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Abstract

We investigate the planar analytic systems which have a center-focus equilibrium at
the origin and whose angular speed is constant. The conditions for the origin to be a
center (in fact, an isochronous center) are obtained. Concretely, we find conditions
for the existence of a C¥—commutator of the field. We cite several subfamilies of
centers and obtain the centers of the cuartic polynomial systems and of the families
(—y+xz(Hy+ Hp,), *+y(Hy + Hpy)) and (—y + z(Hy + Hay,), =+ y(Ha + Hap))Y,
with H; homogeneous polynomial in z,y of degree i. In these cases, the maximum
number of limit cycles which can bifurcate from a fine focus is determined.
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1 Introduction

In this work, we study the problem of center in the planar analytic systems
which have a center-focus equilibrium at the origin and whose angular speed
is constant. In these systems, the origin is the only finite equilibrium and if it
is a center, it will be automatically isochronous. These systems, up to a linear
change, take the following expression:

T =-y+axH(x,y),

y= z+yH(z,y),
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where H is an analytic function which vanishes at the origin.

The interest in studying this family is due, on the one hand, to the importance
of these systems in the general problem of the isochronicity, since any analytic
system with linear part (—y,z)" has an isochronous center if and only if it
is possible to transform it by means of specific analytic change (x — x +
P(y*),y — y+ Q(z,y)) into a system (1) (see Rudenok [14]).

On the other hand, these systems in polar coordinates take the form

7= Yp>1 Hi(cos 0, sin 0)rk+t,
=1,

where Hj, are the homogeneous parts of degree k of H. These systems can be
written as a single equation in form Abel generalized

Opr = > Hy(cos 0, sin 0)rF*! (2)

k>1

The study of this equation gives us information about the systems, and vice
versa, since the constant solution r = 0 of (2) corresponds to the critical point
z =1y =0 of (1), and the periodic solutions of (2) correspond to closed orbits
of (1), (see [4], [5], [8], [9] y [10]).

Let’s do now a more detailed review of the works related to the family (1).
The first place where a subfamily of centers of (1) is characterized, is Conti [6].
Particularly, it is characterized the case when H is a homogeneous polynomial
of arbitrary degree. It is proved that if the degree of H is odd then the origin
is a center, but if it is even must satisfy one condition, which is equivalent
to vanish the first coefficient of the normal form in the radial component. In
Algaba et al. [1] we find the center condition in terms of the coefficients of the
system.

In Mardesic et al. [11] we have linearizating changes for reversible systems
of type (1) with H = H; + H,. In fact, as it is proved later in Collins [7],
all the centers of this subfamily are reversible. Up to rotation, its expression
is (4,9)" = (—y + 2%0(y), * + zyo(y))!, with o(y) = a + by. Later, in [12],
Mazzi & Sabatini study the system (1) when it commutes with a radial field,
and they find integral first and a linearization for (1). In [3] are characterized
the systems (1) which have polynomial commutator, appearing not reversible
centers with H nonhomogeneous.

This paper is divided into four sections. In the second one, we present the main
result of this work, derive a few conditions that characterize the centers with
angular constant speed. We show the equivalence between these conditions
and the vanishing of the coefficients of the radial component of the normal
form. In the third one, we develop an recursive algorithm that allows us to
obtain conditions on the coefficients of the system which they must hold in
order that the origin is a center. In the last section, we cite several subfamilies



that have a center. Finally, we derivate the centers of the cuartic polynomial
systems, and of the families (—y + z(Hy + Hy,), x + y(Hy + Hy,))' and (—y +
z(Hy + Hoy,),x + y(Hy + Hoyy,))t, being H; homogeneous polynomial in z,y
of degree 7, and determine the maximum number of limit cycles which can
bifurcate from a fine focus.

2 Some properties of centers

We consider the following couple of differential systems defined in open set I/
of the plane

(@,9)' = X(z,y), (4,9 =Ulz,y),
with X and U analytic functions in U.

Definition 1

It is said that X and U commute if Lie’s bracket of both fields is null, that
is, [X,U] = DX.U — DU.X = 0. Moreover, if X and U are transverse in a
neighborhood of the origin, to U it names a commutator of X in the above
mentioned neighborhood.

If we denote by ®x(¢,(x,y)), Pu(t, (z,y)) with ®x(0,(z,y)) = (z,y) and
@4 (0,(z,y)) = (x,y), the flows of the previous systems, respectively, it is
known that X and U commute if and only if the local flows ®x and @ verify

Ox(t, Py (s, (z,9))) = Puls, Px(t (2, 9))),

for every t and s such that ®x (¢, ®y (s, (z,y))) and Py (s, Px (¢, (z,y))) exist,
see Olver [13]. It’s known that the problem of the isochronicity of a vector field
is equivalent to the existence of an analytic commutator of such vector field,
more precisely, for any analytic system with linear part (—y, x)!, the existence
of an analytic commutator with linear part (z,y)" is a necessary and sufficient

condition so that the origin be an isochronous center (see Algaba et al. [1] and
Sabatini [15]).

