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A B S T R A C T
In this work, we analyze a degenerate heteroclinic cycle that appears in a Lorenz-like system when one of
the involved equilibria changes from real saddle to saddle-focus. First, from a theoretical model based on the
construction of a Poincaré return map, we demonstrate that an infinite number of homoclinic connections
arise from the point of the parameter plane where the degenerate heteroclinic cycle appears. The subsequent
numerical study not only illustrates the presence of the first homoclinic orbits in the infinite succession but
also allows to find other important local and global organizing centers of codimension two (Bogdanov–Takens
bifurcations, degenerate homoclinic and heteroclinic connections, T-points) and three (triple-zero bifurcation,
doubly-degenerate heteroclinic cycles, degenerate T-points).

1. Introduction

From the appearance of Lorenz system [1], it became clear that
an autonomous three-dimensional system can exhibit very complex
behaviors in certain regions of its parameter space. To illustrate this
statement, and without intending to be exhaustive, we are going to
cite some works on several systems widely studied in the literature
(see also the references therein). Thus, some aspects of the chaotic
behavior exhibited by the Lorenz system are analyzed in [2,3], and the
detection of hidden chaotic attractors is reported in [4]. How and where
preturbulence arises in its three-dimensional phase space is determined
by the computation of global invariant manifolds [5]. The existence
of invariant algebraic surfaces and their consequences on global dy-
namics are examined in [6]. In [7], the authors peruse the presence
of resonances of periodic orbits in Lorenz system whereas in [8] the
so-called superluminal periodic orbits (with unbounded amplitude and
whose period tends to zero) are detected.

Regarding the paradigmatic Rössler system [9], resonances of pe-
riodic orbits in the vicinity of a triple-zero bifurcation are studied in
[10], whereas a detailed qualitative and numerical analysis is presented
in [11]. In the case of Chua’s equation [12], a stability analysis is
carried out in [13]. The presence of Shilnikov homoclinic connections
[14] and other degenerate global bifurcations (for instance, Belyakov
points [15,16] and T-point-Hopf [17]) helps to understand the complex
dynamics that Chua’s equation can exhibit. Other works have focused
on the presence of chaotic behavior in some electronic circuits [18,19],

∗ Corresponding author.
E-mail addresses: algaba@uhu.es (A. Algaba), fefesan@us.es (F. Fernández-Sánchez), merino@uhu.es (M. Merino), ajrluis@us.es (A.J. Rodríguez-Luis).

1 All authors contributed equally to the present research work. All authors read and approved the final manuscript.

brushless DC motors [20] and Lorenz-like systems [21]. The rela-
tionship between invariant tori and strange attractors has also been
studied [22].

The combination of analytical and numerical techniques has been
revealed as an effective procedure to obtain relevant information about
the dynamics of these systems [23]. On the one hand, the detection
and study of the possible local bifurcations of the equilibria (with the
analysis of the corresponding normal forms) usually constitute a good
starting point to determine the organizing centers of the dynamics [24–
26]. An usual way to locate a global connection is by numerical contin-
uation of a limit cycle born in a Hopf bifurcation (the Jacobian matrix
has a pair of purely imaginary eigenvalues) [27]. On the other hand,
it is well known that a Bogdanov–Takens bifurcation (a double-zero
eigenvalue with geometric multiplicity one) guarantees the existence of
global connections in their vicinity (a homoclinic orbit in the generic
case and a pair of homoclinic or heteroclinic orbits in a symmetric
system; recall that a homoclinic connection is bi-asymptotic to a sad-
dle equilibrium whereas a heteroclinic connection joins two different
saddle equilibria). Starting from this bifurcation, it has been possible
to advance in the study of systems from very diverse fields, such as, for
example, the Lorenz system [28], electronic circuits [29,30], control
systems [31], ecological models [32,33] and epidemic models [34]. In
the case in which the double-zero eigenvalue has geometric multiplicity
two, it has recently been shown that heteroclinic connections appear
for certain values of the parameters [35–37]. It is also known that the
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presence of a Hopf-zero degeneration can lead to the presence of global
connections [38,39]. It is also important to highlight that the triple-zero
linear degeneracy is a major organizing center in many chaotic systems
as, for instance, in optical laser models [40], in Rössler system [41] and
in tritrophic food chains [42]. As we will see, this bifurcation also plays
a crucial role in the system we study in this paper.

The primary works of Shilnikov revealed the complex dynamics
that the presence of a homoclinic connection to a saddle-focus can
entail, namely the existence of infinitely many saddle limit cycles in
each neighborhood of the homoclinic orbit, the so-called ‘‘Shilnikov
chaos’’ (see the recent survey [43] and references therein). Given the
difficulty of obtaining analytical results on global connections (see,
for instance, [44,45]), numerical methods are essential for completing
their study (which implicates finding them, analyzing them, and con-
tinuing the loci in the parameter space in which they exist). Detecting
degeneracies in global connections is a crucial task as it will allow
us to find important changes in the nearby dynamics. Degenerate
global connections appear when some non-degeneracy conditions (local
and/or global) are violated (for instance, conditions on the eigenvalues
of the equilibria involved or on the orientability of their stable and
unstable manifolds). If one non-degeneracy condition is unfulfilled, a
codimension-two global bifurcation occurs (and typically new bifurca-
tion curves exist in a neighborhood of the corresponding point in the
parameter plane) [46,47].

If we restrict ourselves to the case of heteroclinic connections
between two equilibria, the presence of a heteroclinic cycle (a loop
formed by two heteroclinic orbits) can lead to interesting dynamical
consequences. In a generic system, a heteroclinic cycle corresponds
to a bifurcation of codimension two. However, when the system has
some symmetry, it can be of codimension one because two symmetric
heteroclinic orbits form the cycle. In the case we are going to analyze
(both theoretically and numerically) throughout this work, the two
equilibria are connected not only by a pair of symmetric heteroclinic
orbits, but also by another heteroclinic orbit of codimension zero
(because it always exists). In other words, there are two heteroclinic
cycles that share an orbit that is always present.

In this work, we will find some degenerate global connections
that we will now briefly comment on, along with some appropriate
references. Thus, a Belyakov degeneracy appears when the/an equi-
librium involved in the global connection changes from real saddle
to saddle-focus [48,49] (recall that, in planar systems, a saddle equi-
librium has two eigenvalues of different signs; in three-dimensional
systems, when the three eigenvalues are real, it is named real saddle,
whereas if the equilibrium has a pair of complex conjugate eigen-
values, it is called saddle-focus). This degeneration, which entails the
existence of extremely complex behaviors, has been found, for example,
in Rössler system [50,51], in tritrophic food chain models [52], in
electronic circuits [53] and in economic growth models [54]. In a Hopf-
Shil’nikov degeneration, the corresponding equilibrium connected by
a Shilnikov homoclinic orbit is no longer hyperbolic as it undergoes
a Hopf bifurcation [55–57] (homoclinic tangencies to periodic orbits
exist on the other side of the Hopf curve). In a three-dimensional
system having at least two equilibria, a  -point (also called Bykov
cycle [58]) occurs when the one-dimensional unstable manifold of one
of the equilibria and the one-dimensional stable manifold of the other
equilibrium match and, simultaneously, the two-dimensional manifolds
of these equilibria have a transversal intersection, giving rise to a
heteroclinic loop. This codimension-two bifurcation has been found,
for instance, in the Lorenz system [59,60] (when the equilibrium at
the origin is a real saddle and the nontrivial equilibria are saddle-
foci) and in electronic circuits [61,62] (in this case all the equilibria
are saddle-foci). The existence of repelling dynamics near a T-point
has been proved in [63]. Finally, a homoclinic connection to a real
saddle exhibits an inclination flip when the stable manifold of the
equilibrium changes from orientable to nonorientable (Möbius band)
and the eigenvalues satisfy certain conditions. There are three cases of

a homoclinic flip bifurcation (named A, B, and C, in increasing order
of complexity) [47,64,65].

