Isochronﬁnnscenterszﬂld_ﬁaci\daJcornInutaﬁorszmnd
normal forms.

A. ALGABA, M. REYES.
Departamento de Matematicas.
Facultad Ciencias Experimentales. Universidad de Huelva.

Version: 12 September, 2006
Consider the two-dimensional autonomous systems of differential equations
t=-y+Air+Pz,y), g=z+ly+Qy),

where A is a real constant and P and @ are C*°-functions of order greater or equal than
two. These systems have either a center or a focus at the origin, so-called center-focus type
systems. In this work, we give necessary and sufficient conditions of isochronicity using
normal forms. We characterize the systems which have either an isochronous center or an
isochronous focus at the origin by means of the existence of a commutator of the field.
Moreover, we prove that the maximum order of a weak isochronous focus for quadratic
systems is two, and for systems with cubic non linearities is three.

Centers, focus, isochronous, isochronous sections, commutator.

1. INTRODUCTION AND MAIN RESULTS.
Let us consider an autonomous differential equations system
i=-y+tA+Py), y=z++Qzy), (1.1)

where A € R and P and @ are C*-functions of order greater or equal than two.
And we denote by X the vector field (—y + Az + P,z + Ay + Q)*.

The origin O is a isolated singular point of the system (1.1). In general, the
origin is said to be center of (1.1) if it has a punctured neighborhood filled of
periodic orbits and it is focus if exists a neighborhood where all the orbits are
spirals in forward or backward time.

If A # 0, O is a strong focus of (1.1). In otherwise, O can be either a center or a
weak focus. The problem of determining whether O is an isochronous center (all the
closed orbit neighboring O has the same period) or not, has been studied by several
authors. However, it is far from being completely solved, even for specific families
of vector fields (see [3] and the bibliography therein). Algaba et al. [2] proved that
if there exists an analytic vector field W with linear part (z,y)! commuting with
the analytic vector field X for A = 0 ([X', W] = 0), then the origin of (1.1) is an
isochronous center. Sabatini [15] proved the same result assuming that (1.1) has a
center at the origin.

We do now the following considerations in order to understand the concept of
isochronous focus. The C*°-system (1.1) in polar coordinates has the form

= f(r,0), 60=g(r0)



with g(r,0) = 1 + 1(cos8Q(r cos 8, rsin6) — sinfP(r cos,rsinf)), that is, g(r,6)
takes the expression g(r,0) =1+ > .o, r'g;(0) + G(r,0), where G is a C*°-function
in a neighborhood of » = 0 and flat in r = 0. Giné and Grau [10] define O as an
isochronous point of (1.1) if X can be transformed by means of an analytic change
of variables ¢ such that ¢(O) = O and D¢(O) = I, in a system with g(r,0) = g(0).
This fact implies that g;(6) = 0, for any ¢ > 1 and for every 6 € [0,27). In such a
case, the return time T of the orbits of (1.1) on every ray of the origin is constant;
concretely, T is equal to 2. This lead us to the following definition which is less
restrictive that it given in [10], since we don’t require the analyticity of the change
of variables. We denote as ¢, and ¢* the push-forward and pull-back defined by
the C*°-diffeomorphism ¢, respectively (see [13]).

DEFINITION 1.1. The origin of (1.1) is said to be isochronous center-focus if
there exists a C*-diffeomorphism ¢ with $(O) = O and Dp(O) = I such that ¢ X
takes the form (—y,z)t + (z,y) H(x,y) where H is a scalar C*°-function, that is,
X is C*>-conjugated to (—y,x)! + (z,y) H(x,y).

Let us note that if O is a focus, in general, this transformation ¢ is not convergent
(see [5, 20]). There are analytic vector fields whose O is a isochronous focus,
according to Definition 1.1, but these ones don’t verify the definition given by Giné
and Grau [10].

