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Capitulo

Motivacion y objetivos

La comprensién, desde un punto de vista molecular , del equilibrio de fases y las propiedades
interfaciales de sistemas condensados ha crecido enormemente en las dltimas décadas. En este sen-
tido, la combinacidon de diferentes técnicas de simulacion en el marco de la Mecénica Estadistica nos
va a permitir entender, desde un punto de vista microscépico, como la parametrizacién del modelo
molecular determina el comportamiento macroscépico de un determinado sistema [1]

Hoy en dia se puede determinar el diagrama de fases completo y las propiedades interfaciales
de un determinado modelo haciendo uso de la simulacién molecular. Esto es posible, no solamente
debido al vertiginoso aumento de la potencia computacional asociado al extraordinario desarrollo
del hardware, sino también al gran ntimero de técnicas y algoritmos que se han desarrollado en estos
altimos afios [2,3]. Ademds de las simulaciones en los colectivos tradicionales, existe una gran va-
riedad de técnicas que permiten determinar la coexistencia de fases, asi como la energfa libre de las
mismas. Entre todas ellas destacar la integraciéon termodindmica, la integracién de Gibbs-Duhem, y
calculos de energia libre, como el uso del Expanded Ensamble, el método de insercién de la particula
de prueba (test-particle insertion), el método del cristal de Einstein (fases sélidas) o en el caso de la
determinacién de propiedades interfaciales el Test-Area, para calcular la tensioén superficial mediante
simulacién de fases fluidas en coexistencia directa [4].

El estudio de fluidos inhomogéneos, desde los dias de las primeras teorfas macroscépicas pro-
puestas por Laplace y Young hasta llegar a las teorias funcionales de la densidad que se usan ac-
tualmente, tiene una larga historia [5]. Desafortunadamente, la comprension a nivel molecular de
las propiedades interfaciales, como anchura interfacial, adsorciéon y tension superficial entre otras,
es muy limitada, especialmente si la comparamos con el conocimiento actual de sistemas homo-
géneos. Esto es especialmente cierto en el caso de moléculas con interacciones intermoleculares
complejas, como el caso de cadenas moleculares y sistemas asociantes. El conocimiento preciso
de las propiedades interfaciales es esencial en el disefio de procesos de enorme interés industrial,
biolégico y comercial: detergentes (surfactantes y solubilizacién de sustancias), produccién de ali-
mentos (coloides y emulsiones), industria de cosméticos (fases estructuradas) y dispositivos opto-
electrénicos (cristales liquidos) entre otros [6]. Los fundamentos tedricos de las interfases estdn bien
consolidados desde el punto de vista de la Mecanica Estadistica. El formalismo de los funcionales de
la densidad ha sido descrito en detalle por diferentes autores [7,8]. Pese a todo ello, existen pocos
funcionales capaces de predecir cuantitativamente el comportamiento interfacial de sistemas reales
complejos y sus mezclas.

La determinacién de los perfiles de la densidad (variacién de la densidad con la distancia a la
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interfase) o la anchura de interfases (regiéon del espacio en la que existe una variacién significativa
de la densidad) es relativamente sencilla desde el punto de vista de una simulacién. En cambio, el
cdlculo de la tension superficial es mucho mads exigente computacionalmente hablando. Hasta hace
poco, el método estdndar (y casi tnico) utilizado para su evaluacion era el calculo del tensor de pre-
siones del sistema inhomogéneo [9]. Aunque este método se puede aplicar a sistemas sencillos, es
particularmente dificil de implementar en sistemas moleculares complejos. En los tltimos 10 afios se
han propuesto métodos alternativos para la determinacién de la tensién superficial desde un punto
de vista termodindmico (WIM (wandering interface method) [10], Area-Sampling [11], Expanded
Ensamble [12]), incluyendo la técnica del Test-Area [4]. Especial relevancia cobra la aportaciéon de
MacDowell y Blas [13,14] extendiendo y mejorando el método de Janecek [15] para determinar las
correcciones de largo alcance de sistemas moleculares, obteniéndose de este modo ventajas computa-
cionales frente al método original.

1.1 Objetivos

El trabajo de este trabajo de tesis doctoral se desarrolla en el seno del Grupo de Investigaciéon de
Fisica de Liquidos Complejos (FILICO) perteneciente al Departamento de Fisica Aplicada y desde
2015 al Laboratorio de Simulacién Molecular y Quimica Computacional, CIQSO-Centro de Investi-
gacion en Quimica Sostenible. El grupo de investigacion cuenta con una dilatada experiencia en las
diferentes técnicas y formalismos mencionados en la breve introduccién anterior.

En una fase previa de definicién del trabajo, durante el afio 2010, se decide que el trabajo de tesis
sea una transicién suave de las lineas de trabajo iniciadas en el grupo de investigacién dentro de
la simulacién molecular mediante técnicas de Monte Carlo (MC). Asi que el punto de arranque de
esta tesis es precisamente la extension del método de MacDowell y Blas [14] para la evaluacién de
las correcciones de largo alcance (LRC), en unién con la técnicas termodindamicas del Test-Area (TA)
o Volume Perturbation (VP) [16], al estudio de las propiedades interfaciales de diferentes sistemas
inhomogéneos, concretamente mezclas binarias de modelos esféricos sencillos y modelos simplifica-
dos de cadenas moleculares flexibles. Se inicia asi un trabajo previo de programacién para extender
c6digos MC desarrollados en el grupo de investigacion, o creacién de cédigos nuevos como es el
caso de un cédigo para mezclas de moléculas esféricas sencillas que interaccionan bajo el potencial
discontinuo de square-well. Ademds se decide implementar, en los cédigos MC, el célculo de las
componentes microscépicas del tensor de presiones (virial) tanto para el potencial de Lennard-Jones
(LJ) como para el potencial de square-well (SW).

Por tanto los problemas a resolver se enfocan hacia la determinacién de propiedades interfaciales
y equilibrios de fase de mezclas binarias y de cadenas flexibles, haciendo uso de la simulacién Monte
Carlo. Nuestro interés es determinar el efecto de pardmetros microscépicos del potencial (en los
modelos de L] y de SW), tales como el tamafio molecular, la energia dispersiva, y el rango de la
interaccién, sobre las propiedades interfaciales, especialmente sobre la tensién superficial, pero tam-
bién sobre otras propiedades de interés, como el tensor de presiones, la anchura interfacial, etc. El
periodo de tiempo, de disefio y programacién de cédigos MC, permiti6 ir definiendo la elecciéon de
los sistemas a estudiar, tanto por su interés como por acotar el problema con unos objetivos de tesis
realistas en el tiempo.

Cabe mencionar también, que la gran experiencia del grupo en diferentes versiones del formalis-
mo SAFT (Teoria Estadistica de Fluidos Asociantes ) colocé el punto de arranque, de cada uno de los
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sistemas de estudio, en una posicién claramente ventajosa. Aunque el objetivo de este trabajo de tesis

es calcular propiedades interfaciales mediante simulacién Monte Carlo, el conocimiento del equili-

brio de fases es esencial para ello. Se ha podido disponer de los datos del equilibrio de fases de las

mezclas de estudio, sin duda una poderosa herramienta a disposicién del doctorando, especialmente
atil, tanto para preparar cuidadosamente los sistemas para la simulacién en coexistencia directa,
como para chequear los resultados obtenidos mediante las diferentes metodologias utilizadas.

A continuacién se presentan los objetivos de la tesis divididos en tres grandes bloques, de forma
que cada uno de estos bloques se ha dividido en tareas realistas que han constituido la guia por la

que ha transitado el proceso de investigacion:

Obj 1. Revisar, aplicar y extender las correcciones de largo alcance para la determinacién de

Obj 2.

propiedades interfaciales en sistemas inhomogéneos.

Obj 1-a.

Obj 1-b.

Obj 1-c.

Obj 1-d.

Obj 1-e.

Extender la version mejorada por MacDowell y Blas [13, 14] de las correcciones de
largo alcance de Janecek [15], para el potencial de Lennard-Jones, sobre el cdlculo
de las componentes microscépicas del tensor de presiones usando la ruta mecénica
(virial), en el contexto de la eleccion de Irving-Kirkwood.

Determinar las componentes macroscépicas del tensor de presiones mediante la
ruta termodindmica basada en perturbaciones de volumen propuesta por de Miguel
y Jackson [16] con objeto de validar y comparar la implementacion de las correc-
ciones de largo alcance mediante la ruta mecanica.

Evaluar la tensién interfacial haciendo uso de tres metodologias en simulaciones en
coexistencia directa vapor-liquido: integracién de la diferencia de los perfiles mi-
croscopico de las componentes del tensor de presiones (método Irving-Kirkwood),
direfencia entre las componentes macroscopicas del tensor de presiones (ruta per-
turbativa) y Test-Area.

Analizar el efecto de la distancia de corte y las correcciones de largo alcance sobre
las propiedades de coexistencia.

Comprender el efecto de la contribucién impulsiva de la presién debido a la dis-
continuidad que aparece al cortar el potencial de interacciéon intermolecular, asi
como las consecuencias de no tener en cuenta esta contribucién en la evaluacién
de las componentes microscépicas del tensor de presiones.

Determinacion de la tensién interfacial fluido-fluido en mezclas binarias de modelos es-

féricos sencillos

Obj 2-a.

Obj 2-b.

Extender los Obj 1.a , Obj 1.b y Obj 1.c al caso de mezclas binarias que interaccio-
nan mediante potenciales Lennard-Jones y que exhiben, no solamente equilibrio
liquido-vapor, sino también liquido-liquido. La consecucién de este objetivo nos
permitird afrontar el estudio de problemas més ambiciosos. El primer paso sera
la implementacién en nuestros, cédigos de programacién dedicados a moléculas
esféricas, el escenario de mezclas de dos 0 mds componentes junto con el proce-
dimiento de MacDowell y Blas para las correcciones de largo alcance en interfases
planas fluido-fluido.

Utilizar la aproximacion Soft-SAFT, basada en la teorfa termodindmica perturba-
tiva de Wertheim [17-20] y desarrollada por Blas and Vega [21,22], para calcular el
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diagrama de fases completo de las mezclas binaria objeto de estudio. El conocer
el diagrama de fase previamente a la simulacién de Monte Carlo posee un doble
interés. Por un lado, la simulacién bajo condiciones de coexistencia directa precisa
conocer una imagen fiel de la coexistencia que envuelve al sistema en las condi-
ciones termodindmicas para las que se disefian las simulaciones, en particular las
densidades y composiciones de los componentes en las fases implicadas. Por otro
lado, chequear la validez de las metodologias de simulacién Monte Carlo imple-
mentadas para mezclas binarias.

Obj 2-c. Simular interfases planas liquido-vapor de diferentes mezclas esféricas Lennard-
Jones y considerar la dependencia de diferentes propiedades interfaciales, como
densidades de coexistencia, perfiles de densidad, anchura interfacial y tensién su-
perficial, en funcién de los diferentes parametros moleculares y diferentes condi-
ciones termodindmicas, como presién, temperatura y/o composicién de la mezcla.

Obj 2-d. Considerar interfases planas liquido-liquido de mezclas esféricas Lennard-Jones
seleccionado mezclas binarias que exhiban inmiscibilidad liquido-liquido eligiendo
adecuadamente los valores de los pardametros de interaccion cruzados. Analizar
el comportamiento interfacial de mezclas binarias que exhiben diferentes tipos de
equilibrio liquido-liquido, concretamente un tipo III de acuerdo con la clasificacién
de Scott y Konynenburg.

Obj 2-e. Analizar mezclas binarias de esferas que interaccionan mediante el potencial de
pozo cuadrado (SW). El estudio de sistemas que interaccionan con potenciales SW
no precisaré el uso de correcciones de largo alcance puesto que el potencial tiene
un rango limitado, pero si una implementacion en los cédigos del célculo de las
componentes microscopicas del tensor de presiones.

Obj 2-f. Determinar el diagrama de fases de las mezclas SW objeto de estudio haciendo uso
de la aproximacion SAFT-VR.

Obj 3. Determinacién de propiedades interfaciales de modelos simplificados de cadenas molecu-
lares que interaccionan mediante potenciales de Lennard Jones y de pozo cuadrado (square-
well).

Obj 3-a. Determinar propiedades interfaciales de cadenas flexibles de monomeros Lennard-
Jones mediante simulacién directa de la interfase liquido-vapor. En estas simula-
ciones se tendrdn en cuenta las correcciones inhomogéneas de largo alcance en su
version mejorada por MacDowell y Blas [13, 14] de las correcciones de largo al-
cance de Janecek [15], validas tanto para sistemas moleculares esféricos Lennard-
Jones como para sistemas de cadenas moleculares rigidas y flexibles. Utilizar la
metodologia Test-Area para determinar la tensién superficial.

Obj 3-b. Comparar los resultados de cadenas flexibles de monomeros Lennard-Jones con
datos de la literatura de cadenas rigidas de la misma longitud con objeto de analizar
el efecto de la longitud de cadena y flexibilidad sobre las propiedades interfaciales.

Obj 3-c. Simular el equilibrio liquido-vapor en cadenas de monomeros, totalmente flexi-
bles, que interaccionan bajo el potencial de square-well (SW) con objeto de estudiar
el comportamiento de propiedades interfaciales en funcién de la temperatura y el
tamafio molecular.
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Obj 3-d. Utilizar la metodologia WIM (Wandering Interface Method) desarrollada por Mac-
Dowell and Bryk (2007) [10] como un método elegante de célculo de la tensién
superficial en una gran cantidad de sistemas complejos, para determinar la tensién
superficial en cadenas de monomeros SW.

Obj 3-e. Determinar la presiéon de vapor en el equilibrio liquido-vapor de cadenas SW (es-
pecialmente en el caso de cadenas largas) de forma indirecta mediante la combi-
naciéon de la simulacién Monte Carlo y la integracién termodindmica, asi como
estimar la incertidumbre asociada a la integracién termodindmica haciendo uso
del método sintético propuesto por de Miguel (2008) [12].

Obj 3-f. Explorar relaciones de escalado universal para correlacionar cadenas moleculares,
que interaccionan bajo el potencial intermolar de Lennard-Jones o de square-well,
con diferentes grados de flexibilidad de la cadena.

1.2 Organizacion de la memoria de tesis

Este trabajo de tesis queda organizado en dos apartados principales. En la Parte I se exponen
los fundamentos teéricos y las metodologias utilizadas. Al presentarse la memoria como compendio
de articulos, la intencionalidad de esta primera parte es aclarar aspectos, tanto conceptuales como
metodologicos, que simplemente se citan en las publicaciones, o bien son tratados de una forma mas
general. Se ha redactado, intencionadamente, con un estilo especialmente diddctico, concibiendo
esta memoria como un documento ttil en el cual futuras personas, que se incorporen al grupo de
investigacién, encuentren un material donde puedan tener una visién clara, y de conjunto, de algunas
de las metodologias de simulacién Monte Carlo que se estan tanto utilizando como extendiendo, asi
como de la bibliografia basica de referencia.

