Characterization of a monodromic singular point of a
planar vector field

Abstract

The Newton diagram and the lowest-degree quasi-homogeneous terms of an
analytic planar vector field allow us to determine whether an isolated singular
point of the vector field is monodromic or has a characteristic trajectory.
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1. Introduction.

We are interested in the behavior of the trajectories in a neighborhood of a
singular point of the planar analytic differential system

x =F(x), (1)

and, in particular, in determining when a singular point (we can assume the ori-
gin to be the singular point) is surrounded by orbits of the system (monodromic
singular point).

Each trajectory by lying on a vicinity of a monodromic singular point is
either a spiral or an oval. Moreover, from the finiteness theorem for the number
of limit cycles, a monodromic point of an analytic planar vector field can be only
either a focus or a center, see II’'yashenko [12]. So, the monodromy problem is
a prior step to solving the center problem of a vector field which is one of the
classical open problems in the qualitative theory of planar differential systems.

If the differential matrix DF(0) is not identically null, the monodromy prob-
lem is completely solved. The problem when the eigenvalues of the matrix are
conjugated complex, was solved by Poincaré [16] and when the matrix is nilpo-
tent, by Andreev [6]. Finally, if DF(0) is identically null (in such a case, O is
a degenerate singular point), the monodromy problem can be solved by using
the blow-up technique (developed by Dumortier [9]) which consists of perform-
ing a series of changes to desingularize the point. However, its application for
determining the monodromy of a singular point of a family of vector fields with
parameters becomes rather complicated. Some works that use this technique in
order to study the monodromy are Medvedeva [15], Gasull et al. [11], Mahosa
[14], Garcia et al. [10]. All of them are only partial results.

In order to show our results, we need to recall the following concepts that we
will use throughout the paper: the quasi-homogeneous vector fields (in particu-
lar, the conservative-dissipative splitting of a quasi-homogeneous vector field),
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the Newton diagram of a vector field and the generalized polar coordinates,
introduced by Liapunov [13].

Conservative-dissipative splitting.

Let t = (t1,t2) be non-null with ¢; and ¢5 non-negative integer numbers
without common factors. A function f of two variables is quasi-homogeneous
of type t and degree k if f(ct'z,ct?y) = ¥ f(z,y). The vector space of quasi-
homogeneous polynomials of type t and degree k will be denoted by Pt. A vector
field F = (I}, F»)T is quasi-homogeneous of type t and degree k if Fy € szthl
and Fy € P}, . We will denote Qf the vector space of the quasi-homogeneous
polynomial vector fields of type t and degree k.

The quasi-homogeneous vector monomials can be determined by drawing
the lattice Zi, and assigning each point (m,n) to the quasi-homogeneous vec-
tor fields (z™y"~1,0)T and (0,2™ 'y™)T. The points with integer coordinates
aligned in the straight lines perpendicular to t, (m — 1)t; + (n — 1)ts = k,
determine the quasi-homogeneous vector monomials with the same degree k.

Any vector field can be expanded into quasi-homogeneous terms of type t of
successive degrees. Thus, the system (1) can be written in the form

%= F(x) = F,(x) + F, i)+ = 3 (%),
j=0

for some r € Z, where Fj = (Pj1+,,Qj11,)" € Q% and F,. # 0. These expansions
are usually considered in the analysis of the topological determination of the
singularity by means of the blow-up technique (see Bruno [7], Brunella and
Miari [8] and Dumortier [9]). This concept also has been used by Algaba et
al. [5] as an application of the Normal Form Theory, and for the study of
the integrability and of the center problem of systems with a singular point
degenerated, i.e. systems whose matrix of the linear part evaluated in the
singular point is identically null, see Algaba et al. [3, 4].

Next, we cite the splitting of a quasi-homogeneous vector field as a sum of two
quasi-homogeneous vector fields, a conservative one (having zero-divergence)
and a dissipative one (in the sense of the non-conservative part that fully
captures the divergence of the vector field) that will be useful in what fol-
lows and will play a main role in our analysis. Throughout this paper, the
Hamiltonian system associated to the C' function f is denoted by Xy, i.e.
Xy = (_%’ %)T. Algaba et. al. [4] proved that any quasi-homogeneous vector

field Fj = (Pji4,, Qj41,)T € Q% can be expressed as

Fj =X, + #;Do, (2)
where Dg(z,y) = (t1z,t2y)7 (a dissipative quasi-homogeneous vector field of
type t and degree 0), p; := j%lt‘div(Fj) € fP; (the divergence of F;), hj ¢ :=

j%m(tlesz — toyPjt4,) € T;Htl (the wedge product of Dy and F;) and
|t| =11 + to.



We note that any non-vanishing quasi-homogeneous polynomial of type t =
(t1,t2) with ¢; and t5 non-null, in particular hj1¢), can be expressed as p(x,y) =
wkiykepg (2?2, yt) with 0 < ky < ta, 0 < ko < t; being pp a homogeneous
polynomial. So, by abusing the notation, we can write any quasi-homogeneous
polynomial of type t in a compact form p(z,y) = ¢}, f;" [1j_ 9;’, where

fitw,y) ==z, y ory" — Nz, j=0,...m

and

g;(x,y) = (y" —a;z"?)? + b?az:%z7 ji=0,..,n
with ¢, A\j,a; and b; real numbers and Aj, b; non-zero, for all j.
If hyype) € fP:i 4t and p, € P are the polynomials associated to the lowest-
degree quasi-homogeneous term of type t of F, we will say that a polynomial
of the form z, y or y* — Az'2, X\ # 0, is a strong factor of F associated to
the type t, or simply a strong factor of h, ¢, if it satisfies one of the following
properties:

(i) it is a factor of h, 4 of odd multiplicity order,

(ii) it is a factor of A, ¢ of even multiplicity order (2m) and, either it is not
a factor of u, with p, # 0 or is a factor of u, with even multiplicity order
(2n) with 0 < n < m.

Newton diagram.