Giné [9] shows several families of isochronous focus of (1.1). In the analytic
case, Giné and Grau [10] characterize the isochronous focus by the existence of
an analytic vector field Y = (z,y)" + O(2) verifying [X,)] = pY with p(0) =0
or equivalently by the existence of analytic isochronous sections, that is, a curve
that meets all the orbits of (1.1) contained in a neighborhood of O, such that it
is crossed at equal minimal time intervals by the orbits encircling O. Sabatini [16]
studies the existence of isochronous sections of critical points of focus type, He
proves that if (1.1) has a commutator YW with linear part (z,y)* then every orbit
of (#,79)" = W(x,y) is an isochronous section of (1.1).

The normal form of (1.1) provides other method to the problems of center,
isochronous center and isochronous focus. It is known, see [1], that there exists a
C°°-change of coordinates which brings C*°-system (1.1) with A = 0 to the normal
form

()= (2w owa (2 9

i>1

where F' is a C*>°-function in a neighborhood of O and flat in O. The constant asg41
is called the k-th radial coefficient and Sag+1 the k-th azimuthal coefficient of (1.1).
It is known that if (1.1) is analytic and their radial coefficients are zero then O is
a center (in fact, there exists a convergent normalizing transformation, see [5]). If
Qo1 1s the first one non zero, that is ag = ... = ag,—1 = 0, ag,41 # 0, O is a weak
focus of order r (but, in this case, it is not guaranteed the existence of a convergent
normalizing transformation).

In this work, we prove that if all the azimuthal coefficients of (1.1) are zero, then
the azimuthal component of F' is null, that is, O is an isochronous center-focus.

We want to point out that, as far as we know, the results obtained are not
effective in order to compute families of isochronous center-focus. For this reason,
one of our objectives is to give a method which allows us to detect systems with



this property.

Our contribution to these problems of isochronicity are the following results.

THEOREM 1.2. The origin is an isochronous center-focus of (1.1) if and only if
there exists a C*-vector field Y of the form Y = (x,y)t + O(2) such that [X,Y] =
Y, where p is a scalar C*®-function with p(0O) = 0.

With Theorem 1.2 we extend the one given by Giné and Grau [10] (analytic
case) to the case where X' is C*°-vector field, that is we characterize the C*°-system
(1.1) with a isochronous center-focus at the origin by means of the existence of a
C°°-vector field normalized by X. This result isn’t effective computationally since
it is a problem strongly nonlinear with numerous variables. But, in the particular
case of isochronous center, the problem is reduced to finding a commutator of the
form (z,y)t + O(2).

The following theorem is a generalization of the result of Sabatini [15] and
Algaba et al. [2] (case j = 0). Examples 2.1, 2.2 and 2.3, in the second section,
show the usefulness of this result.

THEOREM 1.3. The following properties holds:
(i) If O is an isochronous center of (1.1) then there exists W commuting with X of
the form W = (22 + y2)7 (z,y)* + O(2j + 2) for any integer j > 0.
(ii) If there exists an integer j > 0 such that W = (22 + y?)7(z,y)" + O(2j + 2)
commutes with X and aoji1 = 0, where ag;11 15 the radial coefficient of order j of
a normal form of (1.1), then O is an isochronous center of (1.1).

The following result characterizes the weak isochronous focus of order j. Let us
note that only is necessary the existence of a commutator only up to order 45 + 1.

THEOREM 1.4. Let j > 0 integer and we assume that O is a weak focus of order
j for X. The following statements are equivalent:
(i) The origin is a weak isochronous focus of order j for X,
(ii) there exists W = (22 + y?)I (z,y)t + O(2j + 2) such that JYTHX, W] = 0.

A strong focus is a focus of order zero. Taking W = (x,4)'+0(2), as JH[X, W] =
0, from Theorem 1.4, we have the following result:

COROLLARY 1.5. Every strong focus is an isochronous focus.
Also, from Theorems 1.3 and 1.4, it easily has

COROLLARY 1.6. X has a commutator of the form (z,y)t + O(2) if and only if
either X # 0 or the system (1.1) has an isochronous center at O.

