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Abstract A symmetry-preserving analysis of strong inter-
action quantum field equations is used to complete a unified
treatment of pion, kaon, and nucleon electromagnetic and
gravitational form factors. Findings include a demonstration
that the pion near-core pressure is roughly twice that in the
proton, so both are significantly greater than that of a neutron
star; parton species separations of the nucleon’s three gravi-
tational form factors, in which, inter alia, the glue-to-quark
ratio for each form factor is seen to take the same constant
value, independent of momentum transfer; and a determina-
tion of proton radii orderings, with the mechanical (normal
force) radius being less than the mass-energy radius, which
is less than the proton charge radius. This body of predictions
should prove useful in an era of experiments that will enable
them to be tested.

1 Introduction

The nucleon mass, mN , is a defining scale in Nature. In fact,
one understands the origin of almost all mass that is visible
in the Universe if one grasps the source of mN . In modern
high-energy physics, approximately 98% of mN is expected
to be generated by Standard Model strong interactions, i.e., to
emerge from quantum chromodynamics (QCD) [1–5]. The
small remainder owes to Higgs boson couplings into QCD.
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These statements are a succinct expression of an emer-
gent hadron mass (EHM) paradigm, developed via insight-
ful use of continuum Schwinger function methods (CSMs) –
see Ref. [6] and citations thereof. The three pillars of EHM
are appearance of a gluon mass scale [7], infrared saturation
and cessation of running in QCD’s effective charge [8], and
dynamical chiral symmetry breaking expressed in a nonzero
chiral-limit running quark mass [9,10]. This paradigm is
drawing support from results obtained using realistic simula-
tions of lattice-regularised QCD (lQCD) [1–5] and being/will
be tested by comparisons between EHM-based predictions
and data from ongoing/anticipated experiments [11–16].

Regarding pion, kaon, and nucleon electromagnetic form
factors, comparisons with data are already possible. They
support the EHM picture [17,18]. Additional confirmation
is provided by comparisons between CSM predictions of
pion gravitational form factors [19] and recent lQCD results
[20] – see Ref. [5, Fig. 12]. Validated predictions for nucleon
gravitational form factors would add much to the accumulat-
ing store of successes, especially if both the complete form
factors and their parton decompositions were confirmed. In
these contexts, some empirical information may already be
available [21–23]. Moreover, lQCD has delivered results at
a simulation pion mass of ≈ 0.17 GeV [24].

Section 2 introduces the Poincaré-covariant form of the
in-nucleon expectation value of the QCD energy-momentum
tensor and, therewith, the three observable nucleon gravita-
tional form factors: mass, spin, and pressure. A continuum
approach to the calculation of these form factors is detailed
in Sect. 3. It introduces the Schwinger functions needed and
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the manner by which reliable results can be obtained for
each of them. Section 4 discusses the predictions that are
subsequently obtained for each of the nucleon gravitational
form factors, placing them in context with available empirical
inferences and extant results from lQCD. An array of density
profiles (energy, pressure, shear and normal force distribu-
tions) are described in Sect. 5. Section 6 presents a summary
and perspective.

2 Nucleon gravitational current

The proton (nucleon) has three gravitational form factors,
which express all objective dynamical information that can
be gleaned from its interaction with a J PC = 2++ probe.
They are defined via the current that describes the associated
scattering process, which may be written thus:

mNΛNg
μν (Q) = −Λ+(p f )[KμKν A(Q2)

+ i K{μσν}ρQρ J (Q2)

+ 1
4 (QμQν − δμνQ

2)D(Q2)]Λ+(pi ) , (1)

where pi, f are the momenta of the incoming/outgoing
nucleon, p2

i, f = −m2
N , K = (pi + p f )/2, Q = p f − pi ;

all Dirac matrices are standard [6, Sec. 2.3], with σμν =
(i/2)[γμ, γν]; Λ+ is the projection operator that delivers a
positive energy nucleon; and a{μb ν} = (aμbν + aνbμ)/2.

In Eq. (1) [25]: A is the nucleon mass distribution form
factor; J relates to the nucleon spin distribution; and D pro-
vides information on in-nucleon pressure and shear forces.
A fourth form factor, often written c̄(Q2), is identically zero
owing to current conservation. In the forward limit, Q2 = 0,
symmetries entail A(0) = 1, J (0) = 1/2. D(0) is also a
conserved charge, but like the axial charge, gA, its value is
a dynamical property of the nucleon. It has been described
as the “last unknown global property” of the nucleon [25];
hence, a robust prediction of D(0) is critical.

3 Continuum calculation of form factors

3.1 Nucleon Faddeev wave function

Hereafter we describe a calculation of nucleon gravita-
tional form factors using the same approach employed
for pion, kaon, and nucleon electromagnetic form factors
[17,18] and pion and kaon gravitational form factors [19].
Namely, we work at leading-order in a symmetry-preserving,
systematically-improvable truncation of all quantum field
equations which appear in the seven-point Schwinger func-
tion that corresponds to the current in Eq. (1). This is the
rainbow-ladder (RL) truncation.

