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1 Introduction and statement of main results.

In this paper, we deal with polynomial differential systems

(iay‘)T =F, = (P7 Q>T7 (1>

where F', is a polynomial vector field of degree » > 0 with respect to the type
t = (t1,t2) fixed. In the particular case that t = (1,1), (??) is a homogeneous
polynomial differential system of degree r + 1. The purpose of our approach

is to know when (??) is a rationally integrable system.

We recall that a function of two variables f is a quasi-homogeneous function of
degree k € Z with respect to the type t = (t1,to) if f(e"z, e?y) = ¥ f(x, ) (it
will be said t-function of degree deg,(f)). We will denote P¢ the vector space
of t-polynomials of degree k > 0. A two-dimensional vector field F = (P, Q)"
is quasi-homogeneous of degree k with respect to the type t if P € P}, . and
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Q € Pi,,, (it will be said t-vector field of degree k). The vector space of
polynomial t-vector fields of degree k will be denoted by Of.

A function H is a first integral of system (?7?) in an open subset U of R? if
H is a nonconstant function in U which is constant on each solution curve
of system (?77?). If there exists a rational first integral of (?7) it is said that
(?7?) is rationally integrable. Clearly, if H = 5, with f, g polynomials, is a first
integral of system (??) then the Lie derivative of H by F, is zero in the open
subset Q, = {(z,y) € R?: g(z,y) # 0}, i.e. Ly, H :=2LP 4 %—Z@ =0in Q,.

The integrability problem consists in determining if the planar vector field
has a first integral. In a general framework, the integrability is an important
question because the existence of a first integral determines completely its

phase portrait.

It is known that we can always calculate a first integral explicitly. It is enough

to make the change of variables (z,y) — (u,v) according to x = v, y = v"2u

which transforms the differential equation % = M into a linear equation
T (z.y)
%%‘ + %u = 283 easy to integrate. But this first integral usually has a huge

algebraic expression and, therefore, it is difficult to show whether it is rational

or not.

As far as we know, the integrability problem of a planar quasi-homogeneous
polynomial system has been only studied by Llibre & Zhang [?], Cair6 & Llibre
[?7] and Tsygvintsev [?]. Llibre & Zhang in [?] solve the problem for planar
polynomial systems (?7?) of degree one, which extends to the result given by
Tsygvintsev [?] for the quadratic homogeneous polynomial differential system.
Later, Cair6 & Llibre [?] also find the two degree polynomially integrable

systems.

For a higher dimension, Furta [?] and Goriely [?] proved, independently, the
existence of a link between the Kowalevskaya exponents of quasi-homogeneous
polynomial differential n-dimensional systems and the degree of their quasi-
homogeneous polynomial first integrals. Later on, Llibre & Zhang [?] provided

a new link that improves the above result given by [?,7?].



To state our results, we need to recall the decomposition of a quasi-homo-
geneous vector field as a sum of two quasi-homogeneous fields, a conservative
one (having zero-divergence) and a dissipative one that will be useful in what
follows. Throughout this paper, it is denoted by X, the Hamiltonian system

associated to the C! function f, i.e. X; = (—%, 9.

Lemma 1 (Algaba et. al. [?]) Fvery vector field F, € QY can be expressed as

1
F,— — [X, + div(F,)Dy, 2
o Jo] o A (E Dol 2)

where Do(z,y) = (t1x, toy)T (a dissipative t-vector field of degree 0), div(F,.) €
Pr (the divergence of F,), h = t12Q — tayP € Pty (the wedge product of Dy
and F,.) being [t| = t1 + to.

Furthermore, a such decomposition is unique.

Next, we state the main results of the paper, which characterize the rational
integrability of F,. The first one gives a link between the existence of a t-
rational first integral of system (?7?) and the conservative and dissipative terms

of the vector field F,.

Theorem 1 An irreducible system (?7?) has got a rational first integral if and
only if div(F,) =0 or h = H;?:l [j where fi,..., fr are t-polynomial irreducible
on Kz, y] (where K is either R or C), k > 2 and there exist k non-zero integer
numbers, ny,na, ...,ng, such that nydeg,(f1) + -+ + ngdeg,(fx) # 0 and

(2 njdeg(f))div(F,) =hy > (m—ny) g5l fj (3)

Moreover, in such a case, H?:l f;lj is a t-rational first integral of (?7).

