Nilpotent systems admitting an algebraic inverse
integrating factor over C((z,vy))

Abstract

We characterize the nilpotent systems whose lowest degree quasi-homogeneous
term is (y,o02™)T, o = +1, which have an algebraic inverse integrating factor
over C((x,y)). In such cases, we show that the systems admit an inverse in-
tegrating factor of the form (h + ---)? with h = 202"t — (n + 1)y? and q a
rational number. We analyze its uniqueness modulus a multiplicative constant.

1. Introduction and statement of the main results.

We consider the system of differential equations given by
x =F(x) = (P(x),Q(x))", (1)

where F is a formal planar vector field defined in a neighborhood of the origin
U ccC2

A non-null C! class function V is an inverse integrating factor of system (1)
(or also of F) on U if satisfies the linear partial differential equation LgV =
div(F)V, being LgV := POV /0x + Q0OV/Jy, the Lie derivative of V respect to
F, and div(F) := 0P/0x + 0Q /0y, the divergence of F. This name for V' comes
from the fact that V=1 defines on U \ {V = 0} an integrating factor of system
(1), i.e. F/V is divergence-free. Concretely,

H= f/P/de+/ <Q/V+ gx/P/de) dx

would be a first integral of the system on U\ {V = 0}. We recall that a function
H is a first integral of (1) (or also of F) on U if H is a non-constant function
on U which is constant on each solution curve of (1). Clearly, if H € C1(U)
verifies Lg H = 0. We note that the existence of a first integral of the system
(1) determines completely its phase portrait. Among others applications, the
existence of an analytic first integral defined in a neighborhood of the origin
can be used to characterize when a monodromic singular point (the orbits of
the system close to the isolated singular point revolve around it) is a center or
a focus, see [5].

There are other reasons to study the existence of inverse integrating factors,
among them: this concept plays an important role in the study of the existence
of limit cycles of a vector field, because the zero-set {V = 0}, formed by orbits
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of the system (1), contains the limit cycles of the system (1) which are in U,
whenever they exist, see [16, 11, 15]. The zero-set {V = 0} also contains the ho-
moclinic and heteroclinic connections between hyperbolic saddle equilibria, see
[14]. Moreover, the cyclicity of a limit cycle is related with the vanishing order
of V, see [13]. The expressions of V usually are simpler than the expressions of
the first integrals, see [7, 6]. The domain of definition and the regularity of V'
usually are larger than the domain and the regularity of the first integral, see
19, 17, 8, 12].

The existence of inverse integrating factors in a neighborhood of a singularity
has been studied in some particular cases. Concretely, Enciso and Peralta-Salas
[11] study the existence of a smooth inverse integrating factor in a neighborhood
of an arbitrary elementary singularity, i.e. systems whose linear part at the
origin has at least one eigenvalue different from zero. These results extend
previous results given in [7], [ [9], Theorem 5.2], where the authors consider
elementary singularities that admit analytic orbital normalization. Algaba et.
al. [4] characterize the nilpotent systems with a formal inverse integrating factor.

We are interested in characterizing nilpotent systems which have an alge-
braic inverse integrating factor over C((x,y)) (which will be named AIIF) where
C((z,y)) denotes the quotient field of the algebra of the power series Cl[x,y]].
The only result that we know in this sense is the following:

Theorem 1 (Walcher [20]). If the analytic system

(&,9)" = (y, > aja? + Bz’ 1y)" (2)

=2

with ag # 0 and B2 # 0 (non-degenerate cusp case) has an AIIF, then it is equal
to (y> + h.o.t.)"/S exp(u), for some series u which is unique up to an additive
constant.

The main goal of this paper is to characterize the nilpotent systems which have
an AITF. As a particular case, we include some necessary conditions for the
existence of an AITF in the non-degenerate cusp case, by extending the above
result.

Before showing our results, we recall the following concepts and definitions.
Given t = (t1,t2) with ¢; and ¢3 natural numbers, a function f of two variables
is quasi-homogeneous of type t and degree k if f(c'1x,ef2y) = ¥ f(z,y). The
vector space of quasi-homogeneous polynomials of type t and degree k will be
denoted by Pt. A vector field F = (Fy, F5)7 is quasi-homogeneous of type t and
degree k if Fy € P}, and F» € P}, . We will denote QJ, the vector space of
the quasi-homogeneous polynomial vector fields of type t and degree k.