After almost thirty years of use [26,27], RL truncation
is known to be quantitatively reliable for pion, kaon, and
nucleon observables: (a) practically, owing to widespread,
successful applications [1,3,5]; and (b) because improve-
ment schemes are available and have been tested, showing
that the cumulative effect of improvement to RL truncation
in these channels can be absorbed into a modest modification
of the quark + quark scattering kernel [28–35]. Importantly,
where reasonable comparisons are possible, contemporary
CSM predictions and lQCD results are mutually consistent
– see, e.g., Refs. [1–5,36–41].

It is worth explaining here why and where RL trunca-
tion is successful. Consider, therefore, that in systems for
which nonperturbative EHM-generated feedback is small,
viz. ground-state channels [29,35], corrections to RL trun-
cation may be considered diagram by diagram and cancella-
tions can algebraically be demonstrated between new terms
at each given order. The remainder are small because: (a)
QCD’s effective charge is bounded above by π at infrared
momenta and falls monotonically from its maximum with
increasing values of its spacelike argument [8,42,43]; and (b)
this ensures phase-space suppression is an effective mecha-
nism for damping correction contributions.

In RL truncation, the nucleon wave function is obtained
by solving the Faddeev equation depicted in Fig. 1 [44–47]. It
is constructed using the Bethe-Salpeter kernel, K , discussed
below, and the dressed light-quark propagator, which has the
general form

S(k) = 1/[iγ · k A(k2) + 1B(k2)] (2)

and is obtained by solving the quark gap equation defined
by K . Discussions of the formulation and solution of the lin-
ear, homogeneous Faddeev integral equation are provided,
e.g., in Refs. [44–47]. The output is the nucleon Faddeev
amplitude, which can be used to compute all form factor
matrix elements, electromagnetic, weak, gravitational, etc.
In any such calculation, the amplitude must be normalised.
The canonically normalised amplitude ensures, e.g., that the
proton electric charge is unity.

Fig. 1 Faddeev equation. Filled semicircle: Faddeev amplitude, Ψ , the
matrix-valued solution, which involves 128 independent scalar func-
tions. Spring: dressed-gluon interaction that mediates quark + quark
scattering, Eq. (2). Solid line: dressed-quark propagator, S, calculated
from the rainbow gap equation. Lines not adorned with a shaded circle
are amputated. Isospin symmetry is assumed
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Fig. 2 a = 3 spinor component of the nucleon current associated with
the energy-momentum tensor, where δ, δ′ are spinor indices and n, n′
are isospin indices. K indicates the Bethe-Salpeter kernel, also used to
define the RL truncation gap equation that yields the dressed light-quark
propagator, S, as its solution. Together, these elements complete the ker-
nel in the Faddeev equation that yields Ψ , the nucleon Faddeev ampli-

tude – see Fig. 1. The remaining element is Γ
g
μν , the dressed-graviton

+ quark vertex, obtained following Ref. [19]. The complete current has
three terms: Λμν(Q) = ∑

a=1,2,3 Λa
μν(Q); but using symmetries, one

can readily obtain the a = 1, 2 components of the current once a = 3
is known – see Ref. [48, Appendix B]

The key element in Fig. 1 is the quark + quark scattering
kernel [49]:

K rs
tu (k) = G̃(y)Tμν(k)

[

iγμ

λa

2

]

ts

[

iγν

λa

2

]

ur
, (3)

k2Tμν(k) = k2δμν − kμkν , y = k2. The tensor structure
specifies Landau gauge, used because, inter alia, it is a fixed
point of the renormalisation group and that gauge for which
corrections to RL truncation are minimised [50]. In Eq. (3),
r, s, t, u represent colour and spinor matrix indices.

Working from studies of QCD’s gauge sector, one arrives
at the following practicable completion of the scattering ker-
nel [31,51]:

G̃(y) = 8π2

ω4 De−y/ω2 + 8π2γmF(y)

ln
[
τ + (1 + y/Λ2

QCD)2
] , (4)

where γm = 12/25, ΛQCD = 0.234 GeV, τ = e2 − 1,
and F(y) = {1 − exp(−y/Λ2

I )}/y, ΛI = 1 GeV. Analy-
ses of gauge-sector dynamics and numerous hadron proper-
ties indicate ω = 0.8 GeV, ωD = 0.8 GeV3 [19,35]. When
the product ωD is kept fixed, physical observables relevant
herein remain practically unchanged under ω → (1 ± 0.2)ω

[52]; thus, ω is the only degree of freedom. (Insights into the
gauge-sector context of Eq. (4) are drawn in Appendix A.)

Numerical methods for solving sets of coupled gap and
Faddeev equations are described elsewhere – see, e.g.,
Refs. [45,49,53,54]. Exploiting these schemes, one may
solve all equations relevant to calculation of the current in
Eq. (1) and thereby arrive at predictions for the nucleon grav-
itational form factors.

