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ARTICLE INFO ABSTRACT

Editor: Prof. Betram Blank Heavy ion reactions provide a unique opportunity to unveil the Equation of State (EoS) of baryonic matter in

a large density domain. However, to get quantitative constraints it is crucial to employ observables that are as

Nuclear equation of state insensitive as possible to final state interaction, and at the same time robustly predicted by transport models

Symmetry energy with limited model dependence. In this work, we compare for the first time BUU transport calculations to the

Isospin transport impact parameter dependence of the isospin transport ratio deduced from INDRA-FAZIA data [1], with a model

Isospin diffusion independent evaluation of the impact parameter. Using different state-of-the-art nuclear functionals, provided
both by fits of ab initio calculations and by phenomenological approaches, a confidence region for the symmetry
energy is extracted. A consistent study of the time dependence of the baryonic density and of the isospin current
density allows a precise determination of the density region significantly probed by the experiment, with the
definition of confidence regions in the symmetry energy vs density plane. A symmetry energy .S = (29.0 + 0.7) MeV
is obtained for the most significant density p/p, = 1.01. The obtained symmetry energy constraint can be used to
inform Bayesian inference of the neutron star EoS.

Keywords:

1. Introduction atomic nuclei at ground state, and can thus potentially bring impor-
tant constraints to the nuclear Equation of State (EoS) [2], an essential

Heavy-ion collisions (HIC) are unique probes to explore in the lab- ingredient to the interpretation of gravitational wave data [3]. This is
oratory nuclear matter in density conditions different from the one of particularly true in the (ultra-) relativistic regime [4], where collective
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flows and particle production can be compared with transport model
calculations in controlled numerical settings [5,6] to extract the density
dependence of the symmetry energy [7] in a density domain lying be-
tween the one explored by ab initio calculations [8] and nuclear structure
experiments [9,10], and the one probed by astrophysical measurements
[11]. Still, the HIC intermediate energy domain provides complemen-
tary observables that can meaningfully enrich the available constraints,
with the additional advantage that the momentum dependence can still
be controlled by the effective mass formalism, and uncertainties on the
elementary reaction rates are strongly reduced.

In particular, in Fermi energy HIC, the differential transfer of pro-
tons and neutrons between projectile and target, called isospin diffu-
sion, can be measured by the Isospin Transport Ratio (ITR), defined
as [12]:

2X; = X(A+A) = X(B+B)

Ri(x) = (€Y

X(A+4) ~ X(B+B)

Here x is an isospin sensitive observable extracted from the final state
of reactions between two nuclides A and B, with different neutron-
richness, with i = (A + B), (B + A). The value x; measured for reactions
between nuclei with different neutron content is normalized to the ref-
erence values obtained when the same nuclide is used for both projec-
tile and target, (A + A) and (B + B). The pioneering works of the MSU
group [13] showed that the ITR is strongly correlated to the density de-
pendence of the symmetry energy, allowing the exclusion of extreme
values for its magnitude and slope around saturation density (Eqyy, and
LSyIrl parameters) [14]. However, to get quantitative constraints, differ-
ent delicate points need to be addressed: (1) the isospin sensitive ob-
servable must be chosen such that it is directly measurable and at the
same time robustly predicted by the transport model [15]; (2) the re-
action centrality assessment must be reliable and readily comparable
between model and data; (3) the density range probed by the ITR in the
studied reactions must be estimated to avoid uncontrolled extrapola-
tions. In particular, a huge number of works have extracted constraints
on both Egp,, and Lgyp,, from the optimization of effective EoS models to
the reproduction of isospin sensitive observables in the sub-saturation
regime [16-18]. However, the density probed by the different experi-
ments should be estimated to settle the effect of a possible extrapolation
to these saturation density quantities, and the density domain where
these constraints can be applied.

In this work, we propose significative improvements to all these
points. First, the ITR is evaluated using the directly measured neutron
to proton ratio of the quasiprojectile remnant [1,19], a particularly ro-
bust observable for the transport models, providing an ITR with very
limited sensitivity to secondary decay [20,21]. This key improvement
was possible due to the excellent isotopic identification performance of
the FAZIA apparatus [22,23], able to achieve mass discrimination for
heavy nuclei up to Z = 25. Second, for the centrality assessment we em-
ploy a model-independent method to reconstruct the impact parameter
distributions contributing to each data point [24]. Finally, for the model
comparison we employ a twofold strategy. On one side, we include in
our functional choice two models fitted from ab initio calculations, that
explore the present uncertainty of chiral-EFT (y-EFT) predictions [25];
moreover, to understand which part of the functional can be effectively
probed by the comparison, we estimate precisely the density associated
to the isospin transfer by correlating the time evolution of the isospin
current densities [26] and the nuclear density.

