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Abstract   

 Secondary radial distribution networks (SRDNs) have been increasingly affected by the uncertainties of harmonic 

sources associated with photovoltaic (PV) systems. The quantitative assessment of uncertainty propagation causing 

harmonic distortion and voltage unbalance can be successively handled by probabilistic or affine formulations of 

harmonic load flows (HLFs). This study developed a general analytical technique (GAT) for solving iterative 

multiphase HLFs in SRDNs with PV uncertainties. This technique merges the point-estimate method (PEM) and 

complex affine arithmetic (AA), combined with Legendre series approximation (LGSA). It also models the input 

correlation. One advantage of this GAT is that the iterative harmonic penetration (IHP) method, modelled for HLF, 

accounts for the interaction of background harmonic voltage with the PV harmonic current. The first prerequisite was 

evidently an uncertainty model for PV harmonic current. This paper presents the results for a real unbalanced three-

phase SRDN and compares them with those obtained with the Monte-Carlo simulation (MCS). These confirmed the 

accuracy of GAT as well as its lower computational cost. The numerical results obtained showed that the GAT 

outperformed the incomplete GAT (IGAT), which is solely based on PEM and Cornish-Fisher expansion, thanks to the 

ability of AA to bound the outputs used in the LGSA. 
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Unbalance. 
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Nomenclature 
A area 

B-1  number of SRDN nodes with traditional generator 
c   constraint at fundamental-frequency 

C-B  number of SRDN nodes with LDs 
D data 

G global irradiance  

h harmonic 

( )g dH H global (diffuse) irradiation 

i any given SRDN node 

J   current in branch  

m moment  

rvn   number of random input variables 

sun   number of sources of uncertainty  

N  number of SRDN nodes 

LGn  number of terms in LGSA 

xn  number of points considered in x-axis of a CDF 

N-C+1 number of SRDN nodes with PV systems  

p real (active) power 
q reactive power 

R (X) resistance (reactance) 

S   apparent power 

t  t-th 10-min time interval 

THD total harmonic distortion 

TPD  total phase distortion 

TPU  total phase unbalance 

u, v, z  uncertain variable 

( )V I  fundamental and harmonic voltage (current) phasors  

x random variable 

Y  admittance 

Z  impedance 

Y
bus

 
  

 SRDN nodal admittance matrix  
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  significance level 

  non-standardised coefficient  

  electrical efficiency 

[ ]  identity matrix 

  network parameter phasor 

   standard location  

   symbolic variables that lies in the interval [-1,1]  

   state variable  

  phase angle  

  cumulant  
3 4( )   skewness (kurtosis)  

( )   expected value (standard deviation)  

(2) (0)( )  ratio of the (negative)zero sequence to the positive sequence  

  network input phasor 

  average-root-mean-square error 

  network state variable phasor 

 tilted surface 

  tolerance error 

1 −  inverse of the univariate standard normal distribution 

  any constant 

1

n

i erri
u u

=
= −  

  network output phasor 

  weighting factor  

th h pu( = )j v wt  −  -thj  fundamental-frequency normalized current 

interval 

[ ]   interval form of a uncertain variable/ or matrix notation 

   probability  

 set of real number 
'f  PDF of random variable 

f   PDF of random variable 

F   CDF of random variable  

1F −
 inverse distribution function of the random variable 

Superscripts 

c any given point on a CDF 

d, j, s any given number 

GAT general analytical technique 
h any given fundamental- or harmonic frequency 

max( ,,..., )h 1,2 h=  

I current 
(k) (d) general iteration numbers  

(p) any given phase in a SRDN node (p= a, b, c)  

r order of moment or cumulant 
(s) any given sequence in a SRDN node (s=0, 1, 2)  

V voltage 

   phase angle 

% relative magnitude 

-spec typical spectrum  


 affine form of a uncertain variable 

*  complex conjugate  

  to refer a real (active) current  

 normalized value  

    upper bound or supremum 

  to refer a given location 

  to refer to primitive impedance matrix for four-wire grounded 

wye lines 

 

Subscripts 

a to refer the real coefficient (partial deviation) of the uncertain 

variable  

bus nodal 
d diffuse  

err error 

g global 
h any given harmonic frequency 

i, j any given node of the SRDN (i= 1,2,…,N) 

(LD)i  any given LD node of SRDN (LD)( , 1,..., -1)i B B C= +   

(pv)i  any given PV system node of the SRDN 
(pv)( )i C,C +1,...,N=  

I current 

L branch  

m any given number 

max maximum 
K  Kth location 

M modified 

sun   number of sources of uncertainty  

o to refer the central value of the uncertain variable 

pv photovoltaic 

R reduced 
t  t-th 10-min time interval  

v (w)  vth(wth) fundamental-frequency normalized current level  

V voltage 

x random variable x 

    lower bound or infimum 

j   -thj fundamental-frequency normalized current interval 

  tilted surface 

Abbreviations  

AA affine arithmetic 

CDF  cumulative distribution function 

CLF conventional load flow 
CLFm  modified CLF 

GAT general analytical technique 

HLF  harmonic load flow 
HP harmonic penetration 

IA interval arithmetic 

IHA  iterative harmonic analysis  
IHP  iterative harmonic penetration 

LD linear device (load/generator) 

LGSA Legendre series approximation 
LV  low voltage 

MCS  Monte-Carlo simulation 

NLD non-linear device 
PDF  probability density function 

PEM  point-estimate method 

PV  photovoltaic 

SRDN secondary radial distribution network 

VN  voltage node method 

 

1. Introduction 

 Because of their relatively low power, PV systems are generally connected to SRDNs. The coupling of PV systems 

to such networks often leads to technical problems, such as loss increase [1], errors in control signals and measuring [2-

34], harmonic distortion [5-67891011], resonance events [12-1314] and voltage unbalance [15,16]. The analysis of problems 

generated by PV harmonics in SRDNs and their resolution has thus become an increasingly important concern for 

utilities. Harmonic problems within an unbalanced network are also an issue of growing interest [17-1819202122]. 

 Mathematical methods for analyzing harmonics in power systems usually have a deterministic basis, namely, a 

deterministic HLF [23]. Such methods can be direct [17-181920,24-25262728293031] or iterative/integrated [21,22,32-3334353637]. Iterative 
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methods take into account the interaction of background harmonic voltage with the harmonic current of non-linear 

devices (NLDs). Although their assessment is more accurate, their computational burden grows as the problem becomes 

more complex. 

  Balanced HLFs have been widely addressed in literature [18,24,25,28-293031323334353637] since the normal operation of 

transmission and distribution systems assumes the voltage to be symmetric. However, more accurate models have been 

designed for unbalanced three-phase conditions [15-1617181920], which can even account for the previously mentioned 

interactions [21,22]. 

 Grid-connected PV power sources are unpredictable because of cloud transients and seasonal effects [38,39]. 

Therefore, their exploitation brings multiple correlated PV uncertainties [40] into the SRDN, which stem from the 

geographically closer location. Other traditional uncertainties come from time variations of phase-load demands and 

network configuration [41,42]. This makes it necessary to deal with the HLF analysis by using probabilistic or affine 

formulations, which analyze the system states, based on all input probable values or the bounds of the probable values, 

respectively. 

 In the technical literature, there are various methodologies that can be used to deal with the impact of the PV input 

uncertainties in power systems. It is true that the MCS is widely employed [43-4445] but its computational cost is still 

very high [46], despite improvements such as Latin Hypercube sampling [47,48]. In order to reduce the computational 

effort, the following set of  methods was applied: (i) analytical methods (e.g. the fast Fourier transform method [49] or 

the cumulants method combined with series expansion [38,39,50-515253]); (ii) approximate methods, (e.g. the first-order 

second-moment method [54], the method based on AA [55], and the PEM [40,56]; (iii) fuzzy logic methods [57]). 

There are no holistic criteria for evaluating different methods, and compromise is often made between computational 

speed and accuracy. Nonetheless, the second group of methods was sufficient to provide planners and designers with 

the results needed to make objective decisions [58]. 

 Currently, the probabilistic approaches for evaluating harmonic distortion and voltage unbalance with PV systems 

are of great interest [7,9-1011,15,16] because standards usually specify the 95%-probability level as the power quality 

index. For example, the EN 50160 [59] and IEC 61000-2-2 standards [60] mention this percentile in reference to the 

limit of the compatibility level. This means that knowledge of the whole output distribution is needed for standards 

application [61]. As harmonic distortion and voltage unbalance can have various adverse effects, the control and 

limitation of harmonic current emission from new PV systems is essential for maintaining supply voltage distortions 

below the prescribed compatibility or planning levels. This is also required to ensure electromagnetic compatibility. 

