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Excited-state quantum phase transitions extend the quantum phase transition concept beyond the ground state
and offer insights into the complex behavior of quantum systems. In the present work we assess the use of
the multiple quantum coherence spectrum as a valid tool to probe excited-state quantum phase transitions within
the framework of the Lipkin-Meshkov-Glick model. The time dependence and the long-time average of the
multiple quantum coherence spectrum reveal the intricate dynamics that stems from the existence of singularities
in the excited-state spectrum of a quantum many-body system.
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I. INTRODUCTION

Quantum phase transitions, also known as ground-state
quantum phase transitions (GSQPTs), are nonthermal phase
transitions characterized by abrupt changes in the ground state
of a quantum system once one or more Hamiltonian control
parameters reach certain critical values [1,2]. This concept
was expanded to encompass excited states, which leads to
the definition of excited-state quantum phase transitions (ES-
QPTs) [3-5]. For a recent review on the subject see Ref. [6].
Unlike GSQPTs, which convey nonanalytical changes in the
ground-state properties of the system, ESQPTs are associated
with nonanalyticities in the level flow and density of states
(DOS) of the system in its mean-field or large-system-size
limit [6,7]. ESQPTs are found in various many-body quan-
tum systems, e.g., the Lipkin-Meshkov-Glick (LMG) model
[8-13], the Dicke and Rabi models [14—19], spinor Bose-
Einstein condensates [20-22], ferromagnetic quantum gases
[23], the vibron model [24-30], periodically driven systems
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[31,32], the interacting boson model [33,34], the coupled top
model [35,36], and Kerr nonlinear oscillators [37-40].

The nonanalytical effects associated with ESQPTs have
clear precursors at finite system sizes that modify the structure
and dynamics of the system. The presence of an ESQPT is
usually revealed in the closing of the gap between adjacent
energy levels, the appearance of exceptional points, or ex-
tremal values of quantities such as the order parameter of
the associated GSQPT, the participation ratio, or the quantum
fidelity susceptibility [10,13,27,29,41]. Thermal properties of
systems with a finite number of degrees of freedom can also
be strongly modified due to the existence of an ESQPT with
anomalous thermal relaxation or the presence of a singularity
in the microcanonical heat capacity in the vicinity of the
ESQPT critical energy [42,43]. Finally, ESQPTs can also have
a strong impact on system dynamics as revealed in the study
of the system under sudden quantum quenches, with strong
effects on the survival probability of the initial state and a
maximally enhanced decoherence; in the study of the time
dependence of out-of-time-order correlators (OTOCs), where
the enhanced information scrambling associated with the un-
stable character of the ESQPT critical energy is revealed;
and in peculiar features in nonequilibrium thermodynam-
ics [11,15,38,44-52]. Recently, ESQPT precursors have also
been identified in dissipating systems, modeled by complex-
valued Hamiltonians [53,54].

Quantum coherence is one of the cornerstones of quantum
theory and it plays an important role in various quantum
technologies [55]. For any given basis, a pure quantum state
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can be expressed using its density matrix, emphasizing the
concept of probability distribution in the quantum formalism
and removing the arbitrary overall phase that is implicit when
expressing quantum states as vectors in a Hilbert space. The
diagonal elements of the density matrix are known as popu-
lations or the zeroth order of the multiple quantum coherence
(MQCQ) spectrum, while nondiagonal elements are referred to
as coherences or the nth order of the MQC spectrum, with n
depending on the order of nondiagonal in the density matrix.
Nonzero coherences in a pure quantum state density matrix
imply that the corresponding elements of the selected basis
are in a quantum superposition, introducing quantum inter-
ference effects. Since its introduction in nuclear magnetic
resonance studies [56-58], the MQC spectrum has proved
a valuable tool with different applications. It gives access
to many-body quantum coherences [56,59,60] and to the
evolution of correlations [61,62] and entanglement [63—-65].
Beyond the usual experimental access to MQC spectra in
nuclear magnetic resonance studies, recent advances in cold-
atom physics (ion traps, ultracold atoms, or Bose-Einstein
condensates) paved the way to the access to MQC spec-
tra for pure quantum states at temperatures close to zero.
In particular, Girttner et al. measured the MQC spec-
trum using a trapped-ion setup [66], demonstrating the
link between MQC spectra and OTOCs and suggesting an
experimentally feasible MQC protocol that provides ac-
cess to multiparticle entanglement through quantum Fisher
information [67].

The MQC spectrum is also a valid probe to detect GSQPTs
in Hermitian [68,69] and non-Hermitian systems [70], as well
as the transition to localization in disordered systems [71-73].
In this article we investigate how the existence of an ESQPT
in the LMG model modifies quantum coherence and whether
the MQC spectrum is a valid probe for ESQPTs.

The LMG model was first introduced in nuclear physics to
describe interacting fermions with a toy model, simple enough
to be solved exactly, which could be used to validate dif-
ferent approximations [74—76]. Despite its simplicity, it was
revealed to be a versatile model, with enough physical content
to be used in other disciplines. It has proved a convenient plat-
form for studies on quantum phase transitions [5,6,8,77-83],
quantum thermodynamics [52,84-87], quantum metrology
[88-90], quantum control [91-93], and quantum information
[94-99]. It has also been employed to explore the influence
of unstable stationary points on the spreading of OTOCs
[100,101], the behavior of the complexity in a system with
infinite-range interaction [102], the existence of Floquet time
crystals in a system without disorder [103], and the link be-
tween the critical phenomena of static Hamiltonians and the
features observed in periodic quenched systems [104]. A very
positive aspect of this model is that it can be accomplished in
a variety of experimental platforms [105-116].