2. Experimental data and theoretical predictions
2.1. INDRA-FAZIA experimental data

We consider >%%*Ni + 38.%Ni reactions at 32 MeV/nucleon measured
with the INDRA-FAZIA apparatus at GANIL: this dataset has been em-

ployed also in Refs. [19,27], where further experimental details can be
found. The experimental data was analyzed [1] with the aim of produc-
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ing the most model-independent results possible in order to facilitate
comparison with the predictions of any transport model. The isospin
sensitive observable used to compute the ITR is the average neutron-to-
proton ratio (N /Z) of the quasiprojectile remnant, identified event-by-
event as the forward-emitted fragment with the largest atomic number.
The experimental result for the ITR R((N /Z)) as a function of the impact
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Fig. 1. Impact parameter dependence of the isospin transport ratio R obtained
from the (N/Z) of quasiprojectile for ®Ni+**Ni and **Ni+%Ni reactions at
32 MeV/nucleon (a). The experimental results from Ref. [1], shown as open
rectangles delimiting the uncertainties, are compared with BUU@VECC-McGill
model calculations adopting ab initio 1, ab initio 7, SAMI, SGII and NL3 EoS
parametrizations (lines are drawn to guide the eyes): the corresponding y>-
values are indicated in parentheses in the legend. The symmetry energy den-
sity dependence for the five EoS hereby tested is plotted in (b) using the same
color and line-type scheme. Dash-dotted (solid) lines indicate phenomenolog-
ical (ab initio) models. The gray band indicates the uncertainty on the micro-
scopic constraint from y-EFT. The bottom-right inset in (b) shows with a black
line the quadratic fit of y2(S(p/p,)) for p/p, =1, as an example of the pro-
cedure. The top-left inset in (b) shows the posterior distribution of S(p/p,)
without applying to the flat prior the weight p/"” = w(p,/p,) described in
Section 3.
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parameter b is plotted in Fig. 1(a) with open rectangles [1] representing
statistical errors on the y-axis, and the combined effect of statistical er-
rors with those associated with the uncertainties in the b reconstruction
procedure [24] along the x-axis. As done in Ref. [1], in Fig. 1(a) the
experimental points for more peripheral collisions have been already
excluded, since they can be affected by the limitation of the apparatus
in terms of mass identification.

2.2. Model calculations

The theoretical calculations are performed using the BUU@VECC-
McGill transport model [28,29], shown to produce results consistent
with similar models in the systematic survey conducted by the Trans-
port Model Evaluation Project (TMEP) [5], both for mean-field [30] and
nucleon-nucleon collisions [31]. Ground states of the projectile and tar-
get nuclei are constructed with a variational method [32] using Myers
density profiles [33]. We use 100 test particles per nucleon. For each re-
action, the calculation is carried out for eight impact parameter settings
up to the grazing value; for each one of them, 200 events are simulated,
due to the long computation time required. The bulk part of the mean-
field is calculated from a meta-functional [34] based on a polynomial
expansion in density around saturation and including momentum de-
pendence and deviations from the parabolic isospin dependence through
the effective mass and its splitting. To cover the present uncertainty on
the density dependence of the symmetry energy at sub-saturation, the
EoS from two y-EFT interactions leading to extreme behaviors in pure
neutron matter (PNM) (specifically models 1 and 7 in Ref. [25], here
abbreviated as ab initio 1 and ab initio 7, respectively), are considered.
The density dependence of the symmetry energy from these two EoS
is presented in Fig. 1(b) with solid lines. The gray band of Fig. 1(b)
thus indicates the present uncertainty on the density dependence of the
symmetry energy from these nuclear matter ab initio calculations [25].
If y-EFT provides to date the most accurate predictions for low den-
sity PNV, it suffers considerable uncertainties in the isoscalar channel
and above saturation density p,. For this reason, we also consider two
popular effective models, the relativistic mean-field NL3 [35] and the
SGII Skyrme interaction [36], that respect the PNM y-EFT constraint
at low density but correspond to a stiff (respectively, soft) extrapola-
tion for supra-saturation matter. Such relatively extreme behaviors were
suggested by analyses of neutron skin measurements [37] and pion pro-
duction data [38], respectively. The symmetry energy density depen-
dence corresponding to these phenomenological approaches is plotted
in Fig. 1(b) with dash-dotted lines. Finally, the Skyrme interaction SAMI
[39] is also considered, that corresponds to a symmetry energy behav-
ior almost indistinguishable from ab initio 7 but a more realistic behav-
ior for symmetric matter. The comparison between these two models,
SAMI and ab initio 7, will therefore allow to verify that the adopted
observable is indeed suitable to explore isovector properties and is not
sensitive to isoscalar ones. For treating finite nuclei, the bulk part is sup-
plemented by a finite range term optimized on nuclear masses [40] as
well as Coulomb potential. For more details, we refer the reader to [41].

