
Characterization of a monodromic singular point of a
planar vector field

Abstract

The Newton diagram and the lowest-degree quasi-homogeneous terms of an
analytic planar vector field allow us to determine whether an isolated singular
point of the vector field is monodromic or has a characteristic trajectory.

Keywords: monodromy, characteristic orbits

1. Introduction.

We are interested in the behavior of the trajectories in a neighborhood of a
singular point of the planar analytic differential system

ẋ = F(x), (1)

and, in particular, in determining when a singular point (we can assume the ori-
gin to be the singular point) is surrounded by orbits of the system (monodromic
singular point).

Each trajectory by lying on a vicinity of a monodromic singular point is
either a spiral or an oval. Moreover, from the finiteness theorem for the number
of limit cycles, a monodromic point of an analytic planar vector field can be only
either a focus or a center, see Il’yashenko [12]. So, the monodromy problem is
a prior step to solving the center problem of a vector field which is one of the
classical open problems in the qualitative theory of planar differential systems.

If the differential matrix DF(0) is not identically null, the monodromy prob-
lem is completely solved. The problem when the eigenvalues of the matrix are
conjugated complex, was solved by Poincaré [16] and when the matrix is nilpo-
tent, by Andreev [6]. Finally, if DF(0) is identically null (in such a case, O is
a degenerate singular point), the monodromy problem can be solved by using
the blow-up technique (developed by Dumortier [9]) which consists of perform-
ing a series of changes to desingularize the point. However, its application for
determining the monodromy of a singular point of a family of vector fields with
parameters becomes rather complicated. Some works that use this technique in
order to study the monodromy are Medvedeva [15], Gasull et al. [11], Mañosa
[14], Garćıa et al. [10]. All of them are only partial results.

In order to show our results, we need to recall the following concepts that we
will use throughout the paper: the quasi-homogeneous vector fields (in particu-
lar, the conservative-dissipative splitting of a quasi-homogeneous vector field),
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the Newton diagram of a vector field and the generalized polar coordinates,
introduced by Liapunov [13].

Conservative-dissipative splitting.

Let t = (t1, t2) be non-null with t1 and t2 non-negative integer numbers
without common factors. A function f of two variables is quasi-homogeneous
of type t and degree k if f(εt1x, εt2y) = εkf(x, y). The vector space of quasi-
homogeneous polynomials of type t and degree k will be denoted by Pt

k. A vector
field F = (F1, F2)T is quasi-homogeneous of type t and degree k if F1 ∈ Pt

k+t1
and F2 ∈ Pt

k+t2
. We will denote Qt

k the vector space of the quasi-homogeneous
polynomial vector fields of type t and degree k.

The quasi-homogeneous vector monomials can be determined by drawing
the lattice Z2

+, and assigning each point (m,n) to the quasi-homogeneous vec-
tor fields (xmyn−1, 0)T and (0, xm−1yn)T . The points with integer coordinates
aligned in the straight lines perpendicular to t, (m − 1)t1 + (n − 1)t2 = k,
determine the quasi-homogeneous vector monomials with the same degree k.

Any vector field can be expanded into quasi-homogeneous terms of type t of
successive degrees. Thus, the system (1) can be written in the form

ẋ = F(x) = Fr(x) + Fr+1(x) + · · · =
∞∑
j=0

Fr+j(x),

for some r ∈ Z, where Fj = (Pj+t1 , Qj+t2)T ∈ Qt
j and Fr 6≡ 0. These expansions

are usually considered in the analysis of the topological determination of the
singularity by means of the blow-up technique (see Bruno [7], Brunella and
Miari [8] and Dumortier [9]). This concept also has been used by Algaba et
al. [5] as an application of the Normal Form Theory, and for the study of
the integrability and of the center problem of systems with a singular point
degenerated, i.e. systems whose matrix of the linear part evaluated in the
singular point is identically null, see Algaba et al. [3, 4].

Next, we cite the splitting of a quasi-homogeneous vector field as a sum of two
quasi-homogeneous vector fields, a conservative one (having zero-divergence)
and a dissipative one (in the sense of the non-conservative part that fully
captures the divergence of the vector field) that will be useful in what fol-
lows and will play a main role in our analysis. Throughout this paper, the
Hamiltonian system associated to the C1 function f is denoted by Xf , i.e.

Xf = (−∂f∂y ,
∂f
∂x )T . Algaba et. al. [4] proved that any quasi-homogeneous vector

field Fj = (Pj+t1 , Qj+t2)T ∈ Qt
j can be expressed as

Fj = Xhj+|t| + µjD0, (2)

where D0(x, y) := (t1x, t2y)T (a dissipative quasi-homogeneous vector field of
type t and degree 0), µj := 1

j+|t|div(Fj) ∈ Pt
j (the divergence of Fj), hj+|t| :=

1
j+|t| (t1xQj+t2 − t2yPj+t1) ∈ Pt

j+|t| (the wedge product of D0 and Fj) and

|t| = t1 + t2.
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We note that any non-vanishing quasi-homogeneous polynomial of type t =
(t1, t2) with t1 and t2 non-null, in particular hj+|t|, can be expressed as p(x, y) =

xk1yk2p0(xt2 , yt1) with 0 ≤ k1 < t2, 0 ≤ k2 < t1 being p0 a homogeneous
polynomial. So, by abusing the notation, we can write any quasi-homogeneous
polynomial of type t in a compact form p(x, y) = c

∏m
j=0 f

mj

j

∏n
j=0 g

nj

j , where

fj(x, y) = x, y or yt1 − λjxt2 , j = 0, ...,m

and
gj(x, y) = (yt1 − ajxt2)2 + b2jx

2t2 , j = 0, ..., n

with c, λj , aj and bj real numbers and λj , bj non-zero, for all j.
If hr+|t| ∈ Pt

r+|t| and µr ∈ Pt
r are the polynomials associated to the lowest-

degree quasi-homogeneous term of type t of F, we will say that a polynomial
of the form x, y or yt1 − λxt2 , λ 6= 0, is a strong factor of F associated to
the type t, or simply a strong factor of hr+|t|, if it satisfies one of the following
properties:

(i) it is a factor of hr+|t| of odd multiplicity order,
(ii) it is a factor of hr+|t| of even multiplicity order (2m) and, either it is not

a factor of µr with µr 6≡ 0 or is a factor of µr with even multiplicity order
(2n) with 0 < n < m.

Newton diagram.

We will write the components of the vector field F in the form P (x, y) =∑
aijx

iyj−1 and Q(x, y) =
∑
bijx

i−1yj .
The support of (1) and also of F, denoted by supp(F), is the set of pairs (i, j)
with (aij , bij) 6= (0, 0). The vector (aij , bij) is called the vector coefficient of
(i, j) in the support. Consider the set⋃

(i,j)∈supp(F)

(
(i, j) + R2

+

)
,

where R2
+ is the positive quadrant and the union is taken over all points (i, j) in

the support. The boundary of the convex hull of this set is made up of two open
rays and a polygon, which can be just one point. The polygon together with the
rays that do not lie on a coordinate axis, if they existed, is called the Newton
diagram of the vector field F. The component parts of the Newton diagram are
called edges and their endpoints are the vertices of the Newton diagram.
If a vertex of the Newton diagram does not lie on a coordinate axis, then it is
said to be an inner vertex; otherwise, it is an exterior vertex. The exponent of
a vertex V = (i, j) will be denoted by αV and it is given by

αV :=

{
bij/aij , if aij 6= 0;
∞, if aij = 0.

