200 and following Steps (I - III), we arrive 
at a 111 member reference ensemble for u𝜋(𝑥; 𝜁5) and a 67 member 
ensemble for 𝑢𝐾 (𝑥; 𝜁5). All members of both ensembles are displayed in 
Fig. 1A; and the associated ensemble of 𝐾∕𝜋 ratios is drawn in Fig. 1B.

A key reference result is the replica averaged value of ⟨𝑥⟩𝜁5u𝜋 =
0.207(4). Within mutual uncertainties, this value matches the CSM pre

diction [22]: 0.20(2); and an average of mutually consistent lQCD results 
for this first moment [44,59--62]: 0.214(25). Of similar importance are 
the endpoint values of the ratio replicas drawn in Fig. 1B:

𝑥→ 0 𝑥→ 1
𝑢𝐾 (𝑥; 𝜁5)
𝑢𝜋(𝑥; 𝜁5) 

1.050(24) 0.77(11)
. (21)

These results match the predictions in Ref. [22], reproduced in Eq. (15). 
Plainly, more precise data are needed in order to reduce the 𝑥 ≃ 1 un

certainty.

Using the AO scheme, each of the u𝑀 (𝑥; 𝜁5) DF replicas can be 
evolved back to 𝜁 using the replica value of ⟨𝑥⟩𝜁5u𝜋 . (We record the ⟨𝑥⟩𝜁5u𝜋 value associated with each accepted 𝑅𝐾∕𝜋 .) To be clear, begin

ning with Eq. (11), one calculates the 𝜁5 → 𝜁 Mellin moments for a 
given replica, 𝑗, then minimises the following functional over (𝜌𝑗

𝑀
, 𝛾

𝑗

𝑀
):

𝑛𝑚∑
𝑚=1

[⟨𝑥𝑚⟩𝜁
u𝑀 (𝜌𝑗

𝑀
,𝛾
𝑗

𝑀
)
∕M 𝑗

𝑀
(𝑚) − 1

]2
, (22)

where M 𝑗

𝑀
(𝑚) is the 𝜁5 → 𝜁 -evolved mth Mellin moment of DF replica 

𝑗. (𝑛𝑚 = 10 is sufficient for accurate reconstruction and 𝛾𝑗𝜋 ≡ 0 in Eqs. 
(4), (5).) The resulting ensembles of 𝜁 DFs are drawn in Fig. 2. Using 
Eq. (4), the parameter averages and dispersions are

𝜌𝜋 = 0.051(15) , 𝜌𝐾 = 0.054(13) , 𝛾𝐾 = 0.23(12) . (23)

If one instead chooses Eq. (5), then, naturally, 𝜌̃𝜋 = 𝜌𝜋 , and 𝜌̃𝐾 =
0.044(13), 𝛾̃𝐾 = 14(9).

A DF analogue of the asymptotic meson distribution amplitude, viz. 
𝜑as(𝑥) = 6𝑥(1 − 𝑥) [63--65], is the function qsf (𝑥) = 30𝑥2(1 − 𝑥)2. Com

pared with this profile, EHM is expressed in the dilation of each replica 
in the DF ensembles drawn in Fig. 2. One notes from Fig. 2 that the 
CSM predictions for pion and kaon valence DFs [22] are consistent with 
the data-based inferences obtained herein, although the replica spreads, 
which owe to the imprecision of available data, diminish the significance 
of this correspondence.



Physics Letters B 865 (2025) 139451

4

Z.-N. Xu, D. Binosi, C. Chen et al. 

Fig. 2. Hadron-scale evolved ensembles of pion (orange) and kaon (purple) va

lence 𝑢 quark DFs obtained following the procedure discussed in connection 
with Eq. (22). Dot-dashed (𝜋) and dashed (𝐾) curves are the predictions for 
these DFs in Ref. [22]. Dotted curve is the scale-free DF qsf (𝑥) = 30𝑥2(1 − 𝑥)2.

Continuing with the discussion of Fig. 2, the peak location of each 
pion replica is 𝑥 = 1∕2. In contrast, the u𝐾 replicas peak at 𝑥 = 0.42(4). 
This relative shift reflects the impact of Higgs boson couplings into QCD 
on the lighter quark sector [23]. Notably, 0.5∕0.42(4) = 1.20(11) and the 
kaon-to-pion leptonic decay constant ratio is 𝑓𝐾∕𝑓𝜋 = 1.19 [66]. The 
similarity between the values of these ratios highlights their common 
origin and the fact that even though the 𝑠 quark current mass is 27-times 
greater than the average light-quark mass [66], this is largely masked 
in kaon observables by the scale of EHM.