The LMG model Hamiltonian in the present paper under-
goes a second-order GSQPT and an associated ESQPT in the
GSQPT broken-symmetry phase, which is characterized by
a logarithmic divergence of the DOS at the critical energy
[7]. Such divergence is a consequence of an unstable fixed
point appearing in the dynamics of the classical limit of the
model. We show that the occurrence of the ESQPT leads to
a drastic change in the MQC spectrum for time-evolved and

long-time-averaged states. We also illustrate how to identify
ESQPT signatures from the behavior of the MQC spectrum
zero mode and we demonstrate that the MQC spectrum width
is a reliable ESQPT probe. Thus, the aim of the present paper
is to provide a detailed exploration of the interplay between an
ESQPT and the MQC spectrum and to evince the usefulness
of the MQC spectrum as an ESQPT detector in many-body
quantum systems.

The article is structured as follows. In Sec. II we begin
with a brief review of the concept of the MQC spectrum. In
Sec. III we present the LMG model and its classical limit,
emphasizing the main features of the model ESQPT. Our main
results are given in Sec. IV. In Sec. IV A we discuss the time
dependence of the MQC spectrum of a state once the system
undergoes a quantum quench. In Sec. IV B we study how the
MQC spectrum width is a valid ESQPT probe. In Sec. IVC
we provide a study of the MQC spectrum for the resulting
long-time-averaged state after the quench. We summarize our
results and discuss conclusions in Sec. V.

II. MULTIPLE QUANTUM COHERENCE PROTOCOL

The MQC protocol, initially introduced in nuclear mag-
netic resonance studies [56,117,118], provides information
about multiparticle quantum coherences, the nondiagonal el-
ements of the density matrix. Let us consider a Hermitian
operator O, with real eigenvalues v, and associated eigen-
states |v,). The density matrix of an arbitrary pure quantum
state p can be expressed in the {|v,)} basis as

pP=D 0= D Lunlva)vul. (1)
t

A =4

where p,, = (v,|p|v,) and the index ¢ takes all possible
values determined by the v, — v,, differences. Each p, block
is known as an £ coherence and it contains information about
coherences between eigenstates of @ whose eigenvalues dif-
fer by ¢, v, —v,, = €. The fth multiple quantum intensity
I;(p) is defined as the square of the Frobenius norm (also
known as the Hilbert-Schmidt norm or Schatten 2-norm) of p
[67,68,70],

I(p) = (lpell2)* = Tr(p] pe). 2)

The set of all I;(p) intensities forms the p state MQC spec-
trum. Note that the sum of the multiple quantum intensities
over all possible £ values is 1 if and only if p is a pure quantum
state. Apart from the information about coherences of the
system provided by the £ # O intensities, the £ = 0 intensity
depends on the density-matrix populations, the diagonal ma-
trix elements of the density matrix.

As shown in Refs. [66,67,119], multiple quantum intensi-
ties can be experimentally accessed through a protocol defined
in three steps. A given initial pure quantum state p; is evolved
for a time ¢ under a nontrivial Hamiltonian resulting in p, =
U0)p:U' (1), where U(t) = e~A". This is followed by the
application of the operator W(¢) = ¢~©? and a backward
evolution of time —¢ producing the final state p,. It can
be shown that the fidelity F;(¢) = Tr[p;p7(¢)], using cyclic
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permutations under the trace, is expressed as

F($) = Trlpipp(9)] = Trlpip (@) = Y _Lee ™, (3)
l

where p,(¢) = W (), W'(¢). From Eq. (3) it is clear that
the Fourier transform of the fidelity with respect to ¢ gives
access to the values of the different multiple quantum inten-
sities. Another point developed in Refs. [66,67,119] is the
connection of the MQC spectrum to an OTOC. Given two
operators V and W and an initial state, an OTOC measures
the spread in time of the operator W through the expectation
value of the commutator squared module ([Wt, V]WW,V]),
where W, = ¢\ e~iH!  This commutator has a term equal to
a time-disordered matrix element of the operators in the given
initial state Fy y (¢) = (W,TVTW,V). In the MQC case one can
define V as the initial matrix density p; and W as the W (¢)
operator, which for the case of small ¢ values can be shown
to be a fidelity OTOC (FOTOC) [119].

Out-of-time order correlators are sensitive to the sudden
changes in the ground state associated with GSQPTs [120],
and the equivalence between MQC spectra and OTOCs in-
dicates the MQC'’s suitability to detect and characterize such
transitions, as demonstrated in Refs. [68,69]. Out-of-time or-
der correlators have also proved useful in the detection and
study of ESQPTs [46]. In the present article our aim is to
characterize the LMG model ESQPT making use of the MQC
spectrum and its second moment

1/2
Z(p,0) = (Z Kz]z(ﬁ)) : “)
£

a quantity that recently has been proved to be equal to the
quantum Fisher information for pure quantum states [67].

III. LIPKIN-MESHKOV-GLICK MODEL

The LMG model has different mathematical realizations.
Nowadays, the most frequently used one is a fully connected
Ising model, a spin-1/2 chain with N elements and all-to-all
infinite-range interactions. The Pauli matrix of the ith spin
along the o axisis 6, witha = x,y,zandi =1, ..., N.Con-
sidering collective quasispin operators J, = Zﬁvzl 6/ /2, the
spin-chain Hamiltonian can be recast as a simpler collective
Hamiltonian with a second-order GSQPT and an associated
ESQPT

S B SN Sl
H—8|: NJx—f-(l K)(JZ+2>i|, (®))

with a control parameter « defined in the 0 < « < 1 range.
Here and throughout the present work we set # = 1 and the
energy scale ¢ = 1, making the Hamiltonian dimensionless.
The Hamiltonian (5) conserves the total number of parti-
cles N. The use of collective quasispin operators implies
a drastic reduction of the Hilbert space dimension, from
a total dimension of 2V in the spin-chain case to N + 1
if we only consider the totally symmetric representation
spanned by Dicke states (symmetric states with all spins
coupled to the maximum quasispin value j = N/2). There
exists an additional Z, symmetry in the Hamiltonian (5), the

