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Pion and kaon structural properties provide insights into the emergence of mass within the Standard 
Model and attendant modulations by the Higgs boson. Novel expressions of these effects, in impact 
parameter space and in mass and pressure profiles, are exposed via π and K generalised parton 
distributions, built using the overlap representation from light-front wave functions constrained by one-
dimensional valence distribution functions that describe available data. Notably, e.g. K pressure profiles 
are spatially more compact than π profiles and both achieve near-core pressures of similar magnitude to 
that found in neutron stars.

 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

High priority is being given to experiments that can yield 
data interpretable in terms of generalised parton distributions 
(GPDs) [1–3] or transverse momentum dependent parton distribu-
tions [3–6] and thereby used to draw three-dimensional images of 
hadrons. It is thus crucial to develop methods that enable calcu-
lation of these distributions and their reliable connection to quan-
tum chromodynamics (QCD). Focusing on GPDs, which can yield 
information about the spatial distributions of mass, momentum, 
spin, etc. within hadrons, much theoretical work and phenomenol-
ogy has focused on the proton [7–9]. Less has been devoted to 
mesons [9,10].

A wide-ranging elucidation of π and K structural measures is 
important for many reasons. Most significantly because the inter-
nal structure of pions and kaons is far more complex than often 
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imagined and their properties provide the clearest windows onto 

the phenomenon of emergent hadron mass (EHM) and its modu-

lation by Higgs-boson interactions [11–15]. Theory efforts in this 

area are especially meaningful today because new experimental 

facilities promise to deliver high precision data on kinematic do-

mains that have never before been explored or have remained 

untouched for more than thirty years [16–20].

Regarding pion GPDs, notable analyses exist, using continuum 

and lattice methods, e.g. Refs. [21–30]. For the kaon, on the other 

hand, foundations are just being laid, e.g. Refs. [31–33]. Thus, 

herein, beginning with one-dimensional valence distribution func-

tions (DFs) that describe existing data [34,35], we develop π and 

K light-front wave functions (LFWFs) and, subsequently, associated 

GPDs via the overlap representation. These GPDs enable the cal-

culation of numerous π and K observables, comparisons between 

which highlight the impact of Higgs-boson couplings into QCD on 

the properties of pseudoscalar mesons, whose basic character is 

fixed by EHM.
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2. Meson light-front wave functions

The leading-twist LFWF for the u quark in a P = uh̄ pseu-
doscalar meson may be written:

ψu
P (x,k2⊥; ζ ) = trCDZ2

∫

dk3dk4

π
δ(n · k − xn · PP)

× γ5γ · nχP(k − PP/2, PP; ζ ) , (1)

where k = (k1, k2, k3, k4), x is the light-front fraction of the 
meson’s total momentum, PP , carried by the u quark and k⊥ =

(k1, k2) is the quark’s momentum in the light-front transverse 
plane; the trace is over colour and spinor indices; Z2 is the quark 
wave function renormalisation constant; n is a light-like four-
vector, n2 = 0, n · PP = −mP in the meson rest frame, with mP

the meson’s mass; χP is the meson’s Poincaré-covariant Bethe-
Salpeter wave function; and ζ is the renormalisation scale. The 
LFWF is invariant under light-front-longitudinal Lorentz boosts; so 
when solving bound-state scattering problems using a light-front 
formulation, compressed or contracted objects are not encountered 
[36], e.g. the cross-section for the meson+proton Drell-Yan process 
is the same whether the proton is at rest or moving.

Following Ref. [37], Eq. (1) defines the LFWF via light-front 
projection of the meson’s Poincaré-covariant Bethe-Salpeter wave 
function. This scheme is also efficacious for QCD [38]. It yields a 
LFWF expressed in a quasiparticle basis defined by the choice of 
renormalisation scale. At the hadron scale, ζ = ζH , the quark+an-
tiquark quasiparticle pair express all properties of P [39]; for in-
stance, they carry all the meson’s light-front momentum. This is a 
feature of continuum formulations of the meson bound-state prob-
lem, e.g. Refs. [40–43]. With a LFWF in hand, one has access to an 
array of key hadron structure measures, like form factors, distribu-
tion amplitudes (DAs) and DFs.

Practicable, realistic kernels for those equations relevant to 
the continuum meson bound-state problem are being developed 
[44–47], with results available for spectra, DAs, DFs, and form 
factors [34,35,48–55]. Pointwise reliable projection of computed 
Bethe-Salpeter wave functions onto the light-front requires use of 
perturbation theory integral representations (PTIRs) [56] for the 
Schwinger functions involved. Their construction is time consum-
ing and case specific. Herein, therefore, we follow a different and, 
for the present, more insightful path.

