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1. Introduction

We consider an autonomous system of the form,
x =F(x) = (P(x),Q(x))T, xecR? (1.1)

where F is an analytic planar vector field defined in a neighborhood of the origin &/ C R? having an
equilibrium point at the origin, i.e., F(0) = 0 and where P and @ are analytic in Y.

The so-called monodromy problem consists in characterize when a vector field has a well-defined return
map in a neighborhood of an isolated singularity, that is, if the vector field has or not characteristic orbits
passing through this isolated singularity, see [1-5]. Ilyashencko [6] and Ecalle [7] proved simultaneously
that a singular point of an analytic differential system cannot be an accumulation point of limit cycles.
Consequently any monodromic singular point of an analytic system is a focus or a center.

Once we know that the singular point is monodromic appears another classic problem called the center
problem or stability problem which consists in distinguish if this singularity is a focus or a center, see
[8—10]. If the linear part of the vector field at the origin is nondegenerate, the Poincaré—Lyapunov method
solves the center problem, see the seminal works [11-14]. In this method are introduced the focal values
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also called Poincaré-Lyapunov constants. These constants are polynomials in the parameters of the system
with rational coeflicients. The vanishing of all these quantities is a necessary and sufficient condition to have
a nondegenerate center. Some particular cases are studied for instance, in [15], a necessary and sufficient
condition is given for perturbations of quasi-homogeneous polynomial Hamiltonian systems having a center.
The nilpotent case is similar to the nondegenerate one (see [8,9,16-20]). The degenerate case is more involved
(see [10,21-25]). For instance, Ilyashencko [26] proved that the degenerate center problem for polynomial
vector field is not algebraically solvable, that is, the center conditions are not, in general, polynomials in
the parameters of system (1.1). In short the degenerate center problem for polynomial vector fields is a well
posed problem but, in general, algebraically unsolvable. However it is proved that it is analytic solvable,
see [27].

We denote by P, and @, the leading terms of the same order m of P and () respectively in the
homogeneous order, eventually one of these two polynomials can be zero. We say that 6y is a characteristic
direction in the homogeneous order of the singular point, in this case located at the origin of system (1.1),
if it is verified

cos by Qn(cosbp,sinby) — sin by P, (cosby,sinfy) =0

A characteristic orbit of system (1.1) is a trajectory that enters or leaves the singular point located at the
origin tending to this point with a definite tangent and this tangent is given by a characteristic direction in
the homogeneous order. Of course any monodromic singular point has not a characteristic orbit but it can
have characteristic directions. In certain monodromic degenerate singular points a geometric method can be
applied to determine the stability of singular points with characteristic directions in the homogeneous order,
see [21]. Systems with characteristic directions in homogeneous order are also studied in [10,22] using the
blow-up technique. Other methods are developed for some specific degenerate systems, see [18,28-33].

The Bautin method [34], introduced to find the maximum number of limit cycles that bifurcate from the
origin for quadratic systems with center-type linear part, can be also used to degenerate monodromic singular
points without characteristic directions. The method consists in computing the derivatives of the Poincaré
map using a recursive linear system of differential equations. In the present work using this method we have
managed to find the first terms of the Poincaré map for monodromic singular points without characteristic
directions in certain coordinates (using a quasi-homogeneous order which generalized the homogeneous
order). Hence the first step is to find the coordinates where the system does not have characteristic
directions. We denote such vector fields as generic degenerate vector fields and these vector fields have a
monodromic quasi-homogeneous first component.

For the computation of the generalized focal values we generalize the method of Briskin, Francoise and
Yomdin [35], and we compute the integrating factor of the associated Abel equation which gives a linear
recursive system of differential equations in order to obtain the focal values.

2. Preliminary definitions and results
2.1. Perturbations of quasi-homogeneous systems

We now introduce some notation in order to present the main results. A scalar polynomial f is quasi-
homogeneous of type t = (t1,t2) € N? and degree k if f(s'iz,e'2y) = ¥ f(z,y). The vector space of
quasi-homogeneous scalar polynomials of type t and degree k is denoted by P%. A polynomial vector field
F = (P, Q)T is quasi-homogeneous of type t and degree k if P € Pt 4, and Q € Pt +t,- The vector space of
polynomial quasi-homogeneous vector fields of type t and degree k is denoted by Qf.

Given a vector field F = (P,Q)T, we define the divergence of F as div(F) = %—5 + %. We denote
Xy, = (_%’ %)T the Hamiltonian vector field with Hamilton function h. We define the wedge product of
two vector fields as F A G := PQ — PQ, where F = (P,Q)” and G = (P,Q)".
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The vector field (1.1) can be written as the sum of quasi-homogeneous terms of type t:
x=Fx)=F,(x)+F,1(x)+---, (2.2)

where Fi, € QF for all k, and r € Z. If we select the type t = (1,1), we are using in fact the Taylor
expansion, but in general, each term in the above expansion involves monomials with different degrees. The
main tool we use is a type of decomposition for quasi-homogeneous vector fields. This decomposition will
provide notable simplifications in the computation of the normal form. The following proposition provides
the decomposition of any quasi-homogeneous vector field, see for more details [36].

Proposition 2.1. (Conservative-dissipative decomposition) Assume that F,. € QY then there exist unique

polynomials p, € Pt (F,.) dissipative part of and hyqye) € Ppt

vt (Fr) conservative part of such that:

F, =X, + /J"rDOa (23)

=+t

where Do := Do (x) = (t12,t2y)", hyyj) = r+1|t\ (Do AF,.) and pr = ﬁdiv(Fr)-

This decomposition generalizes those given, for the homogeneous case, by Baider and Sanders [37] and
Collins [38]. Our goal is to characterize when a singular point of system (2.2) is a center. To do this, we must
first know if the singular point is monodromic.

The next result characterizes when the origin of a quasi-homogeneous system is monodromic (see
[39, Corollary 1 and Theorem 2]).

Lemma 2.2. Let F, = XhTHt\ + Do € QY. The origin of x = F.(x) is monodromic if, and only if,
by (2, y) # 0 for all (x,y) € U\ {(0,0)} where U is a neighborhood of the origin of system (2.2).

Next we present a sufficient condition in order that the origin of (2.2) be monodromic (see [39, Theorem

2).

Theorem 2.3. If the origin of system x = F,.(z) with F,. € QF is monodromic then the origin of system
(2.2) is also monodromic.

From now on we consider vector fields
K = F(x) = Fy(x) + Fppa(x) - (2.4)
where the origin of F, is monodromic. The following result gives a consequence respect to the system

% = F.,.(x) if the origin of system (2.4) is a center.

Theorem 2.4. If the origin of (2.4), with F,. monodromic, is a center, then the origin of system x = F,.(x)
is also a center.