The following theorem is a new characterization of isochronous center-focus. It
completes the results of Giné and Grau [10] and Sabatini [16].

THEOREM 1.7. The origin is an isochronous center-focus of (1.1) if and only
if there exists j > 0 integer and W = (z2 + y?)(z,y)" + O(25 + 2) such that
[X, W] =0.

Moreover, if the origin is a focus for X, the normal form of X determines univocally

to W.

The remainder of the paper is organized as follows. In the second section, we cite
several examples and we also determine the maximum order of a weak isochronous
focus for quadratic systems and systems with cubic nonlinearities (in both cases,
there are higher order weak foci than weak isochronous foci). In the last section,
we proof the theorems.



2. SEVERAL EXAMPLES AND APPLICATIONS
First on, as application of Theorem 1.3, we show several families which have a
commutator with null linear part.

EXAMPLE 2.1. We consider the system
& = —y +a(azx + by) (be — ay)(1 - (z* +y*)?), 2.3)
=z +ylaz + by)(br — ay)(1 — (2 +4?)?), a,b € R, '

which is included in the family (z,9)" = (—y,z)' + (z,y) H(z,y). The system (2.3)
holds ag = 0 and it commutes with W = (22 + y?)(1 — (2 + y*)?)(z, y)*. From
Theorem 1.3, the origin of (2.8) is an isochronous center.

Let us note that this system has no polynomial commutator with non null linear part
(see [3]). Therefore, the problem of finding or to be able to guarantee the existence of
an analytic or C* -commutator with non null linear part, without applying Theorem
1.8, is a problem really difficult.

EXAMPLE 2.2. The system
4 4

. 40 4 . 20 28
T =—-Yy— §.T — §$2y2 + §y4, y=x+ 39039 - ?‘ryga (24)

has been studied by Chavarriga et al. [6]. The authors proved that (2.4) commutes
with )
W = (a® +y*)U (2,) 75 (2(3 — 16°), (3 + 122°y — 4y%))",

where U(x,y) = 9+ 242y + 16xty? — 2493 + 322%y* + 162°. As a3 = 0, from
Theorem 1.8, the origin of (2.4) is an isochronous center.

EXAMPLE 2.3. We consider the quintic polynomial system
b= —y+y(—at =4y +yh),  g=a 420’ - ). (2.5)
In [7], the authors prove that
W = (2® + ) (e(1 — 2®y® = 5y"), y(1 + 32°y* — y))*

commutes with (2.5). As az = 0, from Theorem 1.8 it follows that the origin of
(2.5) is an isochronous center.

Theorem 1.4 provides a effective method for obtaining the isochronous focus of
a family of systems.

EXAMPLE 2.4. Let us consider the cubic Lienard system
2
&= —y+ asx® + asboa®, y =+ bya® + §(a§ + 5b3)23, (2.6)

with as y by different from zero. The origin of (2.6) is a weak focus of order one
since A = 0 and ag = asbs # 0. The field commutes up to order 5 with (R, S)
where

R= (22+y?)z+ %b2$4 — %agscgy — box?y? — %agscyg — %b2y4
+5(b3 — a3)a® — Thasbaaty + Z(a3 — 303)23y? + 2azbaa?y?,
S= (22+y?)y+ %0,2:64 + %bg:cgy — asx?y® + %bg:cyg — §a2y4

+%a2b2x5 + g(3b§ —ad)zty — %agbngyQ + %b%nyg.



From Theorem 1.4, the origin of (2.6) is a weak isochronous focus of order one.

EXAMPLE 2.5. Let us consider the system
i =—y+2ry 20"+ (@ +y*)H(r,y), g=z—-y* +yHxy),  (2.7)

with H(x,y) = 22 + y* — 22y% + y*, (ewample 5, [9]). The field commutes with
H(x,y)(x +y% y)t, it which has the expresion

(@ + ) (2. y)" + (y° (v — 2® —y*w +y), (v* - 22)y°)".
From Theorem 1.7, the origin of (2.7) is an isochronous center-focus.