The ITR predicted by the BUU@VECC-McGill calculations assum-
ing the aforementioned interaction models are displayed in Fig. 1(a),
where the same color and line-type scheme as in Fig. 1(b) is employed.
In each case, the calculations are run until convergence of the ITR (see
Ref. [20]), calculated with the (N/Z) of the primary quasiprojectile
without secondary de-excitation, thus avoiding possible spurious effects
arising from coupling the transport model with an afterburner. Conse-
quently, no experimental filter is applied to the simulations. The model
error bars represent statistical errors due to the finite number of events.
The different models here employed fall within the relatively tight lim-
its for the symmetry energy estimated from present constraints (see
Fig. 1(b)) and therefore produce similar ITR values, with a similar im-
pact parameter dependence. In particular, we note that the excellent
agreement between the ab initio 7 and the SAMI results shows that the
ITR is indeed probing the density dependence of the symmetry energy.
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2.3. Discussion

Fig. 1(a) also allows to compare the experimental ITR to those pre-
dicted by the BUU code: for reference, y* values resulting from the
comparison between experimental data and model predictions for the
different EoS here considered are reported in parentheses in the legend.
It should be noted that such a comparison is possible thanks to the fact
that the ITR strongly suppresses systematic effects in the data such as
secondary decay and experimental acceptance [20,21]. Even if the dif-
ferences among the theoretical predictions are small, we can still see
that the models with the highest symmetry energy around saturation,
namely ab initio 1 and NL3, can be excluded, in agreement with previ-
ous works [16]. The most satisfying match of the ITR with the experi-
mental data is provided by SAMI, SGII and ab initio 7, all characterized
by similar symmetry energy values in this density region. To quantify
the quality of the agreement of a given model m with the data we use
the quantity 2 = z:;’;in(R(b) — RU™(b))? /202 (b), where the sum runs
over impact parameters, R (b) is the theoretical prediction for the ITR
within model m, and o2 = aezxp(b) + atzh,m(b) accounts for both experimen-
tal and theoretical uncertainties. Here, we consider impact parameters
between b.;, =3 fm and b, =9 fm, where most of the information
from the experimental data is concentrated.

The extracted y?2 values for the parametrizations under test can be
employed to provide approximate confidence regions in the S — p/p,
plane. To do this, for each p; bin, the posterior distribution of S; = .S(p;)
can be expressed as:

PASIHITR) =N Y p,(mITR) 6(S; — S™(p)), @)

where the sum runs over models, S®(p,) is the value of S at density p;
corresponding to the model m, and N is a normalization; the model pos-
terior distribution p;(m|IT R) is given by Bayes theorem using a gaussian
likelihood:

pi(m|ITR) = p"* exp (— 12 /2). 3

where in each density bin we consider a flat prior for S, p” " = w(p, /o),
and the different bins are weighted with a function that measures the
density probed by the experiment, as described in the next section. In
principle, the »2 value should be calculated on a large set of models cov-
ering the symmetry energy prior, which is a formidable computational
task. However, in a large range of densities 0.4 S p/p, S 1.1 a parabolic
dependence of ;(31 is observed when this latter is plotted as a function of
S(p/ pg")). Therefore, as a first step towards a complete Bayesian explo-
ration of the parameter space, we interpolate the likelihood of symmetry
energy values that lie between the ones explored by the chosen models,
with a quadratic fit'. The inset of Fig. 1(b) provides an example of the
fit for p/py = 1.

3. Determination of the probed baryonic densities

The process of isospin diffusion probes the different densities ex-
plored by the system with varying sensitivity, which must be accounted
for in view of providing a constraint on the symmetry energy density
dependence. To this end, further information on the dynamics of this
process can be extracted from the BUU@VECC-McGill transport model
calculations, in order to define a weight function w(p/p,) quantifying
the ITR sensitive region, defined as the density interval explored in the
dynamical evolution during the process of isospin transfer.