The second result simplifies the conditions of rational integrability of a t-
polynomial system. This provides an effective approach for computing ratio-

nally integrable systems, from a rational function n which is defined in section
79



Theorem 2 An irreducible system (?77) has got a rational (polynomial, resp.)
first integral if and only if div(F,) = 0, or the two following properties hold:
i) The t-polynomial h has at least two irreducible factors on K[z, y|, all of them
are distinct, that is, it can be written as h = H;”:Jf fj, where fi = 0 fy =
v, 6.0, € {0,1}, fj =y — Njz'2, for j >3, and m > 0,

ii) for any pole of n(1,y), its residue is a rational number.

Moreover, in such a case, by denoting the poles of n(1,y) by w; = 0o, wy =

0, wj =X\;, j=3,---,m+ 2 and the rational numbers r; by
ri=—"-(1- faf Resin(1,y),w;]), j=1,---,m+2 (4)
PR T g () S S

it has that H?SQ fJnJ is a t-rational (polynomial, resp.) first integral of degree
M being M such that n; = Mr; € Z(NU {0}, resp.).

To state the third result, we define the Kowalevskaya exponent of a quasi-
homogeneous vector field: p € C is a Kowalevskaya exponent of F,. if p is an
eigenvalue of the matrix D (Fr + %DO) (c) where ¢ € C?\ {O} is a solution
of the vectorial equation F,(c) + 1Dy(c) = 0.

Finally, the third result characterizes the rational (polynomial) integrability

of system (??) through its Kowalevskaya exponents.

Theorem 3 An irreducible system (?7) has got a rational (polynomial, resp.)
first integral if and only if div(F,) = 0 or the two following properties hold:
i) The t-polynomial h has at least two irreducible factors on K[z,y|, and all
of them are distinct, that is, it can be written as h = H;’Z{Q fj, where fi =
o fy =y%, 8,,0, €{0,1}, fi =y — \;z'2, for j >3, and m > 0,

ii) for any Kowalevskaya exponents p; # —1, p; is a rational number.

Moreover, in such a case, if it denotes the rational numbers r; by

ri=1tp =1, m+2, (5)

it has that H;”:J{Q f;” is a t-rational (polynomial, resp.) first integral of degree
M with M such that n; = Mr; € Z(NU{0}, resp.).



Theorem 77 extends to the results given by [?,?7]. In fact, in these papers, the
relationship between polynomial integrability of vector fields (??) with r =1

and their Kowalevskaya exponents is proved.

The rest of the paper is organized as follows. In section 77, we prove Theo-
rems 7?7 and ?7?. In section 77, we give a link between the rational integrability
of (?7?7) and its Kowalevskaya exponents. As a consequence we obtain Theo-
rem ?77. In section 7?7 we solve the problem of the rational and polynomial

integrability of the (1,2)-polynomial systems of degree 2.

2 Proof of Theorems 7?7 and ?77?.

First we shown a series of basic results which allow us to prove the main
results of a organized way. The following lemma shows that if system (?7)
has a rational first integral, then the existence of a t-rational function first
integral of (?7) is necessary, that is, a first integral which is a quotient of two

t-polynomials.

Lemma 2 Let f,g polynomials with f = Zjﬂimo fj and g = Zé»v:no gj, and

fi g5 € TP; (their expansions into t-polynomials, respectively). If g 18 a first
integral of system (?7) in Q,, then J;”—O is a first integral of system (?77) in
70

Q

9ng *

Proof. If £ is a first integral of system (??) in Q, it has that Lg, £ =0 in
9 9

and therefore 0 = gL, f — fLp,g. In particular its first t-term is also zero.