 As reflected in the literature on HLFs with uncertainties, analyses are generally performed using direct methods. 

Accordingly, the study in [27] focused on the impact of the random nature of magnitude and phase angle for harmonic 

inputs. References [24,25] compared two methods for modelling harmonic sources in large real MV distribution 

networks using aggregate harmonic source models parameterized based on measurements for different customer 

categories. Reference [25] applied a method for analyzing HLFs based on possibility theory. This research not only 

dealt with correlated inputs for LDs and NLDs, but also informed about the output distributions. Other studies 

[17,18,29,31] used analytical methods, mainly the PEM [62], to analyze uncertainty propagation throughout the system. 

Various improvements were proposed in [28] to overcome the deficiencies of the PEM, such as solely focusing on the 

harmonic voltage magnitude. Regarding the approximation expansions for probability density functions (PDFs), [18,30] 

developed two methodologies with MCS data to approximate the distribution functions VTHD and harmonic voltage 

(magnitude and phase angle). The research in [19] used complex AA [63] to solve a three-phase HLF and thus provide 
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the infimum and supremum in a correlated approach to uncertain variables. Following this HLF analysis for unbalanced 

three-phase conditions, [20] analyzed uncertainty propagation with MCS but limited the inputs to a set of previously 

defined clusters.  

 In regard to iterative methods, HLFs were mainly performed on a deterministic basis [21,22,32,33]. Approaches 

with uncertainties have almost always implemented the MCS, as reflected in the analysis of a multiconverter power 

system in [34,35,37]. Nonetheless, approximate methods have rarely taken an iterative approach [36].  

 References [3,15,16,64-6566] focused on capturing PV harmonic behavior with deterministic direct HLFs, whereas 

[67-6869] opted for probabilistic direct approaches. In particular, references [15,16] analyzed the impact of a single-phase 

PV system location on the negative-sequence voltage in a stochastic way, considering background unbalance. The 

dynamic interaction of different PV plants connected to the same bus was analyzed in [66] to validate the practical 

constraints in assessing grid-code compliance requirements. However, to the best of our knowledge, there have been no 

iterative analyses performed for PV systems. 

 This general review of literature on HLFs with uncertainties [17-37], complemented with that on PV systems 

[3,15,16,64-69], clearly indicates that the assessment of HLF in the PV context is an issue that has not as yet been 

studied in sufficient depth. The biggest problem is that no analytical methods, (or approximate methods except for [36]) 

have been applied to the solution of iterative HLFs with uncertainties. MCS is generally used for such cases [34,35,37], 

but when iterative methods are involved, the resulting computational burden is huge. As a result, direct probabilistic-

formulation HLFs are a frequent research focus [17,18,20,24-28293031]. Moreover, in those rare cases when the correlation 

between inputs is included [18,25,30], only the fundamental-frequency is involved. Nor is there any information 

regarding behavior models of NLD harmonic current versus background harmonic voltage for phase angles (except in 

[30]). To make matters worse, output phase-angle uncertainties are rarely assessed (except in [24,25,30]). To date, 

probabilistic- and affine-formulation HFLs have mainly analyzed meshed test systems [18,28-2930,34-353637] as compared 

to radial configurations [19,20,25,31] and have focused on NLDs at only a few nodes, with the exception of [16]. 

In order to overcome some of these limitations, this study developed a GAT for solving iterative multiphase HLFs in 

SRDNs with PV uncertainties. This new technique uses the PEM [70] and complex AA [63,71] combined with LGSA. 

As shown in [72], LGSA is able to estimate bounded random variables more accurately than other approximations. The 

PEM determines the moments of output variables, whose upper and lower bounds are calculated with an AA-based 

method. Then both results are used for LGSA. 

 Our GAT is thus an innovative tool that extends deterministic iterative multiphase HLF to the stochastic field. It is 

able to analyze SRDNs with multiple PV and load demand uncertainties, given the following: 

• The IHP method accounts for background harmonic interaction. 

• It has the ability to handle correlated variables. 

• It provides an accurate model of PV harmonic current behavior versus background harmonic voltage [72]. 

• By using PEM and complex AA, the same routines as those of a deterministic iterative approach can be used. 

This gives accurate results with a low computational burden.  

• The LGSA is better able to reconstruct bounded output variables than other approximations [72].  

• The whole PDF of output variables is determined and used for checking the regulatory limit fulfilment. 

• The aggregated effect of several PV systems distributed throughout SRDNs can be analyzed. 
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 In addition, the GAT merges a probabilistic HLF formulation, based on the PEM, and an interval HLF formulation, 

based on complex AA. This substantially enhances the level of accuracy obtained with only one of the formulations 

without a substantial increase in computational cost 

The paper is organized as follows. Section 2 outlines the power quality indices used throughout the paper. Section 3 

introduces AA, and Section 4 describes system uncertainty modelling. Section 5 explains the deterministic HLF, 

whereas Section 6 focuses on the probabilistic one. Section 7 presents and discusses the results obtained for a real 

SRDN in Spain. Finally, Section 8 summarizes the conclusions that can be derived from this research. 

2. Extended indices for harmonic distortion and unbalance  

 Existing power-quality standards [59,60] consider the following indices for harmonic distortion e.g. for voltage: 

total harmonic distortion of voltage in phase p (p)( )
V

THD [73]. Voltage unbalance can be characterized by a different 

unbalance factor [40]. Generally addressed is the ratios of the negative- and zero-sequence voltage to the positive-

sequence voltage at the hth-order harmonic [74] ( (2) (0)( , ).h h

V V  This can be generalized to three-phase systems that are 

subject to the waveform unbalance and distortion resulting from the coupling effect between sequences at each 

harmonic order. For this purpose, the symmetrical component linear transformation of Fortescue [75] was applied in 

[76], namely (p) (s)[ ] [ ].h hV V This transformation permitted the formulation of more refined indices, capable of 

characterizing and maintaining a consistent distinction between the individual effects of harmonic distortion and 

unbalance. Consequently, the index of the total phase distortion of voltage, VTPD is preferable to the 

conventional (p)V
THD  index [76]: 

 
( ) ( ) ( )

( ) ( ) ( )

2 2 2
(0) (1) (2)

2

2 2 2
(0) (1) (2)

h h h

h

V
1 1 1

V V V

TPD

V V V



=

 + +
  

=

+ +


 (1) 

 The new unbalance index, namely, the total phase unbalance of voltage is [76]: 

 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 2 2 2 2 2
(0) (0) (1) (1) (2) (2)

1

2 2 2
(0) (1) (2)

1

3h-1 3h-2 3h-1 3h-3 3h-2 3h-3

0h

V
3h-3 3h-2 3h-1

h

V V V V V V

TPU

V V V



=



=

 + + + + +
  

=
 + +
  




 (2) 

 And the fundamental phase unbalance of voltage 1V
TPU can be obtained with the addition in (2) limited to h=1. 

3. Interval and affine arithmetic 

 AA [71] is a general term for numerical methods that are used to produce intervals for bounding all possible outputs, 

when dealing with sources of uncertainty. AA is analogous to interval arithmetic (IA), but it can describe uncertainty in 

a simpler form and effectively deals with the interdependencies of parameters. Hence, IA solution conservativeness can 

be mitigated as compared to IA [71]. 

 An uncertain variable, u can be expressed as a linear polynomial in real AA, namely, its real affine form u


: 

 
1

su

u

n

o a a err err

a

u u u u 
=

= + +


 (3) 

 Each 
a  represents one of 

sun  sources of uncertainty. The final term
 

uerr erru   is an approximation error term. 
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 Let u, v be two uncertain variables, the fundamental mathematical operations in real AA are introduced as follows 

[63]: 

 

1

1

1

( ) ( ) ( )

( )

su

z

su

z

su

z

n

o o a a a err err err

a

n

o a a err err

a

n

o a a err err

a

z u v u v u v u v

z u u u u

z u u u u

 

 

 

=

=

=

=  =  +  + 

=  =  +  + 

=   =   + +







  

 

 

 (4) 

 ( ) ( ) ( )
1 1 1

su su su

v u u v

n n n

o o o a o a a o err err o err err a a err err a a err err

a a a

z u v u v u v v u u v v u u u v v      
= = =

=  =  + + + + + +  +  
  

 (5) 

 Let f be a general function with 
sun  uncertain input variables 

2( , ,..., )
su1 nu u u

         

 the output is then determined in (6). In 

this expression,
1nz +
is an extra error approximation term, which is necessary as not all operations on affine forms result 

in an affine combination of 
a : 

 
1 1 2 22 2 2 2 1 1( , ,..., ) ( , , ..., ) ...,

su n n su su su su susu su
1 n o 1 1 o 1 o 1 n o 1 1 n n n nz u u u u u u u u u z z z z z      + += = = + + + + ++  +   +

           

f f  (6) 

 When f is a non-affine operation, z


cannot be represented precisely as an affine combination of the noise symbols 

.a  However, an affine approximation function can be assumed with different structures, depending on the desired 

degree of accuracy and the available computational resources [71]. 