We are interested in the centers of the analytic systems with constant angular
speed,

(#,9)" = X(z,y) = (~y + 2H(z,y),2 + yH (z,y))", (3)
where H is an analytic function in a neighborhood of the origin and H(0,0) =

0. In Algaba et at. [3] it is proved that if H is a polynomial, the polynomial
commutators, in case of existing, are of the type

U(:U,y) = (xK(x,y),yK(x,y))t, (4)



where K is a polynomial of the same degree that H, and in the analytic case
we can chosen K an analytic function with K(0,0) = 1. To make this section
of the paper self-contained, we include the following proposition.

Proposition 2 If the analytic system (3) is center, then there ezists an ana-
lytic commutator (4) around the origin.

Proof. We assume that X is a center. Let ¥ be, the local flow which defines
the solutions of the differential equation & = «(z), with a analytic, «(0) =0
and «a(z) < 0in (0,€). Fixed (z,y) € U, let sp be the minimum value s > 0
such that ®x(—s, (z,y)) is on the z-axis. We already define the analytic flow
Oy as Py (t, (z,y)) = Px(so, (V(t, Px(—s0,(x,y)),0)). Since X is uniformly
isochronous, ®; does not depend of sy. Moreover, it commutes with &y and
all the straight lines which through the origin are invariants to the flow. That
is, the associated field U is analytic and of the form (4). m

Therefore, the problem of looking for those H for that (3) has a center in the
origin is equivalent to the problem of looking for those H which exists U of
the form (4) with [X,U] = 0.

If we use complex coordinates, z = x +iy, (3) turns out 2 = iz+2H(z, z) with

H(z,z) = H(z,Zz), and the commutator (4) will be zK(z, z) with K(z,2) =

K(z, z). If for all m we denote by H,, and K,, the homogeneous parts of degree
m of H and K, respectively, the equation [X, U] = 0 becomes

liz,2 Y K+ [2Y Hi,zY K;]=0.

m>0 I>1 5>0
The term of degree m + 1 of the above expression gets

liz, 2K = > [2Kj,zH)]. (5)

JjHl=m
j>0,1>1

By definition, the Lie’s bracket in complex coordinates is [P,Q] = P.Q+P.Q—
Q.P — Q:P, being P,,Q, and P;, Q)5 the first partial derivatives of P and @
respect to z and z respectively, and as H = H y K = K, we obtain

liz,2K| = iz(ZK; — 2K,),

2K,zH| = 2(H (2K, + 2K;) — K(zH, + zH3)).
From Euler’s Theorem for homogeneous functions, we have that

[ZKj, ZH[] = Z(]HlKJ - lKJHl) = (] - l)ZHlKJ

Let m > 1, we consider the linear vector space H,,, consisting of homogeneous
polynomials, H,,, of degree m in the variables z and Z. And we denote by



7:[m, the linear vector subspace of H,, on R defined by
How = {P € H,/P(2,2) = P(2,2)} = {Z (ap2*2™ % + ap2mF 2%, ap, € C}.

A basis of H,, is

B, = {uy, = 2FzmF 4 2mkzk 0 <k <[2]}
Ufup = i(2Fzm=F — 2m=kzk) 0 <k <[22}

Lemma 3 The map
Lo (Y (a2 2™ 7F 4 ap2™ 2 = N0 (20 — m) (ap 2" 2™ 8 — ag2™ k2,

is a linear map of Hyy, into atself.
Moreover, if m is odd, Ly(Hm) = Hp and Ker(Ly,) = {0}. And if m is even,
dim(L,,(Hm)) = m and Ker(L,,) = £

Proof. The first part is easy to check and the second one it follows from the
action of the map on each element of the basis B,,,

L (ug) = (m — 2k)vg, 0 <k < [Z],
Ly(ve) = 2k —m)uy, 0 <k <[21] =
The equations (5) can be rewritten as
m—1
Loy(Kp) = > (2§ — m)K;H,y,_;, m > 1. (6)
=0

And from Lemma 3, we have the following result which characterizes the
systems (3) with center.

Theorem 4 The analytic system (3) is a center if and only if there ezists
a C*°—function defined in a neighborhood of the origin, K = 3-,,~¢ Ky, with
Ky =1, such that, for any m > 1,

2m—1

ProyCorLzm (Z 2 ] - K Hy,— ]) - {0}7

being LZm(rH2m) @ Cor Ly, = 7:[277!7 and L (Ky) = ;n 01 (25 — )K Hp,j.

For each m, we denote by Cond,, the above proyection on Cor Ly,,. The
expression of C'ond,, is a polynomial in the coefficients of Hy, ..., H,,, and



Cond,, = 0 is the condition that must satisfy so the homogeneous part of
degree 2m of the commutator exists, that is, C'ond,,, = 0 is the compatibility’s
condition of the system of linear equations whose unknown quantities are the
coefficients of Ky,,, which turn out of the equation (6). The following result
proves that the conditions of compatibility for the existence of the terms of
degree even of a commutator up to a certain degree, is equivalent to the
vanishing of the coefficients of radial component of the normal form of the
system up to this degree.