Last on, as application of Theorem 1.4, we obtain the maximum order of a weak
isochronous foci for quadratic systems and for systems with cubic non linearities.

In relation to the first family, Bautin [4] proved that the order of a weak focus is
least or equal than three, and characterized its centers. Later, Loud [12] obtained
its isochronous centers.

THEOREM 2.6. The mazimum order of a weak isochronous focus for quadratic
systems is two.

Finally, for the family of cubic systems without quadratic terms, Sibirskii [17]
proved that O is a center if and only if A and the first five constants of Liapunov
are zero, simultaneously. And Pleshkan [14] found the systems of the family which
have got an isochronous center at the origin. We have the following result.

THEOREM 2.7. The mazximum order of a weak isochronous focus for the systems
with cubic nonlinearities is three.

3. PROOFS.

Proof Theorem 1.2. We assume that O is an isochronous center-focus of
(1.1), that is there exists a C*°-change of variables ¢ with Dp(O) = I such that
duX = (—y,2)t + (z,y)  H(x,y) where H is a scalar C>°-function.

The vector field (z,y)! verifies [¢. X, (z,y)!] = (z,y) pu(z,y) with p(z,y) = xH, +
yH,. Therefore, the C*°-vector field ¢*(x,y)" holds [X, ¢*(z,y)!] = ¢*(z, y)'v(z,y)
with ¢*(z,9)" = (z,y)" + O(2) and v(0) = 0.

Conversely. From Sternberg [18], system (z,%)® = ) is linearizable, that is there
exists a change of variables ¢ (z,y) = (z,y)! + O(2) such that .Y = (x,y)t. Thus,
[ X, (z,9)] = (x,y)to(x,y). Therefore, 1,X transforms any ray of the origin
Re = {(r,§), 0 = &} in Rg, for any € € [0,27), that is 1. X has constant angular
speed. m

We now see some properties of the normal form of (1.1). We will use this results
(Lemmas 3.1, 3.2 and 3.3) in order to prove the main results.
We consider the linear vector space H; of the homogeneous polynomial vector field
of degree i in & and y. The homological operator, see [2], which determines the
normal form of (1.1) is

L;: H; — H;, Lz(E) = [sz (*yﬁL Az, T+ >\y>t]-



If X\#0, L;i(H;) = H;. Consequently the system (1.1) is C*°-linearizable (see [18]);
therefore, O is an isochronous focus.

If A =0, it is easy to prove that C; = Ker L; is a complementary subspace in
H; to R, the range of the linear operator L;. Also it has Cy; = {0} and (22 +
v (z,y)t, (2* + y*)'(—y, )t is a basis of Co;y1. Thus, by the classical normal
form Theorem (see [8]), the system (1.1) can be transformed, by a C*°-change of
variables, into system (1.2).

From now on, J*f denotes the k-jet of f at the origin.

LEMMA 3.1. Let j € N and X = (—y,2)" + S, (2 + y?) (aiy1 (2, y)" +
Bait1(—y, z)t) + (’)(2] +2) a C*®-vector ﬁeld in a nezghborhood of the origin. There
exists W (22442)7 (2, y) +O(2§+2) a C-vector field such that T2, W] = 0
Zf and OTLly Zf a3z = ... = Q251 = O,ﬂg = ... = /82j+1 =0.

Proof Lemma 3.1. We see the necessary condition. We impose the existence
of W a C>-vector field verifying j‘““[)( W] = 0. Writing X = &} + X + ... and
W = W2J+1 + W2J+2 +... with X and W homogeneous polynomials of order ¢ > 1,
we have |

1. [X15W2j+1] = O,

2. [?E'l, ng+g] = 0, which leads to W2j+2 = 0. In a similar way, for order 2: it has
Wy =0, foralli.

