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Introduccién’

El estudio de los sistemas dindmicos (modelos matematicos que aproxi-
man la evolucién a través del tiempo de un sistema observado) comienza
dentro del entorno de las ecuaciones diferenciales ordinarias cuya teoria se
inicia en el siglo XVII con Newton y Leibnitz, siendo algunos problemas
relacionados con el movimiento de un cuerpo rigido y de Mecédnica Celeste

los que motivaron su desarrollo.

Hasta finales del siglo XIX, que surge la teoria cualitativa de las
ecuaciones diferenciales, desarrollada por Poincaré, fueron muchos los
cientificos que se dedicaron a intentar resolver por medio de cuadraturas
las ecuaciones diferenciales. Destacandose los trabajos de Darboux [64]
basados en las soluciones algebraicas de una ecuacion diferencial exten-
dida al plano proyectivo complejo.

El método introducido por Poincaré [135] dié un impulso a la for-
mulacién y desarrollo de una teoria de sistemas dinamicos. Este con-
siste basicamente en estudiar el comportamiento de las soluciones sin el
conocimiento explicito de éstas.

La teoria cualitativa donde mas ha sido utilizada es en el estudio de los
sistemas planos y uno de los mas basicos y fundamentales resultados es
el conocido Teorema de Poincaré-Bendixon, el cual afirma que cualquier

solucion acotada que no tienda a un punto singular del sistema debe ser

IDe conformidad con el articulo 53 del Reglamento de los Estudios Oficiales de
Posgrado de la Universidad de Huelva, toda tesis redactada en otro idioma distinto

del castellano, deberd incluir un resumen en castellano.
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necesariamente una érbita periddica o un grafo (solucién formada por la
unién de puntos criticos y drbitas).

En relacion con el estudio de las érbitas peridédicas de un sistema, el
problema mas famoso, y que en la actualidad sigue siendo un problema
abierto, es el problema de determinar el niimero méximo H(n) de ciclos
limites (6rbitas periddicas aisladas) que pueden aparecer en un sistema
polinomial de grado n. Este problema fue propuesto por Hilbert en el Se-
gundo Congreso Internacional de Matematicas que tuvo lugar en Paris en
1900 y es uno de los dos tinicos problemas que quedan por resolver. En la
actualidad, so6lo se conocen resultados parciales, siendo el mas destacable
el resultado dado por Il’yashenko [102] y Ecalle [67] en el que afirma que
el numero de ciclos limites es finito. Atendiendo al valor de n, se sabe,
por ejemplo, que H(2) >4y H(3) > 12 (ver [61, 103]). Las técnicas més
usadas para la obtencién de estas cotas superiores son fundamentalmente
el analisis de bifurcaciones en un entorno de un foco débil y el estudio de

las perturbaciones de sistemas integrables.

En esta memoria, estudiamos varios problemas relacionados con el
andlisis cualitativo de las ecuaciones diferenciales. Concretamente, abor-
damos el problema de caracterizar cuando un centro o un foco es isécrono,
determinar la existencia de integrales primeras de un campo vectorial y
caracterizar cuando un campo vectorial es linealizable mediante cambios
de coordenadas en los cuales también pueden intervenir parametriza-
ciones de la variable tiempo.

A continuacion, describimos estos problemas y mostramos algunos de

los resultados mas conocidos relacionados con los problemas planteados.

Problema de centro

Uno de los objetivos en el andlisis de sistemas dindmicos es dar una
completa caracterizacion de la geometria de la estructura orbital cerca

de un punto fijo.
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La caracterizacion del retrato de fases de un sistema auténomo plano
de ecuaciones diferenciales cerca de un punto singular aislado es un pro-
blema resuelto casi en su totalidad, ver Arnold & Il'yashenko [26]. Sin
embargo, a pesar de los esfuerzos realizados en los tiltimos anos, atn sigue
siendo un problema abierto determinar la estructura orbital del sistema
cerca de un punto monodrémico, es decir, un punto con la propiedad de
que las 6rbitas préximas al punto rodean a éste. Si el sistema es analitico
se sabe, ver Il’yashenko [102], que un punto monodrémico sélo puede ser
un centro o un foco.

Recordamos ambos conceptos. Dado un sistema plano de ecuaciones

diferenciales

x = X(x) (0.0.1)

de clase C*¥(U), con k > 1y U un conjunto abierto de R?, un centro
del sistema (0.0.1) es un punto singular aislado p € U (es decir, hay un
entorno V C U tal que para cualquier ¢ € V' \ {p} se verifica |X(¢)| # 0
con X(p) = 0) y la curva solucién que pasa por ¢ es una curva cerrada
que rodea a p.

Un foco del sistema (0.0.1) es un punto singular aislado p € U tal que
para cualquier ¢ € V'\ {p}, la curva solucién que pasa por ¢ es una espiral
que rodea a p.

Haciendo una traslacién, podemos asumir sin pérdida de generali-
dad que p es el origen de coordenadas. Si usamos coordenadas polares
x =rcosb, y=rsenfy denominamos 7(t, 79, 6) y 6(t, 79, 6p) la solucién
del sistema (0.0.1) que pasa por el punto (rg, ), decimos que el origen es
un foco estable (respectivamente, inestable) si existe § > 0 tal que para
cada 0 <19 <0y b €R se tiene que r(t,r9,00) — 0y |0(t,70,6)] = 0

cuando t — oo (respectivamente, t — —00).

El problema de distinguir cuando un punto monodrémico de un sis-

tema es un centro o un foco es conocido como problema de centro.
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Cuando el punto singular es hiperbdlico (los autovalores de la ma-
triz de la parte lineal del sistema en el punto singular no estan sobre
los ejes imaginarios), Hartman [98] y Grobman [96] prueban, de forma
independiente, que la estructura orbital de un sistema de clase C! cerca
del punto singular es cualitativamente la misma que la del sistema lineal
asociado, x = DX (O)x. Ademads el cambio de variables que transforma
el sistema en su parte lineal es un homeomorfismo, es decir, el sistema es
CY linealizable.

Por otra parte, si el punto singular no es hiperbdlico, distinguimos los

siguientes casos por separado:

Punto no hiperbolico no degenerado:

Si los autovalores de la matriz de la parte lineal en el punto singular son
imaginarios no nulos (punto no hiperbélico no degenerado) el punto es
monodrémico. Mediante un cambio lineal de variables y un escalado del

tiempo, el sistema puede escribirse en la forma

donde P y @ son funciones con términos de orden mayor o igual que
dos. A estos sistemas se les conoce como sistemas de tipo centro o foco.
Y al problema de centro para estos campos vectoriales se le denomina

problema de centro no degenerado.

Las técnicas mas conocidas para abordar el problema de centro en el

caso no degenerado son las siguientes:

e En coordenadas polares, el sistema (0.0.2) es

7 = cosOP(r cosf,rsinf) + sinfQ(r cosd, rsin ),

. _ , _ (0.0.3)
0 =1+ L(costQ(rcos 0, rsinf) — sindP(r cos b, rsinf)),

es decir, el sistema tiene la forma

P=0r?),  6=1+0(r).
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Sea (r(t,rg,00), 0(t,rg,0)) lasolucién de (0.0.3) que pasa por (7, 6y).
Para ry suficientemente pequeno, 0(t,rg,6p) es una funcién de ¢ estric-
tamente creciente con lo cual existe t(6,ry,6) la funcién inversa de

0(t,79,6p). Para 6, fijado, se define la funcién
P(To) = T(t(go + 271', To, 90), To, 90)

para 7y suficientemente pequeno.

Si el sistema (0.0.2) es analitico, P es analitica para todo ry suficien-
temente pequeno y se conoce como la aplicacion de Poincaré de (0.0.2)
en el origen (ver Andronov et al. [24]).

Consideramos la aplicacién de Poincaré asociada al sistema (0.0.2) en
los puntos del semieje OX*(6y = 0) y r < ry, desarrollamos en serie de
potencias de r = \/aﬁy2 y restamos r. De esta forma, obtenemos una

serie de potencias en r de la forma
d(r) = P(r) —r = dyr + dor® + dgr® + - - -

la cual se conoce como funcion desplazamiento.
A partir de esta expresion de la funcion desplazamiento, deducimos

las siguientes propiedades:

1. Elorigen de (0.0.2) es un centro si y sélo si la aplicacién de Poincaré

es la identidad, es decir, todas las constantes d; son nulas.
2. Si la aplicacion de Poincaré no es la identidad, se tiene:

(a) el signo de la primera constante d; diferente de cero determina
la estabilidad del foco. Concretamente, el foco es inestable si

es positiva y estable si es negativa,

(b) cada raiz de la funcién desplazamiento equivale a una trayec-
toria cerrada aislada cerca del origen que denominamos ciclo
limite de pequena amplitud. Por tanto, si dj es la primera cons-

tante distinta de cero (en este caso se dice que el origen es un
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foco débil de orden k), perturbando los coeficientes del sistema
podemos asegurar que a lo mas hay k ciclos limites proximos
al origen. Ademas, bajo ciertas condiciones podemos asegurar

la existencia de exactamente £ ciclos limites.

e La existencia de una integral primera de un sistema de ecuaciones
diferenciales esta también vinculada con el problema de centro. Una
funcién H es una integral primera del sistema (0.0.2) si H es una funcién
constante sobre cada solucién del sistema (0.0.2).

Poincaré [135] demuestra que el origen de un sistema polinomial
(0.0.2) es un centro si y sélo si existe una integral primera analitica
del sistema definida en un entorno del origen. Liapunov [110] extiende el

resultado anterior a sistemas (0.0.2) analiticos.

La siguiente técnica para abordar el problema de centro no degener-
ado fue introducida por Poincaré [135] y desarrollada por Liapunov [110].

Esta técnica consiste en buscar una serie formal de potencias
H('Ta y) = (xQ + y2)/2 + H3(ZL’, y) + H4(x7 y) + -

con H; polinomios homogéneos de grado ¢ verificando

. OH
H=—(-y+P)+

H
5 (x+ Q) = Zvla: +9?)

or

donde H es la derivada de H con respecto a la variable ¢t. La serie formal
H no es tnica y se le conoce por funcion de Liapunov y a las constantes
v; se les denominan constantes de Poincaré-Liapunov de (0.0.2).

Si todas las constantes son nulas, H es una funcién constante sobre
cada solucién del sistema (0.0.2) en un entorno del origen y por tanto H
es una integral primera del sistema (0.0.2).

Poincaré [135] para el caso polinomial y Liapunov [110] para el caso
analitico prueban que cuando todas las constantes son nulas, existe una
serie H convergente. Asi, como consecuencia se tiene el teorema de centro

no degenerado:
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El origen del sistema analitico (0.0.2) es un centro si y sélo
si existe una integral primera analitica de la forma H(z,y) =
(@2 +4) /24

Frommer [73] prueba que d, = 27v, mddulo la anulacién de las cons-
tantes d; anteriores. Por tanto, las constantes de Poincaré-Liapunov
también pueden ser usadas para determinar el niimero de ciclos limites

de pequena amplitud que pueden bifurcar desde el origen.

e Otra herramienta usada para resolver el problema de centro de un sis-
tema dindmico se basa en la Teoria de Formas Normales. Esta probado
que para cualquier orden [ € N, existe un cambio de coordenadas poli-

nomial que transforma el sistema (0.0.2) en

T = -y + (OJ3$ - ﬁ3y)(aj2 + yQ) + (CM5ZL’ _ ﬁE)y)(Z'Q + yg)z e
oo — Baury) (2° +y*)' + O(|z, y[*+2),

=2+ (a3y + Bsx) (2 + 12) + (asy + Bsz) (2? + 42)> + -+
+(ag1y + Basiz) (@ + ¢3!+ O(|z, y|*'+3),

la cual es conocida como la forma normal de Poincaré-Dulac a orden

2]+ 1 de (0.0.2). O bién, si usamos coordenadas polares

7= azr 4+ asr® + -+ g r? T 4+ O(r82),
0 =1+ Bar? + Bsrt + -+ + Bogar? + O(r2H1).

De la expresién de la forma normal de (0.0.2) se deduce que ag,11 = v,
modulo la anulacién de las constantes aw; 1 anteriores. Por tanto, si todas
las constantes aw; ;1 son nulas, el origen es un centro, y en otro caso, si
Q9p41 €s la primera constante distinta de cero, el origen de (0.0.2) es un
foco débil de orden p.

Si Py () son polinomios y si consideramos sus coeficientes como
parametros del sistema, las constantes v;, d; y as;11 son polinomios en
los coeficientes del sistema (0.0.2). Como el anillo de los polinomios con

variables los coeficientes del sistema es Noetheriano, por el Teorema de
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la Base de Hilbert, el ideal generado por los coeficientes del sistema es
de dimensién finita y por tanto el numero de condiciones para probar la
existencia de un centro es un nimero finito, el cual sélo es conocido en

algunos casos particulares.

Las expresiones de las primeras constantes han sido obtenidas me-
diante diferentes métodos: la determinacion de una funcién de Lyapunov
(ver Alwash [18], Blows & Lloyd [30], Gobber & Willamowski [93]), estu-
diando la aplicacién de Poincaré (ver Gasull et al. [78, 79], Romanovski
[137]), usando técnicas de formas normales (ver Algaba et al. [1]), entre
otros.

e Cherkas [52] da un resultado que caracteriza cuando el origen de
una ecuacién analitica de Liénard & + f(x)2 + g(x) = 0 es un centro.

Mas tarde, Christopher & Lloyd [62] usan este resultado para deter-
minar los centros de un sistema el cual mediante cambio de variables

puede ser transformado en una ecuacion de Liénard.

La mayoria de los métodos usados para averiguar si un sistema tiene
un centro, son combinaciones de condiciones suficientes (la reversibilidad
del sistema, existencia de una integral primera, etc) y condiciones nece-
sarias (la anulacién de los términos de la aplicacién de Poincaré, las cons-
tantes de Poincaré-Liapunov, etc) el método desarrollado por Christopher
& Lloyd, basado en el resultado de Cherkas, da una condicion necesaria
y suficiente, este hecho hace que este método sea muy util para estudiar
el problema de centro para ecuaciones diferenciales que pueden transfor-

marse en una ecuacion de Liénard.

Se han realizado numerosos trabajos encaminados a resolver el pro-
blema de centro. A continuacién citamos algunas familias de centros

conocidas. Por ejemplo, si el sistema es polinomial, el caso cuadratico

*f:_y+P2(xay)a y:x+Q2($ay)
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donde P, y Q9 son polinomios homogéneos de grado 2, ha sido resuelto
por Dulac [66], Kapteyn [106], Frommer [73], Bautin [28] and Zoladek
[163]. De estos trabajos, se deduce que los sistemas (0.0.2) cuadréticos
tienen tres constantes d; Poincaré-Liapunov independientes, es decir, las
tres primeras constantes generan el ideal de todas las constantes, siendo
Bautin quien las determina por primera vez y caracteriza sus centros.
Lunkevich & Sibirskii [121] encuentran las integrales primeras analiticas

para estos centros.

El problema de centro de los sistemas ciibicos

= —y+ Py(z,y) + P3(z,y), =+ Q2z,y) + Qs(x,y)

donde P; y @Q;, © = 2,3 son polinomios homogéneos de grado i, también
ha sido estudiado por diversos autores y sin embargo ain sigue siendo un
problema sin estar resuelto en su totalidad. Los centros de los sistemas
clibicos con nolinealidades homogéneas (P, = Q2 = 0) han sido encontra-
dos por Blows & Lloyd [30], Sibirskii [150] y Zoladek [163], obteniéndose
como consecuencia que hay cinco constantes independientes, es decir,
que la anulacién de las cinco primeras constantes de Poincaré-Liapunov
implica la anulacién de las restantes. Zoladek [165, 168] caracteriza los

sistemas reversibles cubicos. Los centros de los sistemas de Kukles
. . 2 2 3 2 2 3
T=Y, Y=—TH+axr +anry+apy” +a3or” + a2y + a122Y” + a3y

parcialmente caracterizados por Kukles [108], por Jin & Wang [105] y
por Lloyd & Pearson [116].

Los sistemas cibicos con degeneracién en el infinito (es decir, P3 y Q3
son polinomios homogéneos verificando xQ3(x,y) — yPs(x,y) = 0) estu-
diados por Lloyd et al. [115], Chavarriga & Giné en [43], entre otros.
Lloyd et al. [117] calculan los centros de una clase de sistemas cibicos de
Kolmogorov. Romanovski & Suba [139] resuelven el problema de centro

de dos familias de sistemas ctibicos con ocho parametros. Los sistemas
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cubicos, mediante un giro pueden transformarse en un sistema cibico
cuyo coeficiente de y? en P, es cero, ver Ye [161]. Si ademds, los coe-
ficientes de los términos zy? v 3® de P; son iguales a cero, Amelkin et
al. [21] prueban que estos sistemas ciibicos pueden transformar en un
sistema de Liénard. Cherkas & Romanovski [53] resuelven el problema
de centro de una subfamilia amplia de estos sistemas, la cual contiene
el sistema cubico con el centro de ciclicidad 11 encontrado por Zoladek
[166].

Chavarriga et al. [46, 47] dan resultados parciales a los sistemas con

nolinealidades homogéneas de grados cuatro y cinco, respectivamente.

Punto no hiperbdlico degenerado.

Un punto es un hiperbolico degenerado si los autovalores de la matriz de
la parte lineal en el origen son nulos. En tal caso, si la matriz no es
idénticamente nula, el punto aislado se conoce como punto nilpotente y
si es nula se denomina punto degenerado.

Un sistema analitico plano de ecuaciones diferenciales cuyo origen
es un punto singular nilpotente, en unas coordenadas adecuadas, puede

escribirse como

j::y_FP(x:y): QZQ(«T,Q), (004)

donde P y @) son funciones analiticas definidas en un cierto entorno del

origen, sin constantes ni términos lineales en su desarrollo.

Por Andreev [22] podemos conocer el comportamiento de las solu-
ciones en un entorno del punto singular, excepto si se trata de un centro
o un foco, (problema de centro nilpotente).

La existencia de una integral primera analitica de estos sistemas es
una condicion suficiente para que un punto singular monodronico sea cen-

tro, pero no necesaria. Cuando la parte lineal del sistema es nilpotente,
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Moussu [130] y Sadovskii [148] caracterizan teéricamente los centros. Gi-
acomini et al. [85] analizan los centros nilpotentes como limites de los
centros no degenerados con parte lineal (—y, z€)T con e suficientemente
pequeno. De esta manera, pueden aplicar a este problema las técnicas
antes consideradas en el problema de centro no degenerado. Strozyna &
Zoladek [153] obtienen los centros con primera integral analitica a través
de la forma normal orbital (es decir, formas normales en las que también
pueden realizarse, a parte de cambios de coordenadas, reparametriza-
ciones de la variable tiempo). Concretamente, Strozyna & Zoladek [153]
demuestran que los centros nilpotentes con una primera integral analitica

local en el origen tiene una forma normal orbital de la forma

Chavarriga et al. [42] prueban que si un centro nilpotente de un
sistema analitico tiene una integral primera formal (analitica), entonces
tiene una integral primera formal (analitica) dada por H = y? + F(x,y),
donde el desarrollo de F' en serie de potencias comienza con términos de
orden mayor que dos. Este resultado se utiliza como una herramienta
para detectar si un determinado centro nilpotente analitico tiene o no

una integral primera analitica. Asi, por ejemplo, el sistema

t=y+a% g=—a°

tiene un centro en el origen, puesto que es monodrémico y reversible
al cambio (x,y,t) — (—x,y,—t), pero no existe una integral primera
analitica definida en el origen, ni siquiera una integral primera formal. En
este trabajo, los autores también demuestran que los sistemas nilpotentes
reversibles bajo el cambio de variables (x,y,t) — (x, —y, —t) tienen una

integral primera analitica en el origen.

Hay s6lo unas pocas familias de sistemas (0.0.4) polinomiales cuyos

centros se conocen. El problema de centro para los sistemas (0.0.4),
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donde P(z,y) = Popi1(z,y) v Q(x,y) = Qan11(2z,y) son polinomios ho-
mogéneos de grado 2n + 1, esta resuelto para n = 1 por Andreev, para
n = 2 por Sadovskii y para n = 3 por Andreev y otros, ver [23]. En este
articulo, los autores también obtienen la multiplicidad de los focos para

n = 1,2 y 3. Sadovskii [148] encuentra los centros de la familia (0.0.4)
para P(z,y) = Py(z,y) vy Q(z,y) = Qs(z,y).

Gasull & Torregrosa [82] extienden el método de Cherkas a ecuaciones
Liénard degeneradas y aplican esta extensién para resolver el problema de
centro de varias familias de ecuaciones diferenciales polinémicas. Entre

otros, caracterizan los centros de los sistemas
i =y+azy+az®™, g =—2""" 4+ by + boxly + bya*?,

y
i =1y — (a92® + a32® + aux* + asz®), ) = —(bsx® + by + bs2®),

donde a;,b;, © = 1,...,5 son parametros reales y ¢ € N.

Alvarez & Gasull [16, 17] calculan las dos primeras constantes de Lya-
punov generalizadas de (0.0.4), introducidas por Lyapunov [110, 111],
y resuelven el problema de la estabilidad de un foco de varias familias

polinomiales.

Por 1ltimo, si la matriz de la parte lineal en el origen es idéntica-
mente nula (punto singular degenerado) el problema de la determinacién
topoldgica fue resuelto por Brunella & Miari [32], excepto cuando el punto
es monodrémico, el cual ha sido caracterizado por Medvedeva [129], si
bién, Garcia [75] aporta un algoritmo de monodromia mé&s simple te-
niendo en cuenta la parte conservativa y disipativa del campo vectorial.

Analogamente al caso nilpotente, en general, no podemos esperar que
los centros sean analiticamente integrables. Nemytskii & Stepanov [131]
dan un ejemplo de un centro degenerado que no tiene primera integral

analitica.
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Hay escasos avances en el problema de distinguir si el punto es un
centro o un foco (problema de centro degenerado). Destacamos el trabajo
de Gasull et al. [80] que caracteriza los sistemas planos definidos por la
suma de dos campos vectoriales homogéneos cuyo origen es un punto
singular degenerado monodrémico y estudia su estabilidad. También,
Gasull et al. [81] analizan la monodromia y la estabilidad de una clase
de sistemas con un punto degenerado mediante la determinacion de la
expresion del término principal del desarrollo asintético de la aplicacion

retorno del origen.

Problema de isocronia.

El problema de isocronia consiste en determinar si un punto monodrémico
es isocrono. En el caso de centro, el origen es isdcrono si el tiempo de
vuelo de las érbitas que rodean al centro es el mismo para cada drbita,
mientras que en el caso de foco, éste es isocrono si existe una curva que
pasa por el origen tal que el tiempo que tarda una 6rbita cualquiera en
volver a cortar la curva es constante.

Aunque ambos problemas, centro isécrono y foco isécrono, son de
naturaleza muy distinta, ellos estdn muy relacionados. A continuacién
detallamos por separado cada caso y presentamos los resultados mas
destacables de cada problema.

Consideremos un sistema auténomo plano cuyo origen es un centro.
Sea V el anillo periddico del origen, es decir, el entorno de O rellenado
por las orbitas periddicas del sistema que lo rodean. El conjunto de las

orbitas periddicas en V puede ser parametrizado por una curva analitica

I':={y() e V|0 <£<&, 7(0) =0},

transversal a ellas. Asi, la funcion periodo T(&) se define como el periodo
de la 6rbita periddica que pasa a través del punto (). Estd probado que

esta definicion no depende ni de la eleccion de T' ni de su parametrizacion.
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Un centro se dice centro isdcrono si T(€) no depende de &, es decir,
la funcién periodo es constante. El problema de determinar si un centro

es un centro isécrono se denomina problema de centro isocrono.

El comportamiento de la funciéon periodo de un centro ha sido estu-

diado en algunas clases particulares de campos vectoriales.

Hay sélo unas pocas familias de sistemas diferenciales polinomiales en
la que es conocida una clasificacién de sus centros isécronos. Urabe [158]
demuestra que la unica ecuacién £+g(z) = 0 teniendo un centro isécrono,
con ¢ una funciéon impar, es & + x = 0. El resultado de Urabe fue exten-
dido por Chicone & Jacobs [54] en el caso de un polinomio g no impar.
Loud [119] clasifica los centros isécronos cuadraticos. Pleshkan [133] ha
determinado los centros isécronos cibicos con parte nolineal homogénea.
Los centros is6cronos de la familia de Kukles fue estudiada en Christo-
pher, Devlin [59]. Todos estos centros son time-reversible. Mardesic et
al. [122] encuentran una familia de sistemas ciibicos isécronos los cuales

contienen sistemas de Kolmogorov cubicos is6cronos.

Lukasevic [120] muestra que si Py @ son funciones arménicas conju-
gadas, entonces los centros del sistema (0.0.2) son isécronos. La ecuacién
de Liénard i+ f(z)2+¢g(x) = 0 y la isocronia de sus centros han motivado
a varios investigadores, por ejemplo Christopher & Lloyd [62], Sabatini
[144]. Recientemente, Sabatini [146] y Chouikha [56] han estudiado los

centros y los centros isécronos de la ecuacién 7 + f(x)2? + g(x) = 0.

El trabajo de Sabatini & Chavarriga [50] es un resumen de los resul-

tados que se conocen sobre isocronia de centros.

En otro sentido, Chicone & Jacobs [54, 55] muestran propiedades de

la funcion periodo de una determinada clase de sistemas analizando las
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posibles bifurcaciones de puntos criticos de la funcion periodo. Reciente-
mente, Gasull & Yu [84] dan condiciones necesarias y suficientes para la
existencia de periodos criticos de las 6rbitas de sistemas is6cronos cuadra-
ticos cuando son peturbados dentro de la familia de sistemas cuadraticos

reversibles.

Villarini [159] prueba que los centros no degenerados son los tnicos
que pueden ser iscronos, es decir, solo existen centros isécronos en los
sistemas (0.0.2). Antes, Poincaré [135] muestra que el centro no dege-
nerado de un sistema analitico es isécrono si y sélo si existe un cambio
analitico de coordenadas en un entorno del origen que linealiza el sis-
tema, es decir, existe siempre un cambio local analitico que transforma

el sistema (0.0.2) en

Chavarriga et al. [46, 47, 44] usan esta propiedad para obtener un algo-
ritmo iterativo basado en la construccion del cambio, para encontrar las
condiciones que implican la isocronia de un centro.

Esta propiedad también ofrece un método sencillo para generar cen-
tros is6cronos de campos vectoriales hamiltonianos. Este método, dado
por Sabatini [143], se basa en la bisqueda de dos funciones f y g con
£(0,0) = ¢(0,0) = 0 tal que la aplicacién (z,y) — (f(x,vy),g9(z,y)) es
una aplicacién jacobiana, es decir, el determinante de su matriz jacobiana
es constante y distinto de cero. En este caso, el sistema hamiltoniano
asociado a H = f2 + ¢? es linealizable mediante el cambio candnico de

coordenadas u = f(z,y), v=g(x,y).

El calculo de la funcién periodo es otra técnica utilizada en el pro-
blema de centro is6crono. En coordenadas polares, el sistema (0.0.2) se

escribe como
i=R(r,0), §=1+0(r0).

Si definimos (0, p) la solucién periédica tal que (0, p) = p con p sufi-
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cientemente pequeno, la funciéon periodo viene dada por

27 dg
0= [ 60 (0.0).0)

El periodo T'(p) de esta drbita peridédica es una funcién analitica que
tiene la forma T'(p) = 27 + > >, T,,p", ver Chicone & Jacobs [54] y
Algaba et al. [2]. Las constantes T,, se denominan constantes de periodo
del sistema (0.0.2).

Algaba et al. [2] prueban que Ty;,; = 0 para todo i« > 1 y dan una

relacion entre las constantes de periodo y los coeficientes azimutales de

una forma normal de Poincaré-Dulac del sistema. Concretamente,

Ty, =27 Z (_1)lﬁn1+1 o Bt

ny+-+n;=2n
n; even, 1>1

Por lo tanto, T3, = —27/,,1 si las anteriores constantes de periodo,
Ty, © = 1,...,n — 1, son cero. En consecuencia, el origen del sistema
(0.0.2) es un centro isécrono si y sélo si todas las constantes [3y;,1 son
cero, es decir, el sistema puede ser transformado en un sistema con veloci-
dad angular constante. Estos sistemas se denominan sistemas rigidos y
juegan un papel fundamental en el problema de centro is6crono. En estos
sistemas, el origen es el 1inico equilibrio y si es un centro, sera isécrono,
de hecho, serd uniformemente isdcrono.

Resaltamos que la isocronia de un centro no implica necesariamente

que su velocidad angular 0 sea constante.

El problema de la isocronia de un centro es equivalente a la existencia
de un conmutador analitico con parte lineal no degenerada. Recordamos
brevemente el concepto de un conmutador de un campo vectorial.
Decimos que los campos vectoriales X v U conmutan si su corchete de
Lie es nulo, es decir, si [X, U] := DX -U — DU - X =0, donde DX, DU
son las derivadas de X' y Y. Ademas, si X' y U son tranversales, decimos

que U es un conmutador de X.
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Es conocido, ver Algaba et al. [2] y Sabatini [142], que para cualquier
sistema analitico cuyo campo vectorial asociado X tiene parte lineal
(—y, )T, la existencia de un conmutador analitico con parte lineal (x, y)T
es una condicién necesaria y suficiente para que el origen sea un centro
isécrono.

En diversas ocasiones, encontrar un conmutador es mas sencillo que
encontrar un cambio linealizante. Por ejemplo, Sabatini [141] muestra
que los sistemas cuadraticos tienen conmutadores polinomiales de grado
menor o igual que cuatro, mientras que no se conocen cambios linea-
lizantes polinomiales de sistemas cuadraticos. Las linealizaciones mas
simples conocidas son racionales y pueden encontrarse en Mardesic, et
al. [123].

Por otra parte, no es cierto que todos los sistemas polinomiales con un
centro is6crono tengan un conmutador polinomial. El primer ejemplo de
un centro isocrono polinomial sin un conmutador polinomial se encuentra
en Devlin [65]. Se trata de un sistema cudrtico donde coexisten un cen-
tro is6crono y otros dos no isécronos. Chavarriga et al. [44] desarrollan
un método el cual usa una solucion algebraica del campo vectorial para

encontrar un conmutador transversal del campo.

Freire et al. [69] prueban que si V es un normalizador transversal a
X, es decir, un campo vectorial V tal que [X,V] = pX siendo [X, V] el
corchete de Lie de X' y V y p una funcién escalar, y si se denota por (s)
una parametrizacién de la trayectoria de V tal que 1(sg) esta en el anillo

periédico de O, entonces

T (s0)
T'(s0) = / u(x(t), y (),

donde (z(t),y(t)) es la érbita de X tal que (x(0),y(0)) = (so) v T(s)
el periodo de la 6rbita de X' que pasa por 1(s). Esto permite obtener

informacion sobre la monotonia de la funcién periodo.
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Freire et al. [70] caracterizan un centro isécrono si existe un norma-
lizador tal que la expresion integral anterior sobre cualquier 6rbita periodi-
ca de X es cero. Finalmente, Sabatini [147] da algunas propiedades de
la funcién periodo de los sistemas planos sin normalizadores conocidos y
aporta una nueva caracterizacion de centro isécrono que generaliza a la
dada en [70].

Abordamos a continuacién el problema de determinar cuando un foco
del sistema (0.0.2) es un foco is6crono, problema de foco isdcrono.

El sistema analitico (0.0.2) en coordenadas polares viene dado por

F=rf(r,0),  0=g(r0)

donde f y g son funciones analiticas en un entorno de r = 0.

Giné & Grau [90] definen el origen como un punto isécrono de (0.0.2)
si puede ser transformado mediante un cambio de coordenadas analitico
en un sistema con g(r,0) = g(0).

Un sistema (0.0.2) con un punto isécrono en el origen es mas facilmente
escrito usando la variable longitud de arco ¢ definida por ¢ = [ % como
la nueva variable angular. En esta formulacién, el punto O se dice ser
isdcrono si existe un cambio analitico de variables ¢ tal que es transfor-
mado en

r=rf(r,p), o=k, k € R.

Noétese que si el origen es un foco, en general, la transformacién ¢ no

es convergente (ver Bruno [34] y Tokarev [155]).

Giné [87] muestra varias familias de focos isécronos. En el caso
analitico, Giné & Grau [90] caracterizan los focos isécronos mediante
la existencia de un campo vectorial analitico Y = (x,y)T + O(2) verifi-
cando [X, Y] = uY con u(0) = 0.
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Sabatini [145] estudia la existencia de secciones isécronas de un foco,
es decir, una curva que corta a todas las érbitas de (0.0.2) contenidas en
un entorno del origen, tal que cualquier 6rbita corta a ésta en un mismo
intervalo minimo de tiempo.

Sabatini prueba que si el origen del sistema (0.0.2) tiene una seccién
isbcrona, entonces existe un campo vectorial ), al menos de clase C2,
que tiene la propiedad anterior.

Tambien pueden existir secciones is6cronas cerca de una érbita pe-
riédica aislada. Freire et al. [71] prueban la existencia de secciones
isécronas cerca de un ciclo limite de un campo vectorial teniendo un
campo normalizador y dan una expresién del mutiplicador caracteristico
del ciclo limite. Sabatini [147] y Guillamén & Sabatini [99] extienden
estos resultados sin necesidad del conocimiento de campos vectoriales

normalizadores.

Integrabilidad.

El conocimiento de una integral primera puede usarse para determinar
el retrato de fases local cerca de un punto singular de un sistema plano.
También, en general, permite un mejor entendimiento de la dindmica del

sistema y puede usarse para mostrar algunas propiedades topoldgicas.

La existencia de integrales primeras en un entorno de un punto regular
es una consecuencia de algunos teoremas cldsicos del cdlculo diferencial,
en consecuencia, uno de los problemas relacionados con los sistemas de

ecuaciones diferenciales analiticos

(#,9)" = X(z,y) = (P(z,y),Qz,y))", (0.0.5)

es determinar cuando el sistema tiene una integral primera definida en un
entorno del punto singular. En general, los sistemas planos integrables

que no son hamiltonianos son muy dificiles de detectar.



24 Introduccién

Si la funcién H es una integral primera de (0.0.5) de clase C! en un
conjunto abierto U de R? (es decir, H es una funcién no constante en U
la cual es constante sobre cada curva solucién de (0.0.5)) es equivalente

a VH - X = 0. Asi, decimos que una serie formal de potencias
H=a00+a10$+a01y+"'

es una integral primera formal de (0.0.5) si formalmente verifica que
OH/0xP(x,y)+0H/0yQ(z,y) = 0. Si existe una integral primera formal
(analitica) de (0.0.5) se dice que (0.0.5) es formalmente (analiticamente)
integrable.

Obsérvese que esta definicién de integrabilidad sélo es valida para
sistemas planos. En dimensiones superiores, si el espacio de fases es de
dimension n, es necesario determinar n — 1 integrales primeras funcional-
mente independientes del sistema para que el sistema sea completamente

integrable.

Ya hemos visto que la existencia de una integral primera se utiliza
para determinar cuando un sistema tipo centro-foco tiene un centro en
el origen. Por lo tanto, sera interesante saber cuando un punto singular
monodromico es analiticamente integrable, ya que en tal caso, se trata
de un centro.

Se sabe que cualquier sistema diferencial analitico que tenga un centro
en el origen tiene una integral primera analitica definida en un entorno
del origen excluyendo al origen, ver Li et al. [109]. Es también conocido,
ver Mazzi & Sabatini [128], que cualquier sistema diferencial C*° con un
centro en el origen, tiene una integral primera de clase C* definida en un
entorno del origen. Por lo tanto, otro problema de interés sera reconocer
cuando un centro es o no analiticamente integrable.

Por otra parte, también existen sistemas analiticamente integrables
con un punto critico no monodrémico. En este sentido, algunos tra-
bajos relacionados con la integrabilidad de sistemas nilpotentes y dege-

nerados son, por ejemplo, Chavarriga et al. [48] donde los autores han
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obtenido una familia de sistemas ctibicos nilpotentes con una integral

primera analitica; Giné [88] determina los sistemas nilpotentes

(j:7 y)T = (y + Py, Qn)T

con una integral primera formal de la forma y*>+F(z, y), donde P,, Q,, son
polinomios homogéneos de grado n = 2,3,4,5 y F' comienza con términos
de grados mayor que dos. Giné [89], caracteriza los sistemas polinomiales

degenerados, denominados sistemas nilpotentes generalizados,
(&, 9)" = (Y™ + Py, Qu)"

con una integral primera formal de la forma y* + F(z,y), donde P,,Q,
son polinomios homogéneos de gradon = 2,3,4,5, m=1,2,3, m<ny

F' comienza con términos de grado mayor que k con k =1,2,3,4,5,6y 7.

Diversos autores han estudiado la integrabilidad de los sistemas casi-
homogéneos n dimensionales ver Furta [74], Goriely [94], Yoshida [162],
Tsygvintsev [157] y Llibre & Zhang [112]. La integrabilidad de los sis-
temas casihomogéneos planos ha sido caracterizada a través de los ex-
ponentes de Kowalevskaya del sistema. Tsygvintsev [157] caracteriza los
sistemas homogéneos cuadréticos integrables y Llibre & Zhang [112] y
Cairé & Llibre [36] han calculado los sistemas planos t-homogéneos de
grado uno y dos.

Recientemente, Algaba et al. [6] caracterizan la integrabilidad de los
sistemas que son perturbaciones de un sistema plano hamiltoniano cuya

funcién de Hamilton no contiene factores multiples.

Darboux [64] muestra una técnica para construir integrales primeras
de un sistema polinomial con un nimero suficiente de soluciones alge-
braicas. Se dice que f(x,y) =0 con f € C|x,y] es una curva algebraica
invariante de (0.0.5) si para algin polinomio K (cofactor de f) se tiene

que Vf-X = Kf. Y lacurva f(x,y) = 0 es una solucién algebraica de
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(0.0.5) si es una curva algebraica invariante polinomial irreducible sobre
Clz,y]. La idea de Darboux consiste en encontrar integrales primeras
de la forma [[L, ff"’ donde ); son numeros complejos y f; son curvas
algebraicas invariantes. Darboux prueba que si un sistema polinomial
de grado m (m = méx(grad(P), grad(Q))) tiene al menos @ +1
soluciones algebraicas, entonces el sistema tiene una integral primera de
tipo Darboux. Resaltamos que tal integral puede no estar definida en
el origen. Chavarriga et al. [49] prueban que en determinadas ocasiones
el niimero de soluciones algebraicas suficiente para poder construir una
integral primera tipo Darboux puede ser mas reducido. Jouanoulou [104]

. . . )
prueba que si el sistema tiene al menos —m(";“L )

+ 2 soluciones algebraicas,
entonces tiene una integral primera racional y todas las soluciones del
sistema son algebraicas. Prelle & Singer [134] demuestran que si un
sistema polinomial tiene una integral primera elemental, entonces esta
integral primera puede ser obtenida a partir de las soluciones algebraicas
del sistema.

Otros resultados relacionados con la integrabilidad de Darboux de un
sistema pueden verse en Christopher & Kooij [63], Christopher & Llibre

[60] y Zoladek [167].

Linealizacién

Una técnica usada para dar una completa caracterizacion de la estructura
de las orbitas cerca de un punto critico es expresar el campo vectorial
como una perturbacion de otro dado, y analizar cuando ambos campos

tienen la misma dinamica.

Un método consiste en transformar el sistema en otro cuya estructura
orbital es conocida. Asi, por ejemplo, el método ha sido usado para
caracterizar los centros, centros isocronos y puntos isécronos. Poincaré
[136] prueba que, para un centro no degenerado de un sistema analitico

(0.0.2), siempre existe un cambio analitico de variables y una funcién
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analitica ¥ con ¥(0,0) = 0 tal que el sistema es transformado en
i=—v(l+¥(u+0%), ©=ul+¥u+v%).

Ademds, el origen es un centro isécrono de (0.0.2) si y s6lo si el sistema

puede transformarse en

Y el origen es un punto isécrono si el sistema (0.0.2) puede ser transfor-

mado en un sistema rigido.

Un problema clasico es saber cuando un campo vectorial n dimen-

sional

x = F(x), x € R",

puede ser transformado, mediante cambios de variables en un campo vec-
torial lineal (en ese caso, se dice que el campo vectorial es linealizable).
Se conoce que la estructura orbital cerca de un punto singular hiperbdlico
(los autovalores de la aproximacién lineal en un punto singular tienen
parte real distinta de cero) es cualitativamente la misma que la estruc-
tura érbital del correspondiente sistema dindmico lineal. Sin embargo, en
general, el difeomorfismo no es analitico en un entorno del punto singular.
Para mas detalle sobre la naturaleza del cambio de variable linealizante
ver Hartman [98] y Grobman [96].

En este sentido, como una consecuencia de los trabajos de Poincaré [135]
y Chen [51], si los autovalores de la matriz DF(0) no son resonantes (es
decir, para cualquier & = (au,...,a,) € Nj con Y77 a; > 2, se tiene
que \; # Y, a;\; para todo autovalor \; de DF(0)) el campo vectorial
es linealizable bajo C* conjugacién.

Si, ademas, los autovalores A1, ..., A, de la aproximacion lineal pertenecen
al dominio de Poincaré, es decir, si la envolvente convexa de los pun-
tos Ay, ..., A, en el plano complejo no contiene al cero, Poincaré [135]

prueba que existe una transformacién convergente (el campo vectorial es
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analiticamente conjugado a su parte lineal).

Otras condiciones que implican la convergencia de las transforma-
ciones que llevan un campo vectorial con un punto singular hiperbélico

a su parte lineal son dadas por Siegel, ver Arnold [25] y Chow et al. [58].