En la Parte II se recogen las publicaciones (capitulos 10 al 15) en los que se exponen los resultados
relativos a los objetivos propuestos anteriormente. Estas publicaciones se han formateado conforme
al estilo tipografico de esta tesis, siendo copias fieles de las publicaciones. Es por lo que se indica
en cada uno de estos capitulos la referencia bibliografica, autores y afiliaciones. Finalmente se ex-
ponen las conclusiones finales (capitulo 16) de este trabajo de tesis junto a posibles lineas futuras de
continuidad del mismo.
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Capitulo

Fundamentos basicos de la Mecanica
Estadistica

La Mecénica Estadistica representa uno de los cuerpos de doctrina centrales de la Quimica Fisica.
Su papel es el de servir de conexién entre la visién microscépica y la vision macroscopica de la Ter-
modindmica. La descripcién microscépica es de gran precisiéon y abundante en el detalle. Demasi-
ado abundante cuando se trata de determinar el comportamiento de un sistema macroscépico. Por
el contrario, la Termodindmica adopta una perspectiva esencialmente empirica, de modo que bastan
unas pocas variables, focilmente medibles, para caracterizar el estado termodindmico. La Mecénica
Estadistica sirve de nexo entre ambas descripciones, de manera que permite utilizar la informacién
detallada de la imagen microscépica para pronosticar el comportamiento termodindmico.

2.1 Principios fundamentales

El postulado fundamental de la mecanica estadistica (también conocido como postulado de equi-
probabilidad de los microestados) establece que: dado un sistema en equilibrio todos los microesta-
dos compatibles con un macroestado dado son igualmente probables.

Este postulado es necesario porque permite concluir que para un sistema en equilibrio, el estado
termodindamico (macroestado) que puede resultar de un gran nimero de microestados es también el
macroestado mds probable del sistema.

La termodindmica estadistica se basa en la suposicién fundamental de que todas las posibles
configuraciones de un sistema dado, que satisfacen condiciones de contorno, tales como la energia,
el volumen,y el nimero de particulas, son igualmente probables de ocurrir. El objetivo pues es el de
comprender e interpretar las propiedades macroscépicas de la materia en términos de sus particulas
constituyentes y de las interacciones entre ellas.

La receta estadistica es, en principio, bien simple. Debe tomarse una muestra representativa de
los estados posibles del sistema y determinar las propiedades promedio para la misma. El problema
consiste en asegurar la representatividad de la muestra o, como se denomina en este contexto, la
ergodicidad del procedimiento.

Admitiendo que las particulas de nuestro sistemas obedecen las leyes de las mecanica clésica,
sabemos que para caracterizar un estado microscépico, de un sistema de N particulas, necesitaremos

13
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f coordenadas generalizadas qi,- - - ,q; y f momentos generalizados p1,-- -, py, siendo f el nimero
de grados de libertad del sistema y estando definida la energia total por el Hamiltoniano del sistema

+ U(q) (2.1)

donde el primer término corresponde a la energia cinética de las particulas y U(q) es la energia de
interaccion total del sistema.

Dado que estamos utilizando una descripcién clasica del sistema y que en la Mecanica Clésica
las coordenadas generalizadas ¢; v los momentos generalizados p; son variables continuas, lo que
q p
la Mecénica Estadistica va a postular para cada sistema macroscépico es una funcién densidad de
probabilidad para las variables coordenadas y momentos generalizados, es decir una densidad de
probabilidad en el espacio de las fases [23]. Asi pues, en el caso mds general va a postular una funcién
de la forma

p(qi, pist) = p(q,p;t) (2.2)

de manera que, por la definicién de densidad de probabilidad,

p(qi,pist)dar, - -+ ,dgy dp1,--- ,dpy = p(q, p; t)dqdp (2.3)

representa la probabilidad de que en un instante ¢ dado, el sistema se encuentre en un pequefio
volumen del espacio fésico:

alrededor del punto (¢, p). De acuerdo con esta definicién, p(q, p; t) deberd, en todo instante, cumplir
la condicién de normalizacién

/ dpdq p(q,p;t) =1 (2.5)

Esta idea de asociar a cada macroestado de un sistema un conjunto de microestados con una distribu-
ciéon de probabilidades es debida a Josiah Williard Gibbs (a finales del siglo XIX). Gibbs introduce el
concepto de colectivo, asamblea de sistemas o ensemble (anglicismo muy difundido). Un colectivo
es un conjunto formado por un nimero muy grande de sistemas, todos los cuales se encuentran en
el mismo estado termodindmico. La idea es que esta coleccién de sistemas representen una muestra
apropiada de todos los estados microscépicos y, por lo tanto, sus propiedades promedio sean las del
sistema promedio ideal. El método de los colectivos de Gibbs garantiza de antemano la ergodicidad
y, ademds, proporciona ecuaciones analiticas muy ttiles de las propiedades termodindmicas.

El punto de conexién inicial entre la descripcién macroscépica y la microscépica que vamos a
necesitar consiste en identificar la energia interna del sistema tal y como se define termodindmica-
mente con el total de la energia que poseen las particulas que componen nuestro modelo a escala
microscopica. Si consideramos una variable que, como sucede con la energia, es funcién de las co-
ordenadas y momentos generalizados A(p, ¢). A cada macroestado le corresponde un nimero muy
grande de microestados en los que en general los valores de ¢ y p son distintos, por lo tanto también
los es A(p, ¢). La Mecdnica Estadistica establece que los valores de los pardmetros macroscépicos que
definen el estado de un sistema son iguales a los valores medios, sobre el conjunto de microestados
asociados, de la correspondiente magnitud microscépica. Es decir que el valor de A en el sistema
macroscopico en un instante ¢ es

(A(t)) = / dpdq p(q,p;t) Aq,p) (2.6)
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Este promedio también podria contemplarse como un promedio temporal

AW = tim ~ [ Aar 2.7)

r—oo t

Establecer la igualdad entre estas dos declaraciones es precisamente lo que Paul y Tania Ehren-
fest [24] bautizaron como hipétesis ergddica en su articulo de 1911. Un cierto folklore estableceria,
en una naciente mecanica estadistica, que la relacién entre teoria y experimento se fundamenta en la
hipétesis que dice que “promedios temporales y promedios de ensemble coinciden en el limite de tiempos muy
largos”. Esta equivalencia, aunque razonable, no puede considerarse como trivial y ha sufrido nu-
merosas reformulaciones, como su version moderna en el teorema de Birkhoff [25], siendo realmente
complejo establecer si un sistema es o no ergdédico. Atin asi, la hipotesis es asumida en el estudio de
sistemas, mediante simulacién molecular, en el marco de la mecénica estadistica del equilibrio [3].

2.2 Ensembles y funciones de particion

A partir de ahora centraremos la discusién en sistemas que se encuentran en equilibrio, por lo que
la funcién densidad de probabilidad de la Eq.(2.2) puede considerarse independiente del tiempo,
y el estado termodindmico de un sistema puede establecerse dando valor a tan solo tres variables
termodindmicas: una elegida de cada una de las tres parejas {V, 1} (ntimero de particulas o potencial
quimico), {V,p} (volumen o presién), y {E,T'} (energia interna o temperatura). Cada pareja esta
formada por una variable extensiva y otra intensiva. Existen, por lo tanto, ocho formas diferentes de
definir el estado termodindamico de los sistemas que forman el ensemble. Las mas relevantes son:

e (N,V,E), que da lugar al ensemble microcanénico,
e (N,V,T), que define el ensemble canénico,

e (N,p,T), del ensemble isobdrico e isotérmico,

e (u,V,T), del ensemble gran canénico.

En cada ensemble, juega un papel fundamental el concepto de funcién de particién como objeto que
va a contener toda la informacion estadistica del mismo. La funcion de particiéon dependerd de las
tres variables que fijan el macroestado del ensemble, existiendo una relacion privilegiada entre dicha
funcién y el potencial termodindmico definido por la terna de variables que fijan el macroestado,
lo que da lugar a un nexo de unién fundamental entre los estados microscépicos y el macroestado
correspondiente.

A continuacién haremos una revisién breve, y de caracter axiomatica, de las funciones de parti-
ciéon de los ensembles utilizados, pudiendo acudir para deducciones detalladas a manuales de refer-
encia de Mecénica Estadistica (por ejemplo Ref. [23], [26], [27], [28]).

2.2.1 El ensemble candnico

La densidad de probabilidad para un sistema de N particulas interaccionando, en el ensemble
NVT, viene dada por

xp [-B8H (PN, VN
p(x, pV) = exp | i,!h(gv )] Qnyr (2.8)
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y la funcién de normalizacién o funcién de particion

Qvvr = o [ dpVar exp [-63¢(pY 1) 29)

donde h corresponde a la constante de Planck que aparece en el limite semicldsico de la mecénica
cuéntica, ya que para cada grado de libertad 1, el principio de incertidumbre nos impone que

ApiAg; > h (2.10)

y por tanto, la méxima resolucién para definir un microestado en el espacio fasico es el volumen A/,
para un sistema con f grados de libertad. El parametro 3 se relaciona con el inverso de la temper-
atura, § = (K BT)*l, siendo K g la constante de Boltzmann.

Si A es un observable, expresado en funcién de las coordenadas y momentos, su promedio en el
ensemble podemos evaluarlo como

T [ dp"dr™¥ A(p", vN) exp [-BH(p", rV)]
v J dpNdrN exp [—BH(pN, rN)]

(2.11)

En el colectivo candnico la conexién entre la Mecénica Estadistica y la Termodindmica se establece a
partir de la relacién
F=—kgThhQnvr (2.12)

siendo F la energia libre de Helmholtz, es decir, el potencial termodindmico correspondiente al sis-
tema con N, V y T fijos.

La conexion resulta de gran utilidad al poder relacionar los potenciales termodindmicos con otras
variables termodindmicas mediante la trans formada de Legendre. Dado que F es la transformada de
Legendre de la energia interna considerando 7'y V' como variables independientes (F' = U — T'S), y
teniendo en cuenta el hecho de que F, al igual que otros potenciales termodindmicos, es una funcién
de estado y por tanto tiene diferencial exacta, podemos obtener relaciones de gran utilidad en el
célculo de propiedades termodindmicas, como por ejemplo la presioén del sistema

OF
P=— (W)T (2.13)

Ahora bien, dado que la energia podemos expresarla como la suma de una contribucién cinética
(dependiente de los momentos) y una contribucién del potencial (dependiente de las coordenadas),
la funcién de particion puede ser factorizada como un producto

Qvvr = sy [ 0V exp [0%e")] [dr¥ e AU = QfyrQiivr  @14)

La integracién sobre los momentos puede resolverse analiticamente, lo que nos permite expresar la
funcién de particiéon como
VN
Qnvr = WQ%VT (2.15)
siendo el factor A = (h%/27rmkpT)"/? la longitud de onda traslacional de de Broglie, y la parte en
exceso (o configuracional) de la funcién de particion

1

Ny = VN /drN exp [—mi(l"N)} (2.16)
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Esta separaciéon de la funcién de particion hace que en general el calculo del promedio (A) pueda
dividirse en dos contribuciones: una cuya integracién sobre los momentos nos proporciona la con-
tribucién de gas ideal al promedio, y otra cuya integracién sobre las coordenadas nos proporciona la
contribucién configuracional al promedio

_ f drNA(rN) exp [—ﬁU(rN)]

(Ayvr = Tar™ oxp LAUY)] (2.17)

Nuestro problema entonces se reduce a realizar integrales del tipo Eq. (2.17). La dificultad radica
en la integracién de funciones A(r"Y). Solamente en muy pocos casos este tipo de integrales mul-
tidimensionales, sobre las coordenadas de las particulas, pueden ser calculadas. Acudir a métodos
tradicionales de cuadraturas tiene un coste computacional simplemente prohibitivo, unido a que
ademds la funcion densidad de probabilidad solamente toma valores significativos en un subcon-
junto muy reducido del espacio fésico [3]. Es precisamente en la resolucién de este tipo de integrales
donde las técnicas basadas en métodos de Monte Carlo muestran su potencia.

2.2.2 El ensemble isobdarico e isotérmico

En el ensemble isobdrico e isotérmico el ntiimero total de particulas N, la presion P, y la tempera-
tura T son constantes. La funcién de particién en el ensemble NPT puede escribirse como

QNPT = /dveXP(_BPV)QNVT (2.18)

y la versién equivalente a la ecuacién Eq. (2.17) para el calculo de promedios

[ dVexp(=pPV) [drVAEN, V) exp [-BUEN)]

(A wpr = [ dV exp(—BPV) [ drN exp [-BU(rN)] (2.19)

Es conveniente reconsiderar la formulacién de la funcién de particién @ yyr, para hacer explicita
la participaciéon del volumen V' en la definicién del estado del sistema. Para ello reescribimos el
problema en coordenadas escaladas (s"; L), donde s = r"'/L. Si asumimos que el sistema est4
definido por una caja de aristas L, L,, L., el escalamiento se define como s, = 7o/ Lo cono = x,y, 2
ei=1---N.Introduciendo el escalamiento en la Eq. (2.15), y teniendo en cuenta que dr"¥ = V¥ dr",
tenemos

VN 1 1
Qvvr = g | [ a5 em [-ou" L) (220)

Consideraremos que nuestro sistema, de volumen V' y de paredes méviles, estd inmerso dentro de
otro sistema formado por un reservorio de gas ideal y en el limite en el que el tamafio de este reser-
vorio tiende a infinito. En las condiciones de este limite termodindmico, pequefios cambios en el
volumen de nuestro sistema no afectaran a la presiéon P del reservorio y puede demostrarse [3] que
la funcién de particién del ensemble NPT puede escribirse como

gP
QNPT = 3w / dV V¥ exp(—BPV) / ds™ exp [-pU(s™; L)] (2.21)
donde el factor P tiene la funcién de hacer que )y pr sea adimensional. Consecuentemente, la
integral sobre las coordenadas de las particulas de la Eq. (2.19) se transforma ahora en una integral
sobre una caja unidad (£2)

Ay SV exp(=BPY) fo dsN AN V) exp [~ OU(s": L)
NPT [VNAV exp(—BPV) [, dsN exp [-BU(sY; L)]

(2.22)
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En el mismo esquema general del limite que acabamos de ver, la diferencia entre la energia libre
del sistema total (reservorio més el subsistema de volumen V' con N particulas) y el reservorio en
ausencia del subsistema es lo que se conoce como energia libre de Gibbs G, y la conexién entre
funcién de particién y potencial termodindmico queda establecida por

G = —kBTln QNPT (223)

La densidad de probabilidad, de encontrar al sistema en una configuracién definida por s’ y un
volumen V, cumplird que

p(Vis™) o VN exp(—BPV)exp [—BU(SN; L)]

= exp{-BUEN;L)+ PV - Ng 'InV]} (2.24)

2.2.3 El ensemble gran canénico

En el ensemble gran canénico el potencial quimico y, el volumen V, y la temperatura 7' son
constantes, pasando ahora a ser el nimero de particulas N una variable. La funcién de particién
en el ensemble VT puede demostrarse [3] que puede escribirse término de coordenadas escaladas
como en el apartado anterior

o) x <P — N
Qur = explBNvQuyr = 3 RPNV [ ¥ exp [-ou(s™)] (2.25)
N=0

NIA3N
N=0

donde Ny viene dada de forma similar a la Eq. (2.20). Ahora la densidad de probabilidad, de

encontrar al sistema en una configuracién definida por s" y un valor del nimero de particulas N,

cumplird que

exp(=BuN)VN
NIA3N

p(N;sV) o exp [—BU(sY)] (2.26)

La conexién con su potencial termodindmico (o energia libre) queda establecida por

Q= —kpTInQuyr (2.27)



Capitulo

Simulacion molecular mediante método
de Monte Carlo

Bajo el término genérico de simulacién molecular se engloban tanto técnicas computacionales
basadas en Monte Carlo (MC) como en dindmica molecular (DM). El principal objetivo de la simu-
lacién molecular es ofrecer resultados exactos a problemas de la mecanica estadistica por encima de
alternativas aproximadas.