Capitalising on analyses using continuum and lattice methods, 
which have delivered coherent predictions for meson DAs and DFs 
[15], we work backwards to build LFWFs that reproduce such mu-
tually consistent results for the pion and kaon. To that end, recall 
that the leading-twist meson DAs are related to the LFWF as fol-
lows [57]:

fPϕu
P(x, ζH ) =

∫

dk2⊥
16π3

ψu
P

(

x,k2⊥; ζH

)

, (2)

where fP is the meson’s leptonic decay constant. Written in this 
form, the DA is unit normalised. The DA associated with the h̄
quasiparticle is ϕh̄

P(x; ζH ) = ϕu
P(1 − x; ζH ). Notice further that the 

valence quark DFs may also be defined via the LFWFs [34,35,57]:

uP(x; ζH ) =

∫

d2k⊥

16π3

∣

∣

∣
ψu

P

(

x,k2⊥; ζH

)
∣

∣

∣

2
, (3)

with h
P
(x; ζH ) = uP(1 − x; ζH ). Eqs. (2), (3) can be used effectively 

to constrain Ansätze for π and K LFWFs.

3. Spectral representation of light-front wave functions

Exploiting the analysis in Ref. [32], which used PTIRs to explore 
the character of parton quasidistributions for mesons, we write the 
LFWF in the following form:

Table 1

Used in Eqs. (1) – (6), one reproduces the pion and kaon DAs described in Refs. [34,
35] and empirical values for the meson decay constants [58]: fπ = 0.092 GeV, fK =

0.11 GeV. (Mass dimensioned quantities in GeV.)

P mP Mu Mh 	P bP
0 ωP

0 vP

π 0.14 0.31 Mu Mu 0.275 1.23 0
K 0.49 0.31 1.2Mu 3Ms 0.1 0.625 0.41

ψu
P (x,k2⊥; ζH ) = 12

[

Mu(1− x) + Mh̄x
]

XP(x;σ 2
⊥) , (4)

where: Mu,h̄ are dressed-quark/-antiquark mass-scales, which 
should be chosen commensurate with the infrared values of the 
relevant running masses [15, Fig. 2.5]; σ⊥ = k2⊥ + �2

P ,

�2
P = vM2

u + (1− v)	2
P + (M2

h − M2
u)

(

x− 1
2 [1− w][1 − v]

)

+ (x[x − 1] + 1
4 [1− v][1− w2])m2

P ; (5a)

XP(x;σ 2
⊥) =

⎡

⎢

⎢

⎣

1−2x
∫

−1

dw

1
∫

1+ 2x
w−1

dv

+

1
∫

1−2x

dw

1
∫

w−1+2x
w+1

dv

⎤

⎥

⎥

⎦

ρP(w)

nP

	2
P

σ 2
⊥

; (5b)

	P is a mass-dimension parameter; and nP is the canonical nor-
malisation constant for the Bethe-Salpeter wave function [56].

The keystone in the bridge from Eq. (4) to a realistic LFWF is 
the spectral weight, ρH (w). It was shown in Ref. [32] that when 
this is chosen judiciously, then results can be obtained for numer-

ous hadron structure measures that are pointwise equivalent to 
the most advanced predictions currently available. For pions and 
kaons, an optimal parametrisation is [32]:

ρP(ω) =
1+ ω vP

2aPb
P
0

[

sech2

(

ω − ωP
0

2bP
0

)

+ sech2

(

ω + ωP
0

2bP
0

)]

,

(6)

where bP
0 , ω

P
0 control the density’s profile, vP introduces skewing 

driven by differences in the current-masses of a meson’s valence-
quark/-antiquark constituents, and aP is a derived constant that 
fixes unit normalisation of the density. This is a compact, yet flexi-
ble form; and using the parameters in Table 1, one reproduces the 
π and K DAs described in Refs. [34,35].