Any formal vector field or function can be expanded into quasi-homogeneous
terms of type t of successive degrees. Thus, every vector field F can be written
as

F:FT+FT+1+"'7

for some r € Z, where F; = (Pjy4,, Qj11,)" € Q; and F,. # 0. In the sequel,
these expansions will be expressed as F = F,. + g-h.h.o.t. (“q-h.h.o.t” stands



higher order quasi-homogeneous terms than r). Analogously, if f is a formal
function, f can be written as f = fi + g-h.h.o.t., being f; the lowest-degree
quasi-homogeneous term of type t.

If we select the type t = (1,1), we are using in fact the Taylor expansion, but
in general, each term in the above expansion involves monomials with different
degrees.

Throughout the paper, we will denote by Do = (t1z,t2y)” € QF (a dissipative
quasi-homogeneous vector field) and by X;, = (—0h/dy, Oh/0x)T (Hamiltonian
vector field associated to polynomial h). If h € in_ He then X, € Qf, where
|t| = t1 + t2. Moreover, it is proved that every Fy € O can be expressed as

Fi, = X, + pDg (3)
with h = (Do AFy)/(k+[t]) and p = div(Fy)/(k+|t]), where Do AFy, € T}Hm
is the product wedge of both vector fields and div(Fy) € P% is the divergence
of Fy, see [3]. This sum is known as the conservative-dissipative splitting of a
quasi-homogeneous vector field.

In this paper, we deal with nilpotent systems whose quasi-homogeneous
expansion respect to the type t = (2,n + 1) can be written as

(,9)" = (y,02™)T + ¢-h.hot., (4)

with ¢ = £1, i.e. nilpotent systems which can be considered as perturbations
of a Hamiltonian system. In fact, the nilpotent Hamiltonian system (&, 5)? =
(y,02™)T can be written as (,9)7 = F,_1, with F,,_; = X}, € Q% _, being
h = m@a:p"“ — (n+1)y?) € P§, . ,. We emphasize that the factorization
of Hamiltonian associated h on C|z,y] (ring of polynomials in z,y on C) only
has simple factors.

We give our main result, by characterizing the systems (4) which admit an
AIIF.

Theorem 2. System (4) has an AIIF (algebraic inverse integrating factor over
C((z,y))) if and only if it is formally orbital equivalent to

(&, 9)" = (y,02™)7T + oS 2M B £(h)Dy, (5)

with h = 202" — (n + 1)y, Do = (22, (n + 1)y)T, ag\? a real number, f a
function with f(0) =1, L a non-negative integer, and M € {0,1,...,n — 1} if
L>0orMe{|(n+1)/2],...,n—=1} ¢f L=0.
Moreover, if as\ﬁ) £ 0, then the system (4) is not formally integrable, and if
2M+n+3
it admits an AIIF, the AIIF is (h+ g-h.h.o.t.) 2(n+1) +L, up to a multiplicative
)

constant. Otherwise, if ag\i =0, system (4) is formally integrable.
Remark 1. If n is even, system (4) has a formal inverse integrating factor if

2M+n—+3

and only if aSVL[) = 0, since otherwise the number 2t 1)

hence the inverse integrating factor is not formal.

18 non-integer and



For n odd, n = 2m — 1, the number %71’1";3 is natural if M = (2k — 1)m — 1

with k natural. Imposing that M < 2m — 2, it has that k =1 and M =m — 1.
So, the system (4) has a formal inverse integrating factor if and only if it is
formally orbital equivalent to

(&,9)" = (y,02™)" + 22 f(h) (2, ny)",
with h = 202" — (n+1)y? and f a scalar function.

The following theorem provides a new necessary condition so that an AIIF for
the non-degenerate cusp case of nilpotent systems exists.

Theorem 3. Consider a system (2) with as # 0 (we assume without loss of
generality that ag = 1) and By # 0. If system (2) has an AIIF, then the
coefficients ag, o, Pa, B3 and B4 satisfy

B2(7263 4 2058a33 — 1097604 + 1200502) — 2744(503 + (5) B3 + 1372084 = 0,
and the AIIF is (22° — 3y? + q-h.h.o.t.)7/6, up to an multiplicative constant.
From Theorem 3, an AIIF of system (2) is of the form

c(2z® — 3y + q—h.h.o.t.)7/6 = (y* —2/323 + g-h.h.o.t.)7/%e®,

with ¢ a constant and u = lg(c(—3)7/9), that is, Theorem 3 gives a expression
of an AIIF more explicit than it given by Theorem 1.