Lo que caracteriza a la simulacién molecular frente a otros métodos computacionales, y aprox-
imativos, es que las coordenadas son determinadas de acuerdo a rigurosos calculos de energias y
fuerzas intermoleculares, pudiendo determinar propiedades macroscépicas mediante la evaluacién
exacta de un modelo tedrico del comportamiento molecular. La palabra clave, de la descripcién ofre-
cida por estas técnicas, es “exacta”. Es decir, los resultados de una simulacién estan condicionados
por la naturaleza del modelo tedrico utilizado. Consecuentemente, la comparacién de sus resultados
con experimentos, o con resultados de teorias, suponen un test de la precisiéon del modelo, por lo
que discrepancias entre medidas experimentales y datos de simulacién molecular deben atribuirse
sin ambigiiedad a fallos en el modelado del comportamiento molecular. También, se muestra intere-
sante una vision en la cual la simulacién molecular puede servir para resolver discrepancias entre
medidas experimentales tomadas en condiciones especialmente criticas.

En sesenta afos, desde la primera simulaciéon MC de un liquido disefiada por Metropolis et al.
(1953) [29] sobre una computadora MANIAC, o la primera implementaciéon en DM de potenciales
de esferas duras, por parte de Alder y Wainwright (1957,1959), la simulacién molecular ha ido siem-
pre de la mano de la vertiginosa historia de la computaciéon (desarrollo de hardware, cédigos de
programacion, redes, ...). Bien sea mediante el desarrollo de cédigos propios, el uso de cédigos
comerciales, o cddigos open source, el horizonte actual se muestra realmente fascinante, como por
ejemplo el escenario que ofrece la programacién sobre GPU (Graphics Processing Units). El célculo
de las energias de los pares de interacciones entre moléculas consume normalmente la mayoria del
esfuerzo computacional, y la eficiencia, en la paralelizacién necesaria, es posible gracias al nuevo
paradigma computacional que suponen las arquitecturas de calculo paralelo de las actuales GPUs, y
como esa paralelizacién puede expresarse mediante lenguajes de alto nivel como C++ o FORTRAN.

En este capitulo, se abordan las bases tedricas de la simulacién molecular mediante el método
de Monte Carlo, como estrategia estocdstica para la resolucién de integrales multidimensionales del
tipo de la Eq. (2.17), haciendo especial énfasis en los métodos y algoritmos utilizados en este trabajo.
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En este sentido los algoritmos van a depender del ensemble elegido para la simulacién.

El esquema de Monte Carlo utilizado, en nuestras simulaciones de fluidos, se resume basicamente
en que las transiciones entre diferentes estados o configuraciones del sistema se alcanzan mediante
una secuencia que pasa por: (a) la generacion de una configuraciéon de prueba de forma aleatoria;
(b) la evaluacién de un criterio de aceptacién mediante el cdlculo de la variacién de enegia y otras
propiedades en la configuracién de prueba; y (c) la comparacion del criterio de aceptacion con un
numero aleatorio, aceptando o rechazando la configuracién de prueba.

Es importante recalcar que no todos los estados generados supondran una contribucién sig-
nificativa a las propiedades configuracionales del sistema. Para determinar de forma precisa las
propiedades del sistema serd necesario muestrear adecuadamente aquellos estados que supongan
una contribucién significativa. En este sentido jugard un papel fundamental el concepto de cadena
de Markov, como secuencia de muestreo en la cual el resultado de la configuracién de prueba de-
pende exclusivamente del estado anterior. Es decir, en una cadena de Markov, un nuevo estado serd
aceptado solamente si es mds favorable que el estado presente.

3.1 Latécnica de Monte Carlo y el muestreo Metropolis

En un esquema de integracién basado en métodos deterministas, por ejemplo un método numérico
de cuadraturas basado en la regla de Simpson, el ntimero total de puntos (n) en el que hay que eva-
luar el integrando de la integral definida sobre un volumen V'

I:/Vf(x)dm (3.1)

sera igual a m”", siendo m el niimero de puntos equiespaciados en el que se divide cada eje de

coordenadas en el dominio de V, y DN es la dimensionalidad del espacio de configuracién. La
computacién sobre ese niimero de puntos en simplemente inviable.

En un primer esquema de integracion de Monte Carlo (que podriamos denominar de “fuerza
bruta”) los m puntos los tomarfamos de forma aleatoria pero todos igualmente probables, es decir,
en base a una distribucién de probabilidad uniforme. La integral puede asi estimarse como

{(f2) = ()

- (3.2)

zz/vf(m)dx:v<f>iv

donde (f) = ;Zf(xi)}’@d) = ;ZfQ(UCi)

Fijémonos, por ejemplo, que en un método de cuadratura mediante la regla de Simpson la esti-

maci6n del error de truncamiento depende de la dimensionalidad de la integral como € ~ 1m~4/4

, con
lo cual, para una cota méxima del error, m y el tiempo de computacién aumentan exponencialmente
con la dimensionalidad, puesto que m ~ (1/¢)%*. Sin embargo, en el esquema de Monte Carlo el
error es puramente estadistico, de forma que cuando m — oo tenemos que, de acuerdo al teorema

del limite central, el error converge segtin € ~ m~?, siendo independiente de la dimensionalidad.
Por lo tanto al aumentar la dimensionalidad, el método de Monte Carlo se muestra més eficiente

(para d > 8 es mds ventajoso que una estrategia Simpson).
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Retomando nuestro objetivo, el promedio de la propiedad termodinamica (A(r")) podrfa obten-
erse por evaluacion de la siguiente integral sobre 3NV grados de libertad en un sistema de N particulas

(A™)) vyr = /drNA(rN)pNVT(rN) (3.3)

donde pyy7(rY) es la probabilidad de obtener una configuracién r” la cual depende de la energia
potencial U de dicha configuracién.

N) _exp [—BU(rN)]

= T oxp [ AUEY) 64

pnyT(r

La solucién a plantear mediante Monte Carlo seria generar un nimero muy grande de configura-
ciones (Nyiq1) de r"V de forma aleatoria y reemplazar la integracién por una suma sobre un niimero
finito de configuraciones, de forma que la Eq. (3.3) se convierte en

Nirial
D AilrN)exp [-AU()]
(A" wvr = —5— 49
> exp [-AU(™)]

i

En la préctica, la ejecucién simple del método de Monte Carlo para evaluar Eq. (3.3) es altamente
ineficiente debido a que la eleccién de la estrategia de muestreo, basada en seleccionar configura-
ciones de forma aleatoria y con la misma probabilidad, deja pasar muchas configuraciones en las
cuales el factor de Boltzmann toma valores muy pequefios. Tales configuraciones suman una con-
tribuciéon muy pequefa al promedio. Como consecuencia, para obtener una aproximacién adecuada
del promedio necesitariamos muestrear sobre un ntimero prohibitivamente grande de configura-
ciones. Por lo tanto tendremos que restringir el muestreo de la funcién a aquellas regiones del espa-
cio configuracional del sistema que contribuyan de forma significativa a la integral, surgiendo asi el
concepto de importancia del muestreo (“importance sampling”).

El concepto de “importance sampling” consiste basicamente en muestrear segtin una distribucién
de probabilidad no uniforme en el dominio de V. Para ello sea ¢g(x) una funcién densidad de proba-

bilidad tal que g(z) >0y / g(x)dx =1, de manera que la Eq. (3.2) puede escribirse como
v

ARNNAY
_/Vg(x)f(x;dx—v<§>:|:V (5))-{5) (3.6)

La esencia del método es determinar una funcién densidad de probabilidad g(x) tal que el co-
ciente f(z)/g(x) sea una funcién suave y lo mdas constante posible en el dominio de integracién V.
Si por ejemplo g(x) = 1/V recuperamos el método de cuadratura de Monte Carlo de “fuerza bruta”,
por lo que lo interesante es que g(z) “mimetize” a f(z).

Aplicando estas consideraciones a la Eq. (3.3) tenemos que

I'N r
<A(rN)>NVT=/drN [A< ;’Z\%T(

)

g(r™) (3.7)
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y enlazamos esta filosoffa con el método propuesto por Metropolis et al. (1953) [29], para muestrear
la funcién de Boltzmann, donde para la funcién g se hace la eleccién g(rN ) = pNVT(rN ). Enel
método Metropolis se generan estados con una probabilidad exp [—BU(rN )] y cada uno de ellos
cuenta igualmente, en contraste con el método simple de Monte Carlo donde los estados se generan
con la misma probabilidad asignandoles un peso igual a exp [— su( )]

Sin embargo, generar puntos en el espacio configuracional con una probabilidad relativa propor-
cional al factor de Boltzmann no es un problema trivial. A diferencia de la situacién planteada en
la Eq. (3.6), donde a priori conocemos la probabilidad de muestrear un punto en un volumen deN

alrededor de r", es decir conocemos tanto exp [—AU(r")] como / dr™ exp [—-BU(rY)] (funcién de

particion del sistema), ahora tnicamente conocemos exp [— BU(rN )] ; esto es, conocemos solamente
la probabilidad relativa de visitar los diferentes puntos del espacio configuracional. La dificultad
estriba en encontrar un método para generar una secuencia de estados aleatorios tales que al final de
la simulacién cada estado haya sido muestreado con la probabilidad adecuada.

Resulta, que es posible hacer esto sin necesidad de calcular el factor de normalizacién de pyv 7 (rN ),
es decir, la funcién de particién. La secuencia se generard segtin una cadena de Markov, siendo ésta
la esencia del algoritmo implementado en el cédigo de simulacion Monte Carlo.Una cadenas de
Markov se caracterizan por la “falta de memoria”: el resultado del siguiente paso en la evolucién de
un sistema depende solamente del estado actual de dicho sistema y es independiente de la historia
del mismo.

LLamemos I'; al estado en el que se encuentra el sistema en el paso j de una secuencia de esta-
dos, definido por las coordenadas {r’Y }(j)- Si después de una secuencia de (n — 1) pasos se tiene la
secuencia de estados I'g, I', ... ,I',,_1, la probabilidad de que el sistena vaya al estado I'';, en el paso
siguiente estd dada por la probabilidad condicional P(I',|T',—1, ... T'g) y si la secuencia sigue una
cadena de Markov tenemos

P(Tp|Ty_1, ... Tg) = P(Tp|Tp_y) (3.8)

La probabilidad de transicién entre dos estados la denotaremos como my,,, = P(T',,|T',), donde
los indices m, n indican dos de los posibles estados I', no dos pasos de la secuencia. Obviamente,
estas probabilidades de transicién son elementos de una matriz estocastica IT = {m;; }.

Entonces, la cadena de Markov se generaré a partir de un microestado de partida y una prescrip-
cién de las probabilidades de transicién {r;;}. Esta cadena de Markov genera una distribuciéon de
probabilidad, de modo que la probabilidad de que I'; aparezca en la cadena seria

P(Ty) = lim (3.9)

n—oo n
donde N; es el nimero de veces que la cadena pasé por I';.

Ahora debemos establecer las condiciones que debe de cumplir la probabilidad de transicion ;;
para que después de un “tiempo” de la cadena suficientemente largo la distribucion resultante P(T';)
sea estacionaria y converja en particular a la distribucién de Boltzmann.

La probabilidad de transicién 7, = P(I',,|T';,) debe satisfacer:

1. mppn > 0, para todo Iy, Ty,
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2. paratodo T,
> fn =1 (3.10)

3. para todo par de conjuntos de microestados €2, = {I',} y Q,,, = {T';,, } debe existir al menos un
I, e QyunT,, € Qp, tal que 7, >0

Las dos primeras condiciones resultan de que 7,,, es una probabilidad. La tercera condicién no es
sino otra forma de imponer la ergodicidad de la cadena de Markov.

En el comienzo de la cadena de Markov, el sistema se encuentra en un microestado I'y. En ese
instante, la distribucién de probabilidad sera simplemente P(I') = dr ,. En pasos sucesivos dicha
distribucién ird cambiando hasta converger a la deseada. Podemos pensar por lo tanto en una dis-
tribucién de probabilidad que sea funcién del paso o “tiempo” de la cadena, P(T', t). La variacion de
la distribucién en el “tiempo” se puede describir mediante la ecuacién

W = — %:Tfnmp(rm t) + ;WmnP(I‘m,t) (3.11)

donde el primer término de la derecha es la probabilidad de “salir” de I, y el segundo de “entrar” en
I',,, aceptando un “tiempo” continuo si la cadena tiene un ntiimero suficientemente grande de pasos.
La solucién estacionaria de esta ecuaciéon implica queda

> TumP(Toyt) = o P(Ton, ) (3.12)

de donde haciendo uso de la condicién de la Eq.(3.10) resulta

P(Ty) = TmnP(Ty) (3.13)

que es la condicion de probabilidad invariante o estacionaria que debe poseer P(T',,). Aunque esta
ecuacién puede reemplazarse por una condicién atin mds fuerte que se conoce como condicién de
balance detallado o reversibilidad microscépica

ya que puede comprobarse que sumando sobre todos los estados m y haciendo uso de la Eq. (3.10)
podemos recuperar la Eq. (3.13) en cuestion.

Metropolis et al. (1953) [29] mostraron una eleccién para la matriz de probabilidad de transicion,
que satisfaciendo las Eq.(3.10) y Eq.(3.13), permite la construccién de una trayectoria en el espacio
fasico en el emsemble canénico

Q st P(Ty) >1, m#n
Tmn = (3.15)
P(T,) . P(Ty,)
Cmn, [P(I‘m)] st P(Ty) <l,m#n

donde «,,, representa la probabilidad de seleccionar una configuracién de prueba I';, cuando el sis-
tema se encuentra en I'y, (con la restriccién de simetria oy, = apm). Sila probabilidad del nuevo
estado es mayor que la del estado anterior, entonces el nuevo estado es aceptado con una proba-
bilidad «,,, mientras que en el caso contrario la probabilidad de transicién dependera ademaés del
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cociente P(I';))/P(T,,): cuanto mds pequefo es este cociente menor es la probabilidad de pasar de
I,,al,.

Ademds debemos de contemplar una probabilidad distinta de cero de permanecer en el mismo
estado (m = n) dada por
Tom =1— Y T (3.16)
n#m
En un proceso de Monte Carlo, una nueva configuracién de prueba puede obtenerse por desplaza-
miento (del centro de masas), intercambio, eliminaciéon o adicién de una molécula. En el caso de
sistemas moleculares también se podran contemplar reorientaciones aleatorias de las moléculas. Por
ejemplo, generemos una configuracién de prueba haciendo un desplazamiento aleatorio centro de
masas de una molécula (i), desde su posiciéon r;"* a un punto vecino con posién r;’ dentro de un cubo
C centrado en la posiciéon antigua. Con un ntiimero muy grande pero finito de nuevas posiciones
Nirial, donde todas son igualmente probables, puede definirse oy, para la molécula (i) como

1/Nyiat st 1y € C,
Qmn = (3.17)
0 si ¢ C
La naturaleza exacta de la probabilidad de transicién dependera del ensemble elegido pero siem-
pre involucrara la evaluacion de la energia de la nueva configuracion generada y su comparacién
con la energia del estado actual. Notar también que si la nueva configuracién es rechazada, entonces
la configuracién presente pasa a contabilizarse como una nueva configuracion.

