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ABSTRACT

In order to learn effectively from measurements of generalised parton distributions (GPDs), it is desirable
to compute them using a framework that can potentially connect empirical information with basic
features of the Standard Model. We sketch an approach to such computations, based upon a rainbow-
ladder (RL) truncation of QCD’s Dyson-Schwinger equations and exemplified via the pion’s valence
dressed-quark GPD, HY (x,&,t). Our analysis focuses primarily on & =0, although we also capitalise on
the symmetry-preserving nature of the RL truncation by connecting HY}, (x,§ = £1,t) with the pion’s
valence-quark parton distribution amplitude. We explain that the impulse-approximation used hitherto
to define the pion’s valence dressed-quark GPD is generally invalid owing to omission of contributions
from the gluons which bind dressed-quarks into the pion. A simple correction enables us to identify
a practicable improvement to the approximation for H} (x,0,t), expressed as the Radon transform of
a single amplitude. Therewith we obtain results for H} (x,0,t) and the associated impact-parameter
dependent distribution, g (x, |E 1 1), which provide a qualitatively sound picture of the pion’s dressed-
quark structure at a hadronic scale. We evolve the distributions to a scale ¢ =2 GeV, so as to facilitate

comparisons in future with results from experiment or other nonperturbative methods.
© 2014 Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

Quarks were discovered in a series of deep inelastic scattering
(DIS) experiments at the Stanford Linear Accelerator Center [1-3].
When analysed in the infinite momentum frame, i.e., treating the
target as an extremely rapidly moving object, such experiments
yield parton distribution functions (PDFs). PDFs are probability
densities, which reveal how partons within the speeding target
share the bound-state’s gross properties; e.g., there are PDFs that
describe the distributions over the target's constituent partons of
the total longitudinal momentum and helicity. Crucially, this prob-
ability interpretation is only valid in the infinite-momentum frame
owing to its connection with quantisation on the light-front [4-6],
a procedure that ensures, inter alia, particle number conservation.

A good deal is known about hadron light-front structure af-
ter more than forty years of studying PDFs. Notwithstanding that,
much more needs to be understood, particularly, e.g., in connection
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with the distribution of helicity [7,8]. Moreover, PDFs only describe
hadron light-front structure incompletely because inclusive DIS
measurements do not yield information about the distribution of
partons in the plane perpendicular to the bound-state’s total mo-
mentum, i.e., within the light front. Such information is expressed
in generalised parton distributions (GPDs) [9-12], which are acces-
sible via deeply virtual Compton scattering on a target hadron, T;
viz., y*(@)T(p) — y*(@)T(p’), so long as at least one of the pho-
tons [y*(q), y*(q')] possesses large virtuality, and in the analo-
gous process of deeply virtual meson production: y*(q)T(p) —
M(q")T(p’). Importantly [see Section 2], GPDs connect PDFs with
hadron form factors because any PDF may be recovered as a for-
ward limit of the relevant GPD and any hadron elastic form factors
can be expressed via a GPD-based sum rule. The potential that
GPDs hold for providing manifold insights into hadron structure
has led to intense experimental and theoretical activity [13-17].
Most of the constraints that apply to GPDs are fulfilled when
the GPD is written as a double distribution [10,18,19], which is
equivalent to expressing the GPD as a Radon transform [20]:
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Hix, &) = / dordBs(x — o — EB)[F(ar, B, 1) + £G(a, B, 1)],

le|+1BI1=1

(1)

where the variables x, &, t are defined following Eq. (2) and, at
leading-twist, F, G have operator definitions analogous to the GPD
itself. In order to obtain insights into the nature of hadron GPDs,
it has been common to model the Radon amplitudes, F, G, follow-
ing Ref. [21]. This approach has achieved some phenomenological
success [17,22]; but more flexible parameterisations enable a bet-
ter fit to data [23]. Such fits played a valuable role in establishing
the GPD framework; but if one wishes to use measured GPDs as
a means by which to validate our basic perception of strong in-
teractions in the Standard Model, then data fitting is inadequate.
Instead, it is necessary to compute GPDs using a framework that
possesses a direct connection with QCD. This observation is high-
lighted by experience drawn from the simpler case of the pion’s
valence-quark PDF [24]. Herein, we therefore adopt a different ap-
proach, sketching a procedure for the computation of hadron GPDs
based on the example provided by the pion’s valence-quark PDF.

