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Abstract

This paper is devoted to the classification of analytic integrable cases of two families of
degenerate planar vector fields with a monodromic singular point at the origin. This study
falls in the still open degenerate center problem. This classification can be done using the
formal normal form theory and knowing a suitable normal form of any differential systems
associated to each family.
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1 Introduction
One of the most important problems in the study of a planar differential system
i=Px,y), §=Qvy)), (1.1)

where P and ) are analytic in a neighborhood at the origin and coprimes, is to determine
when it has a local analytic first integral defined in a neighborhood of a singular point. Other
open problem is to characterize when a monodromic singular point is a center. Of course, when
the linear part is of center type, i.e., with imaginary eigenvalues and when the linear part is
degenerate but not identically zero the characterization is well-known, [8, 18, 19, 21]. However,
when the linear part is identically zero, i.e. for a degenerate center the characterization is not
known and only some generic cases are solved, see for instance [2, 3, 4, 6, 7, 13, 15, 17] and
references therein.

One form to characterize the center problem for a nondegenerate singular point is through
the existence of an analytic first integral in a neighborhood of the origin, see [9, 16, 18, 21].
However, the existence of this analytic first integral is only a sufficient condition to have a
center for a nilpotent or a degenerate singular point, see [10, 11, 12]. Therefore there are
nilpotent and degenerate centers not characterized by the existence of a local analytic first
integral, see for instance [13, 15, 17, 20, 22, 24] and references therein.

For nilpotent singular points, the orbital normal form of the centers with analytic first
integral was obtained in [23]. The result is the following:

Theorem 1.1 Any nilpotent center has a local analytic first integral if, and only if, it is
analytically orbital equivalent to the Hamiltonian system

&=y, g=—z1. (1.2)

with k> 1.



Nowadays the integrability problem for non-monodromic nilpotent systems is not solved.
The problem of recognizing what degenerate singular points have an analytic first integral is
still open, although some partial result have been achieved recently. In [3] the analytic inte-
grability problem for a large family of degenerate planar system was studied. More specifically
it was studied the degenerate systems of the form

@ =y° +3uz’y +o(|lz,y*),  §y=-2"—3uzy’ +o(lz,y*), weR,  (L3)

and the following result was established:

Theorem 1.2 System (1.3) is analytically integrable if, and only if, it is formally equivalent
to & = 13> + 3uzy, §y = —x> — 3uxy’.
This result is equivalent to Theorem 1.1 but for degenerate systems of the form (1.3). The

result was obtained by means of the normal form theory.
In [4] it is investigated if similar results for the family of degenerate systems of the form

&=y + 2’y +---, y=—a° —3az’y’ + -, (1.4)
can be obtained where the dots means terms of higher order than the first component in the
quasi-homogeneous order (see definition below). However the results for systems (1.4) are
different to the ones obtained for family (1.3). In fact systems (1.4) with an analytic first
integral are not formally equivalent to their Hamiltonian leading part as the following result
shows and this is the first family in which this phenomenon is observed.

Theorem 1.3 System (1.4) is analytically integrable if, and only if, it is formally equivalent
to & = 1> 4+ 2ax3y — 2Boxty, ¥ = —2° — 3ax?y® +4Box>y?, where By depends on the parameters
of the first three quasi-homogeneous components.

This result shows that the analytic integrability problem is a difficult problem and requires
further studies to find the complete solution for any degenerate differential system. In [14]
such type of degenerate systems were called generalized nilpotent systems.

In this work and by means of the normal form theory we obtain necessary and sufficient
conditions for the analytic integrability of some families of degenerate planar vector fields.
More specifically for the family (3.7) and the family (4.13) (see these families along the work).
These families are considered because are the easiest cases of monodromic families where
we can apply the formal normal form and as a test bed for future studies in the analytic
integrability problem for degenerate singular points. The paper is organized as follows: in
section 2 we give some preliminary definitions and results, in sections 3 and 4 using the formal
normal forms theory, we compute the analytic integrability cases for these polynomial families
of the type (1.3) and (1.4), respectively.

In our analysis, we use some definitions and terminology, related to the quasi-homogeneous
expansions of planar vector fields. In the next section we summarize these results.

2 Preliminary definitions and results
A scalar function f is quasi-homogeneous of type t = (t1,t2) € N and degreee k if
fea,ey) = " f(x,y).

The vector space of quasi-homogeneous scalar function of type t and degree k is denoted by
Pt. A vector field F = (P,Q)7 is quasi-homogeneous of type t and degree k if P € T%C+t1
and Q € U’Z+t2. The vector space of quasi-homogeneous vector field of type t and degree k is
denoted by QF.