E,/N
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FIG. 1. Normalized energy spectrum of the Hamiltonian (5) as a
function of the control parameter x with j = N/2 = 25. The dashed
horizontal line marks the critical ESQPT energy E,. = 0. The scaled
density of states is depicted in the two insets, for a « value less than «,
[« = 0.2 in inset (a)] and a value larger than the critical one [x = 0.8
in inset (b)] for a system size N = 5000. The red solid line in each
inset is the classical limit result v.(E') from Eq. (13) (see the text for
details). The ESQPT in the model is characterized by a divergence
in the level density v(E), as shown in inset (b). All plotted quantities
are dimensionless.

parity symmetry [T = ¢+, that divides the Hilbert space
into even and odd nonmixing blocks. Hence, we can re-
strict our study to the even-parity block, reducing further
the Hilbert space dimension to (N — N mod2)/2 + 1. The
Hamiltonian (5) can be diagonalized in the Dicke basis |m)
defined as J,|m) = m|m), where —j < m < j, splitting the
basis into two subsets according to the parity of the quantum
number m.

The ground state of the Hamiltonian (5) undergoes a
second-order GSQPT at the control parameter critical value
k. = 1/3, which separates the symmetric phase ¥ < k., also
known as the normal or ferromagnetic phase, from the
broken-symmetry phase k > k., often called superradiant or
paramagnetic phase. The signatures of this GSQPT have been
thoroughly investigated in the literature [8,80-84,121-123].
It is also known that the Hamiltonian (5) exhibits an ESQPT
for k > k., with a critical energy E, = 0 [5,6,11,13,124]. In
this work we characterize the LMG ESQPT using an MQC
protocol.

Excited-state quantum phase transitions are characterized
by a nonanalytic density of states at a certain excitation en-
ergy, the ESQPT critical energy [5-7]. In Fig. 1 we show
the correlation energy diagram for the Hamiltonian (5) as a
function of the control parameter « for a system with size
N = 50. A high-density-of-states line can be appreciated at
the normalized energy E./N = 0. In the insets of Fig. 1, we
show the density of states, defined as v(E) =), 8(E — E,),
for k = 0.2 < k. in inset (a) and x = 0.8 > k. in inset (b).
The green bars have been numerically computed for a sys-
tem with a size N = 5000, while the red solid line is the
result obtained in the mean-field limit of the system as we
explain below. There is a clear contrast between the « < k.
results, with no ESQPT, and the high density of levels around
E./N =0 for « > «. [11,12,41,124], which develops into a
logarithmic divergence at the classical limit [6,7].
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The ESQPT in the LMG model can be understood by
considering the stationary points of the classical limit of the
system, obtained for N — oo [6], using quasispin coherent
states [125,126]

&) &g, =), (6)

ORI DY
where & € C is a variational parameter and Jo=J + iJAy
are quasispin raising and lowering operators. The expectation
value of the operators needed to study the Hamiltonian (5) are
[125]

oo 2jE
(€18 = T
oo 2jE
(E-18) = T
<$|f|§>=j<|§|2_1>. 7
: E2 41

Taking this into account, the classical limit of the Hamiltonian
5)is

A
e = S0
__KEHER el )
T 20+ EP? T+ 18P

The complex parameter £ can be mapped into classical canon-
ical variables (p, g), considering the change of variables
q+ip
f=———— ©
Vad—(p*+4q°)
and Eq. (8) transforms to the classical limit of the LMG
Hamiltonian (5)

Kq? 1 —«
He(p. q) = —%(4 —P =)+ (7 + ). (10)

The (g, p), stationary points of H.(p, q) are the solutions of
VHc(p,q) =0,

0,0) for k < K,

(4. p)s = (1)

(:i: 3’2—”,0) fork > k..

Note that for « < k. there is a single stationary point, a
minimum at the origin (g, p); = (0, 0). For control parameter
values « > k., the stationary point in the origin is a saddle
point and two identical minima appear at zero momentum
(g, p)s = V(£ 3"/(_1 , 0). The ground-state energy functional in
the mean-field limit can be obtained by calculating the value
of the classical Hamiltonian (10) evaluated in the correspond-
ing global minimum

for k < k.

0
5gs(’€) = {_(3[(—1)2 (12)

. for k > k..

It can be easily shown that the second derivative of the energy
functional (12) with respect to the control parameter is dis-
continuous when evaluated at the critical value of the control
parameter, as expected in a second-order GSQPT [122].
Figure 2 depicts energy contour plots of the classical limit
of the LMG model in Eq. (10) for three different values of «.

FIG. 2. Energy surface contour plots for the classical Hamilto-
nian (10) with control parameter values (a) x = 0.3«,, (b) ¥k = k,,
and (c) k = 2k.. The red star and the dashed line in (c) denote the
saddle point and its corresponding energy separatrix in phase space,
respectively. This unstable critical point in the classical limit of the
LMG model is associated with the ESQPT in the quantum system.
The critical control parameter value is k. = 1/3. All quantities are
dimensionless.

In Fig. 2(a) we observe that, as mentioned above, for x < k.
the energy surface has a global minimum at the origin (0,0).
At k = k. [Fig. 2(b)] the system exhibits a flatter minimum
(quartic order) that splits into two symmetric wells for values
of k > k. [Fig. 2(c)].

For a fixed value of the control parameter, the available
phase-space volume depends on the energy

1
WE) = 5 / / S(E — Ho(p.@)dpdg.  (13)

Note that v(E) is the smooth component in the Gutzwiller
trace formula [127], identified as the semiclassical approxi-
mation to the quantum density of states [5,12,14].