The following theorem provides some necessary conditions which ensure the
existence of an AIIF for the nilpotent systems with as # 0 and 2 = 0.

Theorem 4. Consider a system (2) with as # 0 (we assume without loss of
generality that ag = 1) and By = 0. The following statements are satisfied:

1. For B4 # asfBs, if system (2) has an AIIF then
485 = B3(4ay — 5a3) + basfy

and the AIIF is (223 —3y? 4 g-h.h.0.t.)'Y/5 up to a multiplicative constant.
2. For By = asfs, Bs # aafs, if system (2) has an AIIF then

80837 = 1400386+ 7(160s—2502 ) B5+ (175403 — 1400305 — 11205 4+8006 ) B3
and the AIIF is (22° —3y?> 4 q-h.h.0.t.)"3/5 up to a multiplicative constant.

As an application of our results, we study the systems
(&,9)" = (y + arz™ ", 2> + ba™y)", (6)

with a1,b; real numbers and m > 1. Next, we determine the systems (6) with
an AIIF.

Theorem 5. System (6) has an AIIF if and only if either a; = by = 0 or it
satisfies one of the following conditions:



(a) 2by = (2m + 1)aq,
(b) (2m + 1)by = 2(m + 1)%ay,
(c) by = —(m+ 1)a;.

Moreover, the system (6) is analytically integrable if and only if by = —(m+1)ay.

The rest of the paper is organized in two sections. In Section 2, we give some
properties of inverse integrating factor related to its expression and we provide
necessary and sufficient conditions for the existence of it. Section 3 contains the
proof of Theorems 2, 3, 4 and 5.

2. Some properties of an inverse integrating factor.
We begin our study by giving an expression of an AIIF of a system (1).

Proposition 6. If system (1) has an AIIF, then it also admits an inverse in-
tegrating factor of the form V = (Wy/Wy)® with W1 and Wy formal series and
d a positive rational number.

PrROOF. From [[17], Propositions 1 and 2], specialized to our context, if sys-
tem (1) has an AITF, then it also admits an inverse integrating factor V' of
the specific form V = @ ... p% with ¢; € C[[x,v]], non-invertible, irre-
ducible invariants and rational numbers d; non-zero. (The possibility s = 0

is included, with inverse integrating factor 1). So, if we write d; = m;/n;
and denote N = lem({|n1l, ..., |ns[}) and M = ged({N|2[,..., N|=(}), then
V= ([T, @F)M/N  with ki, ..., ks integer numbers non-zero. <

The two following results provide some properties of inverse integrating factors
which are powers of quotient of formal series.

Lemma 7. We assume that V = (W1 /W2)? is an AIIF of F = F,. + ¢-h.h.o.t.,
with Wi = Wi, + g-h.h.o.t. and Wy = Wy, + g-h.h.o.t. where Wy p,, € f]’fn and
Wa,, € Pt and d a positive rational number. Then, (W1 ,/Wa.n)? is an AIIF
of F,.

I’{L the particular case ¥, = X with h € :P::"-Htl’ it has that W1 m/Wap is a
rational first integral of X;. Moreover, if the factorization of h € T:Ht
Clx,y] only has simple factors then there exists an integer number non-zero k
such that Wy, /[Wa ,, = h*.

|07’l

PrROOF. If V is an AIIF of F, V satisfies equation LgV — Vdiv(F) = 0. From
Proposition 6, if we replace V by (Wy/W3)? then

(W /Wa) =1 W5 2 [dW, LWy — dWy Ly Ws — Wi Wadiv(F)] = 0.

In particular, the lowest degree quasi-homogeneous term of the expression be-
tween brackets is also null, i.e.

dWQ,nLF‘,\WLm - dWl,mLFTWQ,n - Wl,mWQ,ndiV(F'r) = 0. (7)



Multiplying by (lem/Wg,n)d_lW{ﬁ it follows easily that (Wy ,,/Wa ., )¢ verifies
Ly, (Wim/Wan)® — (Wi m/Wa.n)div(F,) = 0. (8)

Hence, it is an inverse integrating factor of F,., which is algebraic over C((z,y)).
We prove the second part. Obviously, if F,. = X}, then div(F,) = 0 and by (8),
W1 m/Wa.,, is a rational first integral of F,..