This paper is organized as follows. In Section 2, we construct a
theoretical model to study a degenerate heteroclinic cycle connecting
two equilibria, one of which changes from real saddle to saddle-focus
(Belyakov transition). The cycle is formed by two heteroclinic orbits.
One of them is placed on an invariant axis, and consequently, it exists
for all values of the parameters (codimension zero), and the other one
is structurally unstable (codimension one). The model is based on the
construction of a Poincaré return map. Its study allows us to demon-
strate that an infinite number of homoclinic connections arise from the
point on the parameter plane where the degenerate heteroclinic cycle
appears. To the best of our knowledge, this result has not been proven
so far in the literature.

In Section 3, we consider a Lorenz-like system that exhibits the
above degenerate heteroclinic bifurcation. The numerical analysis we
perform has two goals. On the one hand, to illustrate the validity
of the previous theoretical analysis. On the other hand, to detect
organizing centers of the dynamics of the system in a three-parameter
space and connect them to each other. In this way, we will find
several bifurcations of codimension three, both local (a triple-zero
bifurcation) and global (doubly-degenerate heteroclinic cycles and de-
generate T-points). The points corresponding to these bifurcations are
connected by curves where codimension-two bifurcations occur, both
local (two Bogdanov–Takens, a Hopf-zero, a double-zero) and global
(a Hopf–Shilnikov heteroclinic cycle, a degenerate heteroclinic cycle,
degenerate homoclinic connections, T-points). We end this paper with
Section 4, Conclusions and future works.

2. Analysis of a degenerate heteroclinic cycle

This section is devoted to giving an analytical explanation of the
appearance of homoclinic connections in the neighborhood of a global
cycle that connects a real saddle equilibrium with a saddle-degenerate
node for some values of the parameters under a particular symmetry
(as we detail below, the saddle-degenerate node that we consider has
a double positive eigenvalue, in such a way that when moving a
parameter, this equilibrium changes from real saddle to saddle-focus).
More concretely, let us consider, for every  = (1, 2, 3) in R3 and
every value of the pair of principal parameters  = (1,2) in a
neighborhood  of 0 ∈ R2, a generic two-parameter family ̇ = (;)
which satisfies the following hypotheses:

Hypothesis 1. The family is invariant under the involution (1,
2, 3) = (−1,−2, 3) for every value of parameter  ∈  .

Therefore, the straight line given by
 () =


(1, 2, 3) ∈ R3 ∶ 1 = 0, 2 = 0

}
,

that is, the 3-axis, is invariant for the flow of every system of the
family.

Hypothesis 2. For every  ∈  , the family has just two equilibria
1 and 2 located at  (), such that the eigenvalues of their respec-
tive linearization matrices 

1(),2(),3()
 and 

1(), 2(),
3()

 are smooth functions of  such that for  = 0 are given by

1(0),2(0),3(0)


=

0,0,−0



where 0,0 > 0 and

1(0), 2(0), 3(0)


=

−10, 20, 30



where 20 > 30 > 0 and 10 > 0.
As long as it is not necessary, from now on, we will get rid of the

 argument when we use these or other parameters.
As a first consequence of Hypotheses 1 and 2, both equilibria 1 and

2 are always connected, for all the values of the parameter  ∈  ,
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by a heteroclinic orbit 1 ⊂ . In fact, this orbit is included in the stable
one-dimensional manifold  

1
and in the two-dimensional unstable

manifold  
2

and, generically, it corresponds to the one-dimensional
leading unstable manifold  

2
given by the eigenspace of eigenvalue

3. See Fig. 1(a) for a sketch of 1.
Due to the symmetry, 1 is invariant for all the values of  ∈ 

and therefore, its codimension is zero.

Hypothesis 3. For  = 0 there exists a generic heteroclinic connec-
tion 2 joining 1 and 2, involving manifolds  

1
and  

2
.

Remark that  
1

is two-dimensional whereas  
2

is one-dime-
nsional. See Fig. 1(a) for a sketch of 2 and the complete cycle.

Under Hypothesis 2, it is well known (see, for instance, [52]) that
after a suitable change of variables and time, in a neighborhood of 1
and the critical parameter  = 0, any generic system satisfying this
hypothesis can be written, in new coordinates (,  ,), as
⎧
⎪⎨⎪⎩

̇ =  () +  + 1,1(,  ,,) + 1,2(,  ,,)  ,
̇ = −1 +  ()  + 2,1(,  ,,) + 2,2(,  ,,)  ,
̇ = −(),

(1)
where the smooth functions  and  verify  (0) = 0 > 0 and (0) =
0 > 0, while , , for each pair ,  = 1, 2, are smooth functions of their
arguments. For 1 = 0 the equilibrium 1 is a degenerate saddle, for
1 < 0 it is a real saddle (whose eigenvalues are real and simple),
while for 1 > 0 it is a saddle-focus (a pair of complex eigenvalues
with positive real part and a negative eigenvalue).

Now that the role of the principal parameter 1 (as the one that
controls the transition from node to focus) has been established and
since, without lack of generality, the principal parameters 1 and 2
can be chosen to be independent of each other, it is a good time to
determine the effect of changing the values of the second principal
parameter 2 on the flow of the system. To this end, we must take
into account that, although we have assumed in hypothesis (H3) that
 

2
and  

1
intersect for  = 0, the genericity of the corresponding

heteroclinic connection implies that these manifolds cannot intersect
for every small  . Therefore, the parameter 2 should be selected
to control the relative position between  

2
and  

1
in such a way

that for every  with 2 = 0 and ‖‖ small, they have a transversal
intersection and, consequently, a generic heteroclinic orbit.

With the choice of the coordinates (,  ,) for system (1), the one-
dimensional invariant stable manifold  

1
coincides with the -axis

(that corresponds with the previous 3-axis). Analogously, the two-
dimensional invariant unstable manifold  

1
locally coincides with the

plane  = 0.
Regarding the other equilibrium, by a smooth change of variables

in a neighborhood of 2 and when ‖‖ is small, it is possible to
choose coordinates (, , ) such that the one-dimensional invariant
stable manifold  

2
corresponds to the -axis and the two-dimensional

invariant unstable manifold  
2

locally coincides with the plane  = 0
(see, for instance, [66]). Moreover, this change may be chosen in such
a way that the -axis corresponds with the previous 3-axis.

In this work, we are interested in the study of the homoclinic orbits
to 2 that appear from the global heteroclinic cycle 1 ∪ 1 ∪ 2 ∪ 2
when ‖‖ is small with 1 ≥ 0. The technique used, as usual in many
other papers (see, for instance, [52,67]), is based on the construction
of a Poincaré return map in a neighborhood of the heteroclinic cycle,
via the choice of four suitable transversal planar sections in order to
divide the flow in two local regions around each equilibrium and two
global transitions between them.

Since the heteroclinic orbits 1, for every  ∈  , and 2, for  = 0,
locally correspond, in a neighborhood of 2, with the  and  axes, we
take sections
1 = {(, , ) ∶  = ℎ},

where ℎ is a small positive value and ,  are small, and
2 = {(, , ) ∶  = ℎ},

for a small ℎ > 0,  > 0, and . Note that these sections could also be
used for symmetric orbits with the change (, ) ↔ (−,−).

Near 1, since the orbit 1 corresponds to the -axis for every
 ∈  , we take section
3 = {(,  ,) ∶  = },

where  > 0 and ,  are small.
Finally, let us call 0 the  coordinate of the intersection between

2 and the plane  = 0 close to 1 for  = 0. Therefore, we take
4 = {(,  ,) ∶  = 0},

where  and  belong to a small disc of 4 around the point (0, 0, 0).
As above, the change (,  ) ↔ (−,− ) allows to study the symmetric
orbits.