We will write the components of the vector field F in the form P(z,y) =
> aija'y’ ! and Q(z,y) = 3 bya' Tyl
The support of (1) and also of F, denoted by supp(F), is the set of pairs (i, 5)
with (a5, b;5) # (0,0). The vector (a;j,b;;) is called the vector coefficient of
(4,7) in the support. Consider the set

U (G)+R%),

(4,5)€supp(F)

where R? is the positive quadrant and the union is taken over all points (i, j) in
the support. The boundary of the convex hull of this set is made up of two open
rays and a polygon, which can be just one point. The polygon together with the
rays that do not lie on a coordinate axis, if they existed, is called the Newton
diagram of the vector field F. The component parts of the Newton diagram are
called edges and their endpoints are the vertices of the Newton diagram.

If a vertex of the Newton diagram does not lie on a coordinate axis, then it is
said to be an inner vertex; otherwise, it is an exterior vertex. The exponent of
a vertex V = (i,7) will be denoted by «y and it is given by

oy ;{ bij/aij, if  a;; #0; N

o0, if Q5 = 0.

The exponent of a bounded edge ¢ of the Newton diagram is a positive rational
number t3/t1, equal to the tangent of the angle between the edge and the or-
dinate axis. The exponent of ¢ will be denoted by «y, and the pair t = (t1, t2)



plallC (L, §) <INy as
= u"Cs(6), y = uSn(h), (6)

with u >0 and 0 € [0,T%) .

The quoted transformation carries the region of the plane (u,6) given by
the rectangle R = [0,¢) x [0,T¢), € > 0, to the neighborhood of the origin
W = {(z,y) € R?, 2?2 4y < e2ht2} Also, it transforms the curve y't = azt?

onto 0 = 0* with a = ?;;:;Eg*g

A characteristic orbit of system (1) is a trajectory that enters or leaves of
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Next, we cite the results obtained. The first result ranks the different orbits
of (1) that tend to the origin and give the relationship among them. It is an
easy extension of the well-known result given by Zhang et al. [[17], Theorem
3.10].

Theorem 1. Let x(t) be an orbit of analytic system (1) verifying tlim x(t) = 0.
—00
Then it is either a spiral orbit of (1) (in such a case, the origin is a focus) or
it is a t-characteristic orbit of (1) for any type t.
Otherwise, if there is no orbit of (1) such that tlim x(t) = 0, then the origin is
— 00
a center.

As a consequence, we have the following well-known characterization of mon-
odromic singular point.

Corollary 1. The following properties are equivalent:

1) the origin is a monodromic singular point of system (1),
2) system (1) does not have any characteristic orbits,
3) system (1) does not have any t-characteristic orbits for any type t.

Next, we give our main result, Theorem 2, which describes system (1) with
a characteristic orbit from the edges and vertices of its Newton diagram, and
provides the shape of the orbit.

Theorem 2. If system (1) has a characteristic orbit in the first quadrant dif-
ferent from x = 0 and y = 0, then it has one, and only one, of the following
situations:

(el) There exists an edge of the Newton diagram of (1) with type t = (t1,t2)
such that hy ¢ (z,y) = 0.

In this case, the characteristic orbit is of the form y = ax®?/% + o(zt2/t), for a
certain @ mon-zero real.

(e2) There exists an edge of the Newton diagram of (1) with type t = (t1,t2)
and a certain @ non-zero real such that y** — ax'? is a factor of Ryt 1t) (2, ).
In this case, the characteristic orbit is of the form y = a2/t 4 o(zt2/t).

(v1) There exists an inner vertex V of the Newton diagram of (1) with jo > 0
and By < 0.
In this case, the characteristic orbit has the form y = x®¢7(z) + o(x®¢7(x)),

T(ﬂé)

where £ is the adjacent upper edge with lim,_,o 7(z) = 0 and lim,_ e = 100



for all n € N.

(v2) There exists an inner vertex V' of the Newton diagram of (1) with ig > 0
and By < 0.

In this case, the characteristic orbit has the form x =yt (y) + o(y'/“i1(y)),
where £ is the adjacent lower edge, with lim, o 7(y) = 0 and lim, ¢ ;1(—?2 = 400
for allmn € N.

(v3) There exists an inner vertex V' of the Newton diagram of (1) with ig =
jo =10 and By < 0.
In this case, the characteristic orbit has the form either y = Az + o(z/®),
ory = 2% 7 (z) 4+ o(z¥ 1 (z)) or x = y*/*1(y) + o(y*/*7(y)) where (a,b) is the
vector coefficient of V- with ba > 0, X\ # 0, lim,_,07(z) = 0 and lim,_,g ;1(—3;3 =
+o00 for all n € N.

Theorem 2 can be used to analyze the topological equivalence near a singular
point, and, in particular, to solve the monodromy problem. The two follow-
ing results, Theorems 3 and 4, provide necessary and sufficient conditions of
monodromy for a singular point.

Theorem 3. If the origin of system (1) is monodromic then the Newton dia-
gram of (1) verifies:

1) all its vertices have even coordinates,

2) it has two exterior vertices. Moreover, if (a,0) and (0,b) are the vector
coefficients of the exterior vertices, then ab < 0,

3) all its inner vertices V verify By > 0,

4) For each bounded edge, its associated Hamiltonian is non-null and does not
have any strong factor.

Theorem 4. If the Newton diagram of (1) verifies:

1) all its vertices have even coordinates,

2) it has two exterior vertices. Moreover, if (a,0) and (0,b) are the wvector
coefficients of the exterior vertices, then ab < 0,

3) all its inner vertices V wverify By > 0,

4) For each bounded edge, its associated Hamiltonian is non-null and does not
have any factor of the form y'* — ax? with & non-zero real,

then the origin of system (1) is monodromic.

Summarizing, from Theorems 3 and 4, it follows that Newton diagram of (1)
determines the monodromy of the origin except the case of a non-strong factor
of F different from x and y existing. For these cases, there is an algorithm which
deals with blow-up techniques, see Algaba et al. [1].

The rest of the paper is organized as follows: Sections 2 and 3 are devoted
to detect characteristic orbits from the lowest-degree quasi-homogeneous vector
fields and from its inner vertices, respectively. In Section 4, we show some



examples which have already been considered by Garcia et al. [10], by revealing
the straightforwardness of our method for characterizing the monodromy of a
singular point. Section 5 contains the proofs of the results.