We see that it is power of the polynomial h, when A only has simple factors in
its factorization on C[z,y]. We note that the quotient Wi ,,/Wa, can not be
irreducible. In such case, there exist two quasi-homogeneous coprime polyno-
mials Wy and Wy - such that Wy ,,, /Wa , = WY 5 /W5 5. Since Wy - /W5 is
a rational first mtegral of Xy, then Lx, W} m/W2 = =0, that is,

(le*,m ’ Xh)WQ*,ﬁ = (VWQ*,ﬁ ’ Xh)Wl*,m

Consequently, as WY ; and W3 ; are coprime, there exists K € Clz, y], a quasi-
homogeneous polynomial, such that VW7 o - X, = KW7 ; and VW5 ;- X =
KW3 5, ie. WY 5 and W3, are algebraic invariant curves of X, which arrives at
the origin. So, ifh= f1-+- fs, with f; irreducible factors on C|x, y], the unique
invariant irreducible curveb of X}, that arrives at the origin are f; =0, ..., fs =
0. Therefore, Wy ; = fi" -+ fi* and W5, = fi"™ - fi', that is W[ ; /W5 . =
ffl -+ ks with k; integer numbers. So, if M = lem{|k;|, k; <0, i = 1,..., s},
the function Wy . / WgﬁhM is a quasi-homogeneous first integral of the system
% = Xy, since it is a product of two first integrals. As h only has simple factors
in its factorization on C[z,y|, the quasi-homogeneous ﬁrst integrals of X, are
h!, with ! a natural number. Therefore, Wi m/Wa .y = /VV;;k _ = hF with k
integer number non-zero. <

p1 . . b2

Lemma 8. Assume that Vi = (W1 /Wy) @ and Vo = (W1 /Wy) @ are AIIFs of
F, with Wl,Wg,Wl and Wg formal series and pl , Z—z rational numbers. Then
there exists a natural number | such that (Vl/Vg) is a first integral of F and
belongs to C((x,y)).

Ip1/a1vi/lp2/a
ProoF. Taking | = lem{|q1|, |qz|}, then (Vi/V3)! = 4 W,
quotient of formal series.
To prove that (V;/V,)! is a integral first of F, it is enough to prove that Vi /Va
is a first integral. Indeed,

W’ le. it 1s a

Ly = = LeVi — 3% LeVa = £ Vidiv(F) — 3 Vadiv(F) = 0.
Consequently, V1 /V; is a first integral of F.<$

The following result is key in our study.

Proposition 9. Let system (1) be with F = Xy, + g-h.h.o.t. and h € :Pr+|t|
where the factorization of h on Clz,y] only has simple factors. We assume that



the system (1) has an AIIF.
Then, system (1) admits an AIIF of the form V.= W1 being W a formal series
W = h+ g-h.h.o.t. and q a positive rational number.

Moreover, if system (1) is not formally integrable, then the AIIF is unique,
up to a multiplicative constant.

PrROOF. Give a number non-zero A such that the quasi-homogeneous polynomial
H(z,y) = 2*>+My*"* € PY, ,, is not factor of b, we consider the unique solution
(Cs(8),Sn(0)) of the initial value problem
d
& =Xulx),  x(0)= (L0
These functions, C's(f) and Sn(6), named generalized trigonometric functions,
are periodic and T will denote their minimal period. For more details, see
Dumortier [10]. System (1) by means of the change

x =u"Cs(6), y = u'2Sn(0), (9)

with w > 0 and 6 € [0,7), and rescaling the time by dt = (2t1t2/u")dr, is
transformed into

=2 =W (O)u+0wW?), 0 =42L=(+[t)h)+ O(u). (10)
where h(6) := h(Cs(6), Sn(9)).

The equilibria of (10) on v = 0 are (u,0) = (0,6;), j = 1...s, where 6,
are all roots of h(f) since we have chosen A such that H is not a factor of h
(otherwise, this factor would not be in the expression of the system (10) since
H(Cs(6),Sn(0)) =1).