2. General features of pion GPDs

From a quark model perspective, in the isospin symmetric limit,
the pion is a quantum mechanical bound-state of two equal-mass
constituents and it is therefore the simplest hadronic bound-state.
That is a misapprehension, however. Owing to the connection be-
tween pion properties and dynamical chiral symmetry breaking
(DCSB), i.e., its dichotomous nature as a Goldstone mode and rel-
ativistic bound-state [25,26], a veracious description of the pion is
only possible within a framework that faithfully expresses symme-
tries and their breaking patterns. The Dyson-Schwinger equations
(DSEs) fulfil this requirement [27-29] and hence we employ that
framework to compute pion properties herein.

Notwithstanding the complex nature of the pion bound-state,
it is still a J = 0 system and hence for a vector probe there is
only one GPD associated with a quark q in the pion (7¥, 70). It is
defined by the matrix element

q d4Z ixP-z 2
Hz(x,&,t) = e 3(n-2)8°(z1)

x (m(P)|G(—z/2)n - yq(z/2)|m (P-)), (2)

where: k, n are light-like four-vectors, satisfying k* = 0 = n?,
k-n=1; z, represents that two-component part of z annihi-
lated by both k, n; and P =P + A/2. In Eq. (2), E=—-n-A/
[2n- P] is the “skewness”, t = —A? is the momentum transfer, and
P?=t/4—m2, P- A =0. The GPD also depends on the resolv-
ing scale, ¢. Within the domain upon which perturbation theory
is valid, evolution to another scale ¢’ is described by the ERBL
equations [30,31] for |x| < & and the DGLAP equations [32-35] for
|x| > &, where & > 0.

In order to produce quantities that are gauge invariant for all
values of z, Eq. (2) should contain a Wilson line, W[—z/2, z/2],
between the quark fields. Notably, for any light-front trajectory,
WI[-z/2,z/2] =1 in light-cone gauge: n- A =0, and hence the
Wilson line does not contribute in this case. On the other hand,
light-cone gauge is seldom practicable in either model calcula-
tions or quantitative nonperturbative analyses in continuum QCD.
Indeed, herein, as typical of nonperturbative DSE studies, we em-
ploy Landau gauge because, inter alia [36,37]: it is a fixed point of
the renormalisation group; and a covariant gauge, which is readily
implemented in numerical simulations of lattice-QCD. It is there-
fore significant that W[—z/2, z/2] is not quantitatively important

in the calculation of the leading-twist contributions to numerous
matrix elements [38].

It is worth recapitulating here upon some general properties
of GPDs. Most generally, Poincaré covariance entails that GPDs are
only nonzero on x € (—1, 1). Moreover, owing to time-reversal in-
variance, H9(x, &,t) = H9(x, —&, t). Kinematically, the skewness is
bounded: & € [—1,1], but & € [0, 1] for all known processes that
provide empirical access to GPDs.

Focusing on the pion, a charge conjugation mapping between
charged states entails H;’f(x,é,t) = —H;‘T{j(—x,é,t); and conse-
quently, in the isospin symmetric limit:

HY (x,&.0) = —HI. (—x.&,0). 3)

It follows that the isospin projections:

H (&, :=H' (x, &0 +(-D'H L x. &0, =01, (4

have well-defined symmetry properties under x <> —x; viz., H? is
odd and H! is even.

Returning to the definition in Eq. (2), it is plain that if one con-
siders the forward limit: £ =0, t =0, then x is Bjorken-x and the
GPD reduces to a PDF; viz.,

q _ q" (x), x>0
i (0,0 = [ —q" (—x), x<O0. ©)

Moreover, irrespective of the value of &, the electromagnetic pion
form factor may be computed as
1
Fre (A2) = f dx[eHY , (x. £, —A%) +egHY, (x. 6, —A2)]  (6)
-1
=ieyFl. (A?) +eqFl. (A%) = FL  (A?), (7)
where e, ¢ are the quark electric charges in units of the positron

charge and we have used Eq. (3) to show F§+(A2) = —FY, (A?).
Additional information may be found elsewhere [39].