Proof. Assume that the origin of (2.4) is a center. If the origin of x = F,.(x) is a focus then by using by
[39, Theorem 5] the origin of (2.4) is also a focus and this gives a contradiction. W

In [40, Theorem 3.3] the necessary and sufficient conditions so that a quasi-homogeneous system has a
center at the origin are determined.
From now on, applying Theorem 2.4 we can assume that the system (2.4) is

x=Fx)=F,(x)+F,1(x)+---, (2.5)

where x = F,.(x) has a center at the origin.
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There are degenerate centers whose first quasi-homogeneous component F,. is not monodromic, that is,
the system x = F(x) = F,.(x) + F,11(x) + --- has a center at the origin and F, = X,y T #rDo is
not monodromic. In this case the Hamiltonian function h, ¢ associated to the first quasi-homogeneous
component F,. is not generic and have real multiple roots in its decomposition in Clz,y]. For instance,

% = F(x) = ( Ay - 2%y > (2.6)

2xy? + 62°

consider the following vector field

The vector field (2.6) can be decomposed as sum of two quasi-homogeneous vector fields of degree 2 and 4

A3 9.2
respect to the type t = (1,1), where Fa(x) = ( A ) € OV and Fy(x) = ( s ) e,

The origin of (2.6) is monodromic because F = Xy, where H(z,y) = y* + 2%y? + 25 > 0 for all
(x,y) € U\ {(0,0)}). Moreover the origin of (2.6) is a center since F is a Hamiltonian vector field. On
the other hand Fa(x) = X}, with h(z,y) = y*(y* + 2?) is not monodromic because does not satifies the
condition h(z,y) # 0 for all (z,y) € U \ {(0,0)} and h has real multiple roots. These cases, where the first
quasi-homogeneous component is non-monodromic, are non-generic and are not subject of our study in this
work.

In the following Proposition we apply to system (2.5) the change of coordinates x = p'1 Cs(6), y = p'2Sn(6)
in order to obtain the Poincaré map for such generic differential systems. In what follows and for simplicity,
we denote by f(0) := f(Cs(6),Sn(#)) where f is a scalar function of f: R? — R.

Proposition 2.5. Applying the change of coordinates
xz = p'1Cs(6), y = p'2Sn(6), (2.7)

where (Cs(0),Sn(6)) are the periodic solutions of period T > O,‘of the initial value problem (z,9)T = F,.(z,y),
(r+1tD A1 1t (6)

2(0) =1, y(0) = 0 and we apply the scaling of time dt = pdeT, system (2.5) becomes
dp Py 89 '
DY [u,ﬂ(e) = ey @ | 7
3>
9 _ > (r i)y 1) (0) 5 (28)
dr DR, 1 (@) P |

Jj=1
where h,yjiy) and pri; are the conservative-dissipative decomposition (2.3) see and h;,+j+|t‘(0)
~ Xy AR 0) forj = 0.
Proof. Applying the proposed change of coordinates we have
. t1—1 t1 Cs(0) .
< y > - ( ilptrlgrsl% )p+ < ! o5l )9’
Yy 2p 14 a0
which is the same as the vectorial equation
«— 1Dyp+ LF, (x)d
x=2 0p + 5 Fr(x)0.
Therefore we have
. 1 .
(xAFy)(x) = (;Do ANF)(x)p,

(Do A%)(x) = (%DO AF,)(x)6,
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where Dy A F,. = Dg A thﬂt‘ —l—,urDo} = pr+|t‘hr+‘t|(0) # 0, for all 8 € [0,7], where T is the minimal
period of Cs(#) and Sn(6), because x = F, has a center at the origin.
Moreover, using the Euler formula VDo = kui, we get

(K AF)) = D (Friy AF)) = 30X, + #r45Do] AF) ()
720 jz1

= 3 (Kt AT+ O Dy e ) (),

Jj21

(Do AX)(x) =Y (Do A X, s o) (X)-
720

On the other hand for each 5 > 0 we have
(Do A Xn, o) (X) = V(hig g - Do)(x) = (r+ 5 + [t) Ay jppe (%)
= (r+j+[t)p T h, sy (6),

Mt (X) = Pr+jﬂr+j (0)
24+t Ohryi1181(0) dsn(6)  Ohrijy14(0) dCs(6)
Xy jpe NER)x) =p I {* ) 5 — —oea0) o
— _p2r+]+|t|h;+j+‘t|(9).

From here we deduce that the transformed system is
r+1

P = Gt Do [_h/r-&-j-s-lt\ (0) + (r+ |t|)hr+\t|(9)ur+j(9)] o,

T

0= crmnh @ Z(T + 5+ [t herjiie (0)0

j=0

h 0
for p > 0. Applying now the scaling of time dt = (Hlt‘)piﬁm()dﬂ we get the result. The condition that

hyy1g)(0) # 0 VO € [0,T] is fundamental in our study. This hypothesis makes possible the existence of a
generalized Abel differential equation with coefficients g;(6) polynomial in Cs(f), Sn(6). N

2.2. The associated generalized Abel equation

System (2.8) can be written as

;Li =pY R;(0)0, %ﬁ =1+)_ w(0), (2.9)
j=1

(r+3+1tD g 1 1) (0) hy. (0) .
where 5(0) = et and Ry () = jirs 0) = Gipin, g @y for 4 2 1

Developing in power series of p, the equation of the orbits of this system in generalized polar coordinates
is given by the generalized Abel equation

oo

d .
= 9:0)0" (2.10)
o =

The following Lemma determines the functions g;(#) of the generalized Abel equation.

Lemma 2.6. Consider the generalized Abel equation (2.10), then we have that g;(0) for alli > 2 are defined
by

92(0)
gi(e)

Ry (6),
[Ria(0) = Sh w5(0)g50)] i > 2,

5

(2.11)
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Proof. It is straightforward to see that

P = "gi0)p" =p[Ri(0)p+ Ra(0)p” + -]
=2

So we get:
g2(0) = Ry1(0),
g3(0) = R2(0) — R1(0) ¥1(0),
94(0) = Rs(0) — Ro(0) ¥1(0) + Ry (0) [¥7(0) — ¥a(0)]
95(0) = Ra4(0) — R3(0) ¥1(0) + R2(0) [¥7(0) — W2(0)]
(0)

Applying a classical result of power series (see [41]) we have an expression of ¢;(f) in terms of a
determinant given by

Ry 1 0 - 0 0

Rs 2] 1 - 0 0

g:(0) = (et | B2 00
Rio Vi3 Vg -+ ¥ 1

Riy Vg W3 - Uy ¥

From here we deduce the result. W

We know that the power series (2.10) converges for p sufficiently small, i.e., |p| < 1. We denote by
p(0,p0) = 3,51 an(0)pg, the solution of Eq. (2.10) satisfying p(0, po) = po. The Poincaré map is given by

P(po) = p(T,po) = po + Y _ an(T)pf,
n>2
defined for py > 0 sufficiently small. The coefficient a,(T") are called the generalized Poincaré—Lyapunov
constants. The following result gives the stability of the singular point.

