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Abstract

This manuscript proposes a novel approach for the distributed set-membership
estimation of linear time-invariant plants. The method is based on sequen-
tially exploiting the information that the agents receive from their neigh-
bourhood in an adequate manner, so that redundant information is not dis-
carded, but used to further shrink the sets. To do so, they need to build the
innovation-routing table, which integrates routing information and concepts
of subspace observability. Then, sequential filtering steps are performed over
the sets that contain the different modes in which the state vector is lo-
cally decomposed. The method is presented for sets described as zonotopes
and takes advantage of the developments of well-known centralized zonotopic
observers. Simulation results show that the use of redundant information re-
duces the uncertainty of the estimation, and the increment of computational
cost is minor. Furthermore, the sensitivity of the method with respect to
different parameters is analyzed with numerical simulations and compared
to similar estimators in the literature.

Keywords: Distributed estimation, Set-membership observer, Sequential
observers, Linear Time-Invariant plant, Zonotopes.

1. Introduction

Set-membership observers are a particular kind of state estimators whose
goal is to find a set that, in a deterministic way, contains the actual state
vector. Unlike stochastic observers, such as Kalman filter, set-membership
observers are built upon the assumption that the process and measurement
noises are deterministically bounded.
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The first set-membership observer dates back to the 60’s, with the work
of F. Schweppe [1], in which the state vector was confined in ellipsoidal sets.
From that date, different mathematical descriptions of the sets have been
proposed: intervals [2], ellipsoids [3], parallelotopes [4], zonotopes [5], con-
strained zonotopes [6], or the more general polytopes [7]. In general, the
estimation is more accurate (the set is smaller) when the sets have mathe-
matically more complex formulations. Of course, this usually incurs in an
increment of the computational cost that needs to be considered.

This is where zonotopes show their strength, since they allow for relatively
simple manipulations and can describe more complex regions that intervals,
ellipsoids or parallelotopes [8]. A zonotope is a centrally symmetric convex
set found by an affine transformation of the unit hypercube. Linear trans-
formations or Minkowskii sums of zonotopes are straightforward operations.
One of the most important limitations is that they are not closed under in-
tersection, incurring in extra conservatism when finding the zonotope that
contains the exact intersection of two zonotopes. To overcome this problem,
constrained zonotopes [9] can be used if the increment of computational cost
can be assumed.

When the plant is spread over a large region, the use of distributed formu-
lations of the observer might come appealing. Now, a set of agents estimate
the state of the same plant, but having only limited, and possibly insufficient,
information of it. Therefore, communication between agents is needed to suc-
cessfully estimate the state. The literature of distributed estimation is vast,
and the reader might find some recent surveys in [10, 11, 12]. Some potential
advantages mentioned in those documents are: reduced computational and
memory burden, scalability, or robustness by avoiding a centralized unit.

Attending to the estimation objective and problem formulation, the avail-
able distributed set-membership observers in the literature might be cate-
gorised under three families:

Interconnected observers: The plant is modelled as a set of intercon-
nected subsystems, coupled among them via state or input, and each
observer aims to estimate the state vector of each local subsystem.

Decentralized + fusion observer: The plant is considered as a whole,
but the estimation process is split in two phases: a decentralized one,
in which each observer individually computes a local estimation; and
a fusion phase, in which a centralized unit merges all the individual
estimations made previously.



Fully distributed observers: The plant is considered as a whole, and the
observers work in a complete distributed way, aiming at estimating the
complete state vector, relying on local and received information.

Table 1 outlines the state of the art according to these categories and the

mathematical description of the set.

Table 1: Distributed set-membership observers in the literature. In blue color, the works
that are more closely related to this manuscript.

H Interval ‘ Ellipsoid H Zonotope H
[13, 16, 17,
Interconnected [13] [13, 14, 15] 18, 19, 20, 21]
Decentralized + fusion || [22, 23] | [24, 25] [26]
. 27, 28, 29,
Fully distributed 30, 31, 32, 33] [34, 35, 306]

Fully distributed observers, which tackle the general problem, have been
proposed using ellipsoids and zonotopes. For the former, many of the works
have deepened in the effects of different communication schemes both in
the design and in the performance of the observers: multi-rate sampling
was considered in [27]; and event-based communication in [28, 29, 30]. The
impact of attacks in the communications, and the design of resilient observers
is proposed in [31]. Finally, two particular problems are addressed in [32, 33]:
the estimation of the state of a system affected by an unknown dynamic bias,
in the former; and the collaborative estimation of the position of an agent
with bearing sensors that measure angles, in the latter.

Regarding those works that have used zonotopes, we can further organ-
ised them attending to the way in which each agent uses the information
received from neighboring agents. Diffusion strategies, the most simple from
a computational point of view, is proposed in [34]. The intersection between
sets as a way to exploit neighboring information is proposed in [35]. Finally,
the work in [36], based on the Zonotopic Kalman Filter of [37], makes use of
a Kalman-inspired formulation to incorporate the received sets.

Although they are not included in the table because they are not purely
distributed set-membership observers, it is worth mentioning that some au-
thors have proposed formulations that partially remove full guarantees. This
is the case of [16], that proposed a mixed Gaussian and zonotopic observer;
of [38], that introduced an ellipsoidal distributed set-membership estimator
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with probabilistic guarantees; and of [39], in which a distributed fuzzy ob-
server was used for fault detection.

