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We consider two-dimensional autonomous systems of differential equations
i’Z—y-F/\.’E—I—P(l‘,y), y=x+/\y+Q(x,y),

where A is a real constant and P and @) are smooth functions of order greater than or equal
to two. These systems, so-called centre-focus type systems, have either a centre or a focus
at the origin. We characterize the systems with a weak isochronous focus at the origin by
means of their radial and azimuthal coefficients. We prove, in this case, the existence of a
normalized vector field and an isochronous section which arrives at the origin with defined
direction. We also provide algorithms that compute the radial and azimuthal coefficients,
terms of normalized vector field and of isochronous section of a system. As applications,
we analyze the weak isochronous foci for quadratic systems and for systems with cubic
non-linearities, and we give a three-parameter family of Rayleigh equations with four local
critical periods.

Centres, foci, isochronous sections, commutators, normalized vector fields.

1. INTRODUCTION AND MAIN RESULTS.
Let us consider the vector field
X =(—y+ x4+ P)o, + (z + Ay + Q)9,, (1.1)

where A € R and P and @ are smooth functions of order greater than or equal to
two. The origin O is an isolated singular point of (1.1). It is said to be a centre
of (1.1) if it has a punctured neighbourhood filled with periodic orbits, and it is
a focus if there is a neighbourhood in which all the orbits are spirals forward or
backward in time.

If A #0, O is a strong focus of (1.1). Otherwise, O can be either a centre or a
weak focus.

The problem of determining whether or not O is an isochronous centre (all the
closed orbits neighbouring O have the same period) has been studied by several
authors. However, it is far from being completely solved, even for specific families
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of vector fields (see [4] and the references therein). Algaba et al. [3] proved that
if there is an analytic vector field W with linear part z0, + y0, commuting with
the analytic vector field X for A = 0 ([X, W] = 0), then the origin of (1.1) is an
isochronous centre. Sabatini [22] proved the same result assuming that (1.1) has a
centre at origin.

We now take the following into consideration in order to understand the con-
cept of isochronous focus. The smooth vector field (1.1) in polar coordinates has
the form X = f(r,0)9, + g(r,0)0, with g(r,0) = 1 + 1(cosfQ(r cos,rsin6) —
sinfP(r cosf,rsinf)), that is, g(r,0) = 1+ > .o, r'g;(6) + G(r,0), where G is a
smooth function in a neighbourhood of » = 0 and flat in » = 0. Giné and Grau
[15] define O as an isochronous point of &' if it can be transformed by means
of an analytic near-identity change of variables into an analytic vector field with
g(r,0) = g(6). This implies that g;(8) = 0, for any ¢ > 1 and for every 8 € [0, 27).
In such a case, the return time of the orbits of X" is constant on every ray of the
origin; concretely, it is 2. Thus, in cartesian coordinates, the vector field will have
the form —y0, + 0y + H(x0, + y0,) where H is a smooth scalar function. This
leads us to the following definition, which is less restrictive than that given in [15],
since we do not require the analyticity of the change of variables.

DEFINITION 1.1. The origin of (1.1) is said to be an isochronous point if there
exists a smooth near-identity change of variables which transforms X into —y0, +
x0y + H (20, +yd,) where H is a smooth scalar function with H(O) =0, i.e. X is
smoothly conjugated to —y0, + x0y + H(x0; + y0y).

On the one hand, if O is an isochronous centre of an analytic system, the diffeomor-
phism can be chosen analytic since the normal form of (1.1) verifies the conditions
“A” and “w” (see [7]) and also H(z,y) = 0. The vector field (1.1) is analytically
linearizable.

On the other hand, if O is a focus of an analytic system, in general, we cannot
guarantee the existence of a convergent transformation (see [7, 28]), i.e. it can exist
an analytic vector fields whose O is an isochronous focus, according to Definition
1.1, but do not verify the definition provided in [15].

The Poincaré-Dulac normal form for a critical point of a plane vector field is
useful to study the problems of centre, isochronous centre and isochronous focus.

Let H; be the linear vector space of the homogeneous polynomial vector field of
degree i in 2 and y. The homological operator which determines the normal form
of (1.1) is

Li: Hi — M, Li(F;) = [Fi, (—y + Az)0, + (7 + Ay)0y],

with [F,G] := DF -G — DG - F being the Lie product of the vector fields F and G,
see [3].

If X\ #0, Li(H;) = H;. Thus, the system (1.1) is smoothly linearizable (see
[26]); therefore, O is an isochronous focus.
If A =0, it is easy to prove that C; = Ker L; is a subspace in H; complementary
to R, the range of the linear operator L;. Additionally, Co; = {0} and (2® +
y*) (20, +y8y), (2% +y?) (—yd, + x0,) is a basis for Ca;41, which we will denote
by (1,0)¢cs:115 (0,1)c,,,,, respectively. Thus, by the classical normal form Theorem
(see [13]), (1.1) can be transformed by means of a smooth near-identity change of



variables into
(Oa 1)(71 + Z(a2i+l7ﬂ2i+l)C2i+l + F(.'I?,y), (12)
i>1
where F' is a smooth function in a neighbourhood of O and flat at O. The constants
a1 and Ba;11 are called the i-th radial and azimuthal coefficient of (1.1).

It is known that if X is analytic and their radial coefficients are zero, then O
is a centre (in fact, there is a convergent normalizing transformation, see [7]). If
Q41 18 the first one non-zero, that is ag = -+ = asr—1 = 0,a9,41 # 0, O is a
weak focus of order 7 (but, in this case, the existence of a convergent normalizing
transformation is not guaranteed).

Next, we show our results. The first related to the problem of the isochronicity
of a weak focus of finite order.