Regarding ⟨𝑥⟩𝜁
u𝐾

, one may (a) calculate the hadron-scale valence 𝑢
quark momentum fraction by using AO evolution 𝜁5 → 𝜁 on the first 
moment of each of the 67 𝜁5 replicas indicated by Fig. 1. Equally, one 
may (b) follow the procedure discussed in connection with Eq. (22) to 
reconstruct u𝐾 (𝑥; 𝜁 ) and calculate the first moment of the result. These 
two approaches yield mutually consistent values:

(a) (b)⟨𝑥⟩𝜁
u𝐾

0.473(13) 0.477(12) , (24)

which is a signal of the efficacy of our DF reconstruction procedure.

According to Ref. [58], the 𝑥 = 1 value of the ratio u𝐾 (𝑥; 𝜁)∕u𝜋 (𝑥; 𝜁)
is independent of 𝜁 . At 𝜁 , using Eq. (4):

𝑅
𝐾∕𝜋
1 (𝜁 ) = lim 

𝑥→1

u𝐾 (𝑥; 𝜁 )
u𝜋(𝑥; 𝜁 ) 

=
𝑛0(𝜌𝐾 , 𝛾𝐾 )
𝑛0(𝜌𝜋,0) 

𝜌2
𝜋

𝜌2
𝐾

[1 − 𝛾𝐾 ] . (25)

Inserting the DF reconstruction values from Eq. (23), one obtains 
𝑅
𝐾∕𝜋
1 (𝜁 ) = 0.72(29), which matches the 𝜁5 value in Eq. (21). As another 

test of 𝑅𝐾∕𝜋
1 scale invariance, we separately considered each calculated 

hadron-scale replica u𝐾,𝜋(𝑥; 𝜁 ), evolved it to 𝜁 = 𝜁2 = 2GeV and 𝜁 = 𝜁5, 
then calculated and compared the 𝑥 ≃ 1 ratio at these two scales. Over 
the 67 independent replicas that could be used, the mean difference 
𝑅
𝐾∕𝜋
1 (𝜁2) cf. 𝑅𝐾∕𝜋

1 (𝜁5) is just 1.6%. These levels of agreement, with dis

crepancies far smaller than statistical uncertainties, are strong evidence 
in support of scale invariance for the endpoint ratio in Eq. (25).

5. Complete set of kaon and pion DFs

Having now built hadron scale valence DFs for the pion and kaon, viz. 
u𝜋,𝐾 (𝑥; 𝜁 ) and s̄𝐾 (𝑥; 𝜁 ) = u𝐾 (1 − 𝑥; 𝜁 ), all glue and sea DFs in these 
mesons can also be obtained via AO evolution. In practice, we use the 
valence + singlet coupled system specified by Eqs. (5) in Ref. [37], with 
the hadron scale valence profiles as the initial surfaces, to produce 𝑛𝑚
Mellin moments of each DF at the desired scale 𝜁 > 𝜁 . As in Ref. [37], 
we employ quark-mass threshold functions to ensure that a given quark 
flavour only participates in evolution after the resolving scale exceeds 
𝜖𝑞 = 𝜁𝐻 + 𝛿𝑞 , with 𝛿𝑢 = 𝛿𝑑 = 0 and (in GeV) 𝛿𝑠 = 0.1, 𝛿𝑐 = 0.9, 𝛿𝑏 = 3.9. 
These threshold values are inferred from CSM predictions of dressed 
quark mass functions and their values at infrared momenta -- see, e.g., 
Ref. [6, Fig. 2.5]. With inputs based on a quark + interacting-diquark 

Fig. 3. Data-driven ensemble predictions for valence quark DFs in the kaon: 
Panel A -- 𝜁2; and Panel B -- 𝜁5.

Table 1
Used with Eq. (12), these coefficients deliver efficacious 
representations of all kaon DFs. The uncertainties express 
the statistical variation over input valence ensembles. For 
valence DFs, 𝑁0 is fixed by baryon number conservation, 
but it is a free least-squares fitting parameter for sea and 
glue DFs.