3.2 El algoritmo Metropolis en el ensamble NVT

La implementacion del algoritmo Metropolis pasa por la generaciéon de un movimiento de prueba
y el célculo del cambio de energia AU = U,, — Uyy,:

e Si AU <0, entonces P(I',)/P(T';,) > 1y se acepta el movimiento.

e SiAU >0, P(T,)/P(T';,) < 1yelmovimiento se acepta con una probabilidad P(T',,)/P(T';,) =
exp(—BAU). Se genera un nimero aleatorio &, con probabilidad uniforme en (0,1), y se acepta
el movimiento si exp(—SAU) > &.

El procedimiento se resume definiendo la probabilidad de aceptacién como
min [1, exp(—BAU)] (3.18)

Una simulacién Monte Carlo es disefiada por ciclos. En cada ciclo, se intenta un desplazamiento para
cada molécula (elegida aletoriamente o de forma secuencial) y se aplica el criterio de aceptacién. El
tamafio del cubo C' controla la fraccién de movientos de prueba que son aceptados. Por lo tanto, se
define el parametro de simulacién 47,4, (desplazamiento maximo permitido en un movimiento de
prueba) con objeto de controlar la tasa de movimientos aceptados. El desplazamiento de la molécula
i se lleva a cabo mediante la suma de un vector v, generado aletoriamente con probabilidad uniforme
en el intervalo [—1, 1], a la posicién original de la particula

'inew = Yiold + 5rmaxv (319)
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La experiencia indica que una tasa de aceptacién del 40% — 50% es aceptable para una simulacién
de Monte Carlo. Un disminuciéon del valor de 67,,., tendrd como consecuencia un aumento de la
tasa de aceptacion pero el espacio fasico serd muestreado lentamente y las configuraciones aceptadas
estardn altamente correlacionadas. Por el contrario, un aumento de 67,4, conllevard que un mayor
ntmero de configuraciones no sean aceptadas y a una peor exploracién del espacio fésico.

3.3 El algoritmo Metropolis en el ensamble NPT

El algoritmo para el ensamble NPT puede plantearse como una simple modificaciéon sobre el algo-
ritmo NVT. Ademds de intentar deplazamientos de moléculas los cuales son aceptados o rechazados
dependiendo del valor de Al, se llevardn a cabo fluctuaciones de volumen con objeto de mantener
constante la presion del sistema. El volumen se tratard como una coordenada adicional. Estos cam-
bios de volumen se pueden asumir de V,,, a un valor V,, = V,,, + AV, donde AV es una magnitud
aleatoria uniformemente distribuida en el intervalo [-AVj,qe, +AVinez]. Las sucesivas configura-
ciones se generardn siguiendo el esquema propuesto en las Egs. (3.15) y (3.16), con una probabilidad
de que el sistema se encuentre en una configuracion concreta dada por la Eq. (2.24). Asi pués, para
las fluctuaciones de volumen la probabilidad de aceptaciéon vendra dada por

min [1,exp {—8 [AU+ PAV — N8~ ' In(V,,/ Vi) }] (3.20)

En este trabajo el volumen ha sido muestreado tinicamente en la direccién z, haciendo cambios en
L., y manteniendo constante la seccion transversal, L L.

Los desplazamientos de moléculas se llevardn a cabo manteniendo el volumen del sistema cons-
tante; y consecuentemente, la probabilidad de aceptacién de estos movimientos serd la misma dada
por la Eq. (3.18) para el ensamble NVT.

3.4 Condiciones de contorno periédicas y condicion de minima imagen

Una de las limitaciones de las simulaciones, tanto en MC como en DM, es el tamafio del sistema
objeto de estudio. La pregunta de cudn grande tiene que ser un sistema relativamente pequefio para
que los resultados concuerden con el comportamiento descrito por un experimento, o una teoria,
no tiene respuesta tinica. Por un lado tenemos que sopesar el tiempo de computacién que requiere
el célculo de las energias de interaccién de las moléculas; el corazén de una simulaciéon MC, ya
que como hemos visto, esta informacién es utilizada para aceptar o no aceptar una determinada
configuracién del sistema. En principio, para un sistema de N moléculas, el tiempo de computacién
del doble bucle, en el algoritmo utilizado en este cdlculo, es proporcional N™, siendo m el nimero
de interacciones. En el caso de una interaccién aditiva por pares es proporcional a N?. Reducir o
eliminar esta dependencia con N? serd uno de los problemas de los algoritmos en los cédigos de
simulacion.

Por otro lado, si estamos interesados en la simulacién del seno de un fluido (conocido como
“bulk”) debemos minimizar los efectos de condiciones de contorno o paredes del entorno de simu-
lacién, ya que las moléculas en contacto con una pared experimentan fuerzas bastante diferentes a la
de la fase que se pretende simular. El problema de estos efectos de superficie se puede resolver apli-
cando condiciones de contorno periédicas (PBC) [2,3,28,30]. La caja ctibica de simulacién se replica a
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través del espacio para formar una red infinita. De este modo, la caja central es representativa de un
bulk y estd rodeada de réplicas de si misma. Hay dos consecuencias de esta periodicidad. La primera
es que cada una de las N moléculas de la caja central tiene una imagen, en la misma posicién relativa,
en cada una de las cajas réplica. Cuando una molécula abandona la caja central, su correspondiente
imagen entra en la caja central desde la cara opuesta. De esta forma el niimero de moléculas se con-
serva durante la simulacién. Después de cada movimiento Monte Carlo de una particula, tienen que
examinarse las coordenadas, y si se encuentra que una molécula se ha movido fuera de la caja de
simulacién sus coordenadas tienen que ser ajustadas. Si por ejemplo, la coordenada z debe estar
entre 0y L,, donde L, es el tamafio de la caja en la direccién z, las pruebas son: si x; > L, entonces
se reemplaza z; por x; — L,, y si x; < 0 entonces se reemplaza por z; + L.

La segunda consecuencia de las PBC es la dificultad que introduce en el calculo de la energia. Si
consideramos un potencial aditivo por pares, la contribucién a la energia de una molécula incluird
la interaccién de dicha molécula con todas la de la caja de simulacién. Habrd N — 1 términos en la
suma. Sin embargo, en principio, se deben incluir también todas las interacciones con las moléculas
de las cajas vecinas. Esta tarea supondria un ntiimero infinito de términos y por supuesto es inviable.
Para una funcién de energia potencial de corto alcance , se puede restringir esta suma haciendo una
aproximacioén. Se considera a la molécula como centro de una regién del mismo tipo y tamafio que
la caja de simulacién. Esta molécula interacciona con todas las moléculas cuyo centro se encuentre
dentro de esta region, es decir, con las imdgenes periédicas mds cercanas de las otras N —1 moléculas.
A esta técnica se le denomina criterio de minima imagen [2,3,28,30]. La implementacion del criterio
de minima imagen en el célculo de la interaccién dentro del cédigo de simulacién es sencilla. Por
ejemplo, sila distancia x;; entre pares de moléculas x;; > L, /2 entonces se reemplaza x;; por x;; — L,
y sizi; < L, /2 entonces se reemplaza z;; por x;; + L.

En el criterio de minima imagen el calculo de la energia implica una serie de términos de interac-
cién, concretamente, N (N — 1)/2. Este calculo es costoso computacionalmente para sistemas de un
orden de particulas a partir de ~ 10®. Asf que existe una aproximacién adicional, que mejora sus-
tancialmente la situacion, que consiste en el truncamiento del potencial. Supondremos que el potencial
intermolecular se hace cero a partir de una cierta distancia que denominaremos distancia o radio de
corte r. (“cutoff”). Durante la simulacién solamente se evaluardn las energfas debidas a moléculas
que se encuentren a una distancia inferior a r. (ver Fig. 3.1).

En una caja de simulacién de lado L, el nimero de vecinos considerados se reducird en un factor
de aproximadamente 4772 /3L3 (en el caso de que 7. = L/2, se reduciria en un factor de ~ 1/2).
La introduccién de un cutoff esférico supone una perturbacién pequefia al sistema. Es importante
puntualizar que el mayor valor que podriamos tomar serfa r. = L/2 ya que de lo contrario se violaria
la condicién de minima imagen.

Objeto de otras secciones de este trabajo serd tratar los problemas derivados del uso de un r;
basicamente: la generacién de una discontinuidad en la funcién del potencial, y la necesidad de
utilizar correcciones de largo alcance de la energia como consecuencia de no tener en cuenta las
interacciones desde el r. a occ.
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Figura 3.1: Critero de minima imagen en un sistema de dos dimensiones. La caja central contiene
10 moléculas (9 en rojo y una en verde que es sobre la que calcularemos la interaccién). La caja de
trazo discontinuo construida en torno al centro de la molécula, representada en color verde, tam-
bién contiene 10 moléculas (5 rojas pertenecen a la caja de simulacién y 4 azules son imégenes). La
circunferecia de trazo discontinuo representa la distancia 7. a la que se trunca el potencial.

3.5 Lalista de vecinos

En el apartado anterior hemos visto como disminuir el tiempo de computacion en el célculo de
la energia, ya que las contribucién de a la energia de una molécula no se hace teniendo en cuenta las
N — 1 restantes, sino un ntimero menor. Sin embargo, para saber qué moléculas estdn a una distancia
mayor que el r., debemos examinar, en cada paso de computacion, la distancia entre todos los pares
de moléculas. El tiempo de computaciéon de esta comprobacién se escala proporcional a N2. Para
reducir este tiempo de computacion, Verlet (1967) [31] propuso un método basado en un sistema de
lista de vecinos de cada particula, que se refresca cada cierto ntimero de pasos, en una MD de 864
particulas interaccionando bajo un potencial de Lennard-Jones . El método supone que los vecinos
con los cuales interacttia la molécula 7, o sea, aquellas que estdn dentro de la esfera de radio r. no
varian mucho entre paso y paso de integracion.

Para ello eligiremos un rddio de corte r; > 7, y construimos para cada molécula una lista indexa-
da de moléculas que caen dentro de esta regién de radio de corte 7. La creacién de la lista de vecinos
involucra dos matrices en el cédigo de la simulacién. Una que llamaremos NLIST y que contiene
todos los vecinas de cada una de las N moléculas (de un tamafio de aproximadamente 47N pri /6).
Y otra que denominaremos N POINT (de tamafio N) donde almacenaremos la posicién (entendida
como indice) del dltimo vecino de la molécula i en N LIST. Para cada molécula, el valor de NLIST
nos permite la indexacién de las moléculas vecinas. Asi pues, los indices de las moléculas vecinas a
la molécula i estarian comprendidos entre NPOINT (i — 1) + 1y NPOINT(i) (ver Fig. 3.2).

La ventaja de la lista es que no es necesario actualizarla después de cada paso Monte Carlo
(traslacién, cambios de volumen,...). La elecciéon de r; se hara de tal manera que forme una capa
alrededor de r., de modo que entre actualizacion y actualizacién de la lista garanticemos que ninguna
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Figura 3.2: Ejemplificacion de la construccion de la lista de vecinos.

molécula, efectuando movimientos Monte Carlo, pueda penetrar a través de dicha capa hacia la es-
fera de cutoff r.. Por ejemplo, como puede verse en la Fig.3.3, la molécula 2 en su desplazamiento
Monte Carlo no podra ser vecina de la molécula central 1 antes de que la lista de vecinos sea actual-
izada.Es decir, que r; — r. se ajustard de manera que coincida el méximo desplazamiento que puedan
sufrir las moéculas. Al inicio de la simulacién se construye por primera vez la lista, conteniendo
todos los pares de vecinos que se encuentran a una distancia r; entre ellos, y la lista se reconstruye a
intervalos.

El ahorro con este método es significativo para sistemas de entre 500 a 5000 particulas, para los
cuales el tiempo por paso de simulacién baja practicamente a la mitad (ver Ref. [2]). Para sistema
de entre 100 a 200 particulas los cambios no son sustanciales, mientras que para sistemas de més de
5000 particulas se emplean métodos maés eficientes, como el link-cell-list [2].

Figura 3.3: Esfera cutoff de radio r. y capa, alrededor de la molécula, de radio 7.
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3.6 Promedios y errores en la simulacién

La estimacion de los promedios en el emsemble, obtenidos en una simulacién, estdn sujetos a
incertidumbres estadisticas debido a su caracter probabilistico. Sin embargo, no podemos usar como
estimacion del error la desviacion estdndar de la magnitud evaluada durante la simulacién, ya que
configuraciones proximas estan correlacionadas. En general, una forma de estimar dicho error es
evaluando la magnitud en intervalos de pasos de Monte Carlo en los que las configuraciones estén
practimente descorrelacionadas.

Los promédios en una simulacién de Monte Carlo son solamente acumulados después de un pe-
riodo de equilibracién. Si N es el nimero de moléculas, una simulacién Monte Carlo se organiza
en ciclos (0o movimientos), donde se efectian N intentos de movimientos de moléculas (traslaciones
y /o rotaciones, algtin cambio de volumen, una reconstruccién de una cadena de dtomos que forma
una molécula, etc) . Después de un nimero de ciclos de equilibracién la simulacién sigue sobre un
namero N, de ciclos que denominaremos de produccién. De antenamo no conocemos el nimero
de ciclos de equilibracién y debe determinase mediante un nimero de ensayos previos (por ejem-
plo representando la densidad, o su perfil, frente al niimero de ciclos). Alternativamente, es usual
descartar un gran nmero de ciclos para tener un mayor margen de seguridad en la equilibracién del
sistema (por ejemplo en una simulacién de 5 x 10° ciclos tomar los 10° primeros de equilibracién).

Si estuviéramos en un experimento real, el error €(A) asociado con la medida de la magnitud A
es estimado mediante la repeticion del experimento un nimero n de veces. De forma que la varianza
correspondiente vendria dada por

var(A) = (A) = = 3 (Ax — (A))? (321)
"=
donde Ay, es el resultado después de la k-ésima medida y (A) es el valor medio sobre el conjunto
de las medidas. El error €¢(A) se suele asociar a la desviaciéon standard, o(A) (definida como la raiz
cuadrada de la varianza), de forma que si €(A) = o(A) existird un 67% de probabilidad de que
una medida individual esté comprendida entre (A) y (A) £ €(A). En el caso de que tomaramos
€(A) = 20(A) hablariamos de un 97%.