THEOREM 1.2. The following statements are equivalent:
(i) origin of (1.1) is a weak isochronous focus of order r > 0,
(ii)) X = 0,03 = ... = agp1 = 0,001 # 0,83 = B5 = ... = Popp1 = 0, where
Q24415 B2i+1 are the radial and azimuthal coefficients of order i of a Poincaré-Dulac
normal form of (1.1), respectively.

Theorem 1.2 is proved in section 3. We emphasize that origin is an isochronous
weak focus of finite order if a finite number of azimuthal coefficients of (1.1) are
zero. Nevertheless, if O is a centre with all its azimuthal coefficients equal to zero,
does not imply that the origin is an isochronous centre, for example

T=—y— ye_l/(””2+y2), y=x+ ze M/ @+,

Analogously, the origin of
b=yt @—ye /T =gt (@t y)e /)
is a weak focus of infinity order with all its azimuthal coefficients equal to zero and

it is a non-isochronous focus.

Now, we provide an algorithm that we have used to calculate the radial and
azimuthal coefficients. Thereby, we define T3, i, ix € Hiytis+--+ir—k+1 DY

Ty =Xy, 01 2 2,
Ti1,i2,m,ik = [XinL_l(Tiz,m’ik)]v k>2 41, ix 22
THEOREM 1.3. Let vector field (1.1) be with A = 0, ag;41 = Pojr1 = 0, i =
1,...,7 = 1. The pair (a2,41, B2r4+1)cary, 5 given by the projection into Copiy of

2r—1 2r—1 2r-—1 2r—1

> (Z oo > (@r—ji- "'—jk)le+1,j2+1,...,jk+1,2r+1—j1—~~~—jk)a
k=0

J1=1i1+i2=1 J1+ti=1
J2>1 Jr>1
(1.3)

where k is the number of j; greater than or equal to one.

Theorem 1.3 is proved in section 3. Let us note that Theorem 1.3 provides closed
conditions so that the origin of (1.1) be isochronous centre.



So, for instance, the expression of (1.3) for r = 1 is 275 + T3 2, and for r = 2 is
AT5 4+ 3To4 +2T5 3+ T+ 212235+ To 30+ T30 + T 220

In the particular case of X = X} + X}, these conditions are very simple, since

Tji 41,241, i1 n—jr—ja——j1 = 0,

except for ji + 1 =jo+1=...=jp+1=n—j; —--+ — jp + 1 = m, that is,
n = (k+1)(m — 1). The following corollary provides conditions of isochronicity for
these vector fields.

COROLLARY 1.4. The origin of (1.1) with X = —y0, +x0y + X, is an isochro-
nous centre if and only if the projection into C(jq1)(m—1)+1 of Dj is zero for every
J, where Dj € Hji1)(m—1)+1 15 defined by

Dl = Xmu
Dj = [Xp, L7(Dj-1)], j>2.

Finally, if moreover the vector field is uniformly isochronous (i.e. it has constant
angular velocity), X, = Hp—1 (20, + y0,) with H,,_1 homogeneous polynomial of
degree m — 1 in the variables z and y, it has that L= (D1) = Kp—1 (20, + y9,),
with K,,_1 homogeneous polynomial of degree m — 1. In this case

Dy = [Hpp—1(x0y + y0y), Kim—1(20, + y0,)] =0,
and so D; =0, for all j > 2. Therefore, it has the following result.

COROLLARY 1.5. Let (1.1) be with X = —y0, + x0y + Hp—1(x0, + y0y). It
holds:
i) if m is even, the origin is an isochronous centre,
i) if m is odd, the origin is an isochronous centre if and only if Hp,—1 (20, +y0y) €
Rom-

A similar result is given in Conti [8].

Next, we introduce the concept of an isochronous section of a monodromic point,
which helps us to analyze several geometric aspects of vector field (1.1) whose origin
is an isochronous point. For every (z,y) € R?, the flow of vector field (1.1) is
denoted by @ (t;z,y).

DEFINITION 1.6. An isochronous section of (1.1) at O is a smooth curve 1,
transversal to X, defined in [0,1), verifying n(0) = O, 7'(0) € R?\ {(0,0)} and
such that:

(i) given s € (0,1), there exists § € (0,1) with ®x(2m;n(s)) = n(3),
(i) for every t € (0,2m), s € (0,1), it has that ®x(t;n(s)) ¢ {n(s), s € (0,1)}.

This definition is more demanding than the one given by Sabatini [24] and used
in Giné and Grau [15], since we also impose that the curve arrives at origin with
defined direction and the return time is 2.

The following result relates the concepts of isochronous point, normalized vector
field and isochronous sections at origin.



THEOREM 1.7. The origin is an isochronous point of (1.1) if and only if there
exists a smooth vector field Y = x0, + y0, + O(2) such that [X,)] = p), where p
is a smooth scalar function with u(O) = 0, i.e. Y is a normalized vector field by X.
Moreover, every orbit of Y contained in a neighbourhood of O is an isochronous
section of (1.1) at the origin.

Theorem 1.7 is proved in section 3 (the first part of this theorem is proved in [5];
for completeness, we have also included its demonstration). We emphasize that the
vector field )Y is not unique. We give the following relation between two normalized
vector fields by X'

COROLLARY 1.8. The following statements hold:
(i) If Y1 = 20, + ydy + O(2) and Vo> = x0, + yd, + O(2), are normalized vector
fields by X, then Y1 = a)s, where « is a smooth scalar function with a(O) = 1.
(i) If Y1 = a)s where a is a smooth scalar function with a(O) = 1 and Yy is a
normalized vector field by X, then )5 is also a normalized vector field by X.

Corollary 1.8 is proved in section 3. The following result shows that if O is a focus,
the study of its isochronicity is reduced to prove the existence of a normalized vector
field up to certain order. So, in such a case, the problem is easier than if O were a
centre.