4. Factorised Ansätze for light-front wave functions

A simpler approach to the representation of π and K LFWFs is 
to employ a factorised (separable) Ansatz:

ψu
P

(

x,k2⊥; ζH

)

= ϕ̃u
P(x; ζH )ψ̃u

P

(

k2⊥; ζH

)

, (7)

where ϕ̃u
P(x; ζH ) = ϕu

P(x; ζH )/nϕ̃u
P
, n2

ϕ̃u
P

=
∫ 1
0 dx [ϕu

P(x; ζH )]2 , and 

the optimal choice for ψ̃u
P

(

k2⊥; ζH
)

is influenced by the application. 
This exploits analyses in Ref. [32], further expounded in Ref. [15], 
which reveal that when the LFWF has fairly uniform support, Eq. 
(7) supplies an approximation, for use in calculating meson struc-
ture measures, whose accuracy exceeds the precision of foresee-
able experiments.

Using Eq. (3), Eq. (7) entails

uP(x; ζH ) = [ϕ̃u
P(x; ζH )]2. (8)

2
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Table 2

When these powers and coefficients are used in Eq. (9), one obtains representations 
of π and K DFs that are in accord with all available data [34,35].

P nP ρP γP αP βP

π 375.3 −2.51 2.03 1.0 1.0
K 299.2 5.00 −5.97 0.064 0.048

Hence, the x-dependence of the factorised LFWFs is completely de-
termined by sound forms for the π and K DFs at the hadron-scale. 
Such are determined in Refs. [34,35]:

uP(x; ζH ) = nPx
2(1− x)2

×
[

1+ ρPx
αP
2 (1− x)

βP
2 + γPx

αP(1− x)βP

]2
, (9)

completed by the entries in Table 2. Only the k2⊥-dependence re-
mains to be determined. As shown next, that can be done by using 
one or two extra pieces of empirical information.

5. Overlap generalised parton distribution

Working with the LFWFs just described, one can extend the 
analysis of one-dimensional measures of π and K structure in 
Refs. [34,35] and develop three-dimensional images by employing 
the following overlap representation of GPDs [1,2]:

Hu
P(x, ξ, t; ζH )

=

∫

d2k⊥

16π3
ψu∗

P

(

x−,k2⊥−; ζH

)

ψu
P

(

x+,k2⊥+; ζH

)

, (10)

where: P = (p′ + p)/2, with p′ , p being the final, initial meson 
momenta in the defining scattering process; � = p′ − p, P · � = 0, 
t = −�2; the “skewness” ξ = [−n · �]/[2n · P ], |ξ | ≤ 1; and x∓ =

(x ∓ ξ)/(1 ∓ ξ), k⊥∓ = k⊥ ± (�⊥/2)(1 − x)/(1 ∓ ξ). Symmetries of 
Nature guarantee Hu

P(x, ξ, t) = Hu
P(x, −ξ, t); hence, in the follow-

ing, we only consider ξ ≥ 0.
Eq. (10) defines the GPD on |x| ≥ ξ , referred to as the DGLAP 

domain because scale evolution thereupon is implemented via the 
equations described in Refs. [59–62]. Additionally, given that the 
quark GPD is only nonzero on x ≥ −ξ , with the antiquark GPD 
nonzero on x ≤ ξ , Eq. (3) is seen to follow as the GPD’s forward 
(�2 = 0) limit. This is a general result.

A complete definition of the GPD requires extension of Eq. (10)
onto |x| ≤ ξ , whereupon the initial and final state LFWFs differ by 
two in their parton content. This is known as the ERBL domain be-
cause scale evolution is implemented via the equations described 
in Refs. [63–65]. In attempting such an extension, many challenges 
are encountered, but progress is being made [66,67].

6. Potential for insights from factorised wave functions

Inserting Eq. (7) into Eq. (10) and using Eq. (8), one obtains

Hu
P(x,ξ,−�2

⊥; ζH )

= �(x−)

√

uP
(

x−; ζH
)

uP
(

x+; ζH
)

�u
P

(

z; ζH
)

, (11a)

�u
P(z;ζH ) =

∫

d2k⊥

16π3
ψ̃u

P

(

k2⊥; ζH

)

ψ̃u
P

(

(k⊥ − s⊥)2 ; ζH

)

, (11b)

where � is the Heaviside function, z = s2⊥ = �2
⊥(1 − x)2/(1 − ξ2)2 , 

and canonical normalisation guarantees �u
P(0; ζH ) = 1.