This manuscript contributes with a novel formulation of a fully distributed
set-membership zonotopic observer. The main contributions with respect to
other fully distributed zonotopic observers (see Table 1) are:

e Similarly to [36], it makes use of the multi-hop subspace decomposition
presented in [40] for linear time-invariant plants. This decomposition
allows the observer to compute, instead of an unique zonotope that
contains the full state vector, several zonotopes of smaller dimensions to
contain each dynamical mode in which the state vector is decomposed.
The benefit is a reduced computational effort than in [34, 35].

e The proposed observer is based on executing sequential filtering steps
to exploit the information of neighbouring agents. The idea is to make
subsequent corrections only to some of the sets that contain particular
modes of the decomposition. To do so, the agents need to build the
so-called innovation-routing table that, merging the information of a
routing table with concepts of subspace observability, defines specific
transformations needed to extract useful information from a received
neighbouring set. This sequential approach allows to use redundant in-
formation in the network of agents, which was discarded in [36], without
incurring in high computational requirements. The consequence is an
improvement in the estimation performance compared to [36].

e The proposed formulation of the estimator allows for the sequential ap-
plication of filtering steps designed for centralized zonotopic observers,
either if they are based on diffusion, intersection of sets, or inspired in
the Kalman filter. Then, it is a more general formulation than those
in [34, 35, 36]. Furthermore, the proposed estimator is able to exploit
the stability and convergence properties of the centralized observers to
ensure theoretical guarantees for the distributed approach.

Numerical simulations are presented to illustrate the benefit of this dis-
tributed observer. In addition to the estimation performance and computa-
tional requirements, the sensibility of the method with respect to the maxi-
mum order of the zonotopes, the process noise, and the measurement noise, is
analysed and compared with the other fully distributed zonotopic observers
in the literature.



This paper is organized as follows. Section 2 presents some notation and
preliminaries on zonotopes. The plant description and the assumptions are
introduced in Section 3. The distributed set-membership estimation problem
is defined in Section 4. The novel approach for the distributed observer
can be found in Section 5, including the definition of the innovation-routing
table. The simulations and numerical analysis appear in Section 6. Finally,
conclusions and future works are drawn in Section 7.

2. Notation and preliminaries

Given a set of matrices A;, for ¢ = 1,...,n, of appropriate dimen-

n
sions, operator calt{Ai} refers to the concatenation of the matrices, that
1=

is, C%C{Ai} = [A; Ay -+ A,]. The subspace generated by the columns of

matrix A is denoted as I'm(A). When referred to subspaces, operations C
and N refer to belonging and intersection, respectively.

Definition 1. A zonotope X, denoted with calligraphic, capital letters, is a
centrally symmetric, convexr set determined by its center ¢ € R"™, and by a
matric H € R™9: X = (¢, H) = {c+ >, Ghi : Vi, || <1}, where h; € R"
(columns of H) are called generator vectors.

The order of a zonotope is given by the number of generator vectors. The
F-radius of zonotope X is the Frobenius norm of its generator matrix H, this
is, || X]|r = /tr(HTH).

Let X = (¢, H;) and Y = (¢, H,), be two zonotopes, and let R be a
matrix of appropriate dimensions. A linear transformation of a zonotope is
given by RX = (Rc,, RH,); the Minkowski sum of two zonotopes is obtained
as X @Y = (¢, + ¢y, [Hy, Hy]). Given a matrix A and any vectors such that
x € X and w € W, it holds that y := Az +w € AX & W.

3. Plant description

Consider a set V = {1,2,...,p} of agents able to measure some outputs
from a linear time-invariant plant:

z(k +1) = Az(k) + Bw(k), (1)
yi(k) = Cix(k) +vi(k), Yi eV, (2)



where z(k) € R"™ is the state vector, w(k) € R™ represents process noise,
y;(k) € R™ represents the output vector for the i-th agent, and v;(k) € R™
are measurement noises, all of them defined at instant & € {0,1,2,...}.
Matrices A, B, C; are known matrices of appropriate dimensions.

Assumption 1. Process and measurement noises are bounded signals, such
thatw(k) € W = (0,Q), vi(k) € V; = (0, R;), being Q and R; known matrices
of adequate dimensions.

Assumption 1 requires the noises to belong to some known bounded sets
described as zonotopes. It is quite standard and a necessary assumption for
set-membership estimation.

3.1. The multi-hop staircase decomposition and link to collective detectability

The multi-hop decomposition was introduced in [40]. Although some
relevant details are described next, the reader is referred to that paper for a
more complete description.

The set of agents V is connected by means of a given directional® graph
G = (V,€&), with vertices V = {1,2,...,p}, and directional edges £ CV x V
such that (¢, 7) means ¢ <— j. The set of agents from which agent ¢ receives
information is named the neighbourhood of i, and is denoted by N; := {j :

(1,7) € E}.

Definition 2. The p-hop output matriz of agent i, C;,, is a matriz that
stacks the (p — 1)-hop output matriz of agent i and the (p — 1)-hop output
matrices of its neighbourhood, N;. That is:

Cip1 }
Ci,:= Lp , Vp > 1,
’ {Cat{Cij—l}jTGNi ’

where Cjo := C;.
For any agent and hop, there exists a coordinate transformation matrix
T;p = [Vip Vip] € R™™ according to pair (Cj,, A) such that the change of

variable z;, = T, x = [V;, V; )| "& € R" transforms the original state-space
representation into the standard observability staircase form.

!The original multi-hop decomposition was introduced for bidirectional graphs.