Following the approach outlined in Refs. [12,14], we plot
v(E) for two different values of « in the insets of Fig. 1
using red solid lines. The agreement between v(E) and the
numerical results (green bars) computed for a system with
N = 5000 is excellent. Furthermore, in the broken-symmetry
phase, the DOS exhibits a logarithmic divergence at the nor-
malized critical energy E./N = 0 due to the saddle point of
the classical energy surface [see the red star in Fig. 2(c)]
[5,12].

IV. RESULTS

To demonstrate the convenience of the MQC spectrum as a
probe of the LMG model ESQPT in the Hamiltonian (5), we
consider the following sudden-quench protocol. Initially, the
system is prepared in a |) state that is the even-parity ground
state of an LMG Hamiltonian Hy, with a k control parameter
value such that the system is in the broken-symmetry phase
(ke <k <1).Att =0,a J? interaction with strength —2 x /N
is added to the Hamiltonian, giving rise to a nontrivial time
evolution of the initial state governed by the Hamiltonian
H, =Hy— 2x/N )J}. The value of the quench parameter x
allows us to bring the system to different excited-state phases.
The critical value of the quench parameter x,. brings the initial
state to the ESQPT critical energy E./N = 0 and its value
can be obtained from the classical approach using the tangent
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FIG. 3. (a)-(c) Heat maps displaying the coefficients |¢,(f)]* as a function of the n = m, + j quantum number (ordinate) and time
(abscissas) for (a) x = 0.2x., (b) x = x¢, and (c) x = 2x, with k = 1.5, and system size N = 400. (d)—(f) Zeroth-order component of
the MQC spectrum [y[p()], defined in Eq. (19), as a function of time ¢. Values of x, «, and N are the same as in (a)—(c). The insets display
the same quantity in a larger time span. The six plots share the abscissa axis range. (g)—(i) Plot of ,[p(¢)] versus the differences £ for the
selected values of time [see the legend in (d)] highlighted in (d)—(f) with vertical dashed lines, using the same color code and line style. The
large spreading of |¢,,(¢)|? and its rapid decay to n = 0 value in (b) and the particular evolution of I)[p(¢)] in (e) are dynamical signatures of
the LMG model ESQPT. The other parameters are . = 1/3 and . given by Eq. (14).

method [15,49]

kQBx —1)

k41

with k., < k < 1. We would like to emphasize that the ES-
QPT for the LMG model Hamiltonian (5) only exists in the
broken-symmetry phase, for control parameter values in the
range k., < k < 1. As we pay attention to the ESQPT imprints
in the MQC spectrum, the present study is restricted to the
broken-symmetry phase.

, (14)

c =

A. Quenched-state MQC spectrum

We first calculate the MQC spectrum of the state at a time
t after the quench

p) = 1Y) (Y] = e p(0)e™, 15)

where p(0) = |v¥o) (o] is the density matrix of the initial
state of the system. We compute the MQC spectrum with
O = J;. The decomposition of p(7) in the eigenbasis of J,
(Y=’ . is
2j
p®)=> pt)= D pupem®)lm+L)im|,  (16)
¢

(==2j m

where the m index in the sum is such that |m + £| < j and

Psen(t) = (m+ €l p(®)|m) = (m + Lle” ™" [yo) (Yol ™" m)
= St (1), (1), (17)

with ¢, (t) = (m|yo(t)) for m = —j, ..., j. Introducing the
closure relation for the A, eigenstates {l¢g)}, one can easily
prove that £,,(t) = Y, . (m|of) (@ [¥o)e . The eigenstates
are such that A, l¢7) = Erl¢y) and the o index is only needed
in case there are degenerate states.

The next step is to assess whether the MQC spectrum is a
useful tool for ESQPT characterization. With this aim in mind,

we plot the time dependence of the ¢,,(¢) factors in Figs. 3(a)—
3(c), the population time evolution Iy(¢) in Figs. 3(d)-3(f),
and the dependence of I;(¢) with £ for selected time values
in Figs. 3(g2)-3(i). In all cases, calculations are performed for
a system with k = 0.5, N = 400, and values of the quench pa-
rameter x below, at, and above the critical value x. = —1/6.
As mentioned above, the time dependence of log|§m(t)|2
is shown as a heat map in Figs. 3(a)-3(c), where we plot
log|Z,()|* [using the color scale introduced in Fig. 3(a)]
versus the quantum number n = m 4 j and time. Values of
| ()]? less than 107!2 have been truncated to zero. In a
static problem, the transition state is known to be localized in
the ground state of the Hamiltonian H (k =0),ie,then=0
basis state [11]. In our case, ¢, (¢) is the time evolution of
the m, component of |). If the initial state remains in the
broken-symmetry phase after the quench, the quenched state
has large components for the the ground state and the first
few excited states of H;. As these eigenstates belong to the
symmetric phase, they have large components for basis states
with large-n values. The resulting dynamics is characterized
by regular oscillations of small amplitude in time as shown
in Figs. 3(a) and 3(d) for x = 0.2x.. The results obtained
when the quenched state lies in the symmetric phase are
similar to the previous ones, although the time evolution of
[Y0(?)) is now dependent on eigenstates of H; with energies
above the ESQPT critical energy, with an energy dependence
that is more complex than in the symmetric case and with a
wider distribution width in the J. basis states. This leads to an
evolution of |Z,,(¢)|?> with slightly larger amplitudes and more
irregular oscillations for long times, as can be appreciated in
Figs. 3(c) and 3(f) for x = 2x,. Finally, if x = ., the quench
brings the system to the ESQPT critical energy. The results
for this critical case are shown in Figs. 3(b) and 3(e), where
the |(2)) state gets rapidly localized in the n = 0 basis state,
the ground state of J.. The rapid localization can be explained
from the divergence in the density of states, which makes the
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eigenstates with energies close to the critical value dominate
the dynamics of the system at the initial time. The highly
localization feature of these eigenstates, originally explained
in [11,41], can be explained in an intuitive manner considering
that the critical ESQPT energy is associated with a unstable
stationary point (a saddle point) in the classical limit, which
favors the localization in the n = 0 state as the quantum
system should have a large probability of localization in the
origin. The initial localization observed in the evolution of
|Y0(2)) can be explained in this way, as well as the unstable
dynamics at the critical energy of the ESQPT, with a fast
spread of |Y¥(¢)) in the eigenstates of H,. Therefore, the
evolution is such that the time-evolved state is delocalized in
more basis states than in the pre- or postcritical energy quench
cases, even though |y((#)) remains localized in the n =0
basis state, an apparent conundrum already discussed in [38].
The unstable dynamics when the quenched state straddles the
critical ESQPT energy is consistent with the results obtained
in Refs. [46,49,100,101] and supports our initial assumption
of considering the MQC spectrum and its width a valid probe
for ESQPTs. We carry out a detailed comparison of the dy-
namical features of the MQC spectrum width and FOTOC in
the following section.