So,

0= gnOLFT‘me — fo L¥, Gno = gioLFr];%) in Qg N ano‘

By continuity, it extends to €, . [

We will assume that system (?7?) is a irreducible system (i.e. P and @ are
coprime and PQ # 0) since, otherwise, if PQ) = 0 then z or y are first inte-
grals of system (77); so system (7?) is polynomially integrable. And if P, Q



are no coprime, it has that P = fP’, Q = fQ' where F. = (P,Q")T is a
t-polynomial vector field of degree ' < r. It is easy to prove that H is a first
integral of (??) if and only if H is a first integral of (&,9)T = F,.. Therefore,
it is sufficient to study the integrability of the second system.

From the decomposition conservative-dissipative, we note that if A = 0, then
system (?7?) is not irreducible. Moreover, in such a case, any t-rational of the
form g with p, ¢ € P, is a first integral in Q,, since by Lemma ?7?, it has that
1

qLy.p — pLy,.q) =
qQ( ) (

WdiV(FT)(qLDOP — pLp,q),

Lp b =
Frq

in €, and from Euler Theorem for quasi-homogeneous polynomial, Lp,p =

mop, Lp,q = mogq, therefore LFTL; = 01in .

The following properties characterize the quasi-homogeneous polynomial sys-
tems having a quasi-homogeneous rational first integral, and they give condi-

tions on h.

Lemma 3 An irreducible system (??) has got a t-rational first integral %,
with p € PE and q € Pt | if and only if Lx,2 = (no — mo)div(F,)2, in Q.

mo no’

Moreover, in such a case, mg must be different from ny.

Proof. If div(F,) is identically zero, then system (??) is a hamiltonian sys-
tem and A is a polynomial first integral. In such a case, p = h, ¢ =1, ng =
0, mo =1+ |t].

If div(F,) # 0, by Lemma ?? and Euler theorem for quasi-homogeneous poly-
nomial it arrives to

(r+ [t))Lp, 2 = Lx, 2 + div(F,) Lp, 2 = Lx, 2 + (mo — n)div(F,)?

q q q’

in ,. We finish this proof, showing that my # ng. On the one hand, if 5 is a
first integral of F',., it holds LFT§ =01in Q,, i.e. P(qps —pgs) +Q(qpy—pgy) =0
in €2, where p,, p, and ¢,, g, are the partial derivatives of p and g, respectively.

On the other hand, as the components of F, haven’t got common factors, it



has that there exists k € P}, ., , such that
(qp —pya) = kP, —(@P — poq) = kQ,

thus, it follows that kF, = ¢X, — pX, = ¢*Xp in Q, (k # 0 since P.Q # 0).
q
It has that

(r + [t])kh = Dy A (kF,) = Do A (¢*°Xp) = Dy A (¢X, — pX,),
q
and from Euler theorem,

(r +|t])kh = (mo — no)pg, in Q, (6)

and this equality can be extend to R2. So, mg # ng and it follows the result.m

Lemma 4 Let % be an irreducible t-rational first integral of a irreducible sys-
tem (??). Then, any irreducible factor of p or q on K[z, y] (where K is either
R or C) is a factor of h on Kz, y.

Reciprocally, any irreducible factor of h on K|x,y] is either a factor of p or a

factor of q.

Proof. From Lemma 77, % = 0 is an invariant rational curve of X, in
Q, and as % is irreducible, then Q, C R?\ Q,. Therefore, p(z,y) = 0 is a
polynomial invariant curve of X;,. On the other hand, the unique irreducible
invariant curves of X, are the irreducible factors of h. Thus, it follows that
any irreducible factor of p is a factor of h.

Note that if % is a first integral of F,., then % also it is. Applying the same
reasoning for the first integral %, it has that any irreducible factor of ¢ is also
a factor of h.

Finally, it follows by (??) that every irreducible factor of h must be either a

factor of p or a factor of q. n

Lemma 5 If an irreducible system (?77), with div(F,) # 0, has got a t-

rational first integral, then h has at least two irreducible factors on K|x,y]



and all of them are distinct (i.e. the factors of h are simple).

Proof. On the one hand, if A had the form ™ with m > 1, then there would
be a integer number non-zero n such that % = f", from Lemma ??7. Applying
Lemma 77, it has that Lx . f" =0 = (ng — mo)div(F,)f", it would arrive at
div(F,) = 0. Thus, the assumption leads us to a contradiction.

