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Nucleon elastic electromagnetic form factors obtained using both the three-body and quarkþ fully
interacting-diquark pictures of nucleon structure are employed to calculate an array of light-front transverse
densities for the proton and neutron and their dressed valence-quark constituents, viz. flavor separations of
the proton and neutron results. These two complementary descriptions of nucleon structure deliver
mutually compatible predictions, which match expectations based on modern parametrizations of available
data, where such are available. Among other things, it is found that transverse-plane valence u- and d-quark
Dirac radii are practically indistinguishable; but regarding kindred Pauli radii, the d quark value is roughly
10% greater than that of the u-quark. Moreover, magnetically, the valence d quark is far more active than
the valence u quark, probably because it has much greater orbital angular momentum. Both pictures of
nucleon structure agree in predicting that, in a polarized nucleon, the transverse-plane charge densities are
no longer rotationally invariant. Instead, for a þx̂ polarized nucleon, positive charge is displaced in the þŷ
direction, with the opposite effect for negative charge.

DOI: 10.1103/jzh2-swwb

I. INTRODUCTION

Drawing charts of nuclear and nucleon structure has long
been a principal goal of high energy nuclear and particle
physics. Focusing on nucleons, the Poincaré-invariant
electromagnetic form factors contain much objective infor-
mation. Recognizing this, a great deal of electronþ
nucleon scattering data has been collected and analyzed
since the pioneering experiments described in Ref. [1]. That
progress is canvassed in, e.g., Refs. [2–5].
Understanding and relating modern data to a sound picture

of nucleon structure requires robust theory. Since the data
now extend to large values of spacelike squared momentum
transfer, viz. 0 < Q2 ≲ 15 GeV2 [6,7], a coherent description

requires a Poincaré-covariant approach because one is
delving deep into a target with highly relativistic constituents.
One such scheme is provided by lattice-regularized

quantum chromodynamics (lattice-QCD or lattice
Schwinger function methods). Material progress has been
made in developing lattice-QCD for form factor calcula-
tions since the turn of this century; see, e.g., Refs. [8–13].
Notwithstanding that, reaching the large-Q2 domain now
accessible to experiments remains difficult using lattice-
QCD, owing to the need for very fine lattices and large
volumes, and issues with signal-to-noise ratio and excited
state contamination [13].
Hamiltonian-based light-front approaches and relativis-

tic and/or holographic quark models have also been used
[14–19] with some success. The issue in these cases,
however, is forging a link to QCD because the degrees
of freedom used to formulate the models do not have a
traceable connection to those in the QCD action.
A viable alternative to the aforementioned approaches is

provided by continuum Schwinger function methods
(CSMs) [20–25]. In this framework, one typically works
with QCD’s Euler-Lagrange equations of motion—
the Dyson-Schwinger equations (DSEs)—and develops
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symmetry preserving truncation schemes that enable a
systematic connection to be made between each element
of a given calculation and fields and/or terms in the QCD
action. Regarding nucleon elastic electromagnetic form
factors, two complementary paths are currently in use.
Namely, a direct approach based on a 3-body Faddeev
equation for the nucleon wave function [26,27] and a
quarkþ fully interacting diquark—qðqqÞ—picture of
nucleon structure [28,29]. Both schemes are Poincaré-
covariant and can deliver form factors that cover and reach
beyond the range of existing experiments.
One particular use of nucleon electromagnetic form

factors is to produce charts of the distribution of charge
and magnetization within these states. Drawing analogies
with nonrelativistic systems, three-dimensional Fourier
transforms of the Poincaré-invariant Sachs electric and
magnetic form factors [30], viz. GN

E;MðQ2Þ, when inter-
preted in the Breit frame, were long imagined to describe
nucleon configuration space charge and magnetization
densities. However, this interpretation overlooks the fact
that Poincaré-covariant wave functions do not have a
probability interpretation; hence, cannot be used to define
densities.
A contemporary alternative [31] considers projections of

the Poincaré-invariant form factors onto the light-front via
two-dimensional Fourier transforms with Q2 interpreted in
a Drell-Yan-West frame [32,33]. Such functions describe
true densities in a plane perpendicular to the light-front
vector used in defining the nucleon state; see Fig. 1.
Interpreted in the infinite momentum frame, this is the
nucleon’s direction of motion. No information is available
about light-front-longitudinal charge and magnetization
distributions.
Herein, we calculate and compare transverse charge

densities obtained using both the 3-body [27] and qðqqÞ
[29] approaches to nucleon structure. Sections II and III
provide a detailed discussion of the contemporary 3-body
framework for calculation of nucleon form factors. This

scheme was employed in Ref. [27], but little in the way of
explanation was provided. An exhaustive background to
the qðqqÞ approach is provided in Ref. [28] and a complete
exposition of the modern implementation was provided in
Ref. [29], so little recapitulation is necessary. Transverse
charge and magnetization densities, and the kindred charge
density associated with a transversely polarized nucleon,
are defined, and the CSM predictions reported and dis-
cussed in Sec. IV. Section V provides a summary and
perspective.