3. [Xl, W2j+3] + [Xg, W2j+1] =0, then

—LajysWajis) +2(1 — jlas(@® + y*) 1 (2,y)" + 2B5(2® + )T (—y, 2)" = 0.

Projecting the above equality onto the range of L2j+3 and onto the complement
Cajy3, we deduce: 83 =0, a3 =0if j # 1 and W2J+3 € Cyj43, that is, W2]+3 =
(22 +y*) 7 (azj13(z, ) —|—b2J+3( y,x)") with ag;3 and byj 43 arbitrary constants.
4. Analogously, taking into account the (2i + 1)-th order terms of [X, W] with
@ =J,...,2j — 1, we have 2(i — j)agiy1 = 0, 2if9;4+1 = 0, for i = 1,...,5 — 1; thus,
@2i41 = Poiy1 = 0 and Whip1 € Coiqr. R R R

5. For order 4j + 1, we get [X), Wajp1] + [Xoj41, Waja] = —Lajra(Wajsa) +
2]52J+1(£E +y?)% (—y,z)t =0 then fBoj41 =0 and Wajt1 € Cajpa.

Thus, W = (22 + y?)/ (z,y)" + Z?ijﬂ Wit verifies J9 X, W] = 0.

The sufficient condition is follows easily. m

LEMMA 3.2. Let X = (—y, 2)' +agr 1 (22 +42)"(x, ) +(f (2, 9), g(z,y)) where
aory1 £ 0, f, g are C*®-functions in a neighborhood of the origin and f(x,y), g(z,y) =
O(|z,y|?>"2). Then, X is C*°-conjugated to a C®-vector field of the form (—y, z)t+
sy @i (@2 + y?) (@, y)t, with azit1 € R.

Proof Lemma 3.2. It is well-known that if we perform the change of variables
ou(z,y) = u(z,y,1) where u is the unique solution of the initial values problem

0

ol ,2) = Uul,y,2)), ule,y,0) = (2,)
with U € C* in a neighborhood of the orlgln and U(O) = O, the vector field X is
transformed into ¢y« X = X + [X, U] + %[[X,U],U] + Bi [[X, U], U], U] +---, (see

[1])-



Using U = Ugpy1 = B(z? +y*)*(—y,2)! € Capy1, k > 1, the vector field I
is also in normal form, since [2821'+1, Us+1] € Copt2it1-
As Usjy1 € Copy1 = Ker Loj41, we have that the order of [/?, U] is greater or equal
than 2k + 2r + 1, therefore the transformed vector field remains unaltered up to
order 2k + 2r — 1. And the term of order (2k+2r+1) is X2k+27‘+1 + [.XA'QTJ’_l, Usj+1],
that is (ZL' +y )kJrT (042k+2r+1( ) (ﬂ2k+2T+172kBOQT+1)( ) ) Thus taklng

B = gi:;;fl it is annihilated the (k + r)-th azimuthal constant of ¢py-X.

Making successive change of variables over X and by Borel’s Theorem (see [11]),
we arrive at that there is a ¢ C°°-diffeomorphism such that qﬁ*/'% = (~y,z)t +
Sisr2ip (@ + y2)(z,y)t + (f(x,9),9(x,y)) where f,§ are C*°-functions in a
neighborhood of the origin and flat in O.

By Tokarev [20], there exists 1) C°°-diffeomorphism such that ¢, ¢.X = (—y, z)! +
i a2ir1(2® +y?) (@, y)" + fa? +y?) (2, 9)" + g(2® + y?)(—y. x)" where f, g are
C>-functions in a neighborhood of 0 and flat in 0. By Takens [19], there exists a
¢ C>°-change of variables of the form ¢ (z,y) = (z+¢1(2* +y)z, ¥+ @2(2> +y*)y)*
such that ¢ g X = (—y,2)" + 3,5, azi1(a? +y°) (2,9)" + h(a? + y*)(—y, 2)*
where h is a C*°-function in a neighborhood of 0 and flat in 0.