THEOREM 1.9. Let O be a weak focus of order v of (1.1). O is an isochronous
focus if and only if there exists a polynomial vector field Y, of degree 2r + 1 of the
form YV, = 20, + y0y + O(2) such that [X,Y,] = upYp + O(2r + 2), where p, is a
polynomial of degree 2r with p,(0) = 0, i.e. Y, is a normalized vector field by X
up to order 2r + 1.

Theorem 1.9 is proved in section 3. Now, we offer a similar result to the one
obtained in [15].

THEOREM 1.10. The origin is an isochronous point of (1.1) if and only if (1.1)
has an infinite number of isochronous sections.
Moreover, if the origin is a focus, it has that:
(a) the isochronous sections are disjoint two to two and they fill a neighbourhood of
the origin,
(b) given a non-zero vector, there is an unique isochronous section which arrives at
the origin with that direction.

Theorem 1.10 is proved in section 3.

The remainder of the paper is organized as follows. In the second section, we
show several applications. We determine the weak isochronous foci for quadratic
systems and systems with cubic non-linearities. We calculate the azimuthal con-
stants of a three-parameter family of Rayleigh equations. That allows us to prove
that there are systems of the family whose return time has four local critical points.
We show a class of reduced Kukles systems with a isochronous point (finding a
normalized vector field) and obtain the first terms of the isochronous section of
derivative one at origin. Finally we prove the theorems in the last section.



2. APPLICATIONS.

2.1. Quadratic isochronous points.

The quadratic systems can be transformed by means of a rotation of axis into
the form provided by Bautin [6],

i = —y+ Az — X322 + (2X2 4 As)zy + Ay,

U= o+ Ay +Ar®+ (23 + \)zy — Aay>. (24

He found the weak foci and their orders, and their centres.
Later, Loud [19] obtained their isochronous centres. The following result completes
the work of Loud, characterizing the isochronous foci of (2.4) and their orders.

THEOREM 2.1. The origin of system (2.4) is an isochronous focus if and only
if one of the following five series of conditions holds:
i) A # 0 (Strong focus).
ii) A=0, A5 75 0, A3 75 A6, ()\5 + 4)\2)2 = —/\i - 18/\% - 10/\% —9A3Ag + 12236 +
A > 0. (Weak focus of order 1)
i) A =0, \s =0, A3 # Xg, A6 Z0, Ay =6(Xg—A3), A2 #0, X6(3A3—5Xg) = 2)\3
(Weak focus of order 2)
iV) /\:0, )\5 :0, /\3 75)\6, /\6 750, )\4 750, /\2 750, 14)\4 :55)\6_71/\3+
5gn(X6) /10652 — 1650306 + 841N2, with A3 > 4)Xg if A6 > 0 or A3 < 4)Xg if
X¢ < 0 (Weak focus of order 2)
V) AZO, A5 =0, )\3 7é)\67 AG ?50, A4 ?50, )\2 750, 14A4 =55A6—71>\3—
5gn(X6)\/10657% — 1650306 + 84102, with (15 —/105) g < 4X3 < (15 +/105) X6
if X6 > 0, or (154+105)\¢ < 4X3 < (15 —105)\g if A < 0, (Weak focus of order
2)

Moreover, there isn’t an isochronous focus of order greater than or equal to three.

Theorem 2.1 is proved in section 3. As a consequence, it has that an isochronous
focus of system (2.4) with order greater than two is an isochronous centre.

2.2. Isochronous points of systems with non linearities cubic.

The cubic systems centre-focus type without quadratic terms can be written by
means of a rotation of axes in the following form given by Sibirskii [25],

&= —y+ Az + (us — p — p2)2® + Bps — pa)z’y
+(Bp2 — 3 — 23 + pe) Yy + (7 — p15)y°, (2.5)
= z+Ay+ (s + pr)e® + (B + 3p2 + 2p3) 7%y )
+(pa = 3ps)xy® + (1 — p2 — p3)y®.

He gave the weak foci and their orders, and their centres.

Later, Pleshkan [21] found the systems (2.5) with an isochronous centre at the
origin. We now give the systems whose origin is a weak isochronous focus and their
orders.

THEOREM 2.2. The origin of system (2.5) is an isochronous focus if and only
if one of the following five series of conditions holds:
i) A # 0 (Strong focus).
i) A\=ps =0, ug #0 (Weak focus of order 1)
i) A= pg = pe =0, (dp1 + p3) (61 — p3) = —6(u3 + p3 + p3), ps # 0, pr # 0,



(Weak focus of order 2).

V) A= puy=pe =0, 7 =0, 5 =0, (41 +p3) (61 — p3) = —6p3, pz #0, pu #
0, us #0, (Weak focus of order 3).

V) A= Ha = M6 = 0, Hr = 0, M3 = _24u17 N%+Ng = 100/1,%, M3 79 0, M1 79 0, M2 79
0, (Weak focus of order 3).

Moreover, there isn’t an isochronous focus of order greater than or equal to four.

Theorem 2.2 is proved in section 3. As a consequence, an isochronous focus of
system (2.5) with order greater than three is an isochronous centre.

2.3. A three-parameters family of Rayleigh equations with four local
critical periods.

Aside from its interest in physical applications, the study of the period func-

tion is essential for approaching some problems of differential equations. So, for
instance, the monotonicity of the period function is strictly related to the existence
and uniqueness of solutions of some boundary values, bifurcation or perturbation
problems.
Our following application shows how the calculation of the azimuthal coefficients
of a normal form of the system allows us to solve the problem of determining the
number of local critical points of the period function (local critical periods) which
can appear by perturbation of a system in the neighbourhood of a centre.