2. Detecting characteristic orbits from the lowest-degree quasi-homo-
geneous vector field

The system (1) by means of the change (6) and rescaling the time by dt =
(2t1t2/u")dr, becomes

i =du/dr = UZ[ T+J+\t| +2t1752:u7’-i-j('9) ujv
J

6 =do/dr = > (r+j+[t) A (O)0,

j=0

where we have denoted

Pt g1t (0) = oy 116 (Cs(0),50(0)),  pe45(0) = prt5(Cs(6), Sn(0)),

see Algaba et al. [2]. We note that the quoted transformation does not change
the direction of the orbits, since dt/dr > 0.

The next results give sufficient conditions of non-monodromy or monodromy
of a singular point.

Proposition 5. Let us assume that the lowest-degree quasi-homogeneous term
of type t of F is F,. = Do, (i.e. hyyjg) =0 and p,. #0). Then, the origin of
the system (1) is a node (the origin is surrounded by parabolic sectors).

As a consequence, it has that, in such a case, the system (1) is not locally
integrable.

Proposition 6. Let h, 4 € Ppt be the Hamiltonian associated to the lowest-

r+|t|
degree quasi-homogeneous term of type t of F. If h,/(0) # 0, for all 0, the

origin of system (1) is monodromic.

From the proposition given above, if the system has characteristic orbits
then the polynomial h,. ¢ (f) must have some real roots. Thus, if there were t-
characteristic orbits, the polynomial A, |¢|(,y) must have factors x, y or yh —
Azt2, with )\ # 0.

Specifically, it has the following result.

Proposition 7. Let x(t) be a t-characteristic orbit of the analytic system (1),
v(1) = (u(7),0(7)) € [0,€) X [0,T%) the orbit x(t) of (1) transformed by (6) and
If hogje)(z,y) # 0, it has one and only one of the following situations:

a) ZQ* = Ty /4,31, /4, then x is a factor of hyqj¢)(z,y) and lim 4 % =
00,



b) if 0* = 0,Ty/2, then y is a factor of hyy g (x,y) and lim;_, | % =0,

c) if 0* #0,Ty/4,T¢ /2,31y /4, then y' — azt?, with a = gz:; 53:37 is a factor of
hr+|t\(xvy)'

Next, we show that the existence of a strong factor of F implies the existence
of characteristic orbits.

Proposition 8. If there exists a strong factor of F associated to a type t, then
there exists a t-characteristic orbit of system (1).

With some abuse of the language, we will say that the characteristic orbit
is associated to the strong factor. It has the following necessary condition of
monodromy.

Corollary 2. If the origin of system (1) is monodromic then all the factors, of
the lowest-degree Hamiltonian h,, |, of the form x, y or Yyt — Aztz, N £ 0,
are not strong factors of ¥, for any type t,

The reciprocal is not true. The system & = —z2y, § = 3zy? + 423 + 94, is
non-monodromic because the axis x = 0 is a characteristic orbit. Its Newton
diagram contains two edges whose types are (2,1) and (1,1). The lowest-degree
Hamiltonian and divergence associated to (1,1) are (22 + y?)2? and xy, respec-
tively, i.e. z is a non-strong factor.

The following property is also a consequence of Proposition 8. It is a condi-
tion which must hold the support point of a vertex of system (1) so that there
exist characteristic orbits different from the axes x = 0 and y = 0.

Proposition 9. Let (m,n) a vertex of the Newton diagram of system (1). If
the azis © =0 (ory = 0) is not invariant and m (or n) is odd, then there is a
characteristic orbit of (1) different from the coordinate axes.

3. Characteristic orbits and blow-up of vertices of the Newton dia-
gram.

The purpose of this section is to find the characteristic orbits of system (1)
that are related to the vertices of the Newton diagram.

Let V' be an inner vertex of the Newton diagram of system (1) with ay
and a; the exponents of the adjacent edges, upper and lower, respectively. Let
t = (t1,t2) and s = (s1,82), with oy = ta/t1 < s2/51 = a7 and Ry g), Prg4s)
be the Hamiltonians associated to the lowest-degree quasi-homogeneous terms
of F of type t and s. We define the sets

01,0 5 . 1
WeZ ™ = {(wy) € R | ca®/% <y < Za"/ (<1)7w 20, (-1)7€ > 0,

with 01,09 € {0, 1}. The following result provides a necessary condition both of
monodromy and non-monodromy.



Proposition 10. Let V be an inner vertex of the Newton diagram of system
(1) with hrt+|t\hr5+\s\ # 0. It has that:

a) Wt(?s’o) is a parabolic sector of (1), if ay € (t2/t1,82/51),
b) Wt(?s’o) is a hyperbolic sector of (1), if ay & [ta/t1,82/1] .

If we perform the reflections T = (—1)7'z, § = (—1)72y, 01,02 € {0,1}, it is
easy to check that ay does not change and, therefore, the above proposition
can be used for the study of a characteristic orbit lying on another quadrant
different from the positive. However, Proposition 10 has the disadvantage that
it can not be always applied for ay = % or ay = 22 and thus the exponent
of an inner vertex can not guarantee whether there is, or not, a characteristic
orbit.

We now study the existence of characteristic orbits contained in Wt(g,o) and
later we extend the results for the remaining quadrants. Such orbits lying on

Wt(glm) will be named characteristic orbits associated to the vertex V.

Proposition 11. Let V be an inner vertex of the Newton diagram of system
(1) with by, ¢ |hr 41| Z 0. We have that Wt(g’o) is a parabolic (resp. hyperbolic)
sector of the origin if and only if By <0 (resp. By > 0).

We denote by ﬁ‘(/al’m) the value of By after making the change z = (—1)7'z,
g=(-1)72y, 01,09 € {0,1}.
It is easy to prove that the vector field (az™y" 1, bz™ 1y™)T is transformed,
by means of the quoted change, in

(_1)(m—1)01+(n—1)02 (ajmgn—17 bi,m—lgn)T

)

thus
B‘(;Thtﬂ) _ (_1)(m+j05271)01+(n7j05171)02 5]_0 (_1)(m7i0t271)01+(n+i0t171)0201_0

— (_1)j0(5102+8201)+i0(t102+t201)5‘/.
(8)
From Proposition 11 and (8), it has the following result which shows when there
exist characteristic orbits associated to an inner vertex defined on quadrants
different from the first one.