II. FADDEEV EQUATION

A. Basic elements

Herein, we work at leading-order in a systematically
improvable, symmetry-preserving truncation of all quan-
tum field (Dyson-Schwinger) equations which appear in
the matrix element that defines the photonþ nucleon
interaction; namely, the rainbow-ladder (RL) truncation
[34,35]. It is worth mentioning here that, after roughly
thirty years of use, RL truncation is known to be reliable for
pion, kaon, and nucleon observables: (a) practically, owing
to numerous successful applications [23,36,37]; and
(b) because improvement schemes exist and have been
tested, showing that the cumulative effect of improvements
to RL truncation in these channels can be absorbed into a
modest modification of the quarkþ quark scattering kernel
[38–45]. Importantly, where reasonable comparisons are
possible, modern CSM predictions and contemporary
lattice-QCD results are mutually consistent—see, e.g.,
Refs. [22–24,36,37,46–51].
In RL truncation, the nucleon bound state amplitude

can be obtained by solving the Faddeev equation sketched
in Fig. 2. Two elements are required to complete the
definition of the Faddeev equation: (i) the quarkþ quark
interaction, G̃; and (ii) the dressed quark Schwinger
function (propagator), S.

FIG. 1. With the nucleon’s direction of motion defining the
longitudinal light-front vector, the light-front transverse plane can
be characterized by the usual two Cartesian vectors, ðx̂; ŷÞ, as
marked by the blue surface in the image. The transverse position
vector is indicated by b⃗—orange; and the transverse spin vector
by S⃗—red.

FIG. 2. Faddeev equation in RL truncation. Filled circle:
Faddeev amplitude, Ψ, the matrix-valued solution, which in-
volves 128 independent scalar functions. Spring: dressed-gluon
interaction that mediates quarkþ quark scattering; see Eqs. (1)
and (2). Solid line: dressed-quark propagator, S, calculated from
the rainbow gap equation. Lines not adorned with a shaded circle
are amputated. Isospin symmetry is assumed. The sum runs over
each of the cases involving quark “i ¼ 1, 2, 3” as a spectator to
the exchange interaction.
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In RL truncation, the scattering kernel is obtained by
writing [52]

GAB
CDðkÞ ¼ G̃ðyÞ

�
iγμ

λa

2

�
CB

�
iγν

λa

2

�
DA

Tk
μν; ð1Þ

k2Tk
μν ¼ k2δμν − kμkν, y ¼ k2, A, B, C, D represent color

and spinor matrix indices. The Tμν specifies Landau gauge,
employed because it is a fixed point of the renormalization
group and also that gauge for which corrections to RL
truncation are least significant [53].
A realistic form of GμνðyÞ is described in Refs. [41,54]. It

is specified by writing

G̃ðyÞ ¼ 8π2

ω4
De−y=ω

2 þ 8π2γmF ðyÞ
ln½τ þ ð1þ y=Λ2

QCDÞ2�
; ð2Þ

where γm ¼ 12=25, ΛQCD ¼ 0.234 GeV, τ ¼ e2 − 1, and
F ðyÞ ¼ f1 − expð−y=Λ2

IÞg=y, ΛI ¼ 1 GeV. Asymptotic
freedom is manifest in the ultraviolet behavior of G̃ðyÞ and
confinement is expressed throughout via the violation of
reflection positivity by colored Schwinger functions
[[23], Sec. 5].
In formulating and solving the relevant equations, we use

a mass-independent (chiral-limit) momentum-subtraction
renormalization scheme [55], with renormalization scale
ζ ¼ ζ19 ¼ 19 GeV, viz. a far ultraviolet value so as to avoid
truncation ambiguity and ensure that the quark wave
function renormalization constant is essentially unity.
Numerous applications have revealed [23] that inter-

actions in the class containing Eqs. (1) and (2) can serve to
unify the properties of many systems. Contemporary
studies employ ω ¼ 0.8 GeV [45]. Then, with ωD ¼
0.8 GeV3 and renormalization point invariant quark cur-
rent mass m̂u ¼ m̂d ¼ 6.04 MeV, which corresponds to a
one-loop evolved mass at ζ ¼ 2 GeV of 4.19 MeV,
the following predictions are obtained: pion mass
mπ ¼ 0.14 GeV; nucleon mass mN ¼ 0.94 GeV; and pion
leptonic decay constant fπ ¼ 0.094 GeV. These values are
a good match with experiment [56]. When the product ωD
is held constant, physical observables remain practically
unchanged under ω → ð1� 0.2Þω [57].
It is worth highlighting that all results obtained sub-

sequently are parameter-free predictions. The interaction
involves one parameter and there is a single quark current-
mass. At this point, both quantities are fixed.
Here, it is also worth providing additional information

about the interaction in Eq. (2). For instance, following
Ref. [54], one may draw a connection between G̃
and QCD’s process-independent (PI) effective charge
[58–60]. That PI charge is characterized by an infrared
coupling value α̂ð0Þ=π ¼ 0.97ð4Þ and a gluon mass-scale
m̂0 ¼ 0.43ð1Þ GeV, both determined together via a com-
bined continuum and lattice analysis of QCD’s gauge

sector [58]. The following values are those of analogous
quantities inferred from Eq. (2)

αGð0Þ=π ¼ 1.45; mG ¼ 0.54 GeV: ð3Þ

They agree fairly well with the QCD values.
Element (ii) in Fig. 2 is the dressed quark propagator,

which has the form

Sðk; ζÞ ¼ Zðk2; ζÞ=½iγ · kþMðk2Þ�; ð4Þ

where Z is the quark wave function renormalization
function and M is the renormalization group invariant
quark mass function. Herein, as required by symmetry
considerations, it is obtained by solving the RL truncation
quark gap (Dyson) equation. In accomplishing that task, we
follow the procedures explained in Refs. [52,61,62].