As in Refs. [17,18], using Eq. (4) with renormalisation
point invariant quark current mass m̂u = m̂d = 6.04 MeV,
which corresponds to a one-loop mass at ζ = ζ2 := 2 GeV

of 4.19 MeV, one finds: pion mass mπ = 0.14 GeV; nucleon
mass mN = 0.94 GeV; and pion leptonic decay constant
fπ = 0.094 GeV. These values align with experiment [55].

The scattering kernel involves one parameter and there is
a single quark current-mass. Both quantities are now fixed:
the interaction parameter is constrained by gauge sector stud-
ies, as described in Appendix A, and the quark current mass
delivers a realistic pion mass. Consequently, as in Refs. [17–
19], all calculations herein are parameter-free.

3.2 Three-body interaction current

With the Poincaré-covariant nucleon wave function in hand,
the nucleon gravitational form factors may be obtained from
an interaction current constructed according to the scheme
explained in Ref. [56]. That approach yields the current
depicted in Fig. 2.

The diagrams in Fig. 2 are those which are necessary
and sufficient to deliver symmetry-preserving results for the
nonzero observable gravitational form factors of a nucleon
described by the solution of the Faddeev equation in Fig. 1.
One contribution is not drawn; namely, the nucleon ana-
logue of the lower-panel in Ref. [19, Fig. 1]. This purely
Q-longitudinal part of the probe + nucleon current need not
be specified explicitly because it is entirely decoupled from
the nonzero measurable form factors. Its role is analogous
to Ref. [57, Fig. 3B′], which restores momentum conserva-
tion in calculations of pion DFs. Here, it provides for current
conservation by ensuring

0 ≡ c̄(Q2) =
∑

dresseda = quarks

c̄a(Q2; ζH) =: c̄q (Q2; ζH) . (5)
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Fig. 3 Nucleon gravitational form factors. Curves – predictions herein:
bracketing bands mark the extent of 1σ SPM uncertainty – see Appendix
C for details. In each case, the overall (species-summed) result is inde-
pendent of resolving scale, ζ . The species decompositions evolve with
ζ . The lQCD points in each panel are reproduced from Ref. [24]: black
squares – total form factor; blue circles – glue component; red diamonds
– quark

The current in Fig. 2 involves the graviton + quark ver-
tex, Γ

g
μν , a practicable solution for which was delivered in

Ref. [19]. Amongst other things, Ref. [19] highlighted that,
at low momentum transfers, graviton + hadron couplings
receive contributions from the lightest tensor and scalar
mesons in relevant channels, just as hadron electromagnetic
form factors at low momenta are sensitive to the properties of
the lightest neutral vector meson in a given quark + antiquark
channel. We follow Ref. [19] in calculating Γ

g
μν . The results

used herein are supplied in Appendix B.

4 Gravitational form factors: predictions

Our predictions for nucleon gravitational form factors are
drawn in Fig. 3. The calculational procedure is now well
established; nevertheless, for completeness, technical details
are provided in Appendix C, which includes an explanation
of the Schlessinger point method (SPM) used for interpola-
tion and extrapolation of analytic functions [58–61].

The symmetry preserving character of our analysis is evi-
dent in the values of A(0), J (0) – see also Table 1. Notably,
in delivering J (0) = 1/2, we confirm that the anomalous
gravitomagnetic moment of a spin-1/2 system is zero [62–
64]. Furthermore, the value of the nucleon “D-term”, viz.
D(0) = −3.11(1) is a prediction.

A species decomposition of the observable nonzero form
factors is enabled by the all-orders (AO) evolution scheme
detailed in Ref. [65]. Here we list its key tenets. (a) There is
an effective charge, α1�(k2), in the sense of Refs. [66,67]
and reviewed in Ref. [42], that, when used to integrate
the leading-order perturbative DGLAP equations [68–71],
defines an evolution scheme for every parton distribution
function (DF) that is all-orders exact. The pointwise form
of α1�(k2) is largely irrelevant. Nevertheless, the process-
independent strong running coupling defined and computed
in Ref. [8] has all requisite properties. (b) There is a scale,
ζH, at which all properties of a given hadron are carried by
its valence degrees-of-freedom. At this scale, DFs associated
with glue and sea quarks are zero. Working with the charge
discussed in Refs. [8,42,43], the value of the hadron scale is
a prediction [72]: ζH = 0.331(2) GeV. Analysis of lQCD
results relating to the pion valence quark DF yields a consis-
tent result [38]: ζH = 0.350(44) GeV.