Let us consider the family of second order differential equations, so-called Rayleigh
equations, & + h(#) + x = 0, where h(z) = a»2? + ayz* + agz%. Each differential
equation of the family will be denoted by R(as, a4, ag). It is easy to prove that O
is a centre of R(as,ay,aq), for all as,ay,ag real numbers. We have the following
result.

THEOREM 2.3. The following properties hold:
i) There are, at the most, four critical periods of the family R(as,a4,a6) in a
neighbourhood of the origin, for (as,a4,ag) # (0,0,0).
ii) Moreover, given a neighbourhood of the origin, there are values as,a4,a6 € R
such that R(as,aq,a6) has exactly four critical periods in a neighbourhood of the
origin.
Theorem 2.3 is proved in section 3. The azimuthal constants have been obtained
by using Theorem 1.3.

2.4. An example of an isochronous focus of a cubic Kukles system.

We consider the following family of cubic Kukles systems depending on the
parameters a; and b,

i":_ya

J= x4+a(2® +y?) +ai(2® + 592z + ba(x? + 2y, (2:6)

with a1by # 0. The first radial coefficient for this family is a3 = b,. Hence, when
by > 0 the origin is an unstable weak focus and when by < 0 the origin is a stable
weak focus. We have the following result.

THEOREM 2.4. The family (2.6) has a weak isochronous focus at the origin.
The isochronous section of derivative 1 is

n(z) =x — (%a? + %b2)$3 + O4).



Theorem 2.4 is proved in section 3.

3. PROOFS.

This first result shows two properties of the Lie bracket of two vector fields,
which are easily obtained.

LEMMA 3.1. Let HE = {Pi_1 (20, + y0y) € Hi, deg(P;—1) =i—1, i > 1}. The
following properties hold:
(a) if [~y0y + 20y, Uiy2] € HE | then Uiy € HE,,
(b) if Ui € HE, V; € HE then [U;,V;] € HE ;.

We now provide some properties of the Poincaré-Dulac normal form of (1.1).
We will use lemmas 3.2 and 3.3 in order to prove Theorem 1.2.
In what follows, we denote by ¢, and ¢* the push-forward and pull-back defined
by the smooth diffeomorphism ¢, respectively (see [20]).

LEMMA 3.2. Let X = (0,1)¢, + (a2r41,0)cy, s + F with agp 1 # 0 and F a

smooth function of order greater than 2r + 1. Then, X is smoothly conjugated to a
smooth vector field of the form (0,1)c, + 3.5, (@2i11,0)cy, 1, with azip1 € R.

Proof. From (3.7), the Lie transform whose generator is U = Usg41 = (0, B)cypy
with & > 1, transforms X’ into ¢y« X', which is also in normal form, since [Xa;11, Uspi1] €

Cokt2i41-

As Usgy1 € Copr1 = Ker Laj11, we have that the degree of [z’\?, U] is greater than
or equal to 2k +2r+ 1. Therefore the transformed vector field remains unaltered up
to order 2k+2r —1, and the term of order (2k+2r+1) is Xsgyort1 + [Xors1, Usgy1],
that is (a2k+2r+17ﬂ2k+2r+1 — 2]€BO¢2T+1)C%+2T+1. Thus, taking B = %ﬁ, the
(k + r)-th azimuthal constant of ¢+ X is annihilated.

Making successive changes of variables over X and by Borel’s Theorem (see [18]),
we can assert that there exists a smooth diffeomorphism ¢ such that

¢*2\? = (0,1)¢, + Z(a2i+170)02i+1 + £
>r

where F' is a smooth function in a neighbourhood of the origin and flat in O.
By Tokarev [28], there exists a smooth diffeomorphism ¢ such that

@Z}*(ﬁ*‘)e = (07 1)C1 + E(O‘Qi-i-l? 0)C2i+1 + f(ﬂ?2 + y2)(17 O)Cl + §(372 + yz)(ov 1)C1
i>r

where f,g are smooth functions in a neighbourhood of 0 and flat in 0.
Using polar coordinates, 1. ¢, has the expression

VX = (rS(r?) + v f(r*))0; + (1 +(r*)) s

where S(r?) = i 2041 r2?. By Takens [27], there is a smooth change of variables
¢ of the form (r,60) — o(r,0) = (r + ¢(r?),6) such that

Outhe e X = 1S(r2)8, + (1 + h(r?))dy



where h is a smooth function in a neighbourhood of 0 and flat in 0.

Finally, we complete the proof, by performing the smooth change (r,6) — (r,6 +
G(r?)) where G is the smooth function and flat in 0 given by G(2) = — [, Sh((;)) dz.
m

The following lemma provides a normal form of the vector fields with constant
angular speed.

LEMMA 3.3. Let X = (0,1)¢, + H(1,0)¢, with H a smooth scalar function in
a neighbourhood of the origin. X is smoothly conjugated either to (0,1)¢, or to a
smooth vector field of the form (0,1)¢, + > s, (02i41,0)c0y, with asiyr € R and
Qzri1 # 0. -

Proof. From Lemma 3.1, the generator U which transforms A" into X = ¢y~ X can
be chosen such that U; € H and X; € HI too.

So, if all X; are zero, X is smoothly conjugated to (0,1)¢,. Otherwise, X’ is smoothly
conjugated to (0,1)c, + 32,5, (@2it1,0)cyy With agryr #0. m

Proof of Theorem 1.2. (i)=-(ii) If O is a weak isochronous focus of order r, there ex-
ists a change of variables ¢ such that ¢, X takes the form —yd, +x0, + H (0, +y9,)
where H is a scalar smooth function. From Lemma 3.3, we have A = 0,a3 = ... =
aop—1 = 0,9,41 # 0 and fy;41 = 0, for all 4. In particular, the first r azimuthal
coefficients are zero.