También destacamos los trabajos de Bruno sobre convergencia de
transformaciones normalizantes (transformaciones que llevan un campo
vectorial a su forma normal). Bruno [33] prueba que si una forma normal
de Poincaré-Dulac de un campo vectorial verifica la condicién “A” y la
parte lineal verifica la condicién “w,” entonces existe una transformacion
normalizante convergente. Estas condiciones son las siguientes:

CONDICION A: Una forma normal F de un campo vectorial F sat-
isface la condicién A si F tiene la forma F = Ax + a(x)Ax, donde o(x)

es una serie de potencias escalar (con a(0) = 0),

CONDICION w : Sea wy, = min|(Q,A) — A;| para todo j =1,...,n

y n enteros ¢; > 0 tal que 1 < Y7 q; <2y (Q,A) = X0, aihi # N,
entonces Y o, 2 FIn(w, ) < oo.

La condicién “A” puede ser debilitada para algunas F’s.

Como una consecuencia, Bruno probé que si un punto singular es un

T entonces existe una trans-

centro de un sistema con parte lineal (—y, x)
formacion normalizante convergente, mientras que si el punto singular es
un foco débil, no podemos garantizar la existencia de una transformacién

convergente.

En los ultimos anos, ambos problemas, linealizacion de campos vec-
toriales y la convergencia de tales transformaciones han sido analiza-

dos por medio de la existencia de simetrias en un entorno del punto
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singular. Recordamos que un campo vectorial de dimensiéon n, F, ad-
mite una simetria no trivial si existe un campo vectorial analitico G,
transversal a F en el origen, tal que el corchete de Lie de ambos campos,
[F,G] = (DF)G — (DG)F es nulo, es decir, existe un campo vectorial
G que conmuta con F.

En relacion al problema de convergencia, para los sistemas planos con
parte lineal no nula, se sigue a partir de los resultados de Markhashov
[125] y Bruno & Walcher [35], que existe una transformacién convergente
que lleva el sistema a la forma normal de Poincaré-Dulac si y sélo si existe
una simetria no trivial. Cicogna [38] extiende parte de estos resultados

a campos de dimensiones superiores.

Insistimos que, en general, la existencia de un conmutador del campo
vectorial no asegura que el campo sea linealizable. Por ejemplo, los sis-

temas
T = _y+xP2l($7y) Z;:O a]‘(l'2 +y2)Ja
y = I+yp21($7y) Z;:O aj(x2-|—y2)j,
con Py (z,y) polinomios homogéneos de grado 2[,1 > 0, y a; nimeros

reales arbitrarios, 7 = 0, ..., r, tienen una transformacién normalizante

convergente, pues ellos conmutan con

(z Z a; (x> + )Ty Z a;(x* + ) THT.
Jj=0 j=0
Sin embargo, hay campos vectoriales de esta familia cuyo origen es un
g0, hay y g

foco y por lo tanto no son linealizables.

Por otra parte, en relacion con el problema de linealizacion, ya hemos
mencionado la equivalencia entre linealizacion y conmutacién para los
campos vectoriales de dimensién dos con un punto singular tipo centro
o foco. Concretamente, un sistema de tipo centro o foco es linealizable

bajo conjugacién analitica si y sélo si existe un conmutador analitico con
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parte lineal (z,y)T. Bambusi et al. [27] extienden este resultado y carac-
terizan, al menos teéricamente, los campos vectoriales linealizables. Ellos
probaron que un campo vectorial de dimensién n, F formal (analitico)
es linealizable por un cambio de variable formal (analitico) si y sélo si
la ecuacién [F, G] = 0 admite una solucién analitica con (DG)(0) = 1.
Ademas, en tal caso, existe un cambio de variables formal (analitico) que

linealiza tanto a F como a G.

Evidentemente, la diferencia entre los resultados de Bruno & Walcher
[35] y Bambusi et al. [27] es que el conmutador tenga o no tenga parte

lineal nula.

Para los centros, en Algaba et al. [2] estd también probada la relacién
entre linealizacién bajo equivalencia orbital analitica y la existencia de
un normalizador analitico del campo vectorial con parte lineal (z,y)T.
Asi, un sistema (0.0.2) puede transformarse bajo equivalencia orbital
en £ = —y, y = x siy solo si existe un campo vectorial analitico
Y = (z,y)T + O(2) verificando [X,Y] = pX y p(O) = 0. Giné & Grau
[91] prueban un resultado similar para campos vectoriales planos cuyo
determinante de la parte lineal en el origen es distinto de cero.

Garcia & Maza [76] obtienen la expresién del cambio de variables que
linealiza un centro isécrono a partir del conmutador. Giné & Maza [92]
extienden esta técnica para sistemas con puntos singulares elementales

(no todos los autovalores de la parte lineal nulos).

Después de esta introduccion de los diferentes problemas de sistemas
dindmicos que hemos presentado y que abordaremos, pasamos a describir

la organizacién y contenido de la presente memoria.

En el capitulo 1, abordamos el problema de isocronia, tanto en el
caso de un centro como de un foco. Comenzamos el capitulo dando una
nueva definiciéon de punto isécrono, mas general que la existente. En la
seccion 1.2, caracterizamos un foco isécrono débil de orden finito a partir

de la forma normal de Poincaré-Dulac del sistema, es decir, usamos su
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forma normal para resolver el problema de isocronia de un foco, (The-
orem 1.2.5). Damos un algoritmo que permite calcular la expresion del
primer coeficiente de la forma normal de Poincaré-Dulac diferente de cero
en términos de los coeficientes del sistema. En la seccién 1.3, probamos,
en el caso de un foco isécrono, la existencia de un campo vectorial nor-
malizado y de secciones isécronas que parten del origen (Theorem 1.3.10).
También damos una condiciéon mas débil en el caso de que el orden del
foco es conocido (Theorem 1.3.12). Aportamos algoritmos que calculan
los términos de un campo vectorial normalizado y las secciones isdcronas
de un sistema con un foco isécrono. En la seccion 1.4, caracterizamos un
centro isécrono (Theorem 1.4.18), un foco isécrono (Theorem 1.4.19) y
un punto isécrono (Theorem 1.4.22) mediante la existencia de un conmu-
tador del campo vectorial cuya parte lineal puede ser nula. En particular,
Theorem 1.4.18 generaliza los resultados obtenidos por Sabatini [142] y
Algaba et al. [2].

Como aplicaciones de los resultados obtenidos, en la seccion 1.5 ex-
tendemos los trabajos de Loud [119] y Pleshkan [133] clasificando los
focos isdcronos de los sistemas cuadraticos y de los sistemas con no-
linealidades ctibicas y probamos que el orden maximo de un foco débil
isécrono de estos sistemas es dos y tres, respectivamente. Damos una
familia triparamétrica de ecuaciones de Rayleigh cuya funcién periodo

llega a tener cuatro puntos criticos locales.

En 1.5.5, aplicamos el algoritmo desarrollado en la secciéon 1.6 para
resolver el problema de centro y centro isécrono de dos familias polino-
miales de sistemas de ecuaciones diferenciales. La primera es una familia
cuértica con ocho pardmetros de la forma (i,9)! = (yP(z),2Q(y))7,
con P, () polinomios de grado menor o igual que tres. Esta familia in-
cluye a una subfamilia de sistemas de Kolmogorov con un centro is6crono
(Theorem 1.5.27). Y la segunda familia es una clase de sistemas polino-
miales degenerados de Kolmogorov. Encontramos sus centros y damos

una familia con tres ciclos limites de pequena amplitud (Theorem 1.5.28).
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También hallamos los sistemas de la familia con un centro isécrono (The-
orem 1.5.29). En 1.5.6, aportamos varios ejemplos de familias de sistemas
con conmutadores con parte lineal nula.

Terminamos el capitulo, desarrollando un método basado en el proce-
dimiento de linealizacion de Carleman para calcular los coeficientes de la
forma normal de Poincaré-Dulac de un sistema plano. Este tiene algunas
ventajas sobre otros métodos conocidos pues los coeficientes se obtienen
resolviendo un tnico sistema de ecuaciones lineales cuya matriz de los
coeficientes es triangular y en consecuencia, el computo se reduce con-
siderablemente. También, de forma genérica podemos deducir algunas
propiedades de los coeficientes de la forma normal. En la seccion 1.6,
damos un algoritmo para calcular los coeficientes radiales y azimutales
de la forma normal (Theorem 1.6.36) y Corollary 1.6.37 es un algoritmo
que permite calcular condiciones necesarias para que un sistema tenga
un centro isécrono.

En los capitulos 2 y 3 estudiamos la existencia de conmutadores de dos
clases de sistemas planos polinomiales. La mayoria de los conmutadores
que se conocen de los sistemas con un centro isécrono son polinomiales, es
por ello, que nos planteamos averiguar que sistemas tienen conmutador
polinomial y, en caso afirmativo, calcular su expresion. El capitulo 2
trata este problema para los sistemas polinomiales que se conocen como
sistemas con infinito degenerado. En la seccién 2.2, mostramos varias
propiedades que deben verificar un campo con un conmutador polinomial
y damos condiciones para la existencia de tales conmutadores (Theorem
2.2.45). En la seccién 2.3, estudiamos la expresion de los conmutadores

polinomiales de los sistemas

i = —y+ P +a(Hy+Hs+ -+ H, 1),
y = o+Qs+y(Hy+Hs+---+H, ),
con s < k, P;,Q, polinomios homogéneos de grado s y H; = H;(x,y)

polinomios homogéneos de grado i, y caracterizamos los sistemas con

conmutador polinomial para s = 2 (Theorem 2.3.47). En seccién 2.4
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estudiamos los sistemas polinomiales con velocidad angular constante
y determinamos los que tienen conmutador polinomial con parte lineal
nula (Corollary 2.4.49) y los que tienen parte lineal de la forma (z,y)”
(Theorem 2.4.51). Por tltimo damos el retrato de fases de los sistemas
cuarticos y quinticos con un centro uniformemente isécrono con conmu-

tador polinomial.

En el capitulo 3, abordamos el problema de determinar los sistemas
con velocidad angular constante (sistemas rigidos) con conmutador ana-
litico y en definitiva, los sistemas que tienen un centro. Esta dividido
en cuatro secciones. La seccion 3.2 contiene el principal resultado del
capitulo, Theorem 3.2.54, el cual da unas condiciones que caracterizan
los centros de los sistemas rigidos, y mostramos la equivalencia entre
estas condiciones y la anulacién de los coeficientes de la componente
radial de la forma normal de Poincaré-Dulac (Theorem 3.2.55). En
la siguiente seccién desarrollamos un algoritmo recursivo que nos per-
mite obtener condiciones sobre los coeficientes del sistema para que el
origen sea centro que, por su naturaleza, serd centro isécrono. En la
seccion 3.4, mostramos varias subfamilias que tienen un centro. Obte-
nemos los centros de las familias (—y +z(H, + Hy,),z +y(H, + Hp))' y
(—y + x(Hy + Hoy),z + y(Hy + Hay,))', con H; polinomios homogéneos
en x,y de grado ¢ y también determinamos el nimero maximo de ci-
clos limites de pequena amplitud que pueden bifurcar a partir de un
foco débil. Por ultimo, calculamos los centros uniformemente isdécronos

cuarticos y quinticos.

En el capitulo 4, fijado t = (p,q) € N?> y n € N, trabajamos con los sis-
temas planos nilpotentes cuya primera componente t-homogénea, segiin
su grado, es (y,0)7, la segunda esta formada por términos t-homogéneos
de grado (2n + 1)p — q y contiene al término (0, —z***1)T y las aristas

de su diagrama de Newton de las restantes componentes son paralelas
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a la arista asociada al término t-homogéneo de grado (2n + 1)p — q.
Esta clase contiene, entre otros, a los sistemas nilpotentes invariantes
al cambio de variables (z,y) — (—z, —y). En la seccién 4.2, definimos
los conceptos de funciéon y campo vectorial t-homogéneos y mostramos
varias propiedades de ellos, las cuales usaremos en éste capitulo y en
los posteriores. En la tercera seccion probamos que esta clase particular
de sistemas nilpotentes tiene una funcion de Lyapunov generalizada de
clase C* la cual tiene un desarrollo de la forma W = %y2 + 221 Wagt2s1
donde Wy, o4 son funciones t-homogéneas de grado 2¢ + 2sl, | > 1
siendo s = (n+ 1)p — ¢ > 0 (Theorem 4.3.75). En la seccién 4.4, damos
el desarrollo de Taylor en el origen de la aplicacién de Poincaré de es-
tos sistemas (Theorem 4.4.78). Ambos resultados nos permiten resolver
tedricamente el problema de centro, determinar la ciclicidad de un foco y
obtener sistemas con ciclos limites que bifurcan del origen. Finalmente,
en la seccién 4.5, mostramos varias familias contenidas en esta clase de
sistemas nilpotentes, resolviendo el problema de centro y obtenemos la
ciclicidad del foco débil, encontrando una familia con ocho ciclos limites.
También resaltamos que todos los centros obtenidos son analiticamente

integrables y ellos pueden escribirse en la forma
T = y+UyK(U,y2) +y\Ij(Uay2)a y - _UzK(Uay2)

donde v, K, ¥ son funciones analiticas definidas en un entorno del origen
con ¥(0) =0.

En el capitulo 5 se estudia la integrabilidad de los sistemas planos casi
homogéneos y su relacion con los exponentes de Kowalevskaya de estos
sistemas. Los resultados obtenidos en el capitulo estan estrechamente
relacionados con la descomposicién conservativa-disipativa de un campo
vectorial t-homogéneo, Lemma 5.2.92. En la seccion 5.2, damos una sen-
cilla caracterizacion de los sistemas polinomiales t-homogéneos con una
integral primera racional (Theorems 5.2.96 y 5.2.98). En la seccién 5.3,

calculamos los exponentes de Kowalevskaya de los sistemas t-homogéneos
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y mostramos como obtenerlos en el caso de que el sistema sea racional-
mente (polinomialmente) integrable (Theorem 5.3.101). Concluimos este
capitulo encontrando los sistemas (1, 2)-polinomiales homogéneos de gra-

do dos con una integral primera racional (Theorems 5.4.102 y 5.4.103).

En el capitulo 6, damos condiciones necesarias y suficientes para que
un campo vectorial n dimensional tenga la misma estructura orbital que
un campo vectorial casihomogéneo, el cual es no lineal, en general. Con-
cretamente, fijado un tipo t € N, caracterizamos los campos que son for-
malmente (analiticamente) conjugados (Theorem 6.2.109) y orbitalmente
equivalentes (Theorem 6.2.111) a su parte t-homogénea de menor grado,
mediante la existencia de un campo vectorial normalizado C* (analitico).

Finalizamos, dando varias aplicaciones de los resultados obtenidos.
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Chapter 1

Isochronous points.

1.1 Introduction
Let us consider the autonomous differential system
T=—y+ Iz + P(x,y), y=z+\y+Qz,y), (1.1.1)

where A € R and P and @) are smooth functions of order greater than or
equal to two. This system is associated to the vector field (—y + Az +
P(x,y), 7+ My + Q(z,y))T which we will denote as

X=(—y+ Iz +P)o,+ (x+ Ay + Q)0,. (1.1.2)

The origin O is an isolated singular point of (1.1.2) and is also a mon-
odromic point.

In the analyticity case, if A # 0, O is a strong focus of (1.1.2). Otherwise,
O can be either a centre or a weak focus.

We now take the following into consideration in order to understand
the concept of isochronous focus. The smooth vector field (1.1.2) for
A = 0 in polar coordinates has the form X = f(r,6)0, + g(r,0)dy with
g(r,0) =1+ L(cosbQ(r cos 8, rsin ) — sindP(r cos B, rsinf)), that is,

g(r,0) =1+ Z r'gi(0) + G(r,0),

i>1

37
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where G is a smooth function in a neighborhood of » = 0 and flat in
r = 0. Giné and Grau [90] define O as an isochronous point of X if it can
be transformed by means of an analytic near-identity change of variables
into a vector field with g(r,0) = ¢(). This implies that ¢;(f) = 0, for
any 7 > 1 and for every 6 € [0,27). In such a case, the return time of
the orbits of X' is constant on every ray of the origin; concretely, it is
2. Thus, in cartesian coordinates, the vector field will have the form
—y0y + 20, + H(x0, + y0,) where H is a smooth scalar function. This
leads us to the following definition, which is less restrictive than that
given in [90], since we do not require the analyticity of the change of

variables.

Definition 1.1.1. The origin of (1.1.2) is said to be an isochronous point
if there exists a smooth near-identity change of variables which transforms
X into —y0y + x0y + H (20, + y0,) where H is a smooth scalar function
with H(O) =0, i.e. X is smoothly conjugated to —y0d, + x0, + H(x0, +
y0y)-

On the one hand, if O is an isochronous centre of an analytic system, the
diffeomorphism can be chosen analytic since the normal form of (1.1.2)
verifies the conditions “A” and “w” (see [33]) and also H(z,y) = 0. The
vector field (1.1.2) is analytically linearizable.

On the other hand, if O is a focus of an analytic system, in general,
we cannot guarantee the existence of a convergent transformation (see
[33, 155]), i.e. it can exist an analytic vector fields whose O is an isochro-
nous focus, according to Definition 1.1.1, but do not verify the definition
provided in [90].

Now, we list the results provided in this chapter. The Poincaré-Dulac
normal form of a plane vector field at a critical point has been used to
study the centre problem. In next section, we characterize an isochronous
focus from its normal form, i.e. we use this for solving the problem of

isochronicity of a focus. (Theorem 1.2.5). Also, we give an algorithm
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which allows to obtain the expression of the first coefficient non-zero of
the Poincaré-Dulac normal form.

In the section 1.3, we prove, in the case of isochronous focus, the
existence of a normalized vector field and an isochronous section which
arrives at the origin with defined direction. We also provide algorithms
that compute the terms of normalized vector field and of isochronous
section of a system.

We characterize the systems which have either an isochronous centre
or an isochronous focus at the origin by means of the existence of a
commutator of the field.

As applications, we analyze the weak isochronous foci for quadratic
systems and for systems with cubic non-linearities. Moreover, we prove
that the maximum order of a weak isochronous focus for quadratic sys-
tems is two and for systems with cubic non linearities is three. We give
a three-parameter family of Rayleigh equations with four local critical
periods. Finally, we shown several examples of families of systems with

commutators whose linear part is null.

1.2 Isochronicity and normal forms

Let H; be the linear vector space of the homogeneous polynomial vector
field of degree 7 in z and y. Every vector field F with F(0,0) = (0,0)T
can be expanded by F = F; + F, + --- where F; are homogeneous
polynomial vector fields which belong to H;. The homological operator

which determines the normal form of (1.1.2) is
Li: Hi — Hi, Li(F;) = [Fy, (—y + A2)0, + (2 + Ay)0,],
being [F, G] the Lie product of the vector fields F' and G, see [2].
If A\ #0, L;(H;) = H;. Thus, the system (1.1.2) is smoothly lineariz-
able (see [152]); therefore, O is an isochronous focus.
If A =0, it is easy to prove that C; = Ker L; is a subspace in ‘H; comple-
mentary to R;, the range of the linear operator L;. Additionally, C; = {0}
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and (2% + y?) (20, + y0,), (z* + y*)(—yd, + 20,) is a basis for Co; 1,
which we will denote by (1,0)c,,.,,, (0,1)c,,,,, respectively. Thus, by the
classical normal form Theorem (see [58]), (1.1.2) can be transformed by

means of a smooth near-identity change of variables into

(0, 1)e, + Y (0ni41, Bris)esys + F, (1.2.3)
i>1
where F is a smooth function in a neighborhood of O and flat at O.
The constants aw; 1 and [y are called the i-th radial and azimuthal
coefficient of (1.1.2).

It is known that if X is analytic and their radial coefficients are
zero, then O is a centre (in fact, there is a convergent normalizing
transformation, see [34]). If ag,,; is the first one non-zero, that is
a3 = -+ = g1 = 00,41 # 0, O is a weak focus of order r (but,
in this case, the existence of a convergent normalizing transformation is
not guaranteed).

In what follows, we denote by ¢, and ¢* the push-forward and pull-
back defined by the smooth diffeomorphism ¢, respectively (see [124]).
Given U a smooth vector field with U(O) = O, we denote by ¢y to the
change of variables ¢y (z,y) = u(x,y, 1) where u is the unique solution

of the initial-value problem

%u(l‘,y,é‘) = U(u(m,y,€)), u(l’,y,O) = (l‘?y)

By the transformation theory based on Lie transforms, the diffeomor-

phism ¢y transforms X into
1 1

see Algaba et al. [1].
We cite two properties of the Lie bracket of two vector field, which

are easily obtained.
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Lemma 1.2.2. Let HF = {P;_1(20, + y0,) € H;, deg(P,_y) =i—1, i >
1}. The following properties hold:

(a) if [—y0y + 20y, Uiro] € HE, then Uiys € HE,,

(b) if Uy € 1, V; € HF then [U;,V;] € HE ;.

We now provide some properties of the Poincaré-Dulac normal form
of (1.1.2) which we will use in order to prove the main results of this

chapter.

Lemma 1.2.3. Let X = (0, 1)¢, +(2r11,0)c,, ., +F with g4y # 0 and F
a smooth function of order greater than 2r+1. Then, X is smoothly con-
jugated to a smooth vector field of the form (0,1)c, + > i, (Q2i41,0)cyiy s

with Q9,41 € R.

Proof.
From (1.2.4), the Lie transform whose generator is U = Uay11 = (0, B)e,,,
with & > 1, transforms X into ¢y-X, which is also in normal form, since
[/'%21'+1, Usk41] € Coryzigr.
As Uy € Copyq and Copyq = Ker Loy yq,we have that the degree of
[X,U] is greater than or equal to 2k + 2r + 1. Therefore the trans-
formed vector field remains unaltered up to order 2k + 2r — 1, and
the term of order (2k + 2r + 1) is Xoprorin + [-XA’QT+1,U2]€+1], that is
(Qortors1, Bokrors1 — 2kBagri1)cyy sy, Thus, taking B = %ﬁ, the
(k + r)-th azimuthal constant of ¢y-X is annihilated.
Making successive changes of variables over X and by Borel’s Theorem
(see [98]), we can assert that there exists a smooth diffeomorphism ¢
such that

$.X = (0,1)c, + Z(Oé2z'+1, 0)cyi, + F,

i>r

where F is a smooth function in a neighbourhood of the origin and flat
in O.
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By Tokarev [155], there exists a smooth diffeomorphism 1) such that

@/J*@/ff = (Ov 1)01 +Z(042z’+17 0)C2i+1 +f(a:2+y2)(1, O)C1 +§7(:1:2+y2)(0, 1)01
P>r

where f, g are smooth functions in a neighbourhood of 0 and flat in 0.

By Takens [154], there is a smooth change of variables ¢ of the form

p(z,y) = (z + @1(2* + y*)2)0; + (y + p2(2® + y*)y)0, such that

%%éﬁw\? = (O: 1)01 + Z(a2i+17 0)0214-1 + h(a72 + Z/2)(0, 1)01
>
where h is a smooth function in a neighbourhood of 0 and flat in 0.

Finally, we complete the proof, by performing the smooth change
(= G(@* +y*)y)0: + (y + G(2* + y*)x))9,

where G is the function G(z) = — [/ %dz flat in O. n
The following lemma provides a normal form of the vector fields with

constant angular speed.

Lemma 1.2.4. Let X = (0,1)¢, +H(1,0)¢, with H a smooth scalar func-
tion in a neighbourhood of the origin. X is smoothly conjugated either to
(0,1)¢, orto a smooth vector field of the form (0,1)¢, +> "<, (241, 0)c,is,
with a9 1 € R and ag,q # 0. R

Proof.

From Lemma 1.2.2, the generator U which transforms X" into X = oy« X
can be chosen such that U; € HF and X; € HE too.

So, if all X; are zero, X is smoothly conjugated to (0,1)¢,. Otherwise, X
is smoothly conjugated to (0,1)c, + ZiZT(aQiH, 0)cyiy With agpyq # 0. m
The first related to the problem of the isochronicity of a weak focus

of finite order

Theorem 1.2.5. The following statements are equivalent:

(i) origin of (1.1.2) is a weak isochronous focus of order r > 0,
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(1)) A = 0,03 = ... = g1 = 0,09041 # 0,03 = 5 = ... = fap1 = 0,
where a1, Bair1 are the radial and azimuthal coefficients of order i of

a Poincaré-Dulac normal form of (1.1.2), respectively.

Proof.

(i)=(ii) If O is a weak isochronous focus of order r, there exists a change
of variables ¢ such that ¢.X takes the form —yd, + 0, + H (20, + y0,)
where H is a scalar smooth function. From Lemma 1.2.4, we have
A=0,a3 = ... = g1 = 0,941 # 0 and fy;;; = 0, for all . In
particular, the first » azimuthal coefficients are zero.

(ii)=(i) From Lemma 1.2.3, we have that there exists a normal form of
X whose azimuthal coefficients are zero. That is, O is an isochronous

focus of X. =

We emphasize that origin is a weak isochronous focus of finite order if
a finite number of azimuthal coefficients of (1.1.2) are zero. Nevertheless,
if O is a centre with all its azimuthal coefficients equal to zero, does not

imply that the origin is an isochronous centre, for example
T = -y — ye—l/(x2+y2)’ y = x + xe_l/(x2+92)‘
Analogously, the origin of
i=—y+(x—y)e VT =g (x4 y)e /@)

is a weak focus of infinity order with all its azimuthal coefficients equal

to zero and it is a non-isochronous focus.

Now, we provide an algorithm that allows us to obtain the radial

and azimuthal coefficients. Thereby, we define the recursive sequence

El,iQ,...,ik € %i1+i2+’“+ik—k+l given by
7_;1 = Xila il Z 2a
ﬂl,ig,...,ik = [‘)(ilaL_l(,-TiQ,...,ik)]a k 2 23 ila (EX) Zk 2 2.
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Theorem 1.2.6. Let vector field (1.1.2) be with A =0, qg;11 = Boit1 =
0, i =1,...,7 — 1. The pair (241, Bart1)cs, . 5 given by the projection

into Copyq of

2r—1  2r—1 2r—1 2r—1
E (E E E 27”—]1—"'—]k)Tj1+1,j2+1,...,jk+1,2r+1—j1—---—jk)
= 1]1—1—]2 1 J1+oHip=1
J2>1 Je>1

(1.2.5)

where k is the number of j; greater than or equal to one.

Proof.

To prove this theorem, we will use the transformation theory based on Lie
transforms, which provides an efficient procedure to obtain the expression
of the transformed vector field by means a near-identity change of vari-
ables. Basically, the key in this approach is that if X = X1+Xo+---, Y =
Vi+Yo+--- and U = Uy+- - - are their decompositions into homogeneous
polynomial in the variables x,y, respectively, for each k£ > 1, we can de-
termine )Yy satisfying (1.2.4) from X}, ..., Xy; U, ...,Ux_1, by defining
the sequence {Vj,} by

Vio = kX, £>0,

Vie = Vi 1+Z< >[Vk] 11-1,Ujya], 1 <1< k.

The above recurrent succession of vector fields satisfies k!, = Vi, for
all £ > 0. The computation of the above succession can be accomplished

by means of the Lie triangle:

Vo,
Vip Vig
Vap Vau Voo

Vio Vea Viz oo Vig

) )
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where each row can be computed from the previous rows. It is easy to
see that the elements of the (k + 1)-th row can be written as Vi, =
Wi — Lig+1(Uks1), where Wy, only depends on Us, ..., Uy. In particular,
E'YVii1 = Ve = Wik — Lig41(Ugs1). So, we can choose Uy to obtain a
normal form up to order k + 1, see Algaba et al. [3].

We are interested in computing am,,1 and fs, 41 of vector field (1.1.2),
by assuming that A = 0; ag;11 = B201 =0, 2 =1,...,7 — 1. Thereby, we
make the following considerations:

The Lie transform which brings X to (0,1)¢, + D ;s (@2it1, B2it1)coisy

verifies:
e the first column of Lie triangle, up to order 2r, is

‘/O,U = O!Xh 3] ‘/27“—1,0 = (2T - 1)!X2r;

o from V;; =0, 1 <1 < 2r —1, it has that the ¢-column, 2 <
2r — 1, up to order 2r are zero. Therefore, V;; = Vo= ... =V,; =
0, 1<i<2r—1.

In particular, the second column, up to order 2r + 1, is given by

i <

Vig = Xy + [X, Us,
‘/2,1 - 2'.)('3 + [XQ, UQ] + [Xl, U3],
Vi1 = 31X + 22145, Us] + 2[ Ay, Us] + [, Uy.

S0, Vo, 1 <n<2ris

= 1
Vn,l = (n - 1)' (TLXTH_1 + Z H[Xn_;_l_i, Ui—i—l]) .
i=1 ’

From Lie triangle, it follows easily that V5, 9, = V5,.1. So, if we split
Vorn = Vg + Vo q, where Vi | € Ropyy and Vi | € Copyq, we have
that

(042r+1, /32r+1)027+1 = V23~,1-
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Basically, to obtain the expression (1.2.5), it is enough to take into
account, on the one hand, that for each j, with 2 < j < 2r, by means of

a recursive procedure we obtain U; verifying

j—2
. . 1
i=1 '
on the other hand, that (a1, Bori1)c,y, 1S

2r—1

1
Proye, ., ((27‘)952r+1 +> m[%rﬂ—i, Uz’+1]> -
i=1 '

Let us note that Theorem 1.2.6 provides closed conditions so that the

origin of (1.1.2) be isochronous centre.

So, for instance, the expression of (1.2.5) for r = 1 is 275 + T35, and

forr=21is
AT5 + 3154 + 2133 +Tyo + 21523 +To30 + 1520 +T5299.
If X; = Z;‘:O(aj7i—j7 bji—j)Tx7y"~, applying Theorem 1.2.6, we have

Q3 = %(3%0 + a12 + boy + 3boz + 2a02bp2 + a11a92 + ar1a99 — 2ba0as
—baob11 — bozb11),

By = 3:(—10bygbos — 4a3y — 3as; + 9bso + 3bi> — Yags — b3| + agebis
+a11bog — 10ag2asg + Hai1bos + Hasgby — afy — 4b3, — 10b3,
—10a2,).

In the particular case of X = &} + A),, these conditions are very
simple, since
T 11,5041, et 1n—j1 —jo g1 = 0,

except for ji+1=jo+1=-- =j+1=n—j — —jp+1=m,
that is, n = (k + 1)(m — 1). The following corollary provides conditions

of isochronicity for these vector fields.
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Corollary 1.2.7. The origin of (1.1.2) with X = —y0, + 20, + Xy, is
an isochronous centre if and only if the projection into Ciji1ym—1)+1 of

D; is zero for every j, where D; € H(j11)(m—1)+1 5 defined by

Dl = Xm:
Dj = [erL_l(Dj—l)]v ] Z 2.

Finally, if moreover the vector field is uniformly isochronous (i.e. it
has constant angular velocity), X, = Hp,—1 (20, + y0,) with H,,_; ho-
mogeneous polynomial of degree m — 1 in the variables x and y, it has
that L=Y(D;) = K;—1(20; + y9,), with K,,_; homogeneous polynomial

of degree m — 1. In this case
D2 = [Hm_l(fﬂam + yay), Km_l(l'am + yay)] = 0,
and so D; = 0, for all j > 2. Therefore, it has the following result.

Corollary 1.2.8. Let (1.1.2) be with X = —y0,+x0y+ Hy—1 (20, +y0,).
It holds:

i) if m is even, the origin is an isochronous centre,

ii) if m is odd, the origin is an isochronous centre if and only if H,,_1(x0,+
y0y) € Rm.

A similar result is given in Conti [39].

1.3 Isochronous sections and normalized vec-

tor fields.

Next, we introduce the concept of an isochronous section of a mon-
odromic point, which helps us to analyze several geometric aspects of
vector field (1.1.2) whose origin is an isochronous point. For every
(z,y) € R?, the flow of vector field (1.1.2) is denoted by ®x(t;x, ).
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Definition 1.3.9. An isochronous section of (1.1.2) at the origin is
a smooth curve n, transversal to X, defined in [0,1), verifying n(0) =
O, 7'(0) € R?\ {(0,0)} and such that:

(1) given s € (0, 1), there exists 5 € (0,1) with ®x(2m;n(s)) = n(5),

(i) for everyt € (0,2w), s € (0,1), it has that Py (t;n(s)) ¢ {n(s), s €
(0,1)}.

This definition is more demanding than the one given by Sabatini [145]
and used in Giné and Grau [90], since we also impose that the curve
arrives at origin with defined direction and the return time is 2.

The following result relates the concepts of isochronous point, nor-

malized vector field and isochronous sections at the origin.

Theorem 1.3.10. The origin is an isochronous point of (1.1.2) if and
only if there exists a smooth vector field Y = x0, + y0, + O(2) such that
[X, V] = uY, where p is a smooth scalar function with u(O) =0, i.e. Y
18 a normalized vector field by X.

Moreover, every orbit of Y contained in a neighbourhood of O is an

isochronous section of (1.1.2) at the origin.

Proof.

We prove the first part. We assume that O is an isochronous point of
(1.1.2). Then there exists a smooth change of variables ¢ with D¢(O) = I
such that ¢, X = —y0, + 20, + H(x0, + y0,) where H is a smooth scalar
function.

The vector field 0, + yo, verifies [¢. X, 20, + y0,] = u(x0, + y9,) with
w(z,y) = (xH,+yH,)H (x,y), where H,, H, stand the partial derivatives
of H. Therefore, the smooth vector field ¢*(z0, + y9,) verifies

(X, ¢ (20, + y0,)] = v¢* (20, + yI,)

with ¢* (20, + y0,) = 20, + y0, + O(2) and v(O) = 0.
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Conversely, from the Sternberg’s Theorem [152], the vector field ) is
linearizable, then there exists a change of variables ¢ = 20, +yd,+ O(2)
such that .Y = x0, + y9,. Thus, [¢.X, 20, + yd,] = o(zd, + yd,).
Therefore, 1, X transforms every ray of the origin Re = {(r,§), 6 = &}
in other ray of the origin Rg, that is ¢, has constant angular speed.
Now we undertake the second part. The change of variables ¢ which
brings X into ¢ X = —y0, + ©0, + H(x0, + y0,), brings Y into ¢.) =
0y + y0, + O(2). From Sternberg [152], ¢,) is linearizable. Also it is
easy to prove that the change of variables ¢ which transforms ¢.) into
00 Y = (1 + a)(20, + y0,), where « is a smooth scalar function with
a(0,0) = 0, can be chosen radial. Thus, ¢,.¢.X = —y0, +x0, + K (0, +
y0y). The trajectories of ¢,¢,) (straight-lines passing by O) are isochro-
nous sections of p,¢,X. So, the orbits of ) are isochronous sections of
vector field (1.1.2). =

We emphasize that the vector field ) is not unique. We give the

following relation between two normalized vector fields by X.

Corollary 1.3.11. The following statements hold:

(1) If Y1 = 20, + y0, + O(2) and Yo = 20, + y0, + O(2), are normalized
vector fields by X, then Y1 = aYs, where « is a smooth scalar function
with «(0) = 1.

(i1) If Y1 = a)y where « is a smooth scalar function with a(O) =1 and

Y1 is a normalized vector field by X, then Yo is also a normalized vector

field by X.
Proof.

(i) From Theorem 1.3.10, the orbits of ), and ), are isochronous sections
of X which fill a neighbourhood of the origin. Therefore ); and )); have
the same orbital structure at O, thus ) = a)ks.

(ii) From Theorem 1.3.10, the statement easily follows since under such

conditions the orbits of ), also are isochronous sections of X. n
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The following result shows that if O is a focus, the study of its
isochronicity is reduced to prove the existence of a normalized vector
field up to certain order. So, in such a case, the problem is easier than if

O were a centre.

Theorem 1.3.12. Let O be a weak focus of order r of (1.1.2). O is an
wsochronous focus if and only if there exists a polynomial vector field ),
of degree 2r + 1 of the form Y, = x0, + y0, + O(2) such that [X,Y,] =
Yy + O(2r + 2), where i, is a polynomial of degree 2r with 1,(0) = 0,
i.e. YVp 18 a normalized vector field by X up to order 2r + 1.

Proof.
The necessity is deduced from Theorem 1.3.10.
To prove the sufficiency, we impose the existence of ), a smooth nor-
malized vector field by X' up to order 2r + 1, i.e. T HX,V,| = 1Yy,
where J*f denotes the k-jet of f at origin.

As origin of vector field (1.1.2) is a weak focus of order 7, there exists
a smooth near-identity change ¢ such that ¢, X takes the form ¢, X =
X = (0,1)¢, + > o1 (ig1, Boit1)enyy With a3 = a5 = .. = g =
0, ag,41 # 0, and 7@15*)?,, =W = (1,0)¢, + - -- . Moreover, it has that
J¥HX, W] = W, with 4(0) = 0. Writing X = X; + X, + ... and
W = W, + W, + ... with X; and W, homogeneous polynomial vector fields
of order i > 1 and i = fiy + fig + ..., with [; homogeneous polynomial of
order 7 > 1, we have
1. [, W] =0,
2. [2%1, WQ] — yWV;. From Lemma 1.2.2, this leads to W, € HE.
In a similar way, for order 2; we have Wy; € HE fori <.
3. [z’f’l, Wg] + [‘XA},, Wl] = 1uWWs + fiuW,. Then

Ly(Ws) = 2B5(2% + 4)(0, 1)e, — uWs — 11

Projecting the above equality onto the range of L3 and onto C3, we deduce
that 85 = 0, and hence Wj € HE
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4. Analogously, taking into account the (2i+1)-th order terms of [, W],
we have that (9,1 = 0, W2i+1 € %QRiH, for: <r-—1.
5. For order 2r + 1, we get

2r

[/\?1, W2r+1] + [')227"4—17 Wl] = Z ﬂjW%—l—l—ju

J=1

. N 2 A~ N
that is, Lor11(Wart1) = 2r(ars1, Bors1)corss + erzl f1jWar41—;. Then

521"4—1 =0.
Thus, from Theorem 1.2.5, origin is a weak isochronous focus. [

We offer a similar result to the one obtained in [90].

Theorem 1.3.13. The origin is an isochronous point of (1.1.2) if and
only if it has an infinite number of isochronous sections.

Moreover, if the origin is a focus, it has that:

(a) the isochronous sections are disjoint two to two and they fill a neigh-
bourhood of the origin,

(b) given a non-zero vector, there is an unique isochronous section which

arrives at the origin with that direction.

Proof.

By definition, there is a diffeomorphism ¢ such that ¢.X has constant
angular velocity. The ray R = {(r,§), 6 = £} is an isochronous section
of ¢.X. Therefore, the curve counter-images of the ray, ¢~'(R;) is an
isochronous section of (1.1.2), for every £ € [0, 27].

These curves are transversal to the vector field and their derivatives are
equal to the derivatives of the rays. Moreover, in the case of a focus,
these curves are disjoint, since, by Theorem 1.3.10, they are different
trajectories of a smooth vector field.

Now, we prove the sufficient condition. Let 1 be a isochronous section,
verifying 7'(0) = (1,0).

The curve 7 : [0,1) — R? defined by n¢(s) = ®x(&;7(s)) is a transversal
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isochronous section of (1.1.2) at O, for every & € [0, 27).
We define the function ¥ (&, s) = P (&;n(s)), € €[0,27m), s € (0,1). We

have
FU(Es) = 5Px(&n(s)) = X(Du(&n(s)) = X (1e(s)),
TU(E,5) = £Px(En(s)) = ne(s).0/(s).

Thus, |D¥(t, s)| = X (ne(s)) Ang(s) # 0, by transversality. Therefore W

is a diffeomorphism. Also, ¥, X verifies

@\p*x(g; Rt) = Rf—l—t-

So, U, X is an uniformly isochronous focus, therefore X has an isochro-

nous focus at O. ™

1.3.1 Computing isochronous sections at the origin

from a normalized vector field.

We assume that O is an isochronous focus of (1.1.2) and we know the
expression of a normalized vector field up to finite order, (z + R)d, +
(y+ S5)0, with R and S of order greater than or equal to two.

Our objective is to provide a recursive algorithm to allow us to com-
pute the coefficients of Taylor expansion at the origin of the isochronous
section 17 whose derivative at the origin is known.

We will denote by (¢,7(t)), t € [0,1), a parametrization of this isochro-

nous section, i.e. y = n(z).

Lemma 1.3.14. Let n be isochronous section at the origin with n'(0) =
A If R(z,n(x) = Y05, m507 and S(z,n(x)) = 32,5, 8527, it has that
n(z) = Aix + Asa® + Azx® + - -+ where

V2

A2 = 52,
Aj =L (55— i3k + D Aprior), §> 3.

j—1

(1.3.6)
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Proof.
The curve y = n(z) = Ayx + Asx? + Azz® + -+ is the trajectory of
(x 4+ R)0, + (y + S)0, with 1'(0) = A;. So, y = n/(x)x, that is

n(x) + Sz, n(z)) = n'(z)(z + Rz, n(z)).
Therefore, it has that

ij Azl + 2322 sjpd = ijﬂijj
H( X000 + 1) A 027) (325, m507)

=21 J A
+ 0 (Z?cjl (k+1)Apparjg)alm

We now offer a formula to obtain the coefficients r,, and s, from the

expressions of R and S and A;, Ay, ..., A, 1.

Lemma 1.3.15. Let 1 isochronous section at the origin be with n'(0) =
Ay # 0. If R(z,y) = c02? + cnzy + coy® + -+, S(x,y) = door? +
dizy + doy® + -+ and n(z) = Az + Asx?® + Azz® + -+, it has that
R(z,n(x)) = > 5o’ and S(w,n(w)) = 32,5, si27 with

m m—j

cmo+ch1Am bt YN O i m>2 (13)
=2 k=0
m m—j

_dm0+zdk1Am k'FZdeJCm kejprs M >2. (1.3.8)
7=2 k=0

where the constants C’r(,{) are given by

cy) = 4,
. - . (1.3.9)
Cr' = m por (kj—m+k+1) A Cply, m>2.