Theorem 2.7. If the origin of system (2.5) is a focus then there exists a Poincaré—Lyapunov constant for
n > 1 different from zero. In fact if az(T) = -+ = an—1(T) = 0, and a,(T) # 0, the focus is stable for
sig(hy41¢)(0))an(T) < 0 and unstable for sig(h,14)(0))an(T) > 0. If an(T) = 0 for all n > 2 then the origin

is a center.

2.3. Computation of the generalized Poincaré-Lyapunov constants

To obtain the generalized Poincaré—Lyapunov constants just replace § = T in the functions a;(#) which
in turn are obtained by imposing that the function p(6,p0) = >_, 51 an(f)py be a solution of Eq. (2.10).
This is known as Bautin method [34]. More specifically we have

dan(0) n n
den@pr =>"gi(0) | D an(0)pf | - (2.12)
n>1 i>2 n>1

6
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Developing the right hand side of (2.12) we can get the expression of the Poincaré-Lyapunov constants in a
recursive form. More concretely we have

Qg => | D 0i0) ST an, (0)--an,(0) | | 05 (2.13)

n>1 n>2 =2 ny>1,..., n;>1
ny+--+n;=n

For n = 1 results that

dar(®) — 0, a;(0) =1, consequently ay(6) =1,

and for n > 1 the differential equation (2.13) results

dagll@(e) - Zgi(e) Z Gny () An,; @)1, an(0)=0. (2.14)

i=2 ny>1,..,n;>1
ni+--+n;=n

3. The integrating factor for Eq. (2.10)

In [35] Briskin, Frangoise and Yomdin showed that there exists an integrating factor for the Abel
equation associated to a polynomial perturbation of any lineal center i.e. for vector fields of the form
(—y+ -,z + )T, see also [42]. In this paper we generalize this result finding an integrating factor for
vector fields of the form (2.5).

Proposition 3.8.  There ezists an unique formal power series ®(p,0) = > .2 &;(0)p', such that R =
Tl(p,m is an integrating factor of (2.10) with ®(p,0) = 0, where the coefficients ®;(0), i > 1, verify the
following initial value problem defined in a recurrence form:

P(0) = —2f09g2(s)ds, ‘
O0) = —(i+1)gis1(0) + X0y (i +1—2))B;(0)gisa—;(0), if i>2 (3.15)
?;(0) = 0, if i>2

Proof. If R is an integrating factor of (2.10) and we denote by G = >°°2, g;(6)p’, then

o o oG
= il 1- ¢) =
0 apG+aa+( )ap’
therefore
0= [22@(9)#‘1] [Z g9:(0)p" | +>_igi(0)p" "
=1 =2 =2
- [Z 451(9)4 [Z igi(0)p" |+ #(0)p'
=1 =2 i=1
[e'e] 1—1 ) [o%¢)
=> 32 (0)git1-50)| o'+ D (i +1)gip1(6)p
=2 | j=1 i=1
e’} i—1 ) %S} .
- Z (i+1—=7)9i(0)git1-;0) | p" + Z o;(0)p'
i=2 |j=1 i=1

7
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= [292(0) + @1(0)]p

+ DO + (4 1)gia (0) = > (i + 1= 2§) D;(0)giv1—;(0) | o,
=2

j=1

which completes the proof. W

The next result provides the expression of the inverse of the Poincaré map.

Proposition 3.9. Let #(ep) be the integrating factor of Eq. (2.10) defined in Proposition 3.8, then the
inverse Poincaré map is given by

[e%) n i+1
_ P
P 1(p):p+g E E Py (T) - &,(T) i1
n=1 | j=1 i121,..,05>1
i1+-~~+ij:n

Proof. If #(9@ is the integrating factor of (2.10) then there exists a Hamiltonian function H (0, p) such

SH(, =, 9i(0)p" SH (0, ( .
that — Ha(a £) — 2:1735(9,,;) and Ha(p L) — 174)1(0%). Therefore H(0, p) — H(6,0) = [/ #(99’5). Taking the
level curve H(0,0) = 0, we have H(0,p) = [ #ﬁ@s)' If p(9) is a solution of (2.10), as &(0,p) = 0, we

obtain

(0) < p(0) S
p(o):/o J(QS)H(O"’(O))H(G’[)(Q))/O 1_;@75)
p(0) i '
-/ "y (e o
0 n=1 \i>1

Consequently

P~ (p(T)) = p(0) = p(T) + Z Z Z &, (T)--- &, (T) pi+1(T)7

, 1+1
n=1 | j=1 i1>1,.,05>1
i1+-~~+ij=n

as we would to proof. W

The following result relates the Poincaré—Lyapunov constants with the integrating factor constants.

Proposition 3.10. If the Poincaré-Lyapunov constants defined in (2.14) of system (2.5) satisfy a;(T) =0
forallj =2,...,k—1 with k > 3 then the integrating factor constants of the integrating factor defined in
Proposition 3.8 then by (3.15) satisfy &1(T) = -+ = Pp_o(T) =0 and $_1(T) = —ka(T).

Proof. Applying Proposition 3.9 we get

o0

p=P P =P+ S Y s m | PO

. n+1
n=1| j=1lig>1,..,i;>1
i1+--~+ij:n

8
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Therefore

p=">_a;(T)p
j=1

3 Y s i+l

- n+1
n=1 | j=141>1,...,i;>1

) k—1

SOOUICVED B DI D SIS DENECo NI ey
j=1 7j=2 | n=1 j:1i121,...,ij21
i1+-~-+ij:n

X Z Ay (T) cr gy, (T)

121, >1
14 Fin=k—1

d
j

and being a;(0) = 1, for each k > 2 we have

O = ak(T)
1 k—1 n
e | P+ > (D) By (T)
n=1 j=2i121,.4.,ij21

i1+~~~+ij=n

X
8
:-\
=
&
3
~
~—

I EE S

n=1 J=2 4121451
il-‘y--“-‘rij:n

Y a@ea )
i1>1,.,in>1
P4 tin=k—2

Finally if ag(T) =+ = ar—1(T) =0 then &1(T) = = & _o(T)=0and ai(T) = —P_1(T)/k. N

The next result is a consequence of Proposition 3.9 and provides another method to compute the
Poincaré-Lyapunov constants and consequently another resolution of the center-focus problem.