One of the many implicit GPD features is the fact that a given 
quark’s contribution to the target meson’s elastic electromagnetic 
form factor is obtained by calculating a zeroth moment:

F u
P(�2) =

1
∫

−1

dx Hu
P(x,0,−�2; ζH ) . (12)

Differentiating the GPD specified by Eqs. (11), one obtains

∂n

∂nz
�u

P(z; ζH )
∣

∣

z=0
=

1

〈x2n〉
ζH

h̄

dn F u
P(�2)

d(�2)n

∣

∣

∣

∣

∣

�2=0

, (13a)

〈x2n〉
ζH

h̄
= 〈(1 − x)2n〉

ζH
u =

1
∫

0

dx(1− x)2nuP(x; ζH ) . (13b)

Plainly, when using a factorised Ansatz for the LFWF, the k2⊥-
overlap portion of the u-in-P GPD is completely determined by 
the u-quark’s DF and its contribution to the elastic form factor.

Now consider the meson’s complete elastic form factor:

FP(�2) = eu F
u
P(�2) + eh̄ F

h
P(�2) , (14)

with eu , eh̄ the valence-constituent electric charges in units of 
the positron charge. The meson’s charge radius is defined via 
r2P = − [6/FP(0)]dFP(�2)/d�2

∣

∣

�2=0
. Hence, using Eqs. (13):

∂

∂z
�u

P(z; ζH )

∣

∣

∣

∣

z=0

= −
r2P

4x 2
P (ζH )

, (15a)

∂

∂z
�h̄

P(z; ζH )

∣

∣

∣

∣

z=0

= (1− dP)
∂

∂z
�u

P(z; ζH )

∣

∣

∣

∣

z=0

, (15b)

where

x 2
P (ζH ) = 〈x2〉

ζH

h̄
+ 1

2 (1− dP)〈x2〉
ζH
u , (16)

and dP ∝ (Mh̄ − Mu) is introduced to express the impact of any 
mass-difference between the valence constituents on the meson’s 
charge distribution. dπ = 0 in the limit of isospin symmetry; and 
for the kaon, Mh̄ > Mu and dK > 0 because the s̄-quark contribu-
tion to FK is harder than that of the u-quark [52,68].

Additional insights may be gained by using a Gaussian to de-
scribe the k2⊥-dependence of the LFWF in Eq. (7). Then Eqs. (15)
completely constrain the pointwise behaviour:

ψu
P

(

x,k2⊥; ζH

)

=

(

16π2r2P

x 2
P (ζH )

uP(x; ζH )

)1/2

exp

(

−
r2Pk

2
⊥

2x 2
P (ζH )

)

;

(17)

and the DGLAP-domain GPD is

Hu
P(x, ξ,−�2; ζH ) = �(x− ξ)

√

uP
(

x−; ζH
)

uP
(

x+; ζH
)

× exp

(

−
�2 r2P(1− x)2

4x 2
P (ζH )(1 − ξ2)

)

. (18)

The properties of meson bound-states under charge conjugation 
entail that the h̄-in-P GPD is obtained by replacing �(x − ξ) →
−�(−x − ξ), uP → s̄P , r2P → r2P(1 − dH ) and x → |x| in Eq. (18).

Exploiting these features, one can compute the charged-kaon 
form factor using Eq. (14) with the PTIR kaon LFWF specified 
in Sec. 3. The charge-radius calculated from that form factor is 
r2K = (0.56 fm)2 . (Experiment [58]: (0.560(31) fm)2 .) The fac-
torised Ansatz reproduces this computed radius with dK = 0.07 in 
Eqs. (15), (17).

The PTIR pion LFWF defined by Eqs. (4) – (6) and Table 1
is depicted in Fig. 1A. It is compared with the factorised LFWF, 
Eq. (18), in Fig. 1B. Plainly, for practical purposes, the factorised 

3
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Fig. 1. Upper panel – A. Pion PTIR LFWF defined by Eqs. (4) – (6) and Table 1, us-
ing which rπ ≈ 0.69 fm. (Experiment [58]: 0.659(4) fm.) Lower panel – B. LFWF in 
Panel A (solid curves) compared with the factorised Ansatz, Eq. (17) (dashed curves), 
drawn as a function of x on slices of constant k2⊥r2π .

Fig. 2. Upper panel – A. u-in-π GPD, drawn as a function of x on slices of constant 
�2r2π : solid curves – obtained using PTIR LFWF, Eqs. (4) – (6) and Table 1; and 
dashed curves – results using factorised LFWF, Eq. (18). Lower panel – B. Analogous 
curves for u-in-K GPD. (Shading highlights the curves that should be compared.) 
The factorised K LFWF is obtained with dK = 0.07 in Eqs. (15), (17).