Since this analysis is focused on the set of homoclinic connections of
equilibrium 2, in order to make easier and simpler some reasonings
and expressions, it is convenient to define all the needed transitions
in the opposite direction of flow. That is, 14 from 1 to 4, 43
from 4 to 3, and 32 from 3 to 2. Note that, beyond the local
characterization of  

2
as the -axis and  

2
as the plane  = 0,

an explicit expression for the local map between 1 and 2 is not
necessary for these homoclinic connections to 2.

The local map 43 ∶ 4 → 3 is obtained by direct integration of
system (1) (see, for instance, [52,68]), that is, 43(0,  ,) = (̄, ̄ ,)
for

[
̄
̄

]
=

⎡
⎢⎢⎢⎢⎢⎣

1√
1

 − sin

(√
1


log



)
+ 




 − cos

(√
1


log



)
+ 




⎤
⎥⎥⎥⎥⎥⎦

, (2)

where
 = 


> 0, (3)

for ‖‖ small. Note that, in order to simplify the expressions, we have
removed the explicit dependence on  in Eqs. (2) and (3).

Due to its smoothness, the map 32 ∶ 3 → 2 can be written as
32(̄, ̄ ,) = (, ,ℎ) for[




]
=
[

 
 

] [
̄
̄

]
+
[

(̄2 + ̄ 2)
(̄2 + ̄ 2)

]
, (4)

where , , , and  are smooth functions on  such that (0)(0)−
(0)(0) ≠ 0. Without loss of generality, it can also be assumed that
‖‖ is small enough to ensure  −  ≠ 0 for every  .

We can also assume that (0) ≠ 0 and so  ≠ 0 for small ‖‖.
Note that (0) = 0 corresponds to the non-generic scenario in which
the straight line ̄ = 0 in 3 (that is, the eigenspace associated to
the repeated eigenvalue 0) is mapped onto  = 0 in 2 (that is, the
two-dimensional unstable manifold  

2
).

In the other global map 14 ∶ 1 → 4, the other parameter 2
appears explicitly to control the relative position between  

2
and the

two-dimensional manifold  
1

(that locally coincides with  = 0). See,
for instance, [52]. Therefore, 14(ℎ, ̄, ̄) = (0,  ,), where
[




]
=
[

0
2

]
+
[

 
 

] [
̄
̄

]
+
[

(̄2 + ̄2)
(̄2 + ̄2)

]
, (5)

where , , , and  are smooth functions on  such that (0)(0) −
(0)(0) ≠ 0. Without loss of generality, it can also be assumed that
‖‖ is small enough to ensure  −  ≠ 0 for every  . Moreover, we
assume 2 > 0 to ensure the reinjection of  

2
in the  > 0 half of

4.
Once the needed maps have been determined, let us impose the

conditions that a homoclinic connection to 2 must satisfy. First of all,
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Fig. 1. (a) Schematic drawing of the global heteroclinic cycle 1 ∪ 1 ∪ 2 ∪ 2 for  = 0. (b) Schematic drawing for 1 > 0 of a homoclinic connection to 2 close to the
heteroclinic cycle. The heteroclinic orbit 1 that goes from 2 to 1 in positive time, is invariant to the flow for every value  ∈  .

the point (ℎ, 0, 0) ∈ 1, that corresponds to  
2

, is mapped by 14 to
the point (0, 0,2) ∈ 4. Now, this point is mapped by 43 to (̄, ̄ ,)
where

[
̄
̄

]
=

⎡
⎢⎢⎢⎢⎢⎣

1√
1

0

2 

− sin

(√
1


log

2


)
+ 




2


0

2 

− cos

(√
1


log

2


)
+ 




2


⎤
⎥⎥⎥⎥⎥⎦

.

Finally, in order to have a homoclinic connection to 2, this point
(̄, ̄ ,) must be mapped by 32 to a point (0, ,ℎ) ∈ 2. This implies
that

0 = 0

2 

−

(
√
1

sin

(√
1


log

2


)

+  cos

(√
1


log

2


))
+ 




2

.

Since  does not vanish for ‖‖ small, this implies that

sin

(√
1


log

2


)
=
√

1 (), (6)

where  is bounded for ‖‖ small. Therefore, it is obvious that for
every 1 small, this equation has infinitely many solutions 2. This
fact is illustrated in Fig. 2(a).

Moreover, if we write
√

1


log

2



= − + ,

where  ∈ N is sufficiently big and  ∈

−∕2, ∕2), we have sin() =

(−1)
√

1 () and so  = 
√

1


for ‖‖ small.

Finally, solving (6) for 2, the following first-order approach is
obtained for the curves of homoclinic connections to 2 in the space
of parameters,

2 =  exp
⎛
⎜⎜⎜⎝



− + 

√
1


√

1

⎞
⎟⎟⎟⎠
.

This expression leads to the arrangement of the homoclinic curves
schematized in Fig. 2(b).

The above reasonings can be summarized in the following theorem:

Theorem 2.1. Let us consider, for every  = (1, 2, 3) in R3 and every
 = (1,2) in a neighborhood  of 0 ∈ R2, a generic two-parameter
family ̇ = (;) which satisfies the Hypotheses 1, 2, and 3. Then, from
the origin of the (1,2)-parameter plane, (countable) infinitely many
curves of homoclinic connections to 2 emerge.

We finish this section with an important remark. It is well known
that homoclinic bifurcations involving a real saddle to saddle-focus
transition (Belyakov point; see, for instance, [48,49,52]) give rise to the
appearance of (countable) infinitely many curves of homoclinic con-
nections to the saddle-focus equilibrium in the parameter plane. What
is noteworthy here is that the infinitely many curves of homoclinic
connections given by the theorem correspond to the equilibrium 2,
which does not exhibit this transition.

3. Numerical study

Next, we consider a Lorenz-like system that will illustrate the the-
oretical results stated in the previous section. Specifically, we will
numerically find the first five elements of the predicted sequence of
infinitely many homoclinic orbits. This numerical study will also allow
us to find other important organizing centers of the complex dynamics
exhibited by the system that we are going to analyze, namely
⎧
⎪⎨⎪⎩

̇ = ,
̇ = 1 + 2 +  + ,
̇ = 3 + 2 +2,

(7)

where 1, 2, 3 ∈ R and ,, , are real parameters. This system
encompasses others widely studied in the literature. If  = −1,  =
1,  =  = 0, we obtain as particular cases the Shimizu-Morioka
system [69,70] and a laser model [71] (for 1 = 1, 2 = −, 3 = −)
and a low-order model of magnetoconvection [72] (for 1 = −, 2 =
, 3 = −1). When  = − , = ℎ, =  = 0, a Lorenz-like system is
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Fig. 2. (a) For a fixed small value of 1, a schematic drawing of the infinite solutions of Eq. (6) when 2 tends to 0. (b) Curves of homoclinic connections to 2 in a neighborhood
of the origin in the first quadrant of the (1 ,2)-parameter plane. The origin corresponds to the heteroclinic cycle that involves the degenerate real saddle equilibrium 1, as
shown in Fig. 1(a).

obtained [73,74] (for 1 =  , 2 = −, 3 = −), using the change of
variables  = ̃,  = (̃−̃),  = ̃. Furthermore, for 1, 2, 3 ≈ 0, system
(7) corresponds to a three-parametric unfolding of a normal form for
the triple-zero bifurcation in the Lorenz system [35,75].

If  ≠ 0, with an appropriate scaling, we can take  =  = 1.
Thus, from now on, we study the system
⎧
⎪⎨⎪⎩

̇ = ,
̇ = 1 + 2 +  + ,
̇ = 3 + 2 +2.