𝑁0 𝛼 𝛽 𝑐𝐾

𝜁2
𝑢 2.48(23) 0.88(3) 2.42(12) 1.38(27) 
𝑠̄ 2.36(14) 0.90(3) 2.39(11) 2.56(43) 
𝑢𝑢̄, 𝑑𝑑 0.0298(7) -0.544(5) 4.33(8) 0 
𝑠𝑠̄ 0.0267(7) -0.555(5) 4.36(8) 0 
𝑐𝑐 0.0065(1) -0.618(4) 4.43(8) 0 
𝑔 0.384(11) -0.566(5) 3.31(8) 0

𝜁5
𝑢 2.22(18) 0.79(3) 2.67(12) 1.20(24) 
𝑠̄ 2.26(15) 0.83(3) 2.65(11) 2.16(33) 
𝑢𝑢̄, 𝑑𝑑 0.0310(7) -0.605(4) 4.67(9) 0 
𝑠𝑠̄ 0.0287(5) -0.613(4) 4.69(9) 0 
𝑐𝑐 0.0128(3) -0.664(3) 4.76(8) 0 
𝑏𝑏̄ 0.0015(1) -0.698(3) 4.78(8) 0 
𝑔 0.313(7) -0.642(4) 3.60(8) 0 

Faddeev equation picture [47], this approach to quark mass thresholds 
predicts a small but measurable 𝑐 + 𝑐 light-front momentum fraction 
(≈ 1.3%) in the proton at 𝜁 = 𝜁2. The pointwise form of each DF is sub

sequently obtained by following a procedure analogous to that discussed 
in connection with Eq. (22), but using numerator Mellin moments asso

ciated with Eq. (12).

Employing this approach and working from the ensembles in Fig. 2, 
we obtain the 𝜁 = 𝜁2, 𝜁5 data-driven predictions for kaon valence DFs 
depicted in Fig. 3. They are described by Eq. (12) with the coefficients 
listed in Table 1. These valence DFs yield the light-front momentum frac

tions listed in Table 2, which express the fact that the s̄𝐾 profile peaks at 
larger 𝑥 than u𝐾 owing to Higgs boson modulation of EHM. Moreover, 
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Table 2
Light-front momentum fractions for valence-, sea and glue 
(columns 1, 2, 3, respectively), at resolving scales 𝜁2 and 𝜁5, 
obtained from replicas in Fig. 2 by AO evolution. For valence 
degrees-of-freedom, the first uncertainty is statistical and the 
second expresses a ±5% variation in 𝜁 . In all other cases, 
the statistical error is negligible. For context, pion valence 
momentum fractions are given in the final column. Ignoring 
flavour dependence in nonsinglet evolution equations, pion 
sea and glue fractions are the same as those in the kaon -- see 
Table 3.

⟨𝑥⟩𝜁q𝐾 ⟨𝑥⟩𝜁𝐾
q

⟨𝑥⟩𝜁g𝐾
⟨𝑥⟩𝜁q𝜋

𝜁2
𝑢 0.230(6)(10) 0.028(2) 0.241(5)(10) 
𝑑 0 0.028(2) 0.241(5)(10) 
𝑠 0.252(6)(11) 0.026(1) 
𝑐 0 0.008(1) 
𝑏 0 0 
𝑔 0.428(18) 

𝜁5
𝑢 0.197(5)(9) 0.036(2) 0.207(4)(9) 
𝑑 0 0.036(2) 0.207(4)(9) 
𝑠 0.216(5)(9) 0.034(2) 
𝑐 0 0.019(1) 
𝑏 0 0.003(1) 
𝑔 0.461(20) 

Table 3
Data-driven light-front momentum fractions calculated at 
𝜁2 herein compared with available kindred results from 
lQCD [32]. 𝑙 indicates the total fraction carried by light 
(𝑢, 𝑑) quarks in the meson.

empirical [32, lQCD] 
𝑀 𝜋 𝐾 𝜋 𝐾

𝑙 0.538(15) 0.286(12) 0.499(55) 0.317(19) 
𝑠 0.026(01) 0.278(13) 0.036(15) 0.339(11) 
𝑐 0.008(01) 0.008(01) 0.013(16) 0.028(21) 
𝑞 0.572(15) 0.572(18) 0.575(79) 0.683(50) 
𝑔 0.428(18) 0.428(18) 0.402(53) 0.422(67) 

like nucleons, a measurable component of pion and kaon light-front mo

mentum is carried by the 𝑐 + 𝑐 sea.