Proposition 12. Let V be an inner vertexr of the Newton diagram of system
(1) with hyy it by i) Z 0. It has that Wt(;“@) is a parabolic (resp. hyperbolic)
sector of the origin if and only if (—1)Jo(s102Fs200)Fio(to2tt201) 3o s positive
(resp. mnegative).

We note that if the Newton diagram of F has a vertex V with gy < 0, then
system (1) is not locally integrable.

The following result facilitates the study of the existence of characteristic
orbits defined in the remaining quadrants.



Proposition 13. Let system (1) be with the axzis y = 0 non-invariant. We
assume that its Newton diagram has an inner vertexr V.= (m,n) with Sy > 0
and hrt+|t|h,«s+|s| ;7é 0.

If the azis x = 0 is not invariant, then there exist characteristic orbits associated
to V in a quadrant different from the first one if it satisfies at least one of the
following properties:

(a) n or m are odd,
(b) hyeyit] O hyyis| have a factor of the form x, y, y'* —Xz'* or y** —Az*>, X #
0, which has odd multiplicity order.

If the azis * = 0 s invariant, then there exist characteristic orbits associated
to V in the fourth quadrant, if n is odd or there is a factor different from x
satisfying (b).

4. Examples

First, we analyze the monodromy for the linear cases. Later, we give two ex-
amples of degenerated systems (without linear terms) already showed by Garcia
et al. [10] and finally we consider an unsuccessfully system already studied. The
monodromy or not of all of them is obtained straightforwardly from Theorem 3
and Theorem 4.

Example 1. Linear center, focus and saddle.
Newton diagram of the systems

I].L‘ny, y:-T,
T=—-y+Ax, y=xz+ Ay, A#0,
.’L':.’E-i-y, y'zx—y,

named linear center, focus and saddle, respectively, contain two exterior vertices
and an edge only of type (1,1). For two first cases, the associated Hamiltonian
is ho(z,y) = 2% + 32, which does not have any real factors, thus they are mon-
odromic. For saddle case, the coefficients of the vector coefficients of the exterior
vertices have the same sign, therefore the singular point is non-monodromic.

Example 2. We consider the system & = bx? 4 axy? — by® — 2*, 3 = 4bxy? —
ay® + 2z° with b # 0. Its Newton diagram has two exterior vertices Vo = (0, 4)
and V3 = (6,0) whose associated vector fields are (—by3,0)T and (0,22°)T. For
the origin to be monodromic, it must hold that b > 0 and, in such a case,
V1 = (2,1) is an inner vertex, which has odd coordinates. Therefore, the origin
is not monodromic.

Example 3. Let the four-parametric system & = y(az? + bxy + cy?), v =
y?(ax + by) + da®. If cd = 0, the system has an invariant axis. Otherwise,
its Newton diagram has two exterior vertices Vy = (0,4) and V5 = (6,0) whose
associated vector fields are (cy®,0)T and (0, dz®)T. So, the origin is monodromic
if de < 0.



If a # 0, V = (2,2) is the unique inner vertex, associated to the vector
field (ax?y,axy?®)’. The lowest degree Hamiltonians associated to the edges of
type (1,1) and (1,2) are hfll’l) = —cy* and hél’z) = 22(dz* — ay?), respectively.
Thus, we have that 8y = ac, that is, it must hold ac > 0 for the origin to be
monodromic. As ac > 0 and cd < 0, we have that ad < 0, that is, the unique real
factors of both polynomials are z and y, therefore, the origin is monodromic.

If a = 0 and b # 0, the Newton diagram contains the vertex V = (1, 3),
support of (bzy?,by3)?T, which has odd coordinates. Therefore, the origin is not
monodromic.

If a = b =0, its Newton diagram only has a bounded edge of type (2,3)
whose associated Hamiltonian is h%’g) = d2® — cy*. The origin is monodromic

since h%’s) does not have any real factor.
Summarizing, the origin is monodromic if and only if ¢d < 0 and, either
a=b=0orac>0.

Example 4. We consider system (5), see page 4. If a(h—g) > 0 or b(h—3g) < 0,
system (5) has strong factors associated to hfll’l) or to h (1.3), Otherwise, if
a(h —g) < 0 and b(h — 3g) > 0, then system (5) does not have strong factors,
but By, = 3%(h —g)(h —3g) < 0, since ab < 0. Thus, the origin is not

monodromic. If h = g and bg < 0 then hfll’l) = —%y‘* does not have non-trivial

factors and BVC > 0, that is, origin is monodromic. If A = 3g and ag < 0 then
hél ) = 248 does not have non-trivial factors and Bv, > 0, that is, origin is
monodromlc

5. Proofs

PROOF OF THEOREM 1. Let v(¢) be the orbit x(¢) of (1) transformed by (6).
We first prove that there is no pair 61,02 € [0,T}), 61 < 62, such that 6; =
lim, o0 inf(0(7)), O = lim, oo sup(A(7)). In fact, if they existed then there
would be an infinity of equilibria of (7) in the segment « = 0, 6 € (61, 63). In such
a case, as F is analytic, h,, ¢ must be identically null. Thus, reparameterizing
the time in (7), we have the system

o0

W= 2itape(0) +uy {— r i1 (0) +2t1t2ﬂr+j(9)] W
, . = | 9)
0 = D (r+35+ )i (0)u ",

j=1

with pu, #Z 0. Let 6* € [0,T¢) be with 6; < 6* < 63 and pu,.(8*) # 0. The point
(u,0) = (0,0%) is a regular point of (9). Therefore, the orbits cross the axis
u = 0 transversely in a neighborhood of (u,8) = (0,6*). This fact leads to a
contradiction since it would have several solutions of (1) of the same problem
with initial conditions.