Taking into consideration the MQC intensity definition in
Eq. (2), the £th MQC intensity of p(¢) is given by

LIp))] = Trlp/()pe)] = Y 1en@P |G (18)

Therefore, the MQC intensities {Ig[,o(z‘)]}ﬁzzj2 ; depend on
|&m(®))? form = —j, ..., j. The maximal MQC intensity cor-
responds to the population intensity

Llp®1 =Y len®)I, (19)

which is a time-dependent inverse participation ratio (IPR)
that measures the localization of the evolved state | (¢)) in
the J, basis. In Figs. 3(d)-3(f) we show Iy(¢t) for the same
quench parameter values selected in Figs. 3(a)-3(c). The de-
picted Ip(z) results can be understood by considering that
Iy(z) is an IPR and our previous discussion of the results
obtained for log|,,(t)|>. In the x < x. case, from the results
in Fig. 3(d), it is clear that the system remains unlocalized,
with an IPR that undergoes small-amplitude oscillations. As
already mentioned, in this case the quenched |y (¢)) depends
on the first eigenstates of 1-71, which are not localized in the
J. basis states and have regular energy differences between
them. For y > x. the quench brings the system to higher
energies, into the broken-symmetry phase of the ESQPT. In
this case the dynamics of the system is controlled by higher-
energy eigenstates of A and, for short times, eigenstates with
larger energy differences modify the dynamics of the system,
leading to significant oscillations at times ¢ < 100 in Fig. 3(f).
For longer times, more eigenstates contribute to the evolution
of |Yo(2)). The energies associated with these eigenstates have
a more complex spectrum than in the previous case, which
explains the Iy(¢) irregular oscillations. The critical case, when
X = X, shown in Fig. 3(e), is of special interest. The state of
the system at the critical energy of the ESQPT is localized
but also dynamically unstable, making the system undergo a

X/Xe

FIG. 4. (a) Maximum zero component of the MQC spectrum /"
[see Eq. (20)] as a function of x/x. for a system with x = 1.5«,,
a time interval ¢ € [0, T = 30], and system sizes N = 400 (green
dashed line) and N = 800 (red solid line). The rapid growth of /5™
near x/x. = 1 indicates the presence of an ESQPT. (b) Plot of the
I™ heat map as a function of x/x. and «/k. for a system size
N = 800. The vertical white dash-dotted line indicates the critical
line x/x. = 1. The other parameters are . = 1/3 and x,. given by
Eq. (14).

fast and strong localization to the n = O basis state at short
times, as already evinced in Fig. 3(b), followed by a fast
delocalization with strongly irregular oscillations at low-Iy(t)
values. To further explore the ESQPT influence on the MQC
spectrum, we have selected several time values, marked with
vertical lines in Figs. 3(d)-3(f): t = 0 (red solid line), r = 8
(blue dashed line), + = 16 (green dotted line), and ¢ = 100
(purple dash-dotted line). We plot in Figs. 3(g)-3() I;[p(?)]
as a function of £ for the selected time values, using the same
colors and line styles. The localization that occurs for y = x.
is evinced in the sharp maximum for time ¢ = 8 in Fig. 3(h).
Another interesting feature is the difference between I;[p(¢)]
in Figs. 3(g) and 3(i) for r = 100, which can be traced back
to the random oscillations in the latter case. Furthermore,
Fig. 3(b) suggests that the maximum number of m, values
contributing to |¢,,(¢)|*> occurs at x = ., after the fast decay
at initial times with a strong localization at m, = 0. Therefore,
at long times, the evolved MQC spectrum has a maximal
width for x =~ x..