B. Faddeev amplitude

The solution of the three valence body equation sketched
in Fig. 2 has the following form:

ΨCD
AB ðp; q; PÞ ¼

X3
i¼1

ΨðiÞ
ABCDðp; q; PÞ; ð5Þ

where

Ψð1Þ
ABCDðp; q; PÞ ¼

Z
dk
GC0B0
BC ðkÞSB0B00 ðk2ÞSC0C00 ðk̃3Þ

×ΨC00D
AB00 ðpð1Þ; qð1Þ; PÞ; ð6aÞ

Ψð2Þ
ABCDðp; q; PÞ ¼

Z
dk
GA0C0
CA ðkÞSC0C00 ðk3ÞSA0A00 ðk̃1Þ

×ΨC00D
A00B ðpð2Þ; qð2Þ; PÞ; ð6bÞ

Ψð3Þ
ABCDðp; q; PÞ ¼

Z
dk
GB0A0
AB ðkÞSA0A00 ðk1ÞSB0B00 ðk̃2Þ

×ΨCD
A00B00 ðpð3Þ; qð3Þ; PÞ: ð6cÞ

In Eq. (6),
R
dk represents a translationally invariant regu-

larization of the four-dimensional momentum-space inte-
gral and we have extended the range of the indices A, B, C,
D to include spinor (α, β, γ, δ), color (r, s, t, u), and flavor
(a; b; c; d), with D labeling these quantities for the nucleon
itself.
Three independent particle momenta are involved in

Eq. (6): p1, p2, p3. Momentum conservation requires
p1 þ p2 þ p3 ¼ P, the total nucleon momentum. The
other two (relative) momenta can be chosen in any way
one desires; however, if one wishes to capitalize on
permutation symmetry, then the following choices are
best [26]
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p¼ð1−ξÞp3−ξðp1þp2Þ; p1 ¼−q−
p
2
þ1−ξ

2
P;

q¼p2−p1

2
; p2¼ q−

p
2
þ1−ξ

2
P;

P¼p1þp2þp3; p3 ¼pþξP; ð7Þ

with ξ ¼ 1=3 being a momentum partitioning parameter.
(We have verified that the results are independent of this
choice, but the chosen value speeds the calculations.) The
internal quark propagators depend on the quark momenta
ki ¼ pi − k and k̃i ¼ pi þ k, with k being the exchanged
momentum. For each of the three terms in Eq. (6), the
internal relative momenta are

pð1Þ ¼pþk; pð2Þ ¼p−k; pð3Þ ¼p;

qð1Þ ¼ q−k=2; qð2Þ ¼ q−k=2; qð3Þ ¼ qþk: ð8Þ
Owing to the spin, flavor, and color structure of the

nucleon, the Faddeev amplitude in Eqs. (5) and (6) can be
decomposed as follows:

ΨCD
AB ðp; q; PÞ ¼

ϵrstffiffiffi
6

p ⊗
X1
ρ¼0

ψρI
αβγðp; q; PÞ ⊗ Fρabcd; ð9Þ

where ϵrst expresses the antisymmetry of the nucleon
amplitude under interchange of any two dressed-quark
constituents, so the overall nucleon color label is u ¼ 0.
Some additional information is useful when discussing

the isospin structure. The flavor amplitude is represented in
an isospin basis spanned by the mixed-antisymmetric (MA)
and mixed-symmetric (MS) flavor combinations, rather
than directly in the proton-neutron basis. The correspond-
ing flavor tensors are

MA∶ F0
abcd ¼

1ffiffiffi
2

p i½σ2�ab½I�cd; ð10aÞ

MS∶ F1
abcd ¼ −

1ffiffiffi
6

p ½σjiσ2�ab½σj�cd; ð10bÞ

where fσi; i ¼ 1; 2; 3g are the Pauli matrices and
½I ¼ diag½1; 1�. In Eq. (10), under a ↔ b, the MA term
is antisymmetric and MS is symmetric. Interpreted in
terms of potential diquark correlations [28], MA corre-
sponds to the isoscalar-scalar channel and MS to isovecor-
axialvector.
The remaining piece in Eq. (9) is ψρI

αβγ, the momentum-
spin component, with I recording the spin of the nucleon
and ρ ¼ 0, 1 ranging over MA, MS. By introducing an
orthonormal set of 64 Dirac matrix valued tensors [[63],
Table 2], fXj

αβγIðp; q; PÞg,

1

4
tr½X̄i

βαδγX
j
αβγδ� ¼ δij; ð11Þ

this element may be decomposed into invariants as follows:

ψρI
αβγðp; q; PÞ ≔

X64
i¼1

fiρðp2; q2; z0; z1; z2ÞXi
αβγI ; ð12Þ

where the expansion coefficients, fi, are determined by
solving the Faddeev equation and depend on five scalar
variables, viz. with p̂2 ¼ 1, pT