(8)

Its equilibria are the origin 1 = (0, 0, 0), 2 = (0, 0,−3∕) if 3, ≠ 0
and, when 1(3 − 1) > 0, a pair of symmetric equilibria 3,4 =
(±

√
1(3 −1), 0,−1). We remark that the equilibria 1 and 2 are

located on the -axis, which is an invariant set because the system is
invariant under the change (, , ) → (−,−, ).

We make two comments about the notation that we will use
throughout this paper so that it does not become too complicated. First,
although a global bifurcation (homoclinic or heteroclinic) appearing in
parameter space and the corresponding orbit in phase space are two
different objects, we will assign the same label when referring to them
(since there is no possibility of confusion). Secondly, when necessary,
we will add a superscript to the label of a bifurcation in order to specify
the equilibrium involved.

The characteristic polynomial of the linearization matrix of system
(8) at the origin is  = 3 + 12 + 2 + 3, where
1 = −(2 + 3), 2 = 23 − 1, 3 = 13.

Consequently, it is guaranteed that the origin 1 undergoes, among
others, the next bifurcations:

• a pitchfork bifurcation  when 3 = 0, 1 ≠ 0 ≠ 2, i.e., for 1 = 0,
2 ≠ 0 ≠ 3. Two new equilibria 3,4 appear when 1(3−1) > 0.

• a Hopf bifurcation  if 12 = 3, 2 > 0, 1 ≠ 0, that is, for
2 = 0, 1 < 0, 3 ≠ 0.

• a Bogdanov–Takens bifurcation  when 2 = 3 = 0, 1 ≠ 0,
i.e., for 1 = 2 = 0, 3 ≠ 0. We study now this bifurcation.
The eigenvalues of the linearization matrix at the origin are 1,2 =
0 and 3 = 3 ≠ 0. Therefore, it has a local invariant manifold
of codimension one  (center manifold; see, for instance, [23])
which in local coordinates is given by  = ℎ(, ), where ℎ is
a smooth function in a neighborhood of the origin. Imposing
 = ℎ(, ) to be an invariant manifold of (8) at the critical values,
1 = 2 = 0, 3 ≠ 0, we obtain
 = − 1

3
2 − 2

23
 − 2

33
2 +  , 3 .

Consequently, the dynamics on the center manifold is given by
the reduced two-dimensional system
⎧
⎪⎪⎨⎪⎪⎩

̇ = ,

̇ = − 1
3
3 −


2
23

+ 
3


2 −


2
33

+ 2
23


2

− 2
33

3 +  , 4 .

Thus, the reduced system up to order three in normal form
(see [23]) is
⎧
⎪⎨⎪⎩

̇ = ,

̇ = − 1
3
3 −


2
23

+ 
3


2.

(9)

Since 1
3

≠ 0 and 2
23

+ 
3

≠ 0, this truncated normal form cap-
tures all the dynamics of the Bogdanov–Takens bifurcation in a
neighborhood of the equilibrium, for a vicinity of the parameters
close to the critical values, 1 ≈ 0, 2 ≈ 0, 3 ≠ 0. Scaling the state
variables and the time we have
{

′ =  ,
 ′ = −sign(3)3 −2 .

(10)

Therefore, the Bogdanov–Takens bifurcation of 1 is of homo-
clinic type if 3 > 0 and of heteroclinic type when 3 < 0 (see [23]
and also the other classical textbooks [24–26]).

Note that the origin also exhibits transcritical (when 3 = 0, 1, 2, ≠
0), Hopf-zero (if 2 = 3 = 0, 1 < 0), double-zero (for 1 = 3 = 0,
2 ≠ 0; a double-zero eigenvalue with geometrical multiplicity two),
and triple-zero (if 1 = 2 = 3 = 0; a triple-zero eigenvalue with
geometrical multiplicity two) bifurcations [35]. These last three will
appear at the end of the work when we draw a partial bifurcation set
in the (1, 2, 3)-parameter space (see Figs. 10(a)–(d)).

The bifurcations of 2 = (0, 0, −3 ) can be easily calculated. To do
so we translate it to the origin by means of the change
 = ,  =  ,  =  −

3


,

that transforms system (8) into
⎧
⎪⎨⎪⎩

̇ =  ,
̇ = (1 −

1
3) + (2 −


 3) + + ,

̇ = −3 +2 +2,
(11)

with 3, ≠ 0.
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Comparing systems (8) and (11) we deduce that (8) is symmetric to
the change
(, , , , 1, 2, 3,,) ⟶


, ,  −

3


, , ∗1 , 
∗
2 , 

∗
3 ,,


, (12)

where
∗1 = 1 −

1


3, ∗2 = 2 −



3, ∗3 = −3.

According to this, it is very easy to obtain the bifurcations of the
equilibrium 2 by transferring those of 1. Thus, 2 exhibits:

• a pitchfork bifurcation  when ∗1 = 0, ∗2 ≠ 0 ≠ ∗3, i.e., for
1 = 1

3, 2 ≠ 
 3, 3 ≠ 0. Two new equilibria 3,4 appear

when 1(3 −1) > 0.
• a Hopf bifurcation  if ∗2 = 0, ∗1 < 0, ∗3 ≠ 0, that is, when
2 =


 3, 1 < 1

3, 3 ≠ 0.
• a Bogdanov–Takens bifurcation  when ∗1 = ∗2 = 0, ∗3 ≠ 0,
i.e., for 1 = 1

3, 2 = 
 3, 3 ≠ 0. It is of homoclinic type if

3 < 0 and of heteroclinic type when 3 > 0.
Our first objective is to study the heteroclinic loop between the equi-

libria 1 and 2 when one of them changes from real saddle to saddle-
focus (degeneration that is usually called Belyakov point [48,49]) and
then, check that the numerical results agree with the above theoretical
analysis (specifically, showing that infinitely many homoclinic orbits
arise from this degenerate point).

We are going to perform a numerical study with the help of the
continuation code AUTO [76], of the bifurcation sets obtained in the
vicinity of the Bogdanov–Takens bifurcation of the equilibrium 2. To
do this, we will fix  = 0.2 and  = 1 and then we will take slices
3 =  in the (1, 2, 3)-parameter space. Note that, according
to (12), to obtain the bifurcation set of system (8) it would be enough
to do it for 3 < 0, for example, and then translate all these solutions,
through the aforementioned change, to the half-space 3 > 0.

3.1. Study when 3 = −0.05

First, we fix 3 = −0.05. In this case, a Bogdanov–Takens bifurcation
 (of homoclinic type) of the equilibrium 2 occurs at the point
(1, 2) = (−0.05,−0.01). The curves  (given by 1 = −0.05, 2 ≠
−0.01, where 2 exhibits a pitchfork bifurcation) and  (given by
2 = −0.01, 1 < −0.05, where 2 experiments a Hopf bifurcation)
emerge from . Also, 1 exhibits a Bogdanov–Takens bifurcation 

(of heteroclinic type), at the point (1, 2) = (0, 0). This equilibrium
undergoes a pitchfork bifurcation  (when 1 = 0, 2 ≠ 0) and a
Hopf bifurcation  (for 2 = 0, 1 < 0). In Fig. 3 we represent all
these bifurcation points and curves. For the values of the parameters
that we have set, and according to the condition 1(3 − 1) > 0 for
the existence of 3,4, we deduce that these equilibria exist in the region
between lines  and .