To make clear how to characterize ESPQTs using Ip[ o ()],
we consider the maximum value of this quantity in a time
interval [0, t], denoted by I;"**,

5™ = max (lolp(1)]). (20)

where 7 denotes a typical timescale for the short-term evolu-
tion of Iy[p(¢)]. In the present calculation we set T = 30 and a
careful check on cases with T > 30 indicates that our conclu-
sions are still valid. In Fig. 4(a) we plot the variation of /7
with x /. for two different system sizes N = 400, 800 for a
Hamiltonian with « = 0.5. We clearly see that /" undergoes
an abrupt change in the neighborhood of the critical quench,
independently of the system size N. As a consequence of this,
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FIG. 5. Time evolution of the MQC spectrum width w(z) [see
Eq. (21)] on a log-log scale. From dark to light orange, x/x. = 0.2
(solid line), x / x. = 1 (dashed line), and x /x. = 2 (dotted line), for
a system with k = 1.5k, and size N = 400. The abscissa axis shares
its timescale with Figs. 3(d)-3(f). In the inset the same quantity is
depicted versus time using linear axes and for a longer time span.
The rapid growth in the dynamics of w(z) for the critical case can be
traced back to the LMG ESQPT. The other parameters are x, = 1/3
and x, defined in Eq. (14).

we suggest to use I;"™ to check for the existence of an ESQPT
in many-body quantum systems. This is further confirmed by
the results shown in Fig. 4(b), where 1" is plotted in a heat
map as a function of 0 < x/x. <2 and 1.1 <«/k. < 1.9
for a system size N = 800 and where the boundary between
the system’s phases is clearly located at x/x. ~ 1, in good
agreement with analytical results.

B. MQC spectrum width

The different amplitudes of ¢(¢) shown in Figs. 3(a)-3(c)
support our initial assumption that the MQC spectrum width
could be a valid ESQPT probe. As we mentioned above, the
MQC spectrum can be considered as an OTOC, and it is trivial
to realize that its width, basically the second moment of the
MQC distribution, is also a four-point correlator.

The MQC spectrum is symmetrically distributed around
£ =0 and its time-dependent width is given by the second
moment in Eq. (4) for p(¢) and o= J.,

w(t) = Zlp@), L1= Y CLIp®)],
4

which is equal to the quantum Fisher information for pure
quantum states [67]. We now show that qualitative and quan-
titative features of w(z) can be used as ESQPT checks.

Let us first consider how the dynamics of w(t) is influenced
by the ESQPT. This is illustrated in Fig. 5, where the time
evolution of w(t) for different x/x. values is shown using
log-log axes. Vertical lines correspond to the particular times
selected in Figs. 3(d)-3(f). For x = 0.2x., before the critical
quench, the width oscillates in time around its initial value
(dark orange solid line). However, when the quench reaches
its critical value for y = y. (light orange dashed line), we can
distinguish four different regimes in the time evolution of the

ey

W/ W,

N =400
or = 1.4k, ON =800
| ok = 1.6k, N = 1600
101k i i
[ P T T T T NN TN TN T T [N T SO S T | TS W T NN T TN T T [T TN T T T [T T SO 1 I-
0 0.5 1 1.5 20 0.5 1 1.5 2
X/Xe X/Xe

FIG. 6. Normalized long-time-averaged MQC spectrum width
w/W,,, where w,, is the maximum value of @, as a function of x /x.
for (a) several values of the k control parameter with a system size
N = 1000 and (b) different system size values N with k = 1.6«,. The
maximum in @/, marks the presence of the ESQPT. The other
parameters are k. = 1/3 and x, given by Eq. (14). All quantities
plotted are dimensionless.

width w(¢) that are similar to the ones that have been observed
with a FOTOC in chaotic models [128]: (i) an approximately
constant value until ¢+ & 1, (ii) a decay to its minimum value,
(iii) an exponential growth, and (iv) w(¢) reaches its saturation
value, oscillating around it in an irregular way. The LMG is
an integrable model, but the unstable stationary point in the
LMG Hamiltonian, marked with a red star in Fig. 2, makes
the OTOC behave as expected for chaotic systems whenever
the system straddles the ESQPT critical energy [100,101]. Be-
yond the critical value of the quench, for y > x., the system
again oscillates regularly until it reaches its saturation value,
as shown for x =2y, with the dotted light orange line in
Fig. 5. In the inset we show the long-time dependence using
lin-lin scale and we verify that the highest saturation value is
attained for the critical quench, the one that also exhibits the
highest dispersion in Fig. 3(b).

To further confirm that w(¢) acts as a valid ESQPT probe,
we consider the long-time-averaged width, defined as

to+T
@ = lim — / w(t)dt. (22)
T J,

T—o00
We choose fy values such that #y >> 1. In the present calcula-
tions, we set fo = 10* and T = 10 and we carefully check
that the obtained results are the same for larger 7y and T
values.

Considering the results in Fig. 5, it is expected that @
should reach its maximum @, in the vicinity of the critical
quench. This is made clear with the scaled quantity w/w,,,
which is plotted as a function of 0 < x/x. < 2 in Fig. 6(a)
for different values of « and a fixed system size N = 1000
and in Fig. 6(b) for several N values and a fixed x = 1.6/3.
One can clearly appreciate that, in both cases, w has a peak
around x/x. = 1, regardless of the strength of the control
parameter « and the system size N, which means that @ is
an ESQPT precursor and the location of the peak provides a
numerical estimation of the critical x value: The peak location
tends towards yx/x. = 1 for increasing system-size values.
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FIG. 7. Normalized quench parameter Xmax/ Xc, Where Xmay is the
quench parameter value for a maximum long-time-averaged MQC
spectrum width @,, as a function of « /. for size values N = 400
and 1600. The horizontal dashed line marks the value yma.x/x:. = 1.
The inset shows | xmax/Xc — 1] as a function of N on a log-log scale
for k1 = 1.3k, (blue dots) and «; = 1.5« (gray dots). The purple
dashed and red solid lines are of the form |xmax/Xxc — 1| = C.N~F«,
with C, = 0.3952 and B, =0.1902 and with C,, = 0.2540 and
B, = 1.273, respectively. The other parameters are k. = 1/3 and x.
obtained from Eq. (14). All quantities plotted are dimensionless.