Fig. 3. Upper panel – A. Fπ (�2) obtained using the GPDs compared in Fig. 2: PTIR – 
solid blue curve; and factorised LFWF – short-dashed magenta. Data from Ref. [69]. 
Lower panel – B. �2 FK (�2) obtained using PTIR K GPD, including a comparison 
with the prediction in Ref. [52] – dotted magenta curve. (Flavour-separated form 
factor contributions normalised to unity at �2 = 0.)

Ansatz provides a pointwise satisfactory approximation; hence, can 
yield sound insights.

The comparisons are extended to the associated π and K GPDs 
in Fig. 2. Fig. 2A reveals that the factorised Ansatz supplies a good 
approximation for the π on the entire depicted domain of �2 , 
although the pointwise accuracy degrades slowly with increasing 
�2 . Turning to the K , examination of Eqs. (4), (5b), as in Ref. [32], 
reveals that pointwise discrepancies between a LFWF and a well-
developed factorised approximation can grow with m2

P , M
2
h̄

− M2
u . 

Hence, regarding Fig. 2B, the pointwise agreement between the 
PTIR GPD and that produced by the factorised LFWF, Eq. (17), does 
not match that for the pion. Nevertheless, the semiquantitative ac-
cord indicates that even the simple factorised Ansatz can yield a 
fair picture.

It is worth stressing two qualitative aspects of the hadron-scale 
π and K GPDs in Fig. 2. Recalling that Hu

P(x, 0, 0; ζH ) = uP(x; ζH ), 
one is reminded that the maximum of Hu

π (x, 0, 0; ζH ) lies at 
x = 1/2 and that of Hu

K (x, 0, 0; ζH ) at x = 0.4 [34]. This 20% shift 
is typical for Higgs-boson modulation of EHM. The peak position 
changes as the momentum transfer to the target increases: for 
both the π and K , as �2 grows, the GPD’s support shifts to-
ward x = 1, becoming ever more localised in the neighbourhood 
of its peak value; hence, focused more tightly within the valence 
domain. This latter remark emphasises that it is valence partons 
which are revealed by hard probes.

Pion and kaon elastic electromagnetic form factors, computed 
using Eq. (12) and its analogue for the K+ , are drawn in Fig. 3. 
Regarding Fig. 3A, it is clear that the PTIR and factorised-Ansatz
GPDs are practically indistinguishable for the π and both agree 
with existing data [69]. (N.B. These data were not used to con-
strain the PTIR LFWFs, which are completely fixed by the meson 
DAs determined in Refs. [34,35].) Fig. 3B depicts �2FK+ (�2) and 
its flavour separation as computed using the PTIR GPD. This simple 
PTIR GPD delivers agreement with the charged-kaon form factor 
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obtained in Ref. [52], which employed a far more elaborate and 
computationally intensive approach. Similarly, there is agreement 
between our results for the independent contributions from the u-
and s̄-quarks and those predicted in Ref. [52], e.g. at �2 = 4 GeV2 , 
F s̄
K+/F u

K+ = 1.5. As �2 → ∞, this ratio approaches unity.

7. GPDs in impact parameter space

Arranging kinematics such that �2 > 0, � · PP = 0, ξ = 0, and 
calculating a two-dimensional Fourier transform of the GPD with 
respect to the remaining two degrees-of-freedom, one obtains an 
impact parameter space GPD:

uP(x,b2⊥; ζH ) =

∞
∫

0

d�

2π
� J0(b⊥�) Hu

P(x,0,−�2; ζH ) , (19)

where J0 is a cylindrical Bessel function. This density describes the 
probability of finding a parton within the light-front at a transverse 
position b⊥ from the meson’s centre of transverse momentum.

Introducing the general form of the factorised-Ansatz GPD, 
Eq. (11), into Eq. (19), one obtains

uP(x,b2⊥; ζH ) =
uP(x; ζH )

(1− x)2

∞
∫

0

sds

2π
�P(s2; ζH ) J0

(

b⊥s

1− x

)

. (20)

Thus the light-front longitudinal distribution of the mean-square 
light-front transverse extent of u-in-P:

〈b2⊥(x; ζH )〉P
u = r2P

(1− x)2uP(x; ζH )

x 2
P (ζH )

. (21)

Eq. (21) makes an array of physical properties explicit, e.g. us-
ing Eq. (9) and Table 2, one finds that 〈b2⊥(x; ζH )〉 is broadest 
on the neighbourhood x ≃ 0.23 and becomes progressively nar-
rower as x → 1. Under QCD evolution [59–62] to ζ > ζH , the 
peak in 〈b2⊥(x; ζ )〉 moves to x = 0 and increases in height, becom-
ing unbounded, whilst support is simultaneously stripped from the 
valence-quark domain [70]. The h̄ result is obtained by making the 

replacement uP(x; ζH ) → (1 − dP)h̄(x; ζH ).