Theorem 3.11. If the origin of system (2.5) is a focus then almost one of @ (T) for k > 1 is different from
zero. In fact if &1(T) = --- = &p_1(T) = 0, and $(T) # 0, the focus is stable for sig(h,4¢(0)) Pu(T) > 0
and unstable for sig(h,4¢(0)) Pr(T) < 0. In the case that ¢y (T) = 0 for all k > 1 the origin is a center.

Proof. If the origin of system (2.5) is a focus then there exists & € N such that ax(T) = -+ = ax_1(T) =0
and ag(T) # 0, using Proposition 3.10 we obtain that &,_1(T) = —ka(T) # 0. If the origin of system (2.5)
is a center then ay(T) = 0 Vk € N and using Proposition 3.10 we get §,(T) =0, forallk >1. N

9
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4. Sufficient conditions for a center

It is well-known that if a system is formally integrable or orbitally reversible and the origin is monodromic
then the origin is a center, see for instance [43-45] and references therein.

We can simplify the calculation of the focal values @ (T) if we know that a part of the system to study
is a center as the following result shows.

Proposition 4.12.  Assume that the system (2.5) can be written into the form x = X(x) + X(x), where
X=F +,X= >isr G Gy € Q% and the origin of system x = X(x) is a center. Let g;(0) be the
coefficients of the generalized Abel equation

%= "5;(0) (4.16)

associated to X. Let (1 — &(6,p))”" and (1- @(G,p))_l the integrating factors of the generalized Abel

equations of systems (2.10) and (4.16), respectively, with ¢(0,p) = >272 1 ®;(0)p?, with ¢(0,p) = 0 and
P(0,p) = 352, P;(0)p’ with ®(0,p) = 0. Define §; = g; — g, i > 2 and ;(0) = &;(0) — ;(6), fori > 0,

then the following statements hold:

(a) ,(T)= &,(T) forn>1.

(b) The functions 52(9) para i > 1 are defined recursively by

(0) = —2[)Ga(s)ds, if i=1,
@(0) = —(i+1)gir(0)

+ (1= 29) (85(0)gi1-5(0) + B5(0)Girr—4(0)) o P22
;(0) = 0, if i>2.

Proof. The proof of statement (a) is trivial because as the system x = X(x) has a center at the origin then
&, (T) = 0, for n > 1. Now we prove statement (b). Taking into account that (1—&(0, p))~ !, (1 — &(9, p))_1
are integrating factors of (2.10) and (4.16), respectively, the following recurrence relations are satisfied

0

#(0) = =2 | ma(s)as.
0

8,(0) = —2 /0 Ga(s)ds,

P/(0) = —(i +1)gi+1(0) + Z +1—25)®;(0)gi+1-4(0),

P/(0) = —(i + 1)gip1(0) + Z(i +1—25)8;(0)gir1-5(0),

therefore we have that

0
¢ = —2/ g2(s)ds,
0

B)(0) = —(i + 1)Gi1(0) + Z i+ 1= 2§) (2;(0)gir1-5(0) — D(0)gi+1-5(9))

=@+ 1)Gita (6 +Zz+1—2.7

10
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x ((2(0) — (0)) Git1- §(0) + 2;(9) (91+1-5(0) — gis1-5(9)))

—(i+ 1)gisa(6 <+§jz+1—2y(@<mw+kjw»+¢ﬂw@+hjw0
which completes the proof. W

The function @(f) is given by an integral, the function @,(0) is obtained through an integral whose
integrant has also an integral. In general in the computation of @,(0) we need integrate n times. For this
reason it is convenient to reduce the terms in &, (0) in which appear high subindexes of &;(0) with i < n.
This can be done applying the following result obtained using integration by parts. This property is used in
the applications.

Lemma 4.13. Consider &,,, ,, 3,“ Jn and g of Proposition 4.12 then the following statements hold.
(a) ¥ = ~24n.

(b) (,932 + i?ﬁ (01 + &51))/ = —303

(c) By = —4G,+2 (55193 + @1@%)-

(d) ) _

(452 + @2))’ = —5g5+5 (5194 + @1§4)

( 4 — %(4534514-@3@1) )
( o7 + 2452)93] -3 [(QSQ b) + &y 451)92 + &, 45192} .

0
[ 1(P1 + 1) *2@2) +(

(e)
~ ~ - A~ ~ - A~ — ! ~ —
(@5 - (454451 + 454451) + 3 (453@% + D301 (P + %))) = —6g6 +9 (43195 + 45135)
+2 (B = 281(81 + 1))ga + (82— 262)71)
+5 (81 (92 + 92+ 0101~ 202) — 28201 | g5 — (85— 201 82) Gy

N

Proof. The proof follows using the derivative rule, the definition of integrating factor of the generalized
Abel equation that appears in Proposition 3.8 and using the definition of &,, @,, ®,, g» and gn
of Proposition 4.12. N

5. Applications

We will study the center problem for monodromic systems of the form

( ”2 ) = ( _x?éz:l >+ : (5.17)

The first quasi-homogeneous component of vector field associated to system (5.17) is Foy 4,1 == Xp €

Q2t1t2—|t\ where t = (t1,t2) and h(z,y) = t2 + % > 0V(z,y) e U\ {(0,0)}. By Lemma 2.2 the origin of

system x = Fy; 4, _|¢|(X) is monodromic. Applymg Theorem 2.3 the origin of system (5.17) is monodromic.
We apply to systems of the form (5.17) the change of generalized polar coordinates

T p'1Cs(0),
y = p"2Sn(h),

where (Cs(0),Sn(f)) are the solutions of the initial value problem
T _a2t1—1
(5)-( %5 ) s0-1 wo-o .19

11
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5.1. Degenerate system of type t = (2, 3)

In this subsection we study the center problem for the monodromic system which corresponds to (5.17)

with t = (2, 3).
z _ _y3 4 a’50x5 + a22x2y2 (5 19)
y )\ o buzty + biszy® ) )

System (5.19) was studied in [46] applying the Bautin method. Here we obtain the center conditions by
Theorem 3.11, using a orbital normal form of (5.19). In [44, Theorem 4.8] we obtained following orbital

normal form of system (5.19)

. .3
( ; ) = ( x% > +< (1)33 +a( )xy )DO—&—XﬂgIz;yz + agz®yDy

+a102?y* Do + aztyDo + (a12 h+ alz)x v )Dg -, (5.20)

where Dy = ( ?)gyc ) , h = %y‘l + %zﬁ and the subindexes of « and § indicate the quasi-homogeneous degree,

where

045(31) 3 (5&50 + b41)

1
04;2) B(Qam + 3b13),

1
— a50(—182b4; 4 390as0) — 2(2b3, + 3b2,)],

1
Qg = 97[@22(51713 — 60,22) -+ 13
399
Bo = {7g3 [br3(121azz — 36b13) + aso(—~bar — 135as0) — 2(1461)31 + 201a3,)].

Theorem 5.14. The origin of system (5.19) is a center if and only if one of the following conditions holds

(a) by1 = aso = 0;
(b) bai + basp = 2a22 — 3b13 = 0.