Moreover, the variation of w/w,, around x/x. = 1 is inde-
pendent of the control parameter or the value of the system
size, denoting the universal character of the scaling around
the critical point. This effect is particularly conspicuous in
Fig. 6(b), where the values before and after the critical point
are qualitatively different. This difference can be traced back
to a scaling of w with N for x/x. < 1 which switches to an
N scaling as the system gets close to the critical point and all
the way to x/x. = 2. Such critical scaling of w/w,, deserves
further analysis for a detailed understanding of its underlying
mechanism.

The previous results are confirmed in Fig. 7, where the x
value that corresponds to maximum w, denoted by Xmax, iS
plotted as a function of « for N = 400 and 1600. To better
grasp how xmax tends to . as N increases, we include an inset
in Fig. 7 where the variation of | xmax/xc — 1| with the system
size N for « = 1.3/3 and 0.5 is plotted using a log-log scale.
It can be easily appreciated that, regardless of the x value, the
scaling behavior of | xmax/xc — 1] is well fitted by a power law
| Xmax/Xc — 1| = CeN —f<, where C, and B, are k-dependent
quantities. Hence, xmax — Xc as N goes to infinity.

C. MQC spectrum of the long-time-averaged state

We now discuss how to unveil ESQPT signatures through
the MQC spectrum of the long-time-averaged state, which is
defined as

>
Il

7 1 [T " .
_ . - — 1 — —iHt iHt
lim T/o dt p(t) TlgnooT/O dte [Y0) (Yole

T—o0

D Uil v0) 17 Ie (. (23)
k

In the last step we have used the closure relation [ =
> i k) (@, with |¢y) the kth eigenstates of H;. Moreover,
the integration has been carried out considering that there is

no degeneracy in the H; energy spectrum. This assumption
is valid because we start from a positive-parity state and the
operator J. does not mix different parity states. It is worth
noting that p is a mixed state.

To calculate the MQC spectrum of p, we first express this
state in the J, basis as

P= Pe=_0 Puremlm+O(m, (24
4 m

14

where
Pmtem = (m+ £|p|m)
= m+ L) delm) | (Wolg) . (25)
k

Finally, the resulting £th component of the MQC spectrum is

L(P) =Te(p o) = Y |Pmreml (26)

The formula (26) indicates that the MQC spectrum of
p is determined by the dependence of p,,4¢,, on £ and m.
This is made clear in Fig. 8, where p,, 4, is depicted as a
heat map dependent on the system-size-scaled values of m
and ¢ for three different values of x/x. with k = 0.5. The
variation of p,,1¢, is shown as the system goes through the
critical quench. In particular, in the x /x. < 1 case, Ppte.m 1S
a smooth function deprived of nodes that extends in a wide £
range, as shown in Fig. 8(a). This is due to the large overlap
between |¢o) and |¥p). In contrast, in the x/x. > 1 phase,
there are several eigenstates |¢;) for large-k values contribut-
ing to |Yp). Hence, the summation of their distributions in
the basis states as in Eq. (25) is more complex, as shown
in Fig. 8(c), where pgy, » oscillates with both variables due
to interference effects and quickly decays to zero outside a
range of |¢| and m values. As illustrated in Fig. 8(b), at the
critical value x/x. = 1, pm+e.m displays a dependence on ¢
and m that differs from the two cases previously described.
It again exhibits a complex oscillating pattern as in previous
case, but the oscillations extend along large-m and -¢ ranges.
In addition to this, the most salient feature is the strong lo-
calization in the n = 0O state. The results for the critical case
can be understood from the critical character of this state and
the divergence of the density of states at the ESQPT critical
energy, which makes |1{y) become a highly localized state in
the J, basis.

It is clear from the heat maps of p4¢.m in Figs. 8(a)—(c)
that the model ESQPT shapes the MQC spectrum. This is
indeed confirmed in Fig. 9(a), where we depict the MQC
spectrum I;(p) as a heat map depending on ¢ and x/x.
for the k = 0.5 case. In this figure it is clear how, for in-
creasing y /x. values, the £ range associated with large 7,(p)
exhibits a rapid decrease as x passes through the critical
value. Moreover, the higher values of p,,+¢,, for the x/x. <
1 case shown in Fig. 8(a) explain the large amplitudes of
the MQC spectrum in Fig. 9(a). This is clearly shown in
Fig. 9(b), where the MQC spectrum for several y / x. values is
plotted.

The results in Figs. 9(a) and 9(b) confirm the p MQC
spectrum as a valid candidate for an ESQPT indicator in
the many-body quantum system. To further demonstrate
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FIG. 8. Heat map of p,,4¢.» in Eq. (25) as a function of £/N and m/N for (a) x/x. = 0.2, (b) x/x. = 1, and (¢) x/x. = 2. In the three
cases N = 800 and « = 1.5«., with . = 1/3, while the value of x, is given by Eq. (14). All quantities depicted are dimensionless.

the usefulness of the MQC distribution of p for ESQPT
characterization, we now focus on the I,(p) zero mode, de-
noted by Iy(p),

() =Y 1Pmml®, 27)

where Do = > |(mldi) I [ (Wol i) 1.

Figure 9(c) is a heat map for Ip(p) as a function of the
parameters k and x where the value of Ip(p) exhibits a local
maximum at the critical quench value x/x. = 1. This is even
more evident in Fig. 9(d), where the dependence of Iy(p)
on x/x. for several « values (see the legend) is depicted.
Hence, the zero mode of the p MQC spectrum is sensitive
to the presence of the ESQPT. The local maximum of Ip(p)
at x /x. = 1 can be explained by the strong localization in the

n = 0 basis state and the large range of m values contributing
to Ip(p), as shown in Fig. 8(b). To further understand this be-
havior, we could consider a simpler system, where the quench
Hamiltonian is H (x = 0) o< J.. In this case, the population of
the MQC spectrum for a long-time average state would co-
incide with the long-time average of the Loschmidt echo (see
Refs. [49,51]). This explains the similarities between Fig. 9(d)
herein and Fig. 5(d) of Ref. [51], where Wang and Quan
found a comparable behavior for the long-time average of the
Loschmidt echo. With this setup, the higher the localization
in the eigenbasis of the quench Hamiltonian, the larger the
value of Iy(p). A similar phenomenology is observed in our
system. Looking at Fig. 8, we realize that Ip(p) in Fig. 9(d)
is higher when the state is well localized in the quench
eigenbasis.