The mean-square light-front transverse extent is obtained by 
integrating Eq. (21) over x, which yields:

〈b2⊥(ζH )〉πu =
2

3
r2π = 〈b2⊥(ζH )〉π

d̄
, (22a)

〈b2⊥(ζH )〉Ku = 0.71r2K , 〈b2⊥(ζH )〉Ks̄ = 0.58r2K . (22b)

Plainly, in a uh̄ meson, there is a separation of baryon number, 
with the heavier h̄-quark lying, on average, closer to the centre of 
transverse momentum.

Using the Gaussian Ansatz defined by Eq. (18), one obtains

uP(x,b2⊥; ζH ) =
x 2

P (ζH )

πr2P

uP(x; ζH )

(1− x)2
exp

(

−
x 2

P (ζH )

(1 − x)2

b2⊥

r2P

)

. (23)

The h̄-in-P GPD, which has nonzero support on x ∈ (−1, 0), is ob-

tained by making the following replacements in Eq. (23): uP → h̄P , 
x → |x| and r2P → r2P(1 − dP). The associated pion and kaon impact 
parameter space GPDs are drawn in Fig. 4.

The contour plots in Fig. 4 reveal some interesting features of 
the three-dimensional distributions of valence constituents within 
pseudoscalar mesons. (a) All distributions are diffuse at small |x|, 
indicating little probability for finding valence constituents on this 
domain at ζ = ζH . (b) As |x| increases, each probability density ac-
quires a clear maximum at some value of |b⊥|. The height of the 

Fig. 4. Upper panel – A. Pion impact parameter space distributions for d̄- (left) and 
u-quarks (right), expressing the x-dependent probability density associated with 
locating these objects at a distance |b⊥| from the pion’s centre of transverse mo-
mentum. Lower panel – B. Similar profiles for s̄ and u-quarks in the K+ . Curves 
calculated using Eq. (23) and its analogues (factorised Ansätze).

peak increases with |x| whilst its width diminishes. (c) Each distri-
bution has a global maximum; and at the hadron scale, ζH , their 
locations and magnitudes (iM quoted from Fig. 4) are as follows: π
– (|x|, b⊥/rπ ) = (0.88, 0.13), iπ = 3.29; and kaon – (x, b⊥/rK )s̄ =

(−0.87, 0.13), i s̄K = 3.61 and (x, b⊥/rK )u = (0.84, 0.17), i uK = 2.38. 
Plainly, within a bound-state seeded by valence constituents with 
different masses, the heavier object plays a greater role in defin-
ing the bound-state’s centre of transverse momentum; hence, lies 
closer to this point. For the K , the relative shift is modest – just 
3%, whereas the disparity in magnitudes is 20%, matching M s̄/Mu , 
which is the typical size for Higgs-modulation of EHM in this sys-
tem. It is also worth noting that the pion peak is 10% higher than 
the average of the u-in-K and s̄-in-K heights. Under QCD evolu-
tion, the widths of all peaks broaden as their location drifts toward 
x = 0.

Qualitatively and semiquantitatively equivalent impact parame-
ter space GPDs are obtained using the PTIR LFWFs in Sec. 3 [70].

8. Sketching pion and kaon pressure profiles

Consider the first Mellin moment of P = π , K GPDs:

1
∫

−1

dx x H
q
P(x, ξ,−�2) = θ

Pq

2 (�2) − ξ2θ
Pq

1 (�2) , (24)

5
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Pq = πu , Ku , K s̄ , where θ1,2 are gravitational form factors: θ1 is 
the pressure distribution and θ2 the mass distribution.