Given a vector field F, we can formally write it as a quasi-homogeneous expansion corre-
sponding to a fixed type t:

F(x) = F, (%) + Frpa(x) + -+,

where each term F, is a quasi-homogeneous vector field of type t and degree k.

Given a scalar function u, to obtain its quasi-homogeneous expansion p = >, pr, with
ur € P it is enough to collect the terms of its Taylor expansion whose exponents lie in
the straightline t1z + toy = k, for each k. The expansion in quasi-homogeneous terms of a



vector field F = (P, Q)T is obtained easily from the ones of the components P, Q. If we select
the type t = (1,1), we are using in fact the Taylor expansion, but in general, each term in
the above expansion involves monomials with different degrees. We give some definitions and
properties, see for instance [1, 2].

e We denote by X, the Hamiltonian vector field associated to Hamiltonian h, that is,

X, = (—g—z, %)T. It is easy to check that X, € Qf if, and only if, h € TZ%—IH’ (here

|t| := t1 + t2 denotes the modulus of t).
e The divergence of a vector field F = (P,Q)” is div(F) = 22 + %—(‘y?. For all F € O}, we
have div(F) € Pt.

e The wedge product of two vector fields F = (P,Q)T and G = (R,S)7 is the scalar
function F A G = PS — QR. If we take F € Qf and G € Qf then FAG ¢ Tz+l+lt|'

e The Lie bracket of two vector fields F and G is [F,G] = DFG — DGF. If F € Qf and
G € Qf then [F,G] € O} ;.

e We denote Dy = (tiz,t2y)T € QF. Observe that it is a radial vector field. For any
p € Pt we have Vp - Do = kp (Euler’s Theorem for quasi-homogeneous vector fields).

A key fact, which can be found in [2, 5], is the following. Any planar quasi-homogeneous vector
field can be decomposed uniquely as the sum of two quasi-homogeneous vector fields, one of
them having zero divergence (conservative part) and the other one with divergence equal to
the original vector field (dissipative part).

Lemma 2.4 Let us consider a quasi-homogeneous planar vector field Fy € Q. Then, there
exists a unique couple of quasi-homogeneous polynomials: h € TPZHW € Pt such that

1 1
F,=X D ith h=-—-"—DoAF = ———div(Fy).
k n 4+ pDo, we ERT 0 ks M P iv(Fy)

3 The integrability of a family of systems (1.3)

In this section we consider system (1.3) which we write of the form
; el ol 3 2
( x ) =F; + Z < Zi+j:k+1 az]xiyj ) , where ,Fa = ( Y 3+ 3px y2 ) € le’m. (3.5)
Y S\ Digjmni by —x” — 3uzy

In this case the homogenous principal part is of degree 2 respect to type t = (1, 1) given by Fy =
Xp, where h = —1DgAFy = —1 [2* + y* + 6pz’y®] = =1 [(y* + 3ua®)” + (1 — 9p?)z'] € P4
and Do = (z,y)7.

In [3] the following results are established.

Lemma 3.5 The origin of system (3.5) with p # —% is monodromic if, and only if, —% < [
Theorem 3.6 System (3.5) with p # +% is formally equivalent to:

l 3 2 oo
z _ Yy~ + 3ux’y [( (1) 2 51 @ 2 l)
( Y ) B ( —2® — 3uzy® )+lz; ayhsT yh + oy zzyh ) Do

(O‘Sl-zthl + ai§l4x2y2hl) Do + (0‘23-5mhl+1 + O‘i?l5yhl+1) Do

_l’_

+ (alikea®n T+l gayh ™ + g’k Do (3.6)

where ayll ; are the invariant values of the normal form which are polynomials on the param-

eters ai;; and by; and the first invariant values are

agl) = d21 — 3,ud03, Oéé2> = d12 — 3;Ld30,
(1 (3(605-F5C41)#<-5623)&é1)+43(850<F5C14)#-5632)aé2) + 5(cs0+c14)d3o+5(ca1+cos5)dos
@y = 3(Bn—1)(Bu+1) 3

+2(dao + doa),

(2) (1)
2 1 c50—5c14+15¢ @ —(co5+5cq1 —15¢ @
ol = —%uai ) 4 lesozens 325()3#3“)((335_1) L STOLS EATY 5 (casdos + dsocs2),




4a40+b31 3a31+2bas 2a22+43b1 a13+4boa 5a50+ba
d30 Shuzisl 53, d217375, dlz—i 53, dog— 35 5 d40— "3 1,
3a32+43bas a14+5bgs bz1—a
d22 32 237 dO 14 [)\)7 C50 b 0, Ca1 31 407
boo —as bis+a boa—ai:
I p— 22 31 , c — 213 22 R Clg = 04 13 , C j— a .