Finally, we complete the proof if we make the C*°-change (z— F (22 +12)y, y+F (2% +

y?)z) where F(z) = — f S e ——nE —-dZz is a C*-function in a neighborhood of 0
o Q20417
and flat in 0. m

The following lemma gives a normal form of the systems with constant angular
speed.

LEMMA 3.3. Let X = (~y + zH(z,y),x + yH(z,y))! with H a scalar C*-
function in a neighborhood of the origin. X is C*°-conjugated either to (—y, )t
or to a C®-vector field of the form (—y,z)' + > .o, azit1(z® + y?)'(z,y)" with
Q941 € R and Qoriq 7é 0. B

Proof Lemma 3.3. Let H! = {P, € H;, P, = (z,y)'F;—1 with F;,_1 € H;—1, i >
1}. It is easy to prove that the following properties hold:

(a) If [(—y, :L')t, Uiy2] € /H;Jrl then U; 42 € ’H;-AJFQ,

(b) if Pi € H, Q; € H] then [P, Q)] € Hi, 4.

Therefore, the generator U which transforms X" into X = ¢u+X can be chosen such
that U; € H? and X; € I also.

So, if all X; are zero, X is C°°-conjugated to (—y,r)t. Otherwise, X is C>-
conjugated to (—y,z) + > .o, asip1(z? + y?) (z,y)" with ag,1 #0. =

Remark. By Bruno [5], if O is a center of (1.1) there exists a convergent normal-
izing transformation since the normal form of (1.1) verifies the conditions “A” and
“w”, whereas if O is a weak focus, in general, we cannot guarantee the existence of
a convergent transformation.

Proof Theorem 1.3. (i) By definition, if (1.1) has an isochronous center
at the origin, there exists a change ¢ bringing X to the form X = (—y,z)?,
it which commutes with W = (z* + y*) (z,y)", for every j > 0. The vector
field qﬁ*W has the form (22 + %)’ (x,y)" + O(2j + 2) and commutes with X since
(6", 6" W] = 6|2, W] = 0.

(ii) Let a change ¢ be with ¢(O) = O and D¢(O) = I bringing X" to its normal
form (1.2) where A = a3 = a5 = ... = ag;11 = 0 and let X be its vector field associ-



ated. The vector field W = ¢« also has the form (2% +y*)7 (z,y)" + (9(2j +2). By
Lemma 3.1, B3j41 = 0, that is X' = (~y,2)'+0(2j+3) and W = (22 +2)7 (z,y)" +
S Waisa + O(4j + 3) with W21+1 = (2% + )" (agit1 (2, y)" + baiy1(—y, z)")
where ag;4+1,b2;+1,2 =7+ 1,...,27 are arb1trary constants.

For order 45 + 3, [fl,WZLjJrg] [X2]+3,W2J+1] = 0, that is, W4J+3 € Cyj43 and
2a9j+3 =0, 2(j + 1)B2j+3 = 0. Thus, we have ag;+s = B2j+3 = 0. And so on it
arrives to ag;+1 = f2;41 = 0, for any ¢ > 1. Therefore, X = (—y,z)t, i.e. X has an
isochronous center at O. m

Proof Theorem 1.4. (i)=(ii) If O is a weak isochronous focus of order j for
X, there exists a change of variables ¢ such that ¢.X takes the form (—y,z)t +
(z,y)tH(z,y) where H is a scalar C*°-function. From Lemma 3.3 it has A = 0, a3 =
o =agi—1 = 0,a9541 # 0 and 8241 = 0, for all 7. From Lemma 3.1, there exists
W = (22 + y2)! (2,y)" + O(2j + 2) such that J¥+![X W] = 0. Thus, W = ¢*W
verifies J4 X, W] JYH [ X, W] = 0.