 Let u and v  be two complex numbers, the real AA can be transferred to the complex space with complex AA. 

Consequently, common operations follow the same rules as real AA [77], and the multiplication is expressed in (7). A 

more in-depth analysis of complex AA operators is given in [63]: 

 

2 2 2

2 1

1 1 1

( ) ( ) ( )

with ( ) if  

su su su

su

n n n

o o o a o a a a a n

a a a

z u v u v u v v u u v

z xx j yy z xx jyy

  +

= = =

   
=  =  + + +    

   

= + = +

  

   

  

g g

g

 (7) 

 When a is odd, 
au  and 

av are real coefficients; and when a is even, 
au  and 

av are imaginary coefficients. 

 The affine and interval forms of an uncertain variable can be converted from one to the other. Given a variable u in 

interval form, [ ] [ , ] : { |  }u u u u u u u= =    , the corresponding affine form u


can be expressed as (8). Each affine 

form in (3) can be converted to an interval form by (9). It should be stated that conversion from affine to interval forms 

results in the loss of all information regarding the correlation of parameters. Moreover, the boundary results computed 

by the IA are often much larger than those of the AA. 

 
1

2 2
o 1 1

u u u u
u u u  

+ −
= + = +



 (8) 

 
1

[ , ] [ , ],    with     
sun

o o a err

a

u u u u u u  
=

= − + = −  (9) 

4. Uncertainty modelling for the SRDN 

 This section describes uncertainty modelling for the SRDN, as applied to linear devices (LDs) and PV systems. Both 

probabilistic and affine models are included. Distribution lines and cables are generally modelled for HLF analysis as 

deterministic lumped parameter elements [78].  
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4.1. Load modelling 

4.1.1. Modelling of fundamental-frequency load 

 The probabilistic and affine modelling of the fundamental-frequency load in this research is directly based on smart 

meter measurements over a period of several years, i.e. historical data [40]. This made it possible to stochastically 

characterize by moments (probabilistic model) and lower/upper bounds (affine model) a typical load profile of the real 

and reactive power 
(LD) (LD)

(p) (p)

, ,( , )1 1

i  t i  t p q   
   

for each t-th 10-min time interval, 
(LD)thi  SRDN node, and phase p during 

time period of one year. 

4.1.2. Modelling of harmonic load 

 The most commonly used models of harmonic load for HLF analysis are parallel connections [23,79,80]. Generally 

speaking, the models can be written as: 

 
(LD) (LD) (LD)

(p) (p)

, , (LD)( , )                          ( , +1,..., -1;  =3,5,..., )h h 1

i t i i tY g Y h i B B C h H   = =
   

 (10) 

4.2. PV modelling 

 The probabilistic and affine modelling of PV systems was developed by the authors in [72] and designed as a 

current source [24] at fundamental and harmonic frequency. The background harmonic interaction was also modelled.  

4.2.1. Modelling for PV fundamental-frequency current 

 The PV modelling is based on [38,39], and is specified for 10-min intervals. Accordingly, the meteorological 

random/uncertain variables involved are the global and diffuse irradiation on the horizontal plane 

(pv) (pv); , ; , ( , )g i t d i tH H for a certain 
(pv)thi PV location (SRDN node) and t-th 10-min interval. Both random/uncertain 

irradiations determine the -tilt global irradiance,
(pv); , .i tG  Subsequently, the per-unit PV fundamental-frequency 

power is given as:  

  
(pv) (pv), (pv), ; , · ·

t

1

i  t i i tp AG=  (11) 

 Its affine form shows the sources of uncertainty for the affine model: 

 
(pv) (pv) (pv) ; , ; , (pv) (pv)

,(pv)

, ; , ; , = ( , ) ( , , ) 
g i t d i t 1p

i  t 

1

i  t g i t d i t H H errp H H   =
                                        

f f  (12) 

 The cumulant method [81] and complex AA [71] in (11) and (12), respectively, determine the cumulants 

(probabilistic model) and upper/lower bounds (affine model) for the random/uncertain variable,
(pv)

1

i , t p  from those of 

(pv); , g i tH  and
(pv); , d i tH .  Next, the random or uncertain variable, real per-unit PV fundamental-frequency current in 

phase p 
(pv)

(p) ,

, ( 1

i tI  or  
(pv)

(p) ,

, )1

i tI 
           

is computed from the PV inverter efficiency and a 1-p.u. AC fundamental-frequency 

phase voltage. Finally, an approximation expansion [82,83] gives its PDF. 

4.2.2. Modelling for PV harmonic current 

The stochastic harmonic model based on measurements are widely used in literature [24,25,84]. Therefore, the 

statistical PV harmonic current in [72] is computed with a method composed of two phases (Fig. 1). The first phase 

deals with the statistical characterization of the typical PV harmonic current spectrum (relative magnitude and phase 

angle) at different fundamental-frequency current intervals, based on [85]. The second phase provides the distribution 

functions of the PV harmonic current (absolute magnitude2 and phase angle) on the basis of the harmonic spectrum 

statistical characterization and the PV fundamental-frequency current. 

 

2 Unless otherwise specified magnitude refers to absolute magnitude 
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Cumulants (moments) and upper/lower bounds of per-unit 
magnitude of the PV hth-order harmonic current at 
the t-th time interval, i(pv)th PV location and phase p

Evaluation of moments (cumulants) and upper/lower bounds of the relative magnitude (%) and phase angle (rad) for the 
PV hth-order harmonic current at a fixed fundamental-frequency normalized current interval (interval     )

Multiplication of random variables: 
- Linear approximation + Cumulant method
- Affine arithmetic

(pv) (pv)

(p) ,% (p) ,%

, , 

  
h spec h spec

i t i t
I I

f F
− −

Real harmonic current emission data 
from the PV system output

Evaluation of the probability of each 
normalized current interval defined for the 

real PV fundamental-frequency current  

Mixture of the relative magnitude to all of the normalized 
current intervals for each hth-order harmonic at 

the t-th time interval, i(pv)th PV location and phase p

Mixture of the phase angle to all of the normalized 
current intervals for each hth-order harmonic at

the t-th time interval, i(pv)th PV location and phase p

Approximation expansion 
(Legendre series)

PDFs s of

m
,%

, 

h spec

pv j

r

I

−

P
h

as
e

 1
P

h
as

e
 2

Distribution functions by approximation expansions 
(Legendre series)

Real per-unit PV fundamental-frequency current 
(random and uncertain variable) for the t-th
time interval, i(pv)th PV location and phase p


,%

, 

h spec

pv j

r

I

− m , ,

, 

I h spec

pv j

r


 −  , ,

, 

I h spec

pv j

r


 −

(pv) (pv)

(p) , (p) ,

, , 
( )

1 1

i t i t
I I

            
 

(pv) (pv)

,(p) , ,(p) ,

, , 

  I h spec I h spec

i t i t

f F
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(pv)
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(p)

, 

h

i t

r

I

(pv)


(p)

, 

h

i t

r

I Cumulants (moments) and upper/lower bounds of phase 
angle (rad) of the PV hth-order harmonic current at 
the t-th time interval, i(pv)th PV location and phase p

(pv)

m ,(p)

, 

I h

i t

r



(pv)

 ,(p)

, 

I h

i t

r



(pv)

(p)

, 

h

i t
I Approximation expansion 

(Legendre series) (pv)

,(p)

, 

I h

i t


Summation of random variables: 
- Cumulant method
- Affine arithmetic

PDFs of

or
,%

, 

(  )
h spec

pv j
I

F f

− or , ,

, 

(  ) I h spec

pv j

F f


 −

Upper/lower bounds

,% ,% , , , ,
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− − − −

j j j j

h spec h spec I h spec I h spec

pv pv pv pv
I I    

,% ,% , , , ,

, , , , 
          

j j j j

h spec h spec I h spec I h spec

pv pv pv pv
I I    − − − −

(pv) (pv)

(p) ,% (p) ,%

, , 
    

h spec h spec

i t i t
I I
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(pv) (pv)

,(p) , ,(p) ,

, , 
    

I h spec I h spec

i t i t
 − −

(pv)
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, 

h

i t
I
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h

i t
I
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I h
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
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

Random variables Uncertain variables
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th h pu, =[ ])j v wt  −

  
Fig. 1. Flowchart of the probabilistic and affine model for the PV harmonic current. 