3. Heuristic example

Imagine a bound-state of two scalar particles with effective
mass o and suppose that the interaction between them is such
that it produces a light-front wave function of the form (x =1 —x):

15 Vxx

20?1+ k2 /(402xx)

¥ (x, k%) = 6(X)0(X). (8)
(A merit of considering a bound-state of scalar constituents is
that in describing the wave function of the composite system one
avoids the complication of Melosh rotations, which arise in treating
spin states in light-front quantum mechanics [5].) If the skewness
is zero, in which case the momentum transfer is purely light-front
transverse, then the GPD for this system can be written as a wave
function overlap [13,14,40,41]:

Hg (x, O,—Ai):/dzklw(x,lu—k(l —0AL)Y k). (9)
This entails

{Ho(x,0,—A7) > 0:xe[-1,1],A% > 0}. (10)

Owing to the simplicity of the starting point, Eqgs. (8) and (9)
allow one to obtain an algebraic expression for the GPD; viz., with
72 = A% (1 —x)/4x0?, then



192 C. Mezrag et al. / Physics Letters B 741 (2015) 190-196

Hg (x,0,—A%) =301 — 0)%2C(2)0 (00 (%), (11)
- In[(Z> + (22 + DVZZ + 4+ 32)/(VZ2 + 4 - 2)] (12)
B WZ2+4 '

Some further analysis reveals that C(z) decreases monotoni-
cally away from its maximum value C(z = 0) = 1. Consequently,
Hs (x,0,0) = 30(1 — x)2x26 (x)0(X), which is an excellent approx-
imation to the pion’s valence dressed-quark PDF [24]; and whilst
the maximum of Hy(x,0, —A?) lies at x = 1/2 for A% =0, this
peak shifts to x =1 with increasing A2, consistent with an expec-
tation that for A2 >> o2 the interaction probability is largest when
the probe and hadron are collinear [13].
The Hankel transform:

0= [ 422

defines the system’s impact-parameter-dependent (IPD) GPD [40].
It is a density that describes the probability of finding a parton
within the light-front at a transverse position b, from the hadron’s
centre of transverse momentum (CoTM). Since H(x, 0,—A2l) is
a positive-definite, monotonically decreasing function of A2l for

each x, the_global maximum of ¢, (x, |13L|) is located at |5L\ =
and qs(x,|b1|) is a monotonically decreasing, positive-definite
function away from that maximum.

The value of x at which the global maximum in g, (X, |bL|)
occurs is determined by the system’s dynamics. Considering the
hadron’s valence dressed-parton structure, one extreme is achieved
if C(z) is independent of x: the maximum of g, (x, |b_|) is then
located at (x = 1/2,|b.| = 0). In realistic cases, the necessary
(x, A2 ) correlations in C(z) and this function’s general proper-
ties act to shift the maximum to x > 1/2. Using Egs. (8) and (9),
qo (X, |bL|) peaks at (x =0.72, |bl| = 0). One may also_consider
the path followed by the maximum as one increases Jb 1| away
from zero. To that end, observe from Eq. (13) that for |[by|> 1/0
the x-dependence of g, (x, |b1|) is dominated by H(x, 0, —A2l ~0),
which peaks at x = 1/2. The nature of C(z) then entails that the
peak in the valence dressed-quark IPD GPD drifts monotonically
toward x=1/2 as (J’|bL| — 0.

(IbLlIAL)H(x,0,—A2),  (13)

4. Pion’s valence dressed-quark GPD

In order to compute an approximation to the valence-quark
piece of the GPD expressed in Eq. (2) we adapt the method used
successfully elsewhere to compute the pion’s valence-quark distri-
bution function [24] and elastic form factor [42]. Consider, there-
fore,

2HY (x,&,1) = Nc tr/(s;f”(z)irﬂ (e}; —Py)
e
x S()in- (L4, €SIl (¢} P2),  (14)