On the other hand, if h = Hle /", with some m; > 1, 1 < j < k, then f;
would be a factor of X;,. From Lemma 77, it has that £ = 15, ", with n;
integers numbers non all zero, and in such a case, it is easy to check that the

Lie derivative of g by X, is given by

So, applying Lemma ?? and by cancelling, it would have that

k k
hz Z (nimj — njmi)f%ijij fz = (no — mo)dIV(FT)
i=1j=i+1

Thus, f; would be a factor of both, X, and div(F,), which would be in con-

tradiction with the fact that the components of F, are coprime. [

Proof of Theorem ?7?. If div(F,) = 0, the system is rationally integrable
from Lemma ?7?, and if h = 0, F, is reducible.

We assume that div(F,) # 0, h £ 0 and F, = (P,Q)” has got a rational
first integral, g. Then, from Lemma 7?7, h = Hle f; where fi,..., fi are t-
polynomial irreducible on K[z,y] , & > 2 and, from Lemma ?7?, there exist
N1, Mg, -+ -, Ny Non-zero integer numbers, such that p = [[,..o fi" and ¢ =
[T, <0 ;™. Moreover, from Lemma ??, deg,(p) — degy(q) = 5, nydeg, (f;) #
0.

In order to prove the sufficient condition, it is enough to apply Lemma 7?7 for
h=1Ij_, f; and 2 =15, f;". =



To define the function 7 that appears in Theorem ?7?, it is convenient to choose
a basis of Pt. It is easy to prove that if k can be expressed as k = kstito+kato+
ity with 0 < ky < ty, 0 < ky < t1, then the set Bf = {gt2itkiyhlks=i+k ( <
i < k3} is a basis of Pt. Otherwise, Pf = {0}. This allows us to write any

non-vanishing t-polynomial of degree k as p(z,y) = 2" y*2po(z'2, y'*) with
k3 . .
polw,y) =D aza™ Iy
=0

a homogeneous polynomial of degree k3. Introducing the variable v = £ and
denoting by s the higher index such that ag # 0 (i.e. g1 = -+ = ag, = 0),
we have that
po(x,y) = ks 25: Oéj?)j.
=0
If A\; € C are the distinct roots of the polynomial >77_ a;v7, by abusing the

notation we can write any t-polynomial in a compact form
d .
p(z,y) =as [] f]T”J’ where f;(z,y) =z, y or y"* — \;z2
j=1

with deg,(p) = Z?Zl mjdeg, (f;)-

Under the hypothesis of irreducibility of F,., the t-polynomials 4 and div(F,.)

have the following expressions, according to their degrees.

Lemma 6 Let system (?7) be an irreducible system with div(F,) # 0, then
T+ |t] = kstity + Oyta + Oty with ,,6, € {0,1} and ks > 0.

As a consequence, it has that

i) h(z,y) = 2%y ho(2'2,y") with ho(x,y) homogeneous polynomial of degree
ks.

i) div(F,)(z,y) = o001y (0=00)(t=1) 0 (g2 yt1) with po(x,y) homoge-
neous polynomial of degree ks — (1 — d,) — (1 — d,).

Proof. We assume that there exist ki, k9 and k3 integer numbers, with 0 <
ki < to, 0<ky < t1, /{Zg > (0 such that degt(h) =r—+ |t’ = kity + koto +k3t1t2,
since otherwise, h = 0. It follows easily that k; = J, and ky = J,, with



2,0, € {0,1}, since if, for instance, k; > 2, then it will be

degt(P) =7r+ tl = k’ltl + (k‘g — 1)t2 + k’gtltg,

degt(Q) =7+ tQ = (k?l — 1)t1 + k2t2 + kgtltg,

that is,  would be a common factor of the components of F,.. Also, if t; =1
we will assume 9, = 0, and if t, = 1, §, = 0. So, taking into account these

considerations, it has that the degree of div(F,) is given by

= ks — (1= 6,) — (1= 8,)Jtats + (1 — 8,)(t2 — D)ty + (1 — 8,)(t1 — 1)a,

with k3 — (1 —6,) > 0 and k3 — (1 — 6,) > 0, since otherwise if, for instance,
ks —(1—19,) <0, then it will be deg,(P) =r+t; = (1 —0,)t2(1 — 6, —t1) <0
that is P will be null.