(il)=(i) From Lemma 3.2, we have that there exists a normal form of X whose
azimuthal coefficients are zero. That is, O is an isochronous focus of X'. m

To prove Theorem 1.3 we will use the transformation theory based on Lie trans-
forms, which provides an efficient procedure to obtain the expression of the trans-
formed vector field by means of a near-identity change of variables. Basically, this
theory consists of performing a change of variables ¢y (z,y) = u(z,y,1) where u is
the unique solution of the initial-value problem

S u(w9,6) = Ulu(,,2)), u(,,0) = (2,),
with U a smooth vector field and U(O) = O. The vector field X' is transformed into
Y=X4+[X, U]+ %[[X,U],U] + %[[[X,U],U],U] +- (3.7
see Algaba et al. [2]. The key in this approach is that, if ¥ = X, + Ao +---, YV =
V+YVo+---and U =U;y + - - -, are their decompositions into homogeneous poly-

nomial in the variables z, y, respectively, for each &k > 1, we can determine )}, from
X1, ooy Xi; Us, .., Ug_1, by defining the sequence {V};} by

Vio = k&g, >0,
(k-1

Via = Vit < j ) Vi—j—1,4-1,Ujt2], 1< 1<k
7=0

The above recurrent succession of vector fields satisfies k!Viy41 = Vi 1, for all £ > 0.
The computation of the above succession can be accomplished by means of the Lie



triangle:

Vo.0

Vieo Via

Voo Voi Voo

Vio Viai Vipe Vie,k

where each row can be computed from the previous rows. It is easy to see that the
elements of the (k + 1)-th row can be written as Vi ; = Wi — Li+1(Ugy1), where

Wk,l only depends on Us, ..., Ug. In particular, k!yk+1 = Vk,k = Wk,k—Lk+1(Uk+1)-
So, we can choose Uj41 to obtain a normal form up to order k + 1, see Algaba et
al. [1].

Proof of Theorem 1.3. We are interested in computing as,+1 and fBs,41 of vector
field (1.1), by assuming that A = 0; agi+1 = B2i41 =0, i = 1,...,7 — 1. Thereby,
we make the following considerations:

The Lie transform which brings X' to (0,1)¢, + > .5, (Q2i41, B2i+1)ca;,, Verifies:

e the first column of Lie triangle, up to order 2r, is
V0,0 = O!Xl, vy ‘/21"_170 = (27" — 1)!X2Ta

e from V;; =0, 1 <14 <2r—1, it has that the ¢-column, 2 <¢ < 2r —1, up to
order 2r are zero. Therefore, V;1 = Vo =..=V;; =0, 1 <i<2r—1.
In particular, the second column, up to order 2r + 1, is given by

Vig = &y + [, Us),

Vo1 = 21X + [Xo, Us] + [X1, Us],

Va1 = 31Xy + 2[2145, Us] + 2[Xs, Us] + [X1, Uy).
So, Vi1, 1 <n<2ris

Vn,l - (n - 1 <an+1 + Z [Xn—i-l [2) 2+1]>

From Lie triangle, it follows easily that Vs, 2, = V5, 1. So, if we split Vo, 1 =
Viyq + Va1, where Vi | € Rapy1 and Vi, | € Capq1, we have that

(27415 B2r+1)Carys = V-

Basically, to obtain the expression (1.3), it is enough to take into account, on
the one hand, that for each j, with 2 < j < 2r, by means of a recursive procedure
we obtain U; verifying

LJ(U) (.7_2) < X +2 [‘XJ z,Uz-H])

on the other hand, that

2r—1

1
(2741, Bar41)canyy = Proye,, ((27“))(2r+1 + Z m[)@zrﬂ—nUiH]) . m
i=1 :
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Proof of Theorem 1.7. 'We prove the first part. We assume that O is an isochronous

point of (1.1). Then there exists a smooth change of variables ¢ with D¢(O) =T
such that ¢. X = —y0, + x0, + H(x0, + y0,) where H is a smooth scalar function.
The vector field x9, + yd, verifies [¢. X, 20, + y0,] = p(xdy + yd,) with p(z,y) =
(xHy + yHy)H(z,y), where H,, H, stand the partial derivatives of H. Therefore,
the smooth vector field ¢*(x0, + yd,) verifies

[X, " (20, +y0y)] = v¢™ (20, + y0y)
with ¢* (20, + y0y) = 20y + ydy + O(2) and v(0) = 0.

Conversely, from the Sternberg’s Theorem [26], the vector field Y is linearizable,
then there exists a change of variables (z,y) — ¥(z,y) = (z,y) + O(2) such that
Y = 20y + y0y. Thus, [, X, 20, + y0y] = o(x0, + y0y). Therefore, ¢, X' trans-
forms every ray of the origin R¢ = {(r,§), 6§ = £} in other ray of the origin Rg,
that is ¥, X has constant angular speed.

Now we undertake the second part. The change of variables ¢ which brings X
into ¢, X = —y0, + x0y + H (20, + y0,), brings ) into ¢.Y = 20, + y9, + O(2).
From Sternberg [26], ¢.) is linearizable. Also it is easy to prove that the change
of variables ¢ which transforms ¢,) into ¢.¢.Y = (1 + a)(z0, + yd,), where
a is a smooth scalar function with «(0,0) = 0, can be chosen radial. Thus,
CepuX = —y0y + 20y + K (20, + y0,). The trajectories of p.¢.Y (straight-lines
passing by O) are isochronous sections of p,¢.X. So, the orbits of ) are isochro-
nous sections of vector field (1.1). m

Proof of Corollary 1.8. (i) From Theorem 1.7, the orbits of }; and )» are isochro-
nous sections of X which fill a neighbourhood of the origin. Therefore ), and )»
have the same orbital structure at O, thus ); = a)», where « is a smooth scalar
function with «(0,0) =1,

(ii) From Theorem 1.7, the statement easily follows since under such conditions the
orbits of ) also are isochronous sections of X'. m

Proof of Theorem 1.9. The sufficient condition is deduced from Theorem 1.7.
To prove the necessary condition, we impose the existence of ), a smooth normal-
ized vector field by X' up to order 2r + 1, i.e. J?"H[X,V,] = u,Y,, where Jk f
denotes the k-jet of f at origin.

