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1 Introduction and statement of main results.

In this paper, we deal with polynomial differential systems

(ẋ, ẏ)T = Fr = (P,Q)T , (1)

where Fr is a polynomial vector field of degree r ≥ 0 with respect to the type

t = (t1, t2) fixed. In the particular case that t = (1, 1), (??) is a homogeneous

polynomial differential system of degree r + 1. The purpose of our approach

is to know when (??) is a rationally integrable system.

We recall that a function of two variables f is a quasi-homogeneous function of

degree k ∈ Z with respect to the type t = (t1, t2) if f(εt1x, εt2y) = εkf(x, y) (it

will be said t-function of degree degt(f)). We will denote Pt
k the vector space

of t-polynomials of degree k ≥ 0. A two-dimensional vector field F = (P,Q)T

is quasi-homogeneous of degree k with respect to the type t if P ∈ Pt
k+t1

and
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Q ∈ Pt
k+t2

(it will be said t-vector field of degree k). The vector space of

polynomial t-vector fields of degree k will be denoted by Qt
k.

A function H is a first integral of system (??) in an open subset U of R2 if

H is a nonconstant function in U which is constant on each solution curve

of system (??). If there exists a rational first integral of (??) it is said that

(??) is rationally integrable. Clearly, if H = f
g
, with f, g polynomials, is a first

integral of system (??) then the Lie derivative of H by Fr is zero in the open

subset Ωg = {(x, y) ∈ R2 : g(x, y) 6= 0}, i.e. LFrH := ∂H
∂x
P + ∂H

∂y
Q ≡ 0 in Ωg.

The integrability problem consists in determining if the planar vector field

has a first integral. In a general framework, the integrability is an important

question because the existence of a first integral determines completely its

phase portrait.

It is known that we can always calculate a first integral explicitly. It is enough

to make the change of variables (x, y)→ (u, v) according to x = vt1 , y = vt2u

which transforms the differential equation dy
dx

= Q(x,y)
P (x,y)

into a linear equation

v
t1
du
dv

+ t2
t1
u = Q(1,u)

P (1,u)
easy to integrate. But this first integral usually has a huge

algebraic expression and, therefore, it is difficult to show whether it is rational

or not.

As far as we know, the integrability problem of a planar quasi-homogeneous

polynomial system has been only studied by Llibre & Zhang [?], Cairó & Llibre

[?] and Tsygvintsev [?]. Llibre & Zhang in [?] solve the problem for planar

polynomial systems (??) of degree one, which extends to the result given by

Tsygvintsev [?] for the quadratic homogeneous polynomial differential system.

Later, Cairó & Llibre [?] also find the two degree polynomially integrable

systems.

For a higher dimension, Furta [?] and Goriely [?] proved, independently, the

existence of a link between the Kowalevskaya exponents of quasi-homogeneous

polynomial differential n-dimensional systems and the degree of their quasi-

homogeneous polynomial first integrals. Later on, Llibre & Zhang [?] provided

a new link that improves the above result given by [?,?].
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To state our results, we need to recall the decomposition of a quasi-homo-

geneous vector field as a sum of two quasi-homogeneous fields, a conservative

one (having zero-divergence) and a dissipative one that will be useful in what

follows. Throughout this paper, it is denoted by Xf the Hamiltonian system

associated to the C1 function f, i.e. Xf = (−∂f
∂y
, ∂f
∂x

)T .

Lemma 1 (Algaba et. al. [?]) Every vector field Fr ∈ Qt
r can be expressed as

Fr =
1

r + |t|
[Xh + div(Fr)D0], (2)

where D0(x, y) = (t1x, t2y)T (a dissipative t-vector field of degree 0), div(Fr) ∈
Pt
r (the divergence of Fr), h = t1xQ− t2yP ∈ Pt

r+|t| (the wedge product of D0

and Fr) being |t| = t1 + t2.

Furthermore, a such decomposition is unique.

Next, we state the main results of the paper, which characterize the rational

integrability of Fr. The first one gives a link between the existence of a t-

rational first integral of system (??) and the conservative and dissipative terms

of the vector field Fr.

Theorem 1 An irreducible system (??) has got a rational first integral if and

only if div(Fr) ≡ 0 or h =
∏k
j=1 fj where f1, ..., fk are t-polynomial irreducible

on K[x, y] (where K is either R or C), k ≥ 2 and there exist k non-zero integer

numbers, n1, n2, ..., nk, such that n1degt(f1) + · · ·+ nkdegt(fk) 6= 0 and

(
k∑
j=1

njdegt(fj))div(Fr) = h
k∑
j=1

k∑
l=j+1

(nl − nj) 1
fjfl

LXfl
fj. (3)

Moreover, in such a case,
∏k
j=1 f

nj
j is a t-rational first integral of (??).