μ ¼ TP
μνpμ etc.,

p2; q2; z0¼ p̂T · q̂T ; z1¼ p̂ · P̂; z2¼ q̂ · P̂: ð13Þ

Now inserting Eqs. (1), (9) into Eq. (6c), one obtains

ψρIð3Þ
αβγ ðp; q; PÞ ¼ 2

3

Z
k
G̃ðyÞ½γμ�αα0Sα0α00 ðk1Þ½γν�ββ0

Sβ0β00 ðk̃2ÞTμνðkÞψρI
α00β00γðpð3Þ; qð3Þ; PÞ: ð14Þ

Here, the color and flavor projections have explicitly been
completed, using

½Fρ0†�badc0 ½Fρ�abcd ¼ δρ0ρδd0d0 : ð15Þ

Next, employing Eqs. (11), (12) in processing Eq. (14),
one arrives at a system of equations for the 64 × 2 scalar
functions ffρi g that are required to fully characterize the
solution of the Faddeev equation sketched in Fig. 2.
Notably, the equations for the f0 components are
decoupled from those for f1, but the coupling reemerges
when one uses permutation symmetry to reconstruct ψρð1;2Þ.

III. NUCLEON ELECTROMAGNETIC
FORM FACTORS

The electromagnetic interaction current for a nucleon
described by the solution of the Faddeev equation, Fig. 2, is
obtained from the seven-point Schwinger function depicted
in Fig. 3. For an on-shell nucleon, the general form of the
current can be written as follows:

JNμ ðQÞ ¼ ieΛþðPfÞ
h
FN
1 ðQ2Þγμ

þ 1

2mN
σμνQνFN

2 ðQ2Þ
i
ΛþðPiÞ; ð16Þ

where e is the positron charge, the incoming and
outgoing nucleon momenta are Pi;f, P ¼ ðPf þ PiÞ=2,
Q ¼ Pf − Pi, P2

i;f ¼ −m2
N , ΛþðPi;fÞ are positive-energy

nucleon-spinor projection operators, and FN
1;2 are the Dirac

and Pauli form factors.
Following Ref. [30], the nucleon charge and

magnetization distributions are normally defined as
(τ ¼ Q2=½4m2

N �)

GN
E ¼ FN

1 − τFN
2 ; GN

M ¼ FN
1 þ FN

2 : ð17Þ
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Magnetic moments and radii are calculated therefrom using
standard definitions: μN ¼ GN

MðQ2 ¼ 0Þ;

hr2FiN ¼ −6
d lnGN

F ðQ2Þ
dQ2

����
Q2¼0

; ð18Þ

F ¼ E, M, except hr2Ein ¼ −6Gn0
E ðQ2ÞjQ2¼0 because

Gn
Eð0Þ ¼ 0.
In working with the nucleon current in Fig. 3, we follow

the computational procedure described in Ref. [[64],
Appendix B]. In that approach, the electromagnetic current
is expressed in the form

JNμ ðQÞ ≔
X3
a¼1

JaNμ ðQÞ ¼
X3
a¼1

X
ρ0ρ

FðaÞN
ρ0ρ ½JðaÞNÞ

ρ0ρ �μ: ð19Þ

Here, owing to permutation symmetries, it is sufficient to
record

Fð3ÞN
ρ0ρ ¼ ðeNÞd0 ðFρ0 Þ†bad0c0Qc0cF

ρ
abcdðeNÞd; ð20Þ

whereQ ¼ diag½qu ¼ 2=3; qd ¼ −1=3� is the quark charge
matrix associated with the photonþ quark vertex, and
eN¼p ¼ ð1; 0Þ, eN¼n ¼ ð0; 1Þ project onto the proton and
neutron states, respectively. Studying Eq. (20), it becomes

apparent that the four elements in fFð3ÞN
ρ0ρ g, labeled by

fρ0; ρg, are 2 × 2 matrices in isospin space.
The physical proton and neutron currents (hence, their

form factors) are obtained by combining the ρ ¼ 0, 1

contributions via the flavor matrices FðaÞ
ρ0ρ in Eq. (19).

Evaluating the expressions in Eq. (20), one finds

Fð3Þp ¼
� 2

3
0

0 0

�
; Fð3Þn ¼

�− 1
3

0

0 1
3

�
: ð21Þ

It remains only to report the mathematical expression for
the photon coupling to the quark in Fig. 3

½Jð3Þρ0ρ�δ
0δ
μ ¼

Z
dpdq

ψ̄ρ0δ0
β0α0γ0 ðpf; qf; PfÞSα0αðp1ÞSβ0βðp2Þ

× ½χμðp3; QÞ�γ0γ½ψρδ
αβγðpi; qi; PiÞ

− ψρδð3Þ
αβγ ðpi; qi; PiÞ�; ð22Þ

where pi, qi and pf, qf are the incoming and outgoing
relative momenta of the bound-state valence dressed
quarks; Pi, Pf are the incoming, outgoing nucleon
momenta; and p1, p2, p�

3 ¼ p3 �Q=2 are the quark
momenta. For ξ ¼ 1=3 in Eq. (7), one has

pi ¼p−Q=3; pf ¼pþQ=3; qf ¼ qi ¼ q; ð23aÞ

p1 ¼ −q −
p
2
þ P

3
; p2 ¼ q −

p
2
þ P

3
; ð23bÞ

Pi ¼ P −Q=2; Pf ¼ PþQ=2: ð23cÞ

We note that Eq. (23c) merely specifies a Breit frame
calculation; hence, is unconnected with the value of ξ.
Equation (22) also involves the unamputated photonþ

quark vertex, χμðp3; QÞ ¼ Sðpþ
3 ÞΓμðp;QÞSðp−

3 Þ, wherein
the amputated vertex, Γμðp;QÞ, is obtained as the solution
of an inhomogeneous Bethe-Salpeter equation. This equa-
tion and its solution are discussed extensively else-
where [65,66].
Using Eqs. (19), (21) and permutation symmetry, one

arrives at the following nucleon electromagnetic currents:

proton∶ Jδ
0δ;p
μ ¼ ½2Jð3Þ00 �δ

0δ
μ ; ð24aÞ

neutron∶ Jδ
0δ;n
μ ¼ ½Jð3Þ11 − Jð3Þ00 �δ

0δ
μ : ð24bÞ

Referring to Eqs. (10), (20), then Eq. (24) means that there
is no contribution to charged spin-half baryon form factors
from MS pieces of the bound-state amplitude. A similar
result is described elsewhere in the context of quarkþ
diquark pictures of nucleon structure [[67], Appendix C.1]:

FIG. 3. The nucleon has three valence quarks, so the complete RL nucleon electromagnetic current has three terms:
JμðQÞ ¼ P

a¼1;2;3 J
a
μðQÞ. Using symmetries, one can readily obtain the a ¼ 1, 2 components once the a ¼ 3 component is known

[[64], Appendix B]. δ, δ0 are spinor indices and ρ, ρ0 are isospin indices. Γμ is the dressed-photon+quark vertex, which can be obtained,
e.g., following Ref. [65].
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for such a baryon, “elastic” scattering from the axial-vector
diquark piece of its Faddeev wave functions does not
contribute to its electromagnetic form factors.
The calculation described herein is made with reference

to a hadron scale, ζH, whereat all properties of a given
hadron are carried by its dressed valence degrees of
freedom [68]. Hence, flavor-separated currents may be
defined as follows:

u in proton∶ 2Jpμ þ Jnμ ¼ 3½Jð3Þ00 �μ þ ½Jð3Þ11 �μ; ð25aÞ

d in proton∶ Jpμ þ 2Jnμ ¼ 2½Jð3Þ11 �μ: ð25bÞ

These results entail that the in-proton d-quark form factors
receive no contribution fromMA components of the proton
Faddeev amplitude. Again, this has a long-known analog in
the quarkþ diquark picture of nucleon structure; namely,
d quarks cannot be perceived by a hard probe unless axial-
vector diquark correlations are included in the proton
Faddeev wave function [69–71].
With explicit expressions for the proton and neutron

currents in hand, one can compute the associated Sachs
form factors (the trace is over Dirac indices)

GN
E ðQ2Þ ¼ 1

2i
ffiffiffiffiffiffiffiffiffiffiffi
1þ τ

p tr½JNμ P̂μ�; ð26aÞ

GN
MðQ2Þ ¼ i

4τ
tr½JNμ γTμ �: ð26bÞ

From these expressions, one readily obtains the
nucleon Dirac and Pauli form factors via Eq. (17). The
flavor-separated forms of these functions then follow
from Eq. (25).
Canonical normalization of the nucleon Faddeev ampli-

tude is fixed by ensuring Gp
Eð0Þ ¼ 1. Current conservation,

guaranteed by our formulation of the interaction current, is
expressed in, among other things, the result Gn

Eð0Þ≡ 0.

IV. CHARGE AND MAGNETIZATION DENSITIES

A. Transverse Dirac charge densities

Consider first nucleon transverse charge densities

ρtchðjb⃗jÞ ¼
Z

d2Δ
ð2πÞ2 e

ib⃗·Δ⃗Ft
1ðΔ2Þ ð27aÞ

¼
Z

∞

0

djΔ⃗j
2π

jΔ⃗jJ0ðjb⃗jjΔ⃗jÞFt
1ðΔ2Þ: ð27bÞ

Here, t ¼ p, n, u, d, i.e., proton, neutron, u-quark, d-quark,
with—see Eq. (25)

ρuchðjb⃗jÞ ¼ 2ρpchðjb⃗jÞ þ ρnchðjb⃗jÞ; ð28aÞ

ρdchðjb⃗jÞ ¼ ρpchðjb⃗jÞ þ 2ρnchðjb⃗jÞ: ð28bÞ

Further, J0 is a Bessel function of the first kind;
b⃗ ¼ ðbx; byÞ ¼ jb⃗jðcosϕb; sinϕbÞ; and Q ¼ ðΔ⃗; 0; 0Þ.
Figure 4 depicts transverse charge densities for the

proton and neutron. The primary theory curves, labeled
“3-body,” were obtained from the form factors reported in
Ref. [27], which were calculated using the formalism
described in Secs. II and III. These curves have an
associated uncertainty. It expresses a 1σ-band deriving
from the approach used to produce form factors at large-Δ2,
namely, the Schlessinger point method (SPM) [72–74].
Details are provided in Ref. [27]: evidently, the impact on
our results of this uncertainty is practically negligible.
The second set of theory predictions was obtained using