T , L -
where [, := [ (;T(;‘l is a translationally invariant regularisation of

the integral; 8,’{”(6) :=38(n-£ — xn - P); the trace is over spinor
indices; n € [0,1], 7 =1—1n; & =70, + nep, & =nt_ + qep,
ly =€+ A/2, £p =¢ — P. (N.B. Owing to Poincaré covariance, no
observable can legitimately depend on 7, i.e., the definition of the
relative momentum.) So long as each of the dressed-quark propa-
gators, S(¢), on the right-hand-side (rhs) of Eq. (14) is computed
using the rainbow truncation of QCD’s gap equation, and both
the pion Bethe-Salpeter amplitudes, I';(¢; P), and the dressed-
quark-photon vertex, I, ({5, ¢;), are calculated in the associated
ladder truncation of the relevant Bethe-Salpeter equations then
Hy(x,&,t), thus computed and inserted in Eq. (6), provides the

leading-order contribution to the pion’s electromagnetic form fac-
tor in the most widely used, symmetry preserving truncation of
QCD’s DSEs: the rainbow-ladder (RL) truncation [43,44], whose
strengths and limitations are detailed elsewhere [27-29].

Given its connection with a reliable scheme for comput-
ing F;(Q?2), it was long thought [4546] that Eq. (14) would
also be an adequate starting point for computation of the pion’s
valence-quark PDF, q{} (x). However, as explained in Ref. [24], that
is not true: Eq. (14) derives from the handbag diagram contribution
to g (x) and that impulse approximation is incomplete because
it omits a fraction of the contributions from gluons which bind
dressed-quarks into the pion.

Since Eq. (14) is incomplete for g7} (x) it is necessarily also inad-
equate for computation of H} (x, &, t). Importantly, we have found
that the flaw is expressed more forcefully as ¢ := Aﬁ_ grows: one
can obtain H}, (x,0, —¢) < 0, which is physically impossible, as ex-
plained in connection with Egs. (9), (10). The precise form for
the correction to g7 (x) is known but the related amendment to
Eq. (14) is still being sought [Eq. (17) below is a rudimentary
model]. We will therefore focus primarily on & =0, be guided by
Eq. (14), and mention and ameliorate its failings where appropri-
ate, drawing on the insights gained from the example in Section 3.
Notably, the defects of Eq. (14) are typically overlooked in extant
continuum computations of the pion’s GPD [47-51]. Refs. [48,50]
deliver a form for q(x, |b|) that is not positive definite.

In order to gain novel insights into pion structure, we use the
following algebraic forms for the dressed-quark and pion elements
in Eq. (14) [Am(€%) =1/(€* + M?)] [52]:

S(0) =[—iy - £+ M1Am(€?), (15a)
_ 1 Tw+3/2) 0 v
pv(z)—ﬁip(‘)ﬂ) (1-2°), (15b)
1
iz I (€85 £P) :iysfdzpv(z)ﬁ,”w(zﬁi), (15¢)

-1

where M is a dressed-quark mass-scale; Ap(€2) = M2Ap(£2);
£;+ =R 4+ (z+1)P/2 and we work in the chiral limit (P? =0 =1,
where m is the current-quark mass); and n; is the Bethe-Salpeter
amplitude’s canonical normalisation constant. Owing to the sim-
plicity of Egs. (15), one can reasonably employ I}, (£4,¢-) =
YuPr(t = Ai), where Pr(t) is the vertex dressing function de-
scribed in Eqs. (24)-(28) of Ref. [53].

Working with the input specified in connection with Egs. (15),
we computed the triangle diagram result for HY) (x,&,t). As de-
tailed elsewhere [39], that task was completed by deriving an ex-
pression for the Mellin moments of HY, (x, &, t) from Eq. (14) and
introducing five Feynman parameters (x, y, u, v, w), defined in the
domain [0, 1], and two convolution parameters z,z' € [—1, +1], so
that the momentum integrals could be computed analytically. In-
specting the result, one can then determine Radon amplitudes for
use in Eq. (1) that are consistent with those moments: the am-
plitudes vanish outside 2 = {(«, 8) : |«| + |B| <1}, F(a, B) is an
even function of 8 and G(«, B8) is odd. Eq. (1) then entails that
HY (x,&,t) complies with the known constraints on polynomiality
in &, vanishes outside x € [—£, 1] and is continuous at x =§.