To prove Lemma 1.3.15, we use the following result, which can be

seen in [95].
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Lemma 1.3.16. If (3, Apa™)i = 23(3 _ CPDam=1), A, #£0, j >
2, it has that CY) satisfy (1.3.9).

Proof.
Rewriting R(x,n(x)) of the form

R(xz,n(x)) = c02? + crizn(x) + coon(x)? + c302® + copx®n(z) + - - -
= Coo1? + 307> + gt + -+
+enen(z) + eqa®n(z) + esadn(x) + - - -
+coan(z)? + crorn(x)? + cpor®n(z)? + - - -
= co0x? + 302 + cgoxt + - -
+(enx + e + ez + -+ )n(x)
+(coz + 12T + 202 + -+ )m(x)? + - - -

+(con + c1nT + conx® + ()" + - -

and applying the above lemma, we arrive at (1.3.7). Analogously it has
(1.3.8). [

To compute the isochronous section with derivative A; at the origin,
we use the following recursive procedure:
Step 1. Given Ay, from (1.3.9), we calculate c® and from (1.3.7) and
(1.3.8), we compute 79, So; and from (1.3.6) we obtain As.
Step 2. In general, given A, Ao, ...,Ak,C,(ff) withm <k—-1, 2<n <k,
and (rg, $2), ..., (Tk, k), from (1.3.9) we compute Cr(rlfﬂ), m=1,-- .k
and C,(cn), n=2,---,k. From (1.3.7) and (1.3.8), we calculate ry1, Sxi1;
and from (1.3.6) we obtain Ag.
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The coefficients A, and As are:

A, doyo + di1 Ay + dOQA%a

_ 1 1
Az = 5e30 + 5diidag — dagcao

Hodo + 30+ oty — o — el
+(5d11doz + Sdia — daocoy — dircry — doacao) AT

+(dgy + %doa — dy1¢o2 — dgacyy) A3

4
— d02 Co2 Al .

Recently, Guillamén and Huguet in [97] compute the isochronous sec-

tions near a limit cycle.

1.4 Isochronicity and commutators.

We now provide the following lemma that we will use to prove the main
result of this section. From now on, J*f denotes the k-jet of f at the

origin.

Lemma 1.4.17. Let j € N and X = (0,1)¢, + Zzzl(a2i+1,ﬁ2i+1)c2i+l +
O(25+2) a C®-vector field in a neighborhood of the origin. There exists
W = (1,0)c,,,, + O(2] +2) a C=-vector field such that T+ [X, W] = 0

if and only if ag = ... = gj_1 = 0,83 = ... = [By;41 = 0.

Proof.

We prove the necessity. We impose the existence of W a C*-vector
field verifying JY+[X, W] = 0. Writing X = X, + X, + ... and W =
W2j+1 + W2j+2 + ... with ./'\Af; and Wl homogeneous polynomials of order
1> 1, we have

1. [2\?1,W2j+1] =0,

2. [/\A,’l, W2j+2] = 0, which leads to W2j+2 = 0. In a similar way, for order
21 1t has VAV% =0, for all 7.
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3. [.)81, W2j+3] + [/‘?3, W2j+1] =0, then
_L2j+3(w2j+3) + (2(1 - j)Oé3, 253)02]-+3 = 0.

Projecting the above equality onto the range of Lyj;3 and onto the com-
plement Cyj13, we deduce: 33 =0, a3 = 0if j # 1 and W2j+3 € Cyjys,
that is, W2j+3 = (@243, b2j43)cy;,s With agjis and by s arbitrary con-
stants.

4. Analogously, taking into account the (2i+ 1)-th order terms of [X', W]
with i = j,...,25 — 1, we have 2(i — j)agi1 = 0, 2if%, = 0, for
i=1,..,7 — 1; thus, g1 = Boirs = 0 and Waq € Coisr.

5. For order 45 + 1, we get

(X0, W] + [Xojir, Whjia] = —Lajr Wajar) + (0, 27 B2j41)cayer = 0

then 62]'4_1 =0 and W4j+1 S C4j+1.
Thus, W = (17 0)02]‘4-1 —+ Z?ij—kl W2i+1 verifies J4j+1 [.XA', W] = 0.

The sufficient condition is follows easily. n

The following theorem is a generalization of the result of Sabatini
[142] and Algaba et al. [2] (case j = 0). The examples 1.5.30, 1.5.31 and

1.5.32, in the section 1.5.6, show the usefulness of this result.

Theorem 1.4.18. Let system (1.1.2) be analytic. The following proper-
ties holds:

(i) If O is an isochronous centre of (1.1.2) then there exists W commut-
ing with X of the form W = (1,0)e,,,, + O(2j +2) for any integer j > 0.
(ii) If there exists an integer j > 0 such that W = (1,0)¢,,,, + O(2j +2)
commutes with X and o1 = 0, where ayjiy is the radial coefficient of

order j of a normal form of (1.1.2), then O is an isochronous centre of
(1.1.2).

Proof.

(i) By definition, if (1.1.2) has an isochronous centre at the origin, there
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exists a change ¢ bringing X to the form X = (—y, )T, it which com-
mutes with W = (1,0)¢y,,, for every j > 0. The vector field #*W has
the form (1,0)c,,,, +O(2j+2) and commutes with A’ since ("X, W] =
¢*[X, W] = 0.

(ii) Let a change ¢ be with ¢(O) = O and D¢(O) = I bringing X to
its normal form (1.2.3) where A = a3 = a5 = ... = ;41 = 0 and
let X be its vector field associated. The vector field W = ¢, VV also
has the form (1,0)c,,,, +O(2j +2). By Lemma 1.4.17, 8554, = 0, that is
X = (—y,2)T+0(2j+3) and W = (1,0)c,,,, + 377 1, Waip1 +O(4j+3)
with VAV%H = (a2i+1, b2it1)cpipy, Where agipq,b9iq1,7=7+1,...,2j are ar-
bitrary constants.

For order 4j +3, [X}, W4j+3] + [.)%2]‘4_3, W2j+1] =0, that is, W4j+3 € Cyjs3
and 2asj43 = 0, 2(j + 1)faj43 = 0. Thus, we have ag;i3 = 943 = 0.
And so on it arrives to aw; 1 = (2,41 = 0, for any ¢ > 1. Therefore,

~

X = (—y,x)T, i.e. X has an isochronous centre at O. -

The following result characterizes the weak isochronous focus of order
j. Let us note that only is necessary the existence of a commutator only

up to order 45 + 1.

Theorem 1.4.19. Let j > 0 integer and we assume that O is a weak
focus of order 5 for X. The following statements are equivalent:
(i) The origin is a weak isochronous focus of order j for X,

(1) there exists W = (1,0) + O(25 + 2) such that JY+H X, W] = 0.

Cojt1

Proof.

(i)=(ii) If O is a weak isochronous focus of order j for X, there ex-
ists a change of variables ¢ such that ¢,X takes the form (—y,z)’ +
(z,y)TH(x,y) where H is a scalar C*®°-function. From Lemma 1.2.4
it has A = 0,a3 = ... = agj-1 = 0,a9j41 # 0 and [y = 0, for
all 4. From Lemma 1.4.17, there exists W = (1,0)c,,,, + O(2j + 2)
such that JY*![X, W] = 0. Thus, W = ¢*W verifies JY1[X, W] =
T [ X, W] = 0.
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(ii)=-(i) From Lemma 1.4.17, it has that 3 = ... = f;41 = 0, and by
Lemma 1.2.3, f9;41 = 0, for all # > 1. That is, O is an isochronous focus
for X. -

A strong focus is a focus of order zero. Taking W = (z,y)T + O(2),
as JHX, W] =0, from Theorem 1.4.19, we have the following result:

Corollary 1.4.20. Every strong focus is an isochronous focus.
Also, from Theorems 1.4.18 and 1.4.19, it easily has

Corollary 1.4.21. X has a commutator of the form (z,y)T + O(2) if
and only if either \ # 0 or the system (1.1.2) has an isochronous centre

at origin.

The following theorem is a new characterization of isochronous point.
It completes the results of Giné and Grau [90] and Sabatini [145].

Theorem 1.4.22. The origin is an isochronous point of (1.1.2) if and
only if there exists j > 0 integer and W = (1,0)¢,, ., + O(2j + 2) such
that [X, W] = 0.

Moreover, if the origin is a focus for X, the normal form of X determines

univocally to W.

Proof.

If O is either an isochronous centre or an isochronous strong focus (A #
0), by Corollary 1.4.21, the vector field X has a commutator with linear
part (z,y)T.

If (1.1.2) has a weak isochronous focus of order j at the origin, then there
exists a change ¢ with ¢(0O) = O and D¢(O) = I transforming X’ into
X = (—y,z)T + Zizj(a2i+1,0)c2i+l with ag;1 # 0. It is easy to check
that this field commutes with W = (1, O)CQﬁl—l-ﬁ > isjr (@i, 0)esi -
Thus, the vector field W = ¢*W has the form (1, 0)c,,,, +O(2j +2) and
also [X, W] = 0.
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Conversely, we assume that there exists a change of variables ¢ which
transforms X into X, the vector field associated to (1.2.3). In such
case, ¢,W = W has the form (1, 0)cy;sy + O(27 +2). By Lemma 1.4.17,
X = (—y,2)T + g (1, 0)cy; .y +O(2j +3) and by Lemma 1.2.3, O is an
isochronous focus of (1.1.2).

We see that the commutator is unique. We can assume that X =
(=g, )" + ag1(1,0)cy,, + Doisjyr(@2it1,0)eyy, - From Lemma 1.4.17
we have W = (1,0)¢,,, + 3021 Waipr + O(4j + 2) with Wy; = 0 and
Whait1 = (a2i41, b2i41)caiyr» Where ag;q and by 4y are arbitrary constants.
For order 45 +3, [z’f’l, W4j+3]+[/\?2j+1, W2j+3]+[z\?2j+3, W2j+1] = 0, that is,

W4j+3 € C4j+3 and —2a2j+1a2j+3 + 2(1/2j_|_3 = 0, —2(] + 1)a2j+1b2j+3 =0.
Q2543
Q2j+1

Thus, a2j4+3 = and b2j+3 = 0.

In a similar way, for order 45 + 2¢ + 1 we have W4j+2i+1 € Cyj42i41, and

=209 410954941 + 2002 40i11 = 0, —2(] + 1)agj41b2j42i41 = 0.

Q2j42i+1

Thus, asji2i+1 = a2+

y bajyoir1 = 0, for ¢ > 1. Therefore,

N 1
W= (1,0)ey 4y + —— E (@241, 0)cy
Q21 55

commutes with X. m

1.5 Several applications and examples.

1.5.1 Quadratic isochronous points.

The quadratic systems can be transformed by means of a rotation of axis

into the form provided by Bautin [28],

T = —y+ Ax — A32% + (209 + A5) Ty + N6y,

1.5.11
U= x4+ y+Ar® + (2X3 + A)ay — Aay® ( )
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He found the weak foci and their orders, and their centres.

Later, Loud [119] obtained their isochronous centres. The following re-
sult completes the work of Loud, characterizing the isochronous foci of
(1.5.11) and their orders.

Theorem 1.5.23. The origin of system (1.5.11) is an isochronous focus
if and only if one of the following five series of conditions holds:

i) A £ 0 (Strong focus).

i) A =0, \s Z0, A3 # Xg, (A5 +4X9)% = =23 — 1872 — 1072 — 9\ )\, +
12306 + A A6 > 0. (Weak focus of order 1)

i) A=0, A5 =0, A3 # Xg, A6 #0, Ay =6(Ng — A3), Aa # 0, Ns(3\3 —
5X¢) = 2)3 (Weak focus of order 2)

iv) A=0, \s =0, A3 # X, A6 Z0, Ay 0, Ay £ 0, 14\, = 55\ —
71\ + 5gn(A6) /106502 — 1650306 + 84123, with A3 > 4)g if A > 0 or
A3 < 4Xg if A\¢ < 0 (Weak focus of order 2)

VIA=0, A5 =0, A3 # Xg, A6 0, Ay Z0, Ay #0, 14\ = 55\6—T1\3—
sgn(Ae) /106502 — 1650306 + 84173, with (15—+/105) A < 43 < (15+
V105) X6 if A6 > 0, or (15 4+ v/105)\s < 4X3 < (15 — V/105)\g if As < 0,
(Weak focus of order 2)

Moreover, there isn’t an isochronous focus of order greater than or equal

to three.

Proof.

If A # 0, then (1.5.11) is a strong focus which is smoothly linearizable,
see Sternberg [152]; therefore, O is an isochronous focus, (case i)).

The first radial coefficient is a3 = —A5(A3 — Ag). So, the systems (1.5.11)
whose origin is an isochronous focus of order 1, must hold A = 0, A3 #
X6, A5 # 0. Under these conditions, it has 83 = 22 (r — (A5 + 4X2)?), with

ri= 7’()\3, )\4, )\6) = —)\Z - 18)\3 - 10)\2 - 9)\3)\4 + 12)‘3)\6 + )\4>\6-

Therefore 35 = 0 if and only if 7 = (X5 + 4))? (case ii)).

We now obtain systems (1.5.11) whose origin is a weak isochronous focus
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of order 2. By imposing a3 = 0, it has that
as = AaAg(A3 — Ag) (Mg + 5A3 — BAg).
That is, from Theorem 1.2.5, such systems must verify
A=X=0, Mg #0,0# Ay #5(\s¢ — A3) #0,

and 33 = 35 = 0. In this case r = 16)2 > 0 and

1

B = 763

(A3 — A6) (Mg + 65 — 6X6) X (A3, Ay Ag)

where S(As, Mg, Ag) = T0A2 — 220063 — 55X Ag + 150A2 + 7T1AzA4 4 TAZ.

If \¢ were zero, we would have

1
r = —(3)\3 + )\4)(6)\3 + )\4), 55 = —ﬁ)\g(t’)o}\g + 7)\4)7".

As A3 # 0and r > 0, 85 = 0 only if A\, = —50/7)3; in this case, r
is negative. Therefore, without loss of generality, we can assume that
X¢ # 0.

The azimuthal coefficient of order 2, 5, is zero if and only if either
Ay = 6(Ng — A3) or X(A3, Ay, Ag) = 0.

In the first case, that is Ay = 6(X¢ — A3), it has 7 = 8As(3A3 — 5Ag),
therefore if also A\g(3\3 — 5Ag) = 2)3, the origin is a weak isochronous
focus of order 2 (case iii)).

In the second case, (A3, A, Ag) = 0, O is a weak isochronous focus of
order 2 if and only if A3, Ay and g also verify (A3, Ay, Ag) > 0. Making

A3 = :\\—z, Ay = :\\—2 we have
YAz, A1, Ag) = )\32(5\3,5\4), (A3, A1, Ag) = )\gf(j\3,5\4),

therefore O will be isochronous focus on the region where A3 and \4 verify
2(/_\3, /_\4) =0 and f(j\g, 5\4) > 0.
It is easy to prove that the hyperbolas ¥(A3, \4) = 0 and 7#(A3, \s) = 0
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meet at the points Py(4,—10), Pi(5(15 + v/105), —1(85 + 7/105)) and
Py(3(15 — v/105), —1(85 — 74/105)). The point P, is on the branch of ¥

14\; = 55 — T1A; + sgn()\ﬁ)\/1065 — 16503 + 841)3

and P, P, are on the branch

143, = 55 — 713 — sgn(As) (/1065 — 16503 + 84133,

Studying the relative position of both conics, it leads to the cases iv)
and v).
Finally, we compute the systems (1.5.11) whose origin is a weak isochro-

nous focus of order 3. It has that
vr = =Xz — Ag)2(Ashs — 202 — A2).
So, it arrives at
A=X5 =0, s = 5(Xg — A3) # 0, A2 # Xg(N3 — 2)¢).

Under these conditions, also it must hold 83 = 85 = 57 = 0. In this case,
B3 is zero if and only if 8A\2 = A2 + 6A¢\3 — 15)2. Substituting A2 in S5

it has 35 = —%()\3 — X¢)%, which is nonzero. Therefore, O cannot be a

weak isochronous focus of order 3. n

As a consequence, it has that an isochronous focus of system (1.5.11)

with order greater than two is an isochronous centre.

1.5.2 Isochronous points of systems with non lin-

earities cubic.

The cubic systems centre-focus type without quadratic terms can be

written by means of a rotation of axes in the following form given by
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Sibirskii [150],

&=~y + v+ (3 — 1 — p2)2® + (s — pua)a*y

+(3p2 — 31 — 23 + pe)ry® + (7 — p1s)y’,
g= x+Ay+ (s + pr)r® + (pn + 3pg + 2p3) 7%y

+(pa = 3ps)wy? + (1 — pro — p3)y’.

(1.5.12)

He gave the weak foci and their orders, and their centres.
Later, Pleshkan [133] found the systems (1.5.12) with an isochronous
centre at the origin. We now give the systems whose origin is a weak

isochronous focus and their orders.

Theorem 1.5.24. The origin of system (1.5.12) is an isochronous focus
if and only if

i) A # 0 (Strong focus).

i) A=y =0, ug #0 (Weak focus of order 1)

i) A = pg = ps = 0, (41 + p3) (6p1 — p13) = —6(ps5 + 3 + p3), pz #
0, pur # 0, (Weak focus of order 2).

V) A=y = pg =0, pir = 0, pi5 =0, (dpa+pi3)(6p01—p3) = —6p15, piz #
0, u1 #0, ps #0, (Weak focus of order 3).

V)N =g = s =0, pr =0, pg = =24, p3 + p3 = 1007, ps #
0, 1 #0, ps #0, (Weak focus of order 3).

Moreover, there isn’t an isochronous focus of order greater than or equal

to four.

Proof.
If A # 0 the system (1.5.12) is a strong focus which is smoothly lineariz-
able (see [152]); therefore, O is an isochronous focus, (case i)).

Now, we assume that A\ = 0. The first radial constants, up to a positive
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factor, are

Q3 = [g,

a5 = —pspir, if az =0,

a7 = papiopiy, if ag = a5 =0,

g = pizpiopi, if a3 = a5 = ar =0,

an = — 34013 + p3) — i3], if s = a5 = a7y = ay =0,

o1 =0, k>6, ifay ;1 =0, 1=1,2,3,4,5.
The first azimuthal constant is, up to a positive factor, 53 = 4. There-
fore, from Theorem 1.2.5, O is a weak isochronous focus of order 1 if and
only if py =0, pg # 0 (case ii)).
The system (1.5.12) has a weak focus of order 2 at the origin if g = 0
and a5 # 0, i.e. pug =0, 7 # 0, ug # 0, and it will be isochronous if also
B3 = PB5 = 0, that is u4s = 0 and in this case,

Ps = —é[G(ﬂg + 113+ 13) + (4 + p3) (61 — p13)]

is zero (case iii)).
From the expression for az and a7 we have that O is focus of order 3 if
and only if g = 7 = 0, 1 # 0, pe # 0 and pz # 0. In this case, O is

an isochronous focus if f3 = 0 (i.e. gy = 0) and

Bs = —5[6(u5 + p3) + (4pn + ps) (611 — pis)],

Br = —%M1M5(M3 + 2444)
are zero.
If us = 0, then (4py + p3)(6py — p3) = —6u3 holds (case iv)), and if
p3 = —24p, we have that p3 + p2 = 10043 (case v)).
The origin is a weak focus of order 4 if it verifies a3 = a5 = ay = 0 and
g # 0, that is pug = p7 = 1 =0, g # 0, o # 0 and p3z # 0. So, O
cannot be isochronous since 53 = 0 only if py = 0.
Finally, we compute the systems whose origin is a weak isochronous focus

of order five. They must verify

pio = fiz = iy = pig = 0, pip # 0, pz # 0, pj # 4(ps + p2),
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and py = 0 (B3 = 0); p3 = 6(u3 + p2) (65 = 0). This contradicts that

us # 0. Therefore, there is not a weak isochronous focus of order 5. =

As a consequence, an isochronous focus of system (1.5.12) with order

greater than three is an isochronous centre.

1.5.3 A three-parameters family of Rayleigh equa-

tions with four local critical periods.

Aside from its interest in physical applications, the study of the period
function is essential for approaching some problems of differential equa-
tions. So, for instance, the monotonicity of the period function is strictly
related to the existence and uniqueness of solutions of some boundary
values, bifurcation or perturbation problems.

Our following application shows how the calculation of the azimuthal co-
efficients of a normal form of the system allows us to solve the problem
of determining the number of local critical points of the period function
(local critical periods) which can appear by perturbation of a system in
the neighbourhood of a centre.

Let us consider the family of second order differential equations, so-
called Rayleigh equations, & + h(i) + x = 0, where h(z) = ag2? +
asx? + agx®. Bach differential equation of the family will be denoted
by R(asg, a4, ag). It is easy to prove that O is a centre of R(as, a4, ag), for
all as, a4, ag real numbers.

We have the following result.

Theorem 1.5.25. The following properties hold:

i) There are, at the most, four critical periods of the family R(asg, a4, ap)
in a neighbourhood of the origin, for (as, a4, ae) # (0,0,0).

ii) Moreover, given a neighbourhood of the origin, there are as, a4, ag € R
such that R(ag, ay, ag) has exactly four critical periods in a neighbourhood

of the origin.
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Proof.
A plane differential system associated to the Rayleigh equations R(as, a4, ag)

is the Liénard system
i=—y,  §=x+ay +ay' +ay’ (1.5.13)

An analysis on the monotonicity of the period function of a Liénard sys-
tem can be seen in [144].

This system is time-reversible, therefore O is a centre.

If we denote by r(0, p) the periodic solution, expressed in polar coor-
dinates, such that r(0,p) = p, where p is small enough, the period
T(p) of this periodic orbit is an analytic function of the form T'(p) =
2w + > o2 T,p*", see [54, 2]. The constants T,, are called period con-
stants of system (1.5.13).

Algaba et al. [2], provide a relation between the period constants and

the azimuthal coefficients of a normal form of the system. Concretely,

T, =2m Z (_1)lﬁn1+1 o+ Bt

ny+-+n;=2n
n; even, 1>1

Thus, T,, = —27 9,41 if the above period constants, T;, i = 1..n—1, are
zZero.
The first azimuthal coefficients of (1.5.13) are

p3 = —éa%

Bs = —iZa3— tasa

Br= — 708 — 00403 — 150602 — 7505

Bo = —Tiows® — 13530403 ~ 5700605 — Gop-03a3 — F5lads

Bi1 = —3osroa0092° — 587072000492 ~ 512809396 ~ Sson0s0 4402

- 3986275678303 s a4a§ 127%72 ag — 18161470609 a4az-

If (ag, ay, as) = (0,0,0), is an isochronous centre. Otherwise, by applying

the Malgrange Theorem, to the equation 7"(p) = 0, for 0 < p << 1, we
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arrive at that 4 local critical periods, at the most, can bifurcate from the
origin in the family R(as, a4, ag).

We prove the second part. The system R(0,0, 1) verifies Ty =T, = T3 =
T, = 0 and T5 # 0. If we take the following perturbation of R(0,0, 1),

as = €, ay = —€", ag = 1, n sufficiently big,

it has that
_ 1.4

/83 - _66 n’

55 — %ng 4 O(ng),

Br = —(45 + )™ + o(e™),

59 = %en + 0(€6n)=

Bri = — g5 + o(e™),
Taking n sufficiently big, it has that 0 < |T1| << |Tz| << |T3] <<
|Ty| << |T5|, and the period constants alternate sign, then they form a

Sturm sequence. Therefore, we can assert that 4 critical points of the

period function bifurcate from the origin. [

The azimuthal constants have been obtained by using Theorem 1.2.6.

1.5.4 An isochronous focus of a cubic Kukles sys-

tem.

We consider the following family of cubic Kukles systems depending on

the parameters a; and b,

i:_yv

1.5.14
y= x+a(2®+y%) + a2(x? + 5yH)x + by(2? + y?)y, ( )

with a1by # 0. The first radial coefficient for this family is a3 = by. Hence,
when b, > 0 the origin is an unstable weak focus and when by < 0 the

origin is a stable weak focus. We have the following result.
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Theorem 1.5.26. The family (1.5.14) has a weak isochronous focus at

the origin. An isochronous section of derivative 1 is

3 1
n(x)=x— (ga? + Zbg)x3 + O(4).

Proof.
The origin of (1.5.14) is a weak focus of order 1. The field Y, = (z +
R)0, + (y + S)0, where

R= —a(a®+¢°) — qaiz(52° +y?) — 5hay(y® + 2%)
S= —jaty(52® — 7y*) — shaw(a’® + y7),

is a normalized vector field up to order 3, i.e. [X,),] = p, + O(4) with
p = by(z® + y?). From Theorem 1.3.12, the origin of (1.5.14) is a weak
isochronous focus of order 1.

The expression of the isochronous section is obtained from (1.3.10). m

1.5.5 Centres and isochronous centres of two fami-

lies of polynomial systems.

We apply our approach to the centre and isochronous centre problems of
two families of polynomial differential equation systems. The first one is
the cuartic family with eight-parameters (z,9)" = (yP(z), 2Q(y))!, with
P, () polynomials of degree less or equal to three. This family includes a
class with an isochronous centre at the origin, which contains isochronous
cuartic Kolmogorov systems.

The Kolmogorov system have the form (z,9)! = (xF(z,y),yG(x,y))".
These systems are widely used in ecology to describe the interaction be-
tween two populations, see Bazykin [29] and May [126]. In that case,
attention is restricted to the behavior of orbits in the realistic quadrant,
z > 0 and y > 0. It is well known that, in the quadratic case, these

systems have not limit cycle, and there is at most one critical point in
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the realistic quadrant and that, if it were centre, it would be non isochro-
nous. Sdez and Széntd [149] find a one-parameter family of isochronous
cubic Kolmogorov systems. Also, Lloyd et. al. [117] obtain a cubic Kol-
mogorov family with six limit cycles.

The second family studied is a class of polynomial degenerate Kolmogorov
system. We have found a three-parameter subclass of cuartic Kolmogorov
systems with an isochronous centre in the realistic quadrant and give a
polynomial family with three limit cycles.

First, we consider the systems
t = yP(x),
y = z2Q(y),

where P and () are polynomials with real coefficients. We note that the

(1.5.15)

origin is a centre if and only if P(0)Q(0) < 0, because the matrix of the

linear part of the system has imaginary eigenvalues and these systems
sds Y sds

P(s) 0 Q)
Now, we characterize the quartic systems (1.5.15) which have an isochro-

have the analytic first integral fox

nous centre at the origin.

Theorem 1.5.27. The system (1.5.15) with P,Q polynomials of degree
at most three and with P(0)Q(0) < 0, has an isochronous centre at the
origin if and only if, up to linear change of the state variables and a

constant scaling of the time variable, has the form

i o= —gy(=3+az)(=9 + 6asz + (¢ — ad)z?),
(1.5.16)
g o= (34 0y) (9 +6biy + (c + b3)y?),

with a1, by, ¢ arbitrary real constants.

Proof.
By means of the change x — m, Yy — %, and multiplying the

system by the constant 1/,/—P(0)Q(0), we can suppose (1.5.15) with
P(z) = =1+ a1 + a2 + azz® and Q(y) = 1+ byy + byy? + bsy>. Next
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we compute necessary conditions so that the origin be an isochronous

centre. In complex coordinates, this system takes the form

+1(b1 —iar) 2% + 1(=by + iay)Z?

»-lklr—‘

Z2 =1z

(GQ + bQ)Z + 5 (b2 — a2)z 2+ 2 (GQ + bg)ZZQ + %(ag — b2)23

OOI@

(b3 + iaz)z* + §(bs — ia)z*z + §(—bs + iag) 22>

SIH

Lﬁ(bg, + ZCL3)

Using the algorithm included at the end of the chapter, we have

Y1 = —L(3CLQ + CL% + b% — 3b2)

T2 = 256(3a2 +af + b — 3by)(az — af — b} — by)

From the vanishing of v; it has by = ay + %(af +?). In this case, v, is

zero and the constant 3 becomes

[(2a} + 9aras + 27az)* + (b7 + 3aibs + 9asb; — 27bs)?]

7= 155520

and this will be zero if and only if a3 = —Q%al(Qa% + 9ay) and b3 =
%bl (b% + 3@% + 9@2).

In cartesian coordinates, the system comes given by (1.5.16) with ¢ =
3(a? + 3as).

Conversely, we prove that the origin is an isochronous centre.

By means of the analytic change of variable

o (3+b1y)z

U(xa y) - (_3+a1x)\/9+6b1y+(6+b%)y2’
o Y

v(y) - \/9+6b1y+(c+b3)y2’

the system (1.5.16) is transformed into

u = —vH(u,v),
(1.5.17)
v = uH(u,v),
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with H(u,v) = 3(3 + byy(v))(—3 + a1z(u,v)), being (z(u,v), y(v)) the
inverse function of (u(x,y), v(y)).

The period of the solution that passes by (r,0) is

27 de
T(r) = /0 H(rsin6,rcosf)

Eliminating x from the expression of u and substituting it in the integral,

we obtain

_ 2w a1rsin 0\/9+6b1y(rcos 0)+(c+b?)y(rcos 0)?
T(T’) - fO 9(3+b1y(rcos 0))2 : do

N 2m do
fO 9(3+b1y(rcos 6)) "

The first integral is zero, because it is the integral of an odd function on
the interval [0, 27], eliminating y of the expression of v and substituting

it in the second integral, we have

. r2mf1 bircos O(rcos 0—+/1—c(rcos 0)?)
T(T‘) - 0 <9 + 9(—1+4-c(rcos 0)2+bircos 0\/1—6(7"605 0)2)> do

thus, it follows the result.

Remark. Let us note that if a; = b = 0, (1.5.16) is a cubic reversible
system; if a; = ¢ = 0, (1.5.16) is an isochronous quartic Newton’s system,
studied by Volokitin and Ivanov [160].

We also observe that the systems with an isochronous centre given by
Theorem 1.5.27, with a; and b; different from zero, by means of an appro-
priate change of variables are quartic Kolmogorov systems. Concretely,
making = — —%(x -1), y— %(y — 1), the system (1.5.16) becomes

i o= —Lay—1)(c(z - 1) - aa?),
(1.5.18)
j = —y(z—1)(c(y —1)* + biy?).

The Kolmogorov systems are widely used in ecology to describe the inter-

action between two populations. In this case, the attention is restricted
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to the behavior of orbits in the realistic quadrant, > 0 and y > 0. From

Theorem 1.5.27, case ¢ = 0, the degenerated system
i = ar’ (y - 1)7

(1.5.19)
y = by?’('x_l)a

with ab < 0, has an isochronous centre at (1,1).

Finally, we characterize the centres and isochronous centres of the
systems
T = 2P(az+ by + 1),
(1.5.20)
g = yUasx + by + c2),
with ¢;co # 0 and p,q > 1.
If p=¢q = 1, it is well known that there is at most one critical point
in the realistic quadrant and that, if it were centre, it would be non
isochronous, see Bazykin [29].
The following results characterize the centres and isochronous centres of

the polynomial family (1.5.20) for any p,q > 1.

Theorem 1.5.28. The polynomial system (1.5.20) has a critical point
that is a centre if and only if, by means of a change of variables, it can

be transformed either into
T = a:rp(y - 1)7

Z) = byq(fﬂ—l),

(1.5.21)

with ab < 0, or into

& = aP(a1x — agy + as — ay),
(1.5.22)
g = yP(asx — a1y + a; — as),
with p > 2, ajas # 0 and a; # as.
Furthermore, three small amplitude limit cycles can bifurcate from the
point (1,1).
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Proof.

Without loss of generality, we can suppose p < ¢, since otherwise, we
interchange x by y.

We look for systems of the family (1.5.20) with a critical point which
is a centre. Obviously this point cannot be on the axes, since they are
invariant. This leads to suppose a1by — asb; # 0 and c¢;cy # 0.

By rescaling the state variables we can suppose that the straight lines
r=ax+by+c =0and s = ayx+byy+ ¢y = 0, cut at the point (1, 1),
that is, we have r = a1z +bjy—a,—b; = 0 and s = asx+byy—as—by = 0.
Making the change © — 2 — 1, y — y — 1, the system (1.5.20) takes the

form

t = (z+1P(a1z + bry),
(1.5.23)

v = (y+1)%ax + boy),
whose trace and determinant of the matrix of linear part are a; + by and
—a? — byay, respectively. Thus, the origin is non-degenerated centre if it
holds by = —ay, w2 = —a? —ayb, > 0, that is, ag # 0, and by = —%(w§+
a?). The change of variables z — wox + a1y, y — asy, transforms the
system (1.5.23) into

T = (woxr + a1y + VP (az — woy) — (agy + 1)%ax,
(1.5.24)

y = wO(a2y + 1)qxa 5 7£ 07

with w? > 0, p < q and the linear part (—wgy, woz)T.

Now, we compute the first coefficients of the Poincaré-Dulac normal form
of the system (1.5.24), for any pair p,q with 1 <p <.

We have

Re(n) = —zcor (ala = 1)ad — plp — 1)(wf + )

it is zero if and only if either a; = 0, (in this case, the system (1.5.21), by
means of the change x — z —1, y — 1 —y, is transformed into a system
of the family (1.5.15), which is centre), or if ¢(¢—1)a3 = p(p—1)(wi +a?)

with a; # 0; in this case, if p = ¢ = 1, the result is known, see Bazykin
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[29]; if p =1, ¢ > 1, the first radial coefficient of the normal form is non
zero; and for p > 1 and ¢ > 1, it has

1
Re(v,) = %(p—q)(a%—kwg)alag ((1()pq —9¢ — 9p + 9)ay + 8(p* — p)al) )

which is zero if p = q or (10pg — 9¢ — 9p + 9)as + 8(p* — p)a; = 0. In the
first case, we have the system (1.5.22); in this system, the point (1,1) is a
centre since, the change x — 1/2(z+vy), y — 1/2(y—x), transforms it in
a reversible system. In the other case, from the vanishing of the first two
radial coefficients, we obtain a; and ay and replacing them on Re(73),
we have a expression of Re(y;) with denominator different from zero and
whose numerator comes given by (p — 1)*(¢ — 1)(p — ¢)gp*wSa;®(p, q),
with ®(p,q) a polynomial in p,q of degree eight in p and ¢, which is
different from zero for any p,q. Therefore, the third radial coefficient is
different to zero, that is, the system (1.5.24) does not have a centre at
the origin.

Last on, from the proof, it follows that the maximal order of a fine
focus of the family (1.5.20) is three. In those cases, i.e. p # ¢, a1 #
0 and ¢(¢ — 1)a3 = p(p — 1)(wd + a?), it is easy to see that we can
introduce a sequence of perturbations, each of which reduces the order
of the fine focus by one and reverses the stability of the critical point. At
each reversal of stability, a limit cycle bifurcates; therefore, three small
amplitude limit cycles can bifurcate when the origin is of maximal order.
]

We now characterize the isochronous centres of the family (1.5.20).

Theorem 1.5.29. The polynomial system (1.5.20) has a critical point
which is an isochronous centre if and only if, by means of a change of

variables, the system becomes

S a:c3(y—1),

(1.5.25)
y = byd(z—1).
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Proof.

From Theorem 1.5.28, the centres of the family (1.5.20) are (1.5.21) and
(1.5.22). In the first case, following the proof of the above theorem, these
can transform in the systems (1.5.24) with a; = 0, p < ¢, whose first
constant of period is Im(y,) = 5wo (¢(q — 3)a3 + p(p — 3)w]) . There-
fore, for that this constant can be zero, is necessary that p < 3,q > 3.
If p = ¢ = 3, we have the system (1.5.25), that is the isochronous centre
given by Theorem 1.5.27, for ¢ = 0. And if p < 3 < ¢ from the vanishing
of Im(v,) it follows that ¢(q — 3)a3 = —p(p — 3)w?. Eliminating a3 and
substituting on Im(+,), we obtain

1 (p—3)p

103 (g 3)g (@~ Ve =3) + 1) +p(p - 3)) wg,

Im(ys) =

which is different from zero.

In the second case, the system (1.5.22), by means of a change of variables,
becomes (1.5.24) with ¢(q — 1)a3 = p(p — 1)(wi + a?), a; # 0 and p = q.
It has Im(y1) = 300 (—a1 + a2)(—=3az + azq + 3qay — 3a1)qa3, that is,

a; = (g(;‘ri)f; and we have
1
I = - 2¢ — 1)(=3 +2¢)%a5(q — 3)¢*
which is zero only if ¢ = 3, in whose case a; = 0. [

1.5.6 Several families with a commutator with null

linear part.

As application of Theorem 1.4.18, we show several families with a com-

mutator with null linear part.
Example 1.5.30. We consider the system
T =—y+z(ax +by)(br — ay)(1 — (2 + y?)?),

(1.5.26)
§ =z +ylaz + by)(br — ay)(1 — (z* +y*)?), a,b € R,
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which is included in the family (2,9)" = (—y,z)T + (z,y)TH(x,y). The
system (1.5.26) holds az = 0 and it commutes with W = (2> + y*)(1 —
(22 + y*)?)(x,y)T. From Theorem 1.4.18, the origin of (1.5.26) is an

isochronous centre.

Let us note that this system has no polynomial commutator with non
null linear part (see [10]). Therefore, the problem of finding or to be able
to guarantee the existence of an analytic or C*°-commutator with non
null linear part, without applying Theorem 1.4.18, is a problem really
difficult.

Example 1.5.31. The system

) 4 40 4 . 20 28
r=—Yy — §£U4 - 53723/2 + §y4, y=x+ 53733/ - ?xyg)a (1527)

has been studied by Chavarriga et al. [[6]. The authors proved that
(1.5.27) commutes with

o=

W = (2% + y*)U(z,y) s (z(3 — 16y°), y(3 + 1227y — 4y*))",

where U(z,y) = 9 + 242%y + 1621y? — 2493 + 322%y* + 1625, As a3 =0,

from Theorem 1.4.18, the origin of (1.5.27) is an isochronous centre.
Example 1.5.32. We consider the quintic polynomial system
b= —y+y(—2* —42%y* + ), g = x4 2xy*(2? —y?).  (1.5.28)
In [47], the authors prove that
W = (a® + ) (x(1 — 2y — 5y*), y(1 + 32°y* — y*))"

commutes with (1.5.28). As az =0, from Theorem 1.4.18 it follows that

the origin of (1.5.28) is an isochronous centre.

Theorem 1.4.19 provides a effective method for obtaining the isochro-

nous focus of a family of systems.
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Example 1.5.33. Let us consider the cubic Lienard system
2
&= —y+ asr” + asbyz’®, § =1z + by + 5(@3 +5b3)2%,  (1.5.29)

with as y by different from zero. The origin of (1.5.29) is a weak focus
of order one since ¢ = 0 and ag = asby # 0. The field commutes up to
order 5 with (R, S)T where

R= (2 +y*)z + it — Ja02®y — boa?y? — 2agay® — 2boy*
+5 (b5 — a3)a® — Tasbox'y + 2(a3 — 303) 23y + Zasbya?y?,

S= (2% + 2y + tarx’ + $hoxdy — axa®y® + 2boay® — 2asy?
+Bashya® + 2(303 — a3)a'y — Fasheay? + 2b3a%y3.

From Theorem 1.4.19, the origin of (1.5.29) is a weak isochronous focus

of order one.

Example 1.5.34. Let us consider the system
&= —y+20y—2y°+(e+y*)H(z,y),  §=x—y’+yH(z,y), (1.5.30)

with H(x,y) = 22 +y?—2xy*+y*, (example 5, [87]). The field commutes
with H(x,y)(x + % y)T, it which has the expression

(@2 + ) (2, 9)" + (P (v — 2* — v’ + o), (v* — 22)y°)T.

From Theorem 1.4.22, the origin of (1.5.30) is an isochronous point.

1.6 Procedure for computing the coefficients
of the normal form of Poincaré-Dulac

using Carleman linearization.

The system (1.1.1) with A = 0, in complex coordinates, z = z + iy, has
the form
2= iz + ), 00 Gmn 22, (1.6.31)
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with amn € C, Gmn = apm,2 < m + n, and its Poincaré-Dulac normal

form has the expression
7 = iZ+ Y, 27 (1.6.32)

with v, = a9 11 +1091 € C. The expression of the first coefficients of the
monomials Zt1Z!, so-called resonant monomials, can be seen in Hassard
and Wan [101], Algaba et al. [2], and Gasull et al. [78, 79].

In this section, we develop a method based on the relation of equiv-
alence between the matrices of Carleman of the systems (1.6.31) and
(1.6.32), ver Carleman [37], which allows us to calculate any coefficient
v;. This method has some advantages respect to the ones mentioned
above. All the coefficients are obtained by solving an unique system of
linear equations whose matrix is triangular, thus, the computation is re-
duced considerably; in the general case, we can deduce some algebraic
properties of the constants. Moreover, for the isochronicity problem, we
obtain the value of each one without knowing the previous ones. We give
a computationally efficient algorithm that allows us to obtain necessary

conditions so that the system has an isochronous centre.

Next, we recall the Carleman linearization procedure for the system
(1.6.31), see [151]. Let us consider the system (1.6.31) truncated to order
> 2,

z = iz+ Z Amn? 2", (1.6.33)

The Carleman linearization procedure consists in studying properties of

(1.6.33) through the analysis of the linear system of dimension @

which we obtain introducing the powers
2, Z, 2%, 2%, 2%, ... 227 2

as variables of the new system. That is, if we denote

A = (h) g 2R 22 ), 1< h <,
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we have a linear system of the form

(1] Ay A o Ay (1]
5[] B 0 Ay -+ Ay »[2]
30 0 0 --- Ay pu

The matrix of the coefficients is called Carleman matriz of order | of

the system (1.6.33), and denoted by C; = ((Amy))- It is a square matrix

1(143)
2 J

n + 1 columns and are the complex matrices of the coefficients of the

upper triangular, whose blocks A,,, have m + 1 rows and

of order

linear system
1
3lm] Z A, 27

which is obtained by expressing the derivative of the monomials of degree
m with respect to the monomials of degree greater or equal to m.