the quark + interacting-diquark, qðqqÞ, picture of nucleon
structure described in Ref. [29]. As first revealed, inde-
pendently, in Refs. [77–79], the qðqqÞ picture emerges
when one exploits the pairing tendency of fermions to
simplify the Faddeev equation sketched in Fig. 2.
One thereby arrives at a bound-state equation that
describes dressed quarks and fully interacting quark-quark
(diquark) correlations built therefrom, which bind
together into a baryon, at least in part, because of the
continual exchange of roles between the spectator and
diquark-participant quarks. Many effectual studies of
nucleon properties have employed this qðqqÞ scheme;
see, e.g., Refs. [23,28,29,49,71,80–83].
A significant merit of the dynamical qðqqÞ approach is

that it greatly simplifies the form of the Poincaré-covariant
amplitude required to describe the nucleon: instead of the
128 independent tensor structures needed in the fully 3-
body treatment, only 8 are required in the qðqqÞ approxi-
mation. Hence, it is much easier to use and may deliver
additional insights. The limitation of the Ref. [29] qðqqÞ
approach is its less rigorous connection with QCD dynam-
ics: rather than being directly calculated, QCD-constrained
Ansätze are introduced for dressed-constituent propagators
and interaction vertices. One aim of the comparisons
presented herein is to assist in judging the fidelity of the
Ansätze used.
The form factors in Ref. [29] are reported as functions

of x¼Q2=m2
N . To obtain results in GeV2, we employed

mN ¼ 0.94 GeV.
In all cases, there is fair agreement between the 3-body

predictions and those obtained using qðqqÞ input.
Moreover, both sets of predictions agree semiquantitatively
with the results obtained using fits to data as input to
Eq. (27). Those (modest) differences between theory and
data-based inferences which are apparent might be con-
nected with the omission of meson-baryon final state
interactions (meson cloud effects) in the theoretical calcu-
lations employed herein. Further studies are needed before
that can be confirmed.
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The proton transverse charge density is positive definite
on the entire jb⃗j domain. Thus, one must expect that at
every point in the light-front transverse plane, the valence
u-quark density exceeds the valence d-quark density.
On the other hand, the neutron transverse charge

density is negative on a sizeable neighborhood
of the neutron’s centre of transverse momentum
(CoTM, jb⃗j ¼ 0). It then becomes positive at jb⃗j ≈
0.35 fm and remains so thereafter. These features were
noted previously [84]. Mathematically, they are conse-
quences of: (a) Fn

1ðΔ2 ¼ 0Þ ¼ 0; (b) the nonpositive
character of Fn

1ðΔ2Þ and Δ2-dependent profile of this
Dirac form factor, namely, in magnitude, with increasing
Δ2, it rises to a maximum and then falls monotonically to
zero; and (c) the oscillatory behavior of the weight

jΔ⃗jJ0ðjb⃗jjΔ⃗jÞ at fixed jb⃗j.
In explanation, we note that, on jb⃗j ≃ 0, the ρnchðjb⃗jÞ

integrand is zero at jΔ⃗j ¼ 0, negative until its first zero,
then oscillates with large steps between adjacent zeros and
ever decreasing peak-height magnitudes; consequently, the
value of the integral is dominated by the negative support at
low jΔ⃗j ¼ 0, with all subsequent negative peaks giving

larger negative contributions to the integral than the smaller
positive peaks. As jb⃗j increases, there comes a value at
which the peak-height magnitude of the integrand’s first
positive peak exceeds that of the first negative peak, which
always occurs at a lower value of jΔ⃗j. In this case, the
positive contribution dominates on the domain bounded by
the integrand’s second nontrivial zero; and this pattern is
repeated for all subsequent oscillations. Thus, the integral is
positive. This pattern remains in effect thereafter, so
ρnchðjb⃗jÞ remains positive on jb⃗j ≳ 0.35 fm.
Considering the above discussion, then one must expect

that on jb⃗j ≲ 0.35 fm in the light-front transverse plane, the
u-quark density in the proton actually exceeds twice the d-
quark density. This feature does not persist on the com-
plementary domain; see, also, Ref. [84].
Having made this observation, transverse densities for

the u- and d-quarks in the proton are displayed in Fig. 5.
Evidently, the expectations described above are realized.
Moreover, both in-proton valence-quark light-front trans-
verse charge densities are positive definite.
To quantify some of the remarks made above, one may

consider root-mean-square radii connected with the trans-
verse-plane Dirac charge densities, viz. λu;d1 , where
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FIG. 4. Proton (p) and neutron (n) transverse charge densities. Panel (a)[(b)] ρpðnÞch . Panel (c)[(d)] bρpðnÞch . Legend. Solid purple curve—
density obtained from form factor calculated using three-body Faddeev equation and current [27], with, as therein, like-color band
indicating the associated uncertainty; dot-dashed green—density obtained using qðqqÞ form factor [29]; dashed blue—density from data
parametrization in Ref. [[75], Ye]; and dotted red—from data parametrization in Ref. [[76], Kelly]. (Distributions plotted in units of fm−2

and b ¼ jb⃗j.)
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ðλu;d1 Þ2 ≔
R
d2b⃗jb⃗j2ρu;d1 ðjb⃗jÞR