(ii)=(i) From Lemma 3.1, it has that 83 = ... = 8241 = 0, and by Lemma 3.2,
Bai+1 = 0, for all ¢ > 1. That is, O is an isochronous focus for X. m

Proof Theorem 1.7. If O is either an isochronous center or an isochronous
strong focus (A # 0), by Corollary 1.6, the vector field X has a commutator with
linear part (x,y).

If (1.1) has a weak isochronous focus of order j at the origin, then there exists a
change ¢ with ¢(0) = O and D¢(O) = I transforming X into X = (—y,z)" +
Disi (@ 4 ) azigi (2, y)" with agjpr # 0. Tt is easy to check that this field

commutes with W = (22 + y*)7 (z, y)" + ﬁ isj (@ +y?) agiti(x,y)". Thus,
the vector field W = ¢*W has the form (22 + y2)7 (z,y)" + O(2] + 2) and also
[X, W] =0.

Conversely, we assume that there exists a change of variables ¢ which transforms
X into X, the vector field associated to (1.2). In such case, ¢ W =W has the form
(z2+y2)j(x,y)t+0(2j+2). By Lemma 3.1, X = (—y, z)? +a2J+1(z +y2) (z,y)t+
O(2j + 3) and by Lemma 3.2, O is an isochronous focus of (1.1).

We see that the commutator is unique. We can assume that X = (—y,z)t +
azj1(2® + y?) (z,y)t + Zz>j+1 azir1(2? + %) (x,y)!. From Lemma 3.1 we have
W = ($2+y ) (.Z’ y +Zz 41 WQH_l +O(4j+2) with ng =0 and W2i+1 = ($2+
y?)(azis1(z,y)t + baip1(—y,x)"), where ag;i1 and ba;q are arbitrary constants.
For order 45+3, [X1, Wajya]+[X2j1, Wajia]+[ X2, Waja] = 0, that is, Wyj43 €
C4j+3 and 720‘2j+1a2j+3 + 20[2J+3 = 0 72(] + 1)0&2j+1b2j+3 =0. Thus agj4+3 =

Q2543 i —
—a2j+1 and b2]+3 0.

In a similar way, for order 45 + 2i + 1 we have W4j+2i+1 € C4j42i+1, and
—2iQ2j41a2j4+2i+1 + 2ia2j42i41 =0, —2(j + ¢)aaj11b2jq2:i41 = 0.

Thus, A254-2i4+1 = %, b2j+2i+1 = 0, for 4 Z 1. Therefore,

1

W = (2% + y*) (x,9)" +
Q2541

Z (@® + y*) azip1 (z, )"
12j+1

commutes with X. m



Proof Theorem 2.6. The quadratic systems, by means of a rotation of axes, we
can carry them to the form given by Bautin [4],

&= —y+ Ar — X322 + (2X2 + As5)2y + A2,

U= o+ Ay + Ax?+ (23 + A\1)xy — day? (3.8)
He proved that the origin of (3.8) is a focus if:
A # 0 (order 0) (3.9)
A=0, A3 # Xg, A5 # 0 (order 1) (3.10)
A= )\5 = O, )\2 75 0,0 7é )\4 7é 5()\6 — )\3) 7é 0 (order 2) (3.11)
A=X5 =0, s = 5N — A3) # 0,73 # \s(A3 — 2)\g) (order 3). (3.12)

Otherwise, it is a center.

If A 0, (3.8) is a strong focus which is, by Corollary 1.5, an isochronous focus.
The systems (3.8) whose origin is a weak isochronous focus of order one must hold
(3.10). Under these conditions, by imposing the existence of a vector field of the
form W = (22 +9?)(x,y)! + O(4) satisfying J°[X, W] = 0, we obtain the condition
of compatibility r = (A5 + 4A2)?, with

ri=1(A3, A1, Ag) = —AF — 183 — 10AZ — 9Nz s + 120306 + Aadg.