Remark: In the family of system (3.5) there exist centers without analytic first integral.
For instance, (z,9)” = (v*, —2*)T + 2%y h Dy, has a center at the origin because the origin is
monodromic and the vector field is reversible with respect to the involution o2 (z,y) = (z, —y).
From Theorems 3.6 and 1.2 this system has not analytic first integral.

Now we apply these previous results to a particular family of polynomial vector fields.
More specifically, we consider the system given by

T _ y3 n aszt + a3x3y + a2x2y2 + alxy3 + a0y4 (3.7)
g ) \ =2 bazt + b33y + baz?y? + brzy® + boy* ’ ’

System (3.7) has ¢ = 0 and from Lemma 3.5 we know that system (3.7) has a monodromic
singular point at the origin, that is, the singular point is a focus or a center. Therefore if
system (3.7) is analytically integrable then it has a center at the origin. We recall that not all
the nilpotent and degenerate centers have an analytic first integral at the origin, for instance
(&,9)7 = (y + 2%, —2)T is monodromic and invariant to the change (z,y,t) — (—x,y, —t),
therefore, it has a center at the origin but it is easy to prove that it is not analytically inte-
grable, see [10]. Hence, the center problem for the system (3.7) is still open.

For simplicity we divide the study of this family into two different cases which are studied
in Theorem 3.7 and Theorem 3.9, respectively.

Theorem 3.7 System (3.7) with (a1 +4bo)(4das +b3) = 0 is analytically integrable in a neigh-

borhood of the origin if, and only if, one of the following conditions is verified

a) ai + 4bo = 2a2 + 3b1 = 3as + 2b2 = 4as + b3 = 0. (Hamiltonian case).

b) a0 = a2 = a3z = as = b1 = by = b3 =0 and (a1 + 4bo) # 0. (Reversible with respect to the
involution o2(z,y) = (z, —y)).

C) ao = as = by = 3az +2bs = 4a4 +b3 = a4+ by = 2a1 —4bg + a3z = a4(260 —5(13)4—3@% =0,
and (a1 +4bo) (b2 —asz) # 0. (Reversible with respect to the involution oz(x,y) = (z, —y)).

d) a1 = a2 =as =bp = b1 = bz =bs =0, and 4as + bz # 0. (Reversible with respect to the
involution o1(x,y) = (—z,v)).

e) az = by = by = 2as+3by = a1 +4bo = ao + bo = 4as — 2bs — 5by = bo(2a4 — 5b1) + 3b; =0,
and (4as+b3) (b1 —az2) # 0. (Reversible with respect to the involution o1(x,y) = (—x,y)).

Proof. Using the conservative-dissipative decomposition, see Lemma 2.4, system (3.7) can be
written into the form

x y3 1
( g > = ( P ) T 5 Xes5 teantytesady? terayd teraytteoy®
+% (dgccg + d2x2y + dla:y2 + doy?’) Do, (3.8)
with
co = —ap, c¢1=Dbo—ai, c2 = by — ag, c3 = by — as, cqs = bz — au,

c5 = by, do = a1 + 4bo, di = 2az + 3b1, do :30/34—2[)27 ds = 4a4 + b3.

To achieve the integrability conditions we transform system (3.8) into its normal form (3.6)
computing its invariant values of the normal form oszl)+ ;- From Theorem 1.2 the vanishing of

these invariant values ai?_‘_ ; 1s a necessary and sufficient condition to have analytic integrability.
In practice we only compute some of them in order to obtain some necessary conditions. The
sufficiency will be given by the classical alternative methods, i.e., to detect that the system is
Hamiltonian or showing that it has an inverse integrating factor V(z,y) with V(0,0) # 0 or
applying the box-flow theorem after desingularizing the singular point.



The first integrability obstructions are aél) = dy, and aéZ) = dz. Imposing the vanishing
of these conditions, we obtain the following invariant values:

ds do

—C2 C3

ds do

PN C -
’ 4 7(64 + 560) c1 + des

o) = ’

The case (a1 + 4bo)(4as + b3) = 0 implies dods = 0. Therefore we divide the study in 3 cases:
(i) If do = d3 = 0, we obtain the Hamiltonian case described in a).