The second result simplifies the conditions of rational integrability of a t-

polynomial system. This provides an effective approach for computing ratio-

nally integrable systems, from a rational function η which is defined in section

??.
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Theorem 2 An irreducible system (??) has got a rational (polynomial, resp.)

first integral if and only if div(Fr) ≡ 0, or the two following properties hold:

i) The t-polynomial h has at least two irreducible factors on K[x, y], all of them

are distinct, that is, it can be written as h =
∏m+2
j=1 fj, where f1 = xδx , f2 =

yδy , δx, δy ∈ {0, 1}, fj = yt1 − λjxt2 , for j ≥ 3, and m ≥ 0,

ii) for any pole of η(1, y), its residue is a rational number.

Moreover, in such a case, by denoting the poles of η(1, y) by w1 = ∞, w2 =

0, wj = λj, j = 3, · · · ,m+ 2 and the rational numbers rj by

rj = 1
r+|t|(1−

t1t2
degt(fj)

Res[η(1, y), wj]), j = 1, · · · ,m+ 2, (4)

it has that
∏m+2
j=1 f

nj
j is a t-rational (polynomial, resp.) first integral of degree

M being M such that nj = Mrj ∈ Z (N ∪ {0}, resp.).

To state the third result, we define the Kowalevskaya exponent of a quasi-

homogeneous vector field: ρ ∈ C is a Kowalevskaya exponent of Fr if ρ is an

eigenvalue of the matrix D
(
Fr + 1

r
D0

)
(c) where c ∈ C2 \ {O} is a solution

of the vectorial equation Fr(c) + 1
r
D0(c) = 0.

Finally, the third result characterizes the rational (polynomial) integrability

of system (??) through its Kowalevskaya exponents.

Theorem 3 An irreducible system (??) has got a rational (polynomial, resp.)

first integral if and only if div(Fr) ≡ 0 or the two following properties hold:

i) The t-polynomial h has at least two irreducible factors on K[x, y], and all

of them are distinct, that is, it can be written as h =
∏m+2
j=1 fj, where f1 =

xδx , f2 = yδy , δx, δy ∈ {0, 1}, fj = yt1 − λjxt2 , for j ≥ 3, and m ≥ 0,

ii) for any Kowalevskaya exponents ρj 6= −1, ρj is a rational number.

Moreover, in such a case, if it denotes the rational numbers rj by

rj = 1
r
ρ−1j , j = 1, · · · ,m+ 2, (5)

it has that
∏m+2
j=1 f

nj
j is a t-rational (polynomial, resp.) first integral of degree

M with M such that nj = Mrj ∈ Z (N ∪ {0}, resp.).
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Theorem ?? extends to the results given by [?,?]. In fact, in these papers, the

relationship between polynomial integrability of vector fields (??) with r = 1

and their Kowalevskaya exponents is proved.

The rest of the paper is organized as follows. In section ??, we prove Theo-

rems ?? and ??. In section ??, we give a link between the rational integrability

of (??) and its Kowalevskaya exponents. As a consequence we obtain Theo-

rem ??. In section ?? we solve the problem of the rational and polynomial

integrability of the (1, 2)-polynomial systems of degree 2.

2 Proof of Theorems ?? and ??.

First we shown a series of basic results which allow us to prove the main

results of a organized way. The following lemma shows that if system (??)

has a rational first integral, then the existence of a t-rational function first

integral of (??) is necessary, that is, a first integral which is a quotient of two

t-polynomials.

Lemma 2 Let f, g polynomials with f =
∑M
j=m0

fj and g =
∑N
j=n0

gj, and

fj, gj ∈ Pt
j (their expansions into t-polynomials, respectively). If f

g
is a first

integral of system (??) in Ωg, then
fm0

gn0
is a first integral of system (??) in

Ωgn0
.

Proof. If f
g

is a first integral of system (??) in Ωg it has that LFr
f
g
≡ 0 in Ωg

and therefore 0 ≡ gLFrf − fLFrg. In particular its first t-term is also zero.

So,

0 ≡ gn0LFrfm0 − fm0LFrgn0 = g2n0
LFr

fm0

gn0
in Ωg ∩ Ωgn0

.

By continuity, it extends to Ωgn0
.

We will assume that system (??) is a irreducible system (i.e. P and Q are

coprime and PQ 6≡ 0) since, otherwise, if PQ ≡ 0 then x or y are first inte-

grals of system (??); so system (??) is polynomially integrable. And if P,Q
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are no coprime, it has that P = fP ′, Q = fQ′ where Fr′ = (P ′, Q′)T is a

t-polynomial vector field of degree r′ < r. It is easy to prove that H is a first

integral of (??) if and only if H is a first integral of (ẋ, ẏ)T = Fr′ . Therefore,

it is sufficient to study the integrability of the second system.