We now obtain systems (3.8) whose origin is a weak isochronous focus of order
two. That is, from Theorem 1.4, such systems must verify (3.11) and by imposing
the existence of a vector field of the form W = (2% + y?)%(z, y)* + O(6) such that
JO[X, W] =0, we derive the conditions r = 16A3 > 0 and

(A3 — X6)(Ag + 6A3 — 6X6)X(A3, Aa, Ag) = 0,

where (A3, Ag, Ag) = T0AZ — 220X6A3 — 55X A4 + 150A3 + 7T1As g + TA5.
If \g were zero, it has

r=—(3X3 4+ A1) (63 + A1),  A3(50A3 + TAy)r = 0.

As A3 # 0 and r > 0, it has Ay = —50/7\3; in such case, r is negative. Therefore,
without loss of generality, we assume that \g # 0.

As A3 # g, by imposing the second condition it has that either Ay = 6(Ag — A3) or
Y(A3, A, A6) = 0.

In both cases, it is easy to show that there are systems satisfying such conditions.
We compute the systems (3.8) whose origin is a weak isochronous focus of order
3. So, under the conditions (3.12), and by applying Theorem 1.4 with j = 3, we
have the condition A3 — A\g = 0, it which is nonzero. Therefore, O cannot be weak
isochronous focus of order three. m

Proof Theorem 2.7. We consider the cubic systems center-focus type without
quadratic terms. By means of a rotation of axes, these ones can be written of the
following form, given by Sibirskii [17],

&= —y+ Az + (us — p1 — p2)z® + (Bps — pa)z’y

+(3p2 — 3 — 23 + pe)vy* + (7 — ps)y°,
. 5 ; (3.13)
Y= x4+ Ay+ (us + pr)a’ + (3 + 3p2 + 2u3)zy

+(pa = 3ps)xy® + (1 — p2 — pa)y®.



If A # 0 the system (3.13) is a strong focus which is, by Corollary 1.5, an
isochronous focus.
In it that follows, we assume A = 0. Up to a positive factor, we have that:

a3 = e,

as = —puspy, if ag =0,

ar = ppp, if az = a5 =0,

g = p3paps, if as =as = a7 =0,

arr = —pipeld(us + ps) — pil, if az = a5 = a7 = ag =0,
A2k+1 = 0, k Z 6, if a2i41 = 0, 1= 1,2,3,4,5.

Imposing the existence of a vector field of the form W = (22 + 32)(z, y)! + O(4)
satisfying J°[X, W] = 0, we have that 14 musts be zero. Therefore, from Theorem
1.4, O is a weak isochronous focus of order one if and only if us =0, g # 0.

The system (3.13) has a focus of order two at the origin if ag = 0 and a5 # 0, i.e.
e = 0,u7 # 0, ug # 0, and it will be isochronous if ps = 0 and by imposing the
existence of the commutator up order 9 of the form W = (22 + y?)?(z,y)! + O(6),
we have the condition

6(u3 + 12 + p2) = (4ps + ps)(ps — 6p1). (3.14)

From the expression of a5 and a7 it has that O is focus of order three if and only
if ug = pr =0, p1 # 0, p2 # 0, pg # 0. In this case, O is a weak isochronous
focus of order three if us = 0, it satisfies (3.14) and, by imposing the existence of
a vector field of the form W = (22 + y?)3(z,y)" + O(8) satisfying J13[X, W] = 0,
we have ps(uz + 24p1) = 0. If ps = 0, it musts hold (4pq + p3)(6p1 — ps) = —6u3,
and if ug = —24p; it has p3 + p2 = 100u3.

The systems (3.13) which O is a weak focus of order four verify, among others
conditions, p4 # 0. So, O can not be isochronous one, since p4 musts be zero.
Last on, O of (3.13) is a weak focus of order five if verifies pg = py = p1 = pg =
0, 2 # 0, p3 # 0, ud # 4(u3 + p2). Imposing the existence of the commutator
up order 17 of the form W = (2% + y?)*(z, y)" + O(10), we arrive to u3 + uz = 0.
Therefore, there existn’t a weak isochronous focus of order five for (3.13). =
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