  In the second phase, the probabilistic mode determines the PV harmonic current for a point of interest (i.e., for a t-

th time interval, 
(pv)thi  PV location, and phase p) from two random variables specified for that point of interest, namely, 

the typical PV hth-order harmonic current spectrum and the above-mentioned PV fundamental-frequency current, 

(pv)

(p) ,

, 

1

i tI   . To model the first one, the probability of each -thj interval for the point of interest is evaluated. Next, by 

using these probability weights, a mixture distribution is applied to the typical PV hth-order harmonic current spectrum 

(relative magnitude ,%

, j

h spec

pvI 
−  and phase angle , ,

, j

I h spec

pv  − ) for all of the -thj  intervals. This provides the PDF and 

cumulative distribution functions (CDF) of the PV hth-order harmonic current spectrum specified for the point of 

interest 
(pv) (pv)

(p) ,% ,(p) ,

, , ( , ).h spec I h spec

i t i tI − − The hth-order harmonic current (per-unit absolute magnitude and phase angle) is 

then given for the point of interest by [80]: 

 
(pv) (pv) (pv)

(p) (p) , (p) ,%

, , , (pv)                         ( , +1,..., ;   =3,5,..., ;   , , ) h 1 h spec

i t i t i tI I I i C C N h H p a b c −=  = =  (13) 

 ( )
(pv) (pv) (pv) (pv)

(p) , (p) , , (p) , (p) ,

, , , , (pv)    ( , +1,..., ;   =3,5,..., ;   , , ) I h I h spec I 1 I 1, spec

i t i t i t i th i C C N h H p a b c   − −= +  − = =  (14) 

 In the case of the affine model, a mixture procedure is solved by AA as well. This provides the affine form of the PV 

hth-order harmonic current spectrum specified for the point of interest. Accordingly, the hth-order harmonic current is [80]: 

 
(pv) (pv) (pv)

(p) (p) , ,%

, , ,  (pv)                               ( , +1,..., ;   =3,5,..., ;   , , )  h 1 h spec

i t i t i tI I I i C C N h H p a b c −=  = =

                                 

 (15) 

 
(pv) (pv) (pv) (pv)

(p) , (p) , , (p) , (p) ,

, , , , (pv)       ( , +1,..., ;   =3,5,..., ;   , , )  I h I h spec I 1 I 1, spec

i t i t i t i th i C C N h H p a b c   − − 
= +  − = = 

 

                                           

 (16) 

 To statistically characterize the random output variables in the probabilistic mode, a linear approximation [52] is 

firstly applied to the multiplication of random variables in (13). The cumulant method [81] is subsequently applied to 

(13) and (14). This allows for the cumulant evaluation [86,87] of random outputs. In the affine model, (15) and (16) are 
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solved with complex AA by providing the upper and lower bounds of uncertain output variables. Finally, the LGSA 

reconstructs the resulting variables in terms of PDFs.  

4.2.3. Modelling of background harmonic voltage interaction on PV harmonic current 

 A multiple linear regression model was developed by the author in [85] to assess the interaction of the background 

jth-order harmonic voltage on the typical PV hth-order harmonic current spectrum at different -thj  intervals: 

 
j

j

, I, ,

,   ,  

, , θ, ,

,   ,  

j

j

h spec j spec j

pv h

I h spec j spec j

pv h

I V

V

 

 



 

− −

− −

 = 

 = 
 (17) 

 Based on this model, this section describes the interaction model for a point of interest, namely, for a t-th time 

interval, phase p, and 
(pv)thi  PV location. The probability of each -thj  interval is evaluated for the point of interest by 

(18). The resulting coefficient for the point of interest is then computed by using these probability weights on each 

interval coefficient (19) for all of the -thj  intervals. 

                 
(pv) (pv) (p) , (p) ,

, , (pv) (pv)

        
(p) ,

,  ,  ,  h pu th pu) th pu th pu  ( ( ) ( )
j 1 1

i t i t

1

i t i t
I I

vt w wF F vI
 

=   = −  (18) 

 
(pv) (pv)

,

, , , , , j j

j

j j spec

i t h i t h 


  −=   (19) 

 The linear model for the background harmonic interaction is: 

 
(pv) (pv) (pv)

(pv) (pv) (pv)

(p) I, (p) (p)

, , ,  ,  (pv)

,(p) θ, (p) (p)

, , ,  ,  

                        ( , +1,..., ;   =3,5,..., ;   , , )

   

h j j

i t i t h i t

I h j j

i t i t h i t

I V i C C N h H p a b c

V



 

 =  = =

 = 
 (20) 

 

5.  Deterministic HLF 

  HLFs can be stated in a power-flow non-linear equation form [30,88]. Since this formulation results in convergence 

problems for SRDNs, the admittance matrix formulation for SRDNs is the standard practice [79]. In this regard, the 

simplest numerical method for solving deterministic HLFs is harmonic penetration (HP), which assumes no harmonic 

interaction between the network and NLDs [17-181920,24,28-293031]. Nevertheless, the recognized IHP accounts for the 

interaction of the harmonic voltage with NLD behavior [21,32,34,35-3637]. 

 The IHP method in Fig. 2 consists of three steps: (i) fundamental-frequency conventional load flow (CLF) modified 

(CLFm); (ii) iterative harmonic analysis (IHA); and (iii) voltage node method (VN). Sinusoidal voltage is assumed in 

the NLD-1 block whereas harmonic voltage is assumed in the NLD-2 block. The method can be summarized as follows: 

Step 1: Modified CLF (CLFm) 

Substep 1-1: The CLFm is computed by taking into account the LD node constraints (21), which are also applied to PV 

system nodes with PV system behavior. Accordingly, the fundamental-frequency voltages (p)

, 

1

i tV 
  are: 

 (p) (p) (p)

, , , ( ) ;                           ( 1,2,..., )1 1

i i t i t i tG V , I c i N     = =      (21) 

 The most commonly used methodologies for computing CLF have problems with convergence [89] for multiphase 

formulations in SDRNs. Consequently, this research used the method in [90].  

 The fundamental-frequency LD admittance for each phase p and i(LD)th SRDN node can be computed from the 

CLFm solution: 
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( )

( )

( )

(LD) (LD)

(LD)

(LD) (LD) (LD) (LD)

(LD)

(LD) (LD)

* 2
*

, ,
,

* 2
*

, , , ,

* 2
*,
, ,

1 1
1 i t i t

i t

1 1 1 1

i t i t i t i t

1
1 1i t

i t i t

S V
Y

Y Y S V

Y
S V

 
   
   

   = =       
    

  

(a) (a)
(a)   

 

(p) (b) (b) (b)

    

(c)
(c) (c) 

  

                 (LD) , 1,..., 1; , ,i B B C p a b c= =    ( + -  )  (22) 

 The harmonic LD admittances are given as: 

 
(LD) (LD) (LD)

(p) (p)

, , (LD)( , )                          ( , +1,..., -1;h h 1

i t i i tY g Y h i B B C   = =
   

p= a, b, c; max=3,5,..., )h h  (23) 

 The admittances of generators and LD loads are included in the SRDN nodal admittance matrix in harmonic 

domain (p)

, ,h

bus tY 
  which is given by (24), (see Fig. 4) thus forming the modified SRDN admittance matrix (p)

, 

h

busM tY 
  . 

The SRDN is then reduced to the PV system nodes to obtain the reduced matrix (p)

, 

h

busR tY 
  .  

1m

1m

im

im iN

mN

mN

(p),h

L

(p),h (p),h
m mRoot node L

(p),h( )
L, 

(p),h (p),h
m mL L

(p),h

L

(p),h
m mL

Y1 1
+ + ... ... ...

2Z Z

... ... .... ...