From the decomposition conservative-dissipative, we note that if h ≡ 0, then

system (??) is not irreducible. Moreover, in such a case, any t-rational of the

form p
q

with p, q ∈ Pt
m0

is a first integral in Ωq, since by Lemma ??, it has that

LFr
p
q

=
1

q2
(qLFrp− pLFrq) =

1

(r + |t|)q2
div(Fr)(qLD0p− pLD0q),

in Ωq, and from Euler Theorem for quasi-homogeneous polynomial, LD0p =

m0p, LD0q = m0q, therefore LFr
p
q
≡ 0 in Ωq.

The following properties characterize the quasi-homogeneous polynomial sys-

tems having a quasi-homogeneous rational first integral, and they give condi-

tions on h.

Lemma 3 An irreducible system (??) has got a t-rational first integral p
q
,

with p ∈ Pt
m0

and q ∈ Pt
n0

, if and only if LXh

p
q

= (n0 −m0)div(Fr)
p
q
, in Ωq.

Moreover, in such a case, m0 must be different from n0.

Proof. If div(Fr) is identically zero, then system (??) is a hamiltonian sys-

tem and h is a polynomial first integral. In such a case, p = h, q ≡ 1, n0 =

0, m0 = r + |t|.
If div(Fr) 6≡ 0, by Lemma ?? and Euler theorem for quasi-homogeneous poly-

nomial it arrives to

(r + |t|)LFr
p
q

= LXh

p
q

+ div(Fr)LD0

p
q

= LXh

p
q

+ (m0 − n0)div(Fr)
p
q
,

in Ωq. We finish this proof, showing that m0 6= n0. On the one hand, if p
q

is a

first integral of Fr, it holds LFr
p
q

= 0 in Ωq, i.e. P (qpx−pqx)+Q(qpy−pqy) = 0

in Ωq, where px, py and qx, qy are the partial derivatives of p and q, respectively.

On the other hand, as the components of Fr haven’t got common factors, it
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has that there exists k ∈ Pt
m0+n0−r−|t|, such that

(qyp− pyq) = kP, −(qxp− pxq) = kQ,

thus, it follows that kFr = qXp − pXq = q2Xp
q

in Ωq (k 6≡ 0 since P.Q 6≡ 0).

It has that

(r + |t|)kh = D0 ∧ (kFr) = D0 ∧ (q2Xp
q
) = D0 ∧ (qXp − pXq) ,

and from Euler theorem,

(r + |t|)kh = (m0 − n0)pq, in Ωq, (6)

and this equality can be extend to R2. So, m0 6= n0 and it follows the result.

Lemma 4 Let p
q

be an irreducible t-rational first integral of a irreducible sys-

tem (??). Then, any irreducible factor of p or q on K[x, y] (where K is either

R or C) is a factor of h on K[x, y].

Reciprocally, any irreducible factor of h on K[x, y] is either a factor of p or a

factor of q.

Proof. From Lemma ??, p(x,y)
q(x,y)

= 0 is an invariant rational curve of Xh in

Ωq and as p
q

is irreducible, then Ωp ⊂ R2 \ Ωq. Therefore, p(x, y) = 0 is a

polynomial invariant curve of Xh. On the other hand, the unique irreducible

invariant curves of Xh are the irreducible factors of h. Thus, it follows that

any irreducible factor of p is a factor of h.

Note that if p
q

is a first integral of Fr, then q
p

also it is. Applying the same

reasoning for the first integral q
p
, it has that any irreducible factor of q is also

a factor of h.

Finally, it follows by (??) that every irreducible factor of h must be either a

factor of p or a factor of q.

Lemma 5 If an irreducible system (??), with div(Fr) 6≡ 0, has got a t-

rational first integral, then h has at least two irreducible factors on K[x, y]
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and all of them are distinct (i.e. the factors of h are simple).

Proof. On the one hand, if h had the form fm with m ≥ 1, then there would

be a integer number non-zero n such that p
q

= fn, from Lemma ??. Applying

Lemma ??, it has that LXfm
fn = 0 = (n0 −m0)div(Fr)f

n, it would arrive at

div(Fr) ≡ 0. Thus, the assumption leads us to a contradiction.

On the other hand, if h =
∏k
l=1 f

ml
l , with some mj > 1, 1 ≤ j ≤ k, then fj

would be a factor of Xh. From Lemma ??, it has that p
q

=
∏k
l=1 f

nl
l , with nj

integers numbers non all zero, and in such a case, it is easy to check that the

Lie derivative of p
q

by Xh is given by

LXh

p
q

= p
q
h

k∑
i=1

k∑
j=i+1

(nimj − njmi)
1

fifj
LXfj

fi. (7)

So, applying Lemma ?? and by cancelling, it would have that

h
k∑
i=1

k∑
j=i+1

(nimj − njmi)
1
fifj

LXfj
fi = (n0 −m0)div(Fr).