Theorem 5 Let fields (3) and (4) be such that [X,U] = O(|z, z)*™) (i.e.,
Cond; = ... = Cond,,—y = 0). Then, Cond,, # 0 if and only if the normal
form of the system (8) up to order 2m is z = iz+Y 5, a;2(22)7, with am, # 0.

Proof. It is known if [X, U] = 0, then [®,X, ®,U] = 0, where ® is a dipheo-
morfism and ¢, X, ®,U are the transformed vector fields of X, U, respectively.
Besides, if JY[X,U] =0, then J"[®,X,®,U] = 0, where JV X represents the
Taylor’s N-jet of the vector field X.

1) Let’s X(2,2) = ®,X(2,2) = iz + 4,212 + O(|2, 2*™*3) a normal form
of vector field X. From the structure of the homological operator L,,, m > 2,
the change of variables can be chosen of the form ®(z2) = z(1 + ¥(z, 2)), i.e.,
it is radial change.

Since [X, 2] = O(|z, 2|*™*1), then [®7' X, ®712] = O(|z, 2/*™1) and U(z, 2) =
'z is a radial type, i.e., U(z, 2) = zK(z,2) with K = K.

2) Let's X(2,2) = ®,X(2,2) = iz + X0, a;27 "1 + O(|z, 2[*™*3) a normal
form of the vector field X. By hyphotesis, we have [X,U] = O(]z, z]*™*!),
that is, [®,X, ®,U] = O(|z, 2|*™*") with U = ®,U = 2K(z,%), K = K and
K(0,0) = 1. Therefore, ay,as,---,am_1 = 0, since J'[X,U] =0, J}X,U] =
0,--,J*[X,U]=0. m

From Lemma 3, we know that the terms of even degree of the commuta-
tor are not uniquely determined, that is, if K3 is a particular solution of
Lo (Kop) = Py, then K+ v2z™Z™ also it is, being v any real parameter.
With the following result, we can consider the above mentioned null coeffi-
cients.

Lemma 6 Let the fields (3) and (4) be, such that [X,U] = O(|z, z|*"1),
where Ky = K3; + v;27Z, and let Cond;, be the value which comes from to
substitute v1 = 2 = ... = Ym—1 = 0 in Cond,,. Then, Cond,, = Cond,.

Proof. By hypothesis, Cond, = Condy, = ... = Cond,,_y = 0, and from
Theorem 5, we know that the coefficients of radial component of the normal
form of the system (3), aq, ..., an_1, are nulls. Cond,, comes given by

Cond,, = Cond;,, +v1.fi +vofo+ -+ Ym-1fm—1,

with Cond}, which does not depend of 7, ..., ym—1, and where fi, ..., fr—1
are polynomials in the coefficients of H.



We now see that these polynomials are nulls.

Suppose a,, # 0, if some f; was not null, taking v; = —%Condﬁn, v =
0,Vj # i, we arrive at Cond,, = 0 which contradicts to Theorem 5. Hence,
fi=0,i=1..m—1,so that Cond,, = Cond,.

Conversely, if a,,, = 0, and if there existed an f; not null, we can take 7; such
that C'ond,,, was non zero, therefore, we again arrive at a contradiction. m

3 Recursive algorithm

We already present a recursive algorithm that allows to compute the conditions
of compatibility that arise for the existence of the commutator, in function of
the coefficients of the system.

To apply the algorithm, before we must fix the corrange of Ls,,. For simplicity
in the operations, we have chosen Cor(Lsy,,) = Ker(Lapy).

We assume that know the first ones 2m — 2 components homogeneous of the
commutator K, which, obviously, satisfy the m — 1 first conditions that are
mentioned in Theorem 4 .

The algorithm consists of two steps:

Step 1.- Computation of odd component, Ks,,_;.

From Lemma 3, this component is determined for the term that appears in
the right-hand side of (6), i.e., for the homogeneous polynomials of H and K
of low degree to 2m — 2. In fact, we have,

Lemma 7 Let Py, 1(2,2) = ;-”:_01 a; 27 2217+ G22I 20 e, The equa-
tion Lom—1(Kom—1) = Pam_1 has unique solution and it is given by

—1 _
Kom-1 = — mZ U gpmeit o W jpemeilg
" —om—2j—1 2m — 25 — 1

Step 2.- Compatibility’s condition and computation of the even term, Ks,,.

Let Py, (z,Z) be, a homogeneous polynomial of degree 2m. It will exists a
homogeneous polynomial Koy, (z, Z) verifying Lo, (Ksy,) = Poy, if and only if
Py, i8 in Loy, (Hay,). That s,

PTOyCorLszQm = PTOyKerLsz2m = {0}

We now give a explicit form of the compatibility’s condition and the value of
K5, which it is obtained by straightforward computation.

Lemma 8 Let Py (2,72) = Xy a;2/ 2™ 7 +a;2°" 727 be.
Then, Proycor Ly, Pom = 0 if and only if a,, =0, i.e., Cond,, = ay,.