We therefore focus on the baryonic density and on the isospin cur-
rent density. Their time evolution has been extracted and averaged over
N¢, =200 events for four different impact parameter settings, namely
b=3,5, 7 and 9 fm, assuming an ab initio 7 EoS (similar behaviors

! The result for NL3, giving the worst agreement with the experimental data,
has been excluded from the fit procedure.
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Fig. 2. Time dependence of (a) the baryonic density p/p,, (b) the component
of the isospin current density along the principal axis j, , /p, for *Ni+**Ni at
32 MeV/nucleon at different impact parameters between b= 3 fm and 9 fm,
obtained from BUU@VECC-McGill calculations with ab initio 7 EoS.

are obtained for the SAMI EoS). The behavior for intermediate impact
parameters has been obtained through interpolation. At each timestep,
the baryonic density is calculated within a spherical volume V' of radius
r =3 fm around the origin of the center of mass frame (see Appendix A
for more details); its time evolution is shown in Fig. 2(a) for **Ni+¥Ni at
32 MeV/nucleon for a few impact parameters. The isospin current den-
sity is defined as j, = Af,, - Afp, where A/_"q = ]EP) + J_'}]T) is the net cur-
rent density associated to species ¢ = n, p leading to particle exchange
from the two colliding nuclei, with:

= 1 .
JL(IX) = V'/Vd3rpgx)(7)vﬁlx)(?). (C))

where the local current density is averaged over the same spherical vol-
ume V of radius r = 3 fm employed for the baryonic density estimation.
Here, the local particle density ng ) and velocity Dfix ) is calculated by
considering separately the test particles belonging to the projectile (P)
and target (7) nucleus before the collision. To follow the dynamics of
isospin transfer, the local velocity ng ) and isospin current density fflx )
must be calculated along the time-dependent principal axis (p.a.), ob-
tained by diagonalizing at each time step the events averaged momen-

tum of inertia tensor:

N!D! N!D!
I, = Zm(yiz+zl.2); IZZ=Zm(yi2+x‘.2) ; 5)
i=1 i=1
Ntﬂt
I, =- z mx;z; , (6)

i=1
where m is the nucleon mass, the sum runs over the test particles and
(x, z) is the reaction plane. The component of the isospin current den-
sity along the principal axis j; , is the one contributing to the nucleon
exchange between the two colliding nuclei: its time evolution for a few
impact parameters is reported in Fig. 2(b) for #*Ni+¥Ni at 32 MeV/nu-
cleon, where the positive sign indicates a net neutron flow from pro-
jectile to target leading to isospin equilibration, as expected. It is worth
noting that j, , reaches its maximum value when the highest p/p, is
reached by the system.

In order to build the weight function w(p/p,), we consider that the
role of each explored density on the final phenomenon depends both
on the amount of time spent by the system in that condition, and on
the isospin current developing at the same time. Therefore, for a given
impact parameter, a partial weight function is extracted by cumulating
the baryonic density p(r)/p, over time, weighted by the corresponding
Jp.a.(7) as follows:

Isto
wy(p/po) = / pjp.a.(t) 8(p/po — p(1)/ po) dt )

start
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In this work, we integrate between r,, = 0 fm/c, corresponding to an
initial distance between the projectile and target centers equal to 12 fm,
and fg,, = 80 fm/c, when there is no further contribution of j,, (see
Fig. 2(b)).

To take into account different impact parameters, since the different
bs correspond to independent measurements, we take a simple sum of
the partial weights:

bmax

w(p/po) = Y wy(p/po); 8

b=bmin

and consider the same 3 < b(fm) < 9 interval as for the likelihood func-
tion.

4. Extracted symmetry energy constraint

Finally, our constraint for the symmetry energy behavior is shown
by means of 1o (yellow), 26 (green), 36 (blue) contours in Fig. 3.
For comparison, the posterior distribution of S(p/py) that would be
obtained without the estimation of the density sensitive region (i.e.
putting w(p/py) = 1) is shown as contours in the top-left inset of Fig. 3.
Our results are in good agreement with the ab initio calculations from
Refs. [25,42] but provide tighter constraints in the probed density re-
gion, pointing towards the softer side of the uncertainty band from y-
EFT plotted in gray. We stress that in this work, both the extraction of
the symmetry energy confidence regions and of the baryonic densities
probed via the study of isospin diffusion are treated in a consistent way
within the same model framework. Interestingly, the fact that the sen-
sitive region is close to saturation allows us to reject stiff behaviors like
the one of the NL3 model, behaviors that are ruled out at high den-
sity [4], but could not have been discriminated with data probing only
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a
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Fig. 3. Constraint on the density dependence of the symmetry energy obtained
from this work, represented by the regions in yellow, green and blue corre-
sponding to 1o, 20, 36 confidence levels respectively. The gray band indicates
the microscopic uncertainty from [25]. Markers represent symmetry energy con-
straints available in the literature [43], extracted from isospin diffusion data in
Sn+Sn HIC [44], from single and double ratios of n/p spectra [45], from anal-
yses of nuclear masses [46,47], isobaric analog states [48] and electric dipole
polarizability «;, [49], and from the neutron skin thickness of 2*Pb measured
by PREX-II [50]. .S confidence intervals for a set of p/p, values around the most
sensitive region are reported in Table 1. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this
article.)
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Table 1