In order to numerically obtain the remaining bifurcation curves that
arise from the point  (corresponding to a Hopf of the equilibria 3,4,
a homoclinic connection to 2 and a saddle–node of large-amplitude
periodic orbits [23–26]), we are going to draw several bifurcation
diagrams. Firstly, we set 2 = 0.05 and continue the equilibrium 3 in
the parameter 1 (recall throughout this work that, because of the sym-
metry system (8) has, 4 will exhibit the same bifurcations as 3). We
obtain that for 1 ≈ −0.047109 it experiences a Hopf bifurcation, which
we will denote by . The bifurcation diagram corresponding to the pair
of small-amplitude repulsive asymmetric periodic orbits emerged from
 is drawn in Fig. 4(a). It ends in a homoclinic bifurcation  of 2 that
exists when 1 ≈ −0.046425. The large-amplitude unstable symmetric
periodic orbit emerged from the homoclinic bifurcation  exhibits two
symmetry-breaking bifurcations , when 1 ≈ −0.0451038 and 1 ≈
−0.0190131. This periodic orbit becomes a saddle at the first bifurcation
and changes to unstable again after the second. For 1 ≈ −0.0189845,
it undergoes a saddle–node bifurcation  where it becomes again a

Fig. 3. For  = 0.2,  = 1, 3 = −0.05, partial bifurcation set in a neighborhood of the
points  and . The curves of the bifurcations exhibited by 2 appear as solid
lines and those related to 1 as dashed lines.

saddle until it disappears into a new homoclinic bifurcation of 2,
, when 1 ≈ −0.0419303. The projection onto the (, )-plane of the
corresponding homoclinic orbits is represented in the inside of Fig. 4(a).

Next, if we increase the value of the parameter to 2 = 0.5,
we obtain the bifurcation diagram in Fig. 4(b). Now, the repulsive
small-amplitude asymmetric periodic orbit emerged from  ends in a
heteroclinic bifurcation  between the real saddles 1 = (0, 0, 0) and
2 = (0, 0, 0.05), when 1 ≈ −0.026142. The heteroclinic loop is con-
stituted by two heteroclinic orbits (see the inside of Fig. 4(b)). One is
placed on the invariant -axis (it exists for any value of the parameters)
and the other one is placed outside this axis (it is structurally unstable).

Now we can numerically compute for 3 = −0.05 the loci where
some of the bifurcations detected in Fig. 4 occur in the (1, 2)-plane.
Thus, in Fig. 5 we show the curves  (Hopf bifurcation of the equilibria
3,4),  (homoclinic connection to 2) and  (heteroclinic cycle
between 1 and 2).

The Hopf bifurcation curve , emerged from , is unbounded and
asymptotic to the line 1 = 3

2 = −0.025 (as can be easily found). For
its part, the curve  of homoclinic connections of 2 arises from 

and ends at the point , for (1, 2) ≈ (−0.027249, 0.330145), located
on the curve of heteroclinic connections . This heteroclinic curve
arises from the Hopf–Shil’nikov point  (see, for instance, [55–57]),
for (−0.048818, 0), located on the curve 2 = 0 where the equilibrium
1 undergoes a Hopf bifurcation.

Due to the symmetry of system (8), a curve of saddle–node bi-
furcations of symmetric periodic orbits  also arises from the point
 [23,25,26], as can be seen in the inset of Fig. 5. This curve
ends at a cusp bifurcation , for (1, 2) ≈ (−0.0493143, 0.00261211),
where it collapses with another saddle–node curve  emerged from
a degeneracy on the Hopf curve  (the first Lyapunov coefficient
vanishes) which occurs when (1, 2) ≈ (−0.0621875, 0), a point that is
outside the range of the figure. Remark that, at a cusp bifurcation point,
two saddle–node bifurcation curves meet tangentially. For nearby pa-
rameter values, the system can have three periodic orbits that collide
and disappear pairwise via the two saddle–node bifurcations involved.

In the range of Fig. 5, the curve  does not present any degeneration
(a pair of asymmetric repulsive periodic orbits arises to its right). In
contrast, on the curve  a degeneracy occurs at the point , when
(1, 2) ≈ (−0.0415711, 0.108578). For their description, we denote the
eigenvalues of the equilibrium 2 by ∗1 < 0, 0 < ∗2 , 

∗
3 (in the range

of the above figure), and consider the saddle quantity 2
=
||||
(∗2 ,

∗
3)

∗1

||||where

∗3 = −3 = 0.05 > 0, ∗2,1 =
2 − 0.23 ±

√
(2 − 0.23)2 + 4(1 − 3)

2
·
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Fig. 4. For  = 0.2,  = 1, 3 = −0.05: (a) Bifurcation diagram, when 2 = 0.05, of small-amplitude asymmetric periodic orbits (which exist between the Hopf bifurcation  of 3
and the homoclinic bifurcation  of 2) and large-amplitude symmetric periodic orbits (which exist between the homoclinic bifurcations  and  of 2). Projection onto the
(, )-plane of the homoclinic connections  (black) and  (red) which exist, respectively, for 1 ≈ −0.046425 and 1 ≈ −0.0419303. (b) Bifurcation diagram, when 2 = 0.5, of the
small-amplitude asymmetric periodic orbits born in the Hopf bifurcation , which disappear in the heteroclinic bifurcation . Projection onto the (, )-plane of the corresponding
heteroclinic cycle between 1 and 2, which appears for 1 ≈ −0.026142. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Fig. 5. For  = 0.2,  = 1, 3 = −0.05, partial bifurcation set in a neighborhood of the
point .

When the curve  emerges from , the equilibrium 2 is a real
saddle with 2

> 1 and a single symmetric repulsive periodic orbit
emerges from the curve  towards the right and a pair of asymmetric
repulsive periodic orbits exists on the left side of . The degeneracy
 is exhibited when −∗1 = ∗3 = 0.05 because then 2

= 1 (resonant
eigenvalues, see [46,47]). This degeneracy condition holds, when 3 =
−0.05, on the line 2 = 201 + 0.94.

From , and to the point  where the curve  ends, the
equilibrium 2 continues to be a real saddle but now with 2

< 1.
This implies that the symmetric and asymmetric saddle periodic orbits
that arise from the homoclinic curve  now do so to the right of
this curve. From the point  now, three new curves emerge to the
right of : a saddle–node bifurcation curve of asymmetric periodic or-
bits, a symmetry-breaking bifurcation curve of the symmetric periodic
orbits that arise from  and a homoclinic connection curve where
the asymmetric periodic orbits (that arise from the aforementioned
symmetry-breaking bifurcation) disappear. These three curves end at
the point  of the heteroclinic connection curve . In the range
of Fig. 5, they are indistinguishable from the curve , so we have not
drawn them. However, we will represent these curves for other values
of the parameters because they are no longer indistinguishable (see

Fig. 9(b)). Remark that its theoretical study has not been addressed and
falls outside the scope of this work.

For its part, the heteroclinic connection curve  also presents
several degenerations. For their description, we denote the eigenvalues
of the equilibrium 1 (in the range of Fig. 5) by 3 < 0 < Re(1) ≤
Re(2), and consider the saddle quantity 1

=
||||
Re(1)
3

|||| where

3 = 3 = −0.05 < 0, 2,1 =
2 ±

√
(2)2 + 41
2

·

When the curve  emerges from , 1 is a saddle-focus with 1
< 1

and 2 is a real saddle with 2
> 1. The first degeneration, ,

occurs at the point (1, 2) ≈ (−0.04691, 0.0018) when 2
= 1. Since

the curve  intersects the line 2 = 201 + 0.94 two times, a second
degeneracy  appears at (1, 2) ≈ (−0.026603, 0.407940) (again,
from this point, 2

> 1).
The curve  also undergoes some degeneracies related to the

equilibrium 1. The first one, , occurs at the point (1, 2) ≈
(−0.0334661, 0.1), where 1

= 1 (at this moment, 1 is a saddle-focus;
for 3 = −0.05, this degeneracy occurs when  intersects the line
2 = 0.1). A new degeneracy, , at (1, 2) ≈ (−0.027249, 0.330145),
appears when 1 changes from saddle-focus to real saddle (with 1

≈
3.3 > 1). Finally, at a second point , placed at (1, 2) ≈
(−0.0259189, 0.568378), another degeneration 1

= 1 occurs (at this
moment, 1 is a real saddle; for 3 = −0.05, this degeneracy appears
when  intersects the line 2 = −201 + 0.05).