Now consider a hadron H , some associated observable
form factor F(Q2), and suppose one desires to reveal the
contribution to F(Q2) from a parton species p at resolv-
ing scale ζ . Using AO evolution, then for any quark or
gluon sector contributions, F q (Q2; ζ ), F g (Q2; ζ ), respec-
tively, which are expressed in terms of the first/zeroth Mellin
moment of some combination of generalised parton distribu-
tions (GPDs) at zero skewness, ξ = 0, the desired fractional
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Table 1 Q2 = 0 values of proton gravitational form factors plus species
decompositions at ζ = ζ2 = 2 GeV. Our analysis enables a separation of
light-quark valence (V) and sea (S) components and expresses a charm
(c) quark sea contribution. N.B. Uncertainties on sea and glue compo-
nents are typically anticorrelated with those on the valence components.
Such correlations are indicated by ±, ∓. lQCD results reproduced from
Ref. [24]: valence and sea are unseparated and no signal is reported for a
c contribution. In both panels, q is the sum over all quark contributions,
valence and sea

herein A(0) J (0) −D(0)

Total 1.00 0.50 3.114(10)±
uV 0.328(15)± 0.164(08)± 1.019(49)±
dV 0.149(07)± 0.074(04)± 0.463(22)±
uS 0.033(03)∓ 0.017(02)∓ 0.103(08)∓
dS 0.042(03)∓ 0.021(02)∓ 0.131(11)∓
s 0.025(02)∓ 0.012(02)∓ 0.077(06)∓
c 0.0086(05)∓ 0.0043(03)∓ 0.027(02)∓
q 0.584(13)± 0.292(06)± 1.820(43)±
g 0.416(13)∓ 0.208(06)∓ 1.294(33)∓

lQCD A(0) J (0) −D(0)

Total 1.011(37) 0.506(25) 3.87(97)

u 0.3255(92) 0.2213(85) 0.56(17)

d 0.1590(92) 0.0197(85) 0.57(17)

s 0.0257(95) 0.0097(82) 0.18(17)

q 0.510(25) 0.251(21) 1.30(49)

g 0.501(27) 0.255(13) 2.57(84)

contribution is [75, Secs. VII, VIII]:

Fp(Q2; ζ ) = 〈x〉pζ F(Q2) , (6)

where 〈x〉pζ is the parton species light-front momentum frac-

tion in H at ζ . The nucleon gravitational form factors A(Q2),
J (Q2) are in this class [25]. Following Ref. [76, Secs. 3.6 -
3.9], the AO scheme can be extended to obtain the same
result for D(Q2). Thus, the species decompositions of all
form factors in the gravitational current emerge and evolve
in the same way. Exploiting these features, we arrive at the
ζ = ζ2 := 2 GeV species decompositions drawn in Fig. 3
and listed in Table 1.

The form factor c̄(Q2), eliminated from Eq. (1) by current
conservation, can also be decomposed into a sum over species
contributions [25]. Considering such, we recall that dressed-
quark contributions saturate all observable form factors at
ζH; current construction, Eq. (5), entails c̄q (Q2; ζH) ≡ 0;
hence, c̄g (Q2; ζH) ≡ 0. So, under AO evolution, following
these arguments, each species contribution to c̄(Q2) is zero
at all scales: 〈x〉pζ × [c̄(Q2) ≡ 0] = 0. Simplicity makes this

an appealing explanation for c̄(Q2) ≡ 0, viz. at all scales,
each species contribution to the current is separately con-
served. Future analyses will see this notion confirmed or

Fig. 4 Light-quark contribution to the proton D-term: Du+d (Q2; ζ ).
Herein – Du+d (Q2; ζ2), solid purple curve within like-coloured 1σ

SPM uncertainty band. BEG – squares and associated fit from Ref. [21],
identified with the scale ζ ≈ ζB = 1.6 GeV [73,74]. Circles –
lQCD results from Ref. [24], obtained with ζ = ζ2. Scale evolution
is logarithmic; consequently, our predictions for Du+d (Q2; ζB) and
Du+d (Q2; ζ2) are practically indistinguishable within line widths

improved. Subsequently, alike with Ref. [24], we explore its
consequences.

Returning to the pressure form factor, considering light
quarks alone, an inference from available data yields [21]:
Du+d(0) = −1.63(29). This result may be identified
with the scale ζ ≈ ζB = 1.6 GeV [73,74]. Our study
delivers Du+d(0; ζB) = −1.79(5) and Du+d(0; ζ2) =
−1.73(5). Notably, moreover, within uncertainties, our pre-
dictions are in Q2 pointwise agreement with the extraction
in Ref. [21] – see Fig. 4. As noted there, ζ -evolution is loga-
rithmic; so, practically, within line widths, Du+d(Q2; ζB) =
Du+d(Q2; ζ2).

Figure 3 also compares our predictions for the species
separated form factors with available lQCD results: in all
cases, they agree within mutual uncertainties.

One may quantify the preceding statement by noting that,
for each form factor, the AO approach predicts that the con-
tribution ratio gluon:total-quark is a fixed number (constant,
independent of Q2), viz.