Lemma 9 Let Pyy(2,2) = Pyn(2,2) = X7 a;272°™ 7 + a;2°™ 770 be. The
equation Lopy (Kam) = Pom has solution and comes given by
m—1

Qi ) .
K = — _ " s dz2m—5 _ ]
2m ;) om — 25~ 2m — 2

U j2m=izi 4oy (22)™,

For the real case, we can write the Lemmas 7, 8 y 9 of the following way.

Lemma 10 Let Pop i1 (%, y) = S7hg m @™ T y> by, j2* 1 y*+ be. The
unique solution of the equation LgI,Z)H(KZmH) = Poni1 (where Lgﬁ?H denotes
the map Lopyy in the real case) is Kopr (z,y) = X570 aya®™ 11yl with a;

verifying

( (
Qom41 — bm,m Qo = —Gmpo
{ P b ,j+(25+2) 43 o — —m,j+(2m—2j42)az; o
2j+1 = om—2j+1 25 — 2j+1
{ j=m-—1,---,0. \ Jj=1---,m.
Lemma 11 Let Py (2,y) = X7 @m @™ y* + by jx*™ =2~ y>* be. The

equation Lgf;?(sz) = Py, (where LYY denotes the map Loy, in the real case)
has solution if and only if

(25— DN(2m — 25 — )N
g(j )(27(71—1)!!] )am,m—jZO.

Am,m + Am,0 +
j
In this case, it comes given by Kop(x,y) = 357 B;a*™ Tyl with B; verifying

( (

Bl - —Qm,0 BQm = Ym

Bairg = _ Gm,i—(2m—2j+1)Baj 1 A C— bmm o +(2m—2j+2)Bom 2j 42
2j+1 2j+1 2m—2j 2

]:laam_]- ]:1,,m

4 Applications
The described procedure allows an easy proof of the following well-known
result.

Theorem 12 The reversible analytic vector fields with constant angular speed
are centers.



Proof. A vector field is called reversible if it has a symmetric phase portrait
respect to a straight line which passes through the origin, inverting the time.
Up to a linear change, we can assume that above mentioned straight line is
the y-axis, in this case, the reversible systems (3) respect to this straight line
are those which verify H(x,—y) = —H(z,y). In complex coordinates, this
condition over H is equivalent to say that the coefficients of the monomials of
H are imaginary.

Applying the recursive algorithm (Lemmas 7 and 9), we see that the coef-
ficients of the monomials of K are real. Therefore, Hy,, and K;H,,, ; with
j =1, ..., 2m — 1 have only imaginary coefficients, and since this expression
is real, we deduce that the coefficient of 2z™ is zero, that is, for each m > 1,
the proyection over Ker Loy, is null, therefore, Theorem 4 holds. =

We next present the following family of centers.

Theorem 13 Th~e systems 2 = iz + 2 3,>1 Hpm with Hypy = %Lm(ﬁm)ﬁfnfl,
being Bm(z,2) € Hpm and a, any real number, have a center at the origin.

Proof. The proof consists of proving that the system commutes with (4),
being K = 1+ Y ,-; K,,, with K,,, = —a,3],, That is, we show that the
equations (6) hold.

We see that first component K, verifies L,,(K,,) =< 1, H,, > . So,

Lm(Km) — Lm(_alﬁm) = _ale(ﬁm) = _mHm

We see that for r > 1, (6) also holds.
On the one hand, using the fact that L(M") = hM"~'L(M), with h natural
and M homogeneous polynomial in z, Z, the left-hand side of (6) becomes,

er(Krm) - er(_arﬁzl) = _Tarﬁz;le(ﬁm)-

On the other hand, given j > 0 and [ > 1, with j + = r, we have
(= 3)mEKjmHym = —( — j)majalﬁgn%l/m(ﬁm)ﬁir?l

= (] — l)ajalﬁﬁl_lllm(ﬁm)a

therefore, the right-hand side of (6) turns out

r—1
—%a,ﬁf;le(ﬁm) + B L (Bm) Z(r —2h)apa,_p = =10, B3 Ly(Br). ®
h—1

Remarks.- The considered systems in Theorem 13, in Cartesian coordinates,
can be written as

T = —y+$zr21 Hrm(xay)a (7)

y= 1w+ erZI Hypn(z,9),



where Hyp = % (y0yfm — 20y Bm) By

If the system is polynomial, then the commutator is polynomial, and both have
the same degree. In [3] is proved that they are the only ones with constant
angular speed which have polynomial commutator with non-null linear part.
Also, is characterized the case of that the commutator has null linear part.
There are reversible fields which cannot be expressed in the form (7), for
instance,

i = —y+ ax? + b,

Y = x+ axy + bady,

Besides, there are non reversible systems of the family (7), even not homoge-
neous, for instance,

T = -y + .’L'Hg + l‘HgKg,
y=x+yH;+yH3K;,

with Hy = 22% — 622y + 22y + 2y and K3 = 22° + 62%y — 62y + 693, Its
commutator is
U=ux+uxzK;+ K3,

V =y+yKs;+yK3:.

We next see that the fields of this family contain all the polynomial systems
(3) with centers that we know, except the reversible systems.

(1) The homogeneous systems (3), ¢ =iz + zH,,, studied by Conti [6].