(3)

The exponent of a bounded edge ` of the Newton diagram is a positive rational
number t2/t1, equal to the tangent of the angle between the edge and the or-
dinate axis. The exponent of ` will be denoted by α`, and the pair t = (t1, t2)
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is called the type of the edge `. If the Newton diagram contains an unbounded
horizontal edge then we set its exponent equal to ∞ and its type is (0, 1), and
if there is a vertical edge, it has an exponent 0 and its type is (1, 0). Figure 1
shows two distinct Newton diagrams with two edges.

Figure 1:

Lastly, for each inner vertex V of the Newton diagram of system (1) such
that t = (t1, t2) and s = (s1, s2) are the types of its upper and lower adjacent
edges, respectively, i.e. α` = t2/t1 < s2/s1 = α˜̀, with hrt+|t|hrs+|s| 6≡ 0, we
define the constant associated to the vertex V as

βV = c̃j0ci0 , (4)

where i0 = min {i ≥ 0 |ci 6= 0}, j0 = min {j ≥ 0 |c̃j 6= 0} and ci and c̃j being
the coefficients of the polynomials hrt+|t| and hrs+|s|, ordered from the highest
to the lowest exponent in x and y, respectively.
For example, Newton diagram of

ẋ = ay3 + gx2y, ẏ = hxy2 + bx7, (5)

with ab(g2 + h2) < 0, consists of two exterior vertices A = (0, 4) associated
to (ay3, 0)T and E = (8, 0) associated to vector field (0, bx7)T and an inner
vertex C = (2, 2) associated to (gx2y, hxy2)T . The Newton diagram has two
edges, one associated to the type t = (1, 1) and other of type s = (1, 3) and

the hamiltonians of the conservative parts of least degree are h
(1,1)
4 = 1

4y
2[(h−

g)x2 − ay2] and h
(1,3)
8 = 1

8x
2[(h − 3g)y2 + bx6], respectively. So, if h 6= g and

h 6= 3g it has that βVC
= 1

32 (h − g)(h − 3g), otherwise βVC
= 1

16ag if h = g,
βVC

= 1
16bg if h = 3g.

Generalized polar coordinates.

Fixing a type t, it defines the generalized trigonometric functions, Cs(θ) and
Sn(θ), as the unique solution of the Cauchy problem

dx

dθ
= XH(x), x(0) = (1, 0)T ,

where H is the Hamiltonian H(x, y) = x2t2 + y2t1 ∈ Pt
2t1t2 . These functions are

periodic and Tt will denote their minimal period. Moreover, they satisfy the
equality Cs2t2(θ) + Sn2t1(θ) = 1.
We can already introduce the generalized polar coordinates, u and θ of the real
plane (x, y) ∈ R2, as

x = ut1Cs(θ), y = ut2Sn(θ), (6)

with u ≥ 0 and θ ∈ [0, Tt) .
The quoted transformation carries the region of the plane (u, θ) given by

the rectangle R = [0, ε) × [0, Tt), ε > 0, to the neighborhood of the origin
W = {(x, y) ∈ R2, x2t2 +y2t1 ≤ ε2t1t2}. Also, it transforms the curve yt1 = axt2

onto θ = θ∗ with a = Snt1 (θ∗)
Cst2 (θ∗) .

A characteristic orbit of system (1) is a trajectory that enters or leaves of
the singular point (the singular point is an ω or α limit point of any point of
the trajectory) with a fixed tangent. We name t-characteristic orbit of system
(1) to an orbit of system (1) defined in a neighborhood of the origin W which
is transformed by means of the change (6) in γ(τ) = (u(τ), θ(τ)) ∈ R, such that

• lim
τ→+∞

u(τ) = 0 (or lim
τ→−∞

u(τ) = 0), and

• there exists lim
τ→+∞

θ(τ) = θ∗ ∈ [0, Tt) (or lim
τ→−∞

θ(τ) = θ∗ ∈ [0, Tt)).

Next, we cite the results obtained. The first result ranks the different orbits
of (1) that tend to the origin and give the relationship among them. It is an
easy extension of the well-known result given by Zhang et al. [[17], Theorem
3.10].

Theorem 1. Let x(t) be an orbit of analytic system (1) verifying lim
t→∞

x(t) = 0.

Then it is either a spiral orbit of (1) (in such a case, the origin is a focus) or
it is a t-characteristic orbit of (1) for any type t.
Otherwise, if there is no orbit of (1) such that lim

t→∞
x(t) = 0, then the origin is

a center.

As a consequence, we have the following well-known characterization of mon-
odromic singular point.

Corollary 1. The following properties are equivalent:

1) the origin is a monodromic singular point of system (1),

2) system (1) does not have any characteristic orbits,

3) system (1) does not have any t-characteristic orbits for any type t.

Next, we give our main result, Theorem 2, which describes system (1) with
a characteristic orbit from the edges and vertices of its Newton diagram, and
provides the shape of the orbit.

Theorem 2. If system (1) has a characteristic orbit in the first quadrant dif-
ferent from x = 0 and y = 0, then it has one, and only one, of the following
situations:
(e1) There exists an edge of the Newton diagram of (1) with type t = (t1, t2)
such that hrt+|t|(x, y) ≡ 0.

In this case, the characteristic orbit is of the form y = ãxt2/t1 + o(xt2/t1), for a
certain ã non-zero real.

(e2) There exists an edge of the Newton diagram of (1) with type t = (t1, t2)
and a certain ã non-zero real such that yt1 − ãxt2 is a factor of hrt+|t|(x, y).

In this case, the characteristic orbit is of the form y = ãxt2/t1 + o(xt2/t1).

(v1) There exists an inner vertex V of the Newton diagram of (1) with j0 > 0
and βV < 0.
In this case, the characteristic orbit has the form y = xα`τ(x) + o(xα`τ(x)),

where ` is the adjacent upper edge with limx→0 τ(x) = 0 and limx→0
τ(x)
x1/n = +∞
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for all n ∈ N.

(v2) There exists an inner vertex V of the Newton diagram of (1) with i0 > 0
and βV < 0.
In this case, the characteristic orbit has the form x = y1/α˜̀τ(y) + o(y1/α˜̀τ(y)),

where ˜̀ is the adjacent lower edge, with limy→0 τ(y) = 0 and limy→0
τ(y)
y1/n

= +∞
for all n ∈ N.

(v3) There exists an inner vertex V of the Newton diagram of (1) with i0 =
j0 = 0 and βV < 0.
In this case, the characteristic orbit has the form either y = λxb/a + o(xb/a),
or y = xb/aτ(x) + o(xb/aτ(x)) or x = ya/bτ(y) + o(ya/bτ(y)) where (a, b) is the

vector coefficient of V with ba > 0, λ 6= 0, limx→0 τ(x) = 0 and limx→0
τ(x)
x1/n =

+∞ for all n ∈ N.

Theorem 2 can be used to analyze the topological equivalence near a singular
point, and, in particular, to solve the monodromy problem. The two follow-
ing results, Theorems 3 and 4, provide necessary and sufficient conditions of
monodromy for a singular point.

Theorem 3. If the origin of system (1) is monodromic then the Newton dia-
gram of (1) verifies:

1) all its vertices have even coordinates,

2) it has two exterior vertices. Moreover, if (a, 0) and (0, b) are the vector
coefficients of the exterior vertices, then ab < 0,

3) all its inner vertices V verify βV > 0,

4) For each bounded edge, its associated Hamiltonian is non-null and does not
have any strong factor.