The linearization of the system (10) about the fixed points has eigenvalues
non-zero (since the factors of h are simple) with different sign; thus, applying
a result of Seidenberg [18], we can ensure the existence of an unique solution
different from u = 0 of the form 6 — 6; + ¢\ (u,0) = 0, with ¢()(u,0) =
O (Ju,8 — 6;]*). We note that such solution curves are invariant curves of the
system (10).

From Proposition 6, if system (1) has an AIIF, then it admits an inverse
integrating factor of the form V = (W;/W,)9. The irreducible factors of Wy
and of W5 are invariant curves which arrive at the origin, since they are non-
invertible, see proof of Proposition 6. So, it has that

Wi (u'1Cs(0),u2Sn(0)) m : i i
W;(utl Cs(0),ut25n(0)) — ’l/)(u7 G)U H (9 - 9j + ¢(])(u7 9)) )
j=1
with m and n; integer numbers and (0, 6;) # 0 for each j =1,...,s. Undoing
the change (9), we obtain that

S

ey = y(w,y) [ [ (@ y) + a-hhot )™,

J=1




with 1(0,0) # 0. Moreover, we can assume that 1(0,0) > 0.

From Lemma 7, we have that [[j_, (f;)" is an AIIF of Xj,. In fact, it is
a rational first integral of Xj,. As h only has simple factors in C[z,y], the first
integrals, which are quotient of quasi-homogeneous polynomials, are h™ with n
a integer number non-zero. If we write ¢ (x,y) = ¥(z,y)" (it holds ¥(0,0) # 0
and it can be expanded as a series of quasi-homogeneous terms), it has that
Wy /Wy = (U (h+ ¢))™, with h + ¢ unique. Thus, V = (h + ¢-h.h.0.t.)? with
q = dn.

To prove the second part, we see that if there were two distinct AIIFS,
then the system would be formally integrable. Indeed, let Vi = (¥ (h + ¢))",
Vo = (Ua (h+9)*”, q1,q2 € Q\ {0}, ¥1(0,0)¥5(0,0) # 0, two AIIFs, we can
suppose that ¢go > ¢;. From Lemma 8, there is a natural number [ such that
(Vo/V1)E = (Wh82) /(W) (h + ¢)"279) s a first integral of F, and is formal
since g > g1 and ¥y, ¥y are invertible series.

Next, we relate terms of the expression of the formal part of an AIIF.

Proposition 10. Let system (1) with F = Xp+uDo, 1 =350 Hrtjs 1y € P,
for all j > r. Then, if W9 is an AIIF of the system (1), with q an rational

number non-zero and W = 3.~ W; € Cl[z,y]], W; € :Pr+|t\+g7 Wo = h, for
each positive integer k it holds:
k
L, Wi = =Y [P b+ k=) Weprs (1)

=0

PROOF. Let denote fi = div(uDo) = > ;50(r +j + [t])r+; and W = Lp,W =
> jso(r+t[+7)W;. So, if W1 is an AIIF of the system (1), then, by definition,

LeW4 — Wadiv(F) = gWe! [LFW - gwchv(F)} — 0, thus
LXthuDoW — %WdiV(Xh + /J,Do) = Lth + MLDOW — %WdiV(MD()) =0,

ie. Lx,W = Wi — pW with Lx, W = 332 Lx, Wy, and

SWR =W = SQoWQo g+ [6Dsres) = O ) Q_(r + 18]+ )W)
3=>0 7>0 j>0
ook

0 k=0 1=0

I
M EF%%
-

{W —(r+t|+ k- l)} Whi—iptrt1,

k=0

Il
=)

which establishes the formula (11).

Now, we provide a series of properties of the inverse integrating factor of the
system (1) in order to give conditions that ensure its existence.

(7’ + |t| + Z)kal,u/'r+l - Z Z(T + |t‘ + k- Z)Wk,,l,U,TJrl



For each k > 0, we define the linear operator

b PP,
pr — Ly, pig,

i.e. the Lie derivative of the lowest degree quasi-homogeneous term of F, and de-

note by Cor () to a complementary subspace to the range of the linear operator
L.