F = A, J, D | F g (Q2; ζ2)
∑

q F
q (Q2; ζ2)

= 0.71(4) . (7)

(The value grows with ζ .) Regarding Fig. 5, it is apparent that,
within their (large) uncertainties, available lQCD results are
compatible with Eq. (7). Namely, for each form factor, the
lQCD results are (a) consistent with a Q2-independent ratio
of glue-to-quark contributions and (b) a value of this ratio that
matches our prediction. This is true when one considers the
combination of all form factors, Fig. 5 A, in which the lQCD
result is g/q = 0.82(18), where the uncertainty marks 1σ
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Fig. 5 Panel A. Combined A, J , D lQCD g/q results (grey points):
grey line – uncertainty weighted average of all points; and grey band –
1σ around the central value: 0.82(18). Panels B, C, D. lQCD results for
individual gravitational form factors: grey line – uncertainty weighted

average in each case along with 1σ grey band, as specified in each panel.
Prediction herein: g/q = 0.71(4) (purple line and band) – all panels.
Resolving scale: ζ = ζ2

about the central value, and also the individual form factors
– see Fig. 5 B–D.

Comparison of the panels in Table 1 yields additional
insights.

(a) Considering the light-quark Q2 = 0 contributions, our
predictions are in the ratio u/d = 1.9 for all form factors.
On the other hand, the lQCD results are: A = 2.05(13);
J = 11.2(4.5); D = 0.98(42). Evidently, whilst the
lQCD form factor with the smallest uncertainty, A, yields
a ratio consistent with our prediction, the other two, with
larger uncertainties, disagree greatly.

(b) Regarding Ag (0), unlike the lQCD result [24], our pre-
diction matches the value inferred from global analyses
of data by many collaborations [77]: Ag (0) = 0.413(6).

(c) Our predicted values for both the quark and gluon con-
tributions to J (0) (proton spin) align with those reported

in Refs. [39,78] (quark + diquark picture of the nucleon)
and also match the lQCD results reported in Ref. [79].
They differ from those in Ref. [24]: most notably, herein
and in Refs. [39,78,79], the quark contribution is greater
than the glue contribution, whereas there is a signal for
this being reversed in Ref. [24].

(d) We find that the glue contribution to D(0) is noticeably
smaller than the quark contribution, with a ratio 0.71(4)

– Eq. (7). On the other hand, Ref. [24] reports a different
result, with glue markedly greater than quark: 1.97(65),
albeit with large uncertainty.

5 Density profiles

Working with the Poincaré-invariant nucleon gravitational
form factors obtained herein, one may calculate an array of
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Breit frame density profiles (energy, pressure, shear and nor-
mal force distributions) via appropriate three-dimensional
Fourier transforms [25]. The relevant formulae are collected
in Appendix D. Questions concerning the interpretation of
such distributions have been widely canvassed – see, e.g.,
Refs. [80–84]. Other transforms are possible [84]. Neverthe-
less, since the input function in any case is always the same,
then no projective mapping, like the construction of a den-
sity in two or three spacelike dimensions, can deliver any
objective information that is not already contained in the
Poincaré-invariant subject function. Thus, whatever type of
transform is chosen, it is merely a mathematical operation
on the same input object; hence, interpreted judiciously, all
outputs are qualitatively equivalent.

Figure 6 displays the predictions for the nucleon pressure
and shear force distributions in comparison with those in the
pion, calculated using the same framework [19]. Evidently,
the pion peak values are roughly twice those in the proton.
It is here worth reiterating [19,21] that such pressures are an
order of magnitude greater than are expected at the core of
neutron stars [85].

It is worth discussing nucleon mass and mechanical radii.
The former is determined by A(Q2), D(Q2) and the latter
by D(Q2) alone – see Eq. (D.16b):

rmass = 0.81(5)rch , rmech = 0.72(2)rch , (8)

where rch = 0.887(3) fm is the proton charge radius cal-
culated using the same framework [18]. Regarding species
decompositions, at ζ2:

r
q
mass = 0.62(4)rch , r

g
mass = 0.52(3)rch , (9a)

r
q
mech = 0.55(2)rch , r

g
mech = 0.47(2)rch . (9b)

Reviewing these predictions, we are led to stress the follow-
ing points.

(a) The analysis herein is the only one available that provides
a unified single-framework (phenomenological or theo-
retical) treatment of nucleon electromagnetic and gravita-
tional form factors. This makes the relative radii ordering
statements unique and substantive.

(b) The nucleon’s mechanical radius is less than its mass
radius. On the other hand, the available lQCD comparison
suggests the reverse ordering, although the two radii are
equal within lQCD uncertainties.

(c) Alike with the pion [86], the proton’s mass radius is less
than its charge radius.

(d) Regarding species separated radii at ζ2, we predict the
quark contribution is greater than that from glue. The
reverse ordering is favoured in Ref. [24]. In our view,
considering Table 1 and the associated discussion, this

Fig. 6 Nucleon pressure, p(r), and shear force, s(r), distributions,
along with total-quark and glue species decompositions at ζ2. Like pion
distributions are drawn in green. N.B. The pion distributions are divided
by 2. In all cases, the like-coloured band marks the extent of 1σ SPM
uncertainty

owes largely to the lQCD overestimate of the glue con-
tribution to D(Q2).