As the origin of vector field (1.1) is a weak focus of order r, there exists a
smooth near-identity change ¢ such that ¢.X takes the form ¢, X = X = (0, 1), +
Yois1(@2i41, Boit1)caiyy With a3 = as = ... = agr1 =0, azrq1 # 0, and ¢,.)), =
W = (1,0)¢, + ---. Moreover, it has that J2"*![X, W] = @V, with a(0) = 0.
Writing X = 231 + .)22 +...and W = Wl + Wg + ... with A?i and WZ homogeneous
polynomial vector fields of order ¢ > 1 and i = i1 + fi2 + ..., with fi; homogeneous
polynomial of order i > 1, we have
1. [Xl,Wl] =0,

2. [A?l, Wg] = ﬂlwl. From Lemma 3.1, this leads to Wy € HE.

In a similar way, for order 2i we have W,; € HE fori <.

3. [Xl,Wg] + [Xg,Wl] = iy Ws + oW . Then

Ls(Ws) = 2B35(2® + y)(0,1)¢, — fuWVa — i1

Projecting the above equality onto the range of L3 and onto C3, we deduce that
B3 = 0, and hence W3 € 7-[3R.

11



4. Analogously, taking into account the (2i + 1)-th order terms of [X, W], we have
that o1 =0, Whit1 € 'HQR;_H, fori<r-—1.
5. For order 2r + 1, we get

2r

[X1, Wapi1] + [Xopy1, W1] = ZﬂjWQr-H—ja
Jj=1

. ~ 2 ~ ~
that is, Loyt (Wars1) = 2r(a2et1, B2r+1)carin +Z]~;1 fi;Wary1—j. Then Bo,. 1 = 0.
Thus, from Theorem 1.2, the origin is a weak isochronous focus. =

Proof of Theorem 1.10. By definition, there is a diffeomorphism ¢ such that
¢« X has constant angular velocity. The ray Re = {(r,&), 8 = £} is an isochro-
nous section of ¢,X. Therefore, the curve counter-images of the ray, ¢~ (R¢) is an
isochronous section of (1.1), for every £ € [0, 2x].

These curves are transversal to the vector field and their derivatives are equal to the
derivatives of the rays. Moreover, in the case of a focus, these curves are disjoint,
since, by Theorem 1.7, they are different trajectories of a smooth vector field.
Now, we prove the sufficient condition. Let 1 be a isochronous section, verifying
7'(0) = (1,0).

The curve ne : [0,1) — R? defined by 7¢(s) = ®x(&;(s)) is a transversal isochro-
nous section of (1.1) at O, for every £ € [0, 27).

We define the function ¥(&,s) = ®x(&;n(s)), € €[0,2m), s € (0,1). We have

20(E,5) = La(En(s) = X(@a(&n(s) = Xne(s)),
28 (€in(s)) = ()1 (5).

Thus, |[D¥(t,s)| = X'(ne(s)) Ang(s) # 0, by transversality. Therefore ¥ is a diffeo-
morphism. Also, ¥, X verifies

Py, x (& Re) = Reye.

I’

&
&

)

So, ¥, X is an uniformly isochronous focus, therefore X has an isochronous focus
at O. =

Proof of Theorem 2.1. If A # 0, then (2.4) is a strong focus which is smoothly
linearizable, see Sternberg [26]; therefore, O is an isochronous focus, (case i)).
The first radial coefficient is ag = —A5(A3 — Ag). So, the systems (2.4) whose origin
is an isochronous focus of order 1, must hold A = 0, A3 # Ag, A5 # 0. Under these
conditions, it has 83 = & (r — (A5 + 4X2)?), with

ri= ’I“(/\g, A4, /\6) = —)\‘21 - 18/\§ - 10/\é —9A3 A4 + 12X3)X6 + As 6.

Therefore 33 = 0 if and only if r = (A5 + 4)2)? (case ii)).
We now obtain systems (2.4) whose origin is a weak isochronous focus of order 2.
By imposing ag = 0, it has that

a5 = /\2/\4(/\3 — )\6)()\4 + 53 — 5)\6)
That is, from Theorem 1.2, such systems must verify

A=Xs =0, Ao # 0,0 £ Ay # 5(Xg — A3) #0,

12



and 33 = 85 = 0. In this case r = 1602 > 0 and

1
768

where X(A3, Mg, Ag) = T0A2 — 220\6 A3 — 55X Ag + 15002 + T1A3 My + T2
If A\g were zero, we would have

Bs (A3 — X6)(Ag + 63 — 6X6)Z (A3, Ad, A6)

P= =N+ M)OXs A, B =~ As(50s + T
As A3 #0and r > 0, f5 = 0 only if Ay = —50/7A3; in this case, r is negative.
Therefore, without loss of generality, we can assume that Ag # 0.
The azimuthal coefficient of order 2, 35, is zero if and only if either Ay = 6(X\g — A3)
or X(As, A, Ag) = 0.
In the first case, that is Ay = 6(A¢ — A3), it has r = 8\(3\3 — 5)g), therefore if also
X6(3A3 — 5X) = 22, the origin is a weak isochronous focus of order 2 (case iii)).
In the second case, ¥(A3, g, A¢) = 0, O is a weak isochronous focus of order 2 if
and only if A3, A; and Ag also verify 7(A3, Ay, Ag) > 0. Making A3 = if, Ay = i—‘;
we have

E(/\3,)\4,/\6) = /\(232_](/_\3,5\4), 7’()\3,/\4,)\6) = /\%F(j\g,/_\zl),

therefore O will be isochronous focus on the region where A3 and A4 verify (A3, \y) =
0 and 77(;\3,5\4) > 0.