From the expression of r + [t| and r it follows i) and ii). n
Next, we define the function n(z,y) := % being r+ [t]| = 0,t1 + dyta+

kstito. This function plays a important role in our research.

Proof of Theorem ?7?. First, we prove the necessary condition. If div(F,) = 0

or h = 0, the system is rationally integrable or reducible.

We assume that div(F,) # 0, h # 0 and system (?7) has a rational first
integral. By Theorem ?7, it has that h verifies i).

Next, we prove the second property. By applying (?7), with M = Z}":JEQ njdeg,(f;)
and h given by i), it has that

m-+2
7=3
(8)
m—+2 m—+2 m—+2
+ > (nj —na)d nyf LXf fat 2 > (n fzf szf3>
Jj=3 Jj=3 l=j+1

10



The above Lie derivatives is given by
Lx, fi = -1,
Lx; fi = iy j =3, m 2
fojfg = —todox27l =3 - m+2

Lx, fj = (\j = M)titax ly =t j =3, m+2.

By Lemma ?7, it has

div(F,)(z,y) _ 2=y po(a,y") (2, ") (9)
Wz, y)  atdeytidupg(atz, yh) =yt n(a,yt),

thus, dividing by A in (?7?) and changing (22, y™) by (x,y), it has the following
expression of 7,
m—+2
1

’I'](I, y) = ﬁ((nl — n2)5x5yxiy + 223 tl(nl - nj)(;xx(y,,\jm)
j=

m—+2
)\ .
+ > takj(ne — ”j>5yy(yj,\jx)
j=3

m+2 m+42

+ Z Z tita(ng — ny)(A; — Al)m)'

=3 l=j+1

Now, we prove that it holds

RGS[H(L y)a OO] = _5IRGS[77($’ 1)? 0]’ (1())

where, by definition, Res[n(1,y),o0] = ﬁ ?{n(l,y)dy being v~ any closed

N
curve negatively oriented which contains in its interior all the poles of 1(1,y).

Actually, if 9, = 0, by Lemma 77,

deg(n(1,y)) = deg(uo(1,y)) — deg(y™ho(1,y)) = 2,

therefore Res[n(1,y), oo] = 0.
If §, = 1, the difference of both degrees is one, therefore Res[n(1,y),o0] =

11



—lim, o yn(1,y), and expressing 1 in the form

mtltdy g mA 1oy —j,d
Zj:o djz™ vyt

) = = T e

then
Res[n(z,1),0] = lim an(x, 1) = Dntits, _ lim yn(1,y) = —Res[n(1,y), o]
Y ) 7—0 Y c y_)oo Y ) Y Y

thus, (?7?) holds. Now, we prove that

Res[n(1,y),w;] = - (1 — 2D deg, (f;), i =1,--- ,m+2. (11)

For wy = oo (case §, = 1), we have that

Res[n(1,y), w1] = —Res[n(z, 1),0] = — lim an(x, 1)

z—0

= —gllm = )8, + TP 1 (1 — )] =~

Analogously, for wy =0 (§, = 1), it holds

m+2
Res[(1,y), ws] = L[(n1 — n2)d, — Y ta(ng — )] = —"2CHED=M,
7=3

And for each w; = \;, i = 3,---,m + 2, it has that

Res[n(1,y), w;] = lim (y — A)n(1,y)

YA

= ﬁ(h(m —n;)0; + ta(ng — )0, + tits Z;n;gz(nj _ nz))

—n; (r+t))+M
—

Therefore, (77) is proved. As a consequence, it has ii).
Also, defining r; = 54 € Q and by solving r; in (?7?) it has (??). By Theorem
77, H;”jlg f;l 7 with n; = Mr; € Z, is a rational first integral whose degree is

Y ngdeg,(f;) = M X742 rideg, (f;). By (??), it has that

m+2 m—+2 deg f m-+2
S riden(f) = 3 Sty 3 Resn(10), )
j=1 j=1 j=1

The first summand on the right-hand is 1 and the second is 0, from Residues

Theorem. Thus, the degree of the first integral is M.