Proof. First we see the sufficiency. If condition (b) holds, system (5.19) is Hamiltonian and its origin is
monodromic, hence it has a center at the origin. If condition (a) holds, system (5.19) is R,-reversible, that
is, the system is invariant under the symmetry (x,y,t) — (—z,y, —t) and its origin is monodromic, hence it

has a center at the origin.
Second we see the necessity. For the computation of the generalized Poincaré—Lyapunov constants we use

Lemma 4.13 and we take the reversible center respect to z in the system (5.20) given by
_ _.3
X(x) = ( x:% ) + aéQ)nyDo + Xggzty2 + gz yDg + ag)x?’yQDo,

The coefficients of the generalized Abel equation, g; with ¢ > 2, are obtained from (2.11) being

W5 (0) = 145,Cs*(0)Sn’(0) Wy(0) = Wa(6) Wy(0) =0

Ry1(0) = oV Cs*(6) + @)cs(e)sn ( ) Ri(0) = alPCs(0)Sn%(0)  Ri(0) = ol Cs*(6)
Ry(6) = (a:ﬂgcs ()G)Sn(z) Ro(6) = R(0) Ra(t) =0

Rg(@) = alOCs (9)811 (9) }223(9) =0 53(9) = Rg(@)

R4(9) = aHCs ( ) ( ) R4(9) = 0 R4(9) = R4(9)

Rs(0) = oy + {3 Cs*(0)Sn’(0) Rs(0) = i3 Cs*(0)Sn*(6)  Rs(0) = oy
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Using Lemma 4.13 for computing @; with ¢ > 1 and the definition of §; with i > 2 that appears in
Proposition 4.12, i.e. §; = g; — g;, we obtain the following generalized Poincaré—Lyapunov constants:

0 0
3.(6) = 2 / Galt)dt = —2 / Ra(t)dt = —20{"1,0(0),

0 0

~ 1
and consequently @1(T) = —20(5(31)14,0(T). Taking into account that I;o(T) = 27B(1,%) # 0 (see
Lemma A.19 statement (e2)) we have that @;(T) = 0 if an only if ozél) = 0. Recalling
aél) = +5(5aso + bay),

from here we have by; = —5asg. From aél) =0 we get ¢,(0) = &,(0) = —2ozé2)1172(9) and g2(0) = 51 (9) =0.

If ag) =0, by Lemma 4.13 statement (b) the second generalized Poincaré-Lyapunov constant is

0 6
. 1 = 5
y(0) = 73/0 g3 (t)dt — 1(@% — 7)) = —3/0 Ry(t)dt = 0.

Therefore it is verified that @,(#) = ,(6), which implies &, = g5 = 0.
If ozél) = 0 and applying the statement (c) of Lemma 4.13, it is satisfied that

By(0) = —4 /O Ga(t)dt + 2 /O (1 (D)gs(t) + B (£)s (1)) dt

[’
— 4 / Ra(t)dt = —daroLs(0).
0

Taking into account that Iz 2(T) # 0 (see Lemma A.19 statement (e2)) follows that @g(T) = 0 if an only if
19 = 0. From the vanishing of agl the constant a9 becomes

1
a0 = £a50(2a22 + 3b13) (5aze — 3b13).

Hence we have the following cases: If a5o = 0 we get the case (a) of the Theorem. If agy = —%blg we obtain
the case (b). Finally we study the last condition given by aso(2a22 — 3b13) # 0 and 5age — 3b13 = 0.

Taking into account that aél) = a0 = 0 we have that @5(0) = J5(0) and J5(6) = gGu(8) = 0. Moreover the
origin of the system up to quasi-homogeneous degree 10 is a center since the truncated system is invariant
by the symmetry (z,y,t) — (—z,y, —t). Using Lemma 4.13 statement (d), the fourth constant is

~

9 6 6
D4(0) = 75/0 g5(t)dt + 5/0 P (t)gs(t)dt —/O (D2(t) — 2B5(1))gs(t)dt

0
-3 | BOe@me 500080 + (33 - 3

0
_ 5 / Ru(t)dt = —5anIus(6),
0

which implies 54(T) = 0 because I41(T) = 0 by Lemma A.19 statement (el).
By the same procedure the fifth constant is

0 0 )
35(0) = —6 /0 Go(t)dt +9 /0 &y ()55 (1)t + 2 /0 (Ba(t) — 202(4))Ga(t)dt

~

1 2 ~ P L oo
+ 5/ @1(t)(¢1 (t) - 2@2(t))gg(t)dt + @1(9) @4(6‘) - 1@1 (9) @3
0

6
= —60.Y0 + 900110 / I15(t)Cs*(£)Sn(t)dt,
0

13
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and substituting the values

2 _ 7 __ 385 3 (1) _ 43561 3
Qg = 73022, Q11 = g 022059, Q19 = 1326()@22@50

is transformed to

~ 43561 40425 T 49 . .
O5(T) = a30a3,T + ————a3,a3 / I 2(t)Cs(t)*Sn(t)dt = —a3,a3y A,
2210 22 50 104 2250 o 9 2250

where A = 7= SQ‘J 511,2,.4,1(T). The value of T is obtained from Lemma A.19 statement (d), from there
we get T = 8.5713. Moreover from Lemma A.19 statement (f2) we have I} 5 4.1(T) > 0. In short we arrive
that A > 0. Consequently under the conditions of this case we have a focus at the origin. W

Next result provides the analytic integrability condition of system (5.19).
Theorem 5.15. System (5.19) is analytically integrable if and only if by + Sasg = 2a22 — 3b13 =0

Proof. The sufficiency condition is direct since in this case system (5.19) is Hamiltonian. Now we study
the necessity. By [36], system (5.19) is analytically integrable if, and only if, its vector field associated is
conjugated to a Hamiltonian vector field, i.e. the dissipative terms in normal form (5.20) are null. Therefore
Ozgl) = %(5&50 + b41) =0, and OééQ) = %(2@22 + 3b13) =0. [ |

5.2. Degenerate system of type t = (2,5)

In this subsection we study the center problem for the monodromic system which corresponds to (5.17)

with t = (2,5)
. 3 8 3,2
T -y agox” + az2xy
. = + . 5.21
( Y ) ( ? ) ( bosa?y® + briz’y ) (5.21)

Applying [44, Theorem 4.8] we get a orbital normal form of system (5.21)
. 3
xT N _ (Y (1) (2),.7
()-( ) S i
+ a5 yDo + (agﬁ)x + a56)ac Y )Do + X617x7y2 + a17x6yD0
+ Oélgx Yy Do + X519x8y2 + a9 yDo + -, (522)
2x

where Dy = ( 5y

being

) ,h= %y‘l—i— %xg and the subindexes of o and 8 indicate the quasi-homogeneous degree,