Y1 1
... + ... -

2Z Z

Y1
... ... ... +

2Z

p h

bus tY

  
 

   
   

   =   

   
   

 
 

 
 

 

 

 




 
 
 
 
 
 
 
 
 
 
 

(24) 

Step 2: IHA 

Substep 2-1: the values at the kth iteration of the harmonic voltages 
(pv)

(p) ,( )

, 

h k

i tV 
 

update more accurate PV harmonic 

currents by means of (20). This can be written as: 

(pv) (pv) (pv) (pv) (pv) (pv)

(p) ,( ) (p) (p)1 (p) ,( ) (p) ,( ) (p)

, , , , , , (pv) max max max= ( , );  ( = ,..., ; =1,..., ; =1,..., ; =3,..., )h k h h k s k d

i t i t i t i t i t i tI H V , V , D i C N s s d d h h        
        

 (25) 

Substep 2-2: the convergence of PV harmonic current results 
(pv)

(p) ,( )

, 

h k

i tI 
 

is verified. Otherwise, it is necessary to 

proceed to the next substep. 

Substep 2-3: the harmonic currents are then applied to update new harmonics voltages:  

 
(pv) (pv)

( 1) ( )1
(p) (p) (p)

, , , (pv) max;                ( , +1,..., ;  3,5,..., )
k k

h h h

i t busR t i tV Y I i C C N h h
+ −

    = = =    
 (26) 

The process is then redirected back to substep 2-1. 

Step 3: VN 

Substep 3-1: the VN determines the nodal harmonic voltages by incorporating PV injected currents to the nodal current:  

 
1

(p) (p) (p) ,( )

, , , max;                      ( 3,5,..., )h h h k

bus t busM t bus tV Y I h h
−

     = =       (27) 

 The symmetrical component transformation [75] then determines the harmonic voltages in the symmetrical 

component-based framework: 

  (s) (p)

, , max;                                    ( 3,5,..., )h h

bus t bus tV T V h h   = =     (28) 
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Fig. 2. Flowchart of the numerical solution method for the deterministic HLF by IHP. 

 

6. Probabilistic and affine HLF 

  A good way to characterize the sources of uncertainty in HLFs is to model inputs as uncertain or random variables. 

In this regard, the MCS and our GAT are simulation techniques that make it possible to keep using the deterministic 

HLF routine.  

6.1. MCS for solving probabilistic HLFs 

 MCS is a statistical simulation method that randomly selects values of input variable distributions, and with these 

values, solves various deterministic HLFs in Section 5. The probabilistic solution of the output variables is 

reconstructed from computed deterministic data. The computational burden required by applying MCS to the HLF is 

enormous because of the dimensions of the equation system and the number of trials required to obtain a satisfactory 

level of accuracy. It is well known that high precision can always be achieved with this method, which is why it is often 

used as a reference method that others can be compared to. 

6.2.  Proposed GAT for the HLF 

 Fig. 3 shows the GAT developed in this research. This innovative technique is capable of calculating the harmonic 

voltage distributions (magnitude and phase angle) at each i(LD)th SRDN node and phase p in two stages. The first stage 

uses the PEM to determine the first statistical moments of the harmonic voltages, and applies the AA-based method to 

compute the bounds. Both formulations are based on the statistical characterization of the input variables. The second 

stage uses LGSA to estimate the output distributions from the bounds and moments of the variables. However, for 

purposes of comparison, we also designed the IGAT, which estimates output distributions, based only on the moment 

by the Cornish-Fisher approximation. The affine-HLF computation burden is thus unnecessary. 

6.2.1. PEM-based methodology for solving HLFs  

 The formulation of a deterministic HLF constitutes an equation system written as: 

 ( , );    ( , ) =    =  G H  (29) 

 A particular ith solution of   is given by ( ).i = F  

 The uncertainties of random inputs of PV systems 
(pv)iI  and LDs 

(LD)

1

iS  in the HLF can be satisfactorily assessed 

with a probabilistic approach (i.e., the PEM). The PEM concentrates the statistical information of the first few moments 

of a random input variable 
j tx
, 

at K deterministic locations
,j K tx

, 
. Given function F , which connects input and output 
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variables, as well as previous locations, the statistical moments of random outputs can be computed. This research 

considered 2
rvn +1 schemes [70]. The procedure consisted of the following steps: 

Deterministic SRDN parameters 

First statistical moments and upper/lower bounds for the amplitude 
and  phase angle of the hth-order PV harmonic current at t-th time 
interval, phase p and i(pv)th PV location (h=1… hmax , i(pv)=C,C+1,…,N)

PV fundamental and harmonic current model

Affine arithmetic
to solve affine HLF

PEM
to solve probabilistic HLF

Monte Carlo simulation 
on the deterministic HLF

Statistical moments around zero of the 
random output variables

(magnitude and phase angle of fundamental and 
harmonic voltage phasor at the N nodes)

PHASE AND SYMMETRICAL COMPONENT-BASED 
FRAMEWORKS
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(magnitude and phase angle of fundamental and 
harmonic voltage phasor at the N nodes)

PHASE AND SYMMETRICAL COMPONENT-BASED 
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• Legendre series (LGSA)
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at the N nodes  (magnitude and phase angle)
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1
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2

Approximation expansion
• Cornish-Fisher expansion 
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(p)

, 

h

i t
I (pv)

,(p)

, 

I h

i t


(p)

, 

h

i t
V

,(p)

, 

V h

i t


First statistical moments and upper and lower 
bounds for the real and reactive power at t-th time 
interval, phase p and i(LD)th node (i(LD)=B,B+1,…,C-1)

Fundamental-frequency load model

RESULTS FOR GATRESULTS FOR IGAT

(s)

, 

h

i t
V ,(s)

, 

V h

i t


 
Fig. 3. Flowchart of the proposed GAT. 

• The rotational transformation method in [40,52] transforms the set of 
rvn correlated random inputs 

(LD) (LD) (pv) (pv)

(p) (p) (p) ,(p)

, ,( , ,  , ),1 1 h I h

i t i t i t i tp q I 
, ,   

into a set of 
rvn  uncorrelated random inputs ( , ,..., ,..., ).

rv1 t 2 t j t n tx x x x
, , , , 

 This is 

necessary in the presence of input correlation. PV powers of geographically closer locations are correlated 

[40,41]. There are also reasons for the correlation between nodal loads [40,41]. 

• The so-called Kth concentration , ,( , )
j t j tx K x Kx 
, ,   

 of each random input
j tx
, 

 is obtained from the statistical input 

data (e.g. PDF, i.e.,
, j t

x
f ): 

 , , ; 1,2)
j t j t j t j tx K x x K xx K  = +  =
, , , ,   

                                    (  (30) 

  The two standard locations and weights are [70]: 

 ( ) ( ) ( )
23 33 4 3

, , , ,2 1 3 4 1 [ ( )]; 1,2)
j t j t j t j t j t j t j, t j t

K K

x K x x x x K x K x , 1 x 2 K       
− −

+    =
, , , , , , ,     

= / - - / ;  = - / -    (   (31) 

• The function F is evaluated only two times for each random input
j tx
, 

at the points specified for the Kth 

location ,j tx Kx
,  of the random input 

j tx
, 

and the expected value of the 
rvn -1 remaining inputs, namely 

,
( , ,..., ,..., ).

1 t 2 t j K t n trv
x x x x   

, , , , 
  

• One additional evaluation of function F at the point specified for the rvn  expected value of random inputs 

( , ,..., ,..., )
1 t 2 t j t n trv

x x x x   
, , , , 

 is required with the following specific weighting factor: 

 ( )
2

4 3

,

1

1 1/ (
rv

j t j t

n

o t x x

j

  
=

 = − −
  

 , ,  
    (32) 

• The solution for each of the preceding deterministic HLF is: 
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( )

,
, ( , ,..., ,..., )

1 t 2 t x K n tj t rv
i j t x x x xx K     =

, ,  , , 
, 

F
 (33) 

• The vector ( ),i j tx K
, 

is used to estimate the rth-order statistical moments around zero of the random output 

variables 
i  (p/s) ,(p/s) (p/s) ,(p/s) (p/s) ,(p/s)

, , , , , ,( . .,  , ,  , ,...,  , ) :h V h h V h h V h

1 t 1 t 2 t 2 t N t N ti e V V V  
      

  

 ( ) ( )
2

, ,

1 1

, (..., ,...)
rv

j t j

n
rr

r

i x K i j t o t x

j K

E x K  
= =

      + 
    ,  ,  

 F  (34)  

 

6.2.2. AA-based methodology for solving HLFs  

 The affine HLF is an advanced development of the deterministic HLF described in section 5. It consists of the 

following steps. 

Step 1: Affine CLFm 

Substep 1-1: The fundamental-frequency CLF is solved in complex AA [55,91,92] by the method in [90], which 

accounts for the behavior of PV systems. This method consists of the iterative forward and backward sweep process 

(see Fig. 4a). 