12



We now see the sufficient condition. We assume that h verifies i) and 7(1,y)
satisfies ii). First, we check that 7 is univocally determined. It is easily followed

because, making v = £, 7 can be expressed in the form

T, TV 1,v miz
n(fE,l"U) - MO( ) _ ,LLO( ) — ;12(@ + Z Ué;}\j)
7j=3

o xlszy(syvéyho(l,v) N xZUéyhO(l,U)

and Aj, As, -+ A0 are given by
Aj = Res[n(1,0),w;] = ;1 (1 = M0 D) deg, (f),5 = 2, ,m + 2.

Finally, we prove that F, verifies (??). Let F, = ﬁ[xh + uDy|, where p is
the t-polynomial such that (Z;@? njdeg,(f;))p is given by the right-side of
(??). Trivially, F, verifies (??), thus F, has got a rational first integral. From
the necessary condition, 77 associated to F, holds ii) and therefore, n = 77 and

w = div(F,). So, system (??) is rationally integrable. ]

3 Kowalevskaya exponents and rational integrability

The Kowalevskaya exponents arose from the study of the existence of partic-
ular solutions of the form (x(t),y(t)) = (c1t7 ", cat™*2) of system (?7?), where

the coefficients ¢ = (cy, c2) € C?\ {O} are given by the vectorial equation

F,(c) 4+ 1Dy(c) = 0. (12)

For a given type t, there may exist different c-s called system balances.

Now, for each balance c, it defines the differential of F, + %DO evaluated
at c, that is K(c) = D (FT + %DO) (c). The eigenvalues of K(c) are called
the Kowalevskaya exponents of the balance c, see Kowalevskaya [?]. It can

be shown that there always exists a Kowalevskaya exponent equal to —1, see
[7,7].

13



Several authors have studied the integrability of quasi-homogeneous systems
and its relation with both n-dimensional and planar systems, see, Furta [?],
Goriely [?], Llibre & Zhang [?], Tsygvintsev [?] and Cairé & Llibre [?], among

others.

Next, we calculate the balances of system (?7), by showing the relation among

them and the irreducible factors of h over C[z,y].

Proposition 4 If c is a balance of (??), then h(c) = 0.
Furthermore, if P,Q are coprime and PQ % 0, it holds:

i) if z is a factor of h, then (0, cy), with ¢y = —TQ%’I), is a balance of (77),
ii) if y is a factor of h, then (cy1,0), with At = _rPlzll,O)’ is a balance of (77),
iii) of y"* — Az™ is a factor of h, with A € C\ {0}, then (c1,ca) with ¢; =
utt, ey = u2 AN and u" = —m, is a balance of (77).

Proof. Every balance ¢ = (¢, ¢2) is a solution of an irreducible factor of h
over C[z, y], since h(c) = (Dg AF,)(c) = Dyg(c) A [F,(c) + +Dy(c)] = 0.

Let us assume that P,(Q are coprime and P(Q # 0. From Lemma ?? we can
assume that r+ [t| = kstity + 0,t2 + 0,1 with d,,0, € {0,1} and k3 > 0. Also,

it follows easily that P and () evaluated at ¢ may be written as
Ple) = e IR ), Qo) =T Quler, ),

where P, and @)y are homogeneous polynomials of degree k3 + J, — 1 and
ks + 0, — 1, respectively.

The factors of h can be of three types: x, y or y"* — \x'2 with A € C\ {0}.
If z is a factor of h = t;2Q) — toy P then z is a factor of P (that is, P(0,y) = 0)
and Q(0,1) # 0, since otherwise x would be a factor of both components of
F,. We compute the balances ¢ = (0, ¢2) of system (?7) associated to x. As
P(0,c9) = 0, the first equation of (??) evaluated at (0, cz) holds. On the other
hand, we note that (t —1)(1 —6,) = 0, since if 6, = 0 and ¢, > 1,  would be

factor of P and Q. Therefore, the second equation of (??) becomes

T

0= QO 1)el* Iy taee = o [ Rt g0, 1) 4 2]

14



and as r = to[ty (ks — 1+ &,) — (1 — 6,)], it has ¢/ = — oD
If y is a factor of h, by the same reasoning we arrive at ii).