Theorem 4. If the Newton diagram of (1) verifies:

1) all its vertices have even coordinates,

2) it has two exterior vertices. Moreover, if (a, 0) and (0, b) are the vector
coefficients of the exterior vertices, then ab < 0,

3) all its inner vertices V verify βV > 0,

4) For each bounded edge, its associated Hamiltonian is non-null and does not
have any factor of the form yt1 − ãxt2 with ã non-zero real,

then the origin of system (1) is monodromic.

Summarizing, from Theorems 3 and 4, it follows that Newton diagram of (1)
determines the monodromy of the origin except the case of a non-strong factor
of F different from x and y existing. For these cases, there is an algorithm which
deals with blow-up techniques, see Algaba et al. [1].

The rest of the paper is organized as follows: Sections 2 and 3 are devoted
to detect characteristic orbits from the lowest-degree quasi-homogeneous vector
fields and from its inner vertices, respectively. In Section 4, we show some
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examples which have already been considered by Garćıa et al. [10], by revealing
the straightforwardness of our method for characterizing the monodromy of a
singular point. Section 5 contains the proofs of the results.

2. Detecting characteristic orbits from the lowest-degree quasi-homo-
geneous vector field

The system (1) by means of the change (6) and rescaling the time by dt =
(2t1t2/u

r)dτ, becomes

u̇ = du/dτ = u

∞∑
j=0

[
−h′r+j+|t|(θ) + 2t1t2µr+j(θ)

]
uj ,

θ̇ = dθ/dτ =

∞∑
j=0

(r + j + |t|)hr+j+|t|(θ)uj ,
(7)

where we have denoted

hr+j+|t|(θ) = hr+j+|t|(Cs(θ),Sn(θ)), µr+j(θ) = µr+j(Cs(θ),Sn(θ)),

see Algaba et al. [2]. We note that the quoted transformation does not change
the direction of the orbits, since dt/dτ > 0.

The next results give sufficient conditions of non-monodromy or monodromy
of a singular point.

Proposition 5. Let us assume that the lowest-degree quasi-homogeneous term
of type t of F is Fr = µrD0, (i.e. hr+|t| ≡ 0 and µr 6≡ 0). Then, the origin of
the system (1) is a node (the origin is surrounded by parabolic sectors).

As a consequence, it has that, in such a case, the system (1) is not locally
integrable.

Proposition 6. Let hr+|t| ∈ Pt
r+|t| be the Hamiltonian associated to the lowest-

degree quasi-homogeneous term of type t of F. If hr+|t|(θ) 6= 0, for all θ, the
origin of system (1) is monodromic.

From the proposition given above, if the system has characteristic orbits
then the polynomial hr+|t|(θ) must have some real roots. Thus, if there were t-
characteristic orbits, the polynomial hr+|t|(x, y) must have factors x, y or yt1−
λxt2 , with λ 6= 0.
Specifically, it has the following result.

Proposition 7. Let x(t) be a t-characteristic orbit of the analytic system (1),
γ(τ) = (u(τ), θ(τ)) ∈ [0, ε)× [0, Tt) the orbit x(t) of (1) transformed by (6) and
θ∗ = limt→∞ θ(t).
If hr+|t|(x, y) 6≡ 0, it has one and only one of the following situations:

a) if θ∗ = Tt/4, 3Tt/4, then x is a factor of hr+|t|(x, y) and limt→+∞
y(t)t1

x(t)t2 =
±∞,
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b) if θ∗ = 0, Tt/2, then y is a factor of hr+|t|(x, y) and limt→+∞
y(t)t1

x(t)t2 = 0,

c) if θ∗ 6= 0, Tt/4, Tt/2, 3Tt/4, then yt1 − ãxt2 , with ã = Snt1 (θ∗)
Cst2 (θ∗) , is a factor of

hr+|t|(x, y).

Next, we show that the existence of a strong factor of F implies the existence
of characteristic orbits.

Proposition 8. If there exists a strong factor of F associated to a type t, then
there exists a t-characteristic orbit of system (1).

With some abuse of the language, we will say that the characteristic orbit
is associated to the strong factor. It has the following necessary condition of
monodromy.

Corollary 2. If the origin of system (1) is monodromic then all the factors, of
the lowest-degree Hamiltonian hr+|t|, of the form x, y or yt1 − λxt2 , λ 6= 0,
are not strong factors of F, for any type t,

The reciprocal is not true. The system ẋ = −x2y, ẏ = 3xy2 + 4x3 + y4, is
non-monodromic because the axis x = 0 is a characteristic orbit. Its Newton
diagram contains two edges whose types are (2, 1) and (1, 1). The lowest-degree
Hamiltonian and divergence associated to (1, 1) are (x2 + y2)x2 and xy, respec-
tively, i.e. x is a non-strong factor.

The following property is also a consequence of Proposition 8. It is a condi-
tion which must hold the support point of a vertex of system (1) so that there
exist characteristic orbits different from the axes x = 0 and y = 0.

Proposition 9. Let (m,n) a vertex of the Newton diagram of system (1). If
the axis x = 0 (or y = 0) is not invariant and m (or n) is odd, then there is a
characteristic orbit of (1) different from the coordinate axes.

3. Characteristic orbits and blow-up of vertices of the Newton dia-
gram.

The purpose of this section is to find the characteristic orbits of system (1)
that are related to the vertices of the Newton diagram.

Let V be an inner vertex of the Newton diagram of system (1) with α`
and α˜̀ the exponents of the adjacent edges, upper and lower, respectively. Let
t = (t1, t2) and s = (s1, s2), with α` = t2/t1 < s2/s1 = α˜̀ and hrt+|t|, hrs+|s|
be the Hamiltonians associated to the lowest-degree quasi-homogeneous terms
of F of type t and s. We define the sets

W
(σ1,σ2)
t,s = {(x, y) ∈ R2 | εxs2/s1 ≤ y ≤ 1

ε
xt2/t1 , (−1)σ1x ≥ 0, (−1)σ2ε > 0},

with σ1, σ2 ∈ {0, 1}. The following result provides a necessary condition both of
monodromy and non-monodromy.
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Proposition 10. Let V be an inner vertex of the Newton diagram of system
(1) with hrt+|t|hrs+|s| 6≡ 0. It has that:

a) W
(0,0)
t,s is a parabolic sector of (1), if αV ∈ (t2/t1, s2/s1) ,

b) W
(0,0)
t,s is a hyperbolic sector of (1), if αV 6∈ [t2/t1, s2/s1] .

If we perform the reflections x̄ = (−1)σ1x, ȳ = (−1)σ2y, σ1, σ2 ∈ {0, 1}, it is
easy to check that αV does not change and, therefore, the above proposition
can be used for the study of a characteristic orbit lying on another quadrant
different from the positive. However, Proposition 10 has the disadvantage that
it can not be always applied for αV = t2

t1
or αV = s2

s1
and thus the exponent

of an inner vertex can not guarantee whether there is, or not, a characteristic
orbit.

We now study the existence of characteristic orbits contained in W
(0,0)
t,s and

later we extend the results for the remaining quadrants. Such orbits lying on

W
(σ1,σ2)
t,s will be named characteristic orbits associated to the vertex V .