Definition 3. The p-hop unobservable subspace from agent i, denoted @ivl”
1s composed of all system modes that cannot be observed from the output
locally measured by agent v and those measured by all the agents belonging
to the s-hop reachable set of i, Vs € {0,...,p}. FEquivalently, the p-hop
unobservable subspace from agent i is the unobservable subspace related to pair
(C; p, A) using the above coordinate transformation, this is, O, , := Im(V; ).
With some abuse of notation, the orthogonal complement of @i,p 15 denoted
p-hop observable subspace from agent i, O, , := Im(V;,).

According to previous definitions, it is clear that O, ,—1 C O;,, Vi €
V, p > 0, where we consider O; _; = @ Then, the vectors of the “innovation”
basis that generates O; ,N(O; ,1)* can be stacked into a matrix W; , in such
a way that:
Im(W;,) == 05, N (Oi 1)t p20. (3)

Let us define ¢; € Z~q as an arbitrary number of hops. From these definitions
it is clear that for all p € {0,...,¢;} and all i € V, it holds that

Im(vi,p) =1Im ([VVW Vi,p—l]) ) (4)
Im(Vip-1) =Im (Wi, Vi,]), (5)

with V; _; := [,. It is worth pointing out that Im(W;,) corresponds to
the innovation introduced by the p-hop reachable set of agent ¢, that is, the
observable modes for agent ¢ at hop p that are not observable at hop p — 1.

Now, one can link the multi-hop staircase decomposition to the required
collective detectability assumption.

Definition 4. System (1)-(2) is collectively detectable if for each agent i €
V, there exists a finite number of hops {; € N such that pair (C;4, A) is
detectable.

By definition, we see that a pair (C, A) is detectable if and only if the
unobservable modes of the staircase decomposition are stable, namely if and
only if there exists an observer ensuring the asymptotic stabilization of the
estimation error. Similarly, system (1)-(2) is collectively detectable if for each
agent, the complete information provided by the network (that is, the p-hop
output matrix with p arbitrarily large) is sufficient to build such an observa-
tion law. Due to this fact, collective detectability is a necessary assumption
to build a distributed observer.



Assumption 2. System (1)-(2) is collectively detectable.

Remark 1. Please note that no assumptions are imposed to the topology
of graph G per se. However, collective detectability in Assumption 2 de-
mands some coupled constraints between graph topology and observability
pairs (Cig, A). This fact interestingly avoids the need to impose indepen-
dent assumptions to the topology and to the dynamic matrices that could be
more conservative, such as the need to have strongly-connected graphs.

4. Problem statement

The observer has the mission of estimating the state of the perturbed
plant (1), having limited and corrupted information about it (2). In particu-
lar, the distributed set-membership observer’s goal is to find, for each agent
1 € V and instant k, filtered and predicted sets, described as zonotopes,
intended to contain the actual state of the plant:

e Filtered set: X;(k|k) = (ci(k|k), H;(k|k)),
e Predicted set: X;(k+ 1|k) = (ci(k + 1|k), Hi(k + 1|k)),

being ¢;(-|-) and H;(+|-) the center and generator matrix of each zonotope as
defined in Section 2.

Problem 1. Consider a plant described by (1), whose outputs (2) are mea-
sured by a set of agents V that communicate through a communication graph
G. Then, under Assumptions 1 and 2, the distributed set-membership ob-
server must:

a) Find sets, by means of zonotopes, in which the actual state is continuously
contained. In particular, filtered and predicted sets must be found such

that x(k) € Xi(k|k) and z(k + 1) € Xi(k + 1|k), Vi € V, Vk.

b) Minimize the estimation uncertainty, measured through some metric re-
lated to the filtered zonotope X;(k|k), such as the F-radius (see [37]) or
the volume (see [41]).



5. Distributed observer formulation

5.1. Dynamics of the local modes

According to the multi-hop decomposition, the state of the plant (1) can
be locally transformed as follows:

Vi, [Zi041(K)]
Wl—,zl Ziygi(k)
zi(k) = TZ-Tx k)= : x(k) = : , 6
B =TTalh) = | e 2= | (©)
L Wi L zio(k) |

where z; (k) are the locally observable modes, z; ,(k), p = 1,...,¢; are the
locally unobservable modes that are locally observable by the other agents in
the corresponding p-hop reachable set of agent 4, and z; 4,41 (k) are the modes
that are not locally observable by any of the agents in the /;-hop reachable
set of agent 7. By Assumption 2, the modes z; 4, +1(k) must be stable.

Using some properties of the multi-hop decomposition (see Lemma 3 in
[40]), the dynamics of all these modes can be written as:

p
Zip(k+1) = Z WiTpAW/i,rzi7T(k) + W',-TpBw(k), (7)

r=0
for p = 0,...,¢; + 1, where W, 441 = V,g Previous equation reveals a

staircase or cascaded dynamics derived from an upper triangular transformed
matrix T, AT;. From the same transformation, the locally measured output
(2) satisfies:

yz(k) = CiWi,OZi,O(k') + Ul(k) (8)

Remark 2. The multi-hop decomposition simply pursues the partition of the
local state-space into a set of {; +1 subspaces. This partition can be made in
several ways, but the method in [40] proposes to do it according to how the
information measured from the plant (all the outputs in (2) collected by all
agents) reaches the local agent through the graph. By doing so, a nice cascaded
dynamics appear in (7), which is exploited by the observer formulation. It
1s then, a static subspace division that has nothing to do with a multi-hop
communication between agents.