Thus, fj would be a factor of both, Xh and div(Fr), which would be in con-

tradiction with the fact that the components of Fr are coprime.

Proof of Theorem ??. If div(Fr) ≡ 0, the system is rationally integrable

from Lemma ??, and if h ≡ 0, Fr is reducible.

We assume that div(Fr) 6≡ 0, h 6≡ 0 and Fr = (P,Q)T has got a rational

first integral, p
q
. Then, from Lemma ??, h =

∏k
j=1 fj where f1, ..., fk are t-

polynomial irreducible on K[x, y] , k ≥ 2 and, from Lemma ??, there exist

n1, n2, · · · , nk non-zero integer numbers, such that p =
∏
ni>0 f

ni
i and q =∏

ni<0 f
−ni
i . Moreover, from Lemma ??, degt(p)−degt(q) =

∑k
i=1 nidegt(fi) 6=

0.

In order to prove the sufficient condition, it is enough to apply Lemma ?? for

h =
∏k
j=1 fj and p

q
=
∏k
j=1 f

nj
j .

8



To define the function η that appears in Theorem ??, it is convenient to choose

a basis of Pt
k. It is easy to prove that if k can be expressed as k = k3t1t2+k2t2+

k1t1 with 0 ≤ k1 < t2, 0 ≤ k2 < t1, then the set Bt
k = {xt2i+k1yt1(k3−i)+k2 , 0 ≤

i ≤ k3} is a basis of Pt
k. Otherwise, Pt

k = {0}. This allows us to write any

non-vanishing t-polynomial of degree k as p(x, y) = xk1yk2p0(x
t2 , yt1) with

p0(x, y) =
k3∑
j=0

αjx
k3−jyj,

a homogeneous polynomial of degree k3. Introducing the variable v = y
x

and

denoting by s the higher index such that αs 6= 0 (i.e. αs+1 = · · · = αk3 = 0),

we have that

p0(x, y) = xk3−s
s∑
j=0

αjv
j.

If λj ∈ C are the distinct roots of the polynomial
∑s
j=0 αjv

j, by abusing the

notation we can write any t-polynomial in a compact form

p(x, y) = αs
d∏
j=1

f
mj
j , where fj(x, y) = x, y or yt1 − λjxt2

with degt(p) =
∑d
j=1mjdegt(fj).

Under the hypothesis of irreducibility of Fr, the t-polynomials h and div(Fr)

have the following expressions, according to their degrees.

Lemma 6 Let system (??) be an irreducible system with div(Fr) 6≡ 0, then

r + |t| = k3t1t2 + δyt2 + δxt1 with δx, δy ∈ {0, 1} and k3 ≥ 0.

As a consequence, it has that

i) h(x, y) = xδxyδyh0(x
t2 , yt1) with h0(x, y) homogeneous polynomial of degree

k3.

ii) div(Fr)(x, y) = x(1−δx)(t2−1)y(1−δy)(t1−1)µ0(x
t2 , yt1) with µ0(x, y) homoge-

neous polynomial of degree k3 − (1− δx)− (1− δy).

Proof. We assume that there exist k1, k2 and k3 integer numbers, with 0 ≤
k1 < t2, 0 ≤ k2 < t1, k3 ≥ 0 such that degt(h) = r+ |t| = k1t1 + k2t2 + k3t1t2,

since otherwise, h ≡ 0. It follows easily that k1 = δx and k2 = δy, with
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δx, δy ∈ {0, 1}, since if, for instance, k1 ≥ 2, then it will be

degt(P ) = r + t1 = k1t1 + (k2 − 1)t2 + k3t1t2,

degt(Q) = r + t2 = (k1 − 1)t1 + k2t2 + k3t1t2,

that is, x would be a common factor of the components of Fr. Also, if t1 = 1

we will assume δy = 0, and if t2 = 1, δx = 0. So, taking into account these

considerations, it has that the degree of div(Fr) is given by

r = [k3 − (1− δx)− (1− δy)]t1t2 + (1− δx)(t2 − 1)t1 + (1− δy)(t1 − 1)t2,

with k3 − (1− δx) ≥ 0 and k3 − (1− δy) ≥ 0, since otherwise if, for instance,

k3− (1− δx) < 0, then it will be degt(P ) = r+ t1 = (1− δy)t2(1− δy− t1) ≤ 0

that is P will be null.

From the expression of r + |t| and r it follows i) and ii).

Next, we define the function η(x, y) := µ0(x,y)

xδxyδyh0(x,y)
being r+ |t| = δxt1 +δyt2 +

k3t1t2. This function plays a important role in our research.

Proof of Theorem ??. First, we prove the necessary condition. If div(Fr) ≡ 0

or h ≡ 0, the system is rationally integrable or reducible.