Proposition 11. Let V be an inner vertex of the Newton diagram of system

(1) with hrt+|t|hrs+|s| 6≡ 0. We have that W
(0,0)
t,s is a parabolic (resp. hyperbolic)

sector of the origin if and only if βV < 0 (resp. βV > 0).

We denote by β
(σ1,σ2)
V the value of βV after making the change x̄ = (−1)σ1x,

ȳ = (−1)σ2y, σ1, σ2 ∈ {0, 1}.
It is easy to prove that the vector field (axmyn−1, bxm−1yn)T is transformed,
by means of the quoted change, in

(−1)(m−1)σ1+(n−1)σ2(ax̄mȳn−1, bx̄m−1ȳn)T ,

thus

β
(σ1,σ2)
V = (−1)(m+j0s2−1)σ1+(n−j0s1−1)σ2 c̃j0(−1)(m−i0t2−1)σ1+(n+i0t1−1)σ2ci0

= (−1)j0(s1σ2+s2σ1)+i0(t1σ2+t2σ1)βV .
(8)

From Proposition 11 and (8), it has the following result which shows when there
exist characteristic orbits associated to an inner vertex defined on quadrants
different from the first one.

Proposition 12. Let V be an inner vertex of the Newton diagram of system

(1) with hrt+|t|hrs+|s| 6≡ 0. It has that W
(σ1,σ2)
t,s is a parabolic (resp. hyperbolic)

sector of the origin if and only if (−1)j0(s1σ2+s2σ1)+i0(t1σ2+t2σ1)βV is positive
(resp. negative).

We note that if the Newton diagram of F has a vertex V with βV < 0, then
system (1) is not locally integrable.

The following result facilitates the study of the existence of characteristic
orbits defined in the remaining quadrants.

8



Proposition 13. Let system (1) be with the axis y = 0 non-invariant. We
assume that its Newton diagram has an inner vertex V = (m,n) with βV > 0
and hrt+|t|hrs+|s| 6≡ 0.
If the axis x = 0 is not invariant, then there exist characteristic orbits associated
to V in a quadrant different from the first one if it satisfies at least one of the
following properties:

(a) n or m are odd,

(b) hrt+|t| or hrs+|s| have a factor of the form x, y, yt1−λxt2 or ys1−λxs2 , λ 6=
0, which has odd multiplicity order.

If the axis x = 0 is invariant, then there exist characteristic orbits associated
to V in the fourth quadrant, if n is odd or there is a factor different from x
satisfying (b).

4. Examples

First, we analyze the monodromy for the linear cases. Later, we give two ex-
amples of degenerated systems (without linear terms) already showed by Garćıa
et al. [10] and finally we consider an unsuccessfully system already studied. The
monodromy or not of all of them is obtained straightforwardly from Theorem 3
and Theorem 4.

Example 1. Linear center, focus and saddle.
Newton diagram of the systems

ẋ = −y, ẏ = x,
ẋ = −y + λx, ẏ = x+ λy, λ 6= 0,
ẋ = x+ y, ẏ = x− y,

named linear center, focus and saddle, respectively, contain two exterior vertices
and an edge only of type (1, 1). For two first cases, the associated Hamiltonian
is h2(x, y) = x2 + y2, which does not have any real factors, thus they are mon-
odromic. For saddle case, the coefficients of the vector coefficients of the exterior
vertices have the same sign, therefore the singular point is non-monodromic.

Example 2. We consider the system ẋ = bx2 + axy2 − by3 − x4, ẏ = 4bxy2 −
ay3 + 2x5 with b 6= 0. Its Newton diagram has two exterior vertices V0 = (0, 4)
and V2 = (6, 0) whose associated vector fields are (−by3, 0)T and (0, 2x5)T . For
the origin to be monodromic, it must hold that b > 0 and, in such a case,
V1 = (2, 1) is an inner vertex, which has odd coordinates. Therefore, the origin
is not monodromic.

Example 3. Let the four-parametric system ẋ = y(ax2 + bxy + cy2), ẏ =
y2(ax + by) + dx5. If cd = 0, the system has an invariant axis. Otherwise,
its Newton diagram has two exterior vertices V0 = (0, 4) and V2 = (6, 0) whose
associated vector fields are (cy3, 0)T and (0, dx5)T . So, the origin is monodromic
if dc < 0.
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If a 6= 0, V = (2, 2) is the unique inner vertex, associated to the vector
field (ax2y, axy2)T . The lowest degree Hamiltonians associated to the edges of

type (1, 1) and (1, 2) are h
(1,1)
4 = −cy4 and h

(1,2)
6 = x2(dx4 − ay2), respectively.

Thus, we have that βV = ac, that is, it must hold ac > 0 for the origin to be
monodromic. As ac > 0 and cd < 0, we have that ad < 0, that is, the unique real
factors of both polynomials are x and y, therefore, the origin is monodromic.

If a = 0 and b 6= 0, the Newton diagram contains the vertex V = (1, 3),
support of (bxy2, by3)T , which has odd coordinates. Therefore, the origin is not
monodromic.

If a = b = 0, its Newton diagram only has a bounded edge of type (2, 3)

whose associated Hamiltonian is h
(2,3)
12 = dx6 − cy4. The origin is monodromic

since h
(2,3)
12 does not have any real factor.

Summarizing, the origin is monodromic if and only if cd < 0 and, either
a = b = 0 or ac > 0.

Example 4. We consider system (5), see page 4. If a(h−g) > 0 or b(h−3g) < 0,

system (5) has strong factors associated to h
(1,1)
4 or to h

(1,3)
8 . Otherwise, if

a(h − g) < 0 and b(h − 3g) > 0, then system (5) does not have strong factors,
but βVC

= 1
32 (h − g)(h − 3g) < 0, since ab < 0. Thus, the origin is not

monodromic. If h = g and bg < 0 then h
(1,1)
4 = −a4y

4 does not have non-trivial
factors and βVC

> 0, that is, origin is monodromic. If h = 3g and ag < 0 then

h
(1,3)
8 = b

8x
8 does not have non-trivial factors and βVC

> 0, that is, origin is
monodromic.

5. Proofs

Proof of Theorem 1. Let γ(t) be the orbit x(t) of (1) transformed by (6).
We first prove that there is no pair θ1, θ2 ∈ [0, Tt), θ1 < θ2, such that θ1 =
limτ→∞ inf(θ(τ)), θ2 = limτ→∞ sup(θ(τ)). In fact, if they existed then there
would be an infinity of equilibria of (7) in the segment u = 0, θ ∈ (θ1, θ2). In such
a case, as F is analytic, hr+|t| must be identically null. Thus, reparameterizing
the time in (7), we have the system

u̇ = 2t1t2µr(θ) + u

∞∑
j=1

[
−h′r+j+|t|(θ) + 2t1t2µr+j(θ)

]
uj−1,

θ̇ =

∞∑
j=1

(r + j + |t|)hr+j+|t|(θ)uj−1,

(9)

with µr 6≡ 0. Let θ∗ ∈ [0, Tt) be with θ1 < θ∗ < θ2 and µr(θ
∗) 6= 0. The point

(u, θ) = (0, θ∗) is a regular point of (9). Therefore, the orbits cross the axis
u = 0 transversely in a neighborhood of (u, θ) = (0, θ∗). This fact leads to a
contradiction since it would have several solutions of (1) of the same problem
with initial conditions.
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Summarizing, the only possible cases are either limτ→∞ θ(τ) = θ∗ ∈ [0, Tt),
i.e. the orbit is a t-characteristic orbit of system (1) for the arbitrary type t,
or limτ→∞ θ(τ) = ±∞, in such a case there is no periodic orbit u = u(θ) of the
system (7) which tends to a point of the segment u = 0, 0 ≤ θ < Tt. If there is a
finite number of orbits verifying u(0) = u(Tt) in W , then for ε small enough, the
orbits hold u(0) 6= u(Tt) in W . For the uniqueness of the solutions, it must hold
either that u(0) < u(Tt) (repulsive focus) or u(0) > u(Tt) (attractive focus).
Otherwise, if there are an infinite number of orbits with u(0) = u(Tt) in W ,
the origin is a center (it could not be a center-focus, since F is analytic, see
Il’yashenko [12]). �

Proof of Proposition 5. If hr+|t| ≡ 0, we can transform system (7) into
(9). For any θ with µr(θ) 6= 0, the system is a flow-box in a neighborhood of
(u, θ) = (0, θ), hence the origin of system (1) is a node. �

Proof of Proposition 6. We assume that hr+|t|(θ) 6= 0, for all θ. Taking
the reparametrization of the time dt = (r+ |t|)hr+|t|(θ)dτ , system (7) becomes

u̇ = u
∑∞
j=0 u

j
[
− h′r+j+|t|(θ)

(r+|t|)hr+|t|(θ)
+ 2t1t2

µr+j(θ)
(r+|t|)hr+|t|(θ)

]
,

θ̇ = 1 +
∑∞
j=1

(r+j+|t|)hr+j+|t|(θ)

(r+|t|)hr+|t|(θ)
uj .

It is easy to check that the system has non-equilibrium in the axis u = 0, hence
the origin of (1) is monodromic. �

Proof of Proposition 7. As x(t) is a t-characteristic orbit of system (1),
then limt→∞ γ(t) = (0, θ∗) with θ∗ ∈ [0, Tt). Hence, the orbit γ(t) tends to
a equilibrium point lying on the invariant axis, that is hr+|t|(θ

∗) = 0 since
hr+|t| 6≡ 0.
If θ∗ = Tt/4, 3Tt/4, then Cs(θ∗) = 0 and thus x is a factor of hr+|t|(x, y). Also

we have that limt→+∞
y(t)t1

x(t)t2 = ±∞.
The remaining situations are obtained easily. �

Proof of Proposition 8. We observe that each real root of hr+|t|(θ) corre-
sponds an irreducible factor x, y or yt1 −λjxt2 , λj ∈ R, λj 6= 0, with the same
multiplicity order as the order of the root.

If θ0 is a root of hr+|t|(θ), the change α = θ − θ0 takes the singular point
(u, θ) = (0, θ0) of the system (7) to the origin.
For all j ≥ 0, we can write

(r + |t|+ j)hr+|t|+j(α) =
∑
i≥0

c
(j)
i αi, c

(0)
0 = 0,

2t1t2µr+j(α) =
∑
i≥0

d
(j)
i αi.

11



System (7), in the new coordinates (u, α), becomes

u̇ = u
∑
j≥0

∑
i≥0

(d
(j)
i − i+1

r+|t|+j c
(j)
i+1)αi

uj ,
α̇ =

∑
i≥0

c
(0)
i+1α

i+1 +
∑
j≥1

∑
i≥0

c
(j)
i αi

uj . (10)

We analyze the following cases separately:

If there is a factor of hr+|t| of odd multiplicity order, then we have that c
(0)
2m+1 6=

0 and c
(0)
i = 0, for 0 ≤ i ≤ 2m. The system (10) has the form

u̇ = uΨ(u, α),

α̇ = c
(0)
2m+1α

2m+1 + α2m+2Φ1(α) + uΦ2(u, α),

with Ψ,Φ1,Φ2 analytic functions.
Next, we prove that this system has orbits which tend to the origin when t →
±∞ and therefore the system (1) has characteristic orbits. Actually, the axis
u = 0 is invariant and its dynamics are determined in a neighborhood of the

origin, repulsive if c
(0)
2m+1 > 0 or attractive if c

(0)
2m+1 < 0. Also, there are at least

two vertical isoclines (the axis u = 0 for u > 0 and for u < 0).
From Malgrange theorem, as the lowest power in α of α̇ has an exponent odd
then there will be at least one curve of horizontal isoclines with odd multiplicity
order. Therefore, the vertical components of the field on both sides of the
horizontal isocline have opposite directions.

We can assume, by means of a change, that the horizontal isocline is α = u
and, by clarity and simplicity we suppose that the vertical isoclines closer to
α = u on both sides are α = 1/2u and α = 2u. We can also assume (by changing
the sign of the time, if necessary) that the direction of the field is (0, 1) on the
vertical isocline α = 1/2u and (0,−1) on α = 2u.

If the direction of the vector field on α = u is (1, 0), then there is a charac-
teristic orbit in the sector 1

2 < α < u which tends to the origin when t→ −∞,
see Zhang et al. [17], pages 68–69. Otherwise, if the direction of the vector field
on α = u is (−1, 0) then all the orbits lying in the sector u < α < 2u tend to
the origin when t→ +∞.

If there is a factor of hr+|t| of even multiplicity order (2m) and it is a factor of µr
with even multiplicity order (2n) with 0 ≤ n < m, we have that the polynomial

hr+|t| verifies c
(0)
j = 0 for 0 ≤ j ≤ 2m− 1, c

(0)
2m 6= 0 and µr verifies d

(0)
j = 0 for

0 ≤ j ≤ 2n− 1, d
(0)
2n 6= 0. Now, the system (10) has the form

u̇ = d
(0)
2nα

2nu+ α2n+1uΨ1(α) + u2Ψ2(u, α),

α̇ = α2n+2Φ1(α) + uΦ2(u, α).
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Taking t = (2n+ 1, 1), the lowest-degree quasi-homogeneous term of F is

F2n(u, α) = (d
(0)
2nα

2nu, 0)T ,

with h4n+2(u, α) = − 1
4n+2d

(0)
2nα

2n+1u which has a factor with odd multiplicity
order and thus the result follows. �

Proof of Proposition 9. As V is a vertex (inner or exterior) of the Newton
diagram, it is always possible to choose a type t = (t1, t2) with t1 and t2 non-
zero such that t1b − t2a 6= 0, (a, b) being the vector coefficient of the vertex.
Thus, Fr(x, y) = (axmyn−1, bxm−1yn)T and hr+|t|(x, y) = (t1b− t2a)xmyn 6≡ 0.
If, for example, the axis x = 0 is not invariant and m is odd, the poly-
nomial x is a strong factor of F associated to the type t since it is a fac-
tor of hr+|t| with odd multiplicity order. From Proposition 8, there exists
a characteristic orbit associated to the strong factor x. Specifically, there is
a θ∗ with Cs(θ∗) = 0, (Sn(θ∗) = 1), that is the characteristic orbit verifies

limt→∞
yt1

xt2
= ∞. Thus, the orbit is different from y = 0 and hence it is differ-

ent from the axes. �

We start giving a type of blow-up, which we name blow-up of vertices, and
it will play the main role in our study.