(ii) If do # 0 and ds = 0 then we have a!® = doca, and al") = do(ca + 5¢o). The vanishing of

these coefficients is equivalent to c2 = 0 and c4 = —5c¢p. In this case, the next invariant
values are:

Oéé1> = Co(do +c1+ 1065),

ozéQ) = 2c3(do + 6c1 + 5es) + 125¢5.

(ii.1) If ¢ = O then aél) = 0 and ag) = 0 is equivalent to either ¢ = 0 or do =
—6c1 — S¢s.
(ii.1.1) If co =c3 =0then di =dy =ds = c2 =co = c3 = ca =0, do # 0. System
(3.7) becomes

i _ y3 N d0754(:1 xy3
y 7‘,1:3 dg<5|—cl y4 + 051,4 ’
which is reversible under the involution o2(x,y) = (2, —y). Applying the sin-

gular change of variables = u, y* = v, and scaling the time by dr = y>dt, we
get

, _de
u = 14 %da 54” u,

o= —4d 4 4610%11 + desu®,
which is analytically integrable using the box-flow theorem. This case corre-
sponds to b).

(ii.1.2) If c3 # 0 and do = —6¢1 — 5Ses then ozé?) = 6¢2 — 25cyc5 is zero if ¢5 =
6c3/(25¢1) otherwise if ¢; = 0 implies ¢z = 0 and this is a contradiction. In this
case, system (3.7) becomes

2 2
. 3 2 25c¢7+3c3 3 2 3
( @ ) ( Yy ) —55 e WY — 5C3TTY
. = 3 + 2 2 2 .
—x 1 6c3+25¢c7 4 3 2 2 6 ¢c3,..4
y T2 g Y +t5esry” + o5

25 ¢y

It is easy to see that this system has an inverse integrating factor given by V4

_ 15(5¢34c2) . 2 25c246¢3 2 2, 2 .
Where A = W and V = 1+ @?(72561x+50301y +3Cg$ ) ThlS

case corresponds to c).
(ii.2) If dg = —c1 —10¢s5 # 0 and ¢o # 0, we have a(52) = do(2c3(cs —c1) — 25¢3). Taking
into account that c3 # 0 we get that a?) is null if, and only if, c5 = c1+(25¢3)/(2¢3).

The next invariant value is aé?’) = codo(3cics + 50ct). Therefore ¢; = —50¢3/(3c3)

and, in this case, aél) and ozé2) do not vanish simultaneously.

(iii) If do = 0 and d3 # 0 doing the change © — vy, y — z, dt — —dt, di — —d3—; for
1=0,1,2,3 and ¢; — ¢5—; for i = 0,1,2,3,4,5, this case is transformed into (ii.1.1) or
(ii.1.2). These two cases correspond to the cases d) and e), respectively.

|

Remark: Notice that system (3.7) is invariant with respect to the change (x,y,t, a:, b;) <
(—z,y, —t, —ba—i, —as—;), i = 0,---,4. Therefore, any integrability condition of system (3.7)
is invariant by the change of parameters:

(ai, b,) — (—b4_i, —a4_,-) 1=0,---,4. (39)



It is easy to see that the condition a) of Theorem 3.7 is invariant by the change (3.9). Moreover,
the conditions d) and e) are symmetric with respect to the conditions b) and c¢) by the change
(3.9), respectively.

The following result simplifies system (3.7), for the case (a1 + 4bo)(4a4 + b3) # 0.
Lemma 3.8 System (3.7) with (a1 + 4bo)(4as + b3) # 0 is equivalent to

. 3
z — Y +1ix . 5
y' - —SJZS 5 05x0+C4x4y+03x3y2+62x2y3+c1xy4+c0y°
1/.3 2 2 3
+1 (27 + daz’y + diwy” + y”) Do, (3.10)
where co = _ ao(dagtbg)t/? = boma o by —ay c3 = by—aj
(a1+4bg)2/3 7 , a1+4bo’ (a1+4b0)2/3 (4ag+b3)1/3’ (a1+4b0)1/3 (4as+b3)2/3”
_ bz—ay _ bg(ay+4by)t/3 _ 2a5+3by _ 3a3+2by
“= 4a4+b3’/65 = “tasto 7 N Tagrng) (e r007 0 2T Garreg)2ar ragy e 44
_ (a14+4b9)*/3
§= (4aq+b3)4/3"