We assume that div(Fr) 6≡ 0, h 6≡ 0 and system (??) has a rational first

integral. By Theorem ??, it has that h verifies i).

Next, we prove the second property. By applying (??), withM =
∑m+2
j=1 njdegt(fj)

and h given by i), it has that

div(Fr) = 1
M

(
(n2 − n1)δxδy

h
f1f2

LXf2
f1 +

m+2∑
j=3

(nj − n1)δx
h

f1fj
LXfj

f1

+
m+2∑
j=3

(nj − n2)δy
h

f2fj
LXfj

f2 +
m+2∑
j=3

m+2∑
l=j+1

(nl − nj) h
flfj

LXfl
fj
)
.

(8)
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The above Lie derivatives is given by

LXf2
f1 = −1,

LXfj
f1 = −t1yt1−1, j = 3, · · · ,m+ 2

LXfj
f2 = −t2λ2xt2−1, j = 3, · · · ,m+ 2

LXfl
fj = (λj − λl)t1t2xt2−1yt1−1, j, l = 3, · · · ,m+ 2.

By Lemma ??, it has

div(Fr)(x, y)

h(x, y)
=
xt2−1yt1−1µ0(x

t2 , yt1)

xt2δxyt1δyh0(xt2 , yt1)
= xt2−1yt1−1η(xt2 , yt1), (9)

thus, dividing by h in (??) and changing (xt2 , yt1) by (x, y), it has the following

expression of η,

η(x, y) = 1
M

(
(n1 − n2)δxδy

1
xy

+
m+2∑
j=3

t1(n1 − nj)δx 1
x(y−λjx)

+
m+2∑
j=3

t2λj(n2 − nj)δy λj
y(y−λjx)

+
m+2∑
j=3

m+2∑
l=j+1

t1t2(nl − nj)(λj − λl) 1
(y−λjx)(y−λlx)

)
.

Now, we prove that it holds

Res[η(1, y),∞] = −δxRes[η(x, 1), 0], (10)

where, by definition, Res[η(1, y),∞] = 1
2πi

∮
γ−

η(1, y)dy being γ− any closed

curve negatively oriented which contains in its interior all the poles of η(1, y).

Actually, if δx = 0, by Lemma ??,

deg(η(1, y)) = deg(µ0(1, y))− deg(yδyh0(1, y)) = 2,

therefore Res[η(1, y),∞] = 0.

If δx = 1, the difference of both degrees is one, therefore Res[η(1, y),∞] =
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− limy→∞ yη(1, y), and expressing η in the form

η(x, y) =

∑m+1+δy
j=0

djx
m+1+δy−jyj

cxyδy
∏m+2

j=3
(y−λjx)

,

then

Res[η(x, 1), 0] = lim
x→0

xη(x, 1) =
dm+1+δy

c
= lim

y→∞
yη(1, y) = −Res[η(1, y),∞],

thus, (??) holds. Now, we prove that

Res[η(1, y), wi] = 1
t1t2

(1− ni(r+|t|)
M

)degt(fi), i = 1, · · · ,m+ 2. (11)

For w1 =∞ (case δx = 1), we have that

Res[η(1, y), w1] = −Res[η(x, 1), 0] = − lim
x→0

xη(x, 1)

= − 1
M

[(n1 − n2)δy +
∑m+2
j=3 t1(n1 − nj)] = −n1(r+|t|)−M

t2M
.

Analogously, for w2 = 0 (δy = 1), it holds

Res[η(1, y), w2] = 1
M

[(n1 − n2)δx −
m+2∑
j=3

t2(n2 − nj)] = −n2(r+|t|)−M
t1M

.

And for each wi = λi, i = 3, · · · ,m+ 2, it has that

Res[η(1, y), wi] = lim
y→λi

(y − λi)η(1, y)

= 1
M

(
t1(n1 − ni)δx + t2(n2 − ni)δy + t1t2

∑m+2
j=3 (nj − ni)

)

= −ni(r+|t|)+M
M

.

Therefore, (??) is proved. As a consequence, it has ii).

Also, defining rj = nj
M
∈ Q and by solving rj in (??) it has (??). By Theorem

??,
∏m+2
j=1 f

nj
j with nj = Mrj ∈ Z, is a rational first integral whose degree is∑m+2

j=1 njdegt(fj) = M
∑m+2
j=1 rjdegt(fj). By (??), it has that

m+2∑
j=1

rjdegt(fj) =
m+2∑
j=1

degt(fj)

r + |t|
− t1t2

m+2∑
j=1

Res[η(1, y), wj].