Haciendo una comparacién con un experimento real, una forma de estimar el error podria ser
el promediar sobre n simulaciones independientes que comiencen desde diferentes configuraciones
iniciales, estando formada cada una de estas simulaciones por un nimero N,.,, de ciclos de Monte
Carlo. Pero, en la practica de la simulacién, la estimacién del error se realiza desde una tinica simu-
lacién dividida en un ntimero n;, de bloques, cada uno de ellos compuesto por un ntiimero de ciclos
Ny = Nyun/nb [2,3,28,30]. El promedio de la magnitud A calculado sobre cada bloque vendria dado

por

1
(A = 5 ;Ai (3.22)

donde la suma corre solamente sobre las configuraciones del bloque b. Los promedios sobre cada
bloque pueden utilizarse para estimar la varianza

1 &

0—13 = 02(<‘A>b) = TT[) Z(<‘A>b - <-A>run)2 X Nb_l (323)
=1
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N'run

Obviamente (A),un = 1/Nyun Z (A); y concidiria exactamente con el promedio (A) en el ensem-
i=1

ble si fuera posible N,,,, — co. La varianza expresada en la Eq. (3.23) es inversamente proporcional

a N, cuando este valor se hace lo suficientemente grande, asi como los bloques se convierten en
estadisticamente no correlacionados. Pero como se puede ver, o7 depende del niimero de bloque
en que hayamos dividido la simulacién, por lo que serfa interesante obtener esta misma varianza
para un tnico bloque que constituya la simulacién completa. Resulta que un buen estimador de esta

varianza es 1

o
ny — 1 b

, insistiendo en un ntimero de ciclos IV, suficientemente grande, de forma que la estimacién del error

o ((A)run) ~ (3.24)

se hace insensible al nimero de bloques utilizados cuando el tamafio de éstos es suficientemente
grande [2,3]. Por supuesto, esta estimacion del error serd vélida siempre y cuando la propiedad
pueda obtenerse como un promedio en el ensamble de la simulacién.

Errores muy grandes en la simulacién pueden indicar que no se ha alcanzado la equilibracién,
que la métodologia no es la adecuada para la determinacién de cierta propiedad, o simplemente que
es irrealizable por alguna razén (por ejemplo correlaciones introducidas por grandes fluctuaciones
cerca del punto critico).

3.7 Unidades reducidas

Una posible elecciéon de unidades para potenciales por pares de la forma U(r) = ef[r/o], que
ademads ha sido la empleada en nuestras simulaciones, es tomar ¢ como unidad de longitud y e
como unidad de energia. Con esta eleccién podemos definir el resto de magnitudes utilizadas en la
simulacién en unidades reducidas (denotadas mediante el superindice *) como: U* = Ue ™! para la
energia, P* = Po’¢ ™! para la presion, p* = po® para la densidad, T* = kgTe ! para la temperatura
y 7" = yo?e ! para la tensi6n superficial.

La razén mds importante para utilizar unidades reducidas es que muchas combinaciones de p,
T, e y o corresponden todas al mismo estado en unidades reducidas. Es lo que se conoce como ley
de los estados correspondientes. Si no usamos unidades reducidas es imposible, por ejemplo, en-
contrar equivalencias entre dos simulaciones. Por supuesto, un resultado de simulacién en unidades
reducidas puede trasladarse a unidades reales.

Otro motivo para el uso de unidades reducidas es puramente computacional. Si trabajamos con
unidades reales podemos encontrarnos con valores de magnitudes que durante el calculo pueden ser
mucho mayores o mucho menores que 1. Operaciones sucesivas de multiplicacién en coma flotante
que impliquen estas cantidades pueden dar lugar a desbordamientos.



Capitulo E

Potenciales intermoleculares

El calculo de la energia potencial (o fuerzas) debido a las interacciones intermoleculares es, sin
duda, lo que maés tiempo computacional consume y un paso crucial en cualquier simulacién. En
general la energia potencial de un sistema de N particulas interaccionando se calcula segtin

U=ZU1<M+ZZU2(HW>+ZZ Z us(ri, 7y, k) + oo (4.1)

i g>i i > k>j>i

donde el primer término representa el efecto de un campo externo y el resto de los términos las
interacciones entre las particulas, por ejemplo, el término u, es el potencial entre pares de particulas,
u3 entre tripletes, etc. Tipicamente se asume que solamente las interacciones entre dos cuerpos son
importantes, situacién denominada como potencial aditivo por pares, y la Eq. (4.1) se trunca después
del segundo término de forma que la energia total para un sistema de IV particulas es

u—;zzuzj—;ZUi (4.2)

Una de las decisiones fundamentales, en el estudio de fluidos en simulacién, es la eleccién de poten-
ciales que sean capaces de reproducir tanto la termodindmica como otras propiedades del sistema,
dado que las propiedades de bulk de las sustancias son resultado de las propiedades de las moléculas
individuales e interacciones entre ellas. Las funciones de energia potencial son empiricas y contienen
tanto fuerzas de atraccién como de repulsién. En la teorfa bésica, debida a London, se establece que
en los potenciales, la parte de atraccion, varia con la inversa de la potencia sexta de la separacién en-
tre moléculas, mientras que exponentes més altos controlan la parte repulsiva. En este sentido, para
moléculas neutras sin puentes de hidrégeno ni otro tipo de interaccioén especial, Mie (1903) propone
una expresion para representar esta situacion

wi(r) = ar™™ —br=° (4.3)

Un caso especial de este potencial para n = 12 es el propuesto por Lennard-Jones (1924). Es evidente
que para simular fases condensadas de la materia, y la mayor parte de las transiciones de fases, son
necesarias las fuerzas atractiva entre particulas. Existen muchos modelos de potenciales atractivos
por pares, pero es sin duda uno de los potenciales mds ampliamente utilizados para modelar la
interaccién de van del Waals, tanto en MC como en MD. Hablar del este potencial es hablar de
particulas con carga neta nula que interactian de forma isotrépica y no discriminatoria. Ademads,
ya que la energia de interaccién entre las moléculas no solamente depende de sus separaciones sino
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también de sus orientaciones, y cuando sea necesario de sus conformaciones, es posible calcular la
interaccion de van der Waals entre moléculas usando un modelo en el cual la interaccion se calcula
como la suma de todos los pares de “sites” en las dos moléculas (site model).

Desde los primeros estudios sistematicos relizados por Verlet [31] en la década de los sesenta hasta
la actualidad, la cantidad de articulos que utilizan el potencial de Lennard-Jones resulta ser realmente
abrumadora, lo que refleja la importancia de este potencial en el desarrollo de metodologias de simu-
lacién. Nos encontramos por ejemplo con trabajos que han constituido los cimientos de la simulacién
molecular, como el de Nicolas et al.(1979) [32] que recopila y revisa datos para la ecuaciéon de estado
del fluido de Lennard-Jones de una década de trabajos de simulacién en MD y MC, o la revisién
posterior realizada por Johnson et al.(1993) [33]; nombres que resuenan en el corpus fundamental de
las lecturas obligadas en la formacién de todo simulador de sistemas interfaciales, como Chapela et
al.(1977) [34], Walton et al. (1983) [35], Nijmeijer et al.(1988) [36], Holcomb et al.(1993) [37], Mecke et
al.(1997) [38], . .. Un potencial que se ha mostrado esencial en el estudio de problemas asociados a la
determinacién de propiedades de sistemas inhomogéneos (densidades de coexistencia y propiedades
interfaciales) como tamano finito del sistema, area interfacial (Chen (1995) [39]) o truncamiento de
las interacciones. Sobre este tiltimo aspecto, Trokhymchuk and Alejandre [9] presentan una brillante
y completa discusién sobre los efectos del truncamiento de las interacciones para pequefios valores
del radio de corte, en simulaciones en MD y MC.

En este capitulo repasamos aspectos esenciales del potencial de Lennard-Jones haciendo especial
hincapié en las consecuencias del truncamiento del mismo. Como es sabido, el truncamiento del po-
tencial tiene consecuencias inmediatas sobre las propiedades de los liquidos: densidad de coexisten-
cia de la fase liquida, presién de vapor y especialmente la tensién interfacial. En el caso de sistemas
homogéneos se efecttian sencillas correcciones bajo el supuesto de que la funcién de distribucién
radial es igual a 1, para distancias superiores al radio de corte del potencial, y que la densidad de
todos los componentes no depende de la posicién. En el caso de sistemas inhomogéneos las correc-
ciones de “bulk” no reflejan el hecho de que las correcciones de largo alcance de la energia para una
molécula en la fase liquida son diferentes a las de una molécula en la fase vapor, o en otras palabras,
la contribucién de largo alcance para la fuerza actuando sobre una molécula en la regién interfacial
no es tenida en cuenta.

Los métodos para minimizar la influencia del truncamiento del potencial, en simulaciones de sis-
temas inhomogéneos, se han ido refinando desde los primeros trabajos de Chapela et al.(1977) [34],
Holcomb et al.(1993) [37] o Blokhuis et al. (1995) ), orientados a obtener correcciones de cola para la
tension interfacial, hasta la necesidad de incluir correcciones de largo alcance (LRC) inhomogéneas
en los algoritmos de célculo de la energia interna con objeto de obtener, por ejemplo, perfiles de la
densidad que correspondieran a un modelo de potencial no truncado, en el marco conceptual abierto
por los trabajos de Guo y Lu (1997) o Mecke et al.(1997) [38]. Sin embargo, aunque el algoritmo
propuesto para las LRC inhomogéneas por Mecke et al.(1997) [38] ofrece mejores resultados en com-
paracién con simulaciones sin LRC, a temperaturas altas ofrece resultados que no son independientes
del radio de corte. Janecek (2006) [15] retoma este problema obteniendo expresiones correctas para
la energia, la fuerza y el virial, para sistemas inhomogéneos con interfases planas. Posteriormente
MacDowell y Blas (2009) [14] adaptan el método de Janecek de forma que las correcciones de largo
alcance pueden expresarse como un potencial efectivo de largo alcance aditivo por pares més un
autotérmino, de forma que estas correcciones se puedan implementar de una forma sencilla en el
c6digo de simulacion.
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Una segunda parte de este capitulo se dedica a abordar aspectos fundamentales del potencial de
square-well (SW). Es un modelo que ha sido extensamente estudiado tanto en simulacién como me-
diante métodos de mecdnica estadistica, mostrandose simple y apropiado para testear teorias de flui-
dos. Las referencias sobre simulacion de sistemas SW simples son abundantes, tanto en ntimero como
en métodos: simulaciones MC y MD de una fase para diferentes rangos de la interaccién [40-43], co-
existencia liquido-vapor mediante diferentes métodos de simulacién (MD [44—46] , Gibbs Ensamble
MC [47], Gran Canonico MC [48], ...), determinacién de la tensién superficial [49]. ..

En este capitulo se analizan también algunas implicaciones que un potencial discontinuo SW
presenta a la hora de calcular la presién. Una aproximacién para calcular la presién en sistemas con
potenciales SW, en una simulacién MC, es evaluar el virial (ruta mecénica), el cual puede expresarse
en términos de solapamientos bajo escalamientos de las distancias intermoleculares (compresiones y
expansiones virtuales). Trabajos como los de E. de Miguel y G. Jackson (2006) [50] o P.E. Brumby et al.
[51], ambos aplicados a sistemas de esferas duras, muestran los elementos bésicos de un escalamiento
isotropico para evaluar tanto la presion de un sistema bulk como las componentes del tensor de
presiones, y que podemos extrapolar a sistemas SW. Comprender los detalles de este tipo de célculos,
a nivel computacional en sistemas bulks, es fundamental para tener una adecuada perspectiva y
posteriormente poder extender estos detalles al calculo de las componentes del tensor de presiones
en un sistema inhomogéneo, es por lo que el desarrollo de esta apartado se presenta con un marcado
caracter didéactico.

4.1 El potencial de Lennard-Jones

La expresion para el potencial de Lennard-Jones (L]) estd dada por la expresion

uH (1) = dey; [(UU> v (UU>6] (4.4)
“ K r r '

donde 7 es la distancia entre dos moléculas i y j , los parametros ajustables, ¢;; y 0;;, representan
respectivamente la profundidad del pozo de potencial, y la distancia en la que el potencial entre
moléculas es cero. Este potencial estd constituido por un término repulsivo de corto alcance, que
modeliza el solapamiento de nubes electrénicas, funcién de la potencia ' y término atractivo de-
bido a las fuerzas de van der Waals que es funcién de r~°. Si tenemos tipos de moléculas diferentes,
por ejemplo el caso de mezclas binarias, entonces estos parametros estdn asociados a la interaccién
entre moléculas de distinto tipo.

En este trabajo, usamos las conocidas reglas de combinacién de Lorentz-Berthelot, en las que los
pardmetros para las interacciones entre moléculas diferentes se obtienen en funcién de los parametros
de interaccion de las especies puras de tipo i (€5, 04:), y de tipo j (€55, 05;), segun

oy = it % ; 9ii (4.5)
Y 1/2
eij = (€iiejj)" (4.6)

Evidentemente, en el caso de sistemas puros diremos que ¢;; = €y 0;; = 0.

Estas reglas de combinacién propuestas por Lorentz en 1881, motivado por una media aritmética
de colisién de esferas duras, y por Berthelot en 1889 como un media geométrica de los parame-
tros de energia de moléculas diferentes con débiles argumentos fisicos, son las mds antiguas de las
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aproximaciones utilizadas, y aunque el que se hayan mostrado inadecuadas para la descripcién de
propiedades de mezclas [52] , también han sido hasta ahora las més utilizadas.

Es en la década de los 50 en los trabajos de Reed [53] [54] donde podemos encontrar como la cono-
cida regla de Berthelot puede obtenerse teniendo en cuenta el potencial de ionizacién y el tamafio
molecular en la teorfa de London para fuerzas dispersivas, hecho que es descrito posteriormente en
la bibliografia como la base teérica de esta regla de combinacion [55] [56]. Idea que es utilizada por
algunos autores para obtener reglas de combinacion en aquellos casos en los que la media geométrica
se muestra inadecuada. En la teoria de London [57,58] la energia de dispersién entre dos moléculas
esféricas i y j separadas por una distancia r;; esta dada por la expresion

_§ Oéoﬂ' 050,]' hVil/j
2 (4meo)?rd; h(vi +vj)

bij = (4.7)
donde h es la constante de Planck, €y es la permitividad en el vacio, ag; y o ; son la polarizabi-
lidad electrénica de las moléculas i y j; v; y v; las frecuencias fundamentales (correspondientes a
las moléculas , consideradas como un oscilador de electrones). London indica que para moléculas
simples hy; =~ I;, el potencial de ionizacién, con lo cual la (4.7) toma la forma

3 iy Lil
2 (47T60)27”?j Ii + Ij

Gij = — (4.8)

Por ejemplo, Hudson y McCoubrey [58, 59] obtienen una regla de combinacién relacionando el tér-
mino atractivo del potencial de Lennard-Jones con la energia de dispersion de London; relacion que
para la interaccién entre moléculas del mismo tipo resulta

3001 e (22 49
Gii = _4 (471'60)27’?1’ i = TaTe€y Taa (4.9)
Obteniendo «y; y sustituyendo en la Eq. (4.8) ap; y v, tenemos

05055 (1d;)Y?

€ij = 6
05j Il—l-Ij

(€sieji)'/? (4.10)

de forma que el término que representa la interacciéon entre moléculas de distinto tipo €;; queda
expresado en funcién de las profundidades del pozo de potencial para la interaccién entre moléculas
del mismo tipo. Adun asi tenemos una dependencia con o0;; que es un parametro desconocido y
debemos elegir una regla de combinacién. Hudson y McCoubrey [58,59] asumen la regla de Lorentz
0ij = (04 + 0jj)/2 de forma que la regla de combinacién para ¢;; toma la forma

ohod (L)Y
(0 +045)8 (L + I;)

Eij = 27 (Eiiejj)1/2 (4.11)

La media geométrica de la regla de Berthelot estd contenida en la (4.10) en el caso de que los tamarios
moleculares y los potenciales de ionizacién de ¢ y j sean los mismos.