1. Initialization: all voltage magnitudes are assumed to be 1 p.u. and their phase angles 0º, 120º, and -120° phase 

shifted. The set of uncertain input variables that represents the real per-unit PV fundamental-frequency currents 

and LD power injections are expressed in complex affine form 
(pv) (LD)

(p) , (p)

,( , ),1 1

i t i tI S   
  

   
 , 

                  

 
involving 

sun  noise symbols.
 
 

2. Forward sweep: at iteration d, the uncertain current at the extreme LD node of the SRDN, i.e., node #j, is:  

 

(LD)

*

(a) (a) ,( 1)

, ,
(a) ,( )

,

(p) ,( ) (b) ,( )

, ,

(c) ,( )

,

1 1 d

j t j t
1 d

j t

1 d 1 d

j t j t

1 d

j t

S V

I

I I

I

− 
  
  

  
 = = 
  
 
  

  

 

  

 

                             

            

                        

            

(LD)

(LD)

*

(b) (b) ,( 1)

, ,

*

(c) (c) ,( 1)

, ,

1 1 d

j t j t

1 1 d

j t j t

S V

S V

−

−

 
 
 
 
  
  
  

  
  
   

  

  

                             

                             

 (35) 

 

The uncertain voltage at node #i and branch current 
ijL can be determined from the current at node #j, as follows:  

 

(p) ,( ) (p), (p) ,( ) (p), (p) ,( )

, , ,

(p) ,( ) (p),

, ,

;
ij ij

ij ij

1 d 1 1 d 1 1 d

i t L j t L j t

1 d 1

L t L j t

V a V b I

I c V

     
   = −        

     

 
 = −   

 

   

  

   
                                              

            
(p) ,( ) (p), (p) ,( )

,ij

1 d 1 1 d

L j td I
   

 +    
   

 
 

                             

 (36) 

where the matrices are stated in [90]. According to Fig. 4b: 

 

(p), (p), (p) (p), (p),

(p), (p),

(p), (p), (p), (p), (p),

1
;

2

;

1
;

4

ij ij ij ij

ij ij

ij ij ij ij ij

1 1 1 1

L L L L

1 1

L L

1 1 1 1 1

L L L L L

a d Z Y

b Z

c Y Y Z Y

        = = +        

   =
   

         = +
         

   

  

 (37) 

Taking into account both the uncertain LD current at node #i, obtained by (35) and the PV current, the uncertain 

total current at node #i is: 

 
(LD) (pv)

(p) ,( ) (p) ,( ) (p) ,( ) (p) ,

, , , ,ij

1 d 1 d 1 d 1

i t i t L t i tI I I I        
= + −       

       
    

                                             

 (38) 

Voltages and currents per phase at root node #1, are obtained by (36). 



14 

3. Convergence judgment: when the convergence criterion is verified, the following result is obtained: 

 

(p) (p) ,( ) (p) (p) ,( )

Root node, Root node, ,max( , ; ( , , )1 1 d 1 1 d

t 1, t t 1 tV V V V p a b c− −  =
    

  

      

                                                                    

 
(39) 

4. Backward sweep: the reference voltage (p) ,

Root node,

1

tV 
  

is considered at node #1. The uncertain voltages at the 

successive nodes are calculated with the currents in step 2. For example, the voltage of node #i is: 

 

1 1
(p) ,( ) (p), (p) , (p), (p), (p) ,( )

, Root node, ,1i 1i 1i

1 d 1 1 1 1 1 d

i t L t L L i tV a V a b I
− −   

     = −         
   

   

                             

 (40) 

With the preceding voltages, the iterative process begins again at the second step. 

 Once convergence is achieved, the fundamental-frequency LD admittances are: 

 (LD) (LD)

(LD) (LD)

(LD) (LD)

(p) * (a) *

, , (p) (a)

, ,  (LD)2 2
(p) (a)

, ,  

, ,
;  e.g. ;  ( , +1,..., -1;  , , )

, ,

1 1

i t o i t o1 1

i t i t
1 1

i t o i t o

S S
Y Y i B B C p a b c

V V

= = = =  (41) 

 The harmonic LD admittances are given by: 

 
(LD) (LD) (LD)

(p) (p)

, , (LD) max( , );                           ( , +1,..., -1;  =3,5,..., )h h 1

i t i i tY g Y h i B B C h h   = =
   

 (42) 

 The harmonic LD admittances are incorporated into SRDN admittance matrix (p)

, 

h

bus tY 
  , building modified SRDN 

admittance matrix (p)

, 

h

busM tY 
  . In addition, the system is reduced to the PV system nodes, which obtains reduced matrix 

(p)

, 

h

busR tY 
  .  
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Fig. 4. Example of an SRDN with 3 nodes (a) and its three-phase line segment model (b). 

Step 2: Affine IHA 

Substep 2-1: the uncertain harmonic voltages 
(pv)

(p) ,( )h k

iV
 
 
 

             

at the kth iteration are used to update more accurate PV 

harmonic currents by solving (20). By using a Cartesian-to-Polar transformation for voltages and a Polar-to-Cartesian 

transformation for current, (20) can be written as: 

(pv) (pv) (pv) (pv) (pv) (pv)

(p) ,( ) (p) (p) (p) ,( ) (p) ,( ) (p)

, , , , , , , (pv) max max max= ( , ); ( = ,..., ; 1,..., ; =1,..., ; =3,..., )h k h 1 h k s k d

i t i t i t i t o i t i tI H V ,V , D i C N s s d d h h
 

= 
 

                      

(43) 
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Substep 2-2: the convergence criterion is verified for PV harmonic current results, thus transforming them into interval 

forms such as (39). Otherwise, it is necessary to proceed to the next step. 

Substep 2-3: the harmonic currents then derive the new iteration for uncertain harmonic voltages:  

 
(pv) (pv)

( 1) ( )
1

(p) (p) (p)

, , , (pv) max;                ( , +1,..., ;  3,5,..., )

k k

h h h

i t busR t i tV Y I i C C N h h

+
−   

 = = =    
   

                 

  (44) 

The process is then redirected back to Substep 2-1. 

Step 3: Affine VN 

Substep 3-1: the VN determines the uncertain nodal harmonic voltages by incorporating PV-injected currents into the 

nodal current vector:  

 
1

(p) (p) (p) ,( )

, , , max;                      ( 3,5,..., )h h h k

bus t busM t bus tV Y I h h
−   

 = =    
   

                    

 (45) 

 The symmetrical component transformation [75] then determines the uncertain harmonic voltages in the 

symmetrical component-based framework: 

  (s) (p)

, , max;                                   ( 3,5,..., )h h

bus t bus tV T V h h
   

= =   
   

                

 (46) 

6.2.3. Output distribution by approximation expansion 

 As reflected in the literature, any PDF of a random variable x with finite cumulants can be expressed in terms of 

orthogonal polynomial expansions [81]. The most widely used expressions are the Gram-Charlier type A and Laguerre 

polynomial expansion [83]. Among the Saddle Point approximations are the Edgeworth [83] and Cornish-Fisher [82] 

expansions. Previous series are defined for an interval -  x  +. For this reason, they do not consider that x can only 

take values within an interval x  x  x . For an optimal performance, knowledge of the upper and lower bounds is also 

necessary. This is accomplished by using the LGSA [72,93], which is for a finite interval 0  t  1. The form of the 

LGSA can handle many moments, and even more important, it uses direct knowledge of the upper and lower bounds. 

Since the Gram-Charlier and Edgeworth expansions employ orthogonal polynomials based on a normal distribution, 

their applicability is limited to nearly normal distributions [30]. Since this study analyzes strongly asymmetric 

distributions, only Cornish-Fisher expansions and LGSA were applied.   

7. Case studies 

 The software code was MATLAB using a computer with Intel® Core™ i7-8750H+HM370 (6 cores), 2.2-4.1 GHz, 

and 16-GB DDR4. A rural SRDN was used as a case study for this work. Unless otherwise stated, the results focused on 

node #30, the most critical multiphase node for voltage regulation.  

 The GAT analyzed harmonic distortion and voltage unbalance in two scenarios. The first scenario (#1) was a 10-min 

time interval around 12:00 p.m. (midday) for a cloudy winter day in January. The second scenario (#2) was 10-min 

interval at the same time for a sunny summer day July.  