1.8F
. . 1.6}
=< ¢
= E
1.4}
. 1.2k
X/xe=0 —x/x.=15 (b 0.06 — /e =12 d)1 . —n/'nﬁ =12 f)-
—X/Xe = 0.5 —x/xc =2 ( ) _"{7{0 = 1;5 ( ) ) R —k/k, =135 ( )
[—X/Xxc=1 1 — /K = 1. 1074} —k/ke =15 4
0.04 _0.04f — K[k =165 1 \ K/ke = 1.65
< < K[k =18 N Kk =18
:: < 13 N
0.02f 17 002} % T
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FIG. 9. (a) Heat map of the long-time-averaged state MQC spectrum /,(p) defined in Eq. (26) as a function of ¢ and y /x. for k = 1.5«,.
(b) Plot of I;(p) as a function of £ for several values of the quench parameter y /. (see the legend) with « = 1.5«.. The crossing of the ESQPT
drives a significant change in the MQC spectrum. (c) Heat map of the zero component of the long-time-averaged state MQC spectrum y(p)
[see Eq. (27)] as a function of x /. and « /.. (d) Plot of I,(p) as a function of x/x. for selected values of «x /k. (see the legend). (¢) Heat map
of the size-scaled width of the long-time-averaged state MQC spectrum w(p) = w(p)/N as a function of x /x. and « /«.. (f) Plot of @W(p) as
a function of x /x. for several values of k /k,. (see the legend). In (c¢)—(f) the local maximum in /y(p) and the local minimum in w(p)/N make
these two quantities possible ESQPT probes. In all panels N = 2j = 800, «, = 1/3, and . is obtained from Eq. (14). All quantities depicted

are dimensionless.
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Furthermore, as the MQC spectrum has a different width
in the two ESQPT phases, the p MQC spectrum width should
also change due to the presence of the ESQPT. To verify this
point, we show in Fig. 9(e) the scaled width of the p MQC
spectrum w(p) = w(p)/N as a function of k and y. Itis clear
that @ has a kink at the critical point, regardless of the « value,
in contrast to the case of long-time-averaged w(t), which
exhibits a maximum in the neighborhood of the critical point,
as seen in Fig. 6. The kink in w(p)/N is clearly appreciated
in Fig. 9(f), where this quantity is depicted as a function of
X/ xc for several kx values, and it can be traced back to the
low-Pp+¢.m values at the critical point [cf. Fig. 8(b)]. Finally,
it is important to appreciate that the evolution of w(p)/N as a
function of x/x. is basically independent of the x value.

V. CONCLUSION

In the present article we have investigated, through the
MQC spectrum, the influence on quantum coherence of the
LMG model ESQPT, a logarithmic divergence in the mean-
field limit of the density of states. By using a sudden-quench
protocol and expanding the evolved state in the J. quasispin
basis, we have found that the underlying ESQPT has a strong
impact on the time evolution of the MQC spectrum, whose
temporal dependence at the quench critical parameter value
is a reliable indicator of the presence of an ESQPT. The
time evolution of the MQC spectrum can be understood by
studying the ¢ (¢) coefficients defined in Eq. (17). In particular,
the system gets quickly localized in the J. basis state with
a minimum value of m, at the critical value of the quench
parameter. We have also shown that this localization leads
to a clear maximum at short times in the zero-mode MCQ
spectrum Iy followed by a high dispersion [see Fig. 3(e)].

A high dispersion is also observed when we study the
MQC spectrum versus the differences ¢. To understand
this behavior, we plotted the width of the distribution and
identified different ways for the system to reach saturation. In
particular, in the quench to the critical energy of the ESQPT
case, we observe regimes previously identified in other
OTOCs and a maximal saturation value. Another result of
interest in the critical quench is that the long-time saturation
width peaks at locations that tend to the critical point for
increasing system sizes.

We have also analyzed the properties of the MQC distri-
bution for the long-time-averaged state, which is defined as
the long-time average of the evolved state [cf. Eq. (23)], and
we have observed that the ESQPT is responsible for an abrupt

change in the MQC spectrum of the long-time-averaged state.
Moreover, its zero mode and width also stand as good de-
tectors of the ESQPT in the LMG model. The first one is
maximum and the second minimum when the quench param-
eter reaches its critical value.

The present work focused on the LMG model, but our
conclusions are a consequence of the nature of the ESQPT
in this model, characterized by a logarithmic divergence of
the density of states at a certain excited energy. As explained,
despite its simplicity, the LMG model has proved a suit-
able platform to study GSQPTs, ESQPTs, and other critical
phenomena. Furthermore, there are several experimental real-
izations of this model and the connection between the MQC
spectrum and a FOTOC [cf. Eq. (3)] allows for the experi-
mental access to the MQC spectrum through protocols that
could be implemented in different platforms [66,68] and do
not require full quantum state tomography at each time. Based
on these facts, we expect that our results may motivate further
experimental efforts to investigate ESQPTs using the MQC
spectrum. In fact, ESQPTs akin to the one in the LMG model
appear in many other models with a single effective degree of
freedom and therefore our findings will also apply for other
systems that undergo the same kind of ESQPT as the LMG
model. A natural extension of the present work is a systematic
exploration of the ESQPT effects on the MQC spectrum in
other quantum many-body systems.
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