It is easy to prove that the hyperbolas ()3, A\4) = 0 and 7(A3, \s) = 0 meet at the
points Py(4, —10), P; ((15+v/105), —1(85+7v/105)) and P»(%(15—/105), — (85—
74/105)). The point Py is on the branch of ¥

14Xy = 55 — 713 + sgn(A6)\/ 1065 — 16503 + 8412

and P;, P, are on the branch

143, = 55 — 713 — sgn(Xs)y/1065 — 16503 + 84132,

Studying the relative position of both conics, it leads to the cases iv) and v).
Finally, we compute the systems (2.4) whose origin is a weak isochronous focus of
order 3. It has that

vr = —/\2)\4()\3 — /\6)2(/\3)‘6 — 2)\2 — )\%)
So, it arrives at
A=X5=0,A1 = 5(Xg — A3) # 0,03 # Xs(A3 — 2)¢).

Under these conditions, also it must hold 83 = 85 = 7 = 0. In this case, f3 is zero if
and only if 802 = A2+6Xg A3 —15)2. Substituting A2 in S35 it has 35 = — 5= (A3—X¢)*,

T 128
which is nonzero. Therefore, O cannot be a weak isochronous focus of order 3. m

Proof of Theorem 2.2. If A # 0 the system (2.5) is a strong focus which is
smoothly linearizable (see [26]); therefore, O is an isochronous focus, (case i)).

13



Now, we assume that A = 0. The first radial constants, up to a positive factor, are

a3 = We,

as = —pgpr, if az =0,

ar = pgpap, if az = as =0,

g = p3paps, if ag = a5 = a7 =0,

an = —p3pa[4(ps + p3) — p3), if az = as = a7 = ag = 0,
A2k+4+1 = 0, k 2 6, if Q2i41 = 0, 1= 1,2,3,4,5.

The first azimuthal constant is, up to a positive factor, 3 = p4. Therefore, from
Theorem 1.2, O is a weak isochronous focus of order 1 if and only if ugs = 0, ug Z0
(case ii)).

The system (2.5) has a weak focus of order 2 at the origin if a3 = 0 and a5 # 0,
ie. pug = 0,7 # 0, ug # 0, and it will be isochronous if also f3 = 85 = 0, that is
4 = 0 and in this case,

1
Bs = —g[G(Ng + 3 4 p3) + (4ps + ps)(6p1 — p3)]

is zero (case iii)).

From the expression for a5 and a7 we have that O is focus of order 3 if and only if
e = pr =0, py #0, pe # 0 and us # 0. In this case, O is an isochronous focus if
ﬁg =0 (1e Ha = 0) and

Bs = —L[6(u2 + 1i2) + (41 + p3) (61 — ps)],
Br = —ighaps(ps + 24p)

are zero.
If pus = 0, then (4p1 + pg)(6p1 — p3) = —6u3 holds (case iv)), and if ug = —24uy
we have that p3 + p2 = 10043 (case v)).

The origin is a weak focus of order 4 if it verifies a3 = a5 = a7y = 0 and ag # 0,
that is g = 7 = 1 = 0, pg # 0, po # 0 and ps # 0. So, O cannot be isochronous
since 3 = 0 only if us = 0.

Finally, we compute the systems whose origin is a weak isochronous focus of order
five. They must verify

po =pr =p1 = ps =0, po #0, ps # 0, pj # 4(u3 + p3),

and ps = 0 (B3 = 0); 3 = 6(u3 + p?) (85 = 0). This contradicts that us # 0.
Therefore, there is not a weak isochronous focus of order 5. m

Proof of Theorem 2.3. A plane differential system associated to the Rayleigh
equations R(as, a4, ag) is the Liénard system

i=-y,  §=z+aw’+ay’ +agy’. (3.8)

An analysis on the monotonicity of the period function of a Liénard system can be
seen in [23].

This system is time-reversible, therefore O is a centre.

If we denote by 7(6, p) the periodic solution, expressed in polar coordinates, such
that (0, p) = p, where p is small enough, the period T'(p) of this periodic orbit is an
analytic function of the form T'(p) = 2m + Y oo, T,p*", see [11, 3]. The constants
T, are called period constants of system (3.8).
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Algaba et al. [3], provide a relation between the period constants and the azimuthal
coefficients of a normal form of the system. Concretely,

Ty, =2n Z (_1)lﬁ’n1+1 o 'ﬂm-i—l‘

ni+-+n;=2n
n; even, 1>1

Thus, T,, = —27B2p41 if the above period constants, T;, i = 1...n — 1, are zero.
The first azimuthal coefficients of (3.8) are
_ 1.2
B3 = — a2
_ 13 .4 1
Bs = — 12432 — 30204
_  _ 6937 2711 3 5 a2
fr = 777600’2 1320402 — 160602 — 7504
_ 71053 .8 _ 154129 239 3 1399 2 2 27
Bo = 746496 5 185520 0403 — 335603 — 6o 0103 — 55446
By = —LO063L1847 10 60925411, 7 212609 5, 25518229 ;9 4
1 = 895795200 2 38707200 *4%2 T Tg1280 “2¢6 5806080 4“2
3825733 297 111769 3

b67a80 060405 — 150305 — ‘Sg100 0402

If (as,a4,a6) = (0,0,0), is an isochronous centre. Otherwise, by applying the
Malgrange Theorem, to the equation T'(p) = 0, for 0 < p << 1, we arrive at that
4 local critical periods, at the most, can bifurcate from the origin in the family
R(ag, ayq, CL6).