The elements of the matrices A4,,, can be determined as follows.

Lemma 1.6.35. The expression of the derivative of 2™ z™ with 1 <
my + ny <1, in the system (1.6.33) is

d
mi zni _ m2,n2 M2 N2
dt (Z z ) - E : a7n1 ,n1 z Z7

1<ma+n2<lI

with
1. if my + ny > ma + no, a2 =0,

2. if my + ny = mg + no,

0 .
a/ﬂ’L2,n2 — { Y Zf ml # m27 (1.6.34)

e (my —n1)i, if my = mo,

3. if my +ny < mo + no, U = 0, ifng >ng+1 ormg >mg+1,
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and in another case

n1a07,~+1, Zf ny = N9 + ]_,
mams ) G041 if my=my + 1,
mi,ni
mla’W‘LQ—W‘L1—|—1,'Il2—'Il1
FN1Cny—ny+1,me—my, 10 the remaining cases,
(1.6.35)

where r = (Mg + ny) — (My + ny).

In general, the matrices C}, with 1 < h <[, have the following struc-

ture per blocks:

Aip
C,_ :
Cp = ot ‘ , (1.6.36)
Ah—l,h
0 Ah,h

being C}_; the Carleman matrix of order h—1. By (1.6.34), the matrices
Apm, 1 <m <, are diagonal matrices whose element of the diagonal
of the row j comes given by (m — 2j + 2)i, 1 < j < m (that is, the
eigenvalues of the Carleman matrix).

By (1.6.35), the elements of the matrices A,,, with m < n, are linear
combinations of the elements of the matrix A;,_,,4+1, that is, depend
exclusively on the coefficients a; ;, @;; withi+j=n—-m+1, 7,5 > 0.
We now develop a method for computing the coefficients of the normal
form of Poincaré-Dulac of the system (1.6.31). The method is based on
the similarity relationship between Carleman matrices of order 2/ + 1 of
the system (1.6.31), Cyq € C*¢, with ¢ := (2l + 1)(l + 2), and of the
system (1.6.32) which we denote by Jy11 = ((Bm,n)), where the B, ,, are
(m+1) x (n+ 1) complex matrices defined as:

Bmm - Am,m7 m > 1:

)

Bimion = ( Om+1)xn | Dm+1,m | O(m+1)x(n+1) )



1.6 Procedure for computing the coefficients of the normal form of
Poincaré-Dulac using Carleman linearization. 81

with m,n > 1, being Dy, +1,m the (m + 1) X m complex matrix given by

MYn 0 0 ce 0
Yo (m = 1) 0 . 0
0 2%n (m —2)7, e 0
Dyiim =
0 0 0 (m=1% 7
0 0 0 0 M

and the remaining are null matrices.
From Poincaré-Dulac normal form Theorem, exists a nonsingular matrix

of order c,
P = b1 P2 - Pec ’

such that P71Cy P = Jy,,. Furthermore, without loss of generality,
we can choose P unit upper triangular.

From now on, we will denote by p;; to the j-th component of the vector
prand i, (j) == 2+ 1)2 = 1, j > 1.

By definition, it has that

(CQH_l - ’LIC)P - P(J2[+1 - iIc): (1637)

and if we denote wy, := p; (n), with 0 < h <, it has easily the following

result.

Theorem 1.6.36. The coefficient v, with I > 1, of the system (1.6.52),

comes determined by the | + 1 systems of linear equations

(CQ[+1—iIC)w0 = 0, (1638)
-1

(CQH_l - z'Ic)wj = ((h + 1)’)/j_h + h"—}’j_h)’wh, ] S l. (1639)
0

<.

>
Il
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where Cy41 18 Carleman matriz of order 21 + 1 and w; with 0 < j </,

vectors of ¢ components, such that w; 4y, =1 and wj; =0, for j > i.(l).

Note that 2 appears in the diagonal of Cyy; in the positions that cor-
respond to the equations of the derivatives of the resonant monomials, i.e.

z, 2%z, 23722, ...,

Z, 2 2170 (the first, seventh, ..., i,()—th position) respec-
tively, that is, the systems (1.6.39) are upper triangular with zeros in the
diagonal that correspond to such positions, therefore, they are systems
with parameters which must verify certain compatibility conditions.
Now, let us see how to compute, using Theorem 1.6.36, the first two
coefficients of the resonant monomials of the Poincaré-Dulac normal form

of (1.6.31). The coefficient ; comes determined by
(1.6.40)
,0]7

(C5 — ilg)wy = 1w,

where wq and w; are vectors of nine components with wg = [1,0, , ...
_ T
and wy = [wy 1, ..., w1, 1,0,0]".

The matrix Cy — il is

0 0 |ax a1 ag | as a9l a1 Qo3
0 —2u|ape ap; ag | Gos a2 a9 aso
i 0 0 | 2a9 2a11 2a02 0
0 —t 0 | G2 ai1+a apn+axn ap
0 =3 0 200 2a11 2a99
21 0 0 0
0 0 0 0 0 0
0 0 —21 0
0 0 0 —43

Given the structure of the equation (1.6.40), and concretely of the
matrix C3 — ily, in order to determine v; we only need to calculate the

value of w51, wy; and ws, given by the diagonal system,

W31 2a11
(Ao —il3) Wy,1 =1 an+axp
Ws,1 2002

)
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and substituting these values in the first equation of (1.6.40) we have

. 2
Y1 = a1 + Z(CL11€L20 — a11011 — 5002002)-

Tsiligiannis and Lyberatos obtained this result, see [156].
In order to determine the coefficient -5, is enough to solve the linear

system

(Cs — ila)wy = yowo + (271 + F1)wy,

where wy, w; and wy are vectors of twenty components of the form

Wy = [].,0, ...,O]T,
wp = [wl,l, PN ’LU6’1, ]_, 0, ceny O]T,

— T
Wo = ['LU]_,Q, ...,’LU16,2, 1, 0, ceny 0] .

This system has a very similar structure to (1.6.40). Now, the compo-
nents corresponding to the block As 5 but for the 17 (w75 = 1) are zero.

The coordinates w2, ..., w142 come given by the diagonal system

W10,2 4dago
W11,2 3@11 + C_lzg
(Ayy —il5) wize | = | 2a + 2a1,
W13,2 3@02
W14,2 0

Recursively, we calculate, from down upwards, the components of the
vector wsy, until we reach at the seventh equation, whose coefficient of
the diagonal is zero. It has, in this case, the equality 2o + 75 = 275 + 5.
Continuing with the procedure, we now have an arbitrary parameter,

wy 9. Calculating the value of weg 9, ws2, wss and wso and replacing it
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in the first equation. we have the value of ~s:

aso — %(24&%1030 + 24@12@%1 — 24@%16_“2 + 8@20@02@30 — 8@20@02&12
+96ag0a21a11 + 24a20a21G20 — 12a20a12G11 — GasgGo2ao3 + 2703002011
—32ap2a11a30 + 24a02011G12 — 2a02a20003 + 8a02G02021 — 31ay1a92G03
—36a11ao2a12 + 12a11G02G30 + 24a11a20021 + 24a11G11a21
+24a11G11891 + 12a11030G20)

+11—22'(16a026‘;’1 - 96(1%0(1%1 + 24@%16%1 + 24@?1602 - 24@20(102(_1%1
—12a12612 + 24a11&%1d20 + 12(1,31(_120 - 24@22@11 — 9@03@03

+12a30a12 - 12@11&22 + 12(102(7,20(_102(120 - 24@%0011620
+66a20a02002a11 + 18ag2a20G02a11 — 2911002002011 + 36a11a20a11a20
—12&%15026_@0 — 12&02&13 + 166102&40 + 24&11&31 — 8&02@13
+8ag2a11a3) + 36a7,azai)

+%(9a116_111 + 2a02002 + 27ay11a2) (271 + 71) + 1wz .

Remark. Let us note that if 7, is different from zero, then we can choose

wy 2 such that 7, is zero. Therefore, v, is unessential if ; is non-zero.

If we want to calculate the expression of 7;, under the vanishing of the
previous constants, the problem is reduced considerably, since is enough
to solve only a system of linear equations. For this reason, we think that
this method is more efficient, so theoretically as computationally, that

the quoted ones in the introduction.

Corollary 1.6.37. Ifv; =0, 1 <35 <[—1, with | > 1, the coefficient

of the system (1.6.32) comes determined by the system of linear equations

(Cory1 — id)w; = yw,

where Cyyq s Carleman matriz of order 21 + 1, and wy, w; vectors of ¢
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components such that

wi,0 = ]-: Wjo0 = 0: fOTQ S .7 S l:
w;, 1)y = 1,
wjy =0, forj>i(l), 0<j<I

Concretely, v =Y i (Copr — il )1 jwiy.

The following result shows that to obtain +; is not necessary to know

v, 1 <j <Il—1, previously.

Theorem 1.6.38. It holds that, forl > 2, v, =} —|—Zi;11 VhWi, ()1, With

v/ unique and where wy is given by Corollary 1.6.37.

Proof.

For | = 2 by solving (Cs — ilyg)wy = Yawy, it has v = 75 + w79 with
75 unique, see the expression of v, in page 84.

Let us suppose that for [ — 1 the equality holds and we prove it for /.
The solution w; of the form w, = [wyy, way, ..., w;, @)1 0, ..., 0]7, with
w;, 1y = 1 of the homogeneous system (C:Elﬂ — iwfc)wl =0, with Cyiy
and I, obtained by suppressing the first row of the matrices Cy41 and
I., respectively, depends on the arbitrary constants w;, (), ..., Wi, (1—1),,
i.e. we write w; as w; = wu; + v; with u; containing the parameters
Wiy, 0 < h < 1 —1 and v, solution of (CN'QZH — ifc)wl = 0, with
Vin(h),l = 0, h S [ — 1, Vi (1), = 1.

The vector w; is solution of (C’2l+1 — ifc)wl = 0, and it is of the form
= [wi, Ua gy ooy Uiy 11y, 0, -, 0]7. By (1.6.36) we have that w; is solu-
tion of (621_1 — tl—1)a41))wi—1 = 0, that is,

c

Z(CQZ—H —ile)1 iy

i=1

is
(2—1)(141) 1
Z (Cor—1 — il (2-1)(14+1)) 1,iWig—1 = Z VaWiy (h) s

i=1 h=1
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since the property is certain for [ — 1.

Finally, as v; is solution of (C~'21+1 — ifc)vl = 0, with v;, (n); = 0,h <
l—1, vy, =1, the expression Y ;_ (Cop1 —il.)1,v;; is uniquely deter-
mined, thus it has that v, =~/ + Zﬁ;ll VhWi, (h),1- n

Next, we present the MapleV code for computing the first constants
of the resonant monomials of the system (1.6.32), under the vanishing of
the previous constant, based on the algorithm of theorem 1.6.37.

#==Program that calculates the resonant coefficients of the Hopf

# —--—- We must introduce the number of coefficients that are
needed , ncoef, and the coefficients of Taylor of the derivative
of z=x+I*y, in complex coordinates
\dot{z}=Iz+a20z"2+allzw+a02w 2+. ..

#===== Program that calculates the first constants.

for nn from 1 to ncoef do
nl:=2*nn+1:
sol:=array(1..nl*(nl+3)/2):

iljl:=array(1..2):

il:=nl+1:j1:=0:

for k from nl*(nl+3)/2 by -1 to 3 do

ecuacion:=0:

if j1=0 then j1:=i1-1:i1:=0: else il:=il+1:j1:=j1-1 fi:
i2:=i1:j2:=j1:

coefcoci:=(il-ji1-1)*atv:

#---- We calculate soll[k]
if coefcoci=0 then
# —---- We null all the parameters except the last one.
if k=(2*nn+1)*(nn+2)-(nn+1) then sol[k]:=1: else sollk]:=0: fi:
else
#---- coefcoci<>0
for h from k+1 to nlx(nl+3)/2 do
if i2=0 then i12:=j2+1: j2:=0 else i2:=i2-1:j2:=j2+1 fi:
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#--- we calculate coefficient associated to the row k(il,j1)
#--- and column h (i2,j2).

if (i1+j1)=(i2+j2) then coeficiente:=0

else

#--- In this case, the terms that appear are of order r+i1
r:=(i2+j2)-(i1+j1):

if j2+1<jl1 or j2+1>jl+r+2 then coeficiente:

1l
o

else
if j2+1=j1 then coeficiente:=jilx*b.(r+1).‘.¢.0: fi;
if j2+1=j1+r+2 then coeficiente:=il*a.0.‘.¢.(r+1): fi;
if j2+1>j1 and j2+1<j1+r+2 then
coea:=a. (r+j1-j2+1).¢.¢.(j2-j1) ;coeb:=b. (r+j1-j2). ‘. . (j2-j1+1):

coeficiente:=il*coea+jl*coeb:

fi;
fi;
fi;
ecuacion:=ecuacion+sol[h]*coeficiente:
od;
lprint(time(), ‘Generating sol[‘,k,‘]...¢):
sol[k] :=simplify(-ecuacion/coefcoci):
fi:
od:
g. (nn) :=0:

1ii2:=0:jj2:=1:

for hl from 3 to nl*(nl+3)/2 do
if 1i2=0 then 1i2:=jj2+1: jj2:=0: else ii2:=ii2-1:jj2:=jj2+1: fi:
g.(nn) :=simplify(g. (mn)+sol[hi]*a. (ii2).‘. . (jj2)):

od:

lprint(time(), ‘It follows the value of.. g‘.nn, ‘g‘.nn);

od:
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1 Isochronous points.




Chapter 2

Isochronous centres of
systems with degeneracy at
infinity with polynomial

commutator.

2.1 Introduction

The problem of characterizing isochronous centres have attracted the
attention of several authors. However, it is far from being completely
solved, even for specific families of vector fields. Consequently, setting
up weaker problems whose solutions enable us to get information about
the general problem that is equivalent to the existence of an analytic
commutator of such vector field, ver Theorem 1.4.18 in section 1.4. In
particular, for 7 = 0 in Theorem 1.4.18 we have that for any analytic
system with linear part (—y, )7, the existence of an analytic commutator
with linear part (z,y)T is a necessary and sufficient condition for the
origin to be an isochronous centre (see Algaba et al. [2] also). In this
context, we are interested in to find the vector fields of a specific family

that have a polynomial commutator with or without its linear part null.

89
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There are only a few families of polynomial differential systems in
which a complete classification of the isochronous centres is known, and
almost all of them have polynomial commutator. From a chronological
point of view, we should begin mentioning the quadratic isochronous cen-
tres, characterized by Loud [119]. In Pleshkan [133], cubic isochronous
centres with homogeneous nonlinear part are settled. In Christopher,
Devlin [59], the isochronous centres of the Kukles family are obtained.
All these centres are time-reversible and moreover, all of them have poly-
nomial commutator. Commutators of quadratic centres are computed in
Sabatini [141] (they have degrees three, four and five); commutators of
cubic systems with homogeneous nonlinear part can be found in Gasull
et al. [77] (they have degrees two, three and five); commutators for the
Kukles system can be seen in Volokitin, Ivanov [160] (they have degree
four). Mardesic et al. [122] find a family of isochronous cubic systems
which contain Kolmogorov’s isochronous cubic systems. The first exam-
ple of a polynomial isochronous centre without polynomial commutator
is found in Devlin [65]. It is a quartic system, with homogeneous nonlin-
ear part, where an isochronous centre at the origin and others two non
isochronous centres coexist.

Because of their relevance in Mechanic, we mention the so called

Newton equations. These equations are given by
n
i+ Z gi(z)a' =0,
i=0

where the ¢; are polynomials of arbitrary degree with ¢(0) = 0, ¢,(0) = 1
and, if n > 1, ¢;(0) = 0. For n = 0 (potential equations), Urabe [158]
proved that the origin is an isochronous centre if and only if ¢o(z) = =.
For n =1 (Liénard equations) all isochronous centres are conjectured to
be known (see Algaba et al. [2], Christopher, Lloyd [62] and Sabatini
[144]), without distinguishing between those with and without polyno-
mial commutator. If n =2 or n > 4, Volokitin and Ivanov ([160]) prove

that an isochronous centre can not have a polynomial commutator. For
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n = 3 (Abel’s equations), the same work characterizes the polynomial
centres which have a polynomial commutator.

We study the existence of polynomial commutators for the plane sys-
tems with degeneracy at infinity and a centre-focus equilibrium at the

origin. Such systems, up to a linear change of variable, are given by

{5: = P(z,y) = —y+ P(z,y)+ Ps(z,y) + -+ Pu(z,y),

y = Q(xay) = :U+Q2(:c,y)+Q3(:r,y)+---+Qn(x,y),
(2.1.1)

with P;, @; homogeneous polynomials and zQ,(z,y) = yP,(z,y). The
name of these systems comes from this last condition, since it implies
that all points at infinity are critical.

In the cubic case, all centres have been characterized, and some sys-
tems with an isochronous centre different from those given by Collins are
found. All of them are reversible and a few have polynomial commutator.
We should mention, about these systems, the papers of Chavarriga et al.
[43, 45] and Lloyd et al. [115].

Next, we detail the structure of this chapter and the results obtained.
It is divided into five sections. In section 2.2, we study properties,
basically in relation to the polynomial cofactors of an invariant curve,
polynomial inverse integrating factors and polynomial commutators, if
they exist, of the plane systems (2.1.1) with degeneracy at infinity and
a centre-focus equilibrium at the origin. We end the section with The-
orem 2.2.45, that gives conditions which the homogeneous parts of a

polynomial commutator must satisfy. In section 2.3, we characterize the

systems
n—1 n—1
(—y + P, + Z:z:Hj,x + Qs + Zij)T
j=k J=k

with polynomial commutator, being P;, @Q;, H;, K; homogeneous poly-
nomials. In section 2.4, we characterize the uniformly isochronous cen-

tres with polynomial commutator and show that the commutator of the
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centres of the analytic systems whose angular speed is constant can be
chosen of radial form.
We finish this chapter by giving the geometry of the orbits of the quartic

and quintic rigid systems with a polynomial commutator.

2.2 Several properties of the systems with

polynomial commutators.

We first recall briefly the notions of invariant algebraic curves, inverse
integrating factor and commutator of a vector field. Let us start with a

polynomial system (2.1.1).

Definition 2.2.39. An invariant algebraic curve of system (2.1.1) is an
algebraic polynomial curve f(z,y) = 0 satisfying PO, f + Q0,f = K,
where O, f and Oy f are the partial derivatives of f respect to x and y.

The polynomial K is called the cofactor associated to f. Notice that the

cofactor’s degree is less than or equal to n — 1.

Definition 2.2.40. An inverse integrating factor of system (2.1.1) is
any function V(x,y) satisfying PO,V + Q0,V = (0, P + 9,Q)V.

This name comes from the fact that function 1/V is an integrating
factor of the system; that is, 9,(P/V) + 0,(Q/V) = 0. Notice that an
algebraic inverse integrating factor is an invariant algebraic curve whose

cofactor is given by the divergence of the system.

Lemma 2.2.41. Let K = Z;:ll K; be a cofactor of an invariant al-
gebraic curve of degree m of system (2.1.1), with P, = xH, | and
Q. =vyH,_1. Then K,y =mH,_;.

Proof.

We consider f = Z;”:O fj, an invariant algebraic curve of the system
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2.1.1), and its associated cofactor K = Y"1 K,. By definition, we
) j=0 4Yj y

have
(—y+Po+Ps+ -+ P)opf+(2+Qa+Qs+---+Qn)0,f =K.

This equality is a polynomial equation of degree m + n — 1 over the

variables x and y. From the higher degree terms, we deduce that

Hn—l(xaxfm + yayfm) = Kn—lfm-

By Euler’s Theorem for homogeneous functions we have that mH,,_1 f,, =
K, _1fm, what leads us to K,,_1 = mH, _;. n

Lemma 2.2.42. Any polynomial inverse integrating factor of the system
(2.1.1), with P, = xH, 1 and Q, = yH,_1 has degree n + 1.

Proof.

Let f be a polynomial inverse integrating factor of degree m. By defini-
tion, f is an algebraic invariant curve of (2.1.1) whose associated cofactor
is the divergence of the system. From Lemma 2.2.41, the higher order

terms satisfy
mHn—l = 89:(an—1) =+ ay(yHn—l)a

We conclude from Euler’s Theorem that mH, 1 = (n+1)H,_1, and this

clearly forces m = n + 1. ]

Lemma 2.2.43. Any polynomial commutator of the system (2.1.1) with
P,=xH,_1 and Q, = yH,_ has the same degree that the system.

Proof.

Let (U, V)T = (Z;Zl Uj, 2221 V;)T be a polynomial commutator of (2.1.1).
The function V* = PV — QU is an inverse integrating factor of system
(2.1.1), of degree n + [ at most. But from Lemma 2.2.42 we know it has

degree n + 1; therefore, terms of degree higher than n + 1 are zero. In
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particular, the term of degree n +(, xH, 1V, — yH,_1U,, is zero, what
implies that zV; = yU,.

On the other hand, terms of higher degree in the Lie bracket between
the system and the commutator |(zH,_1, yH,_1)" , (U, VZ)T} are null:

(Hn—l + xaan—l)Ul + xayHn—l‘/E - an—la:le - yHn—laym
yaan—lUl + (Hn—l + yayHn—l)W - an—laiL“/l - yHn—lay‘/l .

As 2V, = yU, we have
(@H s, yHy )" (U, W) | = (0= D H (U0, W) =0, )7

From this, we deduce that U; = V; = 0, and finally that U; = V; = 0, for
j=n-+1,...1 [

Lemma 2.2.44. If (U, V)" = (37, U;, X707 Vi)™ is a polynomial com-
mutator of the system (2.1.1) with P; = zH,;_y, Q; = yH;—1, j =
k,...,n, then 2V; = yU;, j =k,...,n.

Proof.

From Lemma 2.2.42, the inverse integrating factor V* = Z?Zl Vi =
PV — QU has degree n+ 1, what implies that terms of degrees n+k,n+
k+1,...,2n are null. As the term of degree 2n of the inverse integrating
factor is V;, = «H,,_1V,, — yH,,_1U,, we have zV,, = yU,. The one of
degree 2n — 1 is given by

‘/22—1 = Hn—l(an—l - yUn—l) + Hn—2<$vn - yUn) = Oa

and since zV,, = yU, we have zV,,_; = yU,_;. In general, V", with

k <1 <mnis null and is given by
Vi = Hy 1 (aV; = yUs) + Hy—o(xVigr — yUigr) + - - + Hi_y (2V5, — yUy).

Consequently it follows that 2V; = yUj;, j =k, ..., n. [
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Theorem 2.2.45. If (U, V)" = (37, U;, 377 V;)" is a polynomial
commutator of system (2.1.1) with P; = xH;_y, Q; = yH,;—1, U; =
2K 1, V;=yK;_\, j=Fk,...,n, then:

1. HK, = H/K, for every pairp, q withk—1<p<n-1k—-1<
qg<n-—1.

2. Hy1(2V;—yU;) = K1 (2Q;—yPj), for every j with2 < j < k—1.

3. Let s = max{j, yPj —x2Q; # 0} < k. If P, = Q; = 0, j =
s+1, .., k—=1,thenU; =V; =0, j=s5+1, ..., k-1

Proof.
We prove the first part. If we compute and develop the terms of degree
greater or equal than n 4+ k — 1 of the Lie bracket between the field and

the polynomial commutator we easily get the following relations:

> (4K = 2)Hypwr—K;- =0, with k <K <n—1.

=k
From the higher degree term (k' = n—1), we have H, 1K, o = H, 2K, ;
for ¥ = n — 2 we deduce that H, 1K,,_3 = H, 3K, _1; for k' =n—3 we
have the expression 3H,, 1K, _4+H, 2K, 3s—H, 3K, _+—3H, ,K,_; =
0, which can be simplified, using the previous expressions, to H, 1K, 4 =
H, 4K, ;. Following in this fashion, the first part follows.
In order to prove the second part, we use the fact that terms of orders
n+2,...,n+k — 1 of the inverse integrating factor V* are zero.
As Vi = Hyoa(aVier — yUp—r) + K1 (yPe—y — 2Qp—1), we have
Hn—1(«’1»’vk—1 - yUk—1) = Kn—l(l’Qk—l - yPk—1)-
As V., _, is zero, it follows that

Hy, 1 (xVi—o — yUp—2) + Hy—o(xVi—1 — yUp_1)

+ K o(yPr—1 — 2Qp—1) + Kn1(yPr—2 — 2Qk—2) = 0,

and since H, 1K, » = K, 1H, o, we have H, {(zVj_1 — yUx_1) =
Kn—l(l"Qk—l - yPk—l)-
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Finally, since V¥, , = 0 we have H,_ (Vs — yUs) = K,_1(2Q2 — yP>).

We see the third part. If P, = Q; = 0, j = s+ 1, ..., kK —1, be-
ing s = max{j, yP; —xQ; # 0} < k, then P; = zH,_, Q; = yH;_,
Jj =s+1,...,n, therefore, from Lemma 2.2.44, U; = 2 K;_,, V; = yK,_1,
j=s+1,...,n, and applying the first part with p =n —1, ¢ = j, it has
that K;_; =0, thatis, U; =V; =0, =s+1, ..., k—1. [

2.3 Vector fields (—y+ P+ - o Hj, o+ Q+
Z] —J yK ) with polynomial commuta-

tor.

Let us consider the system

b = —y+ P+ a(Hy+ Hyr + -+ Hy ),

g = 2+Qs+yHp+ Hppr+ -+ Hyv),

with 2 < s < k, P,, Qs homogeneous polynomial of degree s and H; =
H;(x,y) homogeneous polynomial of degree i. From Theorem 2.2.45, if

the system (2.3.2) have polynomial commutator, then either it has the

form
n—1 n—1
UV =@+U+2) Ky+Vi+y> K;)', (2.3.3)
: —
or
n—1
U, V)T = (U, + xZ Vet K (2.3.4)

with (yPs — 2Q,)K; = (yUs — sz)Hj, j=k, .., n—1.
The next lemma characterizes the terms Uy, V; of a polynomial com-
mutator of (2.3.2).
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Lemma 2.3.46. If the vector field (2.3.8) is a polynomial commutator
of the system (2.3.2) then Uy, Vi verify

((yax - xay)2 + id)(US) = _(S o 1)(@8 + yaﬂcPs o xayPS),

((y0y — 29,)* +id)(Vs) = (s — 1)(Ps — y0,Qs + 20,Qs),
with yo,Us — x0,Us = Vs — (s = 1) Py, y0,Vy — 20,V = —Us — (s — 1)Qs.
If the wector field (2.3.4) is a polynomial commutator of the system
(2.3.2) then Us, Vi verify

((y3e — 29,)* +id)(U,) = 0, ((yd, — x8,)* + id)(V,) =0,
with yo,Us — x0,Us = Vi, y0,Vy — 20,V = —Us.

Proof.
The term of degree s of the Lies bracket between the field and the polyno-
mial commutator (2.3.3) is given by [(—y, )T, (Us, Vi) T]+[(Ps, Qs)7, (z,y)T].

Expanding and applying Euler’s Theorem, it becomes
(=Vs +y0,Us — 20,Us + (s — 1) Py, Us + y0, Vs — 20, Vs + (s — DHQR,)T.

As it must be null, we have that Us; and V must verify yo,Us — 20,Us =
Vs — (s = 1)Py and y0,V; — 20,V; = —U, — (s — 1)Q5. Applying to both

expressions the operator yd, — 20, we arrive to
((yax - xay)2 + id)(US) = _(S - 1)(@8 + yaﬂcPs o xayPS),
((y0z — 20,)? +id)(Vs) = (s = 1)(Ps — Y0, Qs + 20,Qs),
that is, we can calculate in a explicit way the polynomials U, V.

Analogously, it proves the case when the system (2.3.2) commutes with
(2.3.4). .

The next result characterizes the systems (2.3.2) with s = 2 that have

polynomial commutator.

Theorem 2.3.47. The system (2.3.2) with s = 2, P + Q% # 0, has

polynomial commutator if and only if either it has constant angular speed
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(see Corollary 2.4.49 and Theorem 2.4.51), or, up to rotation, it is of the

form

T = —y+pr® — 2207y + qp2r’ + az’y, (2.3.5)
J = T+ g7 +pary — g0y’ + qop0r’y + azy’, -
and its commutator is
U = o+ qo2° + pary — gaoy® + qaop0r’y + avy?, (2.3.6)

V= y+2q202y + p2y? + qopry’ + ay?,

with pog, @og, a real numbers and ¢oq # 0.

Proof.

We consider the system (2.3.2) with Py = Py = poox?+p112y+pey?, Qs =
Q2 = qo1? + quiry + qooy?. Making a rotation, we can suppose pgy = 0.
The operator (yd, —x0,)*+id on the set of the homogeneous polynomials
of degree s in the variables z,y is invertible, and ((y9, — x9,)* + id)~*

comes given by

((y0y — 20,)? + id) " (mapx? + my1zy + Me2y?)

= L(mao + 2me2)x? — tmi1zy + 3(2mag + mea)y?.

We first suppose that the system commutes with (2.3.3), applying Lemma
2.3.46, the quadratic terms of the polynomial commutator U, V5 are

unique and take the expression

Uy = 5(—p11 — G20 — 2q02)2° + %(22?20 + qu)wy + %(pn — 2¢20 — Go2)¥’,

W=

Vo = 2(p20 — 1)@ + £(—p11 + 2420 — 2q02) 2y + 5(2p20 + q11) Y,

furthermore, it is easy to show that they satisfy the conditions
Y0, Us — 20,Uy = Vo — P, y0, Vo — 20,Vo = —Us — Q.

The cubic term of the Lie bracket is

x P, U,
(yaxKg - .1,'8sz + 2H2) + s . (237)
Y Qo Va
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If we multiply the first component by y, the second one by z, and sub-
tracting both expressions, we obtain a quartic term that does not depend
on the coefficients of Hsy, Ky and that must be identically null, i.e. we
get necessary conditions that the coefficients of P, (o must verify for the
existence of the polynomial commutator. The simultaneous annulment

of these coefficients leads us to

Py = pyox® — 2g201y, Qa2 = qa02” + PaoTy — Ga0y”-

As yPy — 2Qy = —qox(2® + y*) and yUs — 2Vs = —qaoy(2”® + ¢*), from
Theorem 2.2.45, the polynomials H;, K; verify xK; = yH;, for all j, i.e.
H;=aM;_,K; =yM;_y, j =k, ..., n— 1. In this case, 2Ky = yH, we
arrive to Hy = qoop20a? + axy, Ky = qupe0ory + ay?.

It is easy to check that the Lie bracket of the vector fields associated
to the systems (2.3.5) and (2.3.6) is null, therefore both fields commute.
Next, we prove that if (U, V)T = (z+Us+2 Z;:,i K, y+Va+y Z;:,i K;)T
is a polynomial commutator of (2.3.2) then

b T T U,
3 K] + va
Q@ y y Va
(2.3.8)
‘ x
= (J — 2)g20 (2% 4+ y*) Mj_y,
Yy
forall j=k,....n —1.
Expanding the sum of both brackets we have
xz PQK]‘ — UQH]
(U0, Hj + Va0, Hj — Po0, K — Q20,K;) +
(0 Q2K — V2 H,
(2.3.9)

The second summand of the right-hand sides of the expression also has

radial form since

Y(PK;—UsHj) —2(Qo K —VoHj) = (yPo—1Q2) Kj— (yUy —2Va) Hy = 0,
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from Theorem 2.2.45. In this case,
UQ&EHj + V28ij — PanKj — QQGij = (] — 1)(]20(!1)2 + yQ)Mj_l,
PQKJ' — U2Hj = —qQO(.I'Q —+ y2)Mj_1,

therefore, it verifies (2.3.8).
For any j with 2 < j < n—1, using Theorem 2.2.45 and by (2.3.8), the
term of degree j + 2 of the Lie bracket of the field with the commutator

comes given by

x
(y0:Kjs1 — 20, Kji1 + (j+ 1) Hj1 + (5 — 2)gao(2® + y*) M, 1),

Yy
(2.3.10)

with 2 < j < n—1. For j = n — 1, the annulment of the term of de-
gree n + 1 of the Lie bracket leads us (n — 3)qg(z? + y?)M,,_5, being
H, =xM,_5, K,_1=1yM,_». That is, either M,_o, M,_3, ..., M;_4
are nulls, therefore the system is (2.3.5) with go9 # 0, or g0 = 0, i.e.
Py = pyox?, Q2 = paoxy, therefore the field has constant angular speed.
Finally, if the system commutes with (2.3.4), it has U, = V5, = 0, since
the operator (yd, — x9,)* + id is invertible, and from Theorem 2.2.45 it

has yP; = x()9, i. e. the system has constant angular speed. [

2.4 Isochronous uniformly centres with a

polynomial commutator.

Let us consider the system

{:‘c = —y+a(H +Hy+ -+ H,_), (2411)

y = wo+yH +Hy+---+H, 1),

with H; = H;(x,y) homogeneous polynomial of degree i. Using the

previous results we know that if a polynomial commutator exists, it will
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take the form
n—1 n—1
7=0 j=0

with K; = K;(z,y) homogeneous polynomial of degree i.

Lemma 2.4.48. The vector field (2.4.12) is a polynomial commutator
of the system (2.4.11) if and only if the polynomials K; verify:

1. HK, = H/K, for any pairp, ¢ with1 <p<n-1,1<¢g<n-1.
2. (a) If Ko # 0, then —jH,;+20,K; —y0,K; = 0 with 1 < j <n—1,
(b) If Ko =0, then 20, K; — y0,K; =0 with 1 < j <n—1.
Proof.
Applying Theorem 2.2.45 we get the first part.
In the case Ky # 0, expanding and simplifying the Lie bracket of the

field with the commutator we have
(z, v)" (20, H + yo,H — (20, K — y9,K) + K (20, H + yo,H)
—H(20,K + y0,K)).

If we denote the homogeneous part of degree j of the polynomial P by

(P);, we will have
Z;l;l (20, H +yo,H); — Z;l;l (20, K — y9, K);
TS (K (20, H + yOyH); — Hi(20,K + y0,K);).
That is,
Sl iH) = 2 50 0, + y X 0K,
+ 30 S (= ) Hik = 0.
Taking into account the terms degree by degree we get 2.(a).
If Ky = 0, the Lie bracket is

STV iH; - x YT 0K 4y YT 0.K;
+ YT - ) Hi K = 0.
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Therefore 20, K; — y0,K; =0, 1 <j<n-—1.
Reciprocal implication is obvious, since under conditions 1 and 2 the
field (2.4.12) is a commutator of the system (2.4.11). ]

These relations allow us to compute polynomials K; using polynomi-
als H;. Notice that if j is odd the polynomial K is unique, but if j is
even, K is settled module the vector space generated by (2% + yQ)j/ 2,

From Lemma 2.4.48, it has the following result.

Corollary 2.4.49. The system (2.4.11) has polynomial commutator with

null linear part if and only if it has the form

T = —y+aPy(z,y) Z;:o aj(z? +y?)7,
‘ (2.4.13)
y =  x+yPu(r,y) Zgzo aj(z® +y?)?,
with Py (x,y) homogeneous polynomial of degree 21,1 > 0, and a;, j =
0, ---, 7, arbitrary real numbers. In this case, the commutator (2.4.12)
18 given by
(@Y ai(@® + )y ) a2 + ) (2.4.14)
=0 J=0

We now study the case when the commutator has linear part (z,y)T.

Next, we prove a result that will be used in the proof of the main theorem.

Lemma 2.4.50. Let M, N be homogeneous polynomials of orders m and

n respectively, with m < n, verifying
mM (z0yN — y0,N) = nN(x0y, M — y0,M). (2.4.15)
Then M divides to N.

Proof.
The relation (2.4.15) can be expressed as

%(:L’GyN — y0,N) %(xayM — Y0, M)

N M ’
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m

that is, 2 (20, —yd,)In N = (29, —yd,)In M, so, (x0, —yd,)In 1= = 0.
Consequently In 27 = f (22 +y?) and therefore N™ = M"e/(*+¥*) being
f an analytic real function.

Since N™ and M™ are polynomials, we have that e/ (@*+4%) ig constant.
So, N™ = vM" with v a constant. Since M and N are polynomials, that
can only take place if M divides to N. [

Theorem 2.4.51. The system (2.4.11) with Hy = Hy=---=H;_, =0,
H; # 0 (j > 1) has polynomial commutator with linear part (z,y)" if
and only if there are polynomials oy, By of order | (1 < j, 1 divides to j)
verifying x0y B — Y0y 51 = lay, such that the system (2.4.11) is given by

. — - + 'I’:]. k,
v yTro Zf:{/z—l “kﬁlk (2.4.16)
y = rtyq Zk:j/l—l ar iy,
with ag, k =3/l —1, ---, r—1, arbitrary real numbers and r = ["T_l]
In this case, the commutator (2.4.12) is given by
U = + T:l k+1a
{ g ffzf:{/H “kﬁlkﬂ (2.4.17)
Vo= ytyiimaB

Proof.

If the field (2.4.11) is homogeneous, it is enough to take [ = j.

If it is not homogeneous, there is a polynomial H; non null with 7 > j.
Let m be the natural number such that mj < i < (m + 1)j.

The proof consists, basically, of studying what has to satisfy the degree
of H; and stating the expression of H; in terms of K;.

From Lemma 2.4.48, the factors Kj;, K; corresponding to the terms of

degree 7, j of the commutator are also non null and have to verify

K, K; ’

that is, jK;(z0,K; — y0,K;) = iK;(x0,K; — y0,K;). Therefore, from
Lemma 2.4.50, we have K; = K;M;_;, with M,;_; homogeneous polyno-
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mial over z, y, of order ¢ — j. If we substitute K, in the previous expres-
sion we will get jK;(x0y M;_j —y0, M;_;) = (i — j)M;_; (20, K; — y0,K),
that is, now M,_;, K; verify the hypothesis of Lemma 2.4.50. At which
there are M;_o;, M;_sj, ..., M;_p,;, homogeneous polynomials of the de-

gree given by the subscript, such that
M; 9 = KjM; 35, M;_35 = KjM; 45, ..., Mi—n-1); = K;jM;_p;,

and so K; = Mi_mjK;".

We distinguish two situations:

o If i = (m+1)j, K; = M;_p,j up to a constant, at which K(n1);
and H,1); are KJerl and H; K7" up to a constant, respectively.
Notice therefore, that if the non null factors H; take the form H,,;
we have that [ = j and o; = H;, 5; = K.

e The other way, mj < i < (m + 1)j, applying Lemma 2.4.50 on
polynomials K, M;_,,; the existence of a polynomial of degree (m-+
1)j — i, Bmt1)j—i, such that K; = M;_p;Bmy1)j—i- Substituting
we have that B(,,1);—; and M;_p,; satisfy the Lemma again.

If the obtained polynomials have the same degree, that is, 2¢ =
(2m+1)j, they will be proportional, at which we will have A/, =
7vB;/2 and therefore

Kj = 73]2/2,
Hj = 5(@0y,B},, = y0uyB}5) = 557Bij2(20y Bjja — y0uBj 2)
= Ajj2Bjja.

That is, if there was not any other H; non null, I = j/2, aj/o = Ajj»
and Bj/Q = Bj/Q.
If they have different degrees, the one with the lowest degree will

divide to the other one. That is, either K; = B(2m+1)j_z.M2i_(2m+1)j
or Kj = Bamy)j—2iM7 ;-

If these factors do not have the same degree, it will lead us to the
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existence of polynomials B and M such that K is given by B*M,
B2M? or BM?3.

Anyway, we have that K is the product of two factors, that is,
K; = BPM? with B, M homogeneous polynomials verifying the
hypothesis of Lemma 2.4.50 and p, ¢ natural numbers and moreover
both polynomials have the same degree, [. So, M = ¢B, what
implies K; = 09BP"4. That is, K has the form K; = §Bi/' with B

homogeneous polynomial of degree [, § constant and

H; = %(maygBj/l—yangj/l) = g%(xayB—y&cB)Bj/l_l = ba

If there only is a H; non null, the results follows. Otherwise, if
there were more than one H; non null, for instance, H; , H;, (so
K;,, K;, are not null), applying the previous reasoning we deduce
the existence of two natural numbers [y, 5 and polynomials «;,, 3,

and ay,, [, of degrees [y, [ respectively, such that, up to constants,

Ki = (5ll)i1/llv Kiz = (Blz)iQ/lQ’

at which we will have two expressions for K; and comparing both
of them we get ﬁllf = ﬁll;

If I, < Iy, since B, (5, are polynomials, we have that 5, = ﬁllf/ll,
at which K, = (Bll)if_g = (B,)%/"". In this case [ = [.

If there were » homogeneous no null polynomials H;,, H;,, ..., H;
of degrees iy, is, ..., i, respectively (polynomials K;,, K,,,..., K;
are also non null) we would have at most r expressions of K; as a
power of homogeneous polynomials of degrees [1,[5,..., [,, and in

this case, [ = min(ly,lo, ..., ;).

In order to prove the other implication, it is enough to check that the
systems (2.4.16) and (2.4.17) verify the Lemma 2.4.48. n
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2.5 Geometry of quartic and quintic rigid
systems with a polynomial commuta-

tor.

As we know, the isochronous quadratic and cubic systems with a constant
angular speed have a polynomial commutator. The phase portraits on
the Poincaré disc are represented in Mardesic et al. [123] and Collins [40],
respectively. In this section, we classify, applying the Theorem 2.4.51,
the quartic and quintic systems with this property, and we display on
the Poincaré disc the phase portraits about these systems with a non-
homogeneous H.