5.2. The innovation routing table

In [40], a distributed algorithm is proposed to build the multi-hop stair-
case decomposition. After the execution of that algorithm, each agent 7
knows, in addition to their local transformation matrices T}, the innovation
matrices of its neighbours, i.e. W ,, Vj € IV;, and constant ¢;, Vj € N;.

To build the so-called innovation-routing table, each agent ¢ requires to
know the distance, in hops, to each other agent j in the network, and which
neighbour g(j) € N; serves as gateway for the information provided by that
agent j. This is a sort of routing table, that can be found by executing any
graph-based search algorithm, such as the Dijkstra’s algorithm.

From this routing table and the multi-hop staircase decomposition, each
agent can build the innovation-routing table.

Definition 5. The innovation-routing table for an agent © comprises a set
of tuples of the form:

[7:9(5)s Wo,pt9)s Wi(a)] -

being j the agent that measures output y;(k) from the plant, g(j) € N; the
gateway neighbour for that agent j, and Wy 4, Wi @) the innovation ma-
trices that span the neighbour’s and local’s subspaces such that Im(W;g) N
Im(Wy,p(q)) # 0 and Im(We,pg)) 0 Im(Wi (i) # 0.

Please note that p(g) denotes the neighbour’s hop in which the useful in-
formation contained in output y;(k) is included, while p(i) states which local
hop will be affected by this information. Therefore, each tuple indicates, for
each output directly measured from the plant, the subspaces of the gateway
neighbour containing such information, and the local subspaces that must be
filtered using that information.

The innovation-routing table for each agent has to be computed only once
and offline. From the information gathered to build the multi-hop staircase
decomposition, each agent can, in a distributed way, build its own innovation-
routing table, as it only requires the local’s and the neighbour’s innovation
matrices.

Example 1. Consider a diagonal four-dimensional plant, and the net-
work of agents in Figure 1. Vector e; is the i-th canonical vector in four
dimensions.
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Directed graph with 5 agents

oC, =e¢,

oC; = e ie,]

Figure 1: Directed graph with 5 agents. The labels indicate the output matrix for each

agent.

The multi-hop staircase decomposition will produce the next innovation

matrices?:
Wio = [eﬂ , Wia [eﬂ , Wig = 0, Wiz = [6; GI
Wao = [6;—] , Wap = [eﬂ , Wao = [6; eﬂ
Wiao=[es], War=[ef e5], Wap =0, Wz =[eg
Wio = [e3 es], War =0, Wis[e] e, ]
T

The innovation-routing table for agent 3 for this decomposition and graph is

shown in Table 2.

Remark 3. It is possible that the information provided by an agent can reach

2In general, the innovation matrices’ columns do not correspond to the output matrices.
This is true in this case, because we have intentionally chosen a diagonal plant to simplify

the example.
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Table 2: Innovation-routing table for agent 3

71 90) | Wape) | Waps)

1] 1 Wio W34
2] 2 Wao Ws 1
4 2 W272 W370
4 2 W272 Wg,g
5 2 Waa Ws 1

an agent j through two or more different paths. In those cases, only the
shortest path is included in the innovation-routing table. If there are several
paths with the same length, one of them is randomly chosen. This occurs in
the example with the information measured by agent 1, that can reach agent
3 directly or through agent 2.

Remark 4. [t is possible that, for two (or more) tuples in the innovation-
routing table such that j1 # ja, the gateway neighbour is the same g(j1) =
g(j2), and the innovation matrices too. This defines a situation in which
the gateway neighbour has included or fused in Im(Wy ) the information
imcoming from two different agents j; and jo. In this case, the local agent

will discard all the tuples with the same g(7), Wy p(g), Wi p) but one.

Remark 5. The innovation-routing table allows to use redundant informa-
tion, which was one of the problem claimed by the authors in [40] and inher-
ited in [36]. In the example, the tuple [4,2, Wy, W3, introduces redundant
information measured by agent 4. It is redundant in the sense that agent 3
would be able to reconstruct the subspace spanned by e3 with its local infor-
mation. But, considering this extra information is helpful to further shrink
the filtered set.

5.3. Distributed set-membership observer

The proposed distributed set-membership observer intends to find guar-
anteed sets for every one of the modes (6) from the multi-hop decomposition.
In summary, the observer relies on a set of sequential filtering steps. In each
step, the observer exploits different sources of information, starting in the
first step with the output measured from the plant, and continuing with the
information received from neighbouring agents. Each filtering step aims to
reduce the size of the sets of those modes of the multi-hop decomposition
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which are related to the particular source of information to be used. This
relation between received set and mode can be extracted from the innovation-
routing table.

Firstly, let us denote X; ,(k|k)|; as the set obtained after the execution of
the [-th filtering step applied to the predicted set &; ,(k|k — 1) for the mode
2 p(k). The computation of PE},p(k]k)h from the previous set ?3,-7p(k|k:)|l_1
given a measured output can be made in different ways. Centralized set-
membership estimators in the literature have proposed different mechanisms.
For instance, in [42], an optimization problem is proposed to minimize the
volume of the intersection between the previous set and the strip generated
by the measured output. Another approach is presented in [37], in which a
Zonotopic Kalman Filter formulation is proposed to minimise the F-radius
of the resulting set. We can generalize all these filtering steps by introducing
the next function:

‘/’%i,p(k|k)|l = (Cip(k[E) |1, Hip(K|E) ) = f(')ei,p<k|k)|l—1>yi(k)|la Cili, Rili), (9)

where f(-) is any of the filtering functions described in those documents,
which depends on the previous set, the measured output y;(k)|;, the output
matrix C;|;, and the noise affecting that output R;|;. The design of function
f(-) is then out of the scope of this manuscript. However, this function will
be asked to fulfill some constraints to be used for the distributed observer
(see Asumption 3).