d2b⃗ρf1ðjb⃗jÞ

¼ −4
d

dQ2
lnFu;d

1 ðQ2Þ
����
Q2¼0

: ð29Þ

Predictions for these radii are compared with inferences
from parametrizations of data in Table I. The 3-body
transverse-plane Dirac radii are noticeably larger than those
obtained using qðqqÞ input. While not readily apparent in
Fig. 5, this outcome owes to the 3-body densities having

greater support on jb⃗j ≳ 1.1 fm. [Equally, referring to
Ref. [29], the Q2 ≃ 0 slope of the 3-body form factors is
greater than that obtained in the qðqqÞ approach.] Turning
to a comparison with inferences from data—see Table I,
the 3-body predictions are in better agreement. Overall, we
judge that the valence u- and d-quark transverse-plane
Dirac radii are practically indistinguishable.

B. Transverse Pauli magnetization densities

By analogy with Eq. (27), one may define light-front
transverse magnetization densities

ρtmðjb⃗jÞ ¼
Z

∞

0

djΔ⃗j
2π

jΔ⃗jJ0ðjb⃗jjΔ⃗jÞFt
2ðΔ2Þ: ð30Þ

With this definition, one recovers the anomalous magnetic
moments via

κt ¼ 2π

Z
∞

0

djb⃗jjb⃗jρtmðjb⃗jÞ: ð31Þ

Theory predictions for κt are compared with empirical
determinations in Table II. The results obtained using the

TABLE I. Theory predictions for in-proton valence-quark
transverse density radii, defined via Eq. (29) with an obvious
analog for the magnetization, in which the anomalous dressed
valence-quark magnetic moment must be divided out. Inferences
from data are also listed.

λu1=fm λd1=fm λu2=fm λd2=fm

3-body 0.68 0.69 0.63 0.68
q(qq) 0.53 0.57 0.62 0.67
[[75], Ye] 0.66(1) 0.67(1) 0.71(12) 0.69(14)
[[76], Kelly] 0.65 0.66 0.68 0.76

3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5
3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.1

0.2

0.3

0.4

0.5 3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

0.20

0.25

0.30

(a) (b)

(c) (d)

FIG. 5. u- and d-quark transverse charge densities. Panel (a)[(b)] ρuðdÞch . Panel (c)[(d)] bρuðdÞch . Legend. Solid purple curve—density
obtained from form factor calculated using three-body Faddeev equation and current [27], with, as therein, like-color band indicating the
associated uncertainty; dot-dashed green—density obtained using qðqqÞ form factor [29]; dashed blue—density from data
parametrization in Ref. [[75], Ye]; and dotted red—from data parametrization in Ref. [[76], Kelly]. (Distributions plotted in units
of fm−2 and b ¼ jb⃗j.)
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3-body approach described above deliver underestimated
values. As explained in Ref. [27], that is a failing of RL
truncation, which yields a photonþ quark vertex whose
dressed-quark anomalous magnetic moment term is too
small. This weakness is corrected in higher-order trunca-
tions [85]. Such corrections have been implemented in
studies of mesons [45]. In future, it may be possible to
adapt this scheme to baryons.
Transverse magnetization densities for the proton and

neutron are displayed in Fig. 6. In this case, all densities are
positive definite; and the 3-body predictions agree best with
empirical inferences (the anomalous magnetic moment has
been divided out of ρp;nm ), although the qðqqÞ results are
nonetheless a fair match.

The associated in-proton flavor-separated magnetization
densities are depicted in Fig. 7: owing to division by κ, each
is positive definite. As observed elsewhere [29], the profiles
in these panels highlight that the valence d-quark is
magnetically very active within the proton: in magnitude,
the d-quark profile is approximately equal (although
opposite in sign) to the u-quark profile, even though the
proton contains two valence u-quarks and only one d-
quark. This outcome is correlated with suggestions from
the qðqqÞ picture that, at ζH, the u valence quark angular
momentum in the proton is much less than that of the d
valence quark [50,71,81]. Furthermore, since, in a scalar
diquark only proton, the d quark is locked within a
magnetically inert ½ud� correlation, the presence of axial-
vector diquarks in the proton is crucial to understanding ρum.
Translated into the 3-body framework, this becomes a
statement that MS components of the Faddeev wave
function are important to obtain a valid description of
in-proton valence d-quark behavior.
Predictions for transverse-plane Pauli radii are recorded

in Table I. Defined by analogy with Eq. (29), with the
second line amended via normalization by the κu;d values,
they are compared in the table with results inferred from fits
to data. In this case, the 3-body and qðqqÞ predictions

TABLE II. Theory predictions for anomalous magnetic mo-
ments, κ in Eq. (31), compared with empirical determinations
[56] and using Eq. (28), where necessary.