10



Summarizing, the only possible cases are either lim,_,o, 0(7) = 0* € [0,T}),
i.e. the orbit is a t-characteristic orbit of system (1) for the arbitrary type t,
or lim, _, 6(7) = £o00, in such a case there is no periodic orbit v = u(6) of the
system (7) which tends to a point of the segment u = 0,0 < 6 < Tg. If there is a
finite number of orbits verifying u(0) = u(7%) in W, then for € small enough, the
orbits hold u(0) # u(Tt) in W. For the uniqueness of the solutions, it must hold
either that u(0) < w(Ti) (repulsive focus) or u(0) > u(Ty) (attractive focus).
Otherwise, if there are an infinite number of orbits with «(0) = w(7}) in W,
the origin is a center (it could not be a center-focus, since F is analytic, see
II’'yashenko [12]). O

PROOF OF PROPOSITION 5. If h, ;) = 0, we can transform system (7) into
(9). For any 6 with p.(6) # 0, the system is a flow-box in a neighborhood of
(u,0) = (0,0), hence the origin of system (1) is a node. O

PROOF OF PROPOSITION 6. We assume that h,.,y(0) # 0, for all 6. Taking
the reparametrization of the time dt = (r + |t|)h,4 ¢ (0)dT, system (7) becomes

. o 0o i h;+'+\t\(0) Mr+"(9)

U = uzjzouj[ mﬁ-?htzm )
y o oo (r+j+ltDhryi161(0)  j

0 = 1420 whhm® -

It is easy to check that the system has non-equilibrium in the axis © = 0, hence
the origin of (1) is monodromic. O

PROOF OF PROPOSITION 7. As x(t) is a t-characteristic orbit of system (1),
then lim; o y(t) = (0,60%) with 6* € [0,7%). Hence, the orbit v(¢) tends to
a equilibrium point lying on the invariant axis, that is h,4¢(6*) = 0 since
hyyie) # 0.

If 0° =Ty /4,3Tt/4, then Cs(6*) = 0 and thus x is a factor of A, ¢ (x,y). Also

we have that lim;, | % = Fo0.

The remaining situations are obtained easily. [

PROOF OF PROPOSITION 8. We observe that each real root of h, ¢ (0) corre-
sponds an irreducible factor z, y or y'* — \;a'2, \; € R, \; # 0, with the same
multiplicity order as the order of the root.

If 6y is a root of h,¢(6), the change a = 6 — 6y takes the singular point
(u,0) = (0,6p) of the system (7) to the origin.
For all j > 0, we can write

i i) i 0
(’I" + |t| +j)hr+|t|+j(a) = ZC,EJ)O[ , C(() ) — 07
>0
ditapris(@) = 3 dPal,
>0

11



System (7), in the new coordinates (u, a), becomes

o= S~ e v
j20 1920

& = chg)loz”l—&—z ch(»j)o/

i>0 j>1 | i>0

(10)

We analyze the following cases separately:

If there is a factor of h,|¢| of odd multiplicity order, then we have that 02 a7
0 and cg ) =0, for 0 < i < 2m. The system (10) has the form

u« = u¥(u,aq),

& = cé?r)LHanH + 228 () + uds(u, a),

with ¥, ®;, 5 analytic functions.

Next, we prove that this system has orbits which tend to the origin when t —
+oo and therefore the system (1) has characteristic orbits. Actually, the axis
u = 0 is invariant and its dynamics are determined in a neighborhood of the
origin, repulsive if ch 41 > 0 or attractive if 02m +1 < 0. Also, there are at least
two vertical isoclines (the axis u = 0 for v > 0 and for u < 0).

From Malgrange theorem, as the lowest power in « of & has an exponent odd
then there will be at least one curve of horizontal isoclines with odd multiplicity
order. Therefore, the vertical components of the field on both sides of the
horizontal isocline have opposite directions.

We can assume, by means of a change, that the horizontal isocline is a = u
and, by clarity and simplicity we suppose that the vertical isoclines closer to
a = u on both sides are « = 1/2u and o = 2u. We can also assume (by changing
the sign of the time, if necessary) that the direction of the field is (0,1) on the
vertical isocline oo = 1/2u and (0,—1) on a = 2u.

If the direction of the vector field on o = w is (1,0), then there is a charac-
teristic orbit in the sector % < a < u which tends to the origin when ¢ — —o0,
see Zhang et al. [17], pages 68—69. Otherwise, if the direction of the vector field
on o = u is (—1,0) then all the orbits lying in the sector u < o < 2u tend to
the origin when ¢ — +oc.

If there is a factor of 14| of even multiplicity order (2m) and it is a factor of i,

with even multiplicity order (2n) with 0 <n < m, we have that the polynomial
¢ verifies c§-0) =0for0<j<2m—1, ch # 0 and p, verifies d = 0 for

0<j<2n-1, dg;) # 0. Now, the system (10) has the form

T d(o "y + o* Tl (o) + u? Ty (u, o),
; ®" P20 (o) + uds(u, ).

12



Taking t = (2n + 1,1), the lowest-degree quasi-homogeneous term of F is

Fo,(u, ) = (dg?l)az”u, O)T,

with hgpio(u, ) = 74n1+2 d(;:l)a%“u which has a factor with odd multiplicity

order and thus the result follows. O

PROOF OF PROPOSITION 9. As V' is a vertex (inner or exterior) of the Newton
diagram, it is always possible to choose a type t = (t1,t2) with ¢; and ¢3 non-
zero such that t1b — tea # 0, (a,b) being the vector coefficient of the vertex.
Thus, Fy(z,y) = (az™y" 1, ba™1y™)T and h, (2, y) = (t1b—taa)z™y™ £ 0.
If, for example, the axis * = 0 is not invariant and m is odd, the poly-
nomial z is a strong factor of F associated to the type t since it is a fac-
tor of h,i ¢ with odd multiplicity order. From Proposition 8, there exists
a characteristic orbit associated to the strong factor z. Specifically, there is
a 0* with Cs(6*) = 0, (Sn(6*) = 1), that is the characteristic orbit verifies
limy oo g% = 00. Thus, the orbit is different from y = 0 and hence it is differ-
ent from the axes. [J

We start giving a type of blow-up, which we name blow-up of vertices, and
it will play the main role in our study.

Lemma 14. Let V be an inner vertezx of the Newton diagram of system (1) with
az and oy the exponents of the adjacent edges, lower and upper, respectively. Let
t = (t1,t2) and s = (s1,82), with ap < ta/ty < sa/s1 < ag and Ny, Prgis)
the Hamiltonians associated to the lowest-degree quasi-homogeneous terms of F
of type t and s, respectively.