θ2 is readily computed using the information above, i.e. the 
GPDs defined on the DGLAP domain. θ1 , on the other hand, sam-

ples the ERBL region; so, a GPD completion is required. That may 
be achieved as follows. (i) Beginning with algebraic PTIRs em-

ployed to develop a picture of the pion’s GPD [24], use the Radon 
transform approach described in Refs. [66,67] to complete its ex-
tension into the ERBL region, |x| ≤ ξ . This approach guarantees that 
GPD polynomiality and other physical constraints are preserved; 
and the simple, yet realistic inputs from Ref. [24] mean that an al-
gebraic solution of the inverse Radon transform problem is achiev-
able. (ii) The t-dependence of the GPD extension obtained thereby 
is weighted by the dressed-mass of the active valence-parton so-
lution, e.g. 4M2

u for the u-in-π case. Employing a straightforward 
generalisation, u-in-K involves 4M2

u and s̄-in-K , 4M2
s . Since these 

replacements have the status of Ansätze, we subsequently consider 
M → M(1 ± 0.1) in order to estimate a model uncertainty. (iii) Fi-
nally, capitalising on explicit calculations and associated insights 
developed using a symmetry-preserving regularisation of a contact 
interaction (SCI) [29], one is led to write

θ
Pq

1 (�2) = c
Pq

1 θ
Pq

2 (�2)

+

1
∫

−1

dx x
[

H
q
P(x,1,0)PMq (�

2) − H
q
P(x,1,−�2)

]

, (25)

where cπu
1 = 1, c

Ku,s̄

1 = (1 ±s̄
u 0.08) expresses slight breaking of the 

soft-pion constraint [71] in the kaon channel, as computed follow-
ing Ref. [29], and PM(�2) = 1/(1 + y ln(1 + y)), y = �2/[4M2], 
where the ln(1 + y) factor is included to express the form factor 
scaling violation that is characteristic of quantum field theories in 
four dimensions. (Details are provided elsewhere [70].)

Working with Eq. (18), derived using the factorised Ansatz for 
the π and K LFWFs, one obtains the following expressions for 
the mesons’ mass radii, obtained from θ2 in the same way as the 
charge radius, rP , is drawn from FP(�2):

r
θ2
Pu

=
3r2P
2x 2

P

〈x2(1− x)〉Ph̄
, (26a)

r
θ2
Ph̄

=
3r2P
2x 2

P

(1− dP)〈x2(1− x)〉Pu , (26b)

with x 2
P in Eq. (16). Now using Eq. (9) and Table 2, one obtains

r
θ2
π /rπ r

θ2
K /rK r

θ2
Ku

/r̄K r
θ2
K s̄

/r̄K

0.81 0.78 0.84 0.72
, (27)

where r̄2K = r2K /2. The SCI yields [29]: rθ2π /rπ = 0.89. Analogous ra-
tios computed from the θ1 (pressure) form factors are:

r
θ1
π /rπ r

θ1
K /rK r

θ1
Ku

/r̄K r
θ1
K s̄

/r̄K

1.18(6) 1.19(6) 1.25(7) 1.13(5)
. (28)

The SCI produces [29]: rθ1π /rπ = 1.88(13). Evidently, in all cases 
treated thus far, the SCI ordering of radii ratios is consistent with 
our results. Moreover, this ordering matches that inferred from 
measurements of γ ∗γ → π0π0 [26]. Importantly, the separation 
of baryon number revealed in connection with Eq. (22) and Fig. 4
is also expressed in these gravitational radii.

With results for the θ1 gravitational form factors in hand, one 
can compute Breit frame pressure profiles for each associated sys-
tem [72,73]. Using u-in-K as an example,

Fig. 5. Upper panel – A. Pion pressure profile. Lower panel – B. Shear pressure profile.
Legend. Green curve and band: results computed herein, employing obvious ana-
logues of Eqs. (29) and Eq. (25) with the terms in the second line evaluated using 
M = Mu(1 ± 0.1). Gold band: range of SCI results [29].

pu
K (r) =

1

6π2r

∞
∫

0

d�
�

2E(�)
sin(�r)[�2θ

Ku
1 (�2)] , (29a)

suK (r) =
3

8π2

∞
∫

0

d�
�2

2E(�)
j2(�r) [�2θ

Ku
1 (�2)] , (29b)

where 2E(�) =
√

4m2
K + �2 and j2(z) is a spherical Bessel func-

tion. The total pressure sums the contributions from the two 
valence-parton flavours, e.g. pK = pu

K + p s̄
K . Here, p(r) is the pres-

sure and s(r) is the shear force. (Two-dimensional Fourier trans-
forms are sometimes preferred [74], as in Eq. (19), but the result-
ing profiles and magnitudes are similar.)

The pion pressure profiles are depicted in Fig. 5. The qualita-
tive features suggest an intuitive physical interpretation. Regarding 
Fig. 5A, the pressure is positive and large in the neighbourhood 
r ≃ 0 – the pion’s dressed-valence constituents are pushing away 
from each other at small separation; but the pressure switches sign 
as the separation becomes large, indicating a transition to the do-
main whereupon confinement forces exert their influence on the 
pair.