1
(1) 7(a32 + bo3)

o} = 51 (8080 +b71)

1
= 2
Bia = 21( Sago + 2b71)
1
a5 = — (a32 + bag)(baga — 2b93)
1
= 2 -2
Bis ~ 3931 ———(5Tass — 20ba3)(Hass — 2ba3)

14
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Theorem 5.16. The origin of system (5.21) is a center if and only if one of the following conditions holds
(a) azg — b23 = 0

(b) bas + azzs = br1 +8ago =0

Proof. First we see the sufficiency. If condition (b) holds, system (5.21) is Hamiltonian and its origin is
monodromic, hence it has a center at the origin. If condition (a) holds, system (5.21) is symmetric with
respect to the x axis and its origin is monodromic, hence it has a center at the origin. Second we see the
necessary. For the computation of the generalized Poincaré-Lyapunov constants we use Lemma 4.13, taking
the reversible center respect to  in the system (5.22) given by

3
- 2
X = ( 3y ) + X, 12 + 0l Do + X6, + a152yDy

(2)

+age 2®y*Do + Xpiraty2 T Xpygasy2 + a192"yDo,

The coefficients of the generalized Abel equation, g; with ¢ > 2, are obtained from (2.11) being

v1(0) = 21414 Cs5(0)Sn(0) W (0) = W1 (0) Wy(0) =0
Wy () = 22815Cs°(0)Sn”(0)  Wa(0) = Wo(0)  Wa(6) =0
W3(6) =0 U3(6) =0 ¥3(0) =0
Wy(0) = 2451705 (0)Sn®(0)  Wa(0) = Wa(0)  Wa(6) =0
¥5(0) =0 Us(0) =0 Us5(0) =0
Us(0) = 24B19Cs®(0)Sn2(6)  Ws(6) = W(0)  Ws(h) = 0.

Ri(6) = B1aCs’(0)(—Cs"(0)
+8Sn%(6)) _ - “
+Cs2(0) (o4 Sn?(0)

+a{fCs"(0))
Ry(0) = 2615Cs°(0)Sn(h) ) R
(—Cs'(0) +3Sn*(#))  Ra(0) = Ro(0) Ry(#) =0,
+ a15Cs5((9))Sn(9)
3 1 5
fslf) = is 529))550‘21?9?; O Ra) = a0 (0)30%(0)  Ra(6) = 0l O (6)
0416 n
Ry(6) = B17Cs%(0)Sn(h) R
(—Cs™(0) + 750" (0))  Ra(6) =0 R4(0) = R4(0)
+ a17Cs%(0)Sn() ~
R5(0) = a15Cs*(0)Sn?(0) R5(0) =0 R5(0) = R5(0)
Rs(0) = Cs7(0)Sn(h) (a0 ~

+2B19(4 — Cs™(0))

Using Lemma 4.13 for computing ®; with i > 1 and the definition of g; with ¢ > 2 that appears in
Proposition 4.12, i.e. §; = g; — g;, we obtain the following generalized Poincaré—Lyapunov constants:

0 0
$1(0) = —2 / Go(t)dt = —2 / Ri(t)dt = —20{} I 5(9).
0 0
ThereAfore & (T) = —20[51)]272(T). By Lemma A.19 statement (e2) we have that I 2(T") # 0 which implies
that @ (T") = 0 if and only if aﬁ) = 0. Taking into account that
)

ajy = asgz + bog,

15
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we get that bog = —a3o. Assuming that aﬁ) = 0 we have @(0) = &,(0) = 2B14117,0(0) — 1681417 4(0) —
20217 0(0) and G2(0) = &,(0) = 0.
If ol})) = 0, by Lemma 4.13 statement (b), the second constant is

Py(0) = 3/0 Ga(t)dt — 1/4(9} — &) = 3/9 @, (t)g2(t)dt = 0.
0 0

Consequently it is verified that ®,(0) = ®,(0), which implies Py = 93 =0.
If 04(1}1) = 0 and applying the definition of ®(#) which appears in statement (c) of Lemma 4.13, it is verified

0 o
B5(0) = 4 / Ga(t)dt +2 / (B1(1)ga(t) + B1(0)gs (1))dt

6
— / Ry(t)dt = —4alY I 0(0).
0

Using Lemma A.19 statement (e2) we get Iso(T) # 0. From here it follows that ®3(T) = 0 if and only if

a%) = 0. Assuming that aﬁ) = 0 we have that 04(1? takes the form

a%) = —%523(8(180 + b71)(3aso — br1)
Hence we have the following cases: If by3 = 0 we obtain the case (a). If by; = —8agg we get the case (b).
The last case is bag(8asgg + b71) # 0 and b7 = 3asp.

Taking into account that a&) = a%) = 0 we have that @53(f) = &5(f) which implies &5 = g, = 0.
Moreover the system up to quasi-homogeneous degree 16 is a center because the truncated system is invariant

by the symmetry (z,y,y) — (—z,y, —t). Using Lemma 4.13 statement (d), the fourth constant is
0 0 0
D4(0) = 75/ §5(t)dt+5/ & (t)gs(t)dt —/ (P2(t) — 2B5(1))Gs(t)dt
0 0 0

-1/3 /O ’ By (1) Po(1)Go (t)dt + 1/281(8) B3(0) + 1/6( 2 — 83)

0
—5/ Ry(t)dt = —Pr17116,1(0) + Th1716,5(0) + 17161 (0).
0

Therefore @4(T) = 0 by Lemma A.19 statement (el). Using the same procedure the fifth constant is

0 0 0
35(6) = 6 / Go(t)dt +9 / &1 ()G (1)dt + 2 / (8 (t) — 202(t))G (1)t

% /00 r (1) (B2(t) — 2B (£))Gs (1) dt + 1 (6) Ba(6) — iqﬁf(g)@s
0 R 0 R
- /0 Rs(t) — Wy (8) Ra(t)dt + 9 /0 &1 (1) Ba(t)dt
= —6ai18ly2(0) + 126514(—P17124,2(0) + TB17114,6(0) + a17114,2(0))
+9614(B17117,0,16,1(8) — TP17117,0,6,5(0) — a17117,0,6,1(0)
—8B1717,4,16,1(0) + 5681717 4,6,5(0) + 8arrl7.4,6,1(0))
i) (~Burlr0,16,1(9) + Thirlro.65(0) + arrlro6.1(6)).
Substituting the values
(2) _ 11

_ 1 _ 17 33 _ 7. 13 _
ajy = 57a80, P1a = 57080, P17 = —3535080b53, Q17 = —357a80b53, a1z =0,
16
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we obtain @s5(T) = a2b3;3A where