The first summand on the right-hand is 1 and the second is 0, from Residues

Theorem. Thus, the degree of the first integral is M .
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We now see the sufficient condition. We assume that h verifies i) and η(1, y)

satisfies ii). First, we check that η is univocally determined. It is easily followed

because, making v = y
x
, η can be expressed in the form

η(x, xv) =
µ0(x, xv)

xδxyδyvδyh0(1, v)
=

µ0(1, v)

x2vδyh0(1, v)
== 1

x2
(A2δy

v
+

m+2∑
j=3

Aj
v−λj )

and A2, A3, · · ·Am+2 are given by

Aj = Res[η(1, v), wj] = 1
t1t2

(1− nj(r+|t|)
M

)degt(fj), j = 2, · · · ,m+ 2.

Finally, we prove that Fr verifies (??). Let F̃r = 1
r+|t| [Xh + µD0], where µ is

the t-polynomial such that (
∑m+2
j=1 njdegt(fj))µ is given by the right-side of

(??). Trivially, F̃r verifies (??), thus F̃r has got a rational first integral. From

the necessary condition, η̃ associated to F̃r holds ii) and therefore, η = η̃ and

µ = div(Fr). So, system (??) is rationally integrable.

3 Kowalevskaya exponents and rational integrability

The Kowalevskaya exponents arose from the study of the existence of partic-

ular solutions of the form (x(t), y(t)) = (c1t
−t1 , c2t

−t2) of system (??), where

the coefficients c = (c1, c2) ∈ C2 \ {O} are given by the vectorial equation

Fr(c) + 1
r
D0(c) = 0. (12)

For a given type t, there may exist different c-s called system balances.

Now, for each balance c, it defines the differential of Fr + 1
r
D0 evaluated

at c, that is K(c) = D
(
Fr + 1

r
D0

)
(c). The eigenvalues of K(c) are called

the Kowalevskaya exponents of the balance c, see Kowalevskaya [?]. It can

be shown that there always exists a Kowalevskaya exponent equal to −1, see

[?,?].
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Several authors have studied the integrability of quasi-homogeneous systems

and its relation with both n-dimensional and planar systems, see, Furta [?],

Goriely [?], Llibre & Zhang [?], Tsygvintsev [?] and Cairó & Llibre [?], among

others.

Next, we calculate the balances of system (??), by showing the relation among

them and the irreducible factors of h over C[x, y].

Proposition 4 If c is a balance of (??), then h(c) = 0.

Furthermore, if P,Q are coprime and PQ 6≡ 0, it holds:

i) if x is a factor of h, then (0, c2), with c
r/t2
2 = − t2

rQ(0,1)
, is a balance of (??),

ii) if y is a factor of h, then (c1, 0), with c
r/t1
1 = − t1

rP (1,0)
, is a balance of (??),

iii) if yt1 − λxt2 is a factor of h, with λ ∈ C \ {0}, then (c1, c2) with c1 =

ut1 , c2 = ut2λ1/t1 and ur = − t1
rP (1,λ1/t1 )

, is a balance of (??).

Proof. Every balance c = (c1, c2) is a solution of an irreducible factor of h

over C[x, y], since h(c) = (D0 ∧ Fr)(c) = D0(c) ∧ [Fr(c) + 1
r
D0(c)] = 0.

Let us assume that P,Q are coprime and PQ 6≡ 0. From Lemma ??, we can

assume that r+ |t| = k3t1t2 + δyt2 + δxt1 with δx, δy ∈ {0, 1} and k3 ≥ 0. Also,

it follows easily that P and Q evaluated at c may be written as

P (c) = cδx1 c
(t1−1)(1−δy)
2 P0(c

t2
1 , c

t1
2 ), Q(c) = c

(t2−1)(1−δx)
1 c

δy
2 Q0(c

t2
1 , c

t1
2 ),

where P0 and Q0 are homogeneous polynomials of degree k3 + δy − 1 and

k3 + δx − 1, respectively.

The factors of h can be of three types: x, y or yt1 − λxt2 with λ ∈ C \ {0}.
If x is a factor of h = t1xQ− t2yP then x is a factor of P (that is, P (0, y) ≡ 0)

and Q(0, 1) 6= 0, since otherwise x would be a factor of both components of

Fr. We compute the balances c = (0, c2) of system (??) associated to x. As

P (0, c2) = 0, the first equation of (??) evaluated at (0, c2) holds. On the other

hand, we note that (t2− 1)(1− δx) = 0, since if δx = 0 and t2 > 1, x would be

factor of P and Q. Therefore, the second equation of (??) becomes

0 = c
δy
2 Q(0, 1)c

(k3+δx−1)t1
2 + t2c2

r
= c2

[
c
δy−1+(k3+δx−1)t1
2 Q(0, 1) + t2

r

]
,

14



and as r = t2[t1(k3 − 1 + δx)− (1− δy)], it has c
r/t2
2 = − t2

rQ(0,1)
, item i).