The modest size of the relative shifts in the peak locations of pion, 
𝑢-in-kaon and 𝑠̄-in-kaon DFs is highlighted by Fig. 4 -- see the three 
rightmost points, which depicts a collection of Mellin moment ratios 
and compares the values inferred herein, from results reported in Refs. 
[15,53], with CSM [22] and lQCD [61,67,68] predictions for these same 
ratios. A merit of such a comparison is that, e.g., lQCD analyses can typ

ically only deliver a few low-order moments, so objective conclusions 
can be drawn without reference to potentially subjective DF reconstruc

tion using only a few moments. Evidently, the CSM predictions [22] are 
well aligned with the empirical results, whereas available lQCD values 
[61,67,68] tend to lie low when higher 𝑢 quark moments are involved. 
This may indicate an underestimate of the larger-𝑥 support in the 𝑢
quark DFs computed using lQCD. It should be noted that the lQCD results 
depicted in Fig. 4 were obtained with a pion mass 𝑚𝜋 = 0.26GeV at a lat

tice spacing 𝑎 = 0.093 fm. No attempts were made in Refs. [61,67,68] to 
reach the physical pion mass or the continuum limit. Related improve

ments are underway [32].

The kaon sea and glue profiles are drawn in Fig. 5. Their pointwise 
forms are recovered by using Eq. (12) and the appropriate coefficients 
from Table 1. Notably, 𝛽sea ≈ 𝛽glue + 1 ≈ 𝛽valence + 2, in accordance with 
QCD-based expectations [56]. It is worth stressing that all DF ensembles 
drawn in Figs. 3, 5 are determined solely by empirical information on 
u𝜋 , u𝐾 and AO evolution. No model or theory of meson structure has 

Fig. 4. Quark flavour-separated singlet Mellin moment ratios for the pion 
and kaon at 𝜁2. Legend. 𝜋𝑖𝑗 = ⟨𝑥𝑖⟩u𝜋

𝑆
∕⟨𝑥𝑗⟩u𝜋

𝑆
, 𝐾𝑞

𝑖𝑗
= ⟨𝑥𝑖⟩q𝐾

𝑆
∕⟨𝑥𝑗⟩q𝐾

𝑆
, 𝜋𝐾𝑢

𝑖𝑗
=⟨𝑥𝑖⟩u𝜋

𝑆
∕⟨𝑥𝑗⟩u𝐾

𝑆
; ``Empirical'' -- results inferred herein from Refs. [15,53], ``CSM'' 

– predictions from Ref. [22], ``Lattice'' -- lQCD results from Ref. [61,67,68].

Fig. 5. Sea and glue DFs obtained via AO evolution of the kaon valence DF 
ensembles: Panel A -- 𝜁2; and Panel B -- 𝜁5. 𝑏+ 𝑏̄ sea contributions only appear 
in Panel B because 𝜁2 lies below the 𝑏 quark flavour threshold.

been assumed/employed. The light-front momentum fraction carried by 
each species is listed in Table 2.

We have already highlighted that the data-driven predictions for 
pion and kaon DFs delivered herein are consistent with modern CSM 
predictions [22]. It is also interesting to compare them with available in

formation from lQCD studies. In recent work, Ref. [32] used three gauge

field ensembles generated with 2 + 1 + 1flavours of Wilson fermions 
at physical quark current masses and subsequently extrapolated to the 
continuum limit to provide an array of species separated light-front mo

mentum fractions in the pion and kaon. They are reproduced in Table 3
and compared with like results from our analysis. Within mutual uncer

tainties, which are sizeable for the lQCD results (≈ 20% for pion and 
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≈ 10% for kaon, when the signal is strong), the level of agreement is 
fair and there are no striking discrepancies, especially when one ac

counts for the central-value violation of the momentum sum rule in the 
lQCD study. Nothing more can be said before uncertainties on the lQCD 
results are reduced.

It is worth reiterating that the light-front momentum fractions listed 
in Table 2 do not depend on details concerning the 𝑥-dependence of 
u𝜋,𝐾 (𝑥, 𝜁 ). Instead, their values are completely determined by the fact 
that ⟨𝑥⟩𝜁u𝜋 + ⟨𝑥⟩𝜁s̄𝜋 ≡ 1 and capitalisation on this feature via AO evolu

tion. Consequently, the values in Table 2 -- columns 2 and 3 are pre

dictions of the AO method, as are the total quark and glue momentum 
fractions reported in Table 3. Under AO evolution, the momentum frac

tions carried by sea and glue are hadron independent [37,47], unless 
the nonsinglet splitting kernels are modified as discussed now.