(e) Within uncertainties, our prediction for the quark pres-
sure, Fig. 6A, matches that inferred from data [21]. Like-
wise, our result for rmech matches that inferred therein.

(f) Considering the discussion in Refs. [87–92], compar-
isons with currently reported inferences of glue contri-
butions to proton gravitational form factors are unwar-
ranted.

6 Summary

Using a symmetry-preserving, systematically-improvable
truncation of the quantum field equations relevant to cal-
culation of hadron properties, this study completes the first
single-framework, unifying treatment of pion, kaon, nucleon
electromagnetic and gravitational form factors. Each element
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in the study is a well-defined approximation to an analo-
gous quantity in quantum chromodynamics (QCD). A single
parameter characterises the quark + quark scattering kernel.
It is fixed with reference to gauge sector dynamics in QCD;
so, all predictions are parameter-free and link observables
directly with the three pillars of emergent hadron mass.

Amongst other things, the analysis reveals the following
features. Regarding a separation of each of the nucleon’s
gravitational form factors (mass, spin, D-term) into glue and
quark pieces, the ratio of these contributions is the same Q2-
independent number for all three: glue/quark ≈ 0.71. This
novel algebraic prediction is consistent with available results
from the numerical simulation of lattice-regularised QCD
(lQCD). The near-core pressure in the pion is roughly twice
that in the proton, so both are at least an order of magnitude
greater than that of a neutron star. The nucleon’s mechanical
radius is less than its mass radius, which in turn is less than
its charge radius. At a standard resolving scale, ζ = 2 GeV,
the glue contributions to both are 15% less than the total
quark contributions. Within uncertainties, our predictions are
consistent with phenomenological inferences from available
data on deeply virtual Compton scattering.

No improvement on the analysis herein can be antic-
ipated before simulations of lQCD have simultaneously
delivered infinite-volume, continuum-limit, carefully renor-
malised, realistic pion mass studies of all physical properties
discussed above, viz. pion, kaon, nucleon electromagnetic
and gravitational form factors. Meanwhile, the breadths of
application and success of the parameter-free framework we
have employed suggest that the predictions delivered should
serve as benchmarks for future phenomenology and theory
in an era that will see completion of high-luminosity, high-
energy accelerators that promise to be able to test them.
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Fig. 7 Dressed light quark mass function: M(k) = B(k)/A(k) – see
Eq. (2). Solid purple curve – RL result calculated and used herein to
deliver all predictions. Blue and red bands – range of results admit-
ted by the observable-constrained, nonperturbative beyond-RL (bRL)
truncation described in Ref. [34]
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ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Appendix A Quark + Quark Interaction

A context for the interaction in Eq. (4) is provided by not-
ing that, following Ref. [51], one may draw a connection
between G̃ and QCD’s process-independent effective charge,
discussed in Refs. [8,42,43]. That effective charge is charac-
terised by an infrared coupling value α̂(0)/π = 0.97(4) and
a gluon mass-scale m̂0 = 0.43(1) GeV determined in a com-
bined continuum and lattice analysis of QCD’s gauge sector
[8]. The following values are those of analogous quantities
inferred from Eq. (2):

αG (0)/π = 1.45 , mG = 0.54 GeV . (A.1)

They are a fair match with the QCD values, especially since
earlier, less well informed versions of the RL interaction
yielded αG (0)/π ≈ 15, i.e., a value ten-times larger [51].

Existing analyses of hadron properties suggest that inclu-
sion of corrections to RL truncation in ground state chan-
nels has little impact beyond a relaxation of the numbers in
Eq. (A.1) toward their QCD values; for instance, compare
the RL and EHM-improved spectra in Ref. [35]. This is fur-
ther highlighted by Fig. 7, which displays the mass function
used herein to deliver the nucleon gravitational form factors.
Obtained by solving the quark gap equation with the RL ker-
nel specified by Eqs. (3), (4), it falls comfortably within the
solution range determined by solving the gap equation with
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the symmetry-preserving, nonperturbative beyond-RL trun-
cation described in Ref. [34]. It is for these reasons that the
modern formulation of RL truncation provides a reliable, pre-
dictive tool – see also, e.g., Refs. [17,18], in which it was used
to deliver pion, kaon, and nucleon electromagnetic form fac-
tors, and Ref. [19], wherein pion and kaon gravitational form
factors are calculated.

Appendix B Quark + graviton vertex

Here we briefly review the analysis in Ref. [19] – those seek-
ing details may refer therein.

The dressed graviton + quark vertex satisfies the following
Ward–Green–Takahashi (WGT) identity:

QμiΓ
g
μν(k, Q) = S−1(k+)k−ν − S−1(k−)k+ν . (B.2)

In RL truncation, Γ g
μν is obtained by solving the following

inhomogeneous Bethe-Salpeter equation:

iΓ g
μν(k+, k−) = Z2[iγμkν − δμν(iγ · k + Z0

mm
ζ )]

+ Z2
2

∫ Λ

dl
K (k − l)[S(l+)iΓ g

μν(l+, l−)S(l−)] , (B.3)

where k± = k ± Q/2, Z0
m is the chiral-limit mass renor-

malisation constant, and Z2 is the quark wave function
renormalisation constant. (In all analyses discussed herein,
a mass-independent momentum-subtraction renormalisation
scheme is employed [93].)