(4a4+b3)t/3 _
(ax Fdbo) 773 Y2 At =

Proof. The upscaling in the state variables and time z — a1+14b0 T,y —

(a1+4bg)*
4a4+b3

dr transforms system (3.7) into the conservative-dissipative system (3.10). u
Theorem 3.9 System (3.10) is analytically integrable in a neighborhood of the origin if, and
only if, one of the following conditions is verified

1 552co42 55%—1)ca41052%¢
a) di=dy =0, c3 =S¢z, c5 = —25(5c0S+c1+ea), n = =220k o) = (657 -1)c+105%¢cg >1025 0

b) d1 = d2 = 0,03 = —C2, ¢4 = —C1, C5 = —Cp, C1 = 1060 — 2(22 — 1, S = 1, 903 — 2250% —
30coc2 4 Hea 4+ 25¢0 = 0, 62(862 +5— 5500) # 0.

C) d1:d2262:C3:C4:C5:0,C1:—1760:%.
d) dl:d2202:c3:C0:C1:O,C4:17C5:7§.
e) d1:d2262263260265:0,C4:1, C1:—1.
f) di=do=co=c3=0,c5=—-2, ca=—%, c1 =75, co = 5.

Proof. The first integrability obstructions are agl) =d;, and a§f) = dz. Imposing the vanishing

of these conditions we obtain the following invariant values af) = c3 + Sca, ail) = bcs +
S(5¢0S + ¢1 + c4). The vanishing of these coefficients is equivalent to

C3 = —SCQ,

cs = —%S(5CoS+C1 +C4).

In this case the next invariant values are aél) and oz?), where

ozél) = 55(c1 4+ Sco)(10Sco + 2¢c4 +c¢1 — 1) +2(5S¢o — 1 + 6c4)ca2 — 45205,
aé2) = [ca+10S(co — Se2) — 1] ex
+(5Sco — 4ea)(ca — 14+ 10Seo) + 25’2(04 +5Sco — 1)ea — 4503.
We define Cy := ¢4 + 10S(co — Scz) — 1. Now we divide the study in two cases i) C4 # 0 and
ii) Cy = 0.
i) For C4 # 0, we get af) = 0 taking

c _ 45(14955%)c2 4252 (3904 +20—220Scq)ca+Cy (4C4+4—455¢)
1 — Cy )

and
ol = [408%¢3(10S + (1 4 955%)c2) + 105¢2(1365%¢2 + 9)Ca + (5 + 1585%¢2)C; + 6C5 —
555(Cy +105%¢2)(Cs + 8S%c2)co] x [10S(Cy + 1) + (958° + 1)ea — 1105%¢o] .

For vanishing ol we distinguish two cases i.1) 105(Cy +1) 4 (955% +1)ca — 1105%¢o = 0
and i.2) 10S(Cy + 1) 4 (955% + 1)co — 110S%¢o # 0.



i.1) T£10S(Ca+1)+(955%+1)ca—1108%¢ = 0, then €y = — 35 +1ea+105U-115¢0) 4
In this case we obtain

. 3, 25 3 (553 —1)c+10S(Scg—1) 4 3C2

& = Yy Fery- 509 z z*y’
205%c9+55+8¢cs . 3 4

+ 255 Ty — cCoY ,

g = S8 + 2(55371)622;33(1+4Sc0)x3y7 <3371)c120+1os2c0x4 350295 y
Jrz%myf, _ 5S(scgs—sl)+2cz =
This system has an inverse integrating factor given by V4 where V = 1+ %x — ﬁy
and A = m. If o = %, this system has an inverse integrat-
ing factor given by exp(z — £y). This case corresponds to a) with the additional

condition (955 + 1)cz2 + 10S(1 — 11Sco) # 0.

i.2) If 10S(Cy + 1) + (955 + 1)co — 110S%¢o # 0, then we divide the study in three
cases: 1.2.1) Cy + 85%¢c2 = 0, i.2.2) Cy + 105%cs = 0, ¢c2 # 0 and i.2.3) (Cs +
105%¢2)(Cy + 85%¢c2) # 0
i.2.1) If Cy = —85%¢s, then ¢z # 0 and (1553 4-1)ca —105(11S¢co — 1) # 0, otherwise

Cy =0 and 10S(Cy + 1) + (9558% + 1)c2 — 1105%¢y = 0, respectively. We obtain

al? = (S —1)e2(S+ S+ 1) [(155% + 1)z — 105(115¢ — 1)],

and) S =1 is the only possibility to vanish this constant. In this case we obtain
2
=0 and

£0
(1) (3) 2 2
ag’ = ag’ =(8cz +5—55cy) (9¢5 + 5ea — 30coca — 225¢; + 25¢0).