We note now that when considering the comprehensive GPD
defined by Eq. (2), one may write with complete generality:
Hz(x,0,

—t) =Hz (x,0,00N (£)Cr (X, t)Fx (1), (16a)

1 =N’(t)/dxHﬂ(x, 0,0)Cx (x, t), (16b)
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Fig. 1. Pion valence dressed-quark GPD, H}, (x,0, —t), defined by Egs. (16), (19).
Upper panel - result obtained at the model scale, ¢y = 0.51 GeV; and lower panel
- GPD evolved to ¢ =2 GeV using leading-order DGLAP equations, see Section 5.

so that all (x,t) correlations in H;, are expressed by C;(x, t),
which is necessarily non-unity in any physical system [13]. It is
plain from Eq. (1) that only F(«, 8,t) contributes when & =0.

In order to continue, we augment Eq. (14) by [d}. =n - BZRi]

HS (x,0,—1)
1
= Ethr/(S,’;P(Z)[dZ‘an (€85 —Py)S(ep) I (€R 5 P_)S(e)
dae
+ I (€8 —PL)S(ep)d™ Iy (€R; P_)S(00)]. (17)

This Ansatz extends the handbag diagram correction for qf (x)
identified in Ref. [24] to ¢ > 0; and, in connection with the va-
lence dressed-quark GPD, it can be expressed via a Radon ampli-
tude FC(a, B, t) which preserves the good features of the kindred
amplitude produced by Eq. (14). Summing the contributions from
Egs. (14), (17), the net result has the form

F(a, B, —t) = ¢(a, B. )*[Fs(a, B) + tV (e, Bp (. B, 1)],
(18a)
o, B, t)=1/[1+(t/[4M*])(1 —a + B)(1 —a— B)].  (18b)

where the Fs component yields HY (x,0,0) = q{ (x) in Ref. [24]
and that with V is responsible for all violations of Eq. (10).

Acting upon these observations, we define an ameliorated RL
approximation to the pion’s valence dressed-quark GPD as the
function obtained by: setting V =0 in Eq. (18a); and, for added
simplicity, working with ¢ (o, 8 =0, t) whilst keeping the form of
Fr (t) computed directly from Eq. (14). Namely, via Eq. (1), our
valence-quark GPD is given by Eq. (16) with

Cx, ) =1/[1+ (¢/[4M?]) (1 — 0*]". (19)

Our computed GPD is depicted in the upper panel of Fig. 1.
Notably, the properties described in association with Egs. (10)-(12)

) e e

L L
R — RL Model (M=0.40 GeV)|

0.85 = Huber et al. (2008) N

T RL Model (M=0.35 GeV)| -

L RL Model (M=0.45 GeV)|

os) ]
=T §
o L B
0.2f ]
v b b b b b a0l

00 3

t[GeV’]

Fig. 2. Pion electromagnetic form factor obtained from H} (x,0, —t), defined by
Egs. (16), (19), which is deliberately consistent with the result determined using
Egs. (14), (15) and associated definitions. The data are described in Ref. [54]. The
most favourable comparison is obtained with M = 0.40 GeV in Egs. (15) and the
band shows results with M = 0.40 + 0.05 GeV.

are evident, and this GPD naturally reproduces the pion valence
dressed-quark distribution function obtained in Ref. [24].

The pion form factor associated with our GPD is drawn in Fig. 2.
A fit to the result is provided by
Fn(t _ Mzz) _ 1+0.16z . 20)

1+ 0.44z + 0.060z2 + 0.0003323

At large-t it behaves as 1/t2, whereas the correct power-law
dependence is 1/t [30,31,55]. The power-law is wrong because
Eq. (15c) omits terms that have been described as representing
the pion’s pseudovector components [56], which are necessar-
ily nonzero in a complete picture of the physical pion [25,26].
Notwithstanding that, it is valid and useful to compare the pre-
diction with contemporary data and thereby determine a sensible
value for our model’s dressed-quark mass-scale: the best compari-
son is obtained with M = 0.4 GeV. Notably, this scale is typical of
the dressed-quark mass function in QCD [57-59].