7.1.1. Test SRDN data and PV input data 

 The SRDN was a 30-branch, 31-node, 0.4-kV SRDN located in a rural area of Andalusia [40]. It was a four-wire 

SRDN with a multigrounded neutral system. It should be highlighted that this rural SRDN had unbalanced lines and line 

sections, carrying a mixture of single-phase, double-phase, and three-phase loads. The base allocation and sizing of PV 

https://ark.intel.com/content/www/es/es/ark/products/134906/intel-core-i7-8750h-processor-9m-cache-up-to-4-10-ghz.html
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systems in [40] for each node and phase is shown in Fig. 5. This amounted to 15 PV systems of 10 kWp, which meant a 

10%-PV penetration.  

 The first statistical moments and bounds for global and diffuse irradiation, based on specific geolocation (node), 

were obtained from [40], which provided PV correlation data as well. Statistical data (moments and bounds) and 

correlation for each real/reactive fundamental-frequency node load and phase were derived from [40]. PV harmonic 

data were gathered by time-domain measurements [85], which involved both the typical PV harmonic current spectrum 

and the background harmonic interaction. 
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Fig. 5. Single-line diagram of the rural SRDN. 

 

7.1.2. PV harmonic current injection 

 This section presents the PDFs, resulting from the procedure outlined in section 4.2.2. They are for the PV harmonic 

current in each scenario, and focus on the 10-kWp PV system at node #30 and phase a. Magnitude results are given in 

p.u., and the power and line-to-neutral voltage base were chosen as 1-MVA and 230-V, respectively. 

 As a common behavior pattern for lower-order harmonic currents (3rd-order, 5th-order, and 7th-order harmonics) in 

January vs. July lower absolute magnitude levels in the PDFs were observed mainly because of the lower levels of 

fundamental-frequency current, even though the relative magnitude levels in the relevant PDFs were greater.  However, 

the magnitude levels for higher-order harmonics hardly changed in the two months. Regarding the phase angles, levels 

moved somewhat erratically from higher to lower values when compared both months. 

 Any known distribution could be identified in the PDFs thus obtained. In January, the PDF shape was farthest away 

from a Gaussian distribution. This outcome agrees with [72] since the harmonic current PDF begins to show a more 

Gaussian behavior as the fundamental-frequency current level increases. 

 

Fig. 6. PDF curves of the hth-order harmonic current for the PV system at node #30 and phase a, on a day of January/July at 12:00 

p.m. (midday): (a) magnitude; (b) phase angle. 
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7.1.3. Accuracy and computation cost of the GAT versus MCS 

 To demonstrate the accuracy of the GAT, its results in the test SRDN with PV systems were compared with those of 

the MCS for 10,000 trials, which was used as a reference. This assessment was carried out, based on an average-root-

mean-square error index of the resulting CDFs. In particular, this error in the harmonic voltage magnitude, (p)

,  h

i tV
 

 

(phase angle, ,(p)

, )V h

i t
 

 is given by [39]: 
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i t i t

n
c c c
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
 =

   
−   

   
= 


 (47) 

  

and the maximum error for all of the SRDN nodes and phases: 

  (max) ,(max) (p) ,(p)
max, max, , , 

GAT GAT

 ( )  ( ),
maxh V h h V h

t t i t i tV Vi p 
 =  (48) 

 

 Although the Cornish-Fisher expansion and Legendre series can be based on any number of cumulants or terms, 

respectively, this research used the first five cumulants [39,72] and the first five/twenty terms [72]. 

 Table 1 shows a condensed collection of results for the maximum GAT errors of the harmonic voltages in the 

SRDN. As can be observed, the GAT had a high level of accuracy for all harmonics. In fact, the more terms used in the 

LGSA, the greater its accuracy was with very little variation in the computation time. Consequently, there was no 

increase in the computational burden. MCS was found to be computationally expensive, and thus not viable for the 

purposes of this analysis. 

 Regarding the results for 20 terms, when the harmonic order was higher, the error in harmonic voltage magnitude 

was greater. Nevertheless, the accuracy for higher harmonic orders was closely tied to lower ones. For phase-angle 

accuracy, there was no change. The most significant error occurred in scenario #2, July. As a result, a higher dispersion 

in the resulting PDF led to an increase in errors. Finally, the comparison of errors for the SRDN nodes revealed that the 

greatest errors occurred in PV system nodes.  

Table 1. Maximum GAT error of all node harmonic voltages and associated computation time. 
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7.1.4. The GAT versus incomplete IGAT 

  This section discusses the accuracy of the GAT as compared to the IGAT. For both techniques and various 

harmonics, Fig. 7 displays the results of harmonic voltage magnitude in node #30 (phase a) with background harmonic 
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interaction on a July day at 12:00 p.m. (midday) Fig. 8 focuses on the voltage unbalance, whereas the rest of the 

variables remain the same as in the previous figure. 

 As can be observed, the error index   highlights that the fitting by the GAT was clearly more precise than that of 

the IGAT for all of the results. For example, Fig. 7b indicates that the GAT better reconstructed the peaks and troughs 

of the PDF. It also shows a curve that is much closer to the MCS for the 5th-order harmonic. Moreover, the GAT 

limited the PFD from the lower to the upper bounds, thanks to the LGSA. Conversely, the IGAT prolonged the PDF 

beyond its bounds. As expected, both techniques produced large errors in derived variables (see Fig. 8b), namely, the 

unbalance computed from all of the harmonic voltages. 

 The 7th-order harmonic showed the most non-Gaussian behavior, followed by the 15th-order, 3rd-order and 5th-

order harmonics. This result agrees with the non-Gaussian shape of input variables in Fig. 6.. Nevertheless, according to 

central limit theorem, the PDF of output variables tended to show a more Gaussian behavior. In fact, the behavior of the 

output variables was quite different from the non-Gaussian behavior of the inputs in Fig. 6. 

 

  

  
 

Fig. 7. PDF curves of the hth-order harmonic voltage magnitude in phase a and node #30 with background harmonic interaction on 

a day of July at 12:00 p.m. (midday): (a) h= 3; (b) h=5; (c) h= 7; (c) h=15. 
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Fig. 8. PDF curves of voltage unbalance in node #30 with background harmonic interaction on a day of July at 12:00 p.m. (midday): 

(a) fundamental phase unbalance; (b) total phase unbalance.  

 

7.1.5. Analysis of the impact of background harmonic interaction 

  

In regard to node #30 in July, this section shows how the multiphase interaction of background harmonic voltage on PV 

harmonic current could strongly impact the resulting voltages for phases a, b, and c, see Fig. 9. Due to space limitations 

the results for other nodes are not shown. As can be observed in Fig. 9, the harmonic voltage amplitudes were different 

in each phase and were dependent on the loading and PV generation level. Thus, except for the 9th-order and 15th-order 

harmonics, the results show that these amplitudes in phase c were the highest and lowest in the phase b.  The PV 

harmonic current value in phase c was higher than that of the other two phases, which was a consequence of a heavier 

PV generation allocation in phase c and a lighter allocation in phase b, i.e., 6 PV systems in phase c vs. 5 and 4 PV 

systems in phase a and b, respectively. The higher harmonic voltage values in phase b, for the 9th-order and 15th-order 

harmonics, could stem from the interaction between PV generation and load at the lowest PV harmonic current values 

that occurred at these harmonic orders. When the additional interaction was compared to the non-interaction condition, 

it was found that this similarly shifted the resulting PDFs of three phases. In fact, it increased values for every harmonic 

except for the 7th-order harmonic though the SRDN operated under unbalanced conditions. Conversely, the 7th-order 

harmonic showed an opposite trend and decreased its values. Moreover, the dispersion of PDFs remained almost 

unchanged and the phase with the highest and lowest harmonic voltage did not vary. This means that the interaction did 

not change voltage unbalance as indicated in Fig. 12. This provided sufficient justification to analyze in detail the 

multiphase interaction impact for harmonics focusing on a single phase (Fig. 10).        
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Fig. 9. PDF curves of the 15th-order harmonic voltage magnitudes in node #30 and phases a, b, and c with/without background 

harmonic interaction on a day in July at 12:00 p.m. (midday). 