Taking 905 + 5¢92 — 30cpca — 2250% + 25¢o = 0, we obtain

4

5+8(co—5¢ 3,2 3 4 _5
5+8(e2—5co) 2 O)my + fcax’y — coy” — 220,

T = y3 - %cszyQ +
g = —a°— gcﬂ%f + %me?’ + Mﬁy _ wa — coxt.
This system has an inverse integrating factor given by V* where

V=1-1[y—a+ 250" +y°) 427200 gy ]

and 8 = 027716()“ Moreover if ca = 7co — 1, this system has an inverse inte-

grating factor given by V = exp (z —y + 15(1 — 2¢0)(z? + y?) + Llco +2)zy).
This case corresponds to b).

i.2.2) If C4 = —105%cs then ¢z # 0 and (55 —1)c2 +10S(11Sco —1) # 0, otherwise
Cy=0and 10S(Cs +1) + (9553 +1)ez — 1105%¢o = 0, respectively. We obtain

ol = e [(58® —1)e2 +105(11S¢o — 1)] # 0.

i.2.3) If [10S(Cy +1) + (955° + 1)c2 — 11050 (Ca + 10S5%c2)(Ca + 85%c2) # 0,

then we get aém = 0 taking

405%¢2(1054(14955%)c2)+105%¢2 (13652 co+9)Ca+(5+15852%¢2)C3 +604

co = 555(Ca+105%¢2)(Ca+85%cz)
Therefore,
aél) = p(C47027S)q1(C4,C2,S)7
aég) = p(C47027S)q2(C4aC21‘9)7
Oéés) = C2p(c47 C2, S)QB (047 €2, S)’

2
where p(Cy, c2, §) = 2502+ (415% —1)c2C4-+652(355% —3)c2 = [04 n 4152*1@]
_ 5%4625%41 2
1652
o and S. To vahish o we distinguish three cases i.2.3.1) ¢z = 0, 1.2.3.2)
p(C4,c2,5) =0, c2 # 0 and 1.2.3.3) c2p(C4,c2,S) # 0.

c3, and ql(C4, c2,5), 1 =1,2,3, are polynomials in the variables Cl,



i.2.3.1) If ¢ = 0, then we obtain aé3> =0 and

o

C4(Cy — 1)(9Cs + 2),
o = Cu(Cy—1)(6Cy +5).

Then, C4y = 1 is the only possibility to cancel both constants. In this case,
we obtain the system

i = y3+éx4+xy3—%y4,
y = —Sx?’—i—%mgy.

This system has an inverse integrating factor given by V = (1 — %)4(1 +x—

2%). This case corresponds to c).

i.2.3.2) Case p(C4,c2,5) =0, (Cs + 108202)(04 + 83262)62 # 0. In this case,
we obtain 10S(Cy + 1) 4 (955% + 1)co — 1105%¢y = 0, that is contradictory.

i.2.3.3) Case c2(Cy+ 105202)(04 +85202)p(C4, c2,5) # 0. In this case, the re-
sultant of polynomials ¢1 (C4, c2, S) and g3(Cla, c2, S) with respect the variable
Cy gives

R := (9980015%¢5 — 120925¢5S + 2500)(7644¢5S — 125),

and no solution of R = 0 vanishes the remaining conditions.

ii) If C4 =0, then ¢4 = —10S(co — Sc2) + 1 and

oz<51) = 5S(c1 +1—10Seo)(c1 + Sco) + 10(1 + 105%¢; + S(10S® — 11)eo)e2 +
11653,
al? = ¢ [e2(955° + 1) — 105(115¢o — 1)] .

To vanish aém we distinguish two cases ii.1) ¢2(955% 4-1) —10S(11Scy — 1) = 0 and ii.2)
Co = 0, 11560 —1 7& 0.

iL1) If ¢2(955° + 1) — 10S(11S¢co — 1) = 0, we get co = 1752 (955%c2 + c2 + 105). In
this case, we obtain

ol = (225c1 + 9cs + 285 + 195%¢5) (555¢1 — 27ca 4 5S + 6255°¢s),
we divide the study in two cases:
ii.1.1) If ¢; = —(1953'”2'2%, then we have
P y:s + 105—325215553—1)# _ %Cﬁzyz B 262(195535;9)+15sxy3

25 3 c2(955%4+1)4+105 4
+5 2ty — 11052 )

c2(538%-5)+55 4 35 2 2 2 3

55 T 5 C2X7Y —+ 5 C2TY
_482(1553—1)4-1551,3 _ c2(195%+9)-20S 4
555 Y 1105 .

Yy = —Sz% —

It is easy to prove that this system, if 2¢2(195%—2)4158 # 0, has an inverse inte-

grating factor given by V4 where A = m and V =1+ % (a: — éy)
If co = 72(1%35_2) then this system has an inverse integrating factor given by

exp(z — £y). This case corresponds to case a) with the additional condition
(955% + 1)c2 +10S(1 — 11S¢o) = 0.