If H is a homogeneous polynomial of degree three or four, we will just
give a first integral of the system, remaining for another work the study
of their phase portrait. That integral has been picked up from Mazzi,
Sabatini [127]. Concretely, from the result which states that if H is an
homogeneous polynomial of degree n satisfying the Conti’s condition,
then a first integral of the system is

(22 + y?)!
1+ K@)

I(z,y) = (2.5.18)

where K is a commutator polynomial whose expression can be obtained
by Theorem 2.4.51.

We classify the systems (2.4.16) with non-homogeneous H upon the

values of [. If [ = 1, doing a rotation and a rescaling, we get
i = —y+23(bay + Vasy + b3azy® + brasy?),
y = x+xy(ba; + bPasy + bdazy? + blagy?),

being b, a;, as, az and a4 real numbers, with b # 0, a2 + a3 # 0.
If a3 = a4 = 0, we can find the phase portraits for a; = 0 in [123], and
for as # 0 in [40].
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If a3 # 0 and a4 = 0, scaling the variables, we have

& = —y+2*(By+ By — y?),
(2.5.19)
y = x+ay(B+ By —y?).

If By = B, = 0, a first integral of the system is given by (2.5.18) with
n=3, K(z,y) = -1

Next we study the dynamic system (2.5.19) with B? + B2 # 0. Its
polynomial commutator is (z,4) p(y) with p(y) = 1+ Byy + Boy? — 3.

The function is a integrating factor and, therefore,

1
(x2+y?2)p(y)

ds

1 Y B + Bys — s*
Fla) = gin(a? +9%) - [ 222
0

is a first integral of (2.5.19) The polynomial p(y) plays a essential role,
since every real root give us an invariant straight line. Studying the
multiple roots of the polynomial, we have drawn the bifurcation diagrams
shown in the Figure 1. The phase portraits on the Poincaré disc has been

drawn in it.

Figure 1. Phase portraits of the family (2.5.19) with B? + B3 # 0.
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The dynamic in the finite part of the disc is determined due to the pres-
ence of the centre in the origin and the/or invariant line/s. These systems
have a common feature, as corresponds to every system with degenera-
tion at the infinity, every point in the infinity is an equilibrium. However,
among them, there are four relevant points which are the poles of the disc.
In this study, we have used methods of trigonometric blow up, giving us

the following results:
e The upper pole is a centre.

e If p(y) has not negative roots, from the bottom pole appears a
homoclinic which encloses the periodic ring of the origin. If p(y)
has negative roots, the periodic ring is enclosed between two lines
and the homoclinic is replaced by two separatrices, one of them

comes from the left pole and the other one goes to the right.

e The dynamics in the right and left poles are symmetric due to the
reversibility. When p(y) has only a positive root, both points are,
respectively, the end and the origin of the invariant respective line.
The existence of two or three positive roots is translated in the
appearance of a repulsive parabolic sector in the right pole and
attractive in the left one. When, at least, there is a real negative
root, among the lines corresponding to the positive root and the less
negative one appears, a hyperbolic sector, associated to the original
periodic ring. In that case, everything under such hyperbolic sector
is a repulsive parabolic one for the left pole and attractive for the

right.

We are going to expound the study of a specific case. For instance,
By = —1/2 and By = —5/2. The invariant lines are y = —2, y = —1 and
y = 1/2. For the study of the left and right poles, we make the following
change = 1/v, y = u/v and after multiplying the resultant system by

. . . 2
v?, we obtain @ = (1 + u?) 0%, & = wv® + & + 22 4 42,
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The unique equilibrium in v = 0 is (0, 0), which is degenerated (null lineal
part). Making the change u = r cosf, v = rsinf (blow up homogeneous

trigonometric) and dividing the field among r we obtain the system

rsinf rsinfcos?d Trcosf Trcos®d

. 3 3 3
7 =1°Cos r° cos” 0 + 5 + 5 + 5 5 ,
. . 7sinfcos?f cosf cos®H

0 =—sinf + 5 + 5 + 5

(2.5.20)
which in r = 0, with § € [0,27), has six equilibria: one in the first
quadrant, two in the second, one in the third and two in the fourth. In
short, we detect six input (output) directions in the equilibrium, which
correspond to the three invariant lines of the system, what joined to the
analysis of the sign of the second component, drives us to the dynamic

around the equilibrium, as it is drawn in Figure 2.

Figure 2. Dynamic close to the right and left poles.

In the study of the others poles we proceed in a analogue way. Making
the change © = u/v, y = 1/v and multiplying by v* we obtain 4 =
(—u?—1)v% o= —u(2v® —v? - 5v —2)/2. The (0,0) is equilibrium of

0 0
the system with lineal part type Takens-Bogdanov, that is Lo ) ,

tell us how the dynamic close to that point is going to be. However, it

is enough to make a quasi-homogeneous trigonometric blow-up of type
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(3,2), that is, u = r3cosf, v = r?sinf, and after multiplying the resultant
system by (2 + cos?6)/r and studying the equilibria in » = 0, 6 € [0, 27],

we obtain the results.

Finally, if a4 # 0, scaling the variables, the system adopt the form

& = —y+23C + Coy + Cay? + Cuy?),
(2.5.21)
y = x+ay(C) + Coy + Csy® + Cuy?),

with Cy =

If Cy = Cy = C3 =0, a first integral of the system is given by (2.5.18),
with n = 4 and K (z,y) = Cyy*.

If C2 +C2+C2 # 0, the polynomial ¢(y) = 1+ Cyy + Coy?® + C3y3 + Cyy*
plays a key role on the first integral of this field and, therefore, over its
dynamic. In fact, each root of ¢ means an invariant straight line an so,
the study of this family is analogous to the system (2.5.19). Fixed Cs, we
obtain the following figures for case Cy = 1 and Cy = —1, respectively,
(where n+s (n-s), denote n positive (negative) roots of ¢(y); n+d (n-d),

denote n double positive (negative) roots of ¢(y
2+s

2-s 2+ 2-s

Figure 3. Phase portraits of the family (2.5.21) for C? + C2 + C2 # 0
and Cy = 1.
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3+s o
I-s
1+d
1+d 1-d
1+s
I-s
Cy
1+t I+s
I-s 1-t
I+s
1-d 1+s
I-s 3 14d 1-d 34s I-s

Figure 4. Phase portraits of the family (2.5.21) for C? + C2 + C2 # 0
and Cy = —1.

If [ = 2, up to rotation and scaling, we have

& = —y+2*y(as + az(az?® + (a + 1)y?)),
v = x+ay*(a; + ax(az? + (a + 1)y?)),

being a, ai, as real numbers, with a.ay # 0.
Both cases a = 0 and a; = 0 have already been watched. Let us suppose
then aay # 0. Making (x — {/|aas|z, y — /|aas|y) we transform the

system in

i = —y+2*y(D; + Dya® + Dyy?)),
(2.5.22)

y = x+ay*(Dy + Dyx?® + Dyy?)).
with Dy = +1.
For D; = Dy = 0, a first integral is given by (2.5.18), with n = 4 and
K(z,y) = —Dyx™.
If D? + D3 # 0, studying relevant equilibrium points at infinity, we have
obtained the bifurcation diagrams given in Figure 5. For this study we
have used trigonometric blow-up techniques.
In case Dy = 1, the right/left pole is always a centre, but the character
of the upper/lower one depends on D,. If Dy > 0, it is connected by
two heteroclinic orbits which bound the periodic ring of the origin. If

D, < 0, it is a centre and two new relevant equilibria appear at infinity.
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These are joined by four heteroclinic orbits that bound the periodic ring.
When Dy = —1 we have a wider range of behaviours.

If Dy < 0 the situation is the same as for D, = 1, Dy > 0, up to a 3
rotation.

If Dy = 0 we have to distinguish among Dy < 2, D; = 2 and D; > 2.
Dynamic for D; < 2 is analogous to the one for Dy < 0. At D; = 2, the
upper/lower pole becomes an equilibrium with two elliptic sectors and
two hyperbolic sectors. For D; > 2, four parabolic sectors add to the
others.

If Dy > 0 other two significant equilibria show up at infinity again. The
curve represented on Figure 5 is a saddle-node bifurcation curve for a
trigonometric polynomial in [0, 27). We obtain this polynomial studying
angular speed on curve r = 0 after a quasi-homogeneous trigonometric
blow-up on the equilibria which are not the poles. When this polynomial
has four roots in [0, 27), there are four sectors, one elliptic, two parabolic
and one hyperbolic, respectively, surrounding each equilibrium. When
the roots are only two, the parabolic sectors disappear. In both cases,
the periodic ring is bounded by two heteroclinic orbits connecting the
upper/lower pole if D; > 0 or the right/left one if D; < 0. Finally, when
there are no roots, these equilibria are centres and the periodic ring is

surrounded by four heteroclinic orbits which join the poles.
SR Swe @ | @

Figure 5. Phase portraits of the family (2.5.22) for D} + D% # 0.
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Finally, for [ = 3 and | = 4 we obtain
T = —y+xas, T = =Y+ xoy,
y = x+yos, y = v+you,
respectively, being

(22 +y%)° (22 +y%)°
(14 3)2 (1+ B4)%7

first integrals of both systems, respectively, where

I(z,y) = I(z,y) =

1 0 0 1 0 0
a3 = 3 <«’L’a—yﬂ3 - ya_a:ﬁ?’) 5 Qy = 1 <«’L’a—yﬁ4 - ya—x@;)
for certain homogeneous polynomial S5 and (34 of degree 3 and 4, respec-

tively.

Notice that the fields studied are of the types B', B%y B* following
the notation of Collins [40], depending on the heteroclinics number that
bound the periodic ring of the origin.

We remark that in a generic way, the dynamic of the family with
H = zo(y), depends on the nature of the roots of polynomial 1+ yo(y),

has as many invariant straight lines as roots of the polynomial.
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Chapter 3

Isochronous uniformly

centres.

3.1 Introduction

In this chapter, we study the problem of centre for the planar analytic
systems which have a centre-focus equilibrium at the origin and whose
angular speed is constant. In these systems, the origin is the only finite
equilibrium and if it is a centre, it will be isochronous. These systems,

up to a linear change, take the following expression:

T = —y+azH(z,y), (51.1)

y = c+yH(z,y),

where H is an analytic function which vanishes at the origin.

The interest in studying this family is due, on the one hand, to the
importance of these systems in the general problem of the isochronicity,
see Definition 1.1.1 in section 1.1. Also Rudenok [140] proves that any
analytic system with linear part (—y,z)” has an isochronous centre at
the origin if and only if it is possible to transform it by means of specific
analytic change (z — = + P(y?),y — y + Q(x,y)) into a system (3.1.1).

115
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On the other hand, these systems in polar coordinates take the form

Po= 3o Hi(cos 0, sin 0)r+t,

6 = 1,

where Hj are the homogeneous parts of degree k of H. These systems

can be written as a single equation in form Abel generalized

Dpr = ZHk(cos 0, sin 0)r* (3.1.2)

k>1

The study of this equation gives us information about the systems, and
vice versa, since the constant solution r = 0 of (3.1.2) corresponds to the
critical point = y = 0 of (3.1.1), and the periodic solutions of (3.1.2)
correspond to closed orbits of (3.1.1), see Alwash & Lloyd [19, 20], Lloyd
[114], Lloyd & Pearson [116] and Lloyd et al. [118].

Let us do now a more detailed review of the works related to the
family (3.1.1). The first place where a subfamily of centres of (3.1.1)
is characterized, is Conti [39]. Particularly, it is characterized the case
when H is a homogeneous polynomial of arbitrary degree. It is proved
that if the degree of H is odd then the origin is a centre, but if it is
even must satisfy one condition, which is equivalent to vanish the first
coefficient of the normal form in the radial component. In Algaba et al.
[3], we find the centre condition in terms of the coefficients of the system.
In Mardesic et al. [123] we have linearizating changes for time-reversible
systems of type (3.1.1) with H = H; + H,. In fact, as it is proved
later in Collins [40], all the centres of this subfamily are time-reversible.
Up to rotation, its expression is (z,9) = (—y + 2%0(y), = + zyo(y))’,
with o(y) = a + by. Later, Mazzi & Sabatini [127] study the system
(3.1.1) when it commutes with a radial field, and they find a first in-
tegral and a linearization for (3.1.1). Algaba & Reyes [10] characterize

the systems (3.1.1) which have polynomial commutator, appearing not
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time-reversible centres with H nonhomogeneous.

This chapter is divided into four sections. In section 3.2, we present
the main result of this work, derive a few conditions that characterize
the centres with angular constant speed. We show the equivalence be-
tween these conditions and the vanishing of the coefficients of the radial
component of the normal form. In section 3.3, we develop an recursive
algorithm that allows us to obtain conditions on the coefficients of the
system which they must hold in order that the origin is a centre. In
last section, we cite several subfamilies that have a centre. we obtain
the centres of the families (—y + z(H, + H,,),~ + y(H, + H,))" and
(—y + x(Hy + Hoy),z + y(Hay + Hay,))', being H; homogeneous polyno-
mial in x, y of degree ¢ and also determine the maximum number of limit
cycles which can bifurcate from a fine focus. Finally, we compute the
centres of the cuartic polynomial rigid systems, and the quintic with a

nonquintic nonlinearity.

3.2 Isochronous uniformly vector fields and

their commutators.

We consider the following couple of differential systems

(@,9)" = X(z,y),  (&,9)" =U(z,y),

with X and U analytic functions in a neighborhood of the origin.

If we denote by ®x (¢, (x,y)), Pul(t, (x,y)) with D (0, (z,y)) = (x,y)
and @4 (0, (z,y)) = (x,y), the flows of the previous systems, respectively,
it is known that X and U commute if and only if the local flows ®y and
dy, verify

D (t, Du(s, (,9))) = Duls, Px(t, (z,9))).
for every ¢ and s such that ®x (¢, Py (s, (z,y))) and Py (s, Px(t, (z,v)))
exist, see Olver [132].
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From Theorem 1.4.18, the problem of the isochronicity of a centre of
a vector field is equivalent to the existence of an analytic commutator
of such vector field; more precisely, for any analytic system with linear
part (—y,z)T, the existence of an analytic commutator with linear part
(z,7)T is a necessary and sufficient condition so that the origin be an
isochronous centre (also see Algaba et al. [2] and Sabatini [142]).

We are interested in the centres of the analytic systems with constant

angular speed,
(@, 9)" = X(z,y) = (~y + zH(z,y),z + yH(z,y))", (3.2.3)

where H is an analytic function in a neighborhood of the origin and
H(0,0) = 0. From Definition 1.1.1 and Theorem 1.4.22, the systems
(3.2.3) always have a commutator. We have also proved in the chapter
2 that if H is a polynomial, the polynomial commutators, in case of

existing, are of the form

(@,9)" =U(z,y) = (@K (z,y),yK(z,y))", (3.2.4)

where K is a polynomial of the same degree that H. We extend this

property for the analytic case.

Proposition 3.2.52. If the analytic system (3.2.3) is centre, then there

exists an analytic commutator (3.2.4) around the origin.

Proof.

We assume that X is a centre. Let U be, the local flow which defines
the solutions of the differential equation & = «(x), with « analytic,
a(0) = 0 and «a(z) < 0 in (0,¢). Fixed (x,y) near the origin suffi-
ciently, let so be the minimum value s > 0 such that ®x(—s, (z,y)) is
on the z-axis. We already define the analytic flow @, as $y (¢, (x,y)) =
D (s, (¥(t, Px(—s0,(x,y)),0)). Since X is uniformly isochronous, @,
does not depend of sy. Moreover, it commutes with & and all the

straight lines which through the origin are invariants to the flow. That
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is, the associated field U is analytic and of the form (3.2.4). "
Therefore, the problem of looking for those H for that (3.2.3) has a centre
in the origin is equivalent to the problem of looking for those H which
exists U of the form (3.2.4) with [X,U] = 0.

If we use complex coordinates, z = x + iy, (3.2.3) turns out

)"

2+zZ 22—z 2+zZ z2—Z
_ H
sy ) TiE A (s

and the commutator (3.2.4) is

(2,2)7 = (iz + zH(

z+z z2—Z 2+zZ 22—z
K T
s ()

It will cause no confusion if we write the systems (3.2.3) in complex

(2,2)" = (2K (

coordinates as
2=X(z,2)=iz+2H(z,2) (3.2.5)

and the commutator vector field as
2=U(z,2) = 2K(z2) (3.2.6)

with H(z,2) = H(z,2) and K(z,2) = K(z, 2).
By definition, the Lie’s bracket in complex coordinates is [X, U] = X, U+
X;U — U,X — U;X, being X,,U, and X3, U; the first partial derivatives
of X and U respect to z and Z, respectively.

If for every m we denote by H,, and K,, the homogeneous parts of
degree m of H and K, respectively, the equation [X, U] = 0 becomes

[iz,zZKm] + [zZHl,zZKj] =
m>0 I>1 §>0

The term of degree m + 1 of the above expression gets

liz, 2 K] Z [2K;, zH)] . (3.2.7)

jH+l=m
j20,1>1

As H=H y K = K, we obtain

[iz, 2K] = iz(ZK; — 2K,),
[2K,zH| = 2(H(zK, + zK;) — K(zH, + ZH;)).
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From Euler’s Theorem for homogeneous functions, we have that
(2K, zH)) = 2(jH|K; — IK;H)) = (j — )zH, K.

Let m > 1, we consider the linear vector space H,,, consisting of homo-
geneous polynomials, H,,, of degree m in the variables z and z. And we
denote by H,,, the linear vector subspace of H,, on R defined by

(5]

Hpp = {P € Hpn/P(2,2) = P(2,2)} = { (axz"z7" F+a,2" """, a), € C}.

A basis of H,, is

By, = {uy=2Fzmk 4 mkzk 0 <[ < (3]}
Uf{op = i(2FzmF — 2m=kzk), 0 <k <[]}
Lemma 3.2.53. The map
(5] (3]
Lin() (ap2"2™ 7% 4 @p2™%2%) =Y i(2k — m)(ap2" 2™ — @p2™ k2,
k=0 k=0

is a linear map of Hy, into itself.

Moreover, if m is odd, Ly,,(Hp) = Hy and Ker(Ly,) = {0}. And if m is
even, dim (L (Hm)) = m and Ker(Ly) =< 2%

m
2

Z2 >.

Proof.

The first part can be checked easily and the second one it follows from

the action of the map on each element of the basis B,,,

Ly (u) = (m = 2k)vg, 0 <k <[],
L (vg) = (2k —m)ug, 0 <k <[] m

The equations (3.2.7) can be rewritten as

3

J

Il
=}

And from Lemma 3.2.53, we have the following result which characterizes

the systems (3.2.3) with a centre at the origin.
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Theorem 3.2.54. The analytic system (3.2.5) is a centre if and only
if there exists a C®°—function defined in a neighborhood of the origin,
K = ZmZO K,,, with Ky = 1, such that, for any m > 1,

2m—1
ProyCoern (Z 2(] - m)KjHQm—j) = {0}7

=0
being Lom (Haom)®Cor Lom = Ham, and Ly (Kp) = 7 (2j—m) K Hp ;.

For each m, we denote by Cond,, the above proyection on Cor Ls,,.

The expression of Cond, is a polynomial in the coefficients of the
polynomials Hy, ..., Hs,, and Cond,, = 0 is the condition that must sat-
isfy so that the homogeneous part of degree 2m of the commutator exists,
that is, Cond,,, = 0 is the compatibility’s condition of the system of linear
equations whose unknown quantities are the coefficients of Ks,, which
turn out of the equation (3.2.8).

The following result proves that the conditions of compatibility for the
existence of the terms of degree even of a commutator, up to a certain de-
gree, is equivalent to the vanishing of the coefficients of radial component

of the normal form of the system, up to that degree.

Theorem 3.2.55. Let fields (3.2.5) and (3.2.6) be such that [X,U] =
O(|z, z|*™*1) (i.e., Condy = --- = Cond,,—y = 0). Then, Cond,, # 0
if and only if the normal form of the system (3.2.5) up to order 2m is
E=iz 4, 052(22), with ay # 0.

Proof.

It is known that if [ X, U] = 0, then [®, X, ®.U] = 0, where ® is a dipheo-
morfism and ®,X, ®,U are the transformed vector fields of X, U by ®,
respectively. Besides, if 7V [X,U] = 0, then JV[®,X, ®,U] = 0, where
JNX represents the Taylor’s N-jet of the vector field X.



122 3 Isochronous uniformly centres.

1) Let us X (z,2) = ®,X(2,2) = iz +a,2™ 2™ + O(|z, 2|*"+3) a normal
form of vector field X. From the structure of the homological oper-
ator L,,, m > 2, the change of variables can be chosen of the form
O(z2) = 2(1 + ¥(z, 2)), i.e., it is radial change.

Since [X,z] = O(|z, z]*™), then [®;'X, ®;'2] = O(|z, 2)*™!) and
Uz, z) = ® 'z is a radial type, i.e. U(z,2) = 2K(z,2) with K = K.

2) Let us X(2,2) = ®,X(2,2) = iz + S ap T+ Oz, 2P a
normal form of the vector field X. By hypothesis, we have [X,U] =
O(|z, 221, that is, [0, X,®,U] = O(|z, 2*"!) with U = &,U =
2K (2,%2), K = K and K(0,0) = 1. Therefore, a;,as, -+ , a1 = 0, since
JUX, Ul =0, J)X,U]=0,---,J*"[X,U] = 0. n
From Lemma 3.2.53, we know that the terms of even degree of the com-
mutator are not uniquely determined, that is, if K  is a particular
solution of Loy, (Kay) = Po, then K3, + v2™Z™ also it is, being v any
real parameter.

With the following result, we can consider the above mentioned coeffi-

cients null.

Lemma 3.2.56. Let the fields (3.2.5) and (3.2.6) be, such that [X,U] =
O(|z, z[*™*Y), where Ky; = K3; 4+ 7,27, and let Cond;, be the value
which comes from to substitute v = v = -+ = Y1 = 0 in Cond,,.
Then, Cond,, = Cond;,.

Proof.

By hypothesis, Cond; = Condy, = ... = Cond,_; = 0, and from
Theorem 3.2.55, we know that the coefficients of radial component of the
normal form of the system (3.2.5), ay, ..., @y,_1, are nulls. Cond,, comes
given by

CO?’Ldm = CO?’Ld:,L =+ ’Ylfl =+ ’YQfQ + -+ 'Ym—lfm—la

with Cond}, which does not depend of 4, ..., ¥p—1, and where f;, ..., fi,1

are polynomials in the coefficients of H.
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We now see that these polynomials are nulls.

Suppose a,, # 0, if some f; was not null, taking ~v; = —%C’ond;ﬂ v =
0,Vj # i, we arrive at Cond,,, = 0 which contradicts to Theorem 3.2.55.
Hence, f; =0, i =1 ... m — 1, so that Cond,, = Cond;,.

Conversely, if a,, = 0, and if there existed an f; non null, we can
take 7; such that Cond,, was non zero, therefore, we again arrive at a

contradiction. m

3.3 Recursive algorithm

We already present a recursive algorithm that allows to compute the con-
ditions of compatibility that arise for the existence of the commutator,
in function of the coefficients of the system.
To apply the algorithm, before we must fix the corrange of Lo,,. For sim-
plicity in the operations, we have chosen Cor(Lay,) = Ker(Lay,).
We assume that the first ones 2m — 2 components homogeneous of the
commutator K are known, which, obviously, satisfy the m — 1 first con-
ditions that are mentioned in Theorem 3.2.54.

The algorithm consists of two steps:
Step 1.- Computation of odd component, Ks,,_1.
From Lemma 3.2.53, this component is determined for the term that
appears in the right-hand side of (3.2.8), i.e., for the homogeneous poly-

nomials of H and K of low degree to 2m — 2. In fact, we have,

Lemma 3.3.57. Let Py, 1(2,2) = Z;n:_ol a; 2 Z2m I 4 gyp?miTl

The equation Loy, _1(Kam—1) = Pam_1 has unique solution and it is given
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Step 2.- Compatibility’s condition and computation of the even term,
Ko,

Let Py, (2, z) be, a homogeneous polynomial of degree 2m. It will exists
a homogeneous polynomial Ky,,(z, 2) verifying Lo, (Ksm) = Py, if and
only if Py, is in Loy, (Ham). That is,

ProyCorL2mP2m - PTOyKerLng%n = {0}

We now give a explicit form of the compatibility’s condition and the value

of K5, which is obtained by straightforward computation.

Lemma 3.3.58. Let Pyn(2,2) = Y00 a;27 2™ + a;2° 77 be.

Then, Proycor ,,, Pom = 0 if and only if a,, =0, i.e., Cond,, = a,,.
Lemma 3.3.59. Let Py, (2, 2) = Py (2,2) = Z;.n:_ﬂl ;2 Z2m I 422 m I 7
be. The equation Loy, (Kay) = Pop has solution and comes given by

m—1 _
a; 4 , a; . o
Rom = =3 gy P = gyt A mlE2)
=0

For the real case, we can write the Lemmas 3.3.57, 3.3.58 y 3.3.59 of

the following way.

Lemma 3.3.60. Let Py y1(2,y) = Y700 G g™ 4 y2 4l ja®m =2y 241
be. The unique solution of the equation L%)H(Kmﬂ) = Pypy1 (where

Lgfl)ﬂ denotes the map Loy, in the real case) is

2m+1

_ 2m—j+1, j

K2m+1(«’13,y)— E ;T AT
=0

with o verifying

Qomy1 = bm,m Qo =  —Gmpo
Ol . bm,j+(2j+2)a2j+3 Qs = —am7j+(2m—2j+2)a2j_2
2j+1 = 2m—2j+1 2 2j+1

j:m_l,"',o. j:]_,...7m.
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Lemma 3.3.61. Let Py, (z,y) = >, U G2 Y20 by, M 2020

be. The equation L(R)(Kgm) = Py, (where LgR) denotes the map Lo, in

2m m

the real case) has solution if and only if

m—1 . .
(25 —D!(2m — 25 — )N
a,+a,0+2 mm—j = 0.
m,m m pari (2m_1)” m,m—j

In this case, it comes given by Kop(x,y) = Z?Z() Bix?™ =iyl with f;

verifying

51 = —Qm,0 BQm = FYm

Boing = A, —(2m=2j+1)Bsj_1 B . bmm i+ (2m—2i42)Bom—2j+2
2j+1 2j+1 2m—2j 2j

j=1,--,m—1. =1, .m.
3.4 Applications

3.4.1 Time-reversible isochronous uniformly centres

The described procedure allows us to give an easy proof of the following

well-known result.

Theorem 3.4.62. The time-reversible analytic vector fields with con-

stant angular speed are centres.

Proof.

A vector field is called time-reversible if it has a symmetric phase por-
trait respect to a straight line which passes through the origin, inverting
the time. Up to a linear change, we can assume that above mentioned
straight line is the y-axis, in this case, the time-reversible systems (3.2.3)
respect to this straight line are those which verify H(z, —y) = —H (z,y).
In complex coordinates, this condition over H is equivalent to say that
the coefficients of the monomials of H are imaginary.

Applying the recursive algorithm (Lemmas 3.3.57 and 3.3.59), we see

that the coefficients of the monomials of K are real. Therefore, H,,, and
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K;Hyy,—; with j =1, ..., 2m — 1 have only imaginary coefficients, and
since this expression is real, we deduce that the coefficient of z™z™ is
zero, that is, for each m > 1, the proyection over Ker Lo, is null, there-
fore, Theorem 3.2.54 holds. n

3.4.2 A new family of isochronous uniformly centres
We next show the following family of centres.

Theorem 3.4.63. The systems
z=1z+z Z H,.,
r>1

with Hyp = 2 Ly, (B) Byt being (2, Z) € H.n, and a, any real number,

have a centre at the origin.

Proof.

The proof consists of proving that the system commutes with (3.2.6),
being K =1+ ., K, with K,,, = —a,3],, That is, we show that the
equations (3.2.8) hold.

We see that first component K, verifies L,,(K,,) =< 1, H,, > . So,

Lm(Km) - Lm(_alﬂm) - _ale(ﬂm) - _mHm~

We see that for r > 1, (3.2.8) also holds.

On the one hand, using the fact that L(M") = hM"1L(M), with h
natural and M homogeneous polynomial in z, Z, the left-hand side of
(3.2.8) becomes,

Lom(Krm) = Lym (=0, 8,) = =108, L (Bm)-
On the other hand, given j > 0 and [ > 1, with j + 1 = r, we have
(I = ))mKjmHym = —(1— j)maja 3], =Ly (Bm) 85"
= (j = DajaiBy, " Lin(Bn),
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therefore, the right-hand side of (3.2.8) turns out

r
rm

1
- Earﬁzz_lllm (5m)+6;1_1Lm(6m) (r—2h)apa,—p = _Tarﬂfn_le (Bm)-

h=1
Remarks.- The considered systems in Theorem 3.4.63, in cartesian co-
ordinates, can be written as
T = ) + Zrzl Hrm(za y)a
y - 33+Z/Z,«21 Hrm(zay)a

where H,p = %(yawﬁm - xayﬁm)ﬁfn_l
If the system is polynomial, then the commutator is polynomial, and both

(3.4.9)

have the same degree. In chapter 2, it is proved that they are the only
ones with constant angular speed which have polynomial commutator
with non-null linear part. Also, it is characterized the case when the
commutator has null linear part.

There are time-reversible fields which cannot be expressed in the form
(3.4.9), for instance,

i = —y+ax?+ bat,
Y = x+axy+ by,

Besides, there are non time-reversible systems of the family (3.4.9), even

non homogeneous, for instance,

T = -y + Z'Hg + ZL'H3K3,

y = x+yH;+yH3K;,
with Hy = 223 — 622y + 22y? + 2y and K3 = 223 + 622y — 6xy* + 613
Its commutator is

U = z+a2K;+ 2K3,
V = y+yKs;+yK;.

We next see that the fields of this family contain all the polynomial
systems (3.2.3) with centres that we know, except the time-reversible

systems.
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1. The homogeneous systems (3.2.3), 2 =iz + zH,,, studied by Conti

[39].

If m is odd, Lm(ﬁm) = H,,, therefore it is isochronous, since always
exists By € Hm such that Lp,(8y) = H,,. Thus, it is a particular
case of the mentioned family. If m is even, the first condition
different from zero is Cond,, = Proyger 1, (—mHy,), i. e., we must

impose that H,, € L,,(H,,), and we again see that exists 3, such
that L., (8n) = Hy,, thus, it is a subfamily of the above theorem.

When m = 1 and ; = y, we obtain the fields of the form (—y +
220(y), x+xyo(y))T with o(y) polynomial in y, that were studied

in [127].

In [127] it is proved that if H and K are conjugate harmonic and
H?(z,y)+ K?*(z,y) is a function of 22 442, then the systems (3.2.3)
and (3.2.4) commute.

We know that they are of this family, since are polynomial sys-
tems (3.2.3) with polynomial commutators, being H = H,, =
2 (yYOy B — 20y Bm) and K = —afy,, with 3, homogeneous polyno-
mial of degree m, satisfying (0, 0)*+ (0, 5m)* = Pu(2?+y?), H, =
-K,, H, = K,, being P,, any homogeneous polynomial of degree

m.

3.4.3 Centres of the family H = H, + H,,.

Next we characterize the systems (3.2.5) with H = H, + H,,, being H,

and H,, not null, which have a commutator.

Since H; # 0, making a rotation and a rescaling on the state variables

into the field, we can assume, without loss of generality, H; = iz — iZ.
The first terms of a commutator (3.2.6) of (3.2.5) with K =1+ .., K;
come given by:

As Ly(K,) = —Hy, then K| = z + Z.

As L,(K,) =0, 2<r <m-—1, from Lemma 3.2.56, we can suppose that
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K, =0.

K,, satisfies the equation L,,(K,,) = —mH,,.

Ky verifies Ly, (K1) = (1 — m) (K H,,, — K Hy).

Each term K., with m + 2 < r < 2m, must satisfy the equation

Lo(K,) = (r — 2)(iz — i2)K,_,.

Evidently, these equations relate the coefficients of the consecutive terms

of the commutator. Next we mention some properties.

Lemma 3.4.64. Let K, = )\ ;22" be, with v > 1, the homoge-
neous part of K of degree r of a commutator of the form (3.2.6) of the
system (3.2.5), with H = H, + H,,, HH,, # 0. Then,

1. Forl such that m+1 < 2] <2m — 2,

20+1 20—-1 21
9 = 509% >

" QZ; 1 (3.4.10)
q; o= 21_2_j+1 (QJQl—l o qul)a 1< J < .

2. Forl such that m 4+ 2 < 2l < 2m, Cond; = —4(l — l)Imqffll.

If Cond; = 0,
@ = fTa (3.4.11)
i = 2@ -, 1< <1
From Lemma 3.2.56, we can take ¢*' = 0.
3. Forl such that m 4+ 2 < 2] < 2m,
( 2 = (2(12—“131()2(12—1)2) 2,
P2 = _%quq s
gt = (2127i)2(g‘2i_12) [21—21j+2q12‘l—_21 = (zmzyms + ) G0
e N SV RS B}
L = @ =D =D - g

(3.4.12)
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Lemma 3.4.65. Let K, = )7, ¢;2' 2" be, with r > 1, the homoge-
neous part of K of degree r of a commutator of the form (3.2.6) of the sys-
tem (3.2.5), with H = Hi+H,,, HiH,, # 0 andm = 2n (or m = 2n—1).
If Condpyy = ...= Condyyj =0, with1 < j<n—1(orl1<j<n-2),
then
2 27 —1
Condyyji1 = —4(n+j) < " +2’,] > Im g2t
J
Proof.
Using (3.4.10), (3.4.11) and (3.4.12) it is easy to verify that:

Cond,+1 = 0 arrives at Im ¢>" ™' = 0,

Cond,o = 0 implies that Im ¢2" > = Im ¢2"*? = Im ¢2"}' = 0,
Cond, 13 = 0 implies that
Im QZZ-_'Q—E) = Im qii—|1—4 = Im q2n+3 =Im q2n+2 =Im q2n+1 — O

and, finally,
Cond,,+; = 0 arrives at

Antj—1)+1 _ po 2n+i-1)

Imqn+j_1 et = '”:Ian—j—l—l:O‘

By (3.4.11), we deduce that Cond, ;11 = —4(n + j)Im qfl’rfjﬂ. Using
(3.4.12), we have

Im q21;2j+1 _ (2n+2j—1)(2n+2j—2)]m qiri—;zj—l
_ (2n42j-1)(2n+25-2)(2n+25—3)(2n+2j—4) 2n+2j5-3
= 2.3.4 Ima,. ;=
:<2n+2j—1)lmq2n+l‘ _
2j "

Theorem 3.4.66. Let the field (3.2.5) be with H = H, + H,, and
H\H,, # 0, where m = 2n (or m = 2n — 1).
Then,
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1. (3.2.5) is centre if and only if it is time-reversible, that is, up to
rotation and a scaling, the system (3.2.5) comes given by z =
—iz + z(iz — i2) + iz Z?:_Ol b2l Z™™9 — biz™IZI | with b real co-

efficients.

2. The mazimum order of a fine focus of the system z = —iz + z(iz —
iZ)+z Zgﬂ)(aj +ibj)27 2™ + (a; — ib;) 2™ 2, with aj, b; any real
numbers is [3] + 1. Besides, it is of order [%] + 1 if and only if
aj_1a; <0, with |a;| <<|a;—1|, j=1, ..., [F].

Proof.

Given P,, € H,,, from now on, we will denote by P% and P the homoge-
neous polynomials such that P, = PL + PR with PL =" apz*zmF.
We have seen that applying a rotation and a rescaling, we can assume
Hy=iz—iz, Ki=2+Z%and K; =0, 2<j<m- L

We distinguish two cases, according to the parities of m:

1. Let m = 2n. The term K5, must be particular solution of the
equation

L2n(K2n) = —2nHy,.

Thus, it must verify that Proyge, 1.,, Hopn = 0. From Lemma 3.3.58
it follows that Hs, does not have the monomial 2"z".
Let Hs, be with HL (z,2) = Z;:Ol hjz7z*"=J  applying Lemma

3.3.59 turn out KQLn = Z;l:_(} 2n2f2jihjzj22"_j.

The term K5, is solution of the equation
L2n+1(K2n+1) = (1 - 2”)(K1H2n - K2nH1)

and from Lemma 3.3.57 we deduce that

L . xn—1 2n—1 f2n—j+1; J 1.\ »dz2n—j+1
K2n+1 - Zj:l 2n—2j+1Z ( n—j+1 hﬂ—l + n—j hJ ZE

—(2n —1)(n + 1)ih,_z"z"
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From Lemma 3.4.65, we obtain that the vanishing of the expres-
sions Cond,, 1, Cond, s, ..., Conds, leads to that the coefficients
of Kj,.1 must be real, that is, the coefficients of Hs, must be

imaginaries, thus, the system is time-reversible.

2. We now suppose m = 2n — 1 and let Hy, ; be with HLZ (2, 2) =
Z;:Ol hjz7z*"=, from Lemma 3.3.57,

n—1

2n — 1 . .
L . _On—j—
K = 25—y —qihi? 2

We now consider the equation
LQn(KQn) = —2(71 - 1)(K1H2n—1 - K2n—1H1)-

It has solution if Proyger 1, (K1Hoy—1 — Ko,_1Hy) = 0, thus, from
Lemma 3.3.58, it is clear that h,_; + h,_, = 0, so that h,_; is an
imaginary number. By Lemma 3.3.59, we have K, = Kf + K +
V2" 2", with
—1 2p—2 (4n—j—1 j . j=on—j

Kb, = S50 B (5t he — sty ) 1292200
moreover, we can take 7, = 0.
Notice that if Im¢?" = 0, then Im g™ = (2n — 1)Im¢?", , by

n—1
(3.4.10).

Moreover, from the expression of Ky, also is deduced that if Im ¢>" =
Img", = ...=1Img" =0, with1<j<n-—1, then Reh,_, =
Reh,_9 = ... = Rehj_; = 0, therefore, the coefficients must be

imaginary, and in consequence, the system must be time-reversible.

We see the second part.

If m = 2n, of the expression of Ky,.; and by (3.4.10), we have

2n —1 )+ 1
qTQLle;l:_(n . )(nf]*- )ihn_j—la 1<j<n-1,
27+ +1)
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hence,

22n—1 )+ 1 2 29
Condyy = 2n—1)(n+j+ )< n+ 2j

41 2 41 >Rehn_j_1, 1<j5<n—1.

And if m = 2n — 1, from the expression of K»,, we have

o _ _(2n—=2)(3n+j)
it = )+ j+1)

ihn—j—?a 1 S ] S n— 2.

thus, Cond, 441 is

4(2n = 1)(3n + j)(n + j)(n — 1) ( el ) Re hy_j»,

G+1)(2n—-2j+1)(n+j+1) 2j
with 1 < 5 < n — 2. Therefore, if ag, ..., ajm satisfy a;_1a; < 0
with |a;| << |aj—| for j = 1, ..., [F], the numbers Cond,; with
j =0, .., [%§] are a Sturm’s sequence, thus we have a system with
(2] + 1 limit cycles. u

3.4.4 Centres of the family H = H, + H,.

We now characterize the systems (3.2.5), with H = Hs + H,, and
HyH,,, # 0, which have commutator.

Applying a rotation and a scaling into the field, we can assume that
Hy, = —iz? +i7z%.

The first terms of a commutator (3.2.6) of (3.2.5) with K =1+, K;
are:

As Li(K;) = 0, we have K; = 0. In general, the terms of odd degree of a
commutator are null, since are solution of Ly, 1(K5,.11) = 0 and applying
Lemma 3.3.57 we deduce that Ky, = 0.

Ky = —2% — 7% comes from Ly(K,) = —2H,.

By Lo (K3) =0, 2 <r <n—1 (from Lemma 3.2.56, we can suppose
null parameters) we can assume Ky, =0, 2 <r <n— 1.

Ky, is solution of Lo, (Ks,) = —2nH,,.
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K2n+2 must be solution of L2n+2(K2n+2) = 2(]_ - n) (KQHQn - KQnHQ).
Each term Ky, o, with n +1 <r < 2n — 1, satisfies

L2r—|—2(K2r—|—2) = —2(7' — 1)(Z22 — Z‘EQ)KQT.

Evidently, these equations relate the coefficients of the consecutive terms
of the commutator. We arrive at the following result, which proof we

omitted for being analogous to that of Lemma 3.4.65.

Lemma 3.4.67. Let Ky, 5 = ZESQ @;" 227722 be, the homogeneous
part of K of orden 2n + 2 of a commutator of the form (3.2.6) of the
system (3.2.5), with H = Hy + Hy,, HyHo, # 0.

Then, if Condypy1 = ... = Condpy; =0, with 1 < 3 <n—1, it follows
that

, ‘ n+j—2
Condysj1 = A1) (n+j—1) ( j-1 )Imq?;iﬁl.
Using similar arguments that in the proof of Theorem 3.4.66, we

obtain the following result.

Theorem 3.4.68. Let field (3.2.5) be, with H = Hy+ Ho,, with HyoHy, #
0. Then,

1. (3.2.5) is centre if and only if it is time-reversible, That is, up
to a rotation and scaling, the system (3.2.5) comes given by z =
—iz + iz(—2* + 2%) + iz Z?:_é bj27 220 — b 2?07 with b; real

coefficients.

2. The mazimum order of a fine focus of the system 2 = —iz+iz(—2%+
2%) 4 2300 o (a; +iby) 27 22"+ (ay — ib;)2*" I Z, with aj, by real
constants is n + 1. Moreover, it is of orden n + 1 if and only if

aj_1a; >0, with |aj_1| <<lq |, 7=1, ..., n.