κp κn κu κd

Exp. 1.75 −1.91 1.59 −2.08
3-body 1.23 −1.33 1.13 −1.43
q(qq) 1.80 −1.86 1.74 −1.92

3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2 3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8
0.00

0.05

0.10

0.15

0.20

0.25

0.30
3 body

q(qq)

Kelly

Ye

0.0 0.2 0.4 0.6 0.8
0.00

0.05

0.10

0.15

0.20

0.25

0.30

(a) (b)

(c) (d)

FIG. 6. Proton (p) and neutron (n) transverse magnetization densities, Eq. (30). Panel (a)[(b)] ρpðnÞm . Panel (c)[(d)] bρpðnÞm . Legend.
Solid purple curve—density obtained from form factor calculated using three-body Faddeev equation and current [27], with, as therein,
like-color band indicating the associated uncertainty; dot-dashed green—density obtained using qðqqÞ form factor [29]; dashed blue—
density from data parametrization in Ref. [[75], Ye]; and dotted red—from data parametrization in Ref. [[76], Kelly]. (Distributions
plotted in units of fm−2 and b ¼ jb⃗j.)
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agree, with ordering that is consistent with experimental
inferences. Hence, one may conclude, that the in-proton
transverse-plane valence d-quark Pauli radius is 9(2)%
larger than the analogous valence u-quark radius.

C. Transverse charge densities for transversely
polarized nucleon

For a nucleon prepared with polarization transverse to
its direction of motion, the light-front transverse charge
density receives an additional contribution [86,87]

ρTðjb⃗jÞ ¼ ρchðjb⃗jÞ þ sinðϕb − ϕsÞ
1

2mN jb⃗j
ρ̃mðjb⃗jÞ; ð32Þ

where S⃗ ¼ ðcosϕs; sinϕsÞ is the nucleon polarization unit-
vector and

ρ̃tmðjb⃗jÞ ¼ −jb⃗j ∂ρ
t
Mðjb⃗jÞ
∂jb⃗j

ð33aÞ

¼ jb⃗j
Z

∞

0

djΔ⃗j
2π

Δ2J1ðjΔ⃗jjb⃗jÞFt
2ðΔ2Þ: ð33bÞ

[N.B. The relative sign in Eq. (32) reflects the remarks in
Ref. [[86], Addendum].]
As illustrated in Fig. 1, associating the nucleon spin

direction with the þx̂-axis (ϕs ¼ 0), then the light-front
transverse charge density is distorted in the ŷ direction. On

any domain for which ρ̃tmðjb⃗jÞ > 0, the shift is an enhance-

ment in ρchðjb⃗jÞ on the positive ŷ axis (ϕb ¼ π=2) and a
depletion on the negative ŷ axis.
The light-front transverse charge densities for a þx̂

polarized nucleon are depicted in Fig. 8. The 3-body
and qðqqÞ results are qualitatively and semiquantitatively
identical. For the polarized nucleons, there is a depletion of
the charge density in the −ŷ direction, with that strength
shifted to the þŷ domain. This means that, in the presence
of polarization, the positive and negative charge densities
are not symmetric around by ¼ 0. Instead, positive charge
is shifted to positive values of by and negative charge is
shifted to negative by.
Flavor-separated images for a transversely polarized

proton are displayed in Fig. 9. As anticipated above, on
þŷ, the u-quark densities are enhanced, whereas they are
depleted on −ŷ. The reverse is true for the d-quark densities
and the magnitude of the displacements is larger. The latter
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owes to the larger magnitude of κd—see Table II—which
leads to a magnification of the shift generated by the second
term in Eq. (32).
In Fig. 10, we draw two-dimensional density maps of the

transverse charge densities for transversely polarized nucle-
ons obtained using the 3-body approach. Based on the
above discussion, those obtained in the qðqqÞ picture are
qualitatively equivalent; so, we do not plot them.
Supposing one is working in the infinite momentum frame,
then these images depict a nucleon moving toward the
observer. Plainly, the distribution is not rotationally sym-
metric around the proton direction of motion; instead, the
positive charge density is distorted in the þŷ direction.
Reflection symmetry through the ŷ axis is preserved.
Although the effects for proton and neutron are similar,
owing to its positive/negative character, the neutron’s
positive-charge density drift into the þŷ direction through-
out the transverse plane is, perhaps, most noticeable.

V. SUMMARY AND PERSPECTIVE

Using input from 3-body and qðqqÞ Faddeev equation
results for nucleon elastic electromagnetic form factors,
we computed an array of light-front transverse densities for
the proton and neutron and their dressed valence-quark

constituents, i.e., flavor separations of the proton and
neutron results. In completing such calculations, it was
crucial that both frameworks are Poincaré-covariant and
deliver form factor predictions that extend to very large
values of spacelike Q2. All results are collected and
discussed in Sec. IV.
The key point is that the two complementary pictures of

nucleon structure deliver predictions in qualitative and
near-quantitative agreement, and that these predictions
match expectations based on modern parametrizations of
available data, where such are available. Underlying this
success is the expression of emergent hadron mass (EHM)
in the quarkþ quark interaction that drives both the 3-body
and qðqqÞ results.
Looking to the future, one may anticipate a time at which

lattice-QCD results reach a level of reliability that will allow
quantitative comparisons with the full array of our predic-
tions to be made. Given the common Schwinger function
foundation of both continuum and lattice approaches, agree-
ment would lend additional support to the EHM paradigm
that underlies the continuum predictions.
On another track, the results presented herein could be

extended to nucleon-to-resonance transition transverse
densities. Such analyses are underway within the qðqqÞ
framework. They will become possible in the 3-body
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negligible. (Density distributions plotted in units of fm−2).
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approach once the Poincaré invariant transition form factors
have been calculated, an effort which is in train.
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