With complete generality, the solution of Eq. (B.3) may
be written thus:

Γ g
μν(k, Q) = Γ gM

μν (k, Q) + Γ gT
μν (k, Q). (B.4)

The first term:

iΓ gM
μν (k, Q)

= iΓ BC
μ (k, Q)kν − 1

2δμν[S−1(k+) + S−1(k−)]
+ iTμα(Q)Tνβ(Q)4Γ̂ 2

αβ(k+, k−), (B.5)

with

iΓ BC
ν (k+, k−) = iγνΣA± + 2ikνγ · k ΔA± + 2kνΔB± ,

(B.6)

ΣA± = [A(k2+)+A(k2−)]/2, ΔF± = [F(k2+)−F(k2−)]/[k2+−
k2−], F = A, B, resolves Eq. (B.2).

Γ 2
αβ(k; Q) in Eq. (B.5) is the tensor + quark vertex gener-

ated by the inhomogeneity

Γ 2
0μν(k; Q) = Tμα(Q)Tνβ(Q) 1

2

(
γαkβ + γβkα

)
, (B.7)

with Γ̂ (k, Q) = Γ (k, Q) − Γ (k, 0) so as to ensure
the absence of kinematic singularities. Dynamical singu-
larities nevertheless appear in Γ 2

μν ; namely, one at the
pole position of each I = 0 tensor meson. Since Γ 2

μν

possesses eight independent Dirac matrix valued tensor
structures, then Eq. (B.5) involves thirteen such nonzero
terms.

The remaining piece in Eq. (B.4), Γ
gT
μν (k, Q), satisfies

QμΓ
gT
μν (k, Q) = 0. It represents all possible transverse

structures not already included in the first term. Like Γ 2
μν ,

Γ
gT
μν does not contribute to resolving Eq. (B.2). It is obtained

by solving the appropriate Bethe-Salpeter equation. In doing
so, one sees the emergence of isoscalar scalar mesons in the
graviton + quark vertex.

As stressed in Ref. [19], a few contributions dominate the
graviton + light-quark vertex, viz. those parts which saturate
the WGT identity – already included; pieces associated with
an f2 tensor meson pole – incorporated via Γ 2

αβ(k; Q); and
those tied to an analogous scalar meson resonance. The last
is captured by writing

Γ gT
μν (k, Q) = Tμν(Q)ΓI(k; Q) , (B.8)

where ΓI(k; Q), which has four independent Dirac matrix
valued structures, D j=1,4

I
∝ {1, γ · k, γ · Q, σαβkαQβ} –

see, e.g., Ref. [94, Appendix A], is obtained by solving

trDP j
μν(k, Q)Γ gT

μν (k+k−)

= trDP j
μν(k, Q)Z2

2

∫ Λ

dl
K (k − l)S(l+)

× {Γ gM
μν (l+, l−) + Tμν(Q)ΓI(l+; l−)}S(l−) . (B.9)

Here,

trP j
μν(k, Q)Γ gT

μν (k, Q) = D j
I
, (B.10a)

trP j
μν(k, Q)Γ gM

μν (k, Q) ≡ 0 . (B.10b)

At this point, gathering all terms described above, one
has an efficacious solution for the graviton + quark vertex.
It involves 2 one-variable and 12 two-variable functions and
various distinct, associated Dirac matrix structures. For com-
pleteness, we list results for the lightest scalar (S) and tensor
(T) mesons, viz. the calculated masses and residue coeffi-
cients (in GeV):

mS fS mT fT
u = d 0.53 0.025 1.20 0.042

. (B.11)
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Appendix C Form factors and SPM

The Faddeev amplitude depends on the nucleon total momen-
tum, P , and two relative momenta, p, q; so each function
in the amplitude depends on three angular variables defined
via the inner products p · q, p · P , q · P . In solving the
Faddeev equation, we used eight Chebyshev polynomials to
express the dependence on each angle [49]. This enables
evaluation of Ψ at any required integration point in either
the Faddeev equation or the current. P is a complex-valued
(timelike) vector, P2 = −m2

N , whereas Q is spacelike. Thus,
when evaluating the current, the integrand sample points are
typically in the complex plane and the integrand exhibits
oscillations whose amplitudes grow with Q2 [95]. To handle
this, increasing the number of Chebyshev polynomials and
quadrature points is effective on Q2 ≤ Q2

m, Q2
m ≈ 2.5 GeV2.

At larger Q2 values, however, such a brute force approach
fails to deliver accurate results. (Regarding nucleon electro-
magnetic form factors, where Γ

g
μν is replaced by the simpler

photon + quark vertex, direct reach to larger Q2 is possible
[18].)