If m is odd, Lm(’]:Lm) = H,,, therefore it is isochronous, since always exists
B € Hp, such that Lw(Bm) = Hy,. Thus, it is a particular case of the
mentioned family. If m is even, the first condition different from zero is
Cond,, = Proygerr,,(—mH,,), i. e., we must impose that H,, € Lm(’zqm),
and we again see that exists f3,, such that L,,(8,) = Hp, thus, it is a
subfamily of the above theorem.

(2) When m = 1 and f; = y, we obtain the fields of the form (—y +
?0(y), © + zyo(y))" with o(y) polynomial in y, that were studied in
[12].

(3) In [12] is proved that if H and K are conjugate harmonic and H?(z,y) +
K?(z,y) is a function of 2 + y?, then the systems (3) and (4) commute.
We know that they are of this family, since are polynomial systems (3)
with polynomial commutator, being H = H,,, = % (0,5 — v0,,,) and
K = —ap,,, with [, homogeneous polynomial of degree m, satisfying
(02Bm)? + (0yBm)* = Pn(a* +v?), H, = —K,, H, = K,, being P,, any
homogeneous polynomial of degree m.

Centers of the family H = H, + H,,.
Next let characterize the systems (3) with H = H; + H,,, being H; and H,,
not null, which have commutator.

10



Since H; # 0, making a rotation and a rescaling on the state variables into
the field, we can assume, without loss of generality, H; = iz — iZ.

The first ones terms of a commutator (4) of (3) with K =1+ 3,5, K; come
given by:

As Ll(Kl) = —Hl, then K1 =z+ 2z

As L.(K,) =0, 2<r <m—1, from Lemma 6, we can suppose that K, = 0.
K,, satisfies the equation L,,(K,,) = —mH,,.

Ky verifies Ly, (Kpy1) = (1 = m) (K H,, — K, Hy).

Each term K, with m + 2 < r < 2m, must satisfy the equation

Lo (K,) = (r — 2)(iz — i) K,_,.

Evidently, these equations relate the coefficients of the consecutive terms of
the commutator. Next we mention some properties.

Lemma 14 Let K, = 37, q}"zjé”*j be, with r > 1, the homogeneous part
of K of degree r of a commutator of the form (4) of the system (3), with
H=H, + H,, HH, #0. Then,

(1) Forl such that m +1 <20 <2m — 2,

2041 __ 20-1 2]
dp - 2[+1qo )

2A+1 _ -1 (2 2 .
G =@ —ay), 1<) <.

(2) Forl such that m +2 < 21 < 2m, Cond; = —4(1 — 1)Im ¢*' "
If Cond; = 0,

20 _ 202 21-1
G = 51 9o >

9 o - ;
QJQ'Z = 2211—22]‘ (%2411 - qJZ' D, 1< j<i-1L

From Lemma 6, we can take ¢ = 0.
(3) Forl such that m +2 < 20 < 2m,

4
2A+1 _ (2-1)(2A-2) 21

O = e B
gt = —1a g

241 (21-1)(21-2) 1 21 1 1\ 20-1 1 201
% 9% = o211 221292 (2l—2j+2 + 2l—2j)qj—1 + 57545

\ Gt = 20— 1D - D) (g7 - 7Y,

11

], (10)



Lemma 15 Let K, = 37, q}"zj,%r*j be, with r > 1, the homogeneous part
of K of degree r of a commutator of the form (/) of the system (3), with
H=H +H,, HH,#0 and m =2n (or m=2n—1).

If Condpyy = ... = Condpy; =0, with1 <j<n-—1(orl<j<n-—2),
then
2n+25 —1
Condp i1 = —4(n + j) / Img;" %!
2)

Proof. Using (8), (9) and (10) it is easy to verify that:
Cond, 1 = 0 arrives at Im ¢2"™' = 0,

Cond,, 1o = 0 implies that I'm qzﬁ:ﬁ = Im @+ = Im q2n+1 —0,
Cond,y3 = 0 implies that Im ¢2"%® = Im¢?"{* = Im @3 = Im¢2"3? =
Im q2n+1 — 0

and, finally,

Cond,,+; = 0 arrives at Im qn(f]ﬂl D — qn(”” D .. Im qifjr_}rl —0.

By (9), we deduce that Cond, ;1 = —4(n + j)Im qfﬁ:fﬁl. Using (10), we
have

2n+2j+1 _ (2n425—1)(2n+2j—2) n+2j—1
Im An+tj = B Im nj—2
_ (2n42j-1)(2n+2j-2)2n+2j-3)(2n42j—4) 1, 2n+2j -3
= 2.3.4 L

2n+2j5 -1
= / Imqi”}“l. [

2j

Theorem 16 Let the field (3) be with H = Hy, + H,, and H\H,, # 0, where
m =2n (orm =2n—1).
Then,

(1) (8) is center if and only if it is reversible, that is, up to rotation and a scal-
ing, the system (3) comes given by & = —iz+z(iz—iZ)+iz )= bjz 2" —
b 2™ Z1 | with b real coefficients.