In the following, we will focus on the  degeneracy since,
according to the theoretical analysis carried out in Section 2, from this
point infinitely many curves of homoclinic connections {} of the
equilibrium 2 arise.

To find the first curves of homoclinic connections in the theoret-
ically predicted sequence, we have made the bifurcation diagram for
2 = 0.2, which appears in Fig. 6(a). On the one hand, the diagram
in Fig. 4(a) provides an approximation of the homoclinic connection
 for its numerical continuation in the (1, 2)-plane for 3 = −0.05.
To obtain an approximation to the next homoclinic connection of the
sequence, , we make the bifurcation diagram of the small-amplitude
asymmetric periodic orbits that arise from . As seen in Fig. 6(a), these
saddle periodic orbits experience a period-doubling bifurcation ,
for (1,) ≈ (−0.0306397, 234.191), where they become repulsive.
Later, they undergo a saddle–node bifurcation  for (1,) ≈
(−0.0298444, 294.739) (see upper inset in Fig. 6(a)). The saddle periodic
orbits arising from it end in the homoclinic connection , for 1 ≈
−0.0298450.
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Fig. 6. For  = 0.2,  = 1, 3 = −0.05: (a) Bifurcation diagram of the symmetric and asymmetric periodic orbits born in a homoclinic bifurcation  and  of 2 for 2 = 0.2.
(b) Partial bifurcation set in a neighborhood of the point .

To obtain an approximation to the following homoclinic connec-
tion , we proceed as follows. If we continue the large-amplitude
saddle symmetric periodic orbit that arises from , we find that it
undergoes a symmetry-breaking bifurcation , for (1,) ≈
(−0.0298419, 591.678), from which it becomes repulsive. Next, it un-
dergoes a saddle–node bifurcation  for (1,) ≈ (−0.02960649,
727.905) (see lower inset in Fig. 6(a)). The saddle periodic orbit arising
from it ends in the homoclinic connection , when 1 ≈ −0.02960655.
Finally, with respect to , we observe that pair of small-amplitude
saddle asymmetric periodic orbits which arises from  experiences
two bifurcations. First, a period-doubling  when (1,) ≈
(−0.0296062, 364.303) where the orbits become unstable and subse-
quently a saddle–node bifurcation , for (1,) ≈ (−0.02953227,
435.069). The saddle periodic orbits arising from it end in the homo-
clinic connection , which occurs when 1 ≈ −0.02953228.

In Fig. 6(b), which completes Fig. 5, the first five curves of the
sequence are represented. The first of them corresponds to the curve
, which ends at the Bogdanov–Takens point . On the curve 
there are two points , placed at (1, 2) ≈ (−0.0452439, 0.0351232)
and (1, 2) ≈ (−0.0434984, 0.0700326), where 2

= 1. In the part of the
curve  that exists between both points  it is verified that 2

> 1,
while 2

< 1 at the rest of the points on the curve . Moreover,
2

< 1 at all points on the curves ,  and .
Now we will examine the shape of the corresponding homoclinic

orbits. To do this, we set 2 = 0.25, so that we are close enough to
the point . In Fig. 7 we show the projection onto the (, )-plane
of the one-dimensional stable manifold of 2 for each of these five
homoclinic orbits. We observe that, after surrounding the equilibrium
3, as  increases, the orbit turns one more time around the -axis and
it gets closer and closer to the equilibrium 1, which is part of the
heteroclinic cycle .

Indeed, in Fig. 7(a), it is observed how the projection of the orbit
 (black color) surrounds the equilibrium point 3 and subsequently
approaches the -axis, on the right side, to return to equilibrium 2.

The projection of the homoclinic orbit  (red), after surrounding
3, crosses the -axis once and approaches 2 to the left of the -axis
(see Fig. 7(b)). For its part, the projection of the homoclinic orbit 
(green) crosses the -axis twice and approaches 2 to the right of the
-axis.

In Fig. 7(c), we observe that the projection of the homoclinic orbit
 (maroon) crosses the -axis three times and approaches 2 to the
left of the -axis. Finally, in Fig. 7(d), we can see how the projection
of the homoclinic orbit  (magenta) crosses the -axis four times and
approaches 2 to the right of the -axis.

We saw in Fig. 5 that the homoclinic curve  exists between the
points  and . Now, in Fig. 6(b), we can determine where the

other curves , , , and  end. Thus, the curve  finishes at
the point , placed at (1, 2) ≈ (−0.0425252, 0.0589024) where a
codimension-two heteroclinic loop between the real saddle equilibrium
2 and the saddle-focus 3 (and 4) exists (a pair of heteroclinic
loops appears due to the symmetry exhibited by the system (8)). This
loop is called  -point heteroclinic cycle and, by abuse of notation,
it is also simply named  -point (see [58–61,63]). Note that, in the
case of three-dimensional systems having at least two equilibria, a  -
point occurs when the one-dimensional unstable manifold of one of
the equilibria and the one-dimensional stable manifold of the other
equilibrium match and, simultaneously, the two-dimensional manifolds
of these equilibria have a transversal intersection giving rise to a hete-
roclinic loop (see Fig. 8(a)). As this loop is the easiest one that connects
the equilibria 2 and 4, it is called principal T-point. Although we
have not drawn them because they are outside the scope of this work,
it is well-known that two other curves of global connections emerge
from the point  involving the saddle-focus equilibria 3,4: one of
homoclinic orbits of 3 (and 4) and the other of heteroclinic orbits
that connect 3 and 4 [59].

Note that, in , the one-dimensional manifold of 2 maintains the
same feature as the homoclinic orbit  of Fig. 7(b) (red), namely, its
projection intersects the -axis once. Analogously, the two-dimensional
manifold of 2, arises to the left of the -axis as occurs in  (see
Figs. 7(a)–(b)).

The curves , , and  end, respectively, at the points ,
, and , which are placed at (1, 2) ≈ (−0.0404768, 0.0463592),
(1, 2) ≈ (−0.0397742, 0.0381492), and (1, 2) ≈ (−0.0396270, 0.0323457).
A T-point heteroclinic cycle exists at each of these points in the
parameter plane. They are usually called secondary T-points because
their shape is more complicated than that of the principal T-point. The
projections of these heteroclinic loops onto the (, )-plane are drawn in
Figs. 8(a)–(d). We note that the properties previously discussed about
the projections of the homoclinic orbits ,  and  onto the (, )-
plane (number of times that the one-dimensional manifold of 2 cuts
to the -axis and the direction of exit of its two-dimensional manifold)
are also maintained in the projections of the respective heteroclinic
cycles ,  and  (see Figs. 8(b), 8(c) and 8(d), respectively).
The coexistence of multiple  -points has also been observed in several
systems (see [2]).