If y is a factor of h, by the same reasoning we arrive at ii).

If yt1 − λxt2 is a factor of h with λ ∈ C \ {0}, there exist balances of the form

(c1, c2) =
(
ut1 , ut2λ1/t1

)
with u 6= 0, since h

(
ut1 , ut2λ1/t1

)
= ur+|t|h

(
1, λ1/t1

)
=

0.

In this case, the first equation of (??) is

0 = P (ut1 , ut2λ1/t1) + t1ut1
r

= ut1
[
urP (1, λ1/t1) + t1

r

]
.

Moreover P (1, λ1/t1) 6= 0, since otherwise Q(1, λ1/t1) would be zero and there-

fore yt1 −λxt2 would be a common factor of P and Q. Thus, it holds iii). The

second equation of (??), by replacingQ, becomes h(c1, c2)+t2c2
(
P (c1, c2) + t1c1

r

)
=

0 which is true.

Next, we obtain the Kowalevskaya exponents associated to the balances of

(??) through the rational function η defined in the previous section.

Proposition 5 Let system (??) be an irreducible system with h =
∏m+2
j=1 f

mj
j 6≡

0. If w1 =∞, w2 = 0, wj = λj, j = 3, · · · ,m+ 2 are the poles of η(1, y), then

ρi = 0 if mi > 1, otherwise,

ρ−1i = r
r+|t|

(
1− t1t2

degt(fi)
Res[η(1, y), wi]

)
,

where every (−1, ρi) is the Kowalevskaya exponents associated to the factor fi

of h, for i = 1, · · · ,m+ 2.

Proof. Throughout the demonstration, we will denote µ = div(Fr) and hx, hy

and µx, µy the partial derivatives of h and µ respect to the variables x and y,

respectively.

From Lemma ??,

Fr + 1
r
D0 = 1

r+|t|

(
Xh + (µ+ r+|t|

r
)D0

)
.
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The trace of its differential is

1
r+|t|

(
µxt1x+ µt1 + r+|t|

r
t1 + µyt2y + µt2 + r+|t|

r
t2
)

= 1
r+|t|

(
∇µ ·D0 + (µ+ r+|t|

r
)|t|

)
= 1

r+|t|

(
rµ+ |t|µ+ r+|t|

r
|t|
)

= µ+ |t|
r
.

Then, for each balance c, if ρ(c) is the eigenvalue different from −1, it has

that ρ(c)− 1 = Trace(K(c)) = µ(c) + |t|
r
, that is,

ρ(c) = µ(c) + r+|t|
r
. (13)

We compute the Kowalevskaya exponents different from -1 associated to the

factors of h.

We suppose that x is a factor of h (δx = 1), that is, there exist balances of the

form (0, c2). From Lemma ??, hx = (r+ |t|)Q−yt2µ. As µ is a t-polynomial of

degree r with respect to t, it has that µ(0, c2) = c
r/t2
2 µ(0, 1), and by applying

(??) and Proposition ??, we have that

hx(0, 1) = (r + |t|)Q(0, 1)− t2µ(0, 1)

= (r + |t|+ rµ(0, c2))Q(0, 1) = rρ1Q(0, 1),

with Q(0, 1) 6= 0. Therefore, all the balances (0, c2) have the same eigenvalues.

Moreover, ρ1 = 0 if and only if hx(0, 1) = 0, i.e. mx > 1. Otherwise,

1
ρ1

= r
r+|t|

(
hx(0,1)+t2µ(0,1)

hx(0,1)

)

= r
r+|t|

(
1 + t2

µ(0,1)
hx(0,1)

)
= r

r+|t| (1 + t2Res[η(x, 1), 0]) ,

and by (??) it follows the result. If y is a factor of h, the reasoning is analogous.

Finally, we compute the exponents ρi associated to the factors yt1−λixt2 , where

λi ∈ C \ {0}, i = 3, · · · ,m + 2. From Lemma ??, hy = −(r + |t|)P + xt1µ.
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Also µ(c1, c2) = µ(ut1 , ut2λ
1/ti
i ) = urµ(1, λ

1/ti
i ). So, from Proposition ??,

hy(1, λ
1/ti
i ) = −(r + |t|)P (1, λ

1/ti
i ) + t1µ(1, λ

1/ti
i )

= −(r + |t|+ rµ(c1, c2))P (1, λ
1/ti
i ) = −rρiP (1, λ

1/ti
i ),

with P (1, λ
1/ti
i ) 6= 0. Thus, ρi = 0 if and only if hy(1, λ

1/ti
i ) = 0, i.e. mi > 1.