Lemma 14. Let V be an inner vertex of the Newton diagram of system (1) with
α˜̀ and α` the exponents of the adjacent edges, lower and upper, respectively. Let
t = (t1, t2) and s = (s1, s2), with α` ≤ t2/t1 < s2/s1 ≤ α˜̀ and hrt+|t|, hrs+|s|
the Hamiltonians associated to the lowest-degree quasi-homogeneous terms of F
of type t and s, respectively.
If hrt+|t|hrs+|s| 6≡ 0, the blow-up

x = ut1s2vt1s1 , y = ut2s2vt1s2

and a reparametrization of the time variable, transforms system (1) into

u′ = −u
[
t1(rs+|s|)
s2(rt+|t|)

c̃j0
ci0
uj0ds2 + u(j0+1)ds2Φ1(uds2) + vt1Φ2(us2 , vt1)

]
,

v′ = v
[
vi0dt1 + v(i0+1)dt1Ψ1(vdt1) + us2Ψ2(us2 , vt1)

] (11)

where d = t1s2 − t2s1 ∈ N, Φi,Ψi analytic functions, i0 = min {i ≥ 0 |ci 6= 0},
j0 = min {j ≥ 0 |c̃j 6= 0} ci and c̃j being the coefficients of the polynomials
hrt+|t| and hrs+|s|, ordered from the highest to the lowest exponent in x and
y, respectively.

We make the following considerations:

i) the above change of variables transforms the rectangle of the (u, v)−plane

{0 ≤ u ≤ δ1, 0 ≤ v ≤ δ2} in the region of the first quadrant W
(0,0)
t,s with

εδ
t1s2(s2/s1−t2/t1)
1 = εδ

t1s1(s2/s1−t2/t1)
2 = 1, ε > 0.
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ii) Lemma 14 is also true when an adjacent edge to the inner vertex is not
bounded. In such a case, it is either α` = t2/t1 = 0 with (t1, t2) = (1, 0),
or α˜̀ = s2/s1 = +∞ with (s1, s2) = (0, 1). Nevertheless, it is not true
for any vertex of the Newton diagram on the axis (exterior vertex) since,
for instance, if we consider system (1) with F = (yn, 0)T with support
V = (0, n + 1), its adjacent edge would be the axis x = 0 whose type is
(t1, t2) = (1, 0) and thus hr+|t| ≡ 0.

iii) If (m− it2, n+ it1) ((m+ js2, n− js1)), i = 0, 1, · · · , k (j = 0, 1, · · · , k̃) are
the support points of the upper (lower) adjacent edge to V ordered from
higher to lower abscissa (ordinate), and (ai, bi), i = 0, 1, · · · , k, ((ãj , b̃j),

j = 0, 1, · · · , k̃) the vectors of the support points (in particular, a = a0 = ã0,
b = b0 = b̃0), then we have that

hrt+|t|(x, y) =
∑k
i=0 cix

m−it2yn+it1 ,

hrs+|s|(x, y) =
∑k̃
j=0 c̃jx

m+js2yn−js1 ,
(12)

where ci = t1bi − t2ai, i = 0, 1, · · · , k and c̃j = s1b̃j − s2ãj , j = 0, 1, · · · , k̃,
and, therefore, i0j0 = 0 since c0 = t1b− t2a 6= s1b− s2a = c̃0.

Proof. Making the blow-up x = x(u, v) = ut1s2vt1s1 , y = y(u, v) = ut2s2vt1s2 ,
system (1) becomes

u̇ = −u
∞∑
j=0

rs+|s|+j
s2

hrs+|s|+j(x(u, v), y(u, v)),

v̇ = v

∞∑
j=0

rt+|t|+j
t1

hrt+|t|+j(x(u, v), y(u, v)).

(13)

We see the expression of hrs+|s|+j(x(u, v), y(u, v)). As hrs+|s|+j ∈ Ps
rs+|s|+j

and d = t1s2 − t2s1 ∈ N, since t2/t1 < s2/s1, we have that

hrs+|s|+j(x(u, v), y(u, v)) =
(
ut2vt1

)rs+|s|+j
hrs+|s|+j

(
ud, 1

)
.

Let (α
(j)
1 , α

(j)
2 ) be the support point of the vector field Frs+|s|+j with the lowest

abscissa and (α
(j)
1 + is2, α

(j)
2 − is1), i = 1, · · · , k̃j for some k̃j ∈ N, the remainder

support points. And let (ã
(j)
i , b̃

(j)
i ), i = 0, 1, · · · , k̃j the vector coefficients associ-

ated to the above support points. Using the factorization of hrs+|s|+j on R[x, y],

see Algaba et al. [3], we have that hrs+|s|+j(u
d, 1) = udα

(j)
1
∑k̃j
i=0 c̃

(j)
i uids2 , with

c̃
(j)
i = s1b̃

(j)
i −s2ã

(j)
i for each i. Moreover, rs+|s|+j = s1α

(j)
1 +s2α

(j)
2 and we can

also define γ̃j = t1α
(j)
1 +t2α

(j)
2 −(rt+|t|) ∈ N0 since the support point (α

(j)
1 , α

(j)
2 )

is in the Newton diagram, for j ≥ 0. So, we have that hrs+|s|+j((x(u, v), y(u, v))
is

u(rs+|s|+j)t2+(t1s2−t2s1)α
(j)
1 v(rs+|s|+j)t1

∑k̃j
i=0 c̃

(j)
i uids2

= u(t1α
(j)
1 +t2α

(j)
2 )s2v(rs+|s|+j)t1

∑k̃j
i=0 c̃

(j)
i uids2

= u(rt+|t|)s2v(rs+|s|)t1uγ̃js2vjt1
∑k̃j
i=0 c̃

(j)
i uids2 .
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Analogously, let (β
(j)
1 , β

(j)
2 ) be the support point of the vector field Frt+|t|+j

with lowest ordinate. The remaining support points will be of the form (β
(j)
1 −

it2, β
(j)
2 + it1), i = 1, · · · , kj for some kj ∈ N. Let (a

(j)
i , b

(j)
i ), i = 0, 1, · · · , kj

the vector coefficients associated to the above support points. And we also have

that rt + |t| + j = t1β
(j)
1 + t2β

(j)
2 and γj = s1β

(j)
1 + s2β

(j)
2 − (rs + |s|) ∈ N0.

Reasoning in a similar way, we have that

hrt+|t|+j((x(u, v), y(u, v)) = u(rt+|t|)s2v(rs+|s|)t1ujs2vγjt1
kj∑
i=0

c
(j)
i vidt1 .

It is easy to see that if (a, b) is the vector coefficient of the vertex V and (m,n)

is its support point, then for j = 0 is α
(0)
1 = m, β

(0)
2 = n and thus γ0 = γ̃0 = 0,

ã
(0)
0 = a

(0)
0 = a, b̃

(0)
0 = b

(0)
0 = b, rt + |t| = t1m+ t2n and rs + |s| = s1m+ s2n.