(2) The mazimum order of a fine focus of the system z = —iz + z(iz —iz) +
zzgzg)(aj +ib;)27 2" + (a; — ibj)2™ Iz with a;, b; any real numbers
s [5] + 1. Besides, it is of order ['F] + 1 if and only if a;_ia; < 0, with
|aj| << |aj—1|7 J=1 .. [%]

Proof. Given P,, € H,,, from now on, we will denote by PZ and PF the ho-

mogeneous polynomials such that P, = PL + P with Pt =7 akzkzm k.

We have seen that applying a rotation and a rescahng, we can assume H; =

iz—1Z, Ky =z+ZzZand K; =0, 2<7<m~— 1.

12



We distinguish two cases, according to the parities of m:

(1)

Let m = 2n. The term K, must be particular solution of Ly, (Ks,) =
—2nHy,. Thus, it must verify that Proygerr,, Hon = 0. From Lemma 8
it follows that Hs, does not have the monomial 2"z".

Let Hy, be with H}, (2, 2) = 307 h;z/2*"~7 applying Lemma 9 turn out
Ky, = Y0- o g 2th 2z

The term Ky, is solution of the equation

L2n+1(K2n+1) (1—271)(K1H2n K2nH1)

and from Lemma 7 we deduce that

L _ _xwm-l_2n-1 - (2n—j+1y J Jz2n—j+1
Ko = j=1 2n—2541° ( n—j+1 hj—1 + 7th 2z

—(2n —1)(n + 1)ih, 4 2"z" 1.

From Lemma 15, we obtain that the vanishing of Cond,, 1, Cond,, 12, ...,
Conds, leads to that the coefficients of Ks,,; must be real, that is, the
coefficients of H,, must be imaginaries, thus, the system is reversible.
We now suppose m = 2n — 1 and let Hy, ; be with HZ 1(2,2) =
Z?;(} hjzz*"=J from Lemma 7, KL | = nol _2n-l ih;ziZ2n =71,

J=0 2n—25-1
We now consider the equation

L2n(K2n) = —2(n - 1)(K1H2n—1 - KZn—lHl)-

It has solution if Proyxerr,, (K1Hgp 1—Ks, 1H;) = 0, thus, from Lemma
8, it is clear that h, | + h, 1 = 0, so that h,,_ 1 is an imaginary number.

By Lemma 9, we have Kzn =KL + K{% + Y 2"2", with
L _ 12 —j—1 j
Kzn o ? 1 27? 27 ( gn —j h’ 2n—]—1h]) ZZ]ZZ“ ]

moreover, we can take v, = 0.

Notice that if Im¢? = 0, then, by (8) Img¢"™ = (2n — 1)Im¢*",
Moreover, from the expression of Ky, also is deduced that if Im ¢*" =
Img", = .. = Imqu-” =0, with 1 < 757 < n—1, then Reh,_; =
Reh,_o = ... = Reh;_ = 0, therefore, the coefficients must be imagi-
nary, and in consequence, the system must be reversible.

We see the second part.
If m = 2n, of the expression of Ky,.; and by (8), we have

i1 __(2n—1)(n+j+1)

; - thy, i1, 1<7<n-1,
In= 2+ 1) +1) i /

hence,

Condpijy1 =

22n—1)(n+j+1) [ 2n+2y
j+1 2j +1

R€hn_j_1, 1 S] S n— 1.

13



And if m = 2n — 1, from the expression of Kj,, we have

(2n —2)(3n + j)

ZTL . .
. —= - - Zhni i— 2 1 S S n — 2
N 7 R R R
thus,
42n —1)(3 ' Nn—1) [ 2n+25 -1
Condy sy — 21 = D(En 4 o+ )~ 1) ) pen
G+1)@2n—-2j+1)(n+j+1) 2j
with 1 < j < n — 2. Therefore, if ag, ..., az) satisty a;1a; < 0 with
laj| << |aj_1| for j =1, ..., [%], the numbers Cond,,,; with j =0, ..., [F]

are a Sturm’s sequence, thus we have a system with [] 4 1 limit cycles. =

Centers of the family H = Hy, + Ho,.

We now characterize the systems (3), with H = Hy + Hy, and HyH,, # 0,
which have commutator.

Applying a rotation and a scaling into the field, we can assume that Hy =
—iz% + 472,

The first terms of a commutator (4) of (3) with K =1+ 3,5, K; are:

As Li(K;) = 0, we have K7 = 0. In general, the terms of odd degree of a com-
mutator are null, since are solution of Lo, (K1) = 0 and applying Lemma
7 we deduce that Ky, = 0.

Ky = —2% — 7% comes from Lo(Ky) = —2H,.

By Lo (Ky) =0, 2<r <n-—1 (from Lemma 6, we can suppose null param-
eters) we can assume Ky, =0, 2 <r <n— 1.

Ky, is solution of Lo, (Ky,) = —2nHy,.

K2n+2 must be solution of L2n+2(K2n+2) = 2(]_ — n) (KQHQn — KQnHQ).

Each term Ky, o, with n+1 < r < 2n — 1, satisfies

L2r+2(K2r+2) = —2(’[“ — 1)(22’2 — iZQ)KZT.