If o161 hro41s) Z O, the blow-up

T = ut182vt151’ Y= ut2s2ytis2

and a reparametrization of the time variable, transforms system (1) into

t1(rs Cig . jods 1 s s s
W= | e S gindss Ut D (us) 4t @y (s, 1) (11)

o o= [,Uiodt] +U(io+1)dt1q,1(vdt1) +u52\112(us2,vt1)]
where d = t189 — tas1 € N, ®;, U, analytic functions, igp = min{i > 0|c; 0},
jo = min{j >01/¢; #0} ¢; and & being the coefficients of the polynomials
hyoti) and h,_yjs|, ordered from the highest to the lowest exponent in x and
Y, respectively.
We make the following considerations:

i) the above change of variables transforms the rectangle of the (u,v)—plane
{0 <u <41, 0 <wv <6y} in the region of the first quadrant Wt(g,o) with
66?82(82/81—@/751) — 663181(52/81—152/751) =1, ¢>0.

13



ii) Lemma 14 is also true when an adjacent edge to the inner vertex is not
bounded. In such a case, it is either ay = to/t; = 0 with (¢1,¢2) = (1,0),
or a; = sa/s1 = 400 with (s1,s2) = (0,1). Nevertheless, it is not true
for any vertex of the Newton diagram on the axis (exterior vertex) since,
for instance, if we consider system (1) with F = (y",0)7 with support
V = (0,n + 1), its adjacent edge would be the axis x = 0 whose type is
(t1,t2) = (1,0) and thus A,y ¢ = 0.

iii) If (m —ite,n+it1) (m~+jsa,n—7s1)), 1 =0,1,---,k (§ :0,1,~«,l~€) are
the support points of the upper (lower) adjacent edge to V ordered from
higher to lower abscissa (ordinate), and (a;,b;), ¢ = 0,1,---,k, ((djj)j),
J=0,1,---, l;;) the vectors of the support points (in particular, a = ag = ao,
b= by = bg), then we have that

k . .
h’TtvLM (l‘, y) = 21;:0 c;x™ ita y"+1t1’
A S

where C; :tlbi —tgai7 1= O,l,"',k and 6]‘ = Slz)j —SQaj, ] :O,l,"',k,
and, therefore, igjg = 0 since ¢ = t1b — taa # s1b — sea = &g.

(12)

PROOF. Making the blow-up z = z(u,v) = u'1520"151  y = y(u,v) = ut2529'152,
system (1) becomes

U = UZTSJFIS‘JFJ Ts+|s\+j(z(u7v)7y(uvv))a

J (13)
b= UZ%hrﬁrmJﬂ'(l‘(uaU)?y(uvv))~

7=0

We see the expression of h, i |s+;(z(u,v),y(u,v)). As hy 545 € P5
and d = t182 — tas1 € N, since to/t; < so/s1, we have that

rs+[s|+j

_ (thUtl )TSHSIH h

hTs+\S|+j(‘T(uv U)vy(u7v)) rs+[s[+7 (ud71) :

Let (o (j) (j ) be the support point of the vector field F,_s|1; with the lowest
abscissa and (o3 )+'LSQ agj) —is1),1=1,- l;j for some l;;j € N, the remainder
support points. And let (a; ) b(J)) 1=0,1,---, /ij the vector coefficients associ-
ated to the above support pomts Using the factorization of h, 4 |s|+; on Rz, ],
of R i) yids: | with

for each i. Moreover, rs+|s|+j = 51045 )+52a( 7)

also define 7; = tlag )—‘rtg()éé 2 —(r¢+]t]) € N since the support point («

is in the Newton diagram, for j > 0. So, we have that A, 4 |s+;((z(u, v), y(u, v))
is

see Algaba et al. [3], we have that h, i s+;(u?,1) = u?

EEJ) = slb(J ( ) and we can

(o () (J))

&) ; ki <) 4
rs+|[s|+j)ta+(t1s2—tas1)ay ’I”+S+jt§:] J),,ids
( s I ‘ ) 2 ( 152—10t2 1) ( s ‘ | ) 1 i OCi u 2

P @) ; ki ~(5). ids
(tloc +taoy )SQ,U(TS-HSl-’rj)tl }:ijocl(ﬁ)uzdag

_ (rt+\t|)52v(rs+|5|)t1U'YJSQ,U]tlZ ~(J) zd52

14



Analogously, let (ﬁ;j), éj)) be the support point of the vector field F,. ¢4
with lowest ordinate. The remaining support points will be of the form ( §j )
itQ,Béj) +it1), i = 1,---, k; for some k; € N. Let (agj),bgj)), i=0,1,---,k;
the vector coefficients associated to the above support points. And we also have
that re + [t +j = 1189 + 685 and v; = 5189 + 528 — (rs + |s|) € No.
Reasoning in a similar way, we have that

k;

B o4 (2, 0), y(u, v)) = alre Dz retlshb gzt 37 (it
1=0

It is easy to see that if (a,b) is the vector coefficient of the vertex V' and (m,n)
is its support point, then for j =0 is a&o) =m, Béo) = n and thus v = 99 = 0,
déo) = a(()o) =a, 6((]0) = béo) =0b, r¢ + [t| = tym + tan and rs + [s| = sym + san.
So, the system (13) after applying the reparametrization of the time dr/dt =
u(retlths2y(rs+lsht  hecomes

Kol

k o)
0 = —u %ﬁzoEEO)uidSQ_i_vtlZTs-i-S\j-Hu'yjsz (j—1)ts Z (7 widsz
i=0 j=1 i=0
J
o = n+\tIZC(0) zdt1+u522rt+\t|+J (G- 1)52v7jtlzcl(j)vidt1
i=0

As hpoqi¢/hr4+s) £ O then there exist ip = min {0 <i< ko‘ )7&0} and

10 ?