Confidence intervals for the symmetry energy constraint presented
in Fig. 3, for a set of p/p, values around the most sensitive region.
The full result will be made available on HEP data.

p/po N CI (10) CI (20) CI (30)
[MeV] [MeV] [MeV] [MeV]
0.75  25.09 [24.88,25.29] [24.08,26.09] [23.47,26.71]
0.80  25.93 [25.49,26.38] [24.80,27.06] [24.18,27.69]
0.85 26.73 [26.27,27.18] [25.54,27.91] [24.88,28.57]
0.90 27.49 [27.00,27.97] [26.24,28.73] [25.56,29.42]
0.95  28.20 [27.65,28.76] [26.89,29.51] [26.19,30.22]
1.00 28.87 [28.20,29.55] [27.48,30.27] [26.76,30.98]
1.05 29.51 [28.84,30.17] [28.08,30.93] [27.35,31.67]1
1.10  30.10 [29.49,30.71] [28.68,31.52] [27.91,32.29]
1.15  30.65 [30.05,31.26] [29.22,32.09] [28.44,32.87]
1.20 31.17 [30.55,31.79] [29.71,32.63] [28.93,33.41]

densities below = p,,/2. The confidence regions we obtained slightly de-
pend on the considered impact parameter interval: however, our main
conclusions are stable against this arbitrary choice.

Fig. 3 also compares the result hereby presented with the constraints
available in the literature [43]. We particularly note a remarkable agree-
ment with previous results obtained from HIC, including isospin diffu-
sion investigations in Sn+ Sn systems [44], with the only difference ly-
ing in the declared density sensitivity interval.

5. Conclusions

In this work we have confronted the experimentally measured
impact parameter dependence of the isospin transport ratio in
38.64Ni+>894Ni collisions at 32 MeV/nucleon with the predictions of the
BUU transport model using state-of-the-art effective nuclear energy den-
sity functionals that all respect the present constraints from ab initio
calculations. A consistent study of the time dependence of the baryonic
density and of the isospin current density allows a precise determination
of the density region probed by the experiment. Our analysis is in good
agreement with the ab initio predictions, and produces more stringent
constraints on the density dependence of the symmetry energy term of
the nuclear equation of state, with a posterior distribution which can be
directly used for the inference of the EoS of astrophysical objects like
neutron stars.
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Fig. A.4. Time evolution of (a) the isospin current density along the principal
axis ji, (t) for “Ni+*Ni at 32 MeV/nucleon, with b = 5 fm, for three different
settings of the radius of the integration sphere r = 2.5, 3.0, 3.5 fm and (b) percent-
age variation of the baryonic density p(r) with respect to the result for r = 3.0 fm
adopted for our constraint.

Appendix A. Dependence of p(?) and jj, , () on the radius of the
examination sphere

The time evolution of the baryonic density p(r) and of the isospin
current density along the principal axis j; , (t) shown in Fig. 2 needs an
averaging of the local densities p(F, 1), Jpa. (7,1) over a finite volume. In
our work, an optimal value of 3 fm was found as the smallest radius
ensuring a limited impact of the fluctuations. Fig. A.4 illustrates the
effect of varying the radius by +0.5 fm around this optimal value on
the extracted p(¢) and Jpa.® respectively: the corresponding percentage
variation on the baryonic density is between 2 % and 5 %, except for the
very first timesteps before the projectile-target contact.

In our analysis, this dependence of the baryonic and isospin current
density on the examination sphere radius parameter r is exclusively re-
flected in a corresponding modification of the weight function w(p/p)
applied to the likelihood function £(S(p/p,)). The maximum variation
between the 1o, 20, 30 confidence levels resulting from the different
radius r settings is of the order of +3 % and concerns the highest densi-
ties explored by the contact region. We therefore conclude that our final
constraint does not sensibly depend on the chosen setting for the radius
of the integration sphere used for the p(t) and j, , () extraction, and our
result is hence stable against reasonable variations of such parameter.
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