The estimation loop that locally runs in each agent is presented in Table
3. As previously mentioned, it carries out the execution of a first filtering
step with the measured output (step 2), and sequential filtering steps with
the received information from the neighbourhood (step 4). Let us go into
more details next.

At the beginning of the loop, all the agents initialize their first sequential
filtered set with the previous predicted set for all hops.

Later, each agent ¢ makes use of the locally measured output y;(k) from
the plant to find the first sequential filtered set for hop 0, denoted as X; o (k|k)|1,
as in (9). According to (8), the measured output y;(k) is only related to the
locally observable modes. Therefore, the first filtering step only affects hop
p = 0. Please notice that the output matrix C;W; takes a vector in the
coordinates of the mode z;o(k), expands it to the plant’s coordinates with
Wi o and, then, projects it to the output’s coordinates with C;. The noise
affecting the output is v;(k) € (0, R;).
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Table 3: Estimation loop for agent ¢

1. Initial zonotopes Hops p=0,...,0;+1

1.1. Zonotope X (kK)o = X, ,(k|k—1)
2. Sequential step Only hop p=0
2.1. Output, yi (k)
Matrix, CiWio
and Noise (8) (0, R;)
2.2. Zonotope (9) X, 0(k|E)|x
3. Communication
3.1. Send (10) X, (k)
3.2. Receive (10) X, ,(k), g € N;
4. Sequential step For each tuple
4.1. Output, Co.ple)(K)
Matrix, Wng(g) Wi o)
and Noise (11) (0, Hy p(q)(k))
4.2. Zonotope (9) X (K|E));
5. Filtered set X o (k|k)
6. Prediction step For all hops
6.1. Zonotope (12) X, ,(k + 1]k)

Now, a single communication step between neighbouring agents takes
place. All the agents send the previously computed filtered set for hop 0, i.e.
Xi.o(K|k)|1, and all the predicted sets for the rest of hops, i.c. X ,(k|k)|o, Vp >
1, to their neighbours. Let us define

v . 7 Xio(klk), p=0
X; (k) = (¢ k’,HL k) = A~ ’ , 10
o) = g0 ) = { ol 020 (10)
as the transmitted sets by agent i, and received by agents j such that 7 € N;.
The received zonotopes contain the information that the agents might exploit
to subsequently filter the sets. Note that, according to Definition 1, it is
satisfied:
Cipp(k) = zip(k) + vip(F),
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with v; (k) € (0, H; ,(k)). Previous equation reveals that the center of a
zonotope can play the role of an output that, instead of being measured di-
rectly from the plant, is transmitted /received. This special output is affected
by a noise described by the generator matrix of the zonotope.

However, only some of the received zonotopes for a given agent ¢ contain
useful information, this is, information related to any of the measured outputs
from the plant y;(k). Then, for every tuple [4,9(j), Wy.o(g), Wip] in the
innovation-routing table, agent i defines a received output as:

5g,p(g)(k) = WgT,p(g)Wi:P(i)zi:P(i)(k) + Ug,p(g)(k>a (11)

with vy ) (k) € (0, Hy e (k)). The output matrix W' an(g)Wipt) takes a
vector in the local coordinates, expands it to the plant’s coordinates with
Wi piy and, then, projects it into the neighbour’s coordinates with W;p(g).
Example 2 below illustrates the double coordinate transformation with a
graphical interpretation.

The information contained in this output (11) is used by the local agent
with (9), in a similar way that it did with an output measured from the
plant. After applying all the sequential steps for each row in the innovation-
routing table, agent ¢ will have found the final filtered set for each hop p, this

X ,(k|k). Please notice that, depending on the innovation-routing table,
the sets containing the modes related to each hop will have been filtered,
in general, a different amount of times. This is illustrated in Figure 2. To
summarize, each local observer uses, as inputs, the measured output from
the plant, and all the sets received from the neighbourhood.

Finally, according to (7), the predicted sets are computed as:

Xip(k+1|k) = Z WD AW, X, ,(k|k) & W, BW, (12)
for p = 0,...,¢; + 1. An order reduction operation (see [43]) must be con-

ducted over all the predicted zonotopes to keep the number of generators
bounded.

Remark 6. The proposed estimation loop can be also applied if the sets are
described as constrained zonotopes as introduced in [9]. In that work, the au-
thors describe the operations needed to intersect the strip of states consistent
with a measurement with a constrained zonotope, this is, the implementation
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Received sets Subspace Received sets
from neighbour 1 decomposition from neighbour 2

Figure 2: In red, the subspace decomposition for agent 3 for the situation referred in
Example 1. In purple and green, some possible received sets from the two neighbours
1 and 2 in the graph depicted in Figure 1. The numbered arrows represent each of the
sequential filtering step according to the innovation-routing table in Table 2. The subspace
Im(Ws3 1) is filtered three times, while the other ones are only filtered once.

of the function in (9). The use of constrained zonotopes improves the esti-
mation performance, as the filtering step is found by an exact intersection
between the previous set and the strip of states consistent with the measure-
ment. However, this incurs in an additional computational cost that needs to
be considered.