The IPD GPD derived from HY (x,0, —¢) in the upper panel of
Fig. 1 is depicted in the upper panel of Fig. 3. The global maximum
in this valence distribution is located at (x =0.76, |b; | = 0) and,
plainly, the probability to find a dressed-quark is strongly localised
around this maximum. Naturally, for this valence dressed-quark
distribution (d?|b | | =2md|b |b.]):

f—11 dx [y d? (b, [xq), (x, |B¢|) =3. 21)

5. Evolution of the GPD

As explained elsewhere [24], our framework yields a valence-
quark GPD that may be associated with a hadronic scale
¢y =0.51 GeV. It is worth outlining how the features of this dis-
tribution evolve to higher scales. Given that we have used & =0,
that is readily accomplished by using the DGLAP evolution equa-
tions to determine the evolved x-profile at each value of ¢. Our
aim is to provide a qualitative illustration so, unlike Ref. [24], we
do not augment the valence distribution via the inclusion of gluon
or sea-quark contributions. If desired, one could mask the impact
of this omission by focusing on the behaviour of xH} (x,0,t) and
Xqy (%, 1bL]).

Beginning with the valence dressed-quark GPD in the upper
panel of Fig. 1, we employed leading-order evolution to obtain
HY (x,0,—t; 5o =2 GeV).! The result is depicted in the lower panel

1 Any significant differences generated by next-to-leading-order evolution are
masked by a 25% increase in ¢y [60] and hence are immaterial herein.
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Fig. 3. Pion’s valence dressed-quark GPD in impact parameter space, qy, (X, |E 115 0).
Upper panel - result obtained from H}, (x, 0, —t; {y) in the top panel of Fig. 1 using
Eq. (13); and lower panel - analogous result associated with HY, (x,0, —t; {3) in the
bottom panel of Fig. 1, see Section 5. [N.B. 1/M ~ 0.5 fm, so b; M = 0.5 corresponds
to by ~0.25 fm and g% (x, |by |;£)/M? =1 means g% (x, |by |; ) ~ 4 fm™2]

of Fig. 1. Evidently, evolution, which adds glue and sea-quarks to
the system by exposing this substructure within the dressed-quark,
sharpens the peak associated with the global maximum at ¢+ =0
and shifts its location toward x = 0. The maximum value at each
t # 0 is also shifted toward x = 0; but outside a neighbourhood
of t+ =0 the profile in x is progressively flattened with increas-
ing t. Notwithstanding this, at any finite ¢ > ¢, there will be a
t; such that V¢ > #; a peak, albeit with much suppressed height,
may be said to exist in the neighbourhood x >~ 1: #; increases
with ¢.

The last observation leads us to consider the conformal limit
of QCD, which is recovered on T ~0, T = Aqcp/¢. Within this do-
main, the valence dressed-quark GPD is H} (x,0,0; T = 0) = §(x)
[61-63]. [Fig. 1 highlights that this limit is reached slowly because
evolution is logarithmic in QCD.] Egs. (16) then entail:

H} (x,0,—t; T ~0) =8(x)Fx (t). (22)

This is a feature of our approximation to the pion’s valence
dressed-quark GPD. It is not a property of the pion’s complete GPD,
H(x,0,t; T >~ 0), because the valence GPD is a negligible piece
of the full GPD on 7 ~ 0. That may be seen, e.g., by noting that
valence-quarks carry none of the pion’s momentum within the
conformal domain and hence it is invalid therein to represent
Fr(t) by an impulse (rainbow-ladder) approximation expressed
through the triangle diagram of Eq. (14).

Having determined HY, (x, 0, —¢; £2), it is straightforward to ob-
tain qy (x, |BL|;§2) from Eq. (13). The result is depicted in the
lower panel of Fig. 3: apparently, the maximum is shifted toward

o
=)

I
'S

IBY0OP (fm™2)

0.2

0.0 0.25 0.50 0.75 1.0
X

Fig. 4. Distribution of pion’s mean-square transverse extent, Eq. (23): (black) solid
curve (|by (x; 2)|?); and (blue) dashed curve - (|b (x; ¢y)|?). The (green) dotted
curve is the result obtained at ¢y when the correlation function C, (x,t) in Eq. (19)
is neglected: comparison with the dashed curve shows that the product Ansatz
HY (x,0,—t) = q(,r (x)Fx (t) is generally unreliable.

x =0 and compressed in that direction, the peak height is dimin-
ished, and the width of the distribution in |BL| is increased.