Lemma 11. Let system (1) be with ¥, = X, € Q) where h € P}, only has
simple factors in its factorization on Clx,y].
If Pt # {0}, there exists a complementary subspace to the range of the operator

Cigrgit) such that hCor(Ly) C Cor(Liqry|t))-

ProOF. We suppose that the stated assertion were false. Then, there ex-
ist Agyr € Cor(fe) \ {0} and vyy,ype) € PE {0} such that A, =

Crotr it (l/k+r+|t‘) . This fact implies that

+r+|t] \

Mtr = Vi - Xn = —Vh-X

Virt|t]?

that is, h = 0 is an invariant curve of X, . Therefore if f is an irreducible
factor of h, the curve f = 0 is an invariant curve of X, .. As h only has
simple factors in its factorization on Clx, y], it deduces that vy, |¢) = hvy with
v, € P\ {0} . Consequently,

hAkJrT = Vl/k+r+|t\ . Xh =V (huk) -Xh = hfk (Vk),
i.e. Ag+r € Range (¢x). This fact contradicts the above assumption.

Next, we show a class of systems (1) having an AIIF.
Proposition 12. Let system (1) be, with F = X, 4+ Ag(h)Dg, h € ?';Htl’
A€ :P:i-ﬁ—k’ AZ 0, k>0 and g scalar function with g(0) = 1. The function
V(h) = hrj‘ﬁrtl‘t‘g(h) is an AIIF of (1).

Proo¥r. Applying Euler theorem for quasi-homogeneous function, i.e. Lp,f =
sf with f € Pt then

LyV = V'(h)Lph = (r+ [t])Ahg(R)V'(h),
r+k+|t]
[(r + &+ [t Ag(h) + (r + [t)ARg (R)] 1 710 g(R)

and
div(F)

div(Ag(h)Dy)

= g(h)Lp A+ Ag' (h)Lp,h + [t|Ag(h)
(r+k+ [t))Ag(h) + (r + |t])Ag’ (h)h.
So, LgV — Vdiv(F) = 0. This completes the proof. <



The following result will be used to prove the sufficiency of Theorem 2.

Proposition 13. Let system (1) with F = X, + uDy, where the factorization
of h € Tr+\t| on Clz,y| only has simple factors and p = 3 ;s pry; with
prsj € Cor(€;), for allj > N >0 and pran Z 0. If V is an AIIF of F, then
r+N+|t|

= h rtitl g(h), with g a scalar function and g(0) = 1, is the unique AIIF
of F up to a multiplicative constant.
Furthermore, if p = Af(h) + v with A € Cor({ny) \ {0}, f a scalar function,
f(0) =1, and v =3, NVrtj, Vrtj € Cor(ly), VeyNiirrje) = 0 for all non-
negative integer l, then under these conditions, the system (1) has an AIIF if
and only if v = 0.

PRrOOF. From Proposition 9, V= W9 with W = h+ g-h.h.o.t. and ¢ a positive
rational number.
We prove by induction that W is a function of h. Indeed, let W = 3", W; €
Cllz,y]], W; € iPr-HtH-] By hypothesis, Wy = h. We thus assume that
W; = bh! for 0 < j <k—1,7 = (I—1)(r+ [t|) and null if j is not mul-
tiple of r + [t|. By (11), W}, holds

k

€r+|t\+k Wk: - Z |:r+‘t|+l r—+ ‘t‘ + k — l) Wk—l/f"r—i-l-
=N

From Lemma 11, h",uT_H € COI‘(E[.;,_n(THtD), n € N, hence €r+|t\+k(Wk) S
Cor (4,4 ¢j+x) and 50 £, 4x (W) = 0. Therefore, Wy is a quasi-homogeneous
polynomial first integral of Xj,, i.e. it is a function of h, in fact, W) = byh*
with by € R. Thus the induction is complete.

We now prove that ¢ = rt‘-st-lﬁL\N' For k = N, equation (11) becomes

Lx,Wy = - [W —(r+ |t|)} hpr4 N

From Lemma 11, it has that Ay, n € Cor(€yipqp)), hence Lx, Wy = 0.
rt|+N
r+|t|
Tt +N Tt N

(h(1+ Sy k) T = h T (), with g(0) = 1.
In this case, the system (1) is in normal form and from Algaba et al. [3, Theorem
3.19], it is not formally integrable. Thus, from Proposition 9, the AITF is unique
up to a multiplicative constant.