Example 2. Consider a two-dimensional plant observed by two bidirec-
tionally connected agents. The multi-hop decomposition has generated the
next innovation matrices:

- (2] - 25 - 2 2005]

Agent 1 locally observes one scalar mode, whereas agent 2 locally observes
the complete state vector. The tuples for agent 1 are [2,2, Wy, Wy ] and
2,2, Wa o, Wi 1], whereas the unique tuple for agent 2 is [1, 1, W7 o, Way.

)
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Consider that, after the first sequential step, the filtered sets for the
locally observable subspaces for both agents are given by

Xio(klR) = ([v2].[v2]),
- (E1[ )

In order to understand the double coordinate transformation, we will make
use of a graphical representation of the zonotopes.

First of all, for agent 1, the received zonotope X5 o(k|k)|; is transformed
into the local coordinates through W, ;W3o. The double coordinate trans-
formation generates, in this case, an interval that can be easily intersected
with the local zonotope, which is another interval, as shown in Figure 3.

Figure 3: The received zonotope X»o(k|k)[1 is drawn in light blue. After the double
transformation, the interval in dark blue is obtained. The local zonotope is drawn in thick
red line.

Now, for agent 2, the received zonotope X o(k|k)|; is transformed into the
local coordinates through W,\(Wio. The double coordinate transformation
generates, in this case, a strip that can be easily intersected with the local
zonotope, as shown in Figure 4. [
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Figure 4: The received zonotope X1,0(k|k)[1 is drawn with a thick red line. After the
double transformation, the strip in light red is obtained. The local zonotope is drawn in
light blue.

5.4. Guarantees of the proposed distributed observer
In order to present theoretical guarantees of the distributed set-membership
observer, the filtering function (9) is required to satisfy the next assumption.

Assumption 3. Operation (9) ensures that:
o If 2 (k) € X (k|E)|1_1 then z (k) € X (k|K)]|:.
e The metric, F-radius or volume, that measures the estimation uncer-
tainty of X; ,(k|k)|; is minimized.

Both the methods presented in [9], [37] and [42] satisfy Assumption 3.
For instance, according to the method in [37], in order to guarantee that the
state vector z; ,(k) belong to the set &; ,(k|k)|;, and to minimize the F-radius

of X ,(k|k)|; one needs to perform the operation (9) as follows:

Cop (K1) = €op(BIR)im1 + Lo(k) |1 (k)i — Cilics p([R)|i—1) (13)
H, ,(kK)] = [ (I — L&) Cily) Hip(KIE) i1, —Li(k)|iRili] (14)
Li(k)li = Pop()ia Gl (Cili Py ()i Gl T + RfiRD) ™, (15)
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with Py p(k)i-1 = Hip(k|k)1-1 Hip(k[R)|,C .
Now, next result formally presents the guarantees of the proposed ob-
server.

Theorem 1. Let us assume that z;,(k,) € )Ei,p(krovfo —1),Vi € V,p =
0,....4; + 1 for some particular instant k,. Then, if the estimation loop
described in Table 3 under Assumption 3 is executed in a distributed manner

by each agent i € V, for all modes p =0,...,¢; + 1, Problem 1 is solved for
all k > k,.

Proof. The theorem is proved by induction. Thus, let us consider
that z,(k) € X ,(k|k — 1),Vi,p, for some instant k. Then, if z (k) €
X p(k|k),Yi, p, 2ip(k +1) € & ,(k + 1|k), Vi, p, and the metric associated to
the estimation uncertainty of set X; ,(k|k) is minimized, then the theorem
holds true.

It is satisfied that 2 ,(k) € X ,(k|k)o, V4, p. Then, according to Assump-
tion 3, it is also satisfied that z (k) € X ,(k|k)|;, Vi, p, for all sequential
steps [ implemented. Moreover, the metric that measures the estimation
uncertainty of &; ,(k|k)|; is minimized, for all sequential steps I.

Therefore, it is proven that z,(k) € X ,(k|k),Vi,p, and the metric is
minimized for the final filtered set, since X; ,(k|k) = X ,(k|k)|;.

Regarding the prediction steps, taking into account the evolution of the
system in (7), and using z; ,(k) € Xi,p(k|k:), Vp and w(k) € W by Assumption
1, it is possible to find a set containing z; ,(k + 1):

sp(k+1) € & (WLAW:, 2, (k|k)) © W,],BW,

where & stands for the Minkowski sum of sets. The set on the right-hand
size of the previous equation is exactly the same that in (12), proving that
Zi,p(k’ + 1) € Xi’p(k =+ Hk), VZ, P |:|

Remark 7. The proposed set-membership estimator depends on a set of pa-
rameters that must be tuned:

o The initial zonotopes must be chosen such z; ,(k,) € )&,p(ko]ko— 1),Vi e
V,p=0,...,0;+1. One simple way to fulfill this is to choose sufficiently
large generator vectors. Equivalently to the initial covariance matrix for
the Kalman filter, the impact of this choice is negligible in the steady-
state operation of the observer, but only affects the transient.
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e The maximum order of the zonotopes allows to trade off computational
burden and memory usage with estimation performance. The choice of
this value might be constrained by the computational or memory capa-
bilities of the device that will implement the algorithm. Anyway, the
analysis conducted in the next section will help the designer to pick an
adequate value for this parameter.

Finally, it is worth noting that the multi-hop decomposition and the innovation-
routing table are fized for a given plant, output matrices and graph topology,
so no additional parameter has to be tuned.