Evidently, these equations relate the coefficients of the consecutive terms of
the commutator. We arrive at the following result, which proof we omitted for
being analogous to that of Lemma 15.

Lemma 17 Let Kopiy = Y7787 3" 227221270 be, the homogeneous part of
K of orden 2n + 2 of a commutator of the form (4) of the system (3), with
H = Hy + Hy,, HyHs, # 0.

Then, if Condpy1 = ... = Cond,y; =0, with 1 < j <n —1, it follows that
, _ n+j—2 .
Condyiji1 =4(=1)Y(n+j—1) - Im ;™3
j J—

14



Using similar arguments that in the proof of Theorem 16, we obtain the fol-
lowing result.

Theorem 18 Let field (3) be, with H = Hy + Hs, with HyHs, # 0. Then,

(1) (8) is center if and only if it is reversible, That is, up to a rotation

and scaling, the system (3) comes given by 2 = —iz +iz(—2* + 2%) +
12 3570 b2 22 — bz 2 with by real coefficients.
(2) The mazimum order of a fine focus of the system z = —iz + iz(—2> +

2%)+2 20 g(a;+1ib;) 27 22" 4 (a; —ib;)2*" 2, with a;, b; real constants
is n + 1. Moreover, it is of orden n + 1 if and only if aj_1a; > 0, with
|Clj,1| << |Clj|, j=1, ..., n.

Remark. The Lemmas 15 and 17 give necessary conditions that guarantee us
the existence of the commutator of the families (3) with H = H,+H,, and H =
Hy,+ H,,, respectively. In both cases, it arrives at the vanishing, term to term,
of the real coefficients of the expression of H,, and Hs,, respectively, and it
implies that the centers are the reversible systems. In the case of the family (3)
with H = Hy+ Hy, 11, with Hy = —i2% 4172, the first ones conditions non null
are Condy, 9, Condopysz, ..., Condy,. o, which correspond to the conditions
of compatibility of the equations L(Kyn14) = —2Koni3Hont1, L(Kynie) =
_4K2n+5H2n+1; . L(K8n+4) = —(4n+2)K6n+3H2n+1, being K2n+17 . K6n+3;
the solutions of the functional equations

L(Koni1) = —(2n+ 1)Hypy,

L(Kany3) = (2n — 1)(KaHapy1 — Kopy1 Ha),

L(Kopior1) = 3 —=2(n + 1) Komyny-1Hz, 1 =2, ..., 2n+1,
respectively. The main difference with the cases H = H; + H,, and H =

H,+ H,, is that these conditions are not a linear expression of the coefficients
h;j = Aj+1iB; of Hop 1. In this case, they are bilinears expressions of the form

n n

Z(ZAT:l(j)AZ)Bj :0, T:2Tl+2, ceey 4TL—|—2,

j=1 I=1

with A, ;(j) real. We have analyzed, the subfamilies H = Hy + Hy, ., for
n = 1,2, 3 and we have obtained that the only centers are the reversible ones.

Centers of the quartic systems.
Next we derive the quartic systems (3), that is, H(z,2) = Hy(z,z)+ Ha(z,z)+
H;(z,z), with H3(z, z) # 0, with at least one nonlinearity besides Hs.

Theorem 19 Let (3) be with H = Hy + Hy + H3, H3 # 0 and H? + H3 # 0.
Then, (3) is center if and only if it is reversible.
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Proof. The proof is assisted by an algebraic computer, continuing the recur-
sive algorithm described in the above section.
The nonhomogeneous quartic systems (3) take the form

=iz + 2[Az + Az + B2> 4+ 2(by + b3)2z + B> + C23 + D2?2 + Dz7* + C2°),

being A = %(al—iag), B = i(b1+b3—ib2), C = é(dl—idQ) and D = %(d3—id4),
where aq, as, by, by, b3, dy, do, d3, dy are real constants with ajasbbob3 # 0, and
dydodsdy # 0. Next we compute necessary conditions in order to the existence
of a commutator of the system, i.e. we will vanish the compatibility conditions
Cond;. The first one is C'ond; = by — bg = 0, that is by = bs.

If Hi = 0 and H, is different from zero, it is easily seen that, making a ro-
tation, we can take, without loss of generality, Hy = —byi/4(z* — z?), with
by # 0.

In this case, the first three conditions of compatibility are nulls. If the coeffi-
cient d4 = 0, the fourth one turns out Cond, = dad3zby = 0. Thus, it must be
vanished d3 or ds. In both cases, by means of a rotation, we can transform it
into a field (3) reversible and from Theorem 12 we know that it is center.

If dy # 0, in having imposed Cond, = 0, it turns out d; = ,13(3(2& and the
fifth condition becomes Conds = d3b3(—2dy + 3d4) = 0. If d3 = 0, we obtain
again a reversible system, and if d3 # 0, we must impose that dy = §d4. In
this case, the sixth one condition is not null, therefore the system does not
has a center.

Finally, if H; is not null, by means of a rotation we can do ay = 0 and
with a homotecia can take a; = 1. The second condition of compatibility is
Condy = dy — b3 = 0, that is dy = bs. Substituting, the third condition be-
comes C’ond3 = 2b3 + 2d2 + 2b3d1 + bgbg + bgdg = 0.