So, the system (13) after applying the reparametrization of the time dτ/dt =
u(rt+|t|)s2v(rs+|s|)t1 , becomes

u̇ = −u

 rs+|s|
s2

k̃0∑
i=0

c̃
(0)
i uids2 + vt1

∞∑
j=1

rs+|s|+j
s2

uγ̃js2v(j−1)t1

k̃j∑
i=0

c̃
(j)
i uids2

 ,
v̇ = v

 rt+|t|
t1

k0∑
i=0

c
(0)
i vidt1 + us2

∞∑
j=1

rt+|t|+j
t1

u(j−1)s2vγjt1
kj∑
i=0

c
(j)
i vidt1

 .
As hrt+|t|hrs+|s| 6≡ 0 then there exist i0 = min

{
0 ≤ i ≤ k0

∣∣∣c(0)
i 6= 0

}
and

j0 = min
{

0 ≤ j ≤ k̃0

∣∣∣c̃(0)
j 6= 0

}
. Denoting ci0 = c

(0)
i0

, c̃j0 = c̃
(0)
j0

and applying

the reparametrization of the time dt/dτ = t1
(rt+|t|)ci0

, the proof is completed. �

Proof of Proposition 10. Let (a, b) be the vector coefficient of V. The con-
stant αV ∈ (t2/t1, s2/s1) if and only if ab 6= 0 and s1b−s2a

t1b−t2a < 0. Thus, ap-
plying the Lemma 14 for t and s, the system (1) is transformed in (11) with

i0 = 0, j0 = 0, c̃0 = s1b − s2a, c0 = t1b − t2a and t1(rs+|s|)
s2(rt+|t|)

c̃j0
ci0

< 0. So, if

αV ∈ (t2/t1, s2/s1) , the origin is a node which has infinite characteristic or-
bits defined on the first quadrant. These orbits are transformed, by means of
the corresponding blow-down, into characteristic orbits of system (1) which is

contained in the region εxs2/s1 ≤ y ≤ 1
εx
t2/t1 , hence W

(0,0)
t,s is a parabolic sector.

If αV /∈ [t2/t1, s2/s1] the origin of (11) is a saddle point and the invariant

axes are its characteristic orbits, that is, W
(0,0)
t,s is a hyperbolic sector. �

Proof of Proposition 11. Applying the blow-up of the Lemma 14 for the
types t and s associated to the adjacent edges of V , we obtain the system (11)
with i0j0 = 0, which is orbitally equivalent to the following systems:
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i) For i0 > 0, j0 = 0,

u′ = −u,

v′ = v

[
s2(t1m+t2n)
t1(s1m+s2n)

βV

c̃2j0
vi0dt1 + v(i0+1)dt1Ψ̄1(v) + uΨ̄2(us2 , vt1)

]
.

Next, we prove that if βV < 0 then the above system has characteristic or-
bits in the first quadrant different from the coordinates axes, and if βV > 0
then the unique characteristic orbits are the invariant axes.
In fact, this system has a unique vertical isocline u = 0 which has an at-
tractive dynamic. The horizontal isocline v = 0 has attractive dynamic
for βV < 0 and repulsive for βV > 0. If the system has no other horizontal
isocline, then it follows the result since the first quadrant will be the unique
sector. Otherwise, if there exist two horizontal isoclines in the first quad-
rant, both have the same dynamic as the isocline v = 0, since there is only
one vertical isocline. So, the horizontal dynamic is constant, towards the
right if βV > 0 and towards the left if βV < 0, thus, we obtain the result.

ii) For j0 > 0, i0 = 0,

u′ = −u
[
t1(s1m+s2n)
s2(t1m+t2n)

βV

c2i0
uj0ds2 + u(j0+1)ds2Φ̄1(u) + vt1Φ̄2(us2 , vt1)

]
,

v′ = v.

Reasoning in an analogous way, interchanging x and y, we obtain a similar
result to the above one.

iii) For i0 = j0 = 0,

u′ = −u
[
t1(s1m+s2n)
s2(t1m+t2n)

βV

c2i0
+ uΦ̄3(u) + vΦ̄4(u, v)

]
,

v′ = v.

This system is a node for βV < 0 and a saddle for βV > 0.

Summarizing, if βV < 0 the system (11) is orbitally equivalent to another system
which has got a parabolic sector in the first quadrant. Nevertheless, if βV > 0

by means of the corresponding blow-down, we have that W
(0,0)
t,s is a hyperbolic

sector of (1). �

Proof of Proposition 13. From Proposition 11, if there were characteristic
orbits associated to V , as βV > 0 these orbits should be in another quadrant
different from the first one. Thus, for some σ1, σ2 ∈ {0, 1}, σ1 +σ2 > 0, it would

be β
(σ1,σ2)
V < 0. From (8), j0(s1σ2 + s2σ1) + i0(t1σ2 + t2σ1) must be odd. In

particular, i0 + j0 is non-zero. We suppose i0 = 0 and j0 > 0 (otherwise, i0 > 0
and j0 = 0 is analogue). So, we have that j0(s1σ2 +s2σ1) must be odd and thus
both j0 and s1σ2 + s2σ1 are odd.
Also, as the axis y = 0 is not invariant and hrs+|s| 6≡ 0, we can write hrs+|s|(x, y) =
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∑k̃
j=j0

c̃jx
m+js2yn−js1 , with j0 ≤ k̃, c̃j0 6= 0. If we denote l = max

{
j0 ≤ j ≤ k̃ : c̃l 6= 0

}
,

the factorization of hrs+|s|(x, y) on R[x, y] becomes

hrs+|s|(x, y) = c̃lx
m+j0s2yn−ls1

M∏
j=0

f
mj

j

N∏
i=0

gni
i ,

where fj = ys1 − λjxs2 , gi = (ys1 − aixs2)2 + b2ix
2s2 .

We assume that n is even; otherwise, it follows the result.
We distinguish the following cases:

1) We suppose that l is even. By considering the greatest degree of x in hrs+|s|,

we have that m+ls2 = m+j0s2+
∑M
j=0mjs2+

∑N
i=0 2s2ni, and since s2 > 0,

it follows that l − j0 =
∑M
j=0mj +

∑N
i=0 2ni. As l − j0 is odd, there would

be mj odd and, therefore, (b) holds for the factor (ys1 − λjxs2)mj .

2) We suppose that l is odd. If s1 is odd, then it holds (b) since hrs+|s| has the

factor yn−ls1 with odd multiplicity order, since n is even.
Otherwise, s1 even (so, s2 odd). If the axis x = 0 is not invariant and m
even, it has (b) since xm+j0s2 is a factor of hrt+|t| with odd multiplicity
order. On the other hand, if the axis x = 0 is invariant, as s2σ1 + s1σ2 must
be odd, it follows that σ1 = 1, i.e. the characteristic orbits would be lying
on the second or third quadrant. �

Proof of Theorem 2. Let (x(t), y(t)) be a characteristic orbit of system (1)
lies on the first quadrant and it is not of the form x = 0 or y = 0. Without loss
of generality we can assume that the orbit arrives at the origin when t→ +∞.
We define the sets

Ω =
{

0 ≤ t2/t1 ∈ Q : limt→+∞
yt1

xt2
= 0
}
,

Θ =
{

0 ≤ t2/t1 ∈ Q ∪ {1/0} : limt→+∞
yt1

xt2
= +∞

}
.

We observe that both sets are disjuncts and non-empty since 0 ∈ Ω and 1/0 ∈
Θ because limt→+∞ y(t) = 0 and limt→+∞

1
x(t) = +∞. The set Θ is lower

bounded, therefore there exists β∗ = inf(Θ).
We denote by Vj , j = 1, ..., p − 1, the vertex of the Newton diagram of (1)

ordered according their abscissas and denote by `i, j = 0, ..., p, the edges, that
is, the exponents satisfy 0 = α`0 < · · · < α`p = 1/0.

First, we assume that β∗ is the exponent α` of an edge of the Newton dia-
gram of (1), β∗ = t2/t1. We differentiate the following cases: β∗ /∈ Ω∪Θ, β∗ ∈ Ω
or β∗ ∈ Θ.