Each one of these evolution-induced changes may be intuitively
understood by reasoning as follows. First consider a limiting case
of an active parton with x ~ 1. This parton carries (almost) all
the longitudinal momentum of the hadron. It therefore defines the
CoTM and hence cannot be far removed from that centre. The
distribution associated with an x ~ 1 parton must therefore be
tightly localised around |b, | =0. On the other hand, consider the
case of an active parton with x reduced toward the location of
the global maximum. The remaining partons within the hadron
share in defining the CoTM and hence the active parton is not
constrained to lie at |b | = 0. Plainly, as a parton’s value of x
diminishes toward the favoured value, it plays less of a role in de-
termining the CoTM and may therefore possess even larger values
of |b,]|.

In the current context, recall that evolution exposes the glue
and sea-quark content of a dressed-quark: its identity comes to be
shared amongst a host of partons, so that the probability of any
one parton carrying x ~ 1 is much diminished. It follows that the
global maximum in q(x, |b_ |; ¢) must move toward x = 0 with in-
creasing ¢ and, simultaneously, that the distribution is broadened
in |by | on the remaining domain of material support.

The latter effect is illustrated in Fig. 4, which depicts

(|BL(x;c>\2>=[d2|BL|q(x, byl ¢)lbil (23)
0

i.e., the x-distribution of the pion’s mean-square transverse ex-
tent: under evolution, the transverse extent narrows at large-x and
broadens at small-x. A little consideration reveals that the measure
of the curves in Fig. 4 is independent of the scale ¢ because evo-
lution is an operation that preserves the area under H(x,0,t) at
each t. In fact, using Egs. (7), (13), (23), one finds

1

(|BL|2>=/dx(|BL<x;;)!2)=/d|BL||BL|%(|BL|), (24a)
0

-1

d (1B ) = / dAAJo(lbLIA)Fx (A2), (24b)
0

and hence, with Fx(t) in Eq. (20), (b, |?) = (0.52 fm)2. For the
reasons just explained, this is also the value obtained with Eq. (22).
[Note that F,(¢) =1/(1+ trJZT/S), where r; is the pion’s electric



C. Mezrag et al. / Physics Letters B 741 (2015) 190-196 195

charge radius, yields (|by |?) = (2/3)r2 = (0.55 fm)? (empirically
[64] 1z =0.672 4+ 0.008 fm).] It is natural that the mean-squared
transverse extent of the dressed-quarks within a pion should be
commensurate with the length-scale associated with light-quark
confinement realised through a violation of reflection positivity
[see, e.g., Section 2.2 in Ref. [29]].

6. Connection between the pion’s GPD and its PDA

We have hitherto focused on & = 0, with t ranging over all
spacelike momentum transfer but we will now consider another
extreme; viz., & = 1, with t — 0. In this kinematic scenario
the dressed-quark GPD is obtained from Eq. (14) by inserting
P =—A/2, so that the incoming pion momentum is p; = —A
and the outgoing pj, — 0, to obtain [u = (1 +x)/2]:

2HY (x,1,0) = N¢ tr/&,‘jp" (O)SUp,)ilw (Eps Pl )SUpy)
de
in-I'(¢p,, OSE)ily (¢ pr), (25)

where we have chosen 1 =1 for simplicity and shifted the inte-
gration variable ¢ — £+ A /2. The final result is obtained by taking
the limit p;, — 0 and A — 0, in that order.

In proceeding, let us maintain, as described in connection
with Eq. (14), that every element in Eq. (25) is computed in the
symmetry-preserving RL truncation, in which case the following
two DCSB-induced soft-pion theorems are

/o~
[t

p=>~0
2fnrn(£pn§19;1) ~ p;‘[[,LFS.Uf(an’ZPN)’

pr >0
2rp I (6 pr) =~ I5(L, £y, ), (26)

where f; and ry are, respectively, the residues of the pion pole in
the inhomogeneous pseudovector and pseudoscalar vertices. Now,
using Eqs. (26) in concert with a straightforward generalisation of
the rainbow-ladder axial-vector Ward-Takahashi identity displayed
in Fig. 1 of Ref. [65], Eq. (25) simplifies:

2HY (x,1,0)