To obtain results on Q2 � 2.5 GeV2, we extrapolate using
the Schlessinger point method (SPM) [58–60]. The SPM is
grounded in analytic function theory and based on the Padé
approximant. It accurately reconstructs any function in the
complex plane within a radius of convergence determined
by that one of the function’s branch points which lies closest
to the real domain that provides the sample points. Mod-
ern implementations introduce a statistical element; so, the
extrapolations come with an objective and reliable quantita-
tive estimate of uncertainty. Crucially, the SPM is free from
practitioner-induced bias; so, delivers objective analytic con-
tinuations. In practice, the SPM has been blind-tested against
numerous models and physically validated in applications
that include determination of hadron and light nucleus radii
from electron scattering [96]; extraction of resonance prop-
erties from scattering data [97]; searching for evidence of
the odderon in high-energy elastic hadron+hadron scattering
[98]; and calculation of meson and baryon electromagnetic
form factors [17,18].

Our SPM extrapolations are developed as follows.

Step 1 For each form factor, we produce N = 30 directly
calculated values of Q2× form factor, spaced evenly
on Q2 � 2.5 GeV2.

Step 2 From that set, M0 = 6 points are chosen at random,
the usual SPM continued fraction interpolation is
constructed, and that function is extrapolated onto
Q2 > Q2

m. The curve is retained so long as it is
singularity free on Q2 ≤ 100 GeV2.

Step 3 Step 2 is repeated with another set of M0 randomly
chosen points.

Step 4 One continues with 2 and 3 until nM0 = 200 smooth
extrapolations are obtained.

Step 5 Steps 2 and 3 are repeated for M = {M0 + 2i |i =
1, . . . , 5}.

Step 6 At this point, one has 1 200 statistically independent
extrapolations for Q2× form factor.

Working with these extrapolations, then at each value of Q2,
we record the mean value of all curves as the central predic-
tion and report as the uncertainty the function range which
contains 68% of all the extrapolations – this is a 1σ band.

Appendix D Breit frame density profiles

Energy, pressure, and shear force distributions have been
defined via the following formulae [25] (t = Q2):

ε(r) = mN

(

Â(r)− 1
4m2

N

[
(̂t D)(r)+(̂t A)(r)−2(̂t J )(r)

])

,

(D.12a)

p(r) = 1

6mN

1

r2

d

dr
r2 d

dr
D̂(r) , (D.12b)

s(r) = − 1

4mN
r
d

dr

1

r

d

dr
D̂(r) , (D.12c)

which involve the Fourier transform

f̂ (|�r |) =
∫

d3q

(2π)3 e�q·�r f (t → |�q|2) . (D.13)

Species decompositions may be obtained by replacing each
total form factor by its species component – recall Eq. (5)
and associated discussions.

In terms of the quantities just defined, the normal force
distribution in the nucleon is

F‖(r) = p(r) + (2/3)s(r) . (D.14)

Nucleon mass and mechanical radii can now be defined in
terms of ε(r), F‖(r) [25]:

〈r2〉mass =
∫
d3r r2ε(r)
∫
d3rε(r)

, (D.15a)

〈r2〉mech =
∫
d3r r2F‖(r)
∫
d3r F‖(r)

. (D.15b)

In a common interpretation, the mechanical radius measures
the extent of the nucleon’s normal force distribution. These
expressions are equivalent to the following, which are typi-
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cally easier to use:

〈r2〉mass =
[

−6
d

dt
A(t)

∣
∣
∣
∣
t=0

− 3
D(0)

2m2
N

]
1

A(0)
, (D.16a)

〈r2〉mech = 6
∫ ∞

0 dt [D(t)/D(0)] . (D.16b)

Consider Eq. (D.16a).

(a) Making the replacements A → F1, D → −F2, where
F1,2 are nucleon Dirac and Pauli electromagnetic form
factors, then this formula is mapped into that for the
nucleon charge radius, r2

ch. Consequently, a rmass:rch

comparison is natural.
(b) Regarding the total mass form factor, A(0) = 1; but this

is not true for species separated contributions. Notwith-
standing that, under AO evolution, individual species
contributions to a given radius are simply determined
by their light-front momentum fractions at the asso-
ciated scale. This is plain from Sect. 3.1 and Ref. [75,
Sec. VIII.B].

(c) The second term in Eq. (D.16a) is large and positive:
using our predictions, the value is (0.45 fm)2.

(d) A trace-anomaly form factor, θ(t), and associated den-
sity may be constructed [25] by making the replacement
t D(t) → 3t D(t) in Eq. (D.12a). The associated radius-
squared is

〈r2〉θ = 〈r2〉mass − 3D(0)/m2
N > 〈r2〉mass. (D.17)

However, owing to the magnitude and sign of D(t), θ(t)
is not positive definite, something which diminishes its
appeal as a mass distribution form factor [99, Fig. 4].

Regarding Eq. (D.16b), it is evident that the mechanical
radius is determined solely by the integral of the Q2 = 0
unit-normalised version of the nucleon D-term function.
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