411 Truncamiento del potencial

Para las simulaciones de este trabajo se ha utilizado un potencial esféricamente truncado a la
distacia de corte 7, definido por

L-J(r) r<r.

wij(r) = uff/ (r) [1 = O(r —re)] = { u”o o (4.12)
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donde ©(z) es la funcién salto de Heaviside.

Como el potencial no es cero para distancias mayores que las del radio de corte r, el truncamiento
introduce un error en el cdlculo de la energia de interaccién, por lo que para minimizarlo se intro-
ducen correcciones de largo alcance a la Eq. (4.4)

Ui= > uy+ U (4.13)
jerl)

En las simulaciones Monte Carlo, el potencial se calcula durante la simulacién y el truncamiento
tiene consecuencias inmediatas en el calculo de la presién. Truncar el potencial segtin la Eq. (4.12) da
lugar a la aparicion de una fuerza adicional, de tipo impulsivo, debido a la propia discontinuidad en
la distancia de corte r.. Los trabajos de Trokhymchuk y Alejandre [9], y mds recientemente de Miguel
y Jackson [16], insisten en la importancia de evaluar esta contribucién impulsiva en el tratamiento
de fluidos inhomogéneos, y como debe incluirse en el virial si se utiliza una ruta mecénica para el
calculo de las componentes del tensor de presiones. La fuerza intermolecular asociada al potencial
de interaccién intermolecular u(r), entre dos moléculas separadas una distancia r, estd dada por
f = f(r)t, con f(r) = —(du/dr) y ¥ es el vector unitario entre las dos moléculas interactuantes. Por
lo tanto el valor de la fuerza que se obtiene de un potencial truncado de forma simple ug7(r), como
el expresado en Eq.(4.12), es

fusr (r) = fLJ(T) [1 —O(r - Tc)] + ue (1 — Tc) (4.14)

donde f1,;(r) = —(dur.s/dr) es el valor de la fuerza asociada al potencial intermocular de L], u. =
urj(rc) el valor del potencial de L] en r = r. y 6(z) es la funcién § de Dirac. El segundo sumando
de la Eq. (4.14) representa el valor del la fuerza impulsiva (atractiva), el cual no es precisamente
despreciable [3] y puede suponer una contribucién significativa a la presion [16]. Para sistemas ho-
mogéneos esta contribucién, que llamaremos F;,,, , puede hacerse explicita. Para ello tendremos
en cuenta que, en el caso de sistemas en los cuales la interaccién sea aditiva por pares, la presién
macroscépica puede escribirse como

1 N-1 N

i=1 j=i+1

donde p = N/V es la densidad de niimero de pariculas, kg la constante de Boltzmann, 7" es la tem-
peratura, r;; es el vector intermolecular entre pares de moléculas, y f;; la fuerza intermolecular. Como
puede verse en la Eq. (4.14), el cdlculo de la contribucién impulsiva requiere evaluar computacional-
mente §(r — r.), para lo cual usaremos la aproximacién discreta

S(r—re) = lim O(r —re) —O(r —re — Are)

Are—00 AT‘C

(4.16)

donde Ar. es un parametro fijo. Teniendo en cuenta la Eq. (4.15) y la aproximacién de Eq. (4.16), la
contribucién de la fuerza impulsiva puede evaluarse como

N—-1 N
Pipp = 1 Z Z rij - fimp ) = ircuc lim {n(r)) (4.17)
P 3V 21 j—itt J P 3V Are—00 ATC

donde (n(r})) es el promedio de pares de moléculas entre 7. y r. + Ar.. En las simulaciones de este
trabajo se ha utilizado una capa con Ar, = 0.0050 para determinar (n(r})). La expresion dada en la
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Eq. (4.17) no pierde generalidad y serd adaptada posteriormente para su aplicacién en el cdlculo de
las componentes del tensor de presiones para sistemas inhomogéneos.

Conviene puntualizar que un potencial truncado y una fuerza truncada no son equivalentes [9],
[16]. En las simulaciones de dindmica molecular es la fuerza la que se calcula durante la simulaciéon y
es comun tratar con sistemas en los cuales las fuerzas estdn esféricamente truncadas de forma simple
(no desplazadas o non shifted), calculadas como

fsr(r) = fri(r)[1—O(r—r.)] (4.18)

Asf que integrando Eq. (4.18) obtenemos la expresion correspondiente para el potencial
ufsr (1) = {ury(r) —uc} [1 = O(r —rc)] (4.19)

Si comparamos la Eq. (4.12) con la Eq. (4.19), podemos observar que corresponden, respectivamente,
a un potencial esféricamente truncado (ST) y a un potencial esféricamente truncado y desplazado
(STS). Diferentes formas de truncar el potencial (ST o STS) dan lugar a cambios en el diagrama
de fases, los cuales no pueden ser ignorados a la hora de determinar densidades de coexistencia
o propiedades interfaciales, o cuando queremos hacer comparaciones con otros trabajos de la liter-
atura. En este dltimo sentido, el trabajo de Trokhymchuk y Alejandre [9] recoge la gran dispersién
de datos en la literatura en resultados de densidades de coexistencia y tensién superficial debido a
dos hechos: las simulaciones en MC o en MD no han tenido en cuenta diferencias en el potencial, o
bien, la contribucién de la fuerza impulsiva no ha sido tenida en cuenta en el célculo de la presiéon
(MC) o las fuerzas (MD). Obviamente, las diferencias entre los dos modelos de potencial, ST y STS,
serdn tanto menores cuanto mayor sea el r., ya que en el limite de r. — oo ambos potenciales se
aproximardan al potencial sin truncar de la Eq. (4.4); aunque las formas de aproximarse a este limite
sean diferentes, ya que en un potencial STS tenemos cambios en la profundidad del pozo, mientras
que en un potencial ST simplemente despreciamos el potencial para r > r.

4.1.2 Correcciones de largo alcance homogéneas para la energia y la presion

En este trabajo se han utilizado correcciones de largo alcance homogéneas en simulaciones NPT,
de fases de bulk (liquido y vapor), necesarias para la construcciéon de interfases vapor-liquido de
mezclas binarias de moléculas L]. Como vimos en la Eq. (4.13), el hecho de no considerar las interac-
ciones al cortar el potencial de interaccién para r > 7. introduce un error, tanto en la energia total del
sistema como en la presién , que para sistemas homogéneos serd de tipo sistemédtico. Evidentemente,
este error se reducird al aumentar el .. Por otro lado, si usamos condiciones de contorno peridédicas y
un radio de corte r. < L/2, donde L es la longitud de la caja de simulacién, solamente sera necesario
considerar la interaccién de una molécula dada ¢ con la imagen periédica méas cercana de las otras
moléculas j. La correcciéon de este error sistematico consistira en la suma de una contribucién de cola
(utqi1) @ la energia total del sistema. La deduccion la correccién (uy,i;) para un fluido Lennard-Jones
puede verse en las Refs. [3], [2], [30] y la adaptamds aqui para el caso de mezclas binarias. Asumiendo
que las interacciones son aditivas por pares podemos descomponer al energia del sistema segtin

U=Un,n, = UM +UBB 4 UAB (4.20)
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donde
Uit = Z UAA,ij
1<i<j<Ng4y
Ubt = Z UBB,ij
1<i<j<Np (4.21)
Na Np
Uttt = Z Z UBB,ij
i=1 j=1
Y podremos expresar la energia configuracional media como la suma:
(U) = (U + (UPF) + (UA) (4.22)

Para la deduccién haremos uso de la funcién de distribucién de n-particulas p™, que nos da
la probabilidad de encontrar n particulas en las posiciones ry,rs, ..., r, independientemente de las
N — n particulas restantes

p™M(x") = (N]i'n)' /pN(rN)drn+1 c.dry (4.23)

donde p N(rN ) corresponde la densidad de probabilidad definida en Eq. (2.8), siendo la condicién de
normalizacién

N!
™ @Emdr" = ——— 424
A = s (4.2
La funcién p™ nos permite para magnitudes del tipo
Xp(ry,ro,...,rN) = Z f(riy, Tig, ..., Ti,) (4.25)
1<i1<ig<...<in <N
calcular sus promedios
N!
(Xn) = > (f(rilariza-'-arin»:m<f(rlar2w-'arn)>
1<i1<...<in <N
X = NMydry ...d 4.26
( n>—m f(ri,ra, ... rn)pN(r )dry ... dry (4.26)
Integrando sobre las particulas n + 1, n + 2, ...,N y haciendo uso de Eq. (4.23), tenemos
1
06 = [ 76 4.27)

Para funciones que dependen de las coordenadas de dos particulas, como es el caso de un poten-
cial aditivo por pares, tenemos que n = 2 y la Eq. (4.27) se reduce a

(X2) = ;/f(rl,l‘2),0(2)(r1,Pz)dr1dr2 (4.28)
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Por otro lado, en fisica estadistica se define la funcién de correlacién para n particulas como

. pt"(x")
90 = 0 o) 429

que para un sistema homogéneo se simplifica en p(™ (r") = p"g, (r"), donde p = p) = N/V. Para
n = 2 tenemos que p¥ (ry,ry) = p2g(r1, 1), donde g(r1,r9) = g(| r1 — 12 |) = g(r12) , 0 simplemente
g(r), es la denominada funcién de distribucién radial.

En una mezcla binaria uno debe distinguir entre diferentes tipos de moléculas al considerar la
pareja de interaccién. Por lo tanto, esto nos lleva a tener que definir tres funciones de distribucién:
@ 52y o2 describen 1 laci léculas de las mi ies (AA o BB
Paxr Ppp Y Pap, que describen las correlaciones entre moléculas de las mismas especies (AA o )

y entre moléculas de diferentes especies (AB). Con lo cual

(2) o _ M
paa(ri,r2) = pagaa(ri,ra) = V2 gaa(riz)
N2
/)5321)9(1”1’ ry) = ppypp(ri,ra) = V—g 9BB(r12) (4.30)
Ny N,
pf)B(rler) = PAPB gAB(rlarZ) = % gAB(Tlg)

Teniendo en cuenta la forma de calcular el promedio expresada en la Eq. (4.28) y las expresiones
de Eq. (4.30) , cada uno de los sumandos de la energia configuracional media de Eq. (4.22) toman
ahora la forma

N2 o]
(UH> = 2‘5/ 47rr2u11(r)gn(r)dr, I=AB
0
(4.31)
Ny N o
<UAB) = ;VB/ drr?upp(r)gap(r)dr
0

Las correcciones que pretendemos calcular se dardn asumiendo que para r > r. se tiene que gas =
9B = gap = 1. Teniendo en cuenta las Egs. (4.31), los diferentes sumandos de las correccién
(Wgait) = (UADY + (UBBY + (UAB) vendran dados, en unidades reducidas al componente 4, por las
siguientes expresiones

NZ [ 8TN% [ 1 1

AA* _ A 2 * A

<Utail > - ZV* /1::; 47’rr* ’U,ZA(T*)dT‘ = V* |:97“>C“9 - 37‘23:| (4:32)
* N2 o0 87TN2 €BB OBB 6 1 OBB 6 1

UBB _ B / 4 *2 % Ndr* = B _ 4.33
< tail > 21/ * s r uBB(T ) r Vv €A oA 9rz<9 oA 3TZ3 ( )
wanty — NaNs /00 smr 2y (it — LOTNANE ap (04 o | (222) LN (PP

tail 2V* r AB V* €AA \TAA 97“29 37’2‘3 '

Con la adicién de estas correcciones homogéneas a la energia deben de contemplarse también co-
rrecciones homogéneas a la presién, y no incluir en el cédigo de computacion la correcién impulsiva
a la presion dada por Eq. (4.17) ya que esta contenida de manera natural. Dicho de otro modo, si cor-
tamos el potencial y no hacemos LRC , tenemos una discontinuidad que hay que tener en cuenta al
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calcular la presion. Pero si cortamos el potencial y hacemos LRC, tenemos un potencial pseudocon-
tinuo al afiadir la cola, y por lo tanto, la contribucién de la presién de LRC elimina la discontinuidad.
Una vez demostradas las expresiones para las correcciones a la energia, la obtencién de las LRC para
la presion es trivial. Si partimos de la expresién dada por Eq. (4.15) para la presién macroscopica, el
segundo sumando contiene el virial que denominaremos W

[ N-1 N (N1 N
W = g Z rij . fij = —g Z Z U}(Tij) (435)
i=1 j=i+1 i=1 j=i+1
donde la funcién w(r) es
du(nj)

(4.36)

Al ser el virial W una funcién aditiva por pares, podemos descomponerlo de manera que su prome-
dio sera
(W) = (WA + (WEE) 4 (WwAF) (4.37)

Igual que hemos hecho con la energia calcularemos estos promedios haciendo uso de la Eq. (4.28) y
las expresiones de Eq. (4.30)

LN? [
wity = 2L [ amtun(lgn(dr,  T=A,B
0
(4.38)
1Ny N [*
<WAB> = -3 ;VB/ Arr*wap(r)gap(r)dr
0

Teniendo en cuenta la relacién entre el virial y el potencial, dada en la Eq. (4.36), la aproximacién para
la funcién de distribucion radial y trabajando en unidades reducidas del componente A, tenemos

WAL 16m N3 [2 1 1
Wi ) _ 167 Azl L (4.39)
Vv 3 2V*= | 3rk re
(Wit ) _ 16r Np esp (055" (2 (opp\* 1 1 (4.40)
Ve T 3 avZeaa \oaa) [3\oaa) r0 0P ’
(Wigii") _ 327 NaNpeap (0ap\° |2 (cap)’ 1 _ 1 (4.41)
Ve 3 V¥ eaa\oaa/) |3\oaa) r® .
De manera que la correccién homogénea a la presion para la mezcla binaria vendra dada por
pLRC-HOM _ Wi 4 (W) i Wiaii ) (4.42)

4.1.3 Correcciones de largo alcance para sistemas inhomogéneos

En este trabajo se hacen uso de las LRC inhomogéneas propuestas por Janecek (2006) [15], y su
adaptacién por MacDowell y Blas (2009) [14]. Las correcciones de Janetek de largo alcance U5,
tre la particula i y todas las demas que estdn mas alejadas que (", se llevan a cabo bajo las siguientes
condiciones de partida:

en-

1) Es un procedimiento valido para interfases planas, de modo que la inhomogeneidad del sistema
existe a lo largo de z. Ahora bien, Dentro de planos con coordenada z constante asumimos que
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el sistema es homogéneo, con lo cual p(r) = p(z). Se divide la caja de simulacién en “slabs”,
de anchura Az, paralelos a la interfase y se asume que p(z), la densidad en el slab k (que por

convenio se encuentra entre z; — - y 2k + - ), es constante. De esta forma el término de la
correcciéon de largo alcance dependerd unicamente de la posicién z y puede expresarse como una
suma de contribuciones de todos los slabs (ver Fig. 4.1):

UM (z) = AulfC (2, 2) (4.43)
k=1

2) Se asume que la funcién de distribucion radial entre particulas i y k, localizadas entre z; y 2, es
igual a la unidad. Por lo tanto, el promedio de la energia de interaccién debido al largo alcance
(r > rc) se calcula con la expresién habitual

A i) = [ ulr) plen) av (4.44)
174

Bajo estas condiciones, la expresiéon final de la contribuciéon de energia de largo alcance para la
molécula ¢, obtenida por Janecek es

Ns

UM (z) = wllzi — zl) plar) Az (4.45)
k=1

donde la funcién w(§) = w(|z; — 2x|) viene dada por

9|1 (0o 01 /0\!
drec” |- | — —— | — E<r.
5\ e 2 \r¢

w(€) = (4.46)
1/o\" 1/0\*
w563 (6)] e

En la expresién del método de Janecek se vislumbra el obstaculo computacional de obligar a calcular

(

explicitamente el perfil de la densidad del sistema y a actualizarlo en cada movimiento Monte Carlo.
Ademas, la implementacién del método perturbativo Test-Area, para calcular la tensién superficial,
implica una ambigiiedad a la hora de calcular el nuevo perfil de la densidad, ya que, aunque se obliga

Figura4.1: AulEC(z;, z;) representa la energia de interaccién entre la particula i y aquellas particulas
pertenecientes al slab k y fuera del radio de corte 7.