If y'* — \a'2 is a factor of h with A € C\ {0}, there exist balances of the form
(c1,09) = ( f t2)\1/t1) with u # 0, smceh( f th)\l/tl) = uttp (1,/\1/“) =
0.

In this case, the first equation of (?7?) is

item 1i).

0— P( t1 t2/\1/t1) t1¢t1 _ ut1 [UTP(L )\l/tl) + %1} .

Moreover P(1, /%) # 0, since otherwise Q(1, A1) would be zero and there-
fore y** — Az’ would be a common factor of P and (). Thus, it holds iii). The
second equation of (?7), by replacing @), becomes h(cy, ¢a)+taco (P(cl, c) + tl%) =
0 which is true. n
Next, we obtain the Kowalevskaya exponents associated to the balances of

(??) through the rational function 7 defined in the previous section.

Proposition 5 Let system (77) be an irreducible system with h = H?ZEQ fjmj e
0. Ifwy =00, we =0, w; =Aj, j=3,---,m~+2 are the poles of n(1,y), then
pi =0 if m; > 1, otherwise,

I ity
Pi = r+t| <1 - degt(fl)Res[n(]wy)vwz] ’

where every (—1, p;) is the Kowalevskaya exponents associated to the factor f;

of h, fori =1,---,m+ 2.
Proof. Throughout the demonstration, we will denote y» = div(F,) and h,, h,
and fiz, 1, the partial derivatives of h and p respect to the variables x and v,

respectively.

From Lemma 77,

B 1D = ol (X + (o + =)Dy)
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The trace of its differential is

ﬁ (Mztﬂ + pty + %lt‘tl + pytoy + pta + %Itlh)

= o (Vi Dot (u+ =)o)

i}
o

= i (et [l + = pt]) = o+

Then, for each balance c, if p(c) is the eigenvalue different from —1, it has

that p(c) — 1 = Trace(K(c)) = u(c) + @, that is,

ple) = ule) + . (13)

We compute the Kowalevskaya exponents different from -1 associated to the

factors of h.

We suppose that x is a factor of h (J, = 1), that is, there exist balances of the

form (0, ¢3). From Lemma ??, h, = (r+[t|)Q —ytop. As pis a t-polynomial of
r/ta

degree r with respect to t, it has that u(0,cy) = ¢’ “u(0, 1), and by applying

(??) and Proposition 7?7, we have that
ha(0,1) = (r + [t))Q(0,1) — £24(0,1)
= (T + |t| + TM(Oa C2))Q(Oa 1) = T’plQ(O, 1)7

with Q(0, 1) # 0. Therefore, all the balances (0, ¢2) have the same eigenvalues.
Moreover, p; = 0 if and only if h,(0,1) =0, i.e. m, > 1. Otherwise,

1 r hz(0,1)+t (0,1)
o ( hw(o,le)L )

_ _r 0,1)) _ r
oot (1 + tQFZc(O,l)) ot (1 + tQReS[T/(xv 1)a O]) )

and by (?7?) it follows the result. If y is a factor of h, the reasoning is analogous.
Finally, we compute the exponents p; associated to the factors ' —\;x'2, where

Ai € C\ {0}, i =3,---,m+ 2. From Lemma ??, h, = —(r + [t]|)P + xtip.
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Also (e, ea) = p(u', tQ)\l/t ) = u"p(l, )\g/ti). So, from Proposition ?7,

hy (L) = —(r + [6)) P(1, A5 + tapn(1,07")

= —(r + [t| + ru(er, @) P(L,AN) = —rp, P(L A,

with P(l,)\i/t") # 0. Thus, p; = 0 if and only if hy(l,)\il/ti) =0, ie. m; > 1

Otherwise,
1 v =y O+t p(1 A )
pi Tt hy (1A 1)

l/tl
v u(l, ”“)) ; : (y — Nl y)
_ 1—¢ ) = 1— lim ¢ .
el ( ! hy (1, )\11/ ) rHtl yﬁlgl/tl 1 h(lay)

To prove the result, it is enough to check that the above limit is Res[n(1, y), A;].