17 119 7 7
A= —I2(T)— —IL4e(T) — —T142(T) — —1I T
51124 2(7) 51 14,6(7) 71 14,2(7) 756 17,0,16,1(T)
1 7 34 22
—1 T+ —1 T)+ —1I T)— =1 T
108 17,0,6,1(T) + 108 17,0,6,5(1) + 189 7.416,1(T) — o7 74,6,1(T)
34 187 121 187
——1I T T —1 T
27 7,4,6,5(T) + 6304 I70161(T) — 979 7,0,6,1(1) — 972 7,0,6,5(T)-

Using Lemma A.19 statement (c) we have Sn*(8) = 2(1- Cs'%()) and applying this relation into the value
of A and statements (e5) and (f2) of Lemma A.19, we can simplify the expression of A. In fact we consider

A= 170100 (B1 + B2) being

By = 203490(I14.5(T/4) — Iny5(T/4)) + 64277(I.0.6.1(T/4) — Ir0.16.1(T/4))
+59700(17,0,6,1(T/4) — T17,0,6,1(T/4)),
By = 189000114,2(T'/4) + 61047117,0,16,1(T/4) — 58047117061 (T/4).
Using statements (e6) and (£3) of Lemma A.19 we can conclude By > 0. By statements (f2) and (f4) of
Lemma A.19 we get
By > 189000[1472(T/4) — 58047[17707671(11/4)
> 189000114 5(T/4) — 58047117.o(T/4)Is 1 (T/4).

At this point we use statement (€2) of Lemma A.19 for computing the simple integrals, and we obtain
B, > 189000 - 0, 1205 — 58047 - 0, 6568 - 0,3962 = 7674, 1.

Therefore By + By > 0 and consequently A < 0, hence under the conditions of this case we have a focus at
the origin. W

Next result provides the analytic integrability condition of system (5.21)
Theorem 5.17. System (5.21) is analytically integrable if and only if bag + aza = b7y + 8agg =0

Proof. The sufficiency condition is direct since in this case system (5.21) is Hamiltonian. Now we study
the necessity. By the main results in [36], system (5.21) is analytically integrable if, and only if, its associated
vector field is conjugated to a Hamiltonian vector field7 i.e. the dissipative terms in normal form (5.22) are

null. Therefore 0454) = 1(asz + ba3) =0, and a(2) = (8agp +br1) =0. W
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Appendix

In this appendix we provide some Lemmas that we need to compute the values of the Poincaré—Lyapunov
constants.

Lemma A.18. Let f: R — R be periodic with period T'. The following statements take the place:
(@) Iff(T/)2+1t)=0f(T/2—1t), witho € {—1,1}, then

T/2+t T/2— t
(al) fT/z 0)df = — fT/Q

(a2) [ f de—( o) T/Qf(e)de.
T/2—t

(a3) If o = —1 then T/2+tf(0)d0 — [T p(0)de.

(b) If f(T/4+t)=0f(T/4—1t), con o € {—1,1}, then

(b1) [/ £(0)d0 = —o [1] 7" F(0)db.
(b2) fm (0)d6 = (1+0) [T £(6)df.

(b3) Ifo = —1 then T/‘*”f(e)de — [ p(0)do.

() If f(T/2+t)=cf(T/2—=1t) y f(T/4+1t)=0f(T/4—1t) then

T/4
/f R T

0

(d) If f(T/2+t)= f(T/2—1t) y f(T/4+1t) = —f(T/4—1t) then
T/2+t T/2—t
/ F(0)do = / £(6)do.
0 0

Proof.

(a) (al) Applying the change 0 = T'/2+¢ we have that fTT//QQ—H f(0)do = fot [(T/2+8)d¢ = Ufot F(T)2-€)d¢

next making the change § = T'/2 — & we get the result.
(a2) Using statement (al)

T T/2 T/2+T/2
/ F(0)do = £(6)do +/ £(6)do
0 0

T/2
T/2

= F(0)do — o ’ F(0)do

0 T/2

T/2 T/2 T/2
:/0 f(@)d0+o-/0 f(e)dez(1+a)/0 £(0)ds.

(a3) Applying the change 6 = T/2+¢ we have that [ /> f(6)d6 = — [*.. 15 F(T/2—€)d¢ next making
the change § = T'/2 — £ we get

T/2+t T/2—t T T/2—t
| rean= [ peas—— [ roan+ [ sio)an

using statement (a2), the result follows.
(b) (b1) Applying the change 6 = T/4+¢ we have that fT/ S P0)d0 = [} F(T/4+€)dE = o [} f(T/A—€)de
next making the change 6 = T'/4 — £ we get the result

18
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(b2) Using statement (b1)

T/4 T/4+T/4
F(0)do :/0 f(0)d9+/ F(0)do

T/4

T/4 0
= /0 FO)d0—o [ f(0)d6

T/4

T/2

0

T/4 T/4 T/4
:/0 f(0)d0+0/0 f(@)d@:(1+a)/0 F£(6)ds.

(b3) Applying the change § = T'/4+ ¢ we have fT/4+t f(0)do = — fiT/4 f(T/4—&)d€ next making the
change 6 = T'/4 — £ we get

T/4+t T/4—t T/2 T/4—t
| o= [ sea—— [ e [T o,

T
using statement (b2), the result follows.
(c¢) Applying statement (a2) and statement (b2) we have

T/2 T/4

T
/0 f(0)do = (1+0) f(0)do = (1 +0)? f(0)do

0 0

(d) Applying statement (al) and statement (b2) we have

T/2+t T/2 T/2+t
/O F(0)do :/O f(a)d9+/ F(0)do

T/2
T/2

T/2
[ reyan+ / £6)

0 T/2—t

T/2—t
_ / F0)do.
0

Lemma A.19. The functions Cs(6), Sn(0) defined in (5.18) are periodic functions of period T which satisfy
the following properties:

(a) Cs(L+0)=Cs(L —0)=-Cs(0), Sn(L +60) = —Sn(£ — 0) = —Sn(0).

(b) Cs(L —0) =—Cs(£ +0) and Sn(% — 6) = Sn(% +0)

(c) Cs*2(0) + 2 Sthl(G) =1.

d) T= %(b)1 1/(2“)3(% %), where B(p, q) fol 2P~L(1 — x)9Ydx is the beta function,
(e) If we denote by I, i ( fo Cs"™(5)Sn* (¢)ds then

(el) In Qk—l(T) = I2n_1’k(k]_;)1 =0.
Tt L n
e 1t (1) 5 (51.5).

(€3) Inp_12k(T/24t) i —Iop—1,2k(T/2 — 1)
(ed) Iop—12k(T/4+t) = o1k (T/4 — t).
(65) Ignyzk(T) = 412n,2k(T/4) > 0.