6. Results

6.1. Description of the experiment

The proposed distributed zonotopic observer is tested over the LTI plant
presented in [36]:

1.005 0 0 0
0 0.9954 —0.08757 0
0 0.1248  0.9945 0
0 0 0 0.9775

zr(k+1) = z(k) +w(k).

Four agents measure different outputs from the plant:

yi(k) = [1 0 0 0]z(k)+vi(k), y2(k) = [0 0.5 0.5 0] x(k)+ va(k),
ys(k) = [0 0 1 0]z(k)+vs(k), ya(k)=[0 0 0 1] z(k)+ va(k).

The communication graph comprises the edges € = {(1,2), (2,1), (1,3),(3,1),
(2,4),(4,2)}, so collective detectability in Assumption 2 is fulfilled. Noises
and disturbances are bounded according to Assumption 1, with R; = Ryax, Vi,
and ) = Qumax!, where R, v, Qmax are some scalars to be chosen later. Table
4 presents the innovation-routing tables for agents 1 and 2:

To illustrate the performance of the proposed observer, it will be com-
pared with the observer in [36] based also on the multi-hop decomposition
but descarding redundant information, and with the observer in [35] based
in intersections of neighbouring sets trying to minimize the F-radius as well.
The method proposed in [34], based on a distributed diffusion of zonotopic
sets, cannot be easily compared with these solutions. The reason is that
they proposed to share the measurements y;(k) between neighbours in a
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Table 4: Innovation-routing table for agents 1 (left) and 2 (right)
J ‘ 9(5) ‘ Wonte) ‘ Wi J ‘ 9(j) ‘ Won(g) ‘ Wap(2)
2| 2 Wao Wiy 1 1 Wi Wi
3 3 Wi o Wi, 3 1

4| 2 W, Wi 5 4| 4 Wio W,

prior communication phase. The comparison of the method in [34], assum-
ing that this communication in the measurement update is not allowed, was
made in [36], showing that the performance degrades very fast without this
additional information.

For the rest of the section, operation (9) is performed as in (13)-(15),
since all the methods under comparison intends to minimize the F-radius of
the filtered sets. Then, Assumption 3 is also fulfilled.

In order to present a numerical comparison of the performance of the
observers, we use the next index (an extension to the one defined in [36]) for
a set of N, simulation of N;,, instants:

1 Ns 1 Nins gi+1
L= [ [ |
stm jzl ms kzl p:0

where, with some abuse of notation, ¢; = 0,Vi, for the method in [35], in
which only one hop is computed. This index tries to capture the average
value of the F-radius of the sets computed for all the hops, time instants,
and simulations.

The initial condition for each of the Ng;,, simulations is chosen randomly
such that z(0) = [2(0),], with x(0); ~ U(—1,1). Noises and disturbances are
also generated randomly meeting Assumption 1. The same initial condition,
noises and disturbances sequences are applied to all the methods for each
simulation 7 =1, ..., Ngm.

Finally, the order reduction algorithm described in [37] is used for all the
methods. The order reduction is performed after the prediction step in all
cases.

6.2. Benefits from using redundant information

For Ryax = Qmax = 0.02, N;,s = 100 and N, = 20, Table 5 includes
the value of index I; for three different values of the maximum order of the
zonotopes.

21



As expected, the performance index reduces for smaller orders. It can
be seen that the methods in [35, 36] behaves quite similarly, and are more
sensitive to this reduction than the sequential method in Table 3.

Table 5: Numerical results at average

Order Algorithm I, I I3 1
10 35] 0.0454 0.3452 0.2464 0.2789
36] 0.0487 0.3458 0.2473 0.2795
Table 3 0.0462 0.0627 0.0696 0.0797
100 [35] 0.0380 0.0798 0.0826 0.0645
36] 0.0393 0.0820 0.0830 0.0653
Table 3 0.0382 0.0441 0.0529 0.0536
500 [35] 0.0361 0.0798 0.0826 0.0550
36] 0.0374 0.0819 0.0828 0.0560

Table 3 0.0367 0.0402 0.0493 0.0486

The cases of order ¢ = 100 or ¢ = 500 illustrate the potential of the
proposed sequential observer. Regarding agent 2, the algorithm in [36] was
designed to discard redundant information at different hops, so that agent
2 does not use the information measured by agent 3 (see second row in
Table 4 right). However, the proposed algorithm is able to incorporate this
information via one additional sequential filtering step. This is why the
performance is highly increased. The same reason applies for agent 3, which
also receives redundant information.

However, according to Table 4, agent 1 does not receive redundant infor-
mation at different hops. Note that agent 2 and 3 are located at the same
distance to agent 1, so the redundant information is received at the same hop,
and then used for the method in [36]. Therefore, the estimation performance
of this agent is quite similar for both methods and all the orders analysed.

The steady-state value of the index, i.e. for k = N, in contrast to
the average value obtained from k = 1 to k = N;,s as computed before, is
another interesting way to compare the observers. Table 6 includes the value
of the index for ¢ = 100 and k = Nj,s, showing again the benefit of using
redundant information.

To evaluate the transient behaviour of the algorithms, the same experi-
ment is performed, now with ¢ = 100, N, = 30 and N;,s = 5, N;,s = 10,
N;ns = 15. The results are included in Table 7. The same conclusions can
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Table 6: Numerical results in the steady-state

Order Algorithm I, I I3 1
100 [35] 0.0344 0.0626 0.0656 0.0531
36] 0.0354 0.0653 0.0659 0.0538

Table 3 0.0340 0.0383 0.0416 0.0432

be observed from this analysis, showing that the speed of convergence to the
steady-state set is similar for all the methods.