Jo = min{O <j< ko ‘E§-O) # O}. Denoting ¢;, = 0 Cjo = c( ) and applying

the reparametrization of the time dt/dr = the proof is completed. [

t1
(re+lt)cig

PROOF OF PROPOSITION 10. Let (a,b) be the vector coefficient of V. The con-
stant ay € (t2/t1,82/s1) if and only if ab # 0 and 227;22 < 0. Thus, ap-
plying the Lemma 14 for t and s, the system (1) is transformed in (11) with
10 =0, jo =0, ¢g = s1b — s3a, cg = t1b — t2a and %% < 0. So, if
ay € (ta/t1,s2/s1), the origin is a node which has infinite characteristic or-
bits defined on the first quadrant. These orbits are transformed, by means of
the corresponding blow-down, into characteristic OI‘bitb of system (1) which is
contained in the region ex®*/51 <y < lxtQ/ 1 hence Wt 0 s a parabolic sector.

If ay ¢ [ta/t1,82/51] the origin of (11) is a saddle point and the invariant
axes are its characteristic orbits, that is, Wt(7s’ is a hyperbolic sector. O

PROOF OF PROPOSITION 11. Applying the blow-up of the Lemma 14 for the
types t and s associated to the adjacent edges of V', we obtain the system (11)
with igjo = 0, which is orbitally equivalent to the following systems:

15



1) For 79 > 0, jo = 0,

/
u = —u,

v o= v %%viodtl +U(i0+1)dt1@1(v) +u@2(usQ7vt1)

Next, we prove that if 8y, < 0 then the above system has characteristic or-
bits in the first quadrant different from the coordinates axes, and if By > 0
then the unique characteristic orbits are the invariant axes.
In fact, this system has a unique vertical isocline v = 0 which has an at-
tractive dynamic. The horizontal isocline v = 0 has attractive dynamic
for By < 0 and repulsive for By > 0. If the system has no other horizontal
isocline, then it follows the result since the first quadrant will be the unique
sector. Otherwise, if there exist two horizontal isoclines in the first quad-
rant, both have the same dynamic as the isocline v = 0, since there is only
one vertical isocline. So, the horizontal dynamic is constant, towards the
right if By > 0 and towards the left if Sy < 0, thus, we obtain the result.

ii) For jo > 0,ip =0,

/ _ ti(s1m+s2n) By , jodsa (Jo+1)dsz2 g, t1 & s2 . t1
u u |:82(t1m+t2n) c?[) u +u q)l(u) +v (I)Q(U’ , U ) 5

o= .
Reasoning in an analogous way, interchanging x and y, we obtain a similar
result to the above one.
iii) For i = jo =0,
t + = =
v o= —u Lj&%ﬁjg fT‘; + u®s(u) + vPy(u, v)} ,
o= .

This system is a node for Sy < 0 and a saddle for Gy > 0.

Summarizing, if Sy, < 0 the system (11) is orbitally equivalent to another system
which has got a parabolic sector in the first quadrant. Nevertheless, if gy > 0
by means of the corresponding blow-down, we have that Wt(g’o) is a hyperbolic
sector of (1). O

PROOF OF PROPOSITION 13. From Proposition 11, if there were characteristic
orbits associated to V, as By > 0 these orbits should be in another quadrant
different from the first one. Thus, for some 01,09 € {0,1}, o1+ 092 > 0, it would
be ﬂg}n’az) < 0. From (8), jo(s102 + s201) + ig(t102 + t201) must be odd. In
particular, ig + jo is non-zero. We suppose g = 0 and jo > 0 (otherwise, ig > 0
and jo = 0 is analogue). So, we have that jo(s102+ s201) must be odd and thus
both jo and sj09 + s907 are odd.

Also, as the axis y = 0 is not invariant and h, ;|| # 0, we can write h,_ys|(2,y) =
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Z?:jo g IS yn=ist with jo < k, &, # 0. If we denote | = max {jo <j<k: ¢+ O},

the factorization of h, s (2,y) on R[z,y] becomes

M N

I (] =l mj ni

By sl (,y) = Gam ooy =t TT (9 T gl
j=0 i=0

where f; =yt — \;jz°2, g; = (y°* — q;x°2)% + bia?"2.
We assume that n is even; otherwise, it follows the result.
We distinguish the following cases:

1) We suppose that [ is even. By considering the greatest degree of = in h, 4|,

we have that m+1sy = m+j052+ZjM=O mj52+2£\;0 2s9n;, and since s > 0,

it follows that [ — jg = Zjﬂio mj + Z?LO 2n;. As | — jg is odd, there would

be m; odd and, therefore, (b) holds for the factor (y** — A;x%2)™.

2) We suppose that [ is odd. If s; is odd, then it holds (b) since h,_4 s has the
factor y™ 1 with odd multiplicity order, since n is even.
Otherwise, s1 even (so, so odd). If the axis x = 0 is not invariant and m
even, it has (b) since ™*7%2 is a factor of By e With odd multiplicity
order. On the other hand, if the axis x = 0 is invariant, as so01 + $109 must
be odd, it follows that o1 = 1, i.e. the characteristic orbits would be lying
on the second or third quadrant. [

PROOF OF THEOREM 2. Let (z(t),y(t)) be a characteristic orbit of system (1)
lies on the first quadrant and it is not of the form z = 0 or y = 0. Without loss
of generality we can assume that the orbit arrives at the origin when ¢ — +oc.
We define the sets

Q = ogtg/tle@;limt%m%:o}7
t
e = 0§t2/t1EQU{I/O}:Iimtﬁ\JrOO%:_FOO}_

We observe that both sets are disjuncts and non-empty since 0 € Q and 1/0 €
© because limy_, 4o y(t) = 0 and lim;_, 4o ﬁ = +o00. The set © is lower
bounded, therefore there exists 8. = inf(O).

We denote by Vj, j =1,...,p — 1, the vertex of the Newton diagram of (1)
ordered according their abscissas and denote by ¢;, j =0, ..., p, the edges, that
is, the exponents satisfy 0 = oy, < --- < ag, = 1/0.

First, we assume that 3, is the exponent ay of an edge of the Newton dia-
gram of (1), B = to/t;. We differentiate the following cases: S, ¢ QUO, S, € Q
or 3, € ©.

o If 8. ¢ QU O, we have that f, is a real number non-zero, that is, the edge is

bounded.
Applying the change (6), the characteristic orbit is transformed in (u(t),0(t))
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with limy_,o0 (u(t),0(t)) = (0,0.), 0. € [0,T). Therefore, this orbit tends to a
equilibrium in v = 0.
If hy4j¢) = 0, from Proposition 5 the origin is a node; thus, we have (el).