We prove the second part. The system R(0,0,1) verifies T) = To = T3 =T, =0
and Ts # 0. If we take the following perturbation of R(0,0,1),

as = €, ay = —€", ag = 1, n sufficiently big,

it has that
B3 = —g€'n,

65 — 144846377, + 0(€8n)
67 = _(% + 156) n +0( 7n)
By = Zem + o),

P =— 1279972"'0( "),

Taking n sufficiently big, it has that 0 < |T1| << |Ts| << |T5| << |T4| << |T5|, and
the period constants alternate sign, then they form a Sturm sequence. Therefore,
we can assert that 4 critical points of the period function bifurcate from the origin. =

Proof of Theorem 2.4. The origin of (2.6) is a weak focus of order 1. The field
Y, = (z + R)0, + (y + S)0, where

R= —ai(2? +y?) — taz(52% + y?) — $boy(y® + 2?)

S= —iaty(5e® — Ty?) — 3byx(z® +y?),
is a normalized vector field up to order 3, i.e. [X,),] = p))p + O(4) with p =
bz (22 + y?). From Theorem 1.9, the origin of (2.6) is a weak isochronous focus of

order 1.
The expression of the isochronous section is obtained from (3.13), see appendix. m
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APPENDIX: ISOCHRONOUS SECTIONS AT THE ORIGIN FROM A
NORMALIZED VECTOR FIELD.

We assume that O is an isochronous focus of (1.1) and we know the expression
of a normalized vector field up to finite order, (z+ R)9, + (y +5)9, with S of order
greater than or equal to two.

Our objective is to provide a recursive algorithm to allow us to compute the
coefficients of Taylor expansion at the origin of the isochronous section 1 whose
derivative at the origin is known. We will denote (¢,7(t)), ¢t € [0,1), a parametriza-
tion of this isochronous section, i.e. y = n(x).

LEMMA 3.4. Let n be isochronous section at the origin with n'(0) = Ay. If
R(z,n(z)) = 250 rizd and S(z,n(z)) = PR sjzd, it has that n(z) = A1z +
Asx? + Asx® + -+ where

A2 = S2,

I~ : 3.9
A; = j%l(sj - Zi:ﬁ (k+1)Aprj—k), j > 3. (3.9)

Proof of Lemma 3.4. The curve y = n(x) = Ajx + Asx® + Aza® + --- is the
trajectory of (z + R)d, + (y + S)9, with n'(0) = A;. So, y = n'(x), that is

n(z) + S(z,n(z)) = n'(z)(z + R(z,n(z)).
Therefore, it has that
2321 Ajad + ngz sjal = Zj21 jAjal + (ijo(j + 1)Aj+195j) ( ijz rjxj)
=21 jAj) + PR (Zij (k+1)Aparj—p)z’. m

We now offer a formula to obtain the coefficients r,, and s,, from the expressions
of Rand S and Ay, Ay, ..., Ap_1.

LEMMA 3.5. Let n isochronous section at the origin be with n'(0) = A; # 0.
If R(z,y) = c207? + c117Y + cooy® + -+, S(z,y) = daoz? + di1zy + dooy? +
and n(x) = Aix + Asx? + Aza® + -+, it has that R(z,n(z)) = > j>o 1z’ and

S(@,n(@) = ¥y 8527 with

m—1 m m—j

Tm = Cmo + Z C1Am—i + Z Z cijf,i)_k_jH, m > 2. (3.10)
k=1 Jj=2 k=0
m—1 m m—j )

Sm = dmo + Z dp1 A + Z Z dijr(rz)—k—j-i-l’ m > 2. (3.11)
k=1 j=2 k=0

where the constants Cf,{) are given by

cy) = 4,
oW — 1 ML w4 k4 1)A o) Sy (3.12)
m = (mo1)A; 2uk=1 \FJ k10 g, M 2 2.

To prove Lemma 3.5, we use the following result, which can be seen in [16].

LEMMA 3.6. If (3, _ Ama™) = 21 (Y, _, CPam=1), Ay £0, j > 2, it has
that C) satisfy (3.12).
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Proof of Lemma 3.5. Rewriting R(z,n(x)) of the form
R(z,n(z)) = cooz? + crizn(x) + coan(z)? + c302® + corx®n(x) + -+ -
= co02? + c30° + caont + -
+errzn(z) + e x?n(z) + esrxdn(x) + -
+coan(z)? + craan(x)? + coa®n(x)? + - - -
= co02% + c302° + cgozt + -
+(cn1z + co12® + ez + - )n(w)
+(co2 + 12T + c292® + - )n(x)? + -+
+(con + C1n® + conx® + - In(z)" + - - -,
and applying the above lemma, we arrive at (3.10). Analogously it has (3.11). =

To compute the isochronous section with derivative A; at the origin, we use the
following recursive procedure:

Step 1. Given A;, from (3.12), we calculate 0{2) and from (3.10) and (3.11), we
compute r2, s2; and from (3.9) we obtain As.

Step 2. In general, given AI,AQ,...,Ak,C’,(,’f) withm < k-1, 2 <n <k, and

(r2,82)y ey (T, Sk), from (3.12) we compute C’r(,fH), m=1,---,k and C,(Cn), n =
2,---, k. From (3.10) and (3.11), we calculate rg11, Sg+1; and from (3.9) we obtain
Apg1.

The coefficients A, and As are:
As = dog +di1 Ay + dop A2,
Az = czo + 3diidag — daocao
+(3do1 + £d3, + dozdao — doocry — di1cao)Ar (3.19)
+(2di1dos + 3dis — daocor — diicir — doacao) A}
+(d3, + Ldos — di1coo — doaci1) AT

4
—dpaco2 AT

Recently, Guillamén and Huguet [17] have computed the isochronous sections near
a limit cycle.
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