Y
)‘ ! _ tl and ,u(l,y) t1— ln(l,ytl)' =

This is followed from limy*ﬂ\;/tl S iy =Y

As a consequence of Theorem 7?7 and Proposition ??, it has Theorem 77.

4 Application.

We illustrate our method by studying the integrability of the (1, 2)-polynomial

systems of degree 2, i.e.

T = a12° + asy,
(14)

@) = b1x4 + ngQy + b3y2,

with ay,as, by, by and bz real parameters with b3 # 0 and bja3 — byajas +
bsaz # 0 (irreducibility of system (?7)). The function h associated to (??)
is h(z,y) = sa[(bs — 2a2)y* + (by — 2a1)2*y + bya?]. If by — 2a; = 0, then
x is a multiple factor of h and therefore systems (7?) are not integrable.
Otherwise, we can write & in the form h(z,y) = £ (b3 —2a2)z[(y+ Ba?)? + Az*]

with 4 = 400 é‘;"’)Qa(:f{z“l)z, B = 2(171)23__22“;2). If A =0, systems (??) are not

17



integrable, since h would have multiple factors. So, under the assumption
of integrability, systems (??) can be transformed, by means of the change
u = /sig(A)Az, v =1y + Ba? into (i1, )T = Fy(u,v), with

1
h(u,v) = 5cu(02 + ou?), div(Fq)(u,v) = 5(d11} + doyu?),

where ¢ # 0 and o = +1. That is, the systems become

= (—2c+ dy)uv + dyu?, 5)
15

0 = (c+ 2dy)v* + 2dyu*v + Beou?,

with ¢, d; and ds real parameters and ¢ # 0, o0 = +1.
The following result characterizes both rationally and polynomially integrable

systems of the family (77).

Theorem 6 A system (?7?7) with 0 = —1 is rationally integrable if and only

Zf (1?17 di+do

5> and do=di qre integers numbers.
c 2c

A such system (??) is polynomially integrable if and only if there is a natural

number M such that (1 + 24), AM(1 — dikde) M1 — diod2) gre patural

numbers. In such a case

M 2d; M (q_d1tdy Mq_d1-dy
u5(1+ c )(U—U2)5(1 2¢ )(U+u2)5(1 2c )’

is a (1,2)-polynomial first integral of degree M of the system (77).

div+dou
cu(v—u)(v4u)

rationally integrable if and only if

Proof. In this case, n(u,v) = . By Theorem ?7?, system (?7) is

Res[n(1,v),00] = —Res[n(u,1),0] = —L,
Res[n(17v)7 1] — %,

ReS[U(L U)7 _1] = %

18



are integer numbers. System (?7?) has a (1, 2)-polynomial first integral of degree

M > 0 if and only if

M dy. M di+dy., M dy — dy
—(1+2—=), —(1—
5( * 0)7 5( 2c 5 + 2c

are non-negative integer numbers. This completes the proof. [

Theorem 7 A system (?7) with o = 1 is rationally integrable if and only if
do =0 and 62% 18 an integer number.

Such system (??) is polynomially integrable if and only if dy = 0 and there is
a natural number M such that %(1 + %), %( — 62%) are natural numbers. In
such a case

Mg 241 M d1
WHAHED (2 4 a5,

is a (1,2)-polynomial first integral of degree M of the system (77).

Proof. In this case, n(u,v) = %. So,

Res[n(1,v),00] = —Res[n(u,1),0] = -4,

Resn(1,v),1] =4k 4 _d&f

Res[n(1,v),—1] = 4o = d1 4 & ]

Therefore, system (?7?) is rationally integrable if and only if dy = 0 and % is

an integer number. A system of (??) is polynomially integrable if and only if

M di. M dy
o™y, Tl
5(+ c)’ 5( 20)

are non-negative integer numbers. ]
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