If hyy¢) #Z 0, from Proposition 7, we have that 6. is a root of h,.¢(f) and

Sn'1(6%)

t _ gz'?, with a = Gz e)» 18 a factor of hyyj¢(x, ). Thus, we have (e2).

Y
e We assume that 3, € Q. Applying the directional blow-up = = u't, y = uf2y,
and rescaling the time by dt = %d’]’, the system (1) becomes

00
u = % = uZPT‘-‘rj"rh(l’ g)uj7
=0
(14)

oo

o= = S+t 4+ ) e (LG
j=0

The characteristic orbit (z(t),y(t)) of (1) is transformed into the orbit (u(7),g(7))
which is a characteristic orbit of system (14) in the positive quadrant, hence

ut1t2 gt
utit2

t1
gt
Ly = lim

t——+oo

lim
t—4o0

thus lim; 400(u,g) = (0,0). As B, = inf(©), for all n € N it holds that
limg 4 oo xt;ﬁ;ll/n = +00. In the new variables, lim,_, 4 ul% = +o00. Thus,
there exists a solution of the system (14), different from the trivial solution

u = 0, that verifies § > u'/™ in a neighborhood of the origin. Therefore, the
1

t
solution of the system (1) verifies y > wﬁJrnTl for all n € N, hence it has the
t

form y = l‘ﬁT(Jj) with lim, o 7(z) = 0 and lim,_,q ;1(7) = +oo for all n € N.
Let V be the vertex adjacent to the edge ay with minor ordinate and (a, b) its

support. Now we prove that ay = ay = to/t1. Otherwise, ay # to/t1, that is

t1b—toa # 0. Applying the above directional blow-up, after a reparameterization

of the variable time, the system (1) is transformed into the system (14) of the

form

:O’

o = aufag™t 4]

g o= (bt —aty)y" 4.

Due to t1b — taa # 0 we have that V’ = (1,ng), the support of the vector field
(augm™ =1t (bt; — atz)y™)?, is the upper vertex of the Newton diagram of the
system (14), where ay, = Y1222 £ 0. Therefore, there exists n € N such that
ay: ¢ [0,1/n]. From Proposition 10, there is no solution of the system (14)
with 2u!/" < g. This leads to a contradiction.

Furthermore, V' is an inner vertex, since, otherwise, the support of V' would
be of the form (a,0), that is © = 0 would be an invariant axis. Therefore,
ay = ap =ta/t; > 0, hence ¢y = t1b — toa = 0, i.e. ig =0, jo > 0.

If By > 0, from Proposition 11, there would be no characteristic orbit in the
first quadrant between the sectors ex®? <y < %x‘”. This fact also arrives at a
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contradiction and so we have (v1).
o If 3, = t3/t1 € O, interchanging = and y we have (v2).

Now we assume that (3, is different from all the exponents of the edges of
the Newton diagram of system (1). In this case, S, is a non-zero real number
since, otherwise, if 8, = 0 then for all n € N it holds lim;_, 4« % = 400, thus
|z(t)| < |y(t)|™, i.e. the characteristic orbit is flat at = 0. In such a case, it is
easy to prove that = 0 is an invariant axis. So, 8, is an exponent of an edge
of the Newton diagram and thus it arrives at a contradiction. In a similar way,
we prove that £, < +oo.

So, there is a j with 0 < j < p — 1 such that ay;, < B < ay,,,. Next,
we prove that 8. = ay,. Otherwise, there would be two irreducible fractions
ag; < téo)/tgo) < Bi < sgo)/sgo) < ay,,, with ay ¢ [téo)/tgo), sgo)/sgo)}, and this
cannot occur by Proposition 10.

Moreover, V; is an inner vertex since 0 < . = ay; < +oo. Therefore, if
(a,b) is the vector coefficient of Vj, oy, = ta/t1, oy, = s2/s1, we have that
Be =y, € (Olzj,agj+1). This implies that to/t; < b/a < s2/s1, and then ab > 0
and 22:7';’;2 < 0. That is, ab # 0, ig = jo = 0 and Sy < 0.

If B, € ©, or B, € Q then y = %7 (x) or z = y*/7(y), where lim,_,o 7(x) = 0
and lim,_,¢ ;f—ﬁ)b = +oo for all n € N, respectively. And if 8, ¢ QU © then
y = \zt/® 4 O(2%/*) where A € R\ {0}. So, we have the case (v3). O

j+1

PROOF OF THEOREM 3. Item 1 follows from Proposition 9, since, otherwise,
the system would have a characteristic orbit.

We prove item 2. If system (1) does not have two points in the support lying
on the axis, then there would be an invariant axis, thus the origin is not mon-
odromic. Moreover, if a and b had the same sign, by parameterizing the time
and rescaling the state variables, system (1) would become

&= Y P (y) + 2 Po(z,y), (15)
gy = a2 (2) +yPa(a, y),

with n,m € N. We suppose that the origin of (15) is monodromic. We denote
by V;, i =0,...,p, the vertex of the Newton diagram of (15) ordered according
their abscissas, i.e. Vy = (0,2m) and V), = (2n,0), and denote by ¢; the edges,
that is, the exponents satisfy ay, < --- < ay,. Also, we denote by h; to the

lowest-degree Hamiltonian associated to the type t() = (t:(Li)7 tg)) of the edge /;.

As the origin is monodromic, from Proposition 8, all the real factors of h; have
even multiplicity order; so, h;(z,y) = x?™iy*"ih;(x,y), mi,n; € Ny.

On the one hand, both %;(1,0) and h;(0,1) have the same sign since otherwise
there would be any factor with odd order multiplicity. On the other hand, from
Proposition 11, By, = iLi(LO)EiH(Q 1) is positive, i = 1,...,p — 1. Therefore,

all coefficients of h; with greater exponent in x and y have the same sign. But,
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tgp)
rp+[t(P)]

(D)

—m and ilp(].70) =

this leads to a contradiction since h;(0,1) =
have different signs.

Finally, items 3 and 4 follow from Proposition 11 and Corollary 2. O

PrROOF OF THEOREM 4. If system (1) holds items 1-3 then it does not have
any invariant axes. Applying Proposition 13, the result follows. O
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