3 3
ii.1.2) Case ¢ = — (02857 20)eathS o (195490225 6 3(355% — 3) # 0 and
¢ = 7(6255;5#. In this case a((;), a((f) and aég’) do not vanish simulta-
neously.

ii.2) If ¢ =0, 11Sco — 1 # 0, then agl) = (e1 + Sco)(e1 + 1 —10Sco).
ii.2.1) Case ¢c; = —Sco. In this case, we get aél) =0, ozéQ) = ¢o(11Sco—1)(6Sco—1),
o = ¢o(115¢y — 1)(9Sco — 1).



co = 0 is the only possibility to vanish both constants. In this case, we have the

system
. 3 1,3
T . Y XY
(5) = (& )+ (aiin )

This system has an inverse integrating factor given by V = (1+ %)4(1 +5 -
This case corresponds to d).

ii.2.2) If ¢; = 10Sco — 1, then we have af” = o) = ¢;(95¢o — 1)(11S¢o — 1),
therefore we study two different cases.

).

Wl

ii.2.2.1) In the case ¢o = 0 system (3.10) becomes

(5)=( %)+ ()

and this system has an integrating factor given by V = (1+x) (1 — éy) This
case corresponds to e).

ii.2.2.2) In the case co = 55

(5) = (% )+(

which has an inverse integrating factor given by V4 where A = % and V =
1+ 2(z — $y) + & (z + £y)*. This case corresponds to f).

we have

2
S
9

|~

y? — o=yt
x3y+ 4

y

| oo

+
4

o

I

N——

+ o
o= 8

T

©l

Remark: Notice that the conditions a), b), e) and f) of the Theorem 3.9 are invariant by
the change (3.9) rewrite in terms of ¢; and d;, and d) is symmetric by the change (3.9) of c).

4 The integrability of a family of systems (1.4)

We consider the following differential planar system

. 3 3
& _ _ Y+ 2axy (2,3)
( g ) = Fr+Fs+Fg+ .-, where F;r = ( 0 — 3aa?y? ) €9, (4.11)

Fs = (as0z® + agaz’y?, buzty + biszy®)T € Q(g2’3), Fo = (anz’y + a1zzy®, beox® + baaxy® +
boayM)T € Q§2’3) and the dots represent quasihomogeneous terms of degree higher than nine.

In this case we choose the type t = (2,3), then Dy = (2z, 3y)” and the quasi-homogenous
principal part is of degree 7 given by

3 3
. . y° + 2ax°y
Fr=Xn= ( —a — 3az’y? >7

where
h=LDoAFr=—-L [22:6 + 3y + 12ax3y2] =—1 [(w3 + 3ay°)* + 31— 6a2)y4} € Pi,.
In [4] the following results are stated.
Lemma 4.10 The origin of system (4.11) is monodromic if and only if —% <a< %.
Theorem 4.11 System (4.11) with 6a®> — 1 # 0, is formally equivalent to:
( ; ) = ( _f&stéif%z ) + BoXpay2 + ZZ; [(a§12>l+8x4hl + oz<122)l+8wy2hl> Do
+o¢12;+9x3yth0 + a121+1012y2hl (x)Do + a121+11x4yhl (x)Do
+ (allah"™ () + aldl, 107y (%)) Do (4.12)
+ (a§12)l+14whl+1(x) + a2y’ (X)> Do + arzi+15yh' ™ (x)Do
+anzr162°h' T (x)Do + araiprzyh T (x)Do

+ (alsa® ' () + a3l 1 gr?h (%)) Do + asziaea’yh! ! (x)Do



where agglﬂ are the invariant values of the normal form which are polynomials on the param-
eters ai; and by; and the first invariant values are

Oéé1> = 13d40, Oéé2> = 13d12,
ag = —2bados —2(3a — 1)c14 — 2ca2 + 8d31 — 26((2(12:(11)2633174(1650)6112 + 52(22233:1650)@07
Bo = —9ados —2(5a — 1)c1a + 3042 + gd31 — 2d12¢23 — 42ac70 + 3daocso
-7 ((Sa2 +3)c3s + (9a° + 5)ciy — 26c23acs50) /(6 — 1),
where
dao = 1)41-01-:‘5:11507 Cs0 = 217411—331150, diy = 31b131t‘)2(1227 Co3 = 2b131—33f1227
ds1 = 2b32fr44a41’ Cao = 2b321*43a417 dos = 4b041‘£¢1137 C1a = 2bo4;13a13’ cr0 = 2117%

Notice that the value B9 in (4.12) is univocally determined therefore it is an invariant of system
(4.11).