The shear pressure, drawn in Fig. 5B, is a measure of the 
strength of forces within the meson which work to deform it. Ev-
idently, as noted elsewhere [29], these forces are maximal in the 
neighbourhood upon which the pressure changes sign, whereat the 
forces driving the quark and antiquark apart are overwhelmed by 
attractive confinement pressure. These perspectives lead one to de-
fine a pressure-based confinement radius as the location of the 
zero in r2pπ (r): rπc = 0.45(3) fm, a result consistent with the SCI 
value [15].

Profiles analogous to Fig. 5A can be drawn for neutron stars. 
They indicate r ≃ 0 pressures therein of roughly 0.1 GeV/fm [75]; 
so, consistent with Ref. [29], we find that the core pressures in π
mesons and neutron stars are on the same scale.

The calculated kaon pressures are drawn in Fig. 6. They are 
qualitatively identical to those characterising the pion. Quantita-
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Fig. 6. Upper panel – A. Pressure profiles in the kaon, Eq. (29a). Lower panel – B. 
Shear pressure profiles, Eq. (29b). Legend. Solid magenta curve and band: total K
results obtained herein using Eq. (25) with Mu = Mu(1 ± 0.1), M s̄ = M s̄(1 ± 0.1). 
Individual u-in-K (dot-dashed blue) and s̄-in-K (dashed red) are also displayed. 
Green dotted curve and band reproduce Fig. 5 pion profiles.

tively, measured by the pressure radius, the K is roughly 15% 
smaller than the π , matching the result inferred from charge 
radii; and the K core pressure is 20% larger. Being bound states, 
∫ ∞

0 dr r2pπ ,K (r) = 0; but, as visually suggested by Fig. 6B:

∞
∫

0

dr r2sK (r) = 1.19(1)

∞
∫

0

dr r2sπ (r) . (30)

The individual u- and s̄-quark contributions to the K pressures 
are also depicted in Fig. 6. Consistent with expectations based on 
Figs. 3, 4 and Eqs. (22), (27), (28), our analysis predicts that the 
kaon’s s̄-quark contributes a greater fraction of the total K pressure 
than its partner u-quark, its peak/trough intensities are greater, 
and the associated distributions are localised nearer to r = 0. These 
observations and the presence of strong scalar and axial-vector di-
quark correlations in the proton [76] suggest that one may expect 
similar effects in the flavour separation of the proton’s pressure 
profiles, with up acting like s̄K and dp like uK . There are hints of 
this in Ref. [77, Fig. 8].

9. Summary and perspective

Beginning with pion and kaon valence distribution functions 
that explain available data, we developed algebraic factorised An-
sätze for the associated light-front wave functions (LFWFs) and, 
therefrom, π and K generalised parton distributions (GPDs) on the 
DGLAP domain. The GPDs were validated by comparing the derived 
meson elastic electromagnetic form factors, Fπ ,K , with modern 
data. Subsequently calculating the impact parameter space GPDs, 
a separation of baryon number was found within the kaon, with 
the s̄ quark being localised closer to the kaon’s centre of trans-
verse momentum than the u quark.

An extension of the GPDs onto the ERBL domain was accom-
plished using a Radon transform approach applicable to algebraic 
LFWFs, enabling calculation of the π and K gravitational form fac-
tors, θ1,2 . In each channel P = π , K , as a function of �2 > 0, θP

2 is 
harder/flatter than FP; in turn, FP is harder than θP

1 . Furthermore, 
each K form factor is harder than its π analogue; and s̄-in-K form 
factors are harder than kindred u-in-K functions.

Working with Breit-frame pressure and shear force profiles de-
fined in terms of θP

1 , we found that K profiles are more compact 
than π profiles and both achieve near-core pressures of similar 
magnitude to that found in neutron stars; the total shear pressure 
in the K exceeds that in the π ; and s̄ profiles within the kaon are 
more compact than the partner u profiles. The size of all such dif-
ferences is typical of Higgs-boson induced modulations of the basic 
emergent hadron mass scale.

Natural extensions of this study include the use of unfactorised, 
perturbation theory integral representations of the LFWFs in the 
calculation of all quantities considered herein – an effort which is 
progressing well; a direct extension of the derived DGLAP GPDs 
onto the ERBL domain using a numerical approach to the Radon 
transform problem – a project that is underway; and development 
of analogous paths to the construction of realistic nucleon GPDs, 
which is an open challenge.
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