• If β∗ /∈ Ω ∪Θ, we have that β∗ is a real number non-zero, that is, the edge is
bounded.
Applying the change (6), the characteristic orbit is transformed in (u(t), θ(t))
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with limt→∞(u(t), θ(t)) = (0, θ∗), θ∗ ∈ [0, Tt). Therefore, this orbit tends to a
equilibrium in u = 0.

If hr+|t| ≡ 0, from Proposition 5 the origin is a node; thus, we have (e1).

If hr+|t| 6≡ 0, from Proposition 7, we have that θ∗ is a root of hr+|t|(θ) and

yt1 − ãxt2 , with ã = Snt1 (θ∗)
Cst2 (θ∗) , is a factor of hr+|t|(x, y). Thus, we have (e2).

• We assume that β∗ ∈ Ω. Applying the directional blow-up x = ut1 , y = ut2 ȳ,
and rescaling the time by dt = t1

ur dτ, the system (1) becomes

u̇ = du
dτ = u

∞∑
j=0

Pr+j+t1(1, ȳ)uj ,

˙̄y = dȳ
dτ =

∞∑
j=0

(r + |t|+ j)hr+j+|t|(1, ȳ)uj .

(14)

The characteristic orbit (x(t), y(t)) of (1) is transformed into the orbit (u(τ), ȳ(τ))
which is a characteristic orbit of system (14) in the positive quadrant, hence

lim
t→+∞

yt1

xt2
= lim
t→+∞

ut1t2 ȳt1

ut1t2
= 0,

thus limτ→+∞(u, ȳ) = (0, 0). As β∗ = inf(Θ), for all n ∈ N it holds that

limt→+∞
yt1

xt2+1/n = +∞. In the new variables, limτ→+∞
ȳ

u1/n = +∞. Thus,
there exists a solution of the system (14), different from the trivial solution
u = 0, that verifies ȳ > u1/n in a neighborhood of the origin. Therefore, the

solution of the system (1) verifies y > x
t2
t1

+
1
nt1 for all n ∈ N, hence it has the

form y = x
t2
t1 τ(x) with limx→0 τ(x) = 0 and limx→0

τ(x)
x1/n = +∞ for all n ∈ N.

Let V be the vertex adjacent to the edge α` with minor ordinate and (a, b) its
support. Now we prove that αV = α` = t2/t1. Otherwise, αV 6= t2/t1, that is
t1b−t2a 6= 0. Applying the above directional blow-up, after a reparameterization
of the variable time, the system (1) is transformed into the system (14) of the
form

u′ = u[aȳn0−1 + · · ·],
ȳ′ = (bt1 − at2)ȳn0 + · · · .

Due to t1b − t2a 6= 0 we have that V ′ = (1, n0), the support of the vector field
(auȳn0−1, (bt1 − at2)ȳn0)T , is the upper vertex of the Newton diagram of the
system (14), where αV ′ = bt1−at2

a 6= 0. Therefore, there exists n ∈ N such that
αV ′ /∈ [0, 1/n]. From Proposition 10, there is no solution of the system (14)
with 1

εu
1/n < ȳ. This leads to a contradiction.

Furthermore, V is an inner vertex, since, otherwise, the support of V would
be of the form (a, 0), that is x = 0 would be an invariant axis. Therefore,
αV = α` = t2/t1 > 0, hence c0 = t1b− t2a = 0, i.e. i0 = 0, j0 > 0.

If βV > 0, from Proposition 11, there would be no characteristic orbit in the
first quadrant between the sectors εxα˜̀ ≤ y ≤ 1

εx
α` . This fact also arrives at a
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contradiction and so we have (v1).

• If β∗ = t2/t1 ∈ Θ, interchanging x and y we have (v2).

Now we assume that β∗ is different from all the exponents of the edges of
the Newton diagram of system (1). In this case, β∗ is a non-zero real number

since, otherwise, if β∗ = 0 then for all n ∈ N it holds limt→+∞
yn

x = +∞, thus
|x(t)| < |y(t)|n, i.e. the characteristic orbit is flat at x = 0. In such a case, it is
easy to prove that x = 0 is an invariant axis. So, β∗ is an exponent of an edge
of the Newton diagram and thus it arrives at a contradiction. In a similar way,
we prove that β∗ < +∞.

So, there is a j with 0 ≤ j ≤ p − 1 such that α`j < β∗ < α`j+1
. Next,

we prove that β∗ = αVj
. Otherwise, there would be two irreducible fractions

α`j < t
(0)
2 /t

(0)
1 < β∗ < s

(0)
2 /s

(0)
1 < α`j+1 with αV /∈

[
t
(0)
2 /t

(0)
1 , s

(0)
2 /s

(0)
1

]
, and this

cannot occur by Proposition 10.
Moreover, Vj is an inner vertex since 0 < β∗ = αVj < +∞. Therefore, if

(a, b) is the vector coefficient of Vj , α`j = t2/t1, α`j+1 = s2/s1, we have that
β∗ = αVj

∈
(
α`j , α`j+1

)
. This implies that t2/t1 < b/a < s2/s1, and then ab > 0

and t1b−t2a
s1b−s2a < 0. That is, ab 6= 0, i0 = j0 = 0 and βV < 0.

If β∗ ∈ Θ, or β∗ ∈ Ω then y = xb/aτ(x) or x = ya/bτ(y), where limx→0 τ(x) = 0

and limx→0
τ(x)
x1/n = +∞ for all n ∈ N, respectively. And if β∗ /∈ Ω ∪ Θ then

y = λxb/a +O(xb/a) where λ ∈ R \ {0}. So, we have the case (v3). �

Proof of Theorem 3. Item 1 follows from Proposition 9, since, otherwise,
the system would have a characteristic orbit.
We prove item 2. If system (1) does not have two points in the support lying
on the axis, then there would be an invariant axis, thus the origin is not mon-
odromic. Moreover, if a and b had the same sign, by parameterizing the time
and rescaling the state variables, system (1) would become

ẋ = y2m−1 + y2mΦ1(y) + xΦ2(x, y),
ẏ = x2n−1 + x2nΨ1(x) + yΨ2(x, y),

(15)

with n,m ∈ N. We suppose that the origin of (15) is monodromic. We denote
by Vi, i = 0, ..., p, the vertex of the Newton diagram of (15) ordered according
their abscissas, i.e. V0 = (0, 2m) and Vp = (2n, 0), and denote by `i the edges,
that is, the exponents satisfy α`1 < · · · < α`p . Also, we denote by hi to the

lowest-degree Hamiltonian associated to the type t(i) = (t
(i)
1 , t

(i)
2 ) of the edge `i.

As the origin is monodromic, from Proposition 8, all the real factors of hi have
even multiplicity order; so, hi(x, y) = x2miy2ni h̃i(x, y), mi, ni ∈ N0.
On the one hand, both h̃i(1, 0) and h̃i(0, 1) have the same sign since otherwise
there would be any factor with odd order multiplicity. On the other hand, from
Proposition 11, βVi = h̃i(1, 0)h̃i+1(0, 1) is positive, i = 1, ..., p − 1. Therefore,
all coefficients of h̃i with greater exponent in x and y have the same sign. But,
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this leads to a contradiction since h̃1(0, 1) = − t
(1)
2

r1+|t(1)| and h̃p(1, 0) =
t
(p)
1

rp+|t(p)|
have different signs.
Finally, items 3 and 4 follow from Proposition 11 and Corollary 2. �

Proof of Theorem 4. If system (1) holds items 1-3 then it does not have
any invariant axes. Applying Proposition 13, the result follows. �
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