Remark. The Lemmas 3.4.65 and 3.4.67 give necessary conditions

that guarantee us the existence of the commutator of the families (3.2.5)
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with H = H, + H,, and H = H, + H,,, respectively. In both cases,
it arrives at the vanishing, term to term, of the real coefficients of the
expression of H,, and Hs,, respectively, and it implies that the cen-
tres are the time-reversible systems. In the case of the family (3.2.5)
with H = Hy + Hy,,, with Hy, = —iz? + iz?, the first ones con-
ditions non null are Conds, o, Condsyis, ..., Condy,e, which corre-
spond to the conditions of compatibility of the equations L(Ky,14) =
—2Kon13Hon1, L(Kanys) = —4KonisHopntr, ooy L(Kgpia) = —(4n +
2)Ken3Hopn 1, being Koy i1, ..., Kenis, the solutions of the functional

equations

L(KQn—f—l) = —(QTL + 1)H2n+1a
L(Konys) = (2n — 1) (Ko Hypq1 — Kopy1 Hy),
L(K2n+21+1) = (3 — 2(n + l))KQ(n+l)_1H2, [ = 2, cees 2n + 1,

respectively. The main difference with the cases H = H; + H,, and
H = H,; + H,, is that these conditions are not a linear expression of
the coefficients h; = A; +iB; of Hy, 1. In this case, they are bilinears

expressions of the form

SO A(NA)B; =0, r=2n+2, .., 4n+2,

j=1 I=1
with A, ;(j) real. We have analyzed, the subfamilies H = Hy + Hy, i1
for n = 1,2,3 and we have obtained that the only centres are the time-

reversible ones.

3.4.5 Quartic isochronous uniformly centres.

Next we derive the quartic systems (3.2.5), that is, H(z,z) = Hi(z,z) +
Hy(z,2z) + Hs(z, %), with Hs(z,Z) # 0, with at least one nonlinearity
besides Hj.
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Theorem 3.4.69. Let (3.2.5) be with H = Hy + Hy + Hz, Hs # 0 and
H? + H2 # 0. Then, the origin of (3.2.5) is a centre if and only if the

system (3.2.5) is time-reversible.

Proof.
The proof is assisted by an algebraic computer, continuing the recursive
algorithm described in the above section.

The nonhomogeneous quartic systems (3.2.5) take the form
2 =iz+2[A2+AZ+B2*4+2(by +b3) 22+ B>+ C2* + D2*2+ D222 + C7°),

being A = %(al —iay), B = i(bl + by — iby), C = %(dl — idy) and
D= %(d3 — idy),

with aq, as, by, by and bz real constants not all nulls, and d;, ds, d3 and dy
real constants not all nulls. Next we compute necessary conditions in
order to the existence of a commutator of the system, i.e. we will vanish
the compatibility conditions C'ond; which have the form [, = 0. The first
one is [y = by — b3 = 0, that is b; = bs.

If Hy = 0 and H, is different from zero, it is easily seen that, making
a rotation, we can take, without loss of generality, Hy = —22!(2% — 22),
with by # 0.

In this case, the first three conditions of compatibility are nulls. If the
coefficient d, = 0, the fourth one turns out l; = dyd3zby = 0. Thus, it
must be vanished d3 or ds. In both cases, by means of a rotation, we can
transform it into a field (3.2.5) time-reversible and from Theorem 3.4.62
we know that it is centre.

If dy # 0, in having imposed 4 = 0, it turns out d; = —d?’(%‘i_d?), and
the fifth condition becomes ls = d3b3(—2dy + 3dy) = 0. If d3 = 0, we
obtain again a time-reversible system, and if d3 # 0, we must impose
that dy = %d4. In this case, the sixth one condition is not null, therefore
the system does not has a centre.

Finally, if H; is not null, by means of a rotation we can do ay = 0 and

with a homotecia can take a; = 1. The second condition of compatibility
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is Iy = dy — b3 = 0, that is d4y = bs. Substituting, the third condition
becomes I3 = 2bs + 2dy + 2b3dy + babs + bady = 0.

Let us suppose that b3 = 0, in this case, I3 = dy(by + 2) = 0, hence,
dy = 0 or by = —2. In the first one, dy = 0, we obtain that H has its real

coefficients, thus, it is centre.
In second case, by = —2, we have l; = do(—35+4d3) = 0, that is, d3 = ?11—5,

and now we have [5 = dy = 0, i.e. it corresponds to the case ds = 0.

We suppose now b3 # 0. Let’s notice that this condition implies that the

system is not time-reversible.

Then,

we have

_ 2d3bz + b3by — dabs + 203 — 2d,

d
! 2bs

The condition I, = 0 is given by

being

l4 = CUT‘U@l (d3, bg, b3)b3 + CUTUGQ(d3, bg, bg)dg = 0,

Curvey (ds, by, bs) = 90 — 2d2 + 52d5 + 24by + 26d3by + Tb2 — 2602,
CUT”U@Q(dg,, b2, bg) =-90 — 24()2 + 8d3 - 281)3 - 7b%

We distinguish the following situations separately:

I.-

If Curves(ds, ba,b3) = 0, in order to vanish ly,it must verify that
Curvey (ds, by, b3) = 0. The resultant of the curves Curve; = 0 and
Curvey = 0 with respect to by is 4Q%(by, d3), with

Q1 (b, d3) = 18902+ 648Dy + 364dsby +624d3+2430 — 2842, (3.4.13)

By means of the afine change of coefficients

1
by = ﬁ(% +n—336), dy= @(1895 - n),
it turns out Q(&,n) = 7&n + 13122 = 0. Since 1 # 0, we have that
¢ = —1122 The vanishing of 5, ls and l; are given by the vanishing

™



138

3 Isochronous uniformly centres.

IT.-

of Iy = s, Is = bl? and [; = # being %, 1% and I3 polynomial
expressions that are given in function of 7, dy and b3. The resultant
of I} and Curves, [§ and C'urvey and I3 and C'urves with respect
to by are, respectively, n'%r5(n, da), n%re(n,ds), n*r:(n,ds). In
turn, the resultant of r; and r¢, and r5 and r; with respect to n
are, respectively, polynomial expressions of the form d5%rs6(d,) and
d35757(ds). Last on, the resultant of these with respect to dy is a
number different from zero, therefore, we conclude that it can not

be a centre.

If Curvey # 0, in having imposed I; = 0, it turns out

by (b2 + 90 + 22d5 + Tb2 + 24by — d2 + 13dsbs)

dy = —
? (90 — 8d3 + 282 + 7b2 + 24b,)

Similarly to that we made in the previous paragraphs we obtain
that in order that [5, lg, [; and lg are nulls, there must be vanished
the polynomials [}, [§, I3 and [, which appear in the numerator of
l5, lg, l7 and lg, respectively. The resultant of [} and [, [} and I3

and [} and [§ with respect to b3 are, respectively:

Ry (I3, 15, bs) = d5Qi® (b, d3) Q3 (b2, d) AT (b2, d3),
Ry (12, 1%, b3) = d5Q1% (ba, d3) Q23 (bs, d3) A3 (b, d3),
R3 (l;, l;, b3) - de%6(bQ, dg)Q% (bQ, d3)/\§(b2, d3)

being Qs = 2by + 4d3z — 31 and €2; the above expression gives in
(3.4.13).

Therefore in order to vanish the resultants we have four options:
— ILa) If d3 = 0, the coefficients [}, I} and [% come given by
l; - bgFl(bQ, b3), lé — bgGl(bQ, bg), l; - bng(bQ, bg),

and the resultants are

R(Fl, Gl, b2) == b§0(16b§ + 1225)El(b3),
R(Fl, Hl, bQ) - b§0(16b§ + 1225)F1(b3)
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Since b3 # 0, the first and second factors of the above resul-
tants cannot be vanished. Moreover, = (b3) and I';(b3) are not
vanished simultaneously, so its resultant with respect to b3 is

a constant differently from zero.

— IL.b) If ©; = 0, making the same change of coefficients that in
the paragraph I and similarity coming, we deduce that [5, [g

and [; cannot be vanished simultaneous.

— ILc) If Q, = 0, we have d3 = (31 — 2b,) and, in this case, we
obtain l; = bgFQ(bQ, bg), lé = bgGQ(bQ, bg) and l; = b3H2(b2, b3),

and the resultants are

R(Fy, Gy, by) = b3(1486873b2 + 442225)2=,(b3),

And since the resultant of Z5(b3) and I'y(b3) with respect to
b3 is a not null constant, we come to that cannot be vanished

simultaneously.

— II.d) Finally, the resultant of \;(bg,d3) and A\y(bo,d3) and it
of \i(be,ds) and A3(bs, d3) with respect to by are polynomi-
als in d3, and the resultant of both polynomials is a constant
differently from zero. Therefore, A;, A3 and A3 do not have

common real roots. |

3.4.6 Quintic isochronous uniformly centres.

The vector fields we are interested on can be expressed as

(iv y)T = (_y + ZEZHZ(JT, y),il? + yZHi(x7y))T’ (3414)

with H; homogeneous polynomials of degree 7. From now on, we assume
that H; # 0 and Hy, H, and Hj not all nulls. We consider the vector
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field written as follows:

Hy(2,y) = 2a17 — 2asy,

Hy(z,y) = (b3 + 2by)x? — dbywy + (—2by + b3)y?,

Hi(z,y) = (2¢1 + 2¢3)2® + (—6cy — 2¢4)2?y + (205 — 6¢1)xy?
+(—2¢4 + 2¢2)y?,

Hy(z,y) = (2d3 + 2d; + ds)x* + (—4dy — 8dy) 2%y + (2d5 — 12d, ) x2y?
+(8dy — 4dy)xy? + (2d, — 2d3 + ds)y*.

The following result characterizes the centres of (3.4.14).

Theorem 3.4.70. Let the vector field (3.4.14) be with one nonlinearity
besides Hy only. Then, the origin is a centre of (3.4.14) if and only if it

18 time-reversible.

Proof.
Throughout the proof, we shall denote by R(p,q,z) the resultant of p
and ¢ respect to x and by [; the compatibility condition C'ond; before
defined. Equalities involving resultants are not exact. Numbers that
appear multiplying or factor degrees have been dropped, since they are
not important for the study.

Case Hy = H; = 0.
Without lost of generality we can suppose a; = 1 and a; = 0. Vanishing
lo, I3 and Iy leads us to di = d3 = d5 = 0. The field is time-reversible.

Case H = H; = 0.
Since [ = b3, if b3 # 0 then the origin will not be a centre. Assumed
bz = 0, since Hy # 0, we can suppose without lost of generality |b]| = 1
and by = 0. Then, vanishing /5, I3 and /4 leads to d; = d4y = d5 = 0. That
is, to a time-reversible field.

Case HH=Hy =c¢; = ¢ = 0.

Without lost of generality we can suppose ¢3 = 1 and ¢4 = 0. Then Iy,
l3, Iy vy l5 vanish altogether if and only if d3 = d5 = 0. In that case, the

field is time-reversible.
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Case Hy = H, =0, (¢1,¢2) # (0,0).

Without lost of generality we can suppose ¢; = 1 and ¢ = 0. Moreover,
since [, = d5, it has to be b5 = 0. Then we jump to /5 and begin to
distinguish different possibilities.
Case 1: ¢3 # 0. This condition allows us to obtain ds from [5. Substi-
tuting ds in lg it can take place two situations. Let cond; be C4(3C§ +
33 —2)(3c2 — 7).

We distinguish two situations:

Case 1.A: cond; # 0. Under this condition, we can obtain ds from [g
and substitute it in the rest of the normal form coefficients.

From now on, we are going to work with the numerators of I, ly, l1g
v l1o. Let them be nl;, nly, nlip and nlis, respectively. We notice that
R(nls, nly, d3), R(nly,nly,ds) and R(nlz, nly2, d3) share the same factors:
3c2 — 3, c3, dy, cq and 3¢3 + 3¢? — 2. Moreover, each one has got another
big factor which just depends on c¢3 and c4: f79, fr10 and f71o, respectively.
R(fz9, fr10,c4) and R(fr10, fr12, ¢4) also share the same structure, (3¢ —
6cs + 2)(1 + 6¢3 + 6¢3), plus a particular third factor: ggip and qo12,
respectively. Since R(qg10, q1012, ¢3) # 0, we know that go19 # 0 or q112 #
0.

Case 1.A.1: q9i0 # 0. Then R(fr9, f710,¢4) vanishes if and only if
(3¢ — 6¢3 + 2)(1 + 6¢3 + 6¢2) = 0. That is, if and only if ¢z € U =
1+, —1 43y

Case 1.A.1.a: ¢3¢ U. Then fr9 # 0 or f719 # 0.

Case 1.A.l.a.i: f;9 # 0. If dy # 0 then R(nl;,nly,d;) # 0 and,
therefore, nl; # 0 or nly # 0. The origin is not a centre. So, it must
be dy, = 0. Then nl;, nly, nlig and nl;s have got analogous shapes:
cadsu, c3dz(3c3 —c3)(3c3 +3c2 — 2)v, c3d3(3c3 — c3)w and c3d3(3¢3 — c3)z,
respectively. Here u, v, w, z are polynomials depending just on c3 and c4.
Computing R(u,v,c4) and R(w, z,¢4) we obtain again the same factors,
besides particular ones that we shall call g,, and gy, respectively. The

common factors are c3, c3 — 1, 3¢3 — 6¢3 + 2, 2¢3 + 1, 1 + 6¢3 + 6¢3 and
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54¢5 — 18¢3 — 45¢3 4+ 6¢2 +9c3 + 1. Let poly be this last polynomial. Since
R(9uv, Guz, c3) # 0, we've got gy # 0 or gy, # 0. Let’s suppose gy, # 0
(case gy, # 0 is analogous). Then, vanishing R(u, v, ¢4) only takes place
ifeg=1,c3= —% or pol; = 0.

= If R(u,v,cy) doesn’t vanish, then u # 0 or v # 0. If u # 0, nl; won’t
vanish unless d3; = 0. But it would lead us to a quartic field. If v # 0,
we are in the same situation with nlg instead of ni;.

= If ¢3 = 1, then u = ¢4 and v = ¢40. We've got R(u,0,cq) # 0.
Therefore, u # 0 or © # 0. Since ¢4 # 0, it implies u # 0 or v # 0. We
finish as above. The case c3 = —% is analogous, with the factor 4¢§ — 3

instead of ¢; in u and v.

= The case pol; = 0 is a bit more difficult, since we are not able to com-
pute its roots. R(u,poly,c3) and R(v,poly, c3) only vanish simultaneously
if poly = 972¢1% — 1512¢8 + 783§ — 144c} + 3¢5 +1 = 0. Notice that if one
of those resultants didn’t vanish, since pol; = 0 it would lead us to u # 0
or v # 0, and then it would have to be d3 = 0 in order to vanish nl; or
nlg. That is, a quartic field. So, we have pols = 0 and, therefore, it’s
enough to prove that pol; = 0 plus poly = 0 plus cond; # 0 implies u # 0
or v # 0. Making ¢4 = 2_§’c§ + A, it has that R(poly, poly, c3) = Apols
with pol3(0) # 0. Since pol; and poly have got common roots, this re-
sultant has to vanish. That is, A =0 or A # 0 and pols = 0. The first

option is not possible as it would lead us to cond; = 0. So, it has to be

pols = 0. Let’s now consider R(u,v,c3). It has got two factors, A and
poly, with poly(0) # 0. We can see that R(pols, poly, A) # 0, which joint
to pols = 0 means poly # 0. Consequently R(u,v,c3) # 0 and, of course,
u##0oruv#0.

Case 1.A.l.a.ii: f719 # 0. It has got the same development.

Case 1.A.1.b: ¢3 € U. There are four possibilities, but all of them can
be developed in the following way. We substitute the value of ¢3 both in
fro and in f719. Most of the obtained factors can’t vanish since cond, # 0.

We compare the other factors using resultants and we conclude they can’t
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vanish simultaneously. Consequently, either f7g # 0 or f719 # 0.

= If fr9 # 0, vanishing R(nl;,nly,ds) (what is a necessary condition
for the origin to be a centre) only takes place if dy = 0. Assuming this
value for d4 and studying factorizations of nl; and nly (or ni; and nlyg)
directly, we conclude that they only can vanish simultaneously if d; = 0.
But then the vector field has lost again one degree.

= If f710 # 0, we operate as above.

Case 1.A.2: ¢g19 # 0. We can study this case following the same steps

than in the one above.
Case 1.B: cond; = 0. We distinguish three possible situations.

Case 1.B.1: ¢, = 0. In lg, three different factors take part: ds, c3 and
3¢z — 6c3 + 2. Only the first and the third ones can vanish. If d3 = 0 the
field is time-reversible. So, let’s suppose d3 # 0 and 3¢3—6¢3+2 = 0, that
is,c3 =14+ @ Ifes =1+ @ then vanishing a; leads us to dy, = mé_%dg.
It implies that nl;y vanishes if and only if do = 0. After this substitution,
we need d3 = 0 to vanish [;5. But we've got then a quartic field. The

study is analogous for ¢z =1 — ?

Case 1.B.2: ¢; # 0 and ¢ — 3¢ = 0. Let’s suppose ¢s = /3cs.
Then, the following four factors appear in lg: d3 — V/3dy, 6¢5 + 3+ /3,
—6c3 — 3+ V3 and ¢3. If d3 = v/3d, the field is time-reversible. Let’s
suppose d3 # v/3dy and ¢3 = —1 — % Then, vanishing [; allows us to
get dy. And then we can get dz from [1o. Finally, we see that d, had to
be 0 (quartic field) to vanish ly5. Case ds # v/3dy and c3 = —% + ? is
analogous. The same steps have to be followed if we suppose ¢4, = —\/303
at the beginning.

Case 1.B.3: ¢4 # 0, 2 — 3c2 # 0 and cond; = 3¢2 + 3¢2 — 2 = 0. The
coefficient lg has got this structure: condsds+something. Two factors, c3

and poly, take part in R(ly, conds,cy), and only the second one can be

null.

Case 1.B.3.a: pol; # 0. Then, since I, = 0, it has to be condy # 0

and we can get ds from lg. The coefficient nl; is given then by dycy(c? —
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3c2)pr(cs, e, da, dy). If dy = 0, we need dy to vanish [j5. But the field
would be quartic then. So it has to be dy # 0 and p; = 0. Therefore,
l; = condszds+something. In R(g);;il, conds, ¢4) no factor can vanishes.
So it has to be conds # 0, what allows us to obtain dy from p;. The
coefficients nly and nlyy share the same factors, ¢4, dy and ¢ —3c2, beside
two particular ones, pg and pg, respectively. Only these last factors can
be null. We compute R(py, 0/071;11, c4) and R(p1o, 0/07131, ¢4). They vanish
simultaneously if ¢3 = :I:%, but this leads ¢4 to be :I:% and for both
pairs of values pg # 0. That is, nly # 0. There is left one way to vanish
both resultants simultaneously. It consists on vanishing two different
polynomials than appear in their factorizations: g9 and ¢y respectively.
But R(qy, q10,c3) # 0 and, consequently, at least one of them is non null.
That is, pg # 0 or p1g # 0 and, therefore, nly or nlig # 0.

Case 1.B.3.b: pol; = 0. We can get ¢? from 6/0\@1 and substitute it in
condy. We see then that it has got two factors, c¢3 and pol;. Therefore,
condy = 0 and nlg factors are dy, ¢4 and a polynomial pg on c3 and ¢y.
Case 1.B.3.b.i: dy = 0. Then nl; = dsp:(ds, ds, c3,¢4). If d3 = 0 then
the origin is not a centre since it would have to be dy = 0 to vanish
l1p (what would lead us to a quartic system). Let’s suppose d3 # 0 and
p7 = 0. This polynomial has got the structure condsds+something. Since
R(C/é\Tzil, conds, ¢s) = (12¢3 — 4 — 3¢3) and R(12¢2 — 4 — 3¢3, poly, c3) # 0
we conclude that conds has to be non null. So, we can get dy from p;.
Factorizing then nag we obtain ds, ¢3, conds and pg(cs, ¢4). Only the last
factor can vanish. But that’s impossible since R(c/é;z/dl,pg, c4) = po and
R(po, poly, c3) # 0.

Case 1.B.3.b.ii: dy # 0 and pg = 0. The origin is not a centre since
R(C/é\ﬁ/dl,pg,c;l) = c3pg and R(pg, poly, c3) # 0.

Case 2: c¢3 = 0 The coefficient [5 has got two factors, ¢, and 3dzcs —
2dy — 3ds. So we’ve got two possibilities.

Case 2.A: ¢4, = 0 Then [; has got an unique factor, dsds + d;dy.

= If d; = 0, vanishing [; implies two possible situations, dy = 0 or dy # 0



3.4 Applications 145

and d3 = 0. The first one, after factorizing ly and assuming (d; = 0 or
ds # 0 and d35 — 3d5 = 0) all different options, leads us to time-reversible

fields. The second one gives directly a time-reversible field.

= If dy # 0, vanishing [; implies d; = —%. Then nag has got three

different factors, d3, d? — 3d3 and —231d? + 144dsd; + 140d3. Assuming
ds = 0, we notice that it has to be d? —3d3 = 0 to vanish [;5, what means
a time-reversible system. If fact this condition implies reversibility by
itself. So, there’s only one case left: dz # 0, d — 3d3 # 0 and —231d3 +
144dsd, +140d2 = 0. Let \; and Ay be the roots of —23122% + 144z + 140.
If di = M\idz then in nlyy appear two factors, dz and 70%d3 — x2d3, with
T3 = \/32031 — 2161/9381. The first one is non null. Therefore, the
second one has to vanish. That is, d, has to be :l:%dg,. And this is a

time-reversible field. The case d; = \yd3 is analogous.

Case 2.B: ¢; # 0 and dy = (3dscy — 2d4)/2. We have got two factors
in nlg, ¢y and (2 — 3c?)d; + (6¢2 — 2)ds.

Case 2.B.1: 3c¢? — 2 # 0. We get d; from nls.

The resultants R(nl;/cy,nly,ds) and R(naig/cq, nlia, d3) share two fac-

tors, dy and 3¢ — 2, but both have got a third one different from each
other, t1(cy) and t9(cyq), respectively. Since R(t1,ts,c4) # 0 it has to be
t1 # 0 or ty # 0. If t; # 0, it has to be dy = 0 for the origin to be a
centre. But substituting this value in nl; and nly shows that at least one

of then is non null. So, it’s not a centre anyway. The same happens if
ty # 0.

Case 2.B.2: 3c¢? — 2 = 0. Let’s suppose ¢; = \/g (case minus is anal-
ogous). Then vanishing /g implies d3 = 0. The coefficient nly has got
two factors, dy and 2862d? — 1002d? + 589+v/6d,d;. If d; = 0 it has to be
d, = 0 to vanish ;5. It means a quartic system. So, let’s suppose dy # 0
and 2862d2 — 1002d? + 589v/6dyd; = 0. If z; and z, are the roots of
the polynomial 2862 — 100222 + 589v/6x = 0, there are two possibilities,
dy = x1dy y dy = x2dy. In both cases, 1o # 0 and, therefore, the origin

1S not a centre. n
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Chapter 4

The centres of a family of

nilpotent systems.

4.1 Introduction

In the present chapter, fixed p,q,n € N with p < ¢, we consider the
system of differential equations in the plane whose origin is a nilpotent

singular point

T :y—i—ZPq_m_gis(x,y), Y= ZQQ-P-i'?iS(x?y)? (4.1.1)
i=1 i=1
where s = (n+ 1)p — ¢ > 0 and F; = (P, Q;)7 is a vector field quasi-
homogeneous of type (p,¢) and degree i with Qn41)p—¢(1,0) < 0. That
is, according to the degree, F,_, = (y,0)7 is the quasi-homogeneous
component of minor degree, the second one is F(2,41),—q Which, among
others, has the term (0, —2?"*1)T and the edges of its Newton diagram
(see Bruno [34]) of the remaining components are parallel to the edge
associated to F (o, 41)p—q and the distance between two edges is multiple
of 2s. This class includes, among others, the nilpotent systems which are
invariant to the change of variables (x,y) — (—x, —y). In particular, it

includes the family & = y+ Xo,11(z,y), ¥ = Yoni1(x, y) where Xy, 1 and

147
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Y5,+1 are homogeneous polynomials of degree 2n+1 with Y5, ,1(1,0) < 0
(case p = q =1, Pon(2,y) = Xont1(2,9), Qon(,y) = Yoni1(z,y), Po =
Q2 =0, i >nin (4.1.1)).

We detail the results obtained in this chapter. In the second section,
we define the concepts of quasi-homogeneous function and vector field y
show some properties which be used here and the chapters below. In the
third section, we prove that for system (4.1.1) there exists a Lyapunov
function of class C*° which can be formally expanded in the form W =
%QQ'FZ?; Wagt2s1 where Wy, o4 is a quasi-homogeneous function of type
(p, q) and degree 2q+2sl, | > 1. This result allows us to solve theoretically
the centre problem for the system (4.1.1). In the fourth section, we give
the Taylor expansion of the return map of the system (4.1.1). This
result allow us to generate limit cycles bifurcating from the origin of the
system. Finally, as an application, we characterize the centres of several
families of (4.1.1) and we give the number of small amplitude limit cycles

bifurcating from the origin. Concretely, we analyze the family

= y+az®+ ary + azz’ + auxty + asry?,

= —x' + bty — asxy® + byaxby + byady? + bsy®,

the families (z,7)T = Fy, + F; with Fy = (y,0)T, F; quasi-homogeneous
vector fields of type t = (1,7 — 1) and degree 7, with i = 4,6, 8,
and the family (i,9)T = Fy + Fs,, where

e[V _— a125y? + a2y + aszdy® + aytt
2 — 3 2 — )
0 ’ —z'9 + byaty® + by + byaty?

are quasi-homogeneous vector fields of type t = (3,5) and degree 2 and
52, respectively.

We find subfamilies of nilpotent centres which are neither a hamiltonian
one, nor a time-reversible system (i.e. in this case, the system isn’t

invariant neither to the change (x,y,t) — (—xz,y, —t) nor to (x,y,t) —
(x, —Y, _t) )
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Applying Proposition 4.5.81 we prove that the systems obtained have
a centre at the origin. In particular, we conclude that all have a local

analytic first integral at the origin and they can be written in the form
T = y+UyK(U7y2) —|—y\I’(U,y2), y = _U:CK(UayQ)

where v, K, ¥ are analytic functions defined in a neighborhood of O with
¥(0) =0.

4.2 Quasi-homogeneous functions and vec-
tor fields

In order to express our results, we need to recall the concepts of quasi-
homogeneous function and vector field and to show some properties of
them.

Definition 4.2.71. Given t = (t1,...,t,) € N* and k € Z, a function
f is a quasi-homogeneous function of type t and degree k (also called t-

homogeneous function of degree k) if f(ehzy, ... etnx,) = b f(ay, ..., z,),

So, if f is a t-homogeneous smooth function at the origin, its mono-

mials x* := z{' 2] ... z%" satisfy

a1t1+a2t2+-'-+antn = k.

We will denote by P¥ the vector space of t-homogeneous polynomials

of degree k.

Definition 4.2.72. Givent = (t,...,t,) € N* and k € Z, a vector field

F = (Fy,...,F,)7T is t-homogeneous of degree k if each component F; is
a t-homogeneous function of degree k +1t;, 1 =1,...,n.
So, a polynomial vector field F = (Fy,..., F,)T is t-homogeneous of

degree kif F; € P}, , i=1,...,n.
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The vector space of t-homogeneous polynomial vector fields of degree
k will be denoted by Of.

In particular, the set {P](clml)

is the vectorial space of the homoge-

neous polynomials of degree k£ and QS’""I)

is the vectorial space of the
homogeneous vector fields of degree k + 1.
Given a type t € N, each smooth vector field F, with F(0) = 0,

can be written as F = ) F; where F; € Q;. In some sense, F can

j>r
be understood as a perturbation of F, with higher-order t-homogeneous
terms. Thus, for any M we can define the t-homogeneous M-jet of a
smooth vector field F as JMF = Z]]Vir F; with F; € QF.

For instance, the expansion in (2, 3)-homogeneous terms of the vector
field F = (3" pijz'y?, > qija'y”)T, is

0 x x? x
F — 4 P1o i ]?012/2 4 P20 4 P11 il L.
q10% qo1y q20T q11ry qo2Y

. J/ . J/ " J/ . J/ . J/
-~ -~ -~

F_1 Fo F1 F2 F3

Note that the degree of a t-homogeneous polynomial is non-negative,
nevertheless the degree of a t-homogeneous polynomial vector field can
be negative.

There is not loss of generality in assuming that t = (¢1,...,t,) € N*
with 1 <t <ty <---<t,sinceift; > ;1 ;, we interchange the variables

x; and Ty

We show several properties which can be obtained easily.

Lemma 4.2.73. The following properties are satisfied:

i) If P € P and F € Q}?, then LgP € ’P;?Jrj, where Ly P is the Lie
derwative of P by F defined by Ly P := g—lel + -+ %Fn.

ii) Let Dy(x) = diag(ty,...,tn)x € Qf. If P € Pt then Lp,P = iP,
(Euler Theorem for quasi-homogeneous functions).

iii) IfF € Q; and G € Qf, then FAG € Pt o, with [t| =t +---+1,

being F AN G the wedge product of F and G.
iv) If F € Q) then [F,Dq] = iF.
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In Algaba it et al. [4] and Garcia [75] we can find several properties

of the t-homogeneous functions and the t-homogeneous vector fields.

4.3 Generalized Liapunov function.

We consider the analytic system of differential equations
(i‘7 y)T = Z Fq—p—l—?isa (432)
=0

where p,q € N, p < ¢ and without common factors, s = (n+ 1)p — ¢ >
0, n € Nand F,; = (PZ»,Qi)T are quasi-homogeneous vector fields of
type t = (p,q) and degree 7, with F,_, = (y,0)" and Q,_,12:(1,0) < 0
(without loss of generality, we can assume (,—,125(1,0) = —1). In this
system, this last condition implies that the germ is monodromic at O,
see Andreev [22].

Note that if p or ¢ is even, then the origin is a centre of (4.3.2). Indeed,
we assume, for instance, p is even then ¢ will be odd (since p and ¢ have
no common factors), in that case P,_pio0s(x, —y) = —Py_pi0is(x,y) and
Qq—p+2is(T, —y) = Qq—pt2is(x,y) since ¢ + 2is is odd and 2g — p + 2is is
even. The system (4.3.2) is time-reversible, i.e. has symmetrical phase
portrait with regard to a straight line passing through the origin (y = 0,
in this case), changing time direction. So, O is a centre, since it is
monodromic.

In what follows, we assume that p and ¢ are odd.

For all k£ > 1, we define the linear operator (see Lemma 4.2.73):

. t t
b0 P PEL

Uk — LFq_pUk-

It is easy to prove that if £ can be expressed as k = kspq+ koq+ k1p with
0 <k <gq, 0<ky<p,then the set Bf = {g@itkiypks=itk: < j < k3}
is a base of Pt. Otherwise, Pt = {0}.

We prove the following result, which we will use later on.
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Lemma 4.3.74. For k > 1, k = kspq + kog + kip with 0 < k; < ¢q, 0 <
ko < p, k3 > —1, it holds:

i) If ks = p — 1, a complementary subspace to the range (co-range) of
is Cor({y,) = span{x?F+D+R=11 " Otherwise, Cor(f},) = {0}.

ii) Ifky = 0, the kernel of the linear operator {y is Ker({;) = span{yPkstk2},
Otherwise, Ker(¢y,) = {0}.

Proof.
Let Uy = ngo a(k)a:q”kly p(ks—i)+ks f])z
We first assume that k; > 0. If ks < p — 1, for k3 = —1 it has P?

k+g—p —
= {0}, and if k3 > —1 a basis of P}, _ is

t i+-k1—1 k3—1)+ka+1 .
Bk—|—q—p — {xqz-l- 1 yp( 3—1)+ka+ 0<i< k3},

that is dim(P}) = dim(P}

Fiq_p) = k3 + 1. Moreover,

8U
gk(Uk) = k 517 y Y= Za k q2_|_ kl qu‘kl lyp(k3 1)+ka+1

So, it deduces that Ker(¢) = {0} and Cor(¢;) = {0}.

If ko = p—1, a basis ofiP};Jrq It

By ygp = {7ty B0 0 < <y 1),

therefore dim(P%) = k3 + 1 and dim(P%

Fiq_p) = k3 + 2. The operator /;

has the form
aUk qi+k1—1, p(ks+1—i)
U (Uy) = xyy—Za (qi + k1)x y? .

Therefore, in such a case, it has that
Ker(¢;) = {0},  Cor(f;) = span{zdks+D)+ki—11

For k; = 0, we have k3 > —1 since otherwise k£ 4+ ¢ — p < 0. Using an

argument similar to that given above, it has that
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Ker(¢y) = span{yP***2} Cor(f,) = {0} if ks <p—1
and
Ker(£y) = span{y?®+)1}, Cor(ty) = span{z®+D1} if by =p — 1. m

Now we prove our main result of this section.

Theorem 4.3.75. For system (4.3.2) with p and q odd, there exists W
a C*®-function in a neighborhood of the origin whose 2(q+ Ns)- homoge-
neous jet of type t = (p,q) at origin, N > 0, is

‘7t2(lI+Ns)W — Z W2(q+sl)

where Wygi) s a t-homogeneous polynomial of degree 2(q + sl), 1> 0,

with Wag(z,y) = $y* and Wagy4)(1,0) = m such that the derivative

of W along the trajectories of the system (4.3.2) has the form
W =2 Z fix® + 7(z,y)
i=1

where m € N and f;, © > 1, are polynomials in the coefficients of the
right-hand sides of (4.3.2) and 7 is a flat function at the origin.

Proof.

We first consider a formal series

U= Usga
=0

with Usg(z,y) = %, where Us(g4) is a t-homogeneous function of degree
2(q+sl), 1 >0.

From Lemma 4.2.73, the t-homogeneous expansion of the derivative of
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U along the trajectories of the system (4.3.2) is given by

U = LFq—pU + Z LFQ-P+23iU

i=1

Z LFq_p U2(q—|—sl) + Z Z LFq—p+28i UQ(‘H‘SI)
=1

=0 =1

[e'e) l
Z Ly, ,Usgrsi) + Z Le, .0 Us(grsi—sj)

=1 j=1

WK

[Cagrsty (Uaggrsty) = Asg—pisi]

=1

being As;—pi2s = —Zl L Us(gtsi-sj) € qu_p+2sl. By breaking

j=1 HFq_ptasj
down A3q—p+251 - R3q—p—|—2$l =+ C3q—p+2517 where

Rsq—piost € Range(logis1y) and Csg_piog € Cor(loggisn),

and by choosing Us(g1s) such that logys)(Usgst)) = Rag—pr2s1, for all
[ > 1, from Lemma 4.3.74, it is possible by means of a recursive procedure
to obtain U such that the t-homogeneous terms of the derivative of U
along the trajectories of (4.3.2) are of the form 2™ with mp = 3¢—p+2sl.
As 3¢—p+2sl = [2(n+1)l—1]p+(3—2l)q and p and ¢ have no common
factors, it must be 20 — 3 multiple of p, that is 20 = (2k — 1)p + 3.
So, 3¢ — p + 2sl = [3n + 2 + (2k — 1)s]p. Concretely, if ky = min{k €
Z, 3n+ 2+ (2k — 1)s > 0} we have that

oo 0o
U= § :fix3n+2+[2(ko+z)—1]s — x3n+2+(2k0—1)s § fixms-

Moreover, as p and ¢ are odd, it is easy to prove that 3n+ 2+ (2kg — 1)s

is even, since n is even (odd) if and only if s is even (odd).

Also, Asgpias = —Lr, 15,0 = —yYQq—pi2s(7,y) € Range(laqys)),
therefore, fo = 0.
We now see that Usgis)(1,0) = m As 2(q¢ + s) = 2(n + 1)p, the
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(2(g+5)) .2(n+1) 4.

2(n+1) - and

polynomial Us(g1s) has the form Usgys(2,y) = «
as lo(gts)(Us(g+s)) = Asq—p+2s, We have that

8U2(q+5)

T(% Y)Y + yQq—ptas(x,y) = 0,

thus, %(m,y) + Qq—pira2s(z,y) = 0. For (z,y) = (1,0), we get
2 s
2(n + 1)052531:1)) = —Qqpr2s(1,0) = 1.

2g+s) _ 1
Thereby, %(Z +‘°'1) = ST
Lastly, from the Borel’s Lemma, see Hartman [100], there exists W a
C*-function in a neighborhood of the origin such that J'W = J*U, for

all n > 1; thus, the result is proved. [

Note that, in general, from Lemma 4.3.74, the terms Us(g4.s,1 > 0,
are not unique and, as consequence, the constants f;,7« > 1, are not unique
either. Nevertheless, by imposing that Usg4s(1,0) = 0, for all [ > 0, it
arrives at the uniqueness of the formal series U and of the constants f;.
Throughout the following, the f; are referred to as the focus quantities of
the singular point O of the system (4.3.2). The above recursive procedure

will allow us to compute the first quantities focus of a family given.

Lemma 4.3.76. In the conditions of Theorem 4.3.75, the locus of points
satisfying W (z,y) = C =constant are closed curves for different values
of C > 0 encircling O with W(O) = 0 and W(z,y) > 0 in a punctured
neighborhood of the origin.

Proof.

It is enough to prove that the origin of the hamiltonian system

ow . ow

T = @(l’,y), Y= _E(xay)ﬂ (433)

1s a centre.

The t-homogeneous principal part of the system (4.3.3) is (y, —x?* )T,
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see Brunella & Miari [32], which does not have curves that arrive at O
with defined direction. From Andreev [22], by using a t-homogeneous
blow up, the system (4.3.3) is monodromic and as it is hamiltonian, it
follows that O is a centre. As a consequence, the curves W(z,y) = C > 0,

are closed and fill a punctured neighborhood of the origin. [

Theorem 4.3.77. In the conditions of Theorem 4.5.75, the origin is a
centre of (4.3.2) if and only if f; =0, for all i > 1.

Proof.

If there exists M > 0 such that f; =0, 1 <7< M —1 and fy # 0,
the C™-function W verifies W = fy22(m+M)s 4 O(z2m+M)s) So. there
exists a neighborhood of the origin where W doesn’t change its sign, and
from Lemma 4.3.76 the curves W (z,y) =constant are closed; therefore
W is a Lyapunov function, thus, O is a focus. Concretely, if f); < 0, O
is asymptotically stable, otherwise O is asymptotically unstable.

On the other hand, if f; = 0, for all 7« > 1, then O is a focus of infinite
order. In the case of nilpotent monodromic fields, there exists a Poincaré
map which is analytic, see Lyapunov [111]. Concretely, we can choose a
section transversal to the field and a parametrization of this one, such
that the Poincaré map is analytic. Therefore, a focus of infinity order is a

centre. Consequently, if f; = 0 for all 7 > 1, it follows that O is a centre. m

4.4 Poincaré map near the origin.

We introduce the generalized polar coordinates. Given any natural num-
ber n € N, it defines the generalized trigonometric functions, x(6) =
Cs(0), y(0) = Sn(0), as the unique solution of the Cauchy problem

dx @ — g2t

@: Y, de_ 3
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with 2(0) =1, y(0) = 0.

These functions are T-periodic with

r 1
T:=2\35 (2::—22)
P(Gais)’

and they verify the equality Cs*"™2(0) + (n+ 1)Sn*(0) = 1, see [111] for
a proof.
We define the generalized polar coordinates, r and 6 of the real plane

(z,y) € R?, as

x =rCs(6), y = r""1Sn(0). (4.4.4)
Furthermore, the following equalities hold
. x4 yg g-_xy—(n—l—l)y:'v
"= r2n+l ’ o rnt2 '

The return map of (4.3.2) is analytic, see [111]. Now we provide a ex-

pression of the Taylor expansion of this return map.

Theorem 4.4.78. Let system (4.3.2) with p and q odd. The return map
of system (4.3.2) has the form

o0

Z n+(20— 1s+1f/ O3 s+2ls+2(0)d9)(1+0( ))

=1

P(u) =
(u) v n-l—l

where fy € R, | > 1, are polynomials in the coefficients of the right-hand
sides of (4.3.2) (we will call fy the focus quantities of the singular point
O of the system (4.5.2)).

Proof.
By making the change (4.4.4), after omitting a common factor 7", the
system (4.3.2) takes the form

i=rf(r,0), 0=—1+rg(r0) (4.4.5)

with f and ¢ analytic functions and f(0,6) = ¢(0,6) = 0, for all 6.

We now define the variable u verifying

W™ = W (rCs(0), " Sn(6)) (4.4.6)
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being W a C*°-function such that its derivative along the trajectories of
the system (4.3.2) has the form

W = g3n—s+2 Z flxm + T(l‘, y)
1=1
where f;, [ > 1, are polynomials in the coefficients of the right-hand
sides of (4.3.2) and 7 is a flat function at the origin, which exists from
Theorem 4.3.75.
Let suppose f; = 0 forl =1,---,m — 1 and f,, # 0. The expression
(4.4.6) is valid for » > 0 and for all . Furthermore, as

W0 = T (rCs(6), 5 (6)) = 20 4+ O(, 6) (1.4.7)

from inverse function theorem, it has that r = u + O(u?, 0).

Next, we express (4.3.2) in the new coordinates system (u,0)

. 1 .
= Sy e (4.4.8)
_ fim 3n—s+2+2ms 2ms+n—s+1
T 2+ 1)08 (O)u (1+0(u,0)), (4.4.9)
0 = ~1+0(u0) (4.4.10)

whose differential equation associated can be written as

d_u — _fim 3n—s+2+2ms 2ms+n—s+1
B - e’ (0)u (14 O(u, 0)j4.4.11)

We write the solution of (4.4.11) starting at u = uo when § = 0 as
u(f,ug) = Z a;(0)ul + 7(0, up), (4.4.12)
i=1

with a;(0) =1, a;(0) = 0 for i > 2, 7(0,up) = 0 and 7 flat at uy = 0.
Hence the Poincaré return map from the section {(u, 8) = (ug,0), ug > 0}

to itself is given by the series

P(ug) = a1(T)ug + ay(T)ud + ... (4.4.13)
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By replacing (4.4.12) in the equation differential (4.4.11) we obtain
a(0) =1, a;(0) =0, fori=2,...n+ (2m —1)s

and

fm g n—s ms
(l’n—l—(?m—l)s—i—l(T) = —m . 083 22 (9)d9l

Remark. In the classic sense, the C*®°-function W above defined in
Theorem 4.3.75 is not a Lyapunov function, since it is not a defined
positive function in a neighborhood of the origin. Therefore, it can not

be used for looking for limit cycles which bifurcate from the origin.