We see the second part. Proposition 12 proves the sufficiency.
To prove the necessity, we assume that v, ; =0 for N < j < jo and we must
prove that v, ;, = 0. We also can certainly assume that jo — NV is not a multiple
of r + |t| since otherwise v, n4j, = 0.

Consequently, g = since hp,+n #Z 0. Summarizing, it has that W9 =

r+|t|+N
If F has an AIIF, we have proved that F admits an AIIF of the form W 7+l
with W = h + g-h.h.o.t. € C[[z,y]] and W = W (h) with W, = h.

10



Taking into account the expressions of v, A and f(h), the quasi-homogeneous
terms of Af(h)+v are given by (Af(h)+v)r1n = X, (Af(R)+V)rpr = A(f(R))i—n,
withl=N+1,...,50 — 1 and (Af(h) + v)rtj, = M f(R))jo—N + Vrtj,- Hence,
equation (11) for k = jo, becomes

Lx,Wj, = —Z {(Mﬂmlwlt‘) (T+|t|+Jo—l)} Go—t (Af(R) + 1),
= (Jo—N)Wjo—N)\
Jo—1
= >0 [ (6] 4 o — D] WA (F(0) iy
I=N+1

7%}1 (/\f(h)jo—N + V?“-l-jo) .

As jo — N is not a multiple of r + |t| then W;,_ny = f(h)j,—~n = 0 and
Wio—1 (f(h)),_y =0 for N <1 < jo, hence

Lx,W;, = - (r+1t)) (Go—N) Wy o

As (r+[t])(jo — N) # 0, then hv,j, € Range(f,4|¢|+5,), and from Lemma 11,
hvryj, € Cor(€y4¢|+j,)- This clearly forces vy, = 0. ¢

3. Proofs of the main results.

We state the well-known relationship between inverse integrating factors of
formally orbital equivalent vector fields.

Proposition 14. Let ® be a diffeomorphism and n a function on U C R?
such that detD® has no zero on U and n(0) # 0. If V(x) € C[[z,y]] is an
inverse integrating factor of the system (1), then n(y)(det(D®(y)) 'V (®(y)) is
an inverse integrating factor of y = ®.(nF)(y) := D®(y) 'n(y)F(®(y)).
Proor or THEOREM 2. We prove that the condition is sufficient. If agé) =0,
the polynomial h(z,y) = (202" — (n + 1)y?)™, m any natural number, is a
polynomial first integral and, in particular, it is an inverse integrating factor.
Thus, by Proposition 14, if we perform the transformation which brings this
system to the system (4), then system (4) admits an AIIF, but it is not unique
modulus a multiplicative constant.

In the case, agé) # 0, system (5) has the form given in Proposition 12 for h =
202" — (n+ 1)y, A= a(L) MpL and g(h) = f(h). Therefore, the system ad-

oM 03

mits the AITF, V(h) = h 2(n+1) r f(h), up to a multiplicative constant. From
2M+n+3
Proposition 14, the system (4) has the AIIF, V = (h + ¢-h.h.o.t.) 2(n+1) +L,

up to a multiplicative constant.

11



We now prove that the condition is necessary. From Algaba et. al. [4], the
system (4) is formally orbital equivalent to

n—1 oo n—1
(@9)" = (oem)" + Y oD+ Y ae/h'Do,  (12)
j=L(n+1)/2] =1 j=0

i.e. there exist a near-identity change of variables y = ¢(x) and a reparameter-
ization of the time, such that the system (4) is transformed into (12).

If agl) = 0, for all j and [ then as\/L[) = 0, the system is a Hamiltonian system,
hence it has a formal inverse integrating factor.

Otherwise, if L = min {l, a;l) #* O}, M = min {j, ag-L) * O} , system (12) is of

the form (&,7)7 = F = X, + (Af(h) + v)Dq, with A = oY zMhL, N = 2M +
2L(n+1)—n+1, v = Zj>2M+2(n+l)L v, v; € Cor(4)), vapsta(nt1)4rLy = 0 for
all non-negative integer [, and f a scalar function with f(0) = 1. From Propo-
sition 13, the system (12) admits an AIIF if and only if ¥ = 0, i.e. system (12)

agrees with system (5). In this case, as as\ﬁ) # 0, from [3, Theorem 3.19], the

system (5) is not formally integrable, and from Proposition 13, the unique AIITF,
- 2M+n+3
up to a multiplicative constant, is of the form V = (h + g-h.h.o.t) 2(n+1) .