A2 .
thr/S,ﬁ“’" (O)S(Up )Py il (Cpsr s €p)SUpy)
4fnrn 4

in-I'(€p,,O)SWITsW, Ly,)
Ao A?
B Afrry

A0

thr/Sﬁp”(ﬁ)[Zz)/s)/ -nS 5L, Lp, )SEp,)
de
+Z415(£pﬂ)n~F(ZPU,E)S(Z)], (27)
where Z; 4 are, respectively, renormalisation constants for the in-
homogeneous vector and pseudoscalar vertices. The last term on
the rhs of Eq. (27) is zero because [66] the inhomogeneous vector
vertex does not contain a zero mass pole in the presence of DCSB

and, moreover, in the chiral limit a vector probe cannot couple to
a JP€ =0 final state. Consequently, one has

2HY (x,1,0)

1

— ez, f 557 () ysy -nS(0) T (€ P)S(Ep, )
g

de

1

where ¢ (u) is the pion’s valence dressed-quark parton distribu-
tion amplitude (PDA). Using a change of integration variable and

the charge conjugation properties of the elements in Eq. (25), it
is straightforward to show H} (x,1,0) = H} (—x,1,0). Hence, the
analysis in this section is the derivation in rainbow-ladder trunca-
tion of a general result [67,68]:

HZ'Qu=1,1,0)= 307 (). u€[0.1]. (29)

Employing a similar procedure, one can show H} (x,—1,t) =
HY (x,1,t), which is a particular case of the general property
Hi(x,&,t) = Hi(x, —&,t) that follows from time reversal invari-
ance. Thus, in a fully consistent rainbow-ladder truncation, any
valid correction to Eq. (14) must vanish at & = £1.

7. Conclusion and prospects

We described a calculation of the pion’s valence dressed-quark
generalised parton distribution (GPD), H}, (x, &, t), within the con-
text of a rainbow-ladder (RL) truncation of QCD’s Dyson-Schwinger
equations. This framework is useful at a hadronic scale because it
provides a description of hadrons via a dressed-quark basis, the
accuracy of which in any given channel is knowable a priori. Our
analysis focused primarily on the case of zero skewness (§ = 0) but
we also capitalised on the symmetry-preserving character of the RL
truncation in order to demonstrate a known relationship between
HY (x,& = £1,t) and the pion’s valence-quark parton distribution
amplitude [Eq. (29)].

Drawing analogy with the pion’s valence dressed-quark distri-
bution function, we argued that the impulse-approximation used
hitherto to define the pion’s valence GPD is generally invalid owing
to omission of contributions from the gluons which bind dressed-
quarks into the pion. We used a simple correction [Eq. (17)], valid
in the neighbourhood of & =0, t =0, in order to identify a prac-
ticable improvement to the approximation for H}, (x, 0, t). Express-
ing the result as the Radon transform of a single amplitude, we
were able to isolate and remove those terms which produce un-
physical behaviour, such as violations of positivity by the & =0
GPD. The resulting, ameliorated Radon amplitude yields a form for
HY (x,0,t) [Egs. (16), (19)] which is consistent with significantly
more known constraints than is the result produced by the im-
pulse approximation alone. .

The results obtained in this way for Hj} (x,0,t), g% (x,|by])
[Figs. 1, 3] provide a qualitatively sound picture of the dressed-
quark structure of the pion at a hadronic scale. Using leading-order
expressions, we evolved these distributions to a scale ¢ =2 GeV.
All features of the resulting valence quark GPDs may be intuitively
understood and hence the distributions should serve as an ele-
mentary but reasonable guide in the planning and interpretation
of relevant experiments at existing or anticipated [69] facilities,
which could plausibly involve deeply-virtual Compton scattering
on pions in a nucleon’s meson cloud.

Notwithstanding the simplicity of the framework employed
herein, a merit of the approach is its potential to compute fea-
tures of hadron GPDs on the valence-quark domain and relate
them directly to properties of QCD. This capacity has already been
demonstrated in the simpler case of the pion’s valence parton
distribution function [24]. One may begin to realise that poten-
tial by using more realistic forms for the dressed-propagators and
-vertices that appear in the RL truncation analysis and, perhaps
more importantly, uncovering the amendment to impulse approxi-
mation which is required in order to extend the validity of the RL
truncation to the entire kinematic domain of & and t.
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