Now we apply the results given in this section to a concrete family of polynomial vector
fields. More specifically, we consider the system given by

T y> + 202y aox® + arzty + azz®y? + azz?y® + asxy® + asy®

)=l 5 2,2 |+ 4 3,2 2,3 4 5 (4.13)

Y T 3axy bix™y + baxy” + b3x"y” + baxy” + bsy

If f% <a< %, Lemma 4.10 proves that system (4.13) has a monodromic singular point at

the origin. Therefore if system (4.13) is analytic integrable then it has a center at the origin.

Theorem 4.12 System (4.13) is analytically integrable in a neighborhood of the origin if and

only if one of the following conditions is satisfied

a) 5ao + b1 = bz + 2a1 = b3 + a2 = 2bs + a3 = a4 + 5bs = 0, (hamiltonian case).

b) 5ap + b1 = by +2a1 = bz + a2 = a = a4 + 5bs — 2apa3 — 4apbs = as — 6airag + 20&8 =
bs — dadar — aoba + 160§ = as + (a1 + 4ad)(bs — a3z + 2(a1 + 4a3) (a1 + 10ad)) = 0 and
2bs + a3 ;é 0.

Proof. To get the integrability conditions we transform system (4.13) into its normal form

(4.12) computing the invariant values of the normal form agl_‘_].‘ From Theorem 1.3 the

vanishing of these invariant values a%)l +; 1s anecessary and sufficient condition to have analytic
integrability. In practice we only compute some of them in order to obtain some necessary
conditions.

The first integrability obstructions are aél) = bag + b1, and agf) = 0. Imposing the
vanishing of these conditions, we obtain that the following invariant value is

ag = by + 2a;1.
In this case a10 = bs + a2, and a1 = a(2bs + a3). Therefore we divide the study in 2 cases:
(i) If 2bs + az = 0, we obtain o} = 12(as + 5b5) and o'} = 2a(as + 5bs). Therefore if we
impose a4 + 5bs = 0, we obtain the Hamiltonian case described in a).
(ii) If @ = 0 and 2b4 + a3 # 0 then we have aﬁ? = 22 (a4 + 5bs — 2a0as — 4aobs) and ag) =0.
In this case we obtain agi) = —2(az2 — 6aiao + 20a)(2b4 + a3), and a<114) = 0. From the

vanishing of these coefficients is deduced that a5 = 0 and a6 = 43—0(65 —4adar — aobs +
16a3)(as + 2ba). In this case, the next invariant values are

o7 = —2(2bs +as)(as + (a1 + 4ad)(bs — az + 2(a1 + 4a) (a1 + 10a3))).
Under such conditions system (4.13) becomes
i = y*+aox® +arxty + 2a0(3a1 — 1Oag)x3y2 + asz®y®
—ag(bs — 2a3 + 20aga; — 80aé)xy4 + (a1 — 4a3) (a3 — by + 16as + 4aZa, — 2a3)y°,
g = —z°—baox’y — 2a12°y* — 2a0(3a1 — 10ag)z’y’

+bazy® + ao(bs + 4agar — 16ag)y”.

It is easy to see that this system has an inverse integrating factor given by V# where
2batas and V = 1+ (as + 8agar — 2a?)(x? + 2a0zy + (a1 — 4a?)y?) and if
1

- a3+8a%a172a
as + 8aZa1 — 2a? = 0 then this system has an inverse integrating factor given by e"
where W = 2(bs — 4agar + a?)(2® + 2a0xy + (a1 +4a3)y?). This case corresponds to b).
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This completes the proof of the theorem. |

Remark: Family (4.13) was also studied in [14] where such type of degenerate systems were
called generalized nilpotent systems. However the results obtained there do not coincide with
the ones given in this work. This is because in [14] only were found the analytic integrable
systems that have a first integral of the form H(z,y) = y* + fs(z)y® + - - -, which is restrictive
because the first integral can be of the form H(z,y) = y* + fs(x,y) + - - -, where fi(x,y) are
homogeneous polynomials of degree 1.
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