4. Potenciales intermoleculares 41

a que el volumen total del sistema permanezca constante, la longitud de la caja L, varia, y por tanto,
el nimero de slabs n; o la anchura de los mismos, dz. Es por lo que posteriormente MacDowell y
Blas (2009) [14] proponen que formalmente la Eq. (4.45) se debe escribir como

LRC(.\ _ +o00 s
UFRC () = / p(2) w(]z — =) dz (4.47)

con w(|z — z;|) definida como en la Eq. (4.46). La energia total del sistema debido a las LRC se puede

expresar facilmente como

N

ULRC=1§ ULEC (4 Ej/m w(|z — z|) p(2) dz (4.48)
2 ‘ '
=1

donde el factor 1/2 se introduce para no calcular doblemente los pares de interacciones. Con respecto
a la expresion de Janecek supone hacer un tratamiento de modo continuo, y ademés no limitarnos
a calcular la interaccién de largo alcance para r» > r. dentro de la caja de simulacién, sino extender
la interaccién para z — +oo. MacDowell y Blas proponen hacer uso de la definicién formal de la
densidad p(z) instantdnea en términos de la funcién ¢ de Dirac, de modo que

N
=C> 6(z— z) (4.49)

donde C' es una constante de normalizacién. Teniendo en cuenta que / dr p(z) = N, y usando la
simetria de problema, podemos escribir

N

pl2) =5 0z —2) (4.50)

donde A es el area interfacial en el plano = — y, y 2; es la coordenada z de la molécula j.

Dado que en este trabajo se utilizan las LRC inhomogéneas en sistemas Lennard Jones binarios
expandimos la Eq.4.48, de forma que en la suma sobre las N moléculas del sistema distinguimos,
mediante los indices o« = A, By 8 = A, B, los dos tipos de moléculas de un sistema con N4 moléculas
tipo A y Np moléculas tipo B

ULRC — ZZULRC (z) = ZZZ/ w(|z — z8]) dz (4.51)
e

a =1 i=1

Ahora incorporamos a la ecuacién anterior la definiciéon de la densidad dada por la Eq. 4.50, de
forma que

N N
UHie = ZZZ/ AZ5 2= 2 ) w(|z — 28) dz:izz w(z — ) (4.52)
B i=1 j=1

a =1 p

Reescribimos el sumatorio sobre los indices 7 y j en una suma de pares y un autotérmino, de
manera que la expresién anterior queda

re 1R © a B 1
U :ZZ > w(lz —zj\)+ﬂzw(0) (4.53)

i=1 j=i+1 i=1
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siendo w(0) = w(|z' — z{|) y pudiendose también escribir el autotérmino como

1 N 1 No 1 Na 1 Np
M; w(0) = 57 Za:; waa(0) = 5 1 ; wan(0) + o ; wpg(0) (4.54)

Escribir las LRC segtin la Eq.4.53 supone claras ventajas, ya que como comentan MacDowell y
Blas (2009) [14] se trata de una expresién exacta que no precisa de discretizacién, y corresponde a la
suma de una especie de potencial efectivo aditivo por pares que es evaluado dentro de la condicién
de minima imagen a lo largo del eje z. Ademds es una expresion facil de implementar en un cédigo
MC, ya que no es preciso calcular instantdneamente el perfil de la densidad. Aunque comentan los
autores que en un escenario donde se usa 7. = 30 mds LRC se obtienen tiempos de computacién
similares a un r. = 4o0. Asi que esta implementacion es una alternativa viable siempre y cuando el
tiempo de CPU no sea una cuestion critica.

4.2 El potencial de square-well

El potencial de interaccién entre dos moléculas SW de especies i y j a una distancia r estd dado
por
+oo 1 < 0y
SWey— ) g s s 4.55
uZ (r) = €j 0y <1 < Nijoij (4.55)
0 r> )\ijo'ij

donde ¢;; es la profundidad de pozo y \;; es el pardmetro que fija rango de la interaccién o anchura

del pozo ( A;; = 1.50;; en nuestro trabajo). El didmetro de esfera dura o;; y la energia de interacién

€;; entre moléculas i y j, estdn dados por las Eq. (4.5) y (4.6) respectivamente, y la anchura del pozo

por

TiiNii + 0N
Oy + 045

Nij = (4.56)

Para este potencial, el radio de corte de viene dado por A;jo;;, de manera que el niimero de
moléculas N;; a una distancia entre r y r 4 dr de una molécula central ¢ estd relacionado con la
funcién de distribucién radial dNj; = 47p; gji(r)rdr.

A diferencia del potencial de L], en el potencial de SW no tenemos que truncar interacciones ni
aplicar correcciones de largo alcance, pero un potencial discontinuo no estd exento de problemas y es
un potencial que debe ser tratado con especial cautela. A la complejidad que ya de hecho presentan
las discontinuidades a nivel computacional, se le afiade la asimetria del potencial ante compresiones
y expansiones de volumen con importantes implicaciones en el calculo de la presién [50, 51]. Por
ejemplo, si nos fijamos en la parte de esfera dura del potencial SW en r = o;;, cuando el sistema
es comprimido, uno puede muestrear la contribucién configuracional de la presién, pero cuando el
sistema se expande solamente podemos obtener la contribucién ideal.

421 Determinacién del virial en el potencial SW

El problema inmediato que se plantea es el calculo del promedio sobre el ensemble correspondi-
ente del término del virial W dado enla Eq. (4.35), ya que ahora el cdlculo de w(r;;) = ri;(du(ri;)/drij)
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implica que debemos evaluar la derivada en r;; = 0;; y 55 = A;j045, donde el potencial de interaccién
es discontinuo. En este cdlculo es més efectivo partir del uso de la funcién

0 Tij < 04
+1 Tij > )\ijo'ij

la cual puede expresarse en términos de funciones salto de Heaviside de la siguiente forma
6_’8u(rij) = @(Tij — O‘ij) e’Beij — @(7“@']' - )\ija'ij) eﬁﬁij + @(’l“ij - )\ijaij) (458)
ya que si tenemos en cuenta que

d (e—ﬁlL(w)) " o—Bu(ri;) 4ulrij) (4.59)

dT’i 7

tendremos que

e—ﬂ’u,(n‘j) du(rij) — —kBT I:eﬁﬁij M — eﬁeij dG(Tij _ Aijaij) + d@(rij _ /\ijaij)] (460)
de‘j d?“ij dT’z‘j dT’ij

Como la derivada de la funcién de Heaviside no es méas que la funcién d-Dirac, la ecuacién ante-
rior puede expresarse como

_ Ny du(rg; y -
e ﬂu(T’”),’;(;;j]) = —kgT [6’8613 5(?"@‘ — O‘ij) — (65613 — 1) 5(7“1']' — )\ijaij)] (4.61)

de forma que obtenemos asi una expresion sencilla que como veremos a continuacién nos va a permi-
tir evaluar la derivada du(r;;)/dr;; en las dos discontinuidades del potencial SW [60]. Transportando
este resultado a la expresion para el virial tendremos que

N

N-1 ..
(% 20 ()
_ kBTT <Nz__:1 Z Tijeﬁu(rij) {eﬂﬁz‘j S(rij — i) — (eﬁfz‘j - 1) d(rij — )\z’jUij)}> =

knT N-1 N N-1 N
- % <Z S rigel Ui B 6y — o)+ 30 3 wyyelulrii) (1 - 666”) Oryy = )‘”mj)>

i=1 j=i+1 i=1 j=i+1

(4.62)
Obtenemos asi una expresion de tipo formal en términos de funciones ¢-Dirac, aunque tal y como
ya vimos en el apartado 4.1.1 la presencia de estas funciones no es comoda. Desde el punto de vista
computacional debemos obtener las contribuciones impulsivas debido a 7;0(ri; — 0i5) y 740(ri; —
Aijoij). En el caso de 7i;0(r;; — 0y5) la derivada solo estd definida para r;; = aij+ (por la derecha),
ya que desde el punto de vista de la mecanica estadistica, y obviamente desde la simulacién MC,
no tiene sentido fisico la situacién en que la distancia intermolecular de dos esferas duras sea r;; <
oij, ya que se encuentran solapando y por tanto no existe la derivada en r;; = o;;7. Sin embargo
si podemos definir la derivada del potencial en 7;; = (X\jjoi;)” y en ryj = (/\ijaij)J“. Con estas
consideraciones es posible vislumbrar que en la evaluacién de la expresiéon dada por la Eq. (4.62) van
a aparecer tres contribuciones, de forma que

(W) = (W) + WOy 4 (W)™ (4.63)
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Si queremos evaluar la Eq. (4.62) en la primera discontinuidad tenemos que aproximarnos de manera
que rj; = O'Z‘j+ y tendremos, a falta de evaluar la ¢-Dirac, que

N-1 N
i=1 j=i+1 =1 j=1+1

Si ahora hacemos uso de la definicion de la funcion §-Dirac en términos de la derivada de la funcién
de Heaviside [49,50] (ver Eq. (4.16)), tenemos que si 7;; es tal que 0;; < 145 < 04+ Ar; con Ar;; — 0"

1
I(rij — o4j) = A (4.65)
ij

Si Ar;; — 07 entonces r;; — a;;- , Y podemos hacer la aproximacién

<Nzl i r,-jé(mj—aw> <Z S v >~ %4 <Z 3 > (4.66)

i=1 j=i+1 i=1 j=i+1 i=1 j=i+1

donde <Z Ly it > representa el promedio, sobre el ensemble correspondiente, del niimero de

pares de moléculas que se encuentran separadas una distancia entre o;; y 0;; + Ar;; con Ary; — 0t
y que denotaremos como (n(c*)), y obtendremos la contribucion

KT (n(o"))
3 Arg

Wy = (4.67)

Este mismo procedimiento lo seguimos para evaluar la Eq. (4.62) en la segunda discontinuidad,
pero ahora tendremos dos situaciones posibles segiin nos aproximemos por la izquierda en r;; =
(A\ijoij)~ oporla derecha en r;j = (\;;0;;)". Para ver mas claramente dichas situaciones expandimos
el segundo sumatorio en la forma

<Z > rige wlria) (1 - ePeis) b(ryy — )\z‘jaia‘)> )

=1 =i (4.68)
<Z > rijeP i) §(ri; — Nijosy) > <Z > e’ wrig) eP€is 5, - Az’j%’)>
i=1 j=i+1 =1 j=i+1

Si observamos la procedencia del término (1 — ¢’i), recordando la Eq. (4.57), podemos decir
que es igual que (e~ P4(Mis%is ) — e PulNiois)” )) [61]. Esta matizacién resulta importante ya que, por
ejemplo, al acercarnos a la discontinuidad por la derecha real realmente en la expresion formal de
la Eq. (4.68) solamente el primer término es evaluable, y de igual forma el segundo término serd el
implicado a la hora de acercarnos a la discontinuidad por la izquierda. Por tanto, si nos acercamos a
la discontinuidad por la derecha nos quedaremos con el primer término de la Eq. (4.68) y tendremos
en cuenta que ¢?"i1) = 1, por lo que siguiendo el mismo procedimiento que para obtener Eq. (4.66)
resulta

M (4.69)

<Z Z m u(rs;) (Tz'j—)\ijaij)>“&ij]<z Z >_>‘”

=1 j=i+1 =1 j=i+1
O‘ij
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donde ahora <Zf\i " Z;V: i1 1> representa el promedio, sobre el ensemble correspondiente, del ni-
mero de pares de moléculas que se encuentran separadas una distancia entre \;;0;; y Ajjoi; + Ary;
con Ar;; — 0 y que hemos denotado como (n(Ao™")), permitiéndonos el resultado de la Eq. (4.69)
obtener la contribucion (W) ) en la Eq. (4.63). Para evaluar la discontinuidad por la izquierda de
nuevo seguimos un procedimiento idéntico, teniendo en cuenta que e”*("ii) = ¢~F¢ii en el segundo
sumando de la Eq. (4.68). Ademds, como Ar;; — 0~ cuando evaluemos la §-Dirac Ar;; < 0y por

tanto
N-1 N N-1 N
@(TZ" — )\zUz) — @(7’, — [)\zo'z — ’ATzH)
<Z > Tij5(Tij_/\ijUij)> ~ <Z P —|Ai*ij\ — ’

=1 j=it1 i=1 j=it1

No1' N . ) N-i N \om

~ (X% a2 (S 2 = n e
— = T —|Arg |Arii| \ &~ & T Aryg
=1 j=1+1 =1 j=141

(4.70)

Si incorporamos los resultados de las Eqs. (4.66), (4.69) y (4.70) en la Eq. (4.63) y tenemos en
cuenta Eq. (4.15) obtenemos una expresion para la presiéon macroscopica en un sistema SW

KpT | (n(c®)) , (n(Aa®)) = (n(ro7))
3V | |Aryl A | Ary;] Y| Aryl

Uij

P = (pkpT) + (4.71)

O'l'] O'i]

4.2.2 Determinacion de la presion de un sistema homogeneo SW mediante escalamiento
isotrépico

Finalmente nos encontramos con el problema computacional de calcular los promedios de pares
de moléculas (n(c")), (n(Ac™)) y (n(Ac")) en los cocientes incrementales con |Ar;;| — 0 de la Eq.
(4.71). A continuacion se presenta una esquema basado en el célculo de pares de solapamientos que
ocurren en el sistema cuando llevamos a cabo cambios isotrépicos de coordenadas de las moléculas
[50,51] y cuya comprensién nos servird para abordar de forma sencilla la metodologia empleada
para el calculo de las componentes del tensor de presiones para un potencial discontinuo SW en el
apartado 5.3.2.

Por ejemplo, evaluar (n(Ao™")) es calcular el ntimero medio de pares de moléculas que se encuen-
tran separadas una distancia r;; de tal manera que \;;0;; < r;; < A;josj + Arj, y que es igual al
namero de pares de moléculas que se solapan cuando se hace una disminucién isotrépica de volu-
men con un cambio {; = —|AV|/V, escogiendo un valor de {; de modo que si las distancias antes
del solapamiento son r;; = \;j0;; + Ar;;, después sean rij’ = M\j;jo;;. Por tanto, esta disminucién
de volumen de V a V' = V — |AV/| equivale a una transformacién de escalamiento de la distancia
relativa entre pares de moléculas segiin

ri’ = (1= &) Pry (4.72)
y relacion entre Ar;; y & viene dada por

ATU 1
— -1 4.73
Aijoig (1 —[&])1/3 *73)
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Puesto que |¢;| < 1 tenemos que (1 — |&;])~Y/3 ~ 1 + 1/3 €|, y por tanto la relacién entre Arijy

&1 puede aproximarse por
Ary;

— lJ &1 (4.74)
Oij

Si denominamos P,,+ a la componente de la presiéon macroscépica, debido a la contribuciéon
impulsiva en r;; = )\ijcriﬁ, podemos evaluarla haciendo uso de la relacién dada en la Eq. (4.74),
segun

KgT | (n(Ad™)) — KpTn(&)
P = 1 =1 g
Aot Aﬁfﬁo 3V "9 Ary 650 v &1]

(4.75)

donde n(¢;) representa el niimero de pares de moléculas que solapan.