Table 7: Numerical results in the transient

Nins Algorithm I I I3 1

5 [35] 0.1362 0.3317 0.3599 0.2682
[36] 0.1391 0.3323 0.3609 0.2697
Table 3 0.1385 0.1444 0.2597 0.2304

10 [35] 0.0852 0.2180 0.2286 0.1689
[36] 0.0875 0.2189 0.2293 0.1702
Table 3 0.0869 0.0949 0.1577 0.1431

15 [35] 0.0669 0.1710 0.1775 0.1312
[36] 0.0690 0.1721 0.1781 0.1324

Table 3 0.0684 0.0764 0.1201 0.1113

6.3. Sensitivity to q, Qmax and Ryax

Figures 5-7 illustrate the sensitivity of the methods to the maximum order
of the zonotope ¢, to the maximum energy of the process noise Qnax, and to
the maximum energy of the measurement noises Ry.x. To simplify the plots,
it includes the value of the average index I = (Iy + I + I3 + 1) /4 for each
of the methods.

Figure 5 complements the first conclusion of Table 5. It can be observed
that the proposed observer is less sensitive to the variation of the order, and
the performance is always better than that of the two other formulations for
this particular example.

Figures 6-7 highlight that the proposed observer is less sensitive to an
increment of the energy of the process noise (the slope is smaller), but more
sensitive to an increment of the energy of the measurement noise. In partic-
ular, the method in [35], which is not based on any subspace decomposition
is the less sensitive against measurement noise.
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6.4. Computational requirements

The computational requirements of all the estimators is analysed here,
which is related to the complexity of the formulations. Providing a general
computational analysis for all the methods is rather complex, since it would
depend on the particular graph topology, and system and output matrices.
Instead of that, the analysis is conducted for this particular example. Fur-
thermore, and due to fact that the prediction and local filtering steps are
equivalent for all the compared observers, only the computational costs of
the filtering step with the received neighbouring information is considered.
In Table 8, the notation O(n,m) defines the computational cost of a filtering
step with a zonotope of dimension n and an output of dimension m. Please
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remember that the filtering step is computed as in (13)-(15) for the three
algorithms.

Table 8: Computational requirements of the filtering step

Agent [35] 36] Table 3
1 2x04,4) 02,1)+2x0(1,1) 0(2,1)+2x0(1,1)
2 2x0O(4,4) 2 x O(1,1) 0(2,1) +2 x O(1,1)
3 O(4,4) 2% O(1,1) 0(2,1) +2 x O(1,1)
4 04,4  0(2,1)+2x0(1,1) 0(2,1)+2x0(1,1)

Due to the multi-hop decomposition, the observer in [36] and the one
presented here require a number of filtering step whose joint computational
cost is smaller than the one in [35] for all agents. The difference between the
algorithm in [36] and the new one appears only in those agents that are able
to use redundant information (agents 2 and 3 for this particular example).
Those two agents introduce an extra filtering step of cost O(2,1), and the

benefit of doing so is a reduction in the F-radius of the sets, as previously
observed in Tables 5-7.

6.5. Graphical performance

Finally, Figure 8 plots the performance of the zonotopic observer in a
graphical way. In red, the actual value of the transformed states is drawn
for agent 4. We can observe, as expected from matrix A, a stable mode,
an unstable mode, and a pair of oscillatory modes. In solid blue lines, the
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extreme bounds for each mode are drawn. Those minimum and maximum
bounds can be obtained from the filtered zonotope X, ,(k|k) of each hop p.
Although it is not drawn for the sake of clarity, the center of the filtered set
ca,p(k|k) is located in the middle of the blue solid band. Tighter bounds are
seen for the stable mode, which is the one directly measured by agent 4.
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Figure 8: The evolution of the real states in the local coordinates of agent 4 (red dashed
line) and the bounds computed with the proposed observer (blue solid lines).

6.6. Discussion

After some numerical, computational, sensitivity, and even graphical anal-
ysis carried out in the last subsections, a more general discussion about the
performance of the proposed distributed observer is presented here.

First of all, and compared to the observer in [36] that made use of the
same multi-hop decomposition, it is shown that the control engineer has to
make a decision between computational requirements and estimation per-
formance. The proposed observer requires to make more filtering steps to
exploit the redundant information, and the benefits are clear from Table 5-
6-7. There is another difference revealed in the sensitivity analysis which
is quite unexpected. And it is the fact that the proposed observer is more
sensitive to the energy of the measurement noise, than to the energy of the
process noise. Therefore, attending to the particular noise specifications of
the real problem, the practitioner might choose one approach or the other.

With respect to the method in [35], it has been shown that the proposed
observer obtains better performance with less computational effort. This is,
clearly, thanks to the multi-hop decomposition. Again, the higher sensitivity
to measurement noise is something to be considered.
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7. Conclusions

A novel approach for the distributed set-membership estimation problem
is reported. By performing sequential filtering steps with the information
that travels through the graph, the agents are able to use redundant infor-
mation, improving the results from previously published observers.

Future work will explore different subspace decomposition, other than
the multi-hop one, such as the Jordan form. The application of distributed
zonotopic observers for linear time-variant plants will be also explored. Con-
sidering observability quality measurements, such as those derived from the
gramian, can be exploited to eliminate rows of the innovation routing table
that does not introduce useful information. Another line of future research
will consist of mixing set-membership observers with probabilistic ones or
based on fuzzy sets aiming to reduce the conservatism while keeping robust-
ness.
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