Let us suppose that bs = 0, in this case, Condz = dy(by+2) = 0, hence, dy = 0
or by = —2. In the first one, dy = 0, we obtain that H has its real coefficients,
thus, it is center.

In second case, by = —2, we have Condy = dy(—35+4d3) = 0, that is, d3 = %
and now we have Conds = dy = 0, i.e. it corresponds to the case ds = 0.

We suppose now b3 # 0. Let’s notice that this condition implies that the sys-
tem is not reversible.

Then, we have d; = 2dsbatbabo d2b2+2b3 2d>  The condition Cond, becomes
Condy = Curvey(ds, by, b3)bs + OUTUGZ(dg, bg, bs)dy = 0, being

OU’I“UGI (dg, bg, bg) =90 — ng + 52d3 + 24b2 + 26d3b2 + 7[); — 26[)%,
C’urveg(dg, bg, bg) =—-90 — 24b2 + 8d3 - 28[)% - 7()3

We distinguish the following situations separately:

L.- If Curvey(ds, by, b3) = 0, in order to vanish Cond,, must verify that
Curve; (ds, by, b3) = 0. The resultant of the curves Curve; = 0 and Curvey =
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IT.-

0 with respect to bz is 403 (by, d3), with
Q) = 18962 + 648by + 364dsby + 6245 + 2430 — 2842, (11)

By means of the afine change of coefficients

1 1
b d 1
2 = Tog (76 + 1 = 336), dy = 555 (1896 — 1),
turns out (&, n) = 7&n+ 13122 = 0. Since i # 0, we have that £ = 1317722
The vanlshlng of C'onds, Cond6 and Cond; come given by the vanishing of

ls = lg = le - and 7 = b2 s, being [f, [§ and [3 polynomial expres-

b3 band’
sions tﬁat come given in function of n, ds and bs. The resultant of [} and
Curves, l§ and Curvey and 3 and C'urve, with respect to b3 are, respec-
tively, n'2r5(n, d2),  1n**r¢(n,ds), n*'rs(n,ds). In turn, the resultant of r;
and rg, and r5 and r; with respect to n are, respectively, polynomial expres-
sions of the form d3°rsq(dy) and d3°rs;(ds). Last on, the resultant of this
with respect to dy is a number different from zero, therefore, we conclude
that it can not be a center.

If Curvey # 0, in having imposed C'ondy = 0, turns out

b3 (b3 + 90 + 22d3 + Tb2 + 24by — d3 + 13d3by)

dy = —
2 (90 — 8ds + 28b% + 7b2 + 24b,)

Similarly to that we did in the previous paragraphs we obtain that in order
that C'onds, Condg, Cond; and Condg are nulls, there must be vanished
the polynomials [Z, [§, [ and [, which appear in the numerator of I5, lg, I7
and [g, respectively. The resultant of [} and [§, [} and [; and [} and [§ with
respect to b3 are, respectively:

Rl(lga léa b3) = d§9%2(52, d3)Q§(b2, d3)>\%(b2, d3),
Ry (13,15, bs) = d301% (bz, ds) 23 (b, d3) A5 (ba, ds),
Rg (l;, l;, bg) - déQ}G (bg, dg)Q;l(bg, d3))\§(b2, dg)
being )y = 2by + 4d3 — 31 and 2 the above expression gives in (11).

Therefore in order to vanish the resultants we have four options:
- IL.a) If d3 = 0, the coefficients [}, [§ and I3 come given by

I3 = b3F (b, bs), lg = 03G1(ba, bs), 13 = b3H(by, bs),

and the resultants are

(1]

R(Fy, Gy, by) = bl0(16% + 1225)=, (bs),
R(Fl, Hl, bg) - bé0(16b§ + 1225)F1(b3)
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- IL.c) If Q5 = 0, we have d3 =

Since by # 0, the first and second factors of the above resultants cannot
be vanished. Moreover, = (b3) and T';(b3) are not vanished simultaneously,
so its resultant with respect to bs is a constant differently from zero.

- ILb) If ©; = 0, making the same change of coefficients that in the para-

graph [ and similarity coming, we deduce that l5, ls and [; cannot be
vanished simultaneous.

(31 — 2b9) and, in this case, we obtain
and I3 = by Hy(by, b3), and the resultants

~—

l5 = b3 Fy(ba, b3), l5 = b3Ga(ba, b
are
R(Fy, Hy, by) = b3 (1486873b2 + 442225)2Ty(bs),

And since the resultant of Z5(b3) and T's(b3) with respect to bz is a not
null constant, we come to that cannot be vanished simultaneously.

- II.d) Finally, the resultant of A (b, ds) and Ay(by, d3) and it of A; (b, d3)

and A3(be, d3) with respect to by are polynomials in d3, and the resultant
of both polynomials is a constant differently from zero. Therefore, \;, A
and A3 do not have common real roots. =

In Algaba et al. [2] is studied the case H = H, + Hy + Hs + H, with H? +
HZ + H? # 0 and H, # 0, resulting that all this centers are reversibles.
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