As a consequence, the only significative constant f; is the first one
different from zero. It does that the return map differs from the identity
map, and it determines the stability of the origin. Also, we note that
the origin is a centre if and only if P(u) = u. So, we have the following
results: the first one characterizes the centres of system (4.3.2) and the
second result is related to the number of small amplitude limit cycles

which can bifurcate from the origin.

Corollary 4.4.79. The origin of (4.53.2) with p and q odd is a centre if
and only if f; =0, for all 1 > 1.

Proof.

As p and ¢ are odd and s = (n + 1)p — ¢, it implies that s is even (odd)
if and only if n is even (odd). Thereby, 3n — s + 2 4+ 2ms is even. So,
fOT Cs3n=sT2+2ms (9)df is a positive value. The result is followed as a con-

sequemnce. |

If we want to find the systems with a centre of a polynomial fam-
ily X(A), A € R™, of systems (4.3.2) with p and ¢ odd, we calculate

recursively the sets on R™ :

0 = {)\ € Rm, fl()\) = 0}, Q= {)\ € Qk—l: fk()\) = 0}, for k > 2.
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By Hilbert Basis Theorem, we know that there is a M such that
Ql DQQ D QM DQM_H :QM+2:"'

So, the systems X (A*) with \* € Q,,,1 have a centre at the origin. Also,
in such a case, it is said that M is the order of the family X ().

The focus quantities of system (4.3.2) can also be used to prove the
existence of a certain number of small amplitude limit cycles bifurcating
from the nilpotent critical point of a family of systems (4.3.2). Next result
is used in order to study the degenerate Andronov-Hopf bifurcation, i.e.
we analyze the existence of limit cycles which can bifurcate from the

origin of X () under variations of the parameters \.

Corollary 4.4.80. Let X(\) be a family of systems (4.3.2) with p and
q odd, depending on some parameters A € R™. We assume that \* €
Qo \ Qy1, (ie. O is a weak focus of order r of X(\*)). If there exists
enough close to \* such that fi()\), fo(\), ..., fr_1(\), fr-(\) alternate

sign and

0 < AW << |foV)] << << [fra V)] << [f(V)] <<1

then system X(A) has ezactly r limit cycles in a neighborhood of the
oTigIn.
Proof.

By Theorem 4.4.78, the Taylor expansion of the Poincaré return map of

X(A) has the form
P(u) = u — wy f1(A) (1 + uhy(u))u? — wy fo(N) (1 + why(u))u?? — ...

where w,, = gk [T O™ H282m(0)d) > 0, jp = n+ (2m — 1)s + 1
and h,, are analytic functions at the origin.
Each small limit cycle around the origin corresponds to each positive

fixed point of the Poincaré return map of X(\), i.e. positive zeros of the

function
r+1
F(u)=u—P(u) =Y (1+ thp(u)wyfuN)u'™ + O3 +1).

m=1
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By writing 1+ why, (v) = (14 uhy(u))(1+ hp(u)), where h,, are analytic
functions at the origin, it has F/(u) = (1 + uhy(u))u’ Fy(u) where

r+1
Fo(u) = wi fi(A) + Z W frn(N) (1wl () )u? =7+ O (g1 = j1 + 1)

We must look for positive zeros of Fj.

By differentiating, we have

r+1

Fy(u) = (14 ugon(w) (i = 1) frn W)™ 4 O = i)

m=2

where

(G = 31) (L + g () = (m = 1) (1 + uhin () + (P (1) + ugp, (u)).

By writing 1+ g, (u) = (14 ug1(w))(1 + hp(u)), where h,, are analytic
functions at the origin, F, has the form F!(u) = (1 + whp, (u))u2 =11 F

where
i) = (2 — 30)wafo() + 5 G — 310t f (N1 b ()=
+O(jry1 — Jo + 1).

Now, the number of positive zeroes of Fy can not exceed the number of
positive zeroes of F; by more than unity. By continuing this process a
further step we obtain a function F, such that the number of positive
zeroes of F cannot exceed the number of positive zeroes of F; by more
than unity. So, the number of positive zeroes of Fj can not exceed the
number of positive zeroes of F, by more than two.

We finish this process at the r step, when we obtain a function F, of

the form
Fr(u) = (Jry1 — 51 )wr+1fr+1( )+ O(1),

which does not have zeros in a neighborhood of origin, since f,,1()) is
close to f,11(\*) # 0, by continuity. Therefore, F' can not have more

than 7 positive zeros. Moreover, as fi(A), fo(A), ..., fro1(A) and fr.(\)
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alternate sign and satisfy 0 < |f1(A)] << |f2(V)] << ... << |fro1 (V)] <<
|f(A\)], we can assure the existence of r limit cycles of small amplitude

bifurcating of the origin of X(A*). ]

4.5 Centres and cyclicity of several families

In this section, we compute the first focus quantities of some subfamilies
of the system (4.3.2) by means of the recursive procedure developed in
Theorem 4.3.75. These have the form

i—1

fi=ogq, fi=og+ Zﬁi,jfj, 1> 2,
j=1

with o; positive constants and 3; ; polynomials in the coefficients of the
right-hand sides of (4.3.2).

We give the following result which we will use in order to prove the
analytic integrability of the centres of several families of (4.3.2). We recall
that if the system (4.3.2) is monodromic, the existence of an analytic first

integral is a sufficient condition so that the origin be a centre.

Proposition 4.5.81. The nilpotent systems
E=y+v, K0,y +yP(v,9°), 9=-vK(@y®),  (4514)

where v, K,V are analytic functions in a neighborhood of the origin with

U (0) =0, are analytically integrable in a neighborhood of the origin.

Proof.

Doing the change of variables u = y?, v = wv(x,y), by redefining the
variable time by dr = yu,(1 + ¥(z,y))dt and by denoting & =', the
system (4.5.14) becomes

2K (u,v)
1+ ¢¥(u,v)’

I _

v =1. (4.5.15)
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From Cauchy-Arnold’s Theorem (see Bruno [34], page 98), the system
(4.5.15) has got an analytic first integral H (u,v) = cte defined in a neigh-
borhood of O. Undoing the change of variable, (4.5.14) has a first integral
of (4.5.14), H(x,y) = H(y? v(z,y)) = cte, which is analytic in a neigh-
borhood N, since it is a composition of analytic functions. Also, if we
denote X the vector field associated to (4.5.14), it has VH - X = 0, for
all (z,y) € N\ {Vuv-X # 0}. So, by continuity, VH - X = 0, for all
(z,y) € N, that is H is a local analytic first integral of (4.5.14). =

Remarks.

e For v(z,y) = x the systems (4.5.14) turn out
i=y+y¥(z,y?), §=K(z1y?), (4.5.16)

that is, the family of nilpotent systems reversible under the change of
variables (z,y,t) — (z, —y, —t).

The analytic integrability of the nilpotent systems (4.5.16) is one of the
main results of Chavarriga et al. [42].

e For
P

V=g, K(y2,0) =08 W(y2 v) = Zakvp ky 2m(k+1) =2
k=0

where p > 0, vq,, is a homogeneous polynomial of degree 2m and ay

arbitrary constants, the systems (4.5.14) come given by

s o —k 2m k+1
{ T=Y+ aym02m+2k Oakv2m ( )1 )

(4.5.17)

c __ _ Ouva
Yy = axm UQm

These systems include the nilpotent family analytically integrable given

in Andreev et al. [23], Lemma 2.

We show several applications of our research. Firstly, we study the

problem of centre of the family

b= y+ a1z’ + ax’y + azz’ + agxty + azzy?, (4.5.18)
= —z" + bty — asxy® + byaby + byaxPy? + byyS. -
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This system is a subfamily of (4.3.2) given by
(#,9)" = Fy 4+ Fy + Fg,

with F; € Qf i =2,4,6, t = (1, 3), and

5 2
Y a1x” + ax°y
F2: 3 F4: 71 42 9 s
0 —z'" + bty + by

P azz” + agxty + asxy?
‘ bﬁl‘g + b3x6y + b4:v3y2 + b5y3

with bg = 0 and by = —as.

The following result characterizes the centres of the system (4.5.18).

Theorem 4.5.82. The origin of the system (4.5.18) is a centre if and
only if one of the following three series is satisfied:
i) 5a; + by = Taz + bz = 2a4 + by = a5 + 3bs = 0, (Hamiltonian system,).
ii) a; = a3 = a5 = by = b3 = b5 = 0, (Time-reversible system,).
iii) ay = 4a?, by = —5ay, by = aiby, as = ai(day — by), a3 =by = 0.
Moreover, each one of them has a local analytic first integral.
Proof.
Taking t = (1,4), (that is, the type of the vector field (y, —z")T, i.e. the
t-homogeneous principal part of the system (4.5.18)) the system (4.5.18)
comes given by (&,9)T = (hy + zu(z,y), —hy, + dyp(z,y))” being h the
defined positive function
ha,y) = 20+ 447) — baay — By — sty
—sgear’'y’ — Fesy’,
and
w(z,y) = sdia* + £dsa® + Sdiay + 5dsy?

where

c1 =by —4ay, di =5a;+ by, 3= —bas,

Cs = by — dag, ds = Tas+bs, ¢4 = by — 4as, dy = 4ay + 20y,

cs = bs — 4as  ds = as + 3bs,
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The first nine constants g;, + = 1,...,9 have the form

G1=di, ga=d3 gz=ds+ %C1d4,
g1 = dy[cs + 2¢1(ca + 2¢2)],
g5 = dy [c5 + 4er(ca + 5ds) — 12263 (ea + 2¢})]
= —dyci(ca +263) [es + 1d4 2o+ 2e3)]
= dyci(ca +2¢3) [dy — 2 — DBeye? — U8B
= —dyci(co + 261)(77462 4681cyc? + 6641c)),
go = —dyci(co + 2¢2)(381374cy + 859813¢3).

First, we suppose that dy, = 0. Imposing g = go = g3 = 0, we have that
di =d3 =ds; =0, 1i.e. ba; + by = Taz + by = 2a4 + by = a5 + 3b5; = 0.
In this case, (4.5.18) is a hamiltonian system whose Hamilton’s function
is

H(z,y) = %yQ + %x{g + a15°y + %a2x2y2 + asx’y + %a4x4y2 — bsay®
and therefore, O is a centre.
In particular, H is a local analytic first integral defined at the origin.
If we suppose that ¢, = 0 and dy # 0, from g; = 0, 7 = 1,...,5, it
successively has that dy = d3 =ds = c3 =c¢5 =0, i.e. a1 = a5 = a3 =
by = b3 = b5 = 0. Thereby, the singular point O is a centre, since the
direction field of the system (4.5.18) is symmetric around y = 0, i.e. the
system is invariant to the change (z,y,t) — (x, —y, —t). Therefore, the
system has a local analytic first integral, see Chavarriga et. al. [42].
Finally, we suppose that ¢;dy # 0. If g; are zero, : = 1, 2, 3 then it arrives
at dy =d3 =0,d; = —%cld4.
If ¢y = —2¢2, from g4 = 0, we obtain ¢z = 0, and from g5 = 0, it follows

that ¢ = —4eq(cq + d4) Therefore, by substituting we have

a9 = 401%, b1 = —5CL1, b5 = alb4, sy = a1(4a4 — b4), a3 = b3 =0.
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In this case, the system (4.5.18) has the form

&=y + 39, y) — biy?) 5 (x,y) + asyg(x,y), 510
J=Yby® — g(z,y)) L (z,y),

where g(z,y) = 2 + 4a,zy.

This system belongs to the family (4.5.14) given in Proposition 4.5.81
with

v=g(,y), K(v,y?) = 3(9(z.y) — bay?), @(v,9%) = asg(z,y)

and, therefore (4.5.19) has an analytic first integral at O, it follows that
O is a centre.
Lastly, if (c;+2¢?)cidy # 0, gg and gy are not zero simultaneously. There-

fore, the origin of system (4.5.18) is a focus. m

We already get a lower bound for its cyclicity.

Theorem 4.5.83. Under perturbations of the parameters of the system
(4.5.18), it has:

a) if 2a4 + by = 0, it can bifurcate 0,1 or 2 limit cycles from the origin.
b) if 2a,+bs # 0 and (—5ay+2(by —4ay)?)(by —4a1) = 0, it can bifurcate
0,1,2,3 or 4 limit cycles around the origin.

c) if 2a4+by # 0 and (—5ay+2(by —4a1)?)(by —4ay) # 0, it can bifurcate
0,1,2,3,4,5,6,7 or 8 limit cycles around the origin.

Proof.

First, we assume that 2a4 + b4 = 0, that is dy = 0. The only g; different
from zero are g = dy, g2 = d3, g3 = ds. Therefore, if d; # 0 there is a
neighborhood of the origin where the system (4.5.18) hasn’t limit cycle
around the origin. If d; is close to zero and d3 # 0, it can exist, at least,
1 limit cycle. If didz < 0 with 0 < |dy| << |d3| and also d5 # 0, then

there are 2 limit cycles of small amplitude.
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We now assume that 2a,+by # 0 and (—5as+2(b; —4a,)?)(by —4a;) = 0,
i.e. dy # 0 and (ca + 2¢?)c; = 0. In this case,

g1=dy, go=d3 gz=ds+ %01614, ga = dycs,

g5 = dy(cs + 4ei(cq + 15d4)).

and the remain are zero.

So, if d; # 0 there isn’t limit cycles around the origin. If d; is close to
zero and d3 # 0, can exist, at least, 1 limit cycle. If d; and d3 alternate
sign and 0 < |d;| << |d;| and also ds different from dj = —12¢dy, then
there are 2 small amplitude limit cycles. If we now take dy such that ds
and ds alternate sign and |d3| << |ds| and also ¢z # 0, then there exist
3 limit cycles around the origin. If we also choose c3 close to 0 such that
dscs < 0 and |ds| << |cs| and take ¢5 # —4ci (¢ + 75d4) then there exist
4 limit cycles at least, bifurcating from the origin.

Lastly, if 2a4+by # 0 and (—5ay+2(by —4a;)?)(by —4ay) # 0, by denoting
q = dyci(cy + 2¢3) # 0, the first nine constants g;, ¢ = 1,...,9 of (4.5.18)

are
g1=dy, g2=d3 g3=ds+ %01d4,

g1 = dy[c3 + 2¢1(co + 263)],

g5 = dy [c5 + 4er(es + sdy) — et (e + 2¢7)]

96 = —q [ca + 3ds — B3 (ca + 2¢})]

g7 =qldi = F - Feoet — 5t

gs = —q [1548¢c, — (4681 + 51/54049)c?] [1548¢, — (4681 — 51/54049)c?]
9o = —q(381374c, + 859813¢2).

We can choose dy, ds, ds, c3, c5, ¢4, dy and ¢, adequately such that g;g,.1

is negative, g9 different from zero and
0 <gi| << |gol << lgs] << |gal << lgs| << |go| << lgr| <<|gs]-

Applying Corollary 4.4.80, for r = 1,2,3,4,5,6,7 and 8, there are re-
gions of the parameters where the system has 0,1,2,3,4,5,6,7 or until 8



168 4 The centres of a family of nilpotent systems.

limit cycles around the origin. [

We now give necessary and sufficient conditions for what the origin
of the families
(j:ay)T = Fi—2 + Fia 1= 43678

with F;_p = (41,0)7 € Qf ,, F; € QF, i =4,6,8, t = (1,i — 1), be a
centre.

In the first two, we prove that O is a centre if and only if the system is
either hamiltonian or time-reversible. Nevertheless, in the third family
there are centres which have got an analytic first integral and they are

not hamiltonian nor time-reversible system.
Theorem 4.5.84. The origin of the system

T = y+ a2’ + ayr?y,
CT T Tend (4.5.20)
y=  —x" +bx*y+ byry”.

18 a centre if and only if one of the following two series is satisfied:
i) by + 5a1 = ay + by = 0, (Hamiltonian system,).
ii) a; = by = 0, (Time-reversible system,).

Moreover, each one of them has a local analytic first integral.

Proof.

As g1 = by + 5ay and g = (by — 4aq)(ay + by), from the vanishing of g,
and ¢, the assertion follows.

On the other hand, if i) holds, its Hamiltonian is, in particular, an an-
alytic first integral at O and if ii) holds, the system is time-reversible
under the change (z,y,t) — (x,—y, —t), thereby, the system has a local

analytic first integral, see Chavarriga et. al. [42]. ]

Theorem 4.5.85. The origin of the system

&= y+az’ +azy+ azzy?,

4.5.21
= —a° 4+ baby + baxdy? + byyd. ( )
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s a centre if and only if one of the following two series is satisfied:
i) by + Ta; = 2ay + by = az + 3bs = 0, (Hamiltonian system,).
ii) ay = by = a3 = b3 = 0, (Time-reversible system).

Moreover, each one of them has a local analytic first integral.

Proof.
The system (4.5.21) has the form (i, 9)T = (hy+zp(x,y), —h,+5yp(z, y))T
being

h(z,y) = %(3710 + 5y%) — %(bl — bay)zy — ﬁ(bQ — bay)zty?

—1=(bs — bag)zy?,

(@, y) = 7501 + Tar)x® + 15 (4as + 2b) 23y + £ (az + 3bs)y.
Therefore, it is convenient to replace aq, as, as, b1, by and b3 by the coef-
ficients ¢y, 9, 3, d1, dy and d3 where

C1 = b1 — 5(11, Cy = bQ — 5(12, C3 = b3 - 5&3,
dl = b1 + 7&1, dQ = 4&2 + 2b2, d3 = a3+ 3b3
It has that
g1 = dla g2 = CldQ + ]-2d3a
g3 = do(70¢3 + 45¢1do + 288¢1 ¢ + 756¢3), g1 = —3ds.

From ¢, =0, i =1, ..., 4 follows the statement. [

Theorem 4.5.86. The origin of the system

= y+ a2’ + axby + azz3y? + asy?,

4.5.22
y= —a't +baSy + bexdy? + byx?ys. ( )

s a centre if and only if one of the following three series is satisfied:
i) 9a; + by = by + 3ay = a3z + by = 0, (Hamiltonian system,).

ii) ay = by = a3 = b3 = 0, (Time-reversible system,).

iii) by = —9ay, a3 = —ay(by — 6ay + 54a?), b3 = 3a;(by + 18a?).

Moreover, each one of them has a local analytic first integral.
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Proof.
This system has the form (&,9)" = (h, + zp(z,y), —h, + 6yp(z,y))7T,
being

hz,y) = 52 4 6y%) — fze12%y — 15e2ay? — sresa®y® — seay?,
p(z,y) = £d12® + gdox®y + Fdsa?y?
where the new coefficients that appear are

cl = b1 - 6@1, Cy = b2 - 6@2, C3 = b3 — 6@3, Cy = —6CL4,
d1 = bl + 9a1, dg = 6&2 + 2b2, d3 = 3&3 + 3b3,

the expressions of the first focus quantities are:
g1 =di, g2 = cidy + 5d3,
g3 = do(42¢3 + 25¢1dy + 175¢1¢ + 375¢3).

If dy = 0. For that ¢, = ¢go = g3 = 0, it must be d; = dy = d3 = 0, i.e.
9a; + by = by + 3as = az + by = 0. In this case, the system (4.5.22) is
hamiltonian system and O is a centre. In particular, its Hamiltonian is
a local analytic first integral defined at the origin.

We suppose that ¢; = 0, but dy # 0. From ¢g; = 0, i = 1,2, 3, it has
that dy = ¢; = d3 = ¢3 = 0, i.e. a; = by = a3 = bg = 0. The singular
point O is a centre, since the system is time-reversible under the change
(z,y,t) = (z,—y, —t). Also, by Chavarriga et. al. [42] the system has a
local analytic first integral.

Now, we suppose that ¢;ds # 0. Referring to the expressions given above
for the first focus quantities, for a centre we have d; = 0,d; = —%Cldg
— 35 L (42¢3 + 25¢,dy + 175¢1¢5).

This implies that b, = —9a1,a3 = —ay(by — 6ay + 54a?), b3 = 3a,(by +
18a?). Taking \; = by + 18a%, Ay = 6a? — ay, in this case, the system
(4.5.22) has the form

and ¢c3 =

i=y+g9(z, Z/)a—g(fv y) + 5(A = 3X\)g(2, y)y + (as — M Aa)y?,

j=—g9(x,y) 5 (@, y),
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where g(z,y) = 25 + 6a,2%y — 9%
This system is a system of the family (4.5.14) given in Proposition
4.5.81 where

v=g(r,y), K(v,y?) = 59(2,9),
(v, %) = 3(M — 3X)g(x,y) + (as — A Ao)y?
So, from Proposition 4.5.81, this system has an analytic first integral in

a neighborhood of the origin. Thus, it follows that the singular point O

1s a centre. ]

Finally, we find the centres of the family
(#,9)" = Fa+Fepn, 1<n <9, (4.5.23)

with t = (3,5) and where Fy = (y,0)" € Q% and Fg, 5 € QF, .
For 1 < n < 8, the vanishing of the first focus quantities leads us to
hamiltonian or time-reversible systems.

For n =9, we have the system
(i,9)" = Fy + Fsy, (4.5.24)

with
po_ (Y P a12y? + a5 + aza’y® + agy?
2= y 182 19 14, 3 9,6 4,9 :
0 7+ b1t y° + bex”y® + bty

In this case, we also find nontrivial centres (neither hamiltonian nor time-

reversible system).

Theorem 4.5.87. The origin of system (4.5.24) is a centre if and only
if one of the following three series is satisfied:

i) ba; + by = 3by + bay = baz + 9b3 = 0, (Hamiltonian system,).

ii) ay = by = a3 = b3 = 0, (Time-reversible system).

iii) 10773a3 + 2a1(—150530as + 17447y + 26600a2) = 0, by + 5a; = 0,
and 96957bs — 10a; (—138560ay + 24629by + 26600a?) = 0.

Moreover, each one of them has a local analytic first integral.



172 4 The centres of a family of nilpotent systems.

Proof.
The system can be expressed as (&, )T = (hy+zu(z,y), —hy,+9yu(z, y))"
with
h(z,y) = 55 (% + 10y?) — 12y — Zex0yS — -esa®y? — eay™?
pwlz,y) = 1 w1 My + %dszgyf’ + %d3I4y8
where the new coefficients are

Cc1 = b1 — 5&1, Cy = bQ - 10&2, C3 = bg — 100,3, Cqy = —10a4,
dl = 15&1 + 3b1, dg = 10&2 + 6b2, d3 = 5613 + 9b3,

The expressions of the first focus quantities are
g1 =d1, go = c1dy + 9d3,
g3 = do[5103c3 + (266¢2 + 405ds + 15395¢3)cy].

If dy = 0. So that g, = ¢go = g3 = 0, it must be d; = dy = d3 = 0, i.e.
it holds i). The system (4.5.24) is hamiltonian system whose Hamilton’s
function is h(z,y) and O is a centre.

We suppose that ¢; = 0 but dy # 0. From ¢g; =0, ¢ =1, 2, 3, it has that
di=c =d3=c3=0,1i.e. a; =b =az= by =0. Thereby, the singular
point O is a centre, since the system is time-reversible.

Now, we suppose that ¢;ds # 0. Referring to the expressions given above
for the first focus quantities, for a centre we have d; = 0,d3; = —%Cldg
5103 (266¢2 + 405ds + 15395¢5)cy .

Substituting, it has iii). In this case, the system is of the family (4.5.14)
given in Proposition 4.5.81 with

and ¢c3 =

v=g(z,y) = 2" + Rayz®y® — (by + 2a?)yb,
K(v,9%) = 159(2,9),
‘I’(U,?J?) = (az + %bQ) (z, y)y — [ag + (by + 200 2)(02 ;*Sa?)]y“’-

Thus, the singular point O is a centre also it is analytically integrable. m
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We now consider the 11-parameter nilpotent system

&= y+az®+ ary + aszy? + ay® + agryt + aryd,

4.5.25
= =2+ bia’y + boyxy® + bsy® + bsxy* + by ( )

This is a subfamily of (4.3.2) given by (&,9)T = Fo + Fy + Fy, with
F,e Q' i=0,2,4, t=(1,1), and

Y a12 + asx®y + aszy® + asy’
FO = ) F2 = )
0 —23 + b2’y + boxy?® + bsy?

agry* + ary’
F4 - .
bswy* + bey®
The following result characterizes the centres of the systems (4.5.25).

Theorem 4.5.88. The origin of the system (4.5.25) is a centre if and
only if one of the following two series is satisfied:

i) 3a; + by = 2a9 + by = a3z + 3b3 = bs = ag + dbg = 0, (Hamiltonian
system,).

ii) by + 3a; = by — a1 (by + 2a?) = az + a1(by — 2ay + 6a?) = bg — a1bs =
ag + a1bs = 0.

Moreover, each one of them has a local analytic first integral.

Proof.
Taking t = (1,2), (that is, the type of the vector field (y, —z3)7, i.e. the
t-homogeneous principal part of the system (4.5.25)), the system (4.5.25)
comes given by (&,9)T = (hy + zu(z,y), —hy + 2yp(z,y))T being h the
defined positive function
hz,y) = 12y + 2*) — terady — gean?y? — fesay® — geay® — s5050°y*
— 16y’ — 35¢1y°,

(4.5.26)

and pi(x,y) = 3di12? + gdowy + 2dsy® + dszy® + dgy* where

Cc1T = b1 — 2&1, d1 = 3&1 + bl, Cy = bQ - 2@2, dQ = 2&2 + 2b2,
C3 = b3 — 2(13, d3 =a3+ 3b3, Cy = —20,4, d5 = 405 = 4b5,

Ce — 20,6, d6 = ag + 5b6, Cr = —2a7.
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The first four focus quantities are

g1 =di, go = dacy + 5d3,
gs — d2(25d201 + 1756102 + 420? + 37503),
gs = 46501 + 5d6

In this point, we distinguish two cases depending on the coefficient ds.
If dy # 0, some necessary conditions for the origin to be a centre are
=g =¢9g3=¢4s=0,1e. d =0, d3 = —%dgcl, c3 = —$61(25d2 +
175¢o + 42¢2), dg = —%0105. In such a case, it has g5 = dao(3c1c5 + Heg).
Hence, cg = —%clcg,. Thus, we arrive to the system given by ii),

b= y+ar®+ ary — ai(by — 2as + 6a?)zy® + asy® — arbszy* + azy’,
y= —a—3a12%y + bowy?® + a1(by + 2a2)y® + bszy* + a1bsy’.
(4.5.27)

This system belongs to the family (4.5.14) given in Proposition 4.5.81

where

v =12+ azy + (a2 — af)y?,

K (v,y?) = 2h — (ag + by)y? — bsyt,

®(v,y?) = las + (a2 — 2a3)(2a3 + by)|y* + a7 + bs(as — 2a7)]y’

and, therefore, the origin is a centre, since the system has a local analytic
first integral and O is a monodromic point.

If dy = 0, from the vanishing of the first four constants above, we have
di = d3 = 0 and dg = —%clc5. In this case, the next focus quantities
are g5 = c5(175cico + 42¢3 + 375¢3), g6 = 0 and g7 = c5(3cic5 + Heg).
If ¢5 = 0, the necessary conditions to have a centre leads us to the
hamiltonian system i) whose hamiltonian function is (4.5.26). We note
that the curves h(x,y) = cte are closed, therefore, it is a centre.

And if ¢5 # 0, g5 and g7 must be zero; hence,

c3 = —%01(2502 +6¢2), c5 = —FGGs.
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In such a case, the system is of the form (4.5.27) with dy = 0. So, O is a

centre. [

Theorem 4.5.89. Under perturbations of the parameters of the system
(4.5.25), it has:

a) if as + by # 0 or bs # 0, it can bifurcate 0,1,2,3 or J limit cycles
around the origin.

b) if ay + by = b5 = 0, it can bifurcate 0,1 or 2 limit cycles around the

origin.
Proof.
We fix the constants ¢y, ds, ¢o, c5 above defined and consider the critical
values
di =0, dj = —idscr, ¢ = —5=01(25dy + 175¢s + 4267),
dg = —30105, CZ = —20105.

Firstly, we assume that as + by # 0. From the expression of g1, g2, 93, 94
and g5, applying Corollary 4.4.80, it deduces the following one: if d; # d;
there isn’t limit cycles around the origin. If d; is near zero and d3 # d3,
then it can exist, at least, 1 limit cycle. If d; and d3 alternate sign and
0 < |dy| << |ds] and also ¢; is different from ¢}, then there are 2 small
amplitude limit cycles. If also dsc3 < 0, |di| << |d3| and dg # dj, then
3 limit cycles bifurcate of the origin. If we take d, ds, c3 and dg different
from dj, d3, 5 and d§ but near each of them, respectively, and ¢s # c;
such that it satisfy the hypothesis of Corollary 4.4.80 with r = 4, it has
that we can bifurcate 4 limit cycles, at least.

Now, we assume that ay + by = 0 and b5 # 0. The first constants g;

different from zero are

g1 =dy, g =ds, g4 =4cics + 5ds, g5 = c5(175c1c0 + 4263 + 375¢3),
gr = C5(3ClC5 + 5C6).



176 4 The centres of a family of nilpotent systems.

Thus, if d; # 0 there isn’t limit cycles around the origin. If d; is close
to zero and d3 # 0, can exist, at least, 1 limit cycle. If d; and d3
alternate sign and 0 < |d;| << |ds| and also dg is different from df, then
there are 2 limit cycles of small amplitude. If we now take dg such that

d; and dg alternate sign and |d3| << |dg| and also ¢3 is different from

— T
375

If we also choose 3 near ¢ such that dgez < 0 and |dg| << |cs| and take

ch = c1(25¢5 + 6¢%) then there exist 3 limit cycles around the origin.
cg # ¢, then there exist, at least, 4 limit cycles around the origin.
Last on, if as + by = b5 = 0, that is dy = ¢5 = 0, the g; different from zero

are

g1 =di, g2 = d3, g4 = ds.
Therefore, if d; # 0 there isn’t limit cycles near the origin. If d; is close
zero and ds # 0, it can exist, at least, 1 limit cycle. If d; and d3 alternate

sign and 0 < |d;| << |d3| and also dg is different from zero, then 2 small

amplitude limit cycles bifurcate from the origin. [

Last on, we study the systems

[M] [M]

5 5

s 2n+2—>51, 3i—1 . 2n+1 2n+1-5¢, 3¢
T=y+ E Qi n® Yy, oy =—x + g binx Y.

(4.5.28)
with 1 < n < 9. ([z] means integer part of x). These systems are of
the family (4.3.2) given by (,9)7 = Fy + Fg,_o, with F; € QF, i =
2,6n—2, t = (3,5).

Analogously to the above application, we obtain the ciclicity of the origin
of (4.5.28).

Theorem 4.5.90. The system (4.5.28) with n equal to 1,2,3 or 4, does
not have limit cycles of small amplitude surrounding the origin. There
are systems inside this family for n =5 or n =6 with 0 or 1 limit cycle

around the origin. For n = 7 or n = 8 there exist systems inside this
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famaly with 0,1,2 or 3 limit cycles around the origin. There exist systems
(4.5.28) with n =9 which have 0, 1 or 2 limit cycles around the origin.

Proof.
The system (4.5.28) takes the form

(@,9)" = (ha + zp(z,y), —hy + (n+ Dyp(z, y))"

with
[2n+1} ks .
h’(xa y) = _2n1+2 (x2n+2 + (’TL + 1)y2) + 21:15 2n+2+t3n—2)i Ci,nx2n+2 51y317
[2n+1] _5i i
M(x, Z/) — Zz:f mdi,nwzn—’_l 5 y3 1,

where the new coefficients that appear are
Cin =M+ 1)ain—bin,  din=(2n+2=50)a;, + 3ib,
The expressions of the focus quantities different from zero are:
n=2 g =dp,
n=3 g1= d1,3,
n=4, g = d1,4,
n=>5, g1=dis, g2 = C15das
n==06, g1=dig, g2 = Ciedas,
n="7 g1=dyz, g2 = ci7da7+ 35d37,
g3 = d27(33075¢37 + 1314c} ; + (2660d,,7 + 7665¢3,7)c17),
g1 = —¢} 7da7,
n=238, g1 =dig, g2 = 3cigdag+ 40d33s,
g3 = d8(49600c35 4 2387¢] ¢ + (3960d2s + 13440c28)c18),
94 = —Cing,s,
n=29, g1=diy, g2 = c19d29+ 9d3p,
g3 = da9(5103c39 + (2667 g + 405da9 + 1539cs9)c1 ).
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Choosing adequately the constants ¢;, and d;, and by applying Corol-
lary 4.4.80 it follows the result. [



Chapter 5

Rational integrability of
two-dimensional

quasi-homogeneous vector

fields

5.1 Introduction

In this chapter, we deal with polynomial differential systems
(i,9)" =F, = (P,Q)", (5.1.1)

where F, is a quasi-homogeneous polynomial vector field of degree » > 0
with respect to the type t = (¢1,t3) fixed, i.e. F, € Q. In the particular
case that t = (1,1), (5.1.1) is a homogeneous polynomial differential
system of degree r + 1.

A function H is a first integral of system (5.1.1) in an open subset U of
R? if H is a nonconstant function in U which is constant on each solution
curve of system (5.1.1). If there exists a rational first integral of (5.1.1)
it is said that (5.1.1) is rationally integrable. Clearly, if H = 5’ with f, g

polynomials, is a first integral of system (5.1.1) then the Lie derivative

179
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of H by F, is zero in the open subset Q, = {(z,y) € R? : g(z,y) # 0},
ie. Ly, H:=4IP +31Q=0in Q.

The purpose of our approach is to know when (5.1.1) is a rationally
integrable system and, in particular, when the origin has a polynomial
first integral since, it is easy to prove that, for the systems (5.1.1), the an-
alytic integrability is equivalent to the polynomial integrability. Indeed,
H is an analytic first integral of (5.1.1), with H = H,, + H,,, .1 + - - - its
expansion into quasi-homogeneous polynomials of degree m + i with re-
spect to a fixed type t, if and only if each quasi-homogeneous part H,,;

is a first integral of system (5.1.1) for all 4.

It is known that we can always calculate a first integral of (5.1.1)
explicitly. It is enough to make the change of variables (z,y) — (u,v)
according to x = v", y = vy which transforms the differential equation
% = ggz; into a linear equation %‘;—Z—l—’;—fu = ggz;
this first integral usually has a huge algebraic expression and, therefore,

easy to integrate. But

it is difficult to show whether it is rational or not.

Several authors have studied the integrability of quasi-homogeneous
systems and its relation with both n-dimensional and planar systems,
see, Furta [74], Goriely [94], Llibre & Zhang [112], Tsygvintsev [157] and
Cairé & Llibre [36], among others. As far as we known, only degree one
polynomially integrable plane systems have been calculated, see Tsygv-
intsev [157] and Llibre and Zhang [112].

The results obtained in this chapter are closely linked to the conserva-
tive-dissipative decomposition of (5.1.1), Lemma 5.2.92. In section below,
in relation to the rational integrability, Theorems 5.2.96 and 5.2.98 give
an easy characterization for the quasi-homogeneous polynomial systems
with a rational first integral. In section 5.3, we calculate the Kowa-
levskaya exponents of system (5.1.1) and we show how the Kowalevskaya
exponents are when system (5.1.1) has got a t-homogeneous rational
(polynomial) first integral, Theorem 5.3.101. Finally, in last section,

as an application, we find the (1, 2)-homogeneous polynomial systems of
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degree two having a rational first integral (Theorems 5.4.102 and 5.4.103).

5.2 Characterization of the rationally inte-

grable quasi-homogeneous vector fields

The following lemma shows that if system (5.1.1) has a rational first in-
tegral, then the existence of a t-rational function first integral of (5.1.1) is
necessary, that is, a first integral which is a quotient of two t-homogeneous

polynomials.

Lemma 5.2.91. Let f = Zj\imo f; and g = Z;v:no g; with f;,g; € P}
(their expansions into t-homogeneous polynomials, respectively). If% S a
first integral of system (5.1.1) in Q,, then J;Z—s is a first integral of system
(5.1.1) in Q

9ng *

Proof.
If £ is a first integral of system (5.1.1) in €, it has that LF% =01n Q,
and therefore 0 = gLg, f — fLg,g. In particular its first t-homogeneous

term is also zero. So,
_ JSmg -
0= gnoLFrfmo - fmoLFrgno = gzoLFrﬁ m Qg N ano'

By continuity, it extends to €, . [

We will assume that system (5.1.1) is a irreducible system (i.e. P
and @ are coprime and PQ # 0) since, otherwise, if PQ = 0 then x or
y are first integrals of system (5.1.1); so system (5.1.1) is polynomially
integrable. And if P, @ are no coprime, it has that P = fP', Q = f@Q’
where F,. = (P',Q")T is a t-homogeneous polynomial vector field of de-
gree 1’ < r. It is easy to prove that H is a first integral of (5.1.1) if and
)7

only if H is a first integral of (z,7)" = F,.. Therefore, it is sufficient to

study the integrability of the second system.
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Next, we give the decomposition of a t-homogeneous vector field as
a sum of two t-homogeneous vector fields, a conservative one (having
zero-divergence) and a dissipative one that will be useful in what fol-
lows. Throughout this chapter, we denote by X;, the hamiltonian system
associated to h, i.e. X; = <_g_Z’ 9T denote Dy = (t1z,tay)7, (the dis-
sipative vector field of degree 0 with respect to the type t), and we also
denote [t| = t; + to.

Lemma 5.2.92. Every F € Q! can be expressed as

1

Furthermore, a such decomposition is unique.

Proof.
Let F = (P,Q)T € Qf be. It is straightforward to show that

—IDAR 4ty 2 div(F) = (292 + ty80) + 1P,

IDrE 1 oy div(F) = (252 +Qy)+hQ

As P e P, and Q € Pt,, . from Euler Theorem for t-homogeneous
polynomial.
We see the second part. For any h € Py, ., , p € P} it has that

div(Xy) =0,
le(/LDO) = V/L : D(] + (tl + tQ)l,L = (7’ + tl + tQ)/JJ

Therefore, if h, p verify (5.2.2), it has

div(F) = LT +t (div(Xy) + div(uDy)) =
Dy ANF = r+t +io i Do A Xy = r+t S s Vh-Do = h.
it follows the result. ]

Let note that if A = 0, then system (5.1.1) is not irreducible. Moreover,
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in such a case, any t-rational of the form % with p,q € Pt is a first

integral in €}, since by Lemma 5.2.92, it has that

1 .
- div(F,)(¢Lp,p — PLD,9);

Ly 2=
T q

qLy,p —pLly,q) = ————
( )= e

in Q,, and from Euler Theorem for t-homogeneous polynomial, Lp,p =
mop, Lp,q = myq, therefore LFT§ = 01in Q.

The following properties characterize the t-homogeneous polynomial
systems having a t-homogeneous rational first integral, and they give

conditions on h.

Lemma 5.2.93. An irreducible system (5.1.1) has got a t-rational first
integral £, with p € P, and g € P . if and only if Lx,2 = (ng —

mo)div(Fr)g, in Q. Moreover, in such a case, my must be different from

Ng.

Proof.
If div(F,) is identically zero, then system (5.1.1) is a hamiltonian system
and h is a polynomial first integral. In such a case, p=h, ¢ =1, nyg =
0, mo =1+ [t].
If div(F,) # 0, by Lemma 5.2.92 and Euler Theorem for t-homogeneous
polynomial it arrives to

(r + |t|)LFT§ = Lxhg + div(FT)L[)O% = Lxhg + (mo — no)div(Fr)%’,
in Q,. We finish this proof, showing that mg # ny. On the one hand, if
£ is a first integral of F,, it holds Ly, 2 = 0 in Q, i.e. P(gp, — pgs) +
Q(gpy—pgy) = 0in Q,, where p,, ¢, and p,, ¢, it denotes partial derivative
respect to x of p and ¢ and y, respectively. On the other hand, as the

components of F, haven’t got common factors, it has that there exists
ke Pt such that

mo+no—r—|t|’

—(qyp — Pyq) = kP, (¢zp — P2q) = kQ,
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thus, it follows that kF, = ¢X, — pX, = ¢*Xp in Q, (k £ 0 since
q
P.Q # 0). It has that

(r + [t])kh = Dy A (kF,) = Do A (¢°Xp) = Dy A (¢X, — pX,),
a
and from Euler Theorem,
(r+ [t])kh = (mo — no)pg, in Q, (5.2.3)

and this equality can be extend to R2. So, mg # ng and it follows the

result. n

Lemma 5.2.94. Let % be an irreducible t-rational first integral of an
irreducible system (5.1.1). Then, any irreducible factor of p or q on
Klz,y] (where K is either R or C) is a factor of h on K[z, y].

Reciprocally, any irreducible factor of h on K[z, y| is either a factor of p

or a factor of q.

Proof.

From Lemma 5.2.93, % = 0 is an invariant rational curve of X, in
Q, and as % is irreducible, then Q, C R? \ Q,. Therefore, p(z,y) = 0
is a polynomial invariant curve of X;. On the other hand, the unique
irreducible invariant curves of X, are the irreducible factors of h. Thus,
it follows that any irreducible factor of p is a factor of h.

Note that if % is a first integral of F,., then % also it is. Applying the
same reasoning for the first integral %, it has that any irreducible factor
of ¢ is also a factor of h.

Finally, it follows by (5.2.3) that every irreducible factor of h must be

either a factor of p or a factor of q. n

Lemma 5.2.95. If an irreducible system (5.1.1), with div(F,) # 0, has
got a t-rational first integral, then h has at least two irreducible factors

on K[z, y] and all of them are distinct (i.e. the factors of h are simple).
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Proof.