(e6) If0 < 8 <T/4 then I, n(6) > I, (0) withm < p.

() If we denote by I, j, p,q(0 fo n.k($)Cs?(¢)Sn?(s)ds, then
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(f1) Inp—12k-1,2p—1,4(T) =0, where n,k,p € N and ¢ € NU{0}.

(f2) I2n71’2k)2p,2q71(T) = 4I2n71,2k,2p,2q71(T/4) > 0, where n,q € N and k,p e NuU {0}

(f3) If 0 < 0 < T/4 then Iy pg(0) > Ly p.q(0) withm < r and I, pp.q(0) > I rq(0) withp <.
(f4) Lnnp,g(T/4) < L (T/4) 1,4 (T /4).

Proof.

(a) We only must to check that the functions v = —Cs(T/2+0), v = —Sn(T/2+6) and u = —Cs(T/2 —6),
v = Sn(T/2 — ) are solutions of the initial value problem (5.18).

(b) The result follows applying the change £ = % + 6 into the relations of the statement (a).
(c) The solutions of (5.18) satisfy the equation of the Hamiltonian.

(d)
L dCs(h ! dCs(6)
d9_ —gp2ti- 1 0) = 2t —1 2t —1
—1 (%) PIZE (1 _ C82t2(9)) 2t

2t —1 1 2t1—1
=47 / (1—Cs*2(0)) 2 dCs(0).

7
2 -1

Doing the change u = Cs*2() with du = 2t,Cs*27(0)(dCs(0)) we obtain

2t -1
-2ty plo (1 )T 20 1, 1=2tp 1 L
1 = —1 1
7=22" /fi( ) du = L7 /u (1—w)% " du
o 22 5 t2 0
1-2t5
= 1 72E (L i)
1o 2 2ty 2ty

(e1) Taking f(#) = Cs"(A)Sn®**71(9), it is verified that f(T/2 + ) = —f(T/2 — 6), using the statement
(a2) of Lemma A.18 and taking into account that o = —1 it is satisfied that

Inok—1(T) =1+ o) o6-1(%) = 0.

Taking f(0) = Cs*"~1(0)Sn*(8), it is verified that f(T/4 4+ 6) = —f(T/4 — 6), then the associate
constant o, that we call it o9, takes the value 0o = —1. We have to take into account the parity of the
exponent k, if k is even, we have f(T/2+ 0) = f(T/2 — ), then the associate constant o, that we call
it o1, takes the values o1 = 1 using the statement (c) of Lemma A.18, it is verified

o1k (T) =1+ 01)127171,1@(%) =2(1+ 02)I2p—1,% = 0.

If k is odd, we have that f(T/2 +0) = f(T/2 — 6), then the associate constant o, that we call it oy,
takes the value oy = —1, using the statement (c) of Lemma A.18, it is verified that

Lon-11(T) = 1+ 01)on-14(3) =01 + 02) I2p—1,6 = 0.
(e2) We have that

ty

ta

k.

) /OT/4 Cs"(9)(1 — Cs™2(9)) 1 db.

Applying the change t = Cs*'2(0) = t with dt = —2t,Cs*27(9)Sn*"171(0)df we get

1 tq ICQTJT?1 1 ntl 4 k+1_ 4
Latn =5 (2)7 [ a0

T/4
T (T/4) = /O Cs™ (0)Sn (6)d = (
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k1l 4
_l g (L‘H w)
ty \ to ta 7ty )

(e3) Taking into account that f() = Cs*™1(0)Sn®"(0) it is verified that f(T/2 +t) = f(T/2 — t) and
f(T/4+1t) = —f(T/4—t). Hence applying statement (d) of Lemma A.18 the result follows.

(e4) Taking into account that f(6) = Cs*™~1(#)Sn?"(0) it is verified that f(T/4+t) = —f(T/4—t). Hence
applying statement (b3) of Lemma A.18 the result follows.

(e5) Taking into account that f() = Cs*"(#)Sn**(0) it is verified that f(T/2 +t) = f(T/2 —t) and
f(T/4+1t) = f(T/4—t). Hence applying statement (a2) and (b2) of Lemma A.18 the result follows.
The condition I, ox(T/4) > 0 is true because the integrant of I, o5 () is positive in 0 < § < T'/4.

(e6) The integrants are positive and bounded function in the interval 0 < 6§ < T'/4 and it is verified that
Cs™(0)Sn™(6) > CsP(9)Sn"™(0) if m < p.

(f1) In order to prove the result we are going to use the following equalities

() Lon—1k2p-1.(T/4+1) = Lon-1k2p-1.4(T/4 = 1),
(il) IQn—1,2k—1,2p—1,q(T/2 + t) = UIZn—1,2k—172p—17q(T/2 — t) with g € NU {O} and o € {—17 1}

First we see that statement (i) is verified. We take f(6) = I,—1,(0)Cs(0)**~! Sn(0)?. By statement
(b3) of Lemma A.18 we have that Ip,—1x(T/4 +t) = Iop—15(T/4 — t). Consequently f(T/4 +
t) = —f(T/4 —t). So by statement (b3) of Lemma A.18 we have that Izp—1k2p—1,(T/4 + 1) =
Ion—1k,2p—1,¢(T/4 — t). Second we see that statement (ii) id verified. We take f(0) = I2j—1,2k—1(6)
Cs(0)?P~1Sn(0)4. By statement (a3) of Lemma A.18 we have that

Iop—106-1(T/24+t) = Inp_1,00—1(T/2 — 1).

Consequently by statement (i) we get

T T T T T
12n71,2k71,2p71,q(§) = 12n71,2k71,2p71,q(z + Z) = 12n71,2k71,2p71,q(z - Z) =0.
Therefore
T TH
IQn—l,Qk—l,Qp—l,q(§ +1t) = IQn—172k—l,2p—l,q(§) + /T f(0)do
2

L L
_ /I £(0)d6 = —o /I £(6)d6

2 2

T T

= U(I2n—l,2k—1,2p—1,2q(§) — IZn—l,Qk—l,Qp—l,2q(§ —1)).

Finally Iop—1,2k—1,2p—-1,¢(T) =
=Ion—12k-1,2p—1,d(T/2+T/2) = 0lop—1,26—1,2p—1,¢(T/2 = T/2) = 0.
(f2) Using statement (e3) of this Proposition and statement (a2) of Lemma A.18 we have that
Ion—12k,2p,2g—1(T) = 2Iap—1 2k,2p.2q—1(T/2) = 4Ion_1,2k 2p,29—1 (T/4) > 0,

because the integrant of I, _1 2k 2p,2q—1 i positive in the interval 0 < § < T'/4.
(f3) Applying statement (e6) of this Lemma. M
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