3.2. Increasing 3

As commented above, in Fig. 5 we have not drawn three bifurcation
curves related to the degeneracy  because there (for 3 = −0.05)
they were indistinguishable from the homoclinic curve . However,
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Fig. 7. For  = 0.2,  = 1, 2 = 0.25, 3 = −0.05, projection onto the (, )-plane of: (a) The homoclinic orbit  for 1 ≈ −0.0303831 (black),  for 1 ≈ −0.0287938 (red),  for
1 ≈ −0.0284771 (green),  for 1 ≈ −0.0284038 (maroon),  for 1 ≈ −0.0283859 (magenta). Note that because of the symmetry a pair of the corresponding homoclinic orbits
exists. Zoom of panel (a) in a neighborhood of the origin 1 with the homoclinic orbits: (b)  and ; (c) ; (d) . (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

for other values of the parameters (now we fix 3 = −0.032), it is
possible to visualize them. First, in Fig. 9(a), for 2 = 0.15, we draw
a bifurcation diagram with these new bifurcations. We see that the
small-amplitude asymmetric saddle periodic orbit that arises from the
homoclinic connection  (which exists for 1 ≈ −0.0227524) undergoes
a saddle–node bifurcation of periodic orbits , for 1 ≈ −0.0227192,
and ends as a repulsive periodic orbit in a Hopf bifurcation  of 3
when 1 ≈ −0.0235647. The large-amplitude saddle symmetric peri-
odic orbit arising from  undergoes a symmetry-breaking bifurcation
, for 1 ≈ −0.0225693, from which it becomes repulsive. Next, it
undergoes a saddle–node bifurcation of symmetric periodic orbits ,
for 1 ≈ −0.0202902, where a saddle periodic orbit emerges. This orbit
later ends in a homoclinic connection to 2, , located between
 and , for 1 ≈ −0.0225039.

From the bifurcations detected in Fig. 9(a), we have drawn in
Fig. 9(b) a partial bifurcation set for 3 = −0.032. As can be seen,
three curves emerge from the degeneration  located on the curve
 (dashed line): a curve of saddle–node bifurcations of periodic orbits
 (red color, of the small-amplitude asymmetric periodic orbits that
arise from the curve ), a curve of symmetry-breaking bifurcations
 (green color, of the large-amplitude symmetric periodic orbits that
arise from the curve ) and a curve of homoclinic connections to
2  (blue color, where the large-amplitude asymmetric saddle
periodic orbits arising from the symmetry-breaking bifurcation 
end, in an analogous manner to what was obtained in [70, Fig. 1]

and [72, Fig. 12]). We remark that these three curves, located below
the curve , also end at .

Furthermore, this figure shows how a curve of saddle–node bifurca-
tions of large-amplitude symmetric periodic orbits  (magenta color;
these orbits are related to the homoclinic connection ) emerges from
the point . This curve ends in a cusp bifurcation of periodic orbits
that exists for (1, 2) ≈ (−0.000486385, 0.00439321), a point which is
outside the range of the figure. From this cusp, a new saddle–node
bifurcation curve  (magenta color) arises. It ends at the point ,
when (1, 2) ≈ (−0.0296209, 0.0242507), located on the homoclinic
curve . At this point an inclination-flip degeneracy occurs, that
is, the stable manifold of the equilibrium changes from orientable
to nonorientable (Möbius band) and the eigenvalues satisfy certain
conditions [47,64,65]. Since at the point  the eigenvalues of 2 are
(∗1 , 

∗
2 , 

∗
3) ≈ (−0.0358020, 0.0664527, 0.032) the inclination-flip is of type

B [64] .
As already happened for 3 = −0.05 (see Fig. 6(b)), the curve 

ends at the principal T-point . This means that, as the curve 
spirals closer to , the number of turns that the (projection of the)
homoclinic connection  makes around the equilibrium 4 increases.
In an analogous way, although it does not appear in the figure, the
homoclinic curves , , and  end, respectively, at the secondary
T-points , , and . On the other hand, as can be seen in the
inset of Fig. 9(b), the homoclinic curves  and  are very close.
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Fig. 8. For  = 0.2,  = 1, 3 = −0.05, projection onto the (, )-plane of several T-points: (a) , located at (1 , 2) ≈ (−0.0425252, 0.0589024). (b) , which exists for
(1 , 2) ≈ (−0.0404768, 0.0463592). (c) , placed at (1 , 2) ≈ (−0.0397742, 0.0381492). (d) , which occurs when (1 , 2) ≈ (−0.0396270, 0.0323457). Note that because of the
symmetry a pair of the corresponding orbits exists.

In this zone, the homoclinic orbits corresponding to both curves must
be very similar.

To verify this, we are going to see how the shape of the homoclinic
orbits  (blue) and  (red) evolves when we move along the
corresponding curves. In the upper window of Fig. 9(c), for 3 =
−0.032, 2 = 0.15, we represent the projection of the homoclinic orbits
corresponding to the bifurcations of the diagram drawn in Fig. 9(a).
We observe that the phase portrait of  is qualitatively similar to that
of Fig. 7(a) corresponding to this homoclinic orbit (red). In the case
of the homoclinic orbit , since the periodic orbit that ends in it
emerges from a symmetry-breaking bifurcation, it surrounds each of
the equilibria 3,4 once. The qualitative shape of this homoclinic orbit
is preserved along the entire curve  in Fig. 9(b).

Now, when the value of the parameter 2 decreases, the homoclinic
connection curve , spirally approaches the T-point . This means
that the corresponding orbit increases the number of turns around the
equilibrium 4 before ending at 2. This allows, as we can see in the
lower window of Fig. 9(c) for 1 = −0.0262, that the projections of the
homoclinic orbits  (blue; when 2 ≈ 0.0936133) and  (red; when
2 ≈ 0.0901457) are very similar and close to coinciding.

In what follows, we want to investigate how these curves interact
when the value of 3 is slightly increased. Indeed, when 3 = −0.03
(see Fig. 9(d)) although both bifurcation curves continue to emerge
from the point , however, they have exchanged their endpoints,
due to the contact occurred between them to an intermediate value
of 3. As a consequence, the curve  now ends at the princi-
pal T-point  and the curve  at the degeneracy . A similar
interaction between curves of homoclinic connections arising from
a heteroclinic degeneracy  has recently been found on another
Lorenz-like system [37].

3.3. Main organizing centers

The study carried out so far of the degeneration  in system
(8) has allowed us to find other codimension-two bifurcations. Our
goal now is to see how these bifurcations are organized around several
codimension-three degeneracies (between them, the triple-zero bifur-
cation of the origin  plays a key role). This information in the
(1, 2, 3)-parameter space appears in Fig. 10: we have drawn the loci
where several of the codimension-two bifurcations present in Figs. 5
and 6(b) exist. Specifically, we can see the curves corresponding to the
following degeneracies:

• , Takens-Bogdanov bifurcation of the equilibrium 1.
• , Takens-Bogdanov bifurcation of 2.
• , double-zero bifurcation of 1.
• , Hopf-zero bifurcation of 1.
• , Hopf–Shil’nikov heteroclinic bifurcation because the equilib-
rium 1 undergoes a Hopf bifurcation.

• , degenerate heteroclinic cycle between 1 and 2 because
2

= 1, being 1 a saddle-focus and 2 a real saddle.
• , degenerate heteroclinic cycle between 1 and 2 because
1

= 1, being 1 a saddle-focus and 2 a real saddle.
• , degenerate heteroclinic cycle between 1 and 2 because
the origin 1 changes from real saddle to saddle-focus, being 2
a real saddle.

•  ( = 1,… , 5), degenerate homoclinic connections to 2
because 2

= 1 for this real saddle ( = 1 blue,  = 2 red,  = 3
green,  = 4 maroon,  = 5 magenta).
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Fig. 9. For  = 0.2, = 1: (a) Bifurcation diagram of the periodic orbits related to  and , for 2 = 0.15, 3 = −0.032. (b) Partial bifurcation set in a neighborhood of the
points  and , when 3 = −0.032. (c) For 3 = −0.032, projection onto the (, )-plane of the homoclinic connections  (blue color) and  (red color) to the equilibrium
2. The upper window corresponds to 2 = 0.15 (bifurcations shown in panel (a)) whereas the lower window is obtained for 1 = −0.0262 (when the corresponding curves are very
close, as can be seen in the inside of panel (b)). (d) Partial bifurcation set in a neighborhood of the points  and , when 3 = −0.03. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

•  (red),  (green),  (maroon) and  (magenta), T-point
heteroclinic loops connecting 2 and 3,4.