 

 Fig. 10 summarizes the interaction impact for different harmonics at phase a. The month of July was selected to 

discuss this interaction impact since the PDF magnitudes had their highest levels. As a common behavior pattern, 

lower-order harmonic voltages (3rd-order, 5th-order, and 7th-order harmonics) tended to strongly modify most of the 

PV harmonic currents since significant shifts were found at high-order harmonic voltages despite their low PV 

harmonic currents (see  Fig. 6). On the other hand, there was a great coupling between triplen harmonic voltages (3rd-

order, 9th-order, and 15th-order harmonics) with larger increases. More specifically, the most significant harmonic 

voltage rise (27.2%) was in the 3rd-order harmonic, which had the highest PV current magnitude. This high interaction 

impact in triplen harmonics was due to the unbalanced conditions in the SRDN. However, the behavior of the lower-

order harmonic voltages of positive and negative sequence (i.e., 5th-order and 7th-order harmonics) hardly varied 

(increase of about 3.5% for the 5th-order and -2.2% for the 7th-order). 
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 The aggregated impact of background harmonic interaction on resulting harmonic voltages led to a moderate 

VTPD  rise of about 14.5% for January and 14.4% for July, ( Fig. 11). However, as shown in Fig. 12, the impact on the 

voltage unbalance was very limited. For example in scenario #2, this low impact was mainly observed in 
VTPU (Fig. 

12b1) because of the change in the harmonic unbalance components (Fig. 12b2), where the 1V
TPU remained almost 

unchanged. Furthermore, the interaction did not contribute to a more ideal balanced case since the sequence of 

characteristic harmonics moved somewhat erratically away from this case. In other words, ratio (2)h

V changed to lower 

values for negative-sequence harmonics (5th-order and 11th-order harmonics) but also for positive- and zero-sequence 

harmonics (13th-order and 15th-order harmonics). As a result, variation in the VTPU was minimal.  

 

 

 

 

 
 
 

 

 

 

 

 

 

 

 

 

 

 

Fig. 10. PDF curves of the hth-order harmonic voltage magnitude in node #30 and phases a with/without background harmonic 
interaction at 12:00 p.m. (midday) on a day in: (a) January(#1); (b) July(#2). 

  
Fig. 11. PDF curves of the total phase distortion of voltage in node #30 with/without background harmonic interaction on a day of 

January and July at 12:00 p.m. (midday) 
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Fig. 12. PDF curves of the voltage unbalance –fundamental and total phase unbalance (1), harmonic ratio of negative-sequence to 
positive-sequence (2)– in node #30 with/without background harmonic interaction 

at 12:00 p.m. (midday) on a day in: (a) January; (b) July. 

7.1.6. Meeting of regulatory limits 

 This section discusses the regulatory limit fulfilment for harmonic distortion and voltage unbalance in the SDRN. 

Fig. 13 presents the harmonic voltage profile for all SRDN nodes, focusing in phase a. The most harmonic orders met 

their harmonic voltage limit of compatibility level in the low voltage (LV) IEC standard [60]. However, the 15th-order 

harmonic voltages in some nodes in January were closer to the 0.4% level in [60]. In contrast, the harmonic voltages in 

July were even higher than in January. This was unacceptable for nodes #24 to #31. However, when the 0.5% limit in 

EN 50160 Std. [59] was assumed, this outcome was somewhat less important  

 Regarding the 15th-order harmonic voltages of the entire SRDN, their PDFs in each scenario were used to assess the 

violation probability of the compatibility level in [60]. A compatibility-level value is based on the 95% probability 

level, i.e., an  significance level below 5%. Therefore, a violation probability higher than a 5% -  level involves 

noncompliance with the regulatory limit. Based on the 0.4%-compatibility level in [60], Fig. 15a shows the violation 

probability for all of the SRDN nodes and phases, Nevertheless, the expected value in Fig. 13b for scenario #2 cannot 

be compared with the compatibility level. For example, the expected value at node #23 was 0.354%. (Fig. 13b) below 

the compatibility level. In contrast, Fig. 15a shows that the violation probability of harmonic voltage was 10.4%,higher 

than the 5%-significance level because of the dispersion. As a result, this node did not comply with the regulatory limit. 
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Fig. 13. Expected value and standard deviation of hth-order harmonic voltage magnitude (phase a) with background harmonic 

interaction at 12:00 p.m. (midday) on a day in: (a) January; (b) July. 

 

 Fig. 14 shows the voltage unbalance profile for all of the SRDN nodes in scenarios #1 and #2. In general, the 

voltage unbalance rose as the distance from the root node increased, though not always. It was assumed that the root 

node was a balanced three-phase source. Throughout the SRDN, the unbalanced location of PV and load currents 

caused unequal voltage drops, which produced unbalanced phase voltages. However, there was evidently a flatter 

distribution of the fundamental and total phase unbalance towards the root node than the distribution of the harmonic 

voltages in Fig. 13. The reason for this was that values of VTPU  were about 200-300% greater than the corresponding 

values of .1V
TPU As a result, the harmonic unbalance components were very important but did not determine the 

shape of ,VTPU  which followed the shape of .1V
TPU  As can be observed, there was no great change in 

1V
TPU throughout the SRDN because the unbalanced PV fundamental-frequency currents were able to locally feed 

the closest unbalanced loads, and thus help to maintain a more balanced condition. In contrast, unbalanced PV harmonic 

currents flowed toward the root node and caused an increasing number of unequal harmonic voltage drops ( Fig. 14).  

 Furthermore, Fig. 14 clearly shows that the sequence of characteristic harmonics was not as large as expected in the 

ideal balanced case. Even though the most important negative-sequence components were obviously the 5th-order and 

11th-order harmonics, most harmonics tended to comprise both zero and negative-sequence components, as reflected in 

the negative-sequence in 3rd-order, 9th-order and 15th-order harmonics. 

 Regarding the regulatory limit for voltage unbalance of all of the SRDN nodes, their PDFs allowed the violation 

probability assessment of the 2%-compatibility level limit in [59,60] (see Fig. 15b). Despite the fact that Fig. 14b shows 

the expected value of total phase unbalance, at each SRDN node, this value cannot be compared with the compatibility 

level. For example, as shown in Fig. 14b, the expected value at node #10 in scenario #2 was 1.99%, which was below 

the compatibility level. Nevertheless, as highlighted in Fig. 15b, the violation probability of the total phase unbalance 

was 60.99%, which was higher than the 5%-significance level because of dispersion. Accordingly, this node did not 

fulfil the regulatory limit.  

 The results were worse when the regulatory limit fulfilment for harmonic distortion (Fig. 15a) and voltage 

unbalance (Fig. 15b) were compared. This higher level of noncompliance was not only due to unbalanced PV currents 

but also to PV harmonic distortion, which significantly increased total versus fundamental phase unbalance. 
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Fig. 14. Expected value and standard deviation of voltage unbalance (fundamental and total phase unbalance, harmonic ratio of the 

negative-sequence to the positive-sequence) with background harmonic interaction at 12:00 p.m. (midday) on a day in: (a) January; 

(b) July. 
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Fig. 15. Violation probability, based on regulations, for the whole nodes during a day in January/July at 12:00 p.m. (midday) for: 

(a) 15h-order harmonic voltage; (b) fundamental and total phase unbalance of voltage. 

8. Conclusions 

 This study developed a GAT for solving iterative multiphase HLFs in SRDNs with input uncertainties from PV 

systems. This GAT was able to successfully deal with unbalanced conditions. Particular attention was given to the 

procedure to obtain the set of descriptive measurements used to stochastically characterize the output variables 

(harmonic distortion and voltage unbalance). Various improvements were also implemented to reduce the 

computational efforts to obtain these measurements. For this purpose, an innovative combination of the PEM and 

complex AA was adopted. Another important feature of the GAT was the use of the LGSA to achieve the best 

reconstruction for the output variables, bounded on a finite interval. The GAT incorporated the IHP method into the 

multiphase framework, which made it possible to also handle background harmonic interaction. Moreover, the GAT 

was able to take into account the double uncertainty in the PV harmonic injection (magnitude and phase angle), which 

is more realistic in the operation of SRDNs. 

  The results obtained for a real SRDN demonstrated that the GAT was well suited for the assessment of uncertainty 

propagation in iterative HLFs, and that it could be effectively applied to SRDNs in unbalanced conditions. The 

comparison of these results with those obtained with MCS showed that the GAT has a satisfactory level of accuracy 

with a shorter computational time. Although the calculation speed of the GAT was slightly less than that of IGAT, it 

was found to be more accurate.  
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 The numerical results indicated that the impact of background harmonic interaction cannot be neglected. Thus, the 

aggregated impact of background harmonic interaction on the resulting harmonic voltages led to a moderate increase in 

VTPD . However, as expected, this interaction did not have a significant impact on voltage unbalance. 

 Regarding regulatory limit fulfilment, a high level of noncompliance was found to occur in July, due to voltage 

unbalance limits. The reason for this was not only the unbalanced PV currents but also mainly PV harmonic distortion. 

Since the probability of noncompliance was particularly high, equipment damage was to be expected. This research and 

the numerical results of its case study highlight the usefulness of the GAT for the application of harmonic standards. 
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