On the one hand, if A had the form f™ with m > 1, then there would
be a integer number non-zero n such that %’ = f", from Lemma 5.2.94.
Applying Lemma 5.2.93, it has that Lx,,, f" = 0 = (ng —mq)div(F,)f",
it would arrive at div(F,) = 0. Thus, the assumption leads us to a
contradiction.

On the other hand, if h = Hf L with some m; > 1, 1 < j <k, then
fj would be a factor of X;. From Lemma 5.2.94, it has that & = =TI,
with n; integers numbers non all zero, and in such a case, it is easy to

check that the Lie derivative of 73 by X}, is given by

Lxhg =§ Z Z nim; — njml)ff fo fi. (5.2.4)

=1 j=i+1

So, applying Lemma 5.2.93 and by cancelling, it would have that

ko k
hz Z (nim; — ”jmz‘)f%ijxfj fi = (ng — my)div(F,).

i=1 j=i+1
Thus, f; would be a factor of both, X, and div(F,), which would be in

contradiction with the fact that the components of F, are coprime. m

From now, given a t-homogeneous function f, we will denote by
deg,(f) the degree of f with respect to the type t.
The following result gives a link between the existence of a t-rational

first integral of system (5.1.1) and the conservative and dissipative terms
of the vector field F,.

Theorem 5.2.96. An irreducible system (5.1.1) has got a t-rational first
integral if and only if div(F,) =0 or h = H?Zl fj where fi,..., fr are t-
homogeneous polynomial irreducible on Klz,y| (where K is either R or

C), k > 2 and there exist k non-zero integer numbers, ny, Ny, ..., Ny, such
that nldegt(fl) + -+ ngdeg (fi) ;é 0 and

andegt (f;))div(F,) = hz Z ffz Lx, fj. (5.2.5)

Jj=1 j=11=j+1
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Moreover, in such a case, Hle fi7 is a t-rational first integral of (5.1.1).

Proof.

If div(F,) = 0, the system is rationally integrable, from Lemma 5.2.93.
We assume that div(F,) £ 0, h #Z 0 and F, = (P, Q)T has got a rational
first integral, %. Then, from Lemma 5.2.95, h = H§:1 f; where fi, ..., fi
are t-homogeneous polynomial irreducible on K[z, y| , £ > 2 and, from
Lemma 5.2.94, there exist ny,no, - -+, ng non-zero integer numbers, such
that p = [],..0 fi" and ¢ =[], ., fi ™. Moreover, from Lemma 5.2.93,
degy(p) — degy(q) = Zf:l nidegg(f;) # 0.

In order to prove the sufficient condition, it is enough to apply Lemma
k k ;
5.2.93 for h=][;_, fj and 2 =[], _, 5. ]

It is easy to prove that if k can be expressed as k = kztito+ koto+k1tq
with 0 < ky < ty, 0 < ky < t1, then the set B} = {af2itkiyhilka=i)thz (o <
i < k3} is a base of Pt. Otherwise, Pt = {0}. This allows us to write
any non-vanishing t-homogeneous polynomial of degree k as p(z,y) =

afrytepo (o', y") with
k3
pﬂ(xa y) = Z ajxkg_jyja
=0

a homogeneous polynomial of degree k3. Introducing the variable v =

| sk

and denoting by s the higher index such that o # 0 (i.e. g = ---

ag, = 0), we have that
pol,y) =257 Y a0’
=0

If \; € C are the distinct roots of the polynomial Z;:o a;v?, by abusing
the notation we can write any t-homogeneous polynomial in a compact

form

d
pla,y) = o [[ 77, where fi(z,y) =z, y or y"' — \;a”
j=1
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with deg, (p) = 325, mjdeg (/).
Under the hypothesis of irreducibility of F,., the t-homogeneous poly-
nomials h and div(F,) have the following expressions, according to their

degrees.

Lemma 5.2.97. Let system (5.1.1) be an irreducible system with div(F,.) #
0, then r + |t| = kstity + 0yto + 0.t with 85,0, € {0,1} and k3 > 0.

As a consequence, it has that

i) h(z,y) = 2% y%ho(zt2,y") with ho(x,y) homogeneous polynomial of
degree ks.

ii) div(F,)(z,y) = o070t =0y (=0t =1) o (g2 o) apith, pig (2, ) homo-
geneous polynomial of degree ks — (1 — 6,) — (1 — ;).

Proof.

We assume that there exist ky, ko and k3 integer numbers, with 0 < k; <
to, 0 < ko < ty, k3 > 0 such that deg,(h) = r + |t| = kit1 + koto + kstito,
since otherwise, h = 0. It follows easily that k£, = d, and ky = ,, with
0z,0y € {0,1}, since otherwise x or y would be common factors of the
components of F,. Also, if ¢, = 1 we will assume ¢, = 0, and if ¢, = 1,
0 = 0. So, taking into account these considerations, it has that the

degree of div(F,) is given by

with k3 — (1 —0,) > 0 and k3 — (1 — d,) > 0, since otherwise P or () are
null.
From the expression of r + |t| and r it follows i) and ii). "
Next, we define the function n(z,y) := % being r + [t| = 0,1 +
dyta + kstqty. This function will play a important role in our research.
We now give a result which simplifies the conditions of rational in-
tegrability of a t-homogeneous polynomial system. This provides an
effective approach for computing rationally integrable systems, from the

above rational function 7.
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Theorem 5.2.98. An irreducible system (5.1.1) has got a rational (poly-
nomial, resp.) first integral if and only if div(F,) = 0, or the two follow-
1ng properties hold:

i) The t-homogeneous polynomial h has at least two irreducible factors on
K[z, y], all of them are distinct, that is, it can be written as h = Hm+2 fi,
where fi = 2%, fo, = y% 6,8, € {0,1}, f; = — \jx'2, for j >
3, and m > 0,

ii) for any pole of n(1,vy), its residue is a rational number.

Moreover, in such a case, by denoting the poles of n(1,y) by w; =

00, we = 0, w; = A;, 7 = 3,-++,m+ 2 and the rational numbers r;
by
L1ty .
=gl - Resin(1,y),wy)), j=1,---,m+2,  (5.2.6)

degt(fj)

it has that Hm+2 f 7 is a t-rational (polynomial, resp.) first integral of

degree M being M such that n; = Mr; € Z(NU {0}, resp.).

S

Proof.

First, we prove the necessary condition. If div(F,) = 0 or h = 0, the
system is rationally integrable, from Lemma 5.2.93.

We assume that div(F,) # 0, h # 0 and system (5.1.1) has a rational
first integral. By Theorem 5.2.96, it has that h verifies i).

Next, we prove the second property. By applying (5.2.5), with M =
ZT”LIQ njdeg,(f;) and h given by i), it has that

m—|-2
m+2 m+2 m+2
+ Z("ﬂ' n2)0 yfzf Lx, f2+ Z Z fzf LszfJ>
j=3 7=3 l=j5+1

(5.2.7)
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The above Lie derivatives is given by

Lx, fi = -1,

Lx, fi=—twy"™ j=3 ,m+2

Lx, fo = —tadoa® ", =3, m+2

Lx, fj = (Aj — M)titox> Ty =l Gl =3,--- ;m+2.
By Lemma 5.2.97, it has

div(F,)(z,y) to—1, ti—1 ¢ ty .t
L LA N 2 1 €T 2’ 1 , 528
ey Y,y (5:2.8)

thus, dividing by A in (5.2.7) and changing (22, ") by (z,y), it has the
following expression of 7,
m-+2

nay) = (= n2)dd,d + 3t = n)dtg
=3

m+2
i
+ Z tQ)\j(ng - n])dym
Jj=3

m—+2 m—+2

+) 0N tata(m — ny) (N — )\l)m)'

j=3 I=j+1

Now, we prove that it holds

Res[n(1,y), o] = —d.Res[n(z, 1), 0], (5.2.9)

where, by definition, Res[n(1,y),00] = ﬁ]{ n(1,y)dy being v~ any
-
closed curve negatively oriented which contains in its interior all the

poles of n(1,y).
Actually, if 6, = 0, by Lemma 5.2.97,

deg, (n(1,y)) = deg,(1o(1, y)) — deg, (y™ho(1,y)) = 2,

therefore Res[n(1,y), c0] = 0.
If 9, = 1, the difference of both degrees is one, therefore Res[n(1,y), co] =
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—limy 00 y1(1,y), and expressing 1 in the form

m-+41+6 T
Yise Y djam ity =iy

77(:1;7 y) = cxyéy H;”:t)?(y—)\jx) ’
then

dm+1+5y

Res[n(z,1),0] = lim 2 (2, 1) = ——

= lim y5(1,y) = —Res[n(1,y), 0],
thus, (5.2.9) holds. Now, we prove that

ti1to

For w; = oo (case §, = 1), we have that

Res[n(L y)a wl] = _Res[n(xa ]-)7 0] = llH(l) xn(% ]-)
—
= —27[(n1 — n2)dy + ZT:EQ ti(ne —ny)] = —W-
Analogously, for wy =0 (9, = 1), it holds
m+2
Res[n(L,y), wa] = L[(n — n2)dy — Y ta(ng — ny)] = —22t=M
j=3
And for each w; = \;, 7= 3,---,m + 2, it has that
Res[n(la y)a wl] = lim (y - /\z)n(la Z/)
y—=Ai
= % <t1 (’fll - nl)éx =+ tz(ng - nl)éy + tltg ZT:—?(?’LJ — ’fll))
_ —ni(r+th)+M
—=—a

Therefore, (5.2.10) is proved. As a consequence, it has ii).
Also, defining r; = 32 € Q and by solving r; in (5.2.10) it has (5.2.6). By
Theorem 5.2.96, H;njl? f;lj with n; = Mr; € Z, is a rational first integral

whose degree is ZT:JEQ n;deg,(f;) = MZT;’E rideg,(f;). By (5.2.10), it
has that

m+2 m+2 deg (f) m+2
Z rideg, (f;) = Z ﬁ — tily Z Res[n(1,y), w;].
j=1 1 J=1

j:
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The first summand on the right-hand is 1 and the second is 0, from
Residues Theorem. Thus, the degree of the first integral is M.

We now see the sufficient condition. We assume that h verifies i) and
n(1,y) satisfies ii). First, we check that 7 is univocally determined. It is

easily followed because, making v = £, 7 can be expressed in the form

m-+2
Ass A,
(@, 20) = (52 +Zv_—ij)
=3

and Ay, As, -+ A, 2 are given by

Aj = Res[n(1,0),w;] = (1 — S0 qeg (f,), 5 =2, ,m + 2.

ti1to

Finally, we prove that F, verifies (5.2.5). Let F, = ﬁ[Xh + pDy],
where p is the t-homogeneous polynomial such that (ZT;IQ njdeg, (f;))u
is given by the right-side of (5.2.7). Trivially, F,. verifies (5.2.5), thus F,
has got a rational first integral. From the necessary condition, n holds
ii) and therefore, u = div(F,). So, system (5.1.1) is rationally integrable.

5.3 Kowalevskaya exponents and rational
integrability

The Kowalevskaya exponents arose from the study of the existence of
particular solutions of the form (x(¢),y(t)) = (c1t™", cot™") of system
(5.1.1), where the coefficients ¢ = (c1,c2) € C?\ {O} are given by the
vectorial equation

F.(c) + iDy(c) = 0. (5.3.11)

For a given type t, there may exist different c-s called system balances.
Now, for each balance c, it defines the differential of F, 4 %DO evalu-
ated at c, that is K(c) = D (F, + 1Dy) (c). The eigenvalues of K (c) are
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called the Kowalevskaya exponents of the balance c, see Kowalevskaya
[107]. It can be shown that there always exists a Kowalevskaya exponent
equal to —1, see [157, 162].

Next, we calculate the balances of system (5.1.1), by showing the

relation among them and the irreducible factors of h over C[z, y].

Proposition 5.3.99. If c is a balance of (5.1.1), then h(c) = 0.
Furthermore, if P,Q are coprime and PQ # 0, it holds:

i) if x is a factor of h, then (0, cs), with cg/t2 = _rQ%,l)’ is a balance of
(5.1.1),
i) if y is a factor of h, then (cy,0), with cx/tl = —TP’ElLO), is a balance of
(5.1.1),

iii) of y"* — \a'2 is a factor of h, with A € C\ {0}, then (c1,c2) with

c1 =ul, cg = uAYM and o = —m, is a balance of (5.1.1).

Proof.
Every balance ¢ = (cq, ¢2) is a solution of an irreducible factor of h over
C[z, y], since h(c) = (Dy AF,)(c) = Dy(c) A [F,(c) + Dy(c)] = 0.

Let us assume that P, () are coprime and P # 0. From Lemma
5.2.97, we can assume that r+|t| = kst1to+09,to+0,t; with d,,9, € {0,1}
and k3 > 0. Also, it follows easily that P and @ evaluated at ¢ may be

written as
P(c) = el IR (el ), Qle) = T Qu (e, b,

where Py and @)y are homogeneous polynomials of degree k3 + 4, — 1 and
ks + 6, — 1, respectively.

The factors of h can be of three types: z, y or y** —\x'2 with A € C\ {0}.
If x is a factor of h = t12Q) — toyP then z is a factor of P (that is,
P(0,y) =0) and Q(0,1) # 0, since otherwise  would be a factor of both
components of F,. We compute the balances ¢ = (0, ¢2) of system (5.1.1)
associated to z. As P(0,cy) = 0, the first equation of (5.3.11) evaluated
at (0,c) holds. On the other hand, we note that (t, — 1)(1 — d,) = 0,
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since if §, = 0 and t, > 1, = would be factor of P and (). Therefore, the

second equation of (5.3.11) becomes

0= rQ0, 1)t Dy taes — ¢, [h=1tkatd=Di g 1) 4 2]

T

and as r = to[t1 (ks — 1+ 0,) — (1 —6,)], it has cg/t2 = _er(%),l)’ item i).
If y is a factor of h, by the same reasoning we arrive at ii).

If y"* — Az™ is a factor of h with A € C\ {0}, there exist balances of
the form (c1,c2) = (u'',u2AV") with u # 0, since h (u't,u2A¥/4) =
u it (1, A48 = 0.

In this case, the first equation of (5.3.11) is
0= Pl W) 4 5 = o8 [uP(1, A 4 4],

Moreover P(1,A\'/!t) 2 0, since otherwise Q(1, A\'/%1) would be zero and
therefore y'* — Ax®2 would be a common factor of P and Q. Thus, it
holds iii). The second equation of (5.3.11), by replacing @), becomes
h(ci, c2) + tacy (P(cl, c2) + tl%) = 0 which is true. n
Next, we obtain the Kowalevskaya exponents associated to the balances

of (5.1.1) through the rational function 7 defined in the previous section.

Proposition 5.3.100. Let system (5.1.1) be an irreducible system with
the poles of n(1,y), then p; =0 if m; > 1, otherwise,

1 e [y b .
Pi = T+t <1 degt(fz) R@S[T](l,y), wl]) )

where every (—1, p;) is the Kowalevskaya exponents associated to the fac-
tor f; of h, fori=1,--- ,m+ 2.

Proof.
Throughout the demonstration, we will denote p = div(F,) and h,, h,

and g, 1, the partial derivatives of h and p respect to the variables
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and y, respectively.
From Lemma 5.2.92,

F, +.Do= 5 (Xh+ (pn+ %’“)DO) .

The trace of its differential is

2 (et st P gty o+ uty + T )
t
— 2 (Ve Do+ G )

= e (i Ll + 22 pg)) = o+ 2

Then, for each balance c, if p(c) is the eigenvalue different from —1, it
has that p(c) — 1 = Trace(K(c)) = p(c) + Q, that is,

p(c) = p(c) + =t (5.3.12)

T

We compute the Kowalevskaya exponents different from -1 associated to
the factors of h.

We suppose that z is a factor of h (6, = 1), that is, there exist balances
of the form (0, ¢y). From Lemma 5.2.92, h, = (r + [t])Q — ytou. As u is
a t-homogeneous polynomial of degree r with respect to t, it has that
1(0,¢9) = c;/t2u(0, 1), and by applying (5.3.12) and Proposition 5.3.99,

we have that
hx(oa 1) = (T + |t|)Q(07 1) - t2lu’(07 1)
= (r+ [t[ +7u(0,¢2))Q(0,1) = rpQ(0, 1),

with Q(0, 1) # 0. Therefore, all the balances (0, ¢2) have the same eigen-
values. Moreover, p; = 0 if and only if h,(0,1) = 0, i.e. m, > 1.

Otherwise,
1 _ T hw(071)+t2ﬂ(071)
p1 Tt hz(0,1)

— r (071) — T
= 2 (14 6280 = —r (1 + BRes[ (2, 1), 0),

and by (5.2.9) it follows the result. If y is a factor of h, the reasoning is

analogous. Finally, we compute the exponents p; associated to the factors
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y't — \a'2, where \; € C\ {0}, i =3,--- ,m + 2. From Lemma 5.2.92,
hy = —(r + [t]|) P + xtyp. Also u(eq, ¢o) = u(utl,ut“’)\g/ti) = u’"u(l,)\;/ti).
So, from Proposition 5.3.99,
hy(LA) = =+ [t P(L A + (1, 7")
= —(r + [6] + ra(er, e2) P(LN") = —rpiPLAY),
with P(1,\l/%) # 0. Thus, p; = 0 if and only if h,(1,\%) = 0, i.e.
m; > 1. Otherwise,

1 — __T _hy(17)‘3/%)"_751“(1’/\;/”)
Pi 7’+|t‘ hy(ly)\ll/tl)

) 1/t
_ T . #(1)\:/%) _r i . (y - )‘1 ):u(]'v y)
B 7'+|t| <1 tl hy(laAl/ti)> N T+|t‘ (1 llri[}tl tl h(]-7 y) .

‘ Y= A;
NV
As the above limit is Res[n(1,y), \;] since lz'my_))\y/nitf\—i)\; = t; and
ZS% =y =1p(1,y"), the result follows. .

Next, as a consequence of Theorem 5.2.98 and Proposition 5.3.100,
we show how the Kowalevskaya exponents are when system (5.1.1) has

got a t-homogeneous rational (polynomial) first integral.

Theorem 5.3.101. An irreducible system (5.1.1) has got a rational
(polynomial, resp.) first integral if and only if div(F,) = 0 or the two
following properties hold:

i) The t-homogeneous polynomial h has at least two irreducible factors
on K[z,y], and all of them are distinct, that is, it can be written as
h= H;":J“IQ G where fi =%, fo =y’ 8,8, € {0,1}, fj =y" — Nzt
for 3 >3, and m > 0,

ii) for any (—1, p;) Kowalevskaya exponents, p; is a rational number.

Moreover, in such a case, if it denotes the rational numbers r; by
Tj:%pj_lv j:]-a'“am+23 (5313)

it has that HT:JEQ f;” is a t-rational (polynomial, resp.) first integral of

degree M with M such that n; = Mr; € Z(NU {0}, resp.).
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Our results extend to those given by Tsygvintsev [157] and Llibre &
Zhang [112]. In fact, in these papers, the relationship between polynomial
integrability of vector fields (5.1.1) with » = 1 and their Kowalevskaya

exponents is proved.

5.4 Rational integrability of the (1, 2)-homo-
geneous polynomial systems of degree
2.

We illustrate our method by studying the rational integrability of the

(1,2)-polynomial systems of degree 2, i.e.

= a2+ asay,

5.4.14
’y = b1x4 + beQy + b3y2, ( )

with a1, ag, by, by and by real parameters with b3 # 0 and bya3 — boayas +
bsa # 0 (irreducibility of system (5.4.14)). The function h associated to
(5.4.14) is h(z,y) = 22[(bs —2a2)y*+ (by — 2a1) 2’y + by z*]. If by —2a, = 0,

then z is a multiple factor of h and therefore systems (5.4.14) are not

integrable. Otherwise, we can write h in the form h(z,y) = %(bs —
N — — — 2 —
2a2)al(y + Ba?)? + '] with A = sgulibal, B = ot

A =0, systems (5.4.14) are not integrable, since h would have multiple
factors. So, under the assumption of integrability, systems (5.4.14) can
be transformed, by means of the change v = +/sig(A)Az, v = y + Bz?

into (u,)T = Fa(u,v), with
7 1 2 4 (T 1 2
h(u,v) = gcu(v + ou”), div(Fg)(u,v) = g(dlv + dyu®),
where ¢ # 0 and o = +1. That is, the systems become

u= (—2c+dy)uv + dou?,

0.4.15
o= (c+ 2dy)v? 4 2dyu*v + Scou?, ( )
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with ¢, d; and dy real parameters and ¢ # 0, o = +1.
The following result characterizes both rationally and polynomially inte-

grable systems of the family (5.4.15).

Theorem 5.4.102. A system (5.4.15) with 0 = —1 is rationally inte-

grable if and only if %1, dl;;‘b and dQQ_Cdl are integers numbers.

A such system (5.4.15) is polynomially integrable if and only if there is

a natural number M such that 3(1+ 24 ), M (] — dtd) M) _ dimda)

are natural numbers. In such a case

m|§

2dy |_di+dy

W) (p = ) A2 (g o 2) F -5

is a (1,2)-polynomial first integral of degree M of the system (5.4.15).

Proof.

In this case, n(u,v) = %. By Theorem 5.2.98, system (5.4.15) is

rationally integrable if and only if

Res[n(1,v),00] = —Res[n(u,1),0] = -4,
Res[n(lav)a ]-] = %,
Res[n(1,v), =1] = 4z&

are integer numbers. System (5.4.15) has a (1, 2)-polynomial first integral
of degree M > 0 if and only if

M dy. M di+dy, M dy — d
o™y Zao ~a
5( + c)’ 5( 2¢ ) 5( + 2¢ )

are non-negative integer numbers. This completes the proof. [

Theorem 5.4.103. A system (5.4.15) with o = 1 is rationally integrable
if and only if dy = 0 and % s an integer number.

A such system (5.4.15) is polynomially integrable if and only if do = 0
and there is a natural number M such that 2 (14 24), A(1 — 41) gre
natural numbers. In such a case

v‘|§

u (I”LQdTl)(v2 + u4)%(1_§_}:),
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is a (1,2)-polynomial first integral of degree M of the system (5.4.15).

Proof.

In this case, n(u,v) = %. So,
Res[n(1,v),00] = —Res[n(u,1),0]= —d?l,
Res[n(1,v),1] = 42 —d _&f
Res[n(1,v),—1I] = % = % + %I.

Therefore, system (5.4.15) is rationally integrable if and only if d; = 0 and
% is an integer number. A system of (5.4.15) is polynomially integrable

if and only if
M d, M dy
(142, (1 - =
5 (1+ c ) 5 ( 20)

are non-negative integer numbers. |



Chapter 6

Quasi-homogeneous

linearization of vector fields

6.1 Introduction

Given a type t € N, each smooth vector field F, with F(0) = 0, can
be written as F = >
understood as a perturbation of F, with higher-order t-homogeneous

i F; where F; € Q;. In some sense, F can be
terms. Thus, for any M we can define the t-homogeneous M-jet of a
smooth vector field F as JMF = Z;‘ir F; with F; € Q;. In this chapter,
we give necessary and sufficient conditions so that a vector field has
the same orbital structure as a quasi-homogeneous vector field, which
is non-linear, in general. Concretely, given a type t, we characterize
the vector fields which are smoothly (analytically) conjugated to their t-
homogeneous part of minimum degree. As a consequence, it has the result
given by Bambusi et al., for t = (1,...,1). Analogously, we generalize
to a higher dimension the result given by Giné and Grau for smooth

(analytic) orbital equivalence.

199
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6.2 Conjugation and orbital equivalence

First we show several properties of the t-homogeneous change of vari-

ables.

Proposition 6.2.104. Let ¢ a diffeomorphism with D$(0) = I. For
each type t € N", there exist Uy = Y, W1; and Uy = id + Y, Vs,
diffeomorphism with DWV(0) = D\IIQ(OS =1 and V,;,Vy; € QF, such
that ¢ = ¥y o Uy,

To proving the above result, we would make the change x = €y and
would expand the diffeomorphism ¢ in a power series of €. So, for example,
for n = 3, by means of the change of variables (z,y,2) — (€\z, by, €,2)

we would have the following expansion of ¢

z 0 0 ] fi+(x7 Y, Z)
dlx,y,2)=1 y |+ Z €' g; () + Zé’ g (x,y,2) |,
z =\ by () =\ Ay, 2)
with g;, h;, f;7, 9, b, t-homogeneous functions of degree i. Next, it

would be enough vvlth to write W; and ¥y in the form

X 0 0
Ui(zy2)=|y |+ D €| )

z =\ (x,y)

and
+

x o0 pz (fC,y,Z)
Wyw,y,2)=|y |+ ¢ | ¢@y2) |,

z =t ri(z,y, 2)

and to impose that ¢ = ¥, o ¥, Following a triangular scheme, it would
obtain the t-homogeneous functions ¢; , r; , p;*, ¢; and r;". For the general
case, we would reason in a similar sense.

Analogously, we can prove the following results.
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Proposition 6.2.105. Let ¥ be a diffeomorphism of the form ¥ = id +
> ico Vi, with U; € QF. Then, the inverse diffeomorphism § = =" is of
the form £ = id + 37, &, & € QF.

Proposition 6.2.106. Let ¥ be a diffeomorphism of the form ¥ = id +
Y iso Vi with W; € QF. Then, the inverse diffeomorphism & = ¥~ is of
the form & =id + Y, &, & € QF.

The following result allows to consider only changes of variables with

t-homogeneous terms of degree greater than zero.

Proposition 6.2.107. Let F be a smooth (analytic) vector field with
F(0) =0 and J'F =F, € Q. If F and F, are smoothly (analytically)
conjugated, then there exists a smooth (analytic) near-identity change of
coordinates x = ¢(y) = Y ;50 ¢i(y), with D$(0) = I and ¢; € QF which
transforms the system x = f‘(x) intoy = F.(y).

Proof.

By hypothesis, there exists a smooth (analytic) near-identity change of
coordinates x = ¢(y) = y + h.o.t, that transforms the system x = F(x)
into y = F,(y). The diffeomorphism ¢ has the form ¢ = .., ¢; with
k integer number, ¢; € Q% and Dy(0) = I. By proposition 6.2.104, ©
can be decomposed as ¢ = ¥ o ¢ with ¥ = Z?:k U,, ¢ =) ¢ and
D¢(0) = DY(0) = I, being ¥; and ¢; t-homogeneous vector fields of
degree .

On the one hand, ¢ transforms F into F, + H with H having t-terms of
order greater than r. On the other hand, ¢ brings F into F, and ¥~!
brings F, into F, + L with L having t-terms of order smaller than r. As
¢ = U1 oy, it has that G = L = 0. So, ¢ transforms F into F,. [

Now, we prove that any smooth (analytic) perturbation of Dy with t-
homogeneous terms of degree greater than zero is smoothly (analytically)

conjugated to Dy.
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Proposition 6.2.108. Let G be a smooth (analytic) vector field, with
JOG = Dy. Then, G and Dy are smoothly (analytically) conjugated.

Proof.

First, we prove that Dy and G = ijo G; where G; € Q; and Gy = Dy
are smoothly (analytically) conjugated. To do that, we consider the linear
map Ly : QF — QF given by Ly, (Py) = [Py, Do]. As Ly, (Py) = kPy, it
has that the range of the operator Ly is Q%. Therefore, by Normal Form
Theory, it follows that there exists a near-identity nonlinear change of
coordinates which transforms x = G(x) into y = Dy(y). By Chen [51],
it has that G and Dy are smoothly conjugated.

We prove that if G is analytic then G and D are analytically con-
jugated. If the eigenvalues of the matrix of the linear part of G at the
origin are resonant, i.e. thereis a = (ay,...,a,) € Nj with 377 a; > 2
such that ¢; = a-t = Y I | a;t; for some j € {1,...,n}, it is known
that there exists an analytic change of variables which brings x = G(x)
to the Poincaré-Dulac normal form, that is x = Dg(x) + h(x), where
h(x) has only resonant terms, i.e. terms x“e; (see Arnold [25]), and as
x* € P then x%e; € Qp,, = Q;. Applying Proposition 6.2.107, it
has that Dg + h = Dy, i.e. h = 0. Therefore, there aren’t any resonant
terms, so G and Dy are C* conjugated. If t is not resonant, the result is
followed by applying the Poincaré Theorem since the eigenvalues of the

linear approximation is in the Poincaré domain, see Chow et al. [58]. m

We denote as ¢, and ¢* the push-forward and pull-back defined by
the diffeomorphism ¢, respectively, that is ¢,F(x) = (D¢ (x)) 'F(4(x)),
see [124].

In what follows, we suppose a type t = (t1,...,t,) to be fixed.

Next, we prove that the existence of a vector field normalizator of
F allows us to remove, under conjugation, the terms t-homogeneous of

degree greater than r.
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Theorem 6.2.109 (Like-linearization under conjugation). Let F be a
smooth (analytic) vector field with F(0) = 0 and J'F = F, € Qt.
Then, F and F, are smoothly (analytically) conjugated if and only if
there exists a smooth (analytic) vector field G, with J'G = Dy, such
that [F,G] = rF.

Moreover, there is a smooth (analytic) near-identity nonlinear change of

coordinates which transforms F into F, and also linearizes to G.

Proof.

Necessary condition. From Proposition 6.2.107, if F and F,. are smoothly
(analytically) conjugated then there exists a change of variables x =
H(y) = D ing ?i(y), with Dp(0) = T and ¢; € Qf which transforms the
system % = F(x) into y = F,(y) ., i.e. ¢,F = F,. Also, as [F,, Dg] = rF,
then it has that

[F,¢"Do] = [¢"Fy, 9" D] = ¢*[F;, Do] = r¢"F, = F,

with ¢*Dg = Do+ - - . Thus, taking G = ¢*Dy it arrives at [F, G] = rF.
Sufficient condition. Let G be a smooth (analytic) vector field, with
JYG = Dy with [F, G] = 7F. By the propositions 6.2.107 and 6.2.108,
we can assert that there is a smooth (analytic) change of variables x =
A(y) = D in0 ?i(y), with Dg(0) = I and ¢; € QF such that ¢.G = D,
Let ¢, F = F= ngo F,.; be with F, = F,, then [F, Dg] = rF, therefore

ZjZO TF’"H =7F = [F, D] = ijo(r + j)FHj-

So, it follows that F = F,.
Following the proof, we note that the diffeomorphism ¢ linearizes both
ventor fields F and G. [

Now, we give an auxiliary result.

Lemma 6.2.110. Given a smooth (analytic) scalar function n, with
n(0) = 0, and a smooth (analytic) vector field G with J'G = Dy, there
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exists a smooth (analytic) scalar function X\ with \(0) = 0, such that
LeA(x) = (14 A\(x))n(x). (6.2.1)

Proof.
By Proposition 6.2.108, there exists a change of variables x = ¢(y), with
¢ smooth (analytic), which transforms G into Dy. In these coordinates,

equation (6.2.1) becomes

Lp,My) = (1+ Ay))i(y)

with 7(0) = 0, or equivalently, Lp,Ln(1 + A)(y) = (y). We now solve

this equation. It is sufficient to show that

In(1+A(y) = [ LLn(1+ A(ety))dt
ffoo D(Ln(1+ X)) (ety) - Aettydt
= ffoo Lp,Ln(1 + \)(ety)dt
= [° a(eMy)dt,

being A = diag(ti,...,t,). Therefore, the solution A(y) of the equation
in partial derivatives with A(0) = 0 is

My) = exp (ff’ooﬁ(eAty)dt) -1
Moreover, A and 7 have the same regularity. Undoing the change of vari-

ables, it gives the result. [

Theorem 6.2.111 (Like-linearization under orbital equivalence). Let F
be a smooth (analytic) vector field with F(0) = 0 and J'F = F, € QF.
Then, F and F, are smoothly (analytically) orbital equivalents if and only
if there exists a smooth (analytic) vector field G, with J2G = Dy and a
smooth (analytic) scalar function p with 1(0) = r verifying [F, G] = uF.
Moreover, in such a case, F is smoothly (analytically) conjugated to (1+
MF being X a smooth (analytic) scalar function with A\(0) = 0 such that
LeA =1+ X)(r — p).
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Proof.

Necessary condition. From Proposition 6.2.107, if F and F,. are smoothly
(analytically) orbital equivalent, there exists a change of variables x =
H(y) = Do @ily), with D@(0) = I, ¢; € Qf and a paremeterization
by time dt — 4 where f is a smooth (analytic) function, f(0) = 0,

1+£(y)

that transforms the system x = F(x) into y’ = % = ‘f:}gg =F,.(y)

Therefore, ¢.F = (1 + f)F,. So, we have that the vector field F is
smoothly (analytically) conjugated to (1 + f)F,.

Performing the inverse change ¢* to the system y = F,(y), this is
transformed into x = F(x) with F = (1 + ¢)F and a g smooth (analytic)
function, ¢(0) = 0. Thus, by Theorem 6.2.109, there exists a smooth
(analytic) vector field G = > .. G;, G; € Q}, Gy = Dy, such that
[(1+ ¢)F,G] =7r(1+ ¢g)F. On the other hand, it has that

[(14+¢9)F,G] = (1+¢g)[F,G]+ LggF.

— L . _ L
Therefore, [F,G] = (r — chg) F. Taking u = (r — chg) , the result

follows.

Sufficient condition. We assume that there exists a smooth (analytic)
vector field G, with J?G = Dy, verifying [F, G] = uF with p a smooth
(analytic) function, (0) = r. Let A be a smooth (analytic) scalar func-
tion with A(0) = 0 such that

LeA=(1+A)(r—p)

which exists by Lemma 6.2.110 for 7 = r — . Then, we have that

[(1+MF,G] = (1+))[F,G]+ Lg\F
= 1+ N)F.Gl+1+\)(r—pF
= 1+ N)(F,G]+7F — uF)=r(1+\F.

By Theorem 6.2.109, (1 + A\)F is smoothly (analytically) conjugated to
F, and thus F and F, are smoothly (analytically) orbital equivalent. m
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In particular, if we take t = (1,...,1) and r = 0, Fg + F; + -+ is
the expansion into homogeneous polynomial vector fields of F, being F
its linear part. So, as particular cases of Theorems 6.2.109 and 6.2.111
we obtain the following results which are the main results of the papers

[91] and [2], respectively.

Corollary 6.2.112. Let F be a smooth (analytic) vector field. It holds:
i) F is linearizable under smooth (analytic) conjugation if and only if
there exists a smooth (analytic) vector field G with G(x) = x + O(|x|?)
such that [F,G] = 0.

ii) F is linearizable under smooth (analytic) orbital equivalence if and
only if there exists a smooth (analytic) vector field G with G(x) = x +
O(|x[*) and a smooth (analytic) scalar function p with p(0) = 0 such
that [F,G] = uF.

Corollary 6.2.113. If F is an analytic two-dimensional vector field type
centre-focus, i.e. F(z,y) = (—y, )T +---, it has:

i) the origin is an isochronous centre (all the closed orbits neighbouring
O have the same period) of (i,9)T = F(x,y) if and only if there is an
analytic vector field G with G(x,y) = (z,y)" +- - such that [F,G] = 0,
ii) the origin is a centre of (&,9)T = F(x,y) if and only if there is an
analytic vector field G with G(z,y) = (x,y)T+- -+ and an analytic scalar
function p with p(0) = 0 such that [F, G| = uF.

6.3 Several examples

In this section, we show some very simple examples. The first four ex-
amples are nilpotent vector fields, three of them are two-dimensional and
the fourth is a three-dimensional system. The fifth example is a system

with linear part null, the so-called generalized nilpotent system.
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Example 6.3.114. Let us consider the nilpotent system

T = y+ Ax® —2y% — Ax’y +y* + Ba?,

6.3.2
y = —Bz’+ Baly, ( )

with B # 0.
The (1, 2)-homogeneous expansion of the vector field associated to (6.3.2)
is given by F = F, + F3 + F5 where

F, = (y + A2?, —Ba?)T,

F; = (—2y? — Ax?y + Ba*, B2y)7,

Fs = (y3,0)T.

One can check that
[F(z,y), (¢ — 22y, 2y — 24%)"] = (1 — 4y)F(z, ).
Therefore, system (6.3.2) is orbitally equivalent to the system
(z,9)" = (y + A2®, —Ba*)". (6.3.3)

We now analyze system (6.3.3). The change of variables 1 = x,x9 =
y + 3 A2?, transforms (6.3.3) into

A A?
11.71 = To + 5.%%, 51.72 = —(B — 7).’17? + Al’lfL’Q.

Next, we perform the change to generalized polar coordinates

z; = uCs(0), xo = u*Sn(h), dt = —%dT,

where (C's(0), Sn(6)) is the unique solution to the Cauchy problem
dr _ dy _
T
with £(0) =1, y(0) = 0. So, system (6.5.3) becomes

4a®,

u' = —2uCs(0) |A— (B — 4" —2)0s*(0)Sn(9)|

j (6.3.4)
0" = 25n2(0) + (B — 4)Cs(6),
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where ' represents <. Thus, if A> — 2B < 0, the origin of (6.3.3) is

a monodromic point. Moreover, system (6.3.3) is reversible under the
change of variables (x,y,t) — (—z,y, —t), therefore the origin is a cen-
tre. If A2—2B > 0, system (6.3.4) has two hyperbolic equilibriums, hence
the origin of (6.3.3) is a saddle point. And if A> —2B = 0, the origin of
(6.3.3) is a degenerate point.

Example 6.3.115. Let us consider the nilpotent vector field
F(z,y) = (y — G«’L’Q, 2+ 2axy — 2a2x3)T_

This vector field, for t = (2,3), is expressed as F = F| + Fy + F3 where

Fi(z,y) = (y,2®)7T is its (2, 3)-homogeneous part of minimum degree and
Fy(z,y) = a(—2,2zy)",  Fs(x,y) = —2a%(0,2°)".

It can be checked that G(z,y) = (2, 3y + az?®)’, which has a linear part
given by (2x,3y)T, verifies [F,G] = F and thus we conclude that F can

be reduced to (y,z*)T by a convergent transformation.

Example 6.3.116. Let us consider the nilpotent vector field

T < y+y)'+ (1= ga’(l +ey)” ) ,

(6.3.5)
22(1 4+ y)(1 + cy)?

whose (2, 3)-homogeneous expansion is of the form (y,z*)T + -+
For

2+ (5—c)y +2cy?)x 3)7 1 + 4ey + 10y + 13cy?
A+y)(d+ey) (1 +y)(1+cy)

it has [F(.I, y)a G(l’, y)] = ,U,(l', y)F(Z]Z, y)a with G(ZL’, y) = (2:177 By)T +-
and p(0) = 1, thus F is orbitally equivalent to (y,z*)T.

Also, it has that F is conjugated to (1+X(x,y))(y, 2?)T where 14+ \(z,y) =

1
(I+y)(1+cy)

G(z,y) = ( , w(w,y) =
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Example 6.3.117. Let us consider the three-dimensional system

T = y+22T(x,y,2) + 2c2Ts(z,y, 2),
2)2

2=y +clr -z (6.3.6)

- T].(x7y7z) + CTQ(xayaz)a

Y

with Ty (z,y, 2) = (1 — 2%)? + 2y(2 — y?) and Ty(z,y,2) = 2y(z — 2°)(x —
2?2 —1).

For t = (3,4,5), the vector field associated to (6.3.6) has the form
F(z,y,2) = (y,2,22)T + F, where F has (3, 4,5)-homogeneous parts of a
higher degree. This vector field is conjugated to (y, z, z*)T, since [F, G] =

F, where
G(z,y,2) = 32+ 2(T2 +6y?) — 2c2(x — 2%)?, 4y, 52 + 3y* — c(x — 2*)H)T.
Example 6.3.118. Let us consider the family of vector fields

F(z,y) = (y* + Ps(2,y), Qs(z,9))", (6.3.7)

where Ps and Qs are quintic homogeneous polynomials with Qs(1,0) # 0.
Integrability and centres of these vector fields have been studied in Giné
[89]. The (2,3)-homogeneous expansion of the vector fields of the family
s given by F = F; + -+« 4+ F3 where

F; = (Z/3,C$5)T, Fs = (a50x5,b41x4y)T, Fy= (0415U4Z/75323U392)T:
Fi= (a32$3y2a523$2y3)T, F = (a23x2y3,b14xy4)T,

Fi, = (a14xy4,b05y5)T, Fi3 = (G05y5a0)T7

We look for systems of the family (6.3.7) which, by means of a change of
variables, can be transformed into (v, cx®)t, ¢ # 0. It has the following

result.

Proposition 6.3.119. No vector field of the family (6.3.7) is smoothly
conjugated to (y3, cz®)T, c # 0, except for itself.
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Proof.

As (3, cx®)T is an integrable vector field, Ty* — £af

¢x” s an analytic first
integral, the vector fields of the family (6.5.7) which could be smoothly
conjugated to (y3, cx®)T should also be integrable. By Giné [89], these are

(Faml) Qs =0,
(Fam2) Hamiltonian system,
(Fam3) Ps(x,y) = y*(1 + aga?), Qs(x,y) = bsox® + brazy®.

It is easy to check that there isn’t any change in the formx = z+--- , y =
y + - -+ which transforms a vector field of (Faml) into (y3,cx®)T, ¢ # 0.
If (6.3.7) is of (Fam2) then

byy = aso = 2a41 + b3p = a3y + bag = as3 + 2014 = a14 + Sbps = 0.

By imposing the existence of a vector field G(x,y) = (22,3y)T+G+-- -,
such that [F, G] = TF, we obtain recursively the conditions as; = 0, ag3 =
0, a1y = 0, 3caps + a3, = 0 and azy = 0, that is, we get (v, ca®)T.

Analogously, in the case (Fam3) we have the conditions 6by4 + Hagz =

0, asz3 = 0. So, the result follows. [
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