Otherwise,

1
ρi

= − r
r+|t|

(
−hy(1,λ

1/ti
i )+t1µ(1,λ

1/ti
i )

hy(1,λ
1/ti
i )

)

= r
r+|t|

(
1− t1

µ(1,λ
1/ti
i )

hy(1,λ
1/ti
i )

)
= r

r+|t|

1− lim
y→λ1/t1i

t1
(y − λ1/t1i )µ(1, y)

h(1, y)

 .
To prove the result, it is enough to check that the above limit is Res[η(1, y), λi].

This is followed from lim
y→λ1/t1i

y−λ1/t1i

yt1−λi = t1 and µ(1,y)
h(1,y)

= yt1−1η(1, yt1).

As a consequence of Theorem ?? and Proposition ??, it has Theorem ??.

4 Application.

We illustrate our method by studying the integrability of the (1, 2)-polynomial

systems of degree 2, i.e.

ẋ = a1x
3 + a2xy,

ẏ = b1x
4 + b2x

2y + b3y
2,

(14)

with a1, a2, b1, b2 and b3 real parameters with b3 6= 0 and b1a
2
2 − b2a1a2 +

b3a
2
2 6= 0 (irreducibility of system (??)). The function h associated to (??)

is h(x, y) = 1
5
x[(b3 − 2a2)y

2 + (b2 − 2a1)x
2y + b1x

4]. If b3 − 2a2 = 0, then

x is a multiple factor of h and therefore systems (??) are not integrable.

Otherwise, we can write h in the form h(x, y) = 1
5
(b3−2a2)x[(y+Bx2)2+Ax4]

with A = 4b1(b3−2a2)−(b2−2a1)2
4(b3−2a2)2 , B = b2−2a1

2(b3−2a2) . If A = 0, systems (??) are not
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integrable, since h would have multiple factors. So, under the assumption

of integrability, systems (??) can be transformed, by means of the change

u = 4

√
sig(A)Ax, v = y +Bx2 into (u̇, v̇)T = F̃2(u, v), with

h̃(u, v) =
1

5
cu(v2 + σu4), div(F̃2)(u, v) =

1

5
(d1v + d2u

2),

where c 6= 0 and σ = ±1. That is, the systems become

u̇ = (−2c+ d1)uv + d2u
3,

v̇ = (c+ 2d1)v
2 + 2d2u

2v + 5cσu4,

(15)

with c, d1 and d2 real parameters and c 6= 0, σ = ±1.

The following result characterizes both rationally and polynomially integrable

systems of the family (??).

Theorem 6 A system (??) with σ = −1 is rationally integrable if and only

if d1
c
, d1+d2

2c
and d2−d1

2c
are integers numbers.

A such system (??) is polynomially integrable if and only if there is a natural

number M such that M
5

(1 + 2d1
c

), M
5

(1 − d1+d2
2c

), M
5

(1 − d1−d2
2c

) are natural

numbers. In such a case

u
M
5
(1+

2d1
c

)(v − u2)
M
5
(1− d1+d2

2c
)(v + u2)

M
5
(1− d1−d2

2c
),

is a (1, 2)-polynomial first integral of degree M of the system (??).

Proof. In this case, η(u, v) = d1v+d2u
cu(v−u)(v+u) . By Theorem ??, system (??) is

rationally integrable if and only if

Res[η(1, v),∞] = −Res[η(u, 1), 0] = −d1
c
,

Res[η(1, v), 1] = d1+d2
2c

,

Res[η(1, v),−1] = d1−d2
2c

18



are integer numbers. System (??) has a (1, 2)-polynomial first integral of degree

M > 0 if and only if

M

5
(1 + 2

d1
c

),
M

5
(1− d1 + d2

2c
),
M

5
(1 +

d2 − d1
2c

)

are non-negative integer numbers. This completes the proof.

Theorem 7 A system (??) with σ = 1 is rationally integrable if and only if

d2 = 0 and d1
2c

is an integer number.

Such system (??) is polynomially integrable if and only if d2 = 0 and there is

a natural number M such that M
5

(1 + 2d1
c

), M
5

(1− d1
2c

) are natural numbers. In

such a case

u
M
5
(1+

2d1
c

)(v2 + u4)
M
5
(1− d1

2c
),

is a (1, 2)-polynomial first integral of degree M of the system (??).

Proof. In this case, η(u, v) = d1v+d2u
cu(v−Iu)(v+Iu) . So,

Res[η(1, v),∞] = −Res[η(u, 1), 0] = −d1
c
,

Res[η(1, v), I] = d1I+d2
2Ic

= d1
2c
− d2

2c
I,

Res[η(1, v),−I] = d1I−d2
2Ic

= d1
2c

+ d2
2c
I.

Therefore, system (??) is rationally integrable if and only if d2 = 0 and d1
2c

is

an integer number. A system of (??) is polynomially integrable if and only if

M

5
(1 + 2

d1
c

),
M

5
(1− d1

2c
)

are non-negative integer numbers.
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