As seen in Figs. 10(a)–(d), the curves , , , , , ,
, , , , , , and  arise from the point ,
where 1 exhibits a triple-zero bifurcation (triple-zero eigenvalue with
geometrical multiplicity two). In particular, the curve  ends at the
point  on the curve , for (1, 2, 3) ≈ (−0.0354111, 0.376357,
−0.0648810), where the heteroclinic cycle experiences a double de-
generation since 1 changes from real saddle to saddle-focus and,
simultaneously, 2

= 1. The existence of this degeneration 
implies that, on the curve , 2

< 1 in the portion between the
points  and  and 2

> 1 in the remaining points of that
curve. With respect to the curve , it exists on both sides of the
point  (in Fig. 10(c) we have not drawn its projection to the
right of  since it is almost indistinguishable from the curve
). For its part, the curve  ends at the point (1, 2, 3) ≈
(−0.305722, 1.105842,−0.552921), located on the curve  (not drawn
as it is outside the range of values in Figs. 10(a)–(d)). A double
degeneration occurs at this new codimension-three bifurcation since the
equilibrium 1 goes from real saddle to saddle-focus and at the same
time 1 = 1 (because 3 = 3 = −1 = −2), with 2 being a real
saddle.

We would like to remark three results previously found in the liter-
ature which are related to some of the bifurcations present in Fig. 10.

First, the relationship of the curves  and  with  was already
found in the system (8), for  = −1,  = −0.1,  = 1, and  = 0.01 [35,
Fig. 10]. Second, the degeneracy  has also been detected in a
Lorenz-like system [37, Fig. 7]. Third, in the Lorenz system, there is
a curve of degenerate homoclinic connections of the origin analogous
to the curve  which connects the triple-zero degeneracy of the
origin  with the point (, , ) = (−3,−2,−1) [28, Fig. 12]. At this
last point, a different codimension-three degeneration is experienced
since the eigenvalues at the origin are 1 = −2 = −3 = −2 (resonant
eigenvalues and double real eigenvalue).

The curve , where the homoclinic connection  experiences
the degeneracy 2

= 1, also arises from the point . This curve
ends in a spiral shape at the point , located at (1, 2, 3) ≈
(−0.0703837, 0.0862917,−0.0869629). This T-point is degenerate because
2

= 1, since the eigenvalues associated with 2 are ∗1 = −∗3 = 3,
∗2 ≈ 0.190647. Analogously, the curves , , and  (where the
corresponding homoclinic connections , , and  are degenerate
because 2

= 1) also arise from the point . These three curves
end in a spiral shape, respectively, at the points , , and 
(which correspond to degenerate secondary T-points that appear on the
curves , , and  because 2

= 1). These three points are
located, respectively, at (1, 2, 3) ≈ (−0.102467, 0.0823768,−0.135772),
(1, 2, 3) ≈ (−0.112392, 0.0670234,−0.149035) and (1, 2, 3) ≈
(−0.116134, 0.0551694,−0.152423). Due to this numerical evidence, we
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Fig. 10. For  = 0.2, = 1, partial bifurcation set in the vicinity of the triple-zero bifurcation of the origin . We represent the curves  and  (Takens-Bogdanov bifurcations
of 1 and 2, respectively),  and  (double-zero and Hopf-zero bifurcations of 1, respectively),  (Hopf–Shil’nikov heteroclinic bifurcation),  (degeneracy on  because
2

= 1, being 1 a saddle-focus and 2 a real saddle),  (degeneracy on  because 1
= 1, being 1 a saddle-focus and 2 a real saddle),  (degeneracy on the curve

 when 1 changes from real saddle to saddle-focus, being 2 a real saddle), ,  = 1,… , 5 (degeneracy 2
= 1 on the homoclinic connection  of the equilibrium 2;

 = 1 blue,  = 2 red,  = 3 green,  = 4 maroon,  = 5 magenta) and ,  = 1,… , 4 (T-points where the homoclinic curves + end spiraling;  = 1 red,  = 2 green,  = 3
maroon,  = 4 magenta). The codimension-three degeneracies , , ,  and  can also be observed. (a) In the (1 , 2 , 3)-parameter space. (b) Projection on
the (1 , 2)-plane. (c) Projection on the (1 , 3)-plane. (d) Projection on the (2 , 3)-plane. In panel (b), we have not included  since it is almost indistinguishable from . In
panel (d),  is not drawn since, for 3 < 0, it is almost identical to . (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

conjecture that an infinite succession of curves {} arises from the
point  which, in turn, end at the points of a sequence {}
where degenerate T-points exist (since 2

= 1).
To illustrate the complex dynamics that exist in this region of the

parameter space, we draw two chaotic repellors in Figs. 11(a) and
11(b). The first corresponds to (1, 2, 3) = (−0.115, 0.068,−0.151), with
initial conditions (0, 0, 0) = (10−20, 0, 10−20) (close to equilibrium 1)
while the second exists when (1, 2, 3) = (−0.0395, 0.033,−0.05), with
initial conditions (0, 0, 0) = (10−20, 0, 0.05) (close to equilibrium 2).

Since system (7), if  ≠ 0, is invariant, for instance, to the changes
(, , , , 1, 2, 3,,, ,)

⟶ (−, ,−,−, 1,−2,−3,−,, ,),
(, , , , 1, 2, 3,,, ,)

⟶ (−, , ,−, 1,−2,−3,,−,− ,−),

it is trivial to find the corresponding parameter values for which chaotic
attractors exist.

4. Conclusions and future works

In this paper, we have studied a theoretical model of a degenerate
heteroclinic cycle between two equilibria, which occurs when one
of the involved equilibria changes from real saddle to saddle-focus
(Belyakov transition). In this heteroclinic cycle, one of the heteroclinic
orbits always exists (codimension-zero). We demonstrate the existence
of infinitely many curves of homoclinic connections to the equilibrium,
which does not exhibit the Belyakov transition. As far as we know, the
analysis of this degeneration has not been previously considered in the
literature. The subsequent numerical study of the Lorenz-like system (8)
has allowed us to find some of the main organizing centers of its com-
plex dynamics (see Fig. 10). In this very intricate bifurcation scenario,
several codimension-three bifurcations play a remarkable role (the
most important is a triple-zero bifurcation, but also doubly-degenerate
heteroclinic cycles and degenerate T-points appear).

As it is known, in the unfolding of the Belyakov transition for a
homoclinic connection, there are not only infinitely many homoclinic
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Fig. 11. For  = 0.2,  = 1, chaotic repellors present when: (a) (1 , 2 , 3) = (−0.115, 0.068,−0.151), with initial conditions (0 , 0 , 0) = (10−20 , 0, 10−20), integrating backwards until
 = −4000. (b) (1 , 2 , 3) = (−0.0395, 0.033,−0.05), with initial conditions (0 , 0 , 0) = (10−20 , 0, 0.05), integrating backwards until  = −30000.

curves but also infinitely many saddle–node and period-doubling bi-
furcation curves. We remark that, although it is outside the scope
of this work, a similar situation occurs in the Belyakov-like tran-
sition with a heteroclinic cycle we have studied in this paper. In
the future, we intend to analyze this situation both theoretically and
numerically. Due to the symmetry exhibited by system (8), we also con-
jecture the existence of infinitely many symmetry-breaking bifurcation
curves.

A second interesting open problem that should be addressed in
the future is the theoretical study of the codimension-three point
, where the heteroclinic cycle experiences a double degeneration
since, simultaneously, 1 changes from real saddle to saddle-focus
and 2

=1. The numerical results we have obtained suggest that,
from this point, infinitely many degenerate homoclinic curves 
emerge. Likewise, it seems that infinitely many surfaces of saddle–node
bifurcations , symmetry-breaking bifurcations  and homoclinic
connections  also reach it. The results obtained could also help
to complete the intricate bifurcation scenario that exists around a
triple-zero bifurcation.
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