Undoing the change and by using Proposition 14, the proof is complete. <

The coefficients of the formal normal form (12) of the system (4) have been
obtained by using the procedure given in Algaba et al. [1]. This method consists
in a recursive procedure to compute quasi-homogeneous normal form under
equivalence, which uses the Lie triangle.

PrROOF OF THEOREM 3. From Algaba et. al. [3], the system (2) with ap =1
is orbitally equivalent to

(@97 = (5,227 + a{V2Dg + ol hDg + ¢-h.h.o.t. (13)

with

alY = —Ba(—728% — 20580332 + 1097604 — 1200502)
—2744(5a3 + 33) B85 + 1372034.

If the system (2) has an AIIF then, from Theorem 2, a(()l) = 0 since ago) = Py #
0.

In this case, the system (13) is a normal form up to order 6, i.e. it agrees with
the system (5) up to order 6 for M =1, L = 0 and n = 2, so the exponent given

in Theorem 2 is 2%:_;’1';3 +L=7/6.$

PRrROOF OF THEOREM 4. From Algaba et. al. [3], the system (2), with as =1
and B2 = 0, is orbitally equivalent to

@97 = (,22)" + af"hDg + o{V2hDg + ol Dy + -hhot.  (14)
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whose first two coeflicients are, up to a multiplicative constants non-zero,

04(()1) = —a3f3 + B,

ol =485 + (—4ay + 502)Bs — 5asBa.

We assume that system (2) has an AITF:
If aél) # 0, that is 84 # a3f3, from Theorem 2, it has that agl) =0, i.e.

485 = B3(4ay — 5a3) + baszfy.

In this case, the system (14) is a normal form up to order 8, i.e. it agrees with
the system (5) up to order 8 for M = 0, L = 1 and n = 2, so the exponent given

: . 2M+4n+3 _
in Theorem 2 is 2(n++1+) +L=11/6.

If 04(()1) = 0, that is B4 = ag3f3, the coefficients 0451) and 04(()2) are, up to a
multiplicative constants non-zero,

alV = 485 — aufs,
al?) = —1400385 — (175020 + 800 — 1400305 — 11202)Bs
—7(16a4 — 2502) 85 + 8007.

From Theorem 2, it has that oa((f) =0.

In this case, the system (14) is a normal form up to order 16, i.e. it agrees with
the system (5) up to order 16 for M = 1,L = 1 and n = 2, so the exponent

given in Theorem 2 is % + L = 13/6. This finishes the proof. ¢

PrOOF OF THEOREM 5. For a; = b; = 0, the system has an AIIF since it is a
Hamiltonian system. In the case a? + b? # 0, we will do our study depending
on the first coefficient non-zero of (12) with n = 2m, o = 1. For m > 1, the
first coefficient is o'y = by + (m+1)ay.

If by + (m + 1)a; = 0, system (6) is a Hamiltonian system. Hence, it has a
polynomial inverse integrating factor. Furthermore, (2z2™+1 — (2m + 1)y?)k,
with & natural number, is a polynomial first integral. Otherwise, by +(m+1)a; #
0, the coefficient of the second lowest-degree term of (12) is

a = 260 — @m+ Dai] [(2m+ )by — 2(m + 1)%ay] for m > 1,
ol = (2by — 3a1)(3by — 8ay)(48a2 — 197byay + 12b%), for m = 1.

1
If 2b; —(2m~+1)a; = 0, m > 1, it is easy to check that (22! — (2m + 1)3/2)1—~_‘1’71Jr2
is an AIIF of the system (6).
If (2m+1)b; —2(m+1)2a; = 0, the system admits the inverse integrating factor

1
amt2) T ImT2

1 m 1 a m a3
(2m+1x2 gyt Sm1 T Ty — 3@miz T
Ifm = ]., b1+2a1 7é O7 2b173a1 7£ 0, 3b178a1 7é 0 and 48&%71971)1@14*126% = 0,
the third coefficient of the normal form is

ol = 9036b? — 265812b3a; — 4436911b%a% — 1063248a°b, + 1445764

13



Computing the resultant of both curves respect to a1, we check that a; and b,
must be null.
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