In using AO evolution hitherto, we have neither implemented Pauli 
blocking [46,47] nor quark current-mass dependence in evolution of 
valence DFs [22, Sec. 7.3]. Consequently, the glue and flavour-summed 
quark momentum fractions listed in Tables 2, 3 are the same in the 
pion and kaon. Were we to follow Ref. [22, Sec. 7.3] in implementing 
mass dependence in valence DF evolution, then, e.g., valence 𝑠̄ quarks 
would produce less gluons than valence 𝑢 quarks and gluon splitting 
would produce less 𝑠 + 𝑠̄ pairs than light-quark pairs. In consequence, 
we would obtain

⟨𝑥⟩𝜁
𝑔𝐾

=
{

0.4249(2)(180) 𝜁 = 2 GeV

0.4582(2)(200) 𝜁 = 5 GeV
. (26)

(Uncertainties are statistical and 𝜁 → (1 ± 0.05)𝜁 systematic.) Com

pared with the results in Table 2, the differences are within existing 
uncertainties. This explains why we have neglected the effect herein. 
Similar statements hold for Pauli blocking in the 𝜋 and 𝐾 -- see the 
analysis in Ref. [37].

It is worth recording here that a suggestion [69] that the pion con

tains much more glue than the kaon was predicated on early fits to 𝜋

nucleon Drell-Yan data [70]. Relative to contemporary CSM predictions 
and the analysis described herein, those fits placed too little momen

tum with the pion’s valence degrees of freedom, thereby misguiding the 
analysis in Ref. [69]. The modern picture indicates [22] that the in-kaon 
gluon momentum fraction is just 1% less than that in the pion -- compare 
Eq. (26) with Table 3 -- Row 5.

6. Summary and perspective

We described an approach to the reconstruction of pointwise profiles 
for all pion and kaon parton distribution functions (DFs) from valence 
parton DFs inferred via phenomenological analyses of relevant data. The 
key elements are data-constrained probability-weighted ensembles of 
valence DF replicas and the all-orders (AO) evolution scheme. The latter 
is crucial because it enables valence DFs to be brought together at a 
common hadron scale and thereat used as the initial value profiles in 
coupled evolution equations for all parton species.

Herein, one aim was to reveal what could be learnt from existing 
data (eight imprecise points) on the 𝑢-quark-in-kaon to 𝑢-quark-in-pion 
structure function ratio, 𝑅𝐾∕𝜋 = u𝐾 (𝑥)∕u𝜋(𝑥), when combined with 
available pion valence DF information derived from 𝜋-nucleon Drell

Yan measurements. Regarding the valence DFs and considering 𝐾+ as 
the exemplar, the ensembles obtained express qualitatively sound fea

tures of kaon structure, such as the size of the relative shift in 𝑢 and 𝑠̄
DF peak locations caused by Higgs boson couplings into QCD [Fig. 3] 
and reasonably tight constraints on the associated light-front momen

tum fractions [Table 2]. Similar statements are applicable to all singlet 
DFs [Figs. 4, 5]. Of some interest are the results that the 𝑐 + 𝑐 sea car

ries approximately 2% of the kaon’s light-front momentum at resolving 
scale 𝜁5 = 5.2GeV, with ≈ 0.3% carried by 𝑏+ 𝑏̄ [Table 2].

An open question is what data should be collected in order to aid in 
delivering more refined statements about kaon and pion structure. Most 
simply, more, precise data on 𝑅𝐾∕𝜋 would be valuable. At present, the 

u𝐾 and s̄𝐾 valence DF ensembles obtained therefrom overlap on large 𝑥
domains; so, the true size of EHM modulation by Higgs boson couplings 
into QCD is unclear. More valuable still would be extraction of 𝑢𝐾 alone, 
i.e., avoiding inference from 𝑅𝐾∕𝜋 . At present, the extracted form of 
u𝐾 is too much influenced by results for, or assumptions about, u𝜋 . 
Many calculations have shown that the same 𝑅𝐾∕𝜋 profile is produced 
by distinctly different, yet internally consistent, results for u𝐾,𝜋 -- see, 
e.g., Ref. [22, Fig. 12], which contrasts a CSM prediction of the ratio with 
a lQCD result [24]. Such data is anticipated in the foreseeable future 
[6,16--20].
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