Pero, ;qué ventaja nos ofrece el hacer el escalamiento isotropico?. La respuesta es que bdsica-
mente el método implica un escaso esfuerzo computacional. Si trabajamos en unidades reducidas
la transformacion de escalamiento dada por la Eq. (4.72) se expresa como 7" = (1 — 1)) 3 Ty
existird solapamiento si se se cumple la condicién necesaria 7;;* < A;;. Entonces, si denominamos
FACTOR,,+ = X\i;(1—[& )~1/3, conocer si se produce solapamiento se limita a chequear la condiciéon
necesaria y suficiente \;; < r;;* < FACTOR,,+. Podemos definir en lugar de un tinico FACTOR),+
un conjunto de ny, factores seleccionando & (ny) valores de escalamiento de [¢;|, para de este modo
calcular realmente el limite |{;| — 0 en la simulacién.

Pero, dado que en el c6digo de computacion se calcula el cuadrado de la distancia entre pares de
p k2 k% * % * % . s
particulas rr = 1" = xj;y;; + y;27; + 27;2]; conviene definir

FACTOR2(ny),,+ = FACTOR(n),,+ x FACTOR(ng),,+ (4.76)

de manera que dos moléculas, i y j, separadas una distancia al cuadrado rr (variable de c6digo)
solapardn ante un cambio &; (ny) si

Aij? < rr < FACTOR2(nk)y + (4.77)

Con el mismo esquema actuariamos en la discontinuidad en r;; = O'Z‘j+, de manera que la con-
tribucion a la presiéon, que denominaremos P,+ , podemos calcularla haciendo

. KT (n(c")) .. KpTn(&)
P {n(a™)) _ 4.78
7T Arys0 3V Ay a0 V|6 47
Uij

Ahora ante un escalamiento r;;’ f=(1- |£2|)1/ 3p% existe solapamiento si 7;;* < 1, y si denominamos
FACTOR2(ny),+ = (1 — € (ng) )23 ComputaC1onalmente equivale a chequear

rr < FACTOR2(ny), + (4.79)

Para el caso de la discontinuidad en r;; = (\;j045)” el esquema cambia ligeramente ya que la
evaluamos mediante la expansion isotropica ri;”* = (1 + |&3])/3r r;;, de manera que realmente la
contribucién de (n(Ao ")) a la presion, P, -, viene a representar el ntimero medio de moléculas que

estaban solapadas y abandonan la discontinuidad. Computacionalmente equivale a chequear

FACTOR2(ny),, < 17 < Aij> (4.80)
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donde FACTOR2(ny) - = Aij(1+ |&5(ng)]) "3

Por ultimo comentar que a nivel de programacién de cédigo se puede utilizar un tinico conjunto
de valores de &, ya que podemos relacionar &;(nx), {2(nk) y £3(nk) mediante Ar;;/0;; de manera que

~ &o(ng)
=

§1(ng) = E3(nk) (4.81)
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4.2. El potencial de square-well




Capitulo

Método para la determinacién de las
componentes del tensor de presiones y de
la tension superficial mediante el virial

Los métodos mds usados para determinar las componentes del tensor de presiones y la tensiéon
superficial se basan en las definiciones mecanicas y en el correspondiente uso del virial. La definicién
de Irving-Kirkwood (IK) [62], el método de Harasima [63], la definicién de Kirkwood-Buff [64] o su
version local KBZ [65] son métodos muy extendidos cuya diferencia resulta de la concrecién de la
ambigiiedad a la hora de definir las componentes del tensor de presiones. Esta ambigiiedad ha sido
ampliamente discutida en la literatura [62,66-68] y basicamente reside en la arbitrariedad a la hora
de decidir qué fuerzas intermoleculares contribuyen al tensor a través de un determinado elemento
de drea dA.

Kirkwood and Buff [64] introducen en 1949 una definicién mecéanico-estadistica de la tensién su-
perficial donde se establece que la tension superficial puede ser determinada por la diferencia entre la
presiéon normal y la presién tangencial a la interfase (método KB). La definiciéon del método KB sienta
los fundamentos para la posterior y ampliamente utilizada aproximacién mecénica para el cdlculo
de la tension superficial. Un afio después, Irving and Kirkwood [62] proponen otro método para
calcular la tensién superficial, el cual estd basado en el célculo del perfil local de las componentes
normal y tangencial a la interfase del tensor de presiones (método IK). La mayor ventaja del método
IK es que solamente en la region interfacial la diferencia entre las componentes de la presién normal
y de la presion tangencial es distinta de cero, mientras que la diferencia es cero en las zonas de bulk
de liquido y de vapor. Para la definicion que implica el perfil de la presién local, aparece una con-
troversia después de que Harasima [63] introdujera una definicién diferente (método H) en 1958. La
mayor diferencia entre las definiciones de IK y H reside en la expresién de la componente tangencial
de la presion en la interfase. Sin embargo, ambas definiciones conducen a la misma expresion para
la tensién superficial cuando integramos sobre la direccién normal a la interfase. Ambos métodos IK
y H han sido utilizados para calcular la tensién superficial, siendo el método IK utilizado principal-
mente en sistemas con interacciones descritas mediante potenciales aditivos por pares, mientras que
el método H ha sido utilizado en sistemas con interacciones no aditivas por pares como por ejemplo
en sumas de Ewald [69,70].

En este capitulo se aborda la metodologia seguida basada en la eleccion de la definicién de Irving-
Kirkwood (IK) para el cdlculo de las componentes microscopicas del tensor de presiones para un
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sistema inhomogeneo de interfases planas en el ensamble NVT, aunque previamente en los apartados
5.1 y 5.2 se abordan las definiciones mecanicas y conceptos bésicos relativos a las componentes del
tensor de presiones y la tensién superficial. El mayor problema con la ruta mecénica se nos presenta
con sistemas que interactan a través de potenciales discontinuos de tal manera que la derivada
del potencial en el punto de la discontinuidad es también discontinua y viene representada por una
delta de Dirac. La estimacion de estas deltas de Dirac sera necesaria para evaluar las componentes
microscopicas del tensor de presiones. Esto implica que tendremos que ser especialmente cuidadosos
en el manejo de las relaciones mecdnicas en sistemas que interacttian en condiciones de potenciales
de L] truncados o de potenciales de square-well (SW). Por tanto, dedicaremos también el capitulo a
revisar los principales detalles del cdlculo computacional del tensor microscépico de presiones para
el potencial de SW, para el cual el problema es especialmente delicado debido a la discontinuidades
presentadas en el punto de esfera dura y en el limite de la zona atractiva, y las expresiones mecanicas
que estan escritas en términos de derivadas de los potenciales de pares deben de reformularse para
dar cabida a la presencia de fuerzas impulsivas en las zonas de discontinuidad.

5.1 Definicién mecanica de las componentes del tensor de presiones

El tensor de presiones If”(r) es un objeto matematico que representa las fuerzas que el resto de un
medio continuo (en nuestro caso un fluido) ejerce sobre un elemento diferencial de drea dado del
fluido en un punto espacial r. En un fluido homogéneo e isétropo P(r) = PI, donde I = &, ® &, +
e, e, +e, e, =e,6, +¢e,e,+ €,e, es el tensor unidad 1 donde {éz, €&y, €.} son un conjunto de
vectores unitarios ortogonales. Es decir, el tensor de presiones es constante en todo el sistema y sus
elementos iguales, P = P,, = P, = P,.. La presion escalar viene entonces dada por la traza

1 A 1
P = gTr(IP’) = g(an: + Py + P..) (5.1)

Un sistema inhomogeneo no es isdtropo y en este caso el tensor de presiones es un tensor simétrico
que en coordenadas cartesianas puede expresarse como

P=>"> Pusats a,f=um,y,z (5.2)
a B

donde P, son las componentes del tensor P. En el caso especial de un fluido homogéneo e is6tropo
Poo = Py Pyg = 0 para a # 3. La fuerza dF(r) que el resto del fluido ejerce sobre la diferencial de
drea dS, localizada en el punto espacial r, es

— ~

F(r) = —P(r) - a(r)dsS (5.3)

donde 7n(r) es un vector unitario normal al diferencial de superficie en r.

Imaginemos ahora una capa de liquido la cual es perpendicular al eje z en su superficie plana y
en contacto con su vapor en equilibrio. En este sistema inhomogeneo el tensor de presiones depende
de la posicién P = P(r). La situacién de equilibrio requiere de la condicién de estabilidad mecénica
[5,71]

V-P=0 (5.4)

"El producto di4dico ha sido sustituido por la notacién sin punto, méas simplificada, de tal manera que A ® B = AB.
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en el entorno de la interfase plana. Por otro lado la simetria de la superficie requiere que P sea un
tensor diagonal

P(r) = Pyy(r)éze, + Pyy(r)éye, + P..(r)e.é, (5.5)
con Pp,(r) = Pyy(r) # P..(r). Sisustituimos Eq. (5.5) en (5.4) se demuestra que P,;, y P,, son
funciones de z, y P.. es constante:

sz(z) :Pyy(z) :PT(Z) PZZ(Z) :PN(Z) =P (56)

De forma que en una interfase plana distinguimos solamente dos componentes del tensor de
presiones, una componente normal Py y una componente tangencial Pr, donde Py es constante a
igual a la presion de vapor de equilibrio P del sistema, y Pr solamente puede ser una funcién de z.
En coordenadas cartesianas el tensor de presiones puede entonces expresarse como

~

P(2) = Pr(z)(6,6, + &,8,) + Pn(2)é.¢. (5.7)

Puesto que P = PI en las fases de bulk o cerca de la interfase, se deduce que Pr = Py cuando
z > d, donde d es la anchura de la zona interfacial [71]. Por las condiciones de simetria establecidas
(equilibrio hidrostatico, interfase plana, simetria e isotropia transversal del tensor) uno solamente
puede concluir que la presién tangencial depende tinicamente de la posicién con respecto a la zona
interfacial [5,71].

Como hemos visto, el tensor de presiones es una funciéon que varia de un punto a otro en un
fluido. Este puede calcularse como un promedio en el ensamble en la posicién r [62,66]. En el ten-
sor podemos contemplar dos contribuciones: una cinética que resulta del cambio en la cantidad de
movimiento debido a las particulas que atraviesan un elemento de volumen en r, y otra configura-
cional, consecuencia de la variacién en la cantidad de movimiento debida a la presencia de campos
externos y de la interaccién entre las particulas contenidas en el volumen elemental centrado enr y el
resto de las particulas del fluido (ver Fig. 5.1). Para el caso de un fluido homogéneo, donde las com-
ponentes del tensor no dependen de la posicién, en ausencia de fuerzas externas y bajo interacciones
aditivas por pares, las componentes del tensor se resumen en una presién macroscépica de bulk la
cual viene dada por la expresién ya conocida para el virial en la Eq. (4.15).

A o o

Figura 5.1: Desde un punto de vista didactico podemos interpretar la presién como un flujo de canti-
dad de momimiento a través de un area P = A~ 'd(mv)/dt. La cantidad de movimiento puede trans-
ferirse de dos formas: transportado a través de un drea por una particula en movimiento (izquierda)
o mediante la interaccién entre pares de particulas (derecha).

Para sistemas inhomogéneos, la densidad y el tensor de presiones son funciones de la posicién
en el fluido. Ahora bien, la definicién del tensor de presiones en un sistema inhomogeneo presenta
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un problema, que surge del hecho de que la parte configuracional del tensor no puede definirse de
una forma tdnica [64, 66,72]. Podemos decir que no hay una forma no ambigtia de decidir qué pares
de moléculas contribuyen al tensor en un punto dado r. Es dificil especificar dénde un virial inter-
molecular dado esta actuando en un fluido, y cémo esté distribuido en una zona del espacio. Con
objeto de proponer la escritura formal del tensor, Gloor et al.(2005) [4] definen {,3(r, r;,r;) como la
fraccion del virial intermolecular entre un par de moléculas en r; y r; asignado a la posiciéon r cuando
se calcula la componente « — 3 del tensor, satisfaciendo la condicién de normalizacién

/dr Cap(r,ri,1r) =1 (5.8)
Asi que haciendo uso de la funcién anterior podemos definir el tensor de presiones como

P.s(r) =< p(r)kpTdap > + <er” “Cap(r r,,rj)> (5.9)

1 J>1

donde d,p es la delta de Kronecker, (- - -) el promedio en ensamble, 77; la componente « del vector
intermolecular r;;, fg— la componente 3 de la fuerza intermolecular f;;, K g la constante de Boltzmann,
y p(r) la densidad numérica de moléculas. Para un sistema inhomogeneo con una interfase plana
perpendicular al eje z, el tensor de presiones depende tinicamente de la distancia z a la interfase. En
este escenario (g seria una funcién dependiente de la distancia z, y de las posiciones z; y z; de las
moléculas, representando la fraccion de virial entre un par de moléculas que es asignado a un slab
de drea A paralelo a la interfase y centrado en la posicién z [4]

1
Cap(r,rir)) = 1 Cap(2, 2is 2j) (5.10)

sin olvidar la condicion de normalizacion

/+OO dz Cap(z,2i,25) =1 (5.11)

—00

Teniendo en cuenta la condicién de simetria para una interfase plana dada en la Eq. (5.6) y la
definicién de (.3 de la Eq.(5.10), podemos escribir las componentes de tensor de presiones de la Eq.
(5.9) como

PN(Z) =< p(z )kBT > 4+ — <ZZ cig ( dUJ(iT:ZJ)) CN(z’zi,zj)> (5.12)

i g>1 Tij
Pr(z) =< p(2)kpT > +— <ZZ i y” <—d1;§f’?)> gT(z,zi,zj)> (5.13)
i g>1 &

teniendo en cuenta que Pr(z) = [Py:(2) + Pyy(2)]/2. Las funciones (x y (7 son las definicién de la
funcion ¢ para las componentes normal y tangencial respectivamente. Precisamente la elecciéon de ¢
nos lleva a distintos métodos de calcular las componentes del tensor de presiones, como el método de
Irving-Kirkwood (IK) [4,5,62,71,73] elegido en este trabajo o el de Harasima (H) [63] y que retomamos
en el apartado 5.3.



5. Método para la determinacién de las componentes del tensor de presiones y de la tensién
superficial mediante el virial 53

5.2 Definicién mecanica de la tensién superficial

Imaginemos una pelicula de liquido como la de la Fig. 5.2. La fuerza F necesaria para mantener
la tensién en equilibrio en las dos caras de la pelicula es proporcional a la longitud L. Sea F' = 2vL,
de forma que el trabajo necesario para aumentar la superficie de la pelicula AA = 2LAx viene dado
por:

SW = FAz = <i) AA = yAA (5.14)

La tensién por unidad de longitud en una superficie simple, o tensién superficial -y, es numérica-
mente igual a la energia de superficie por unidad de &rea.

Figura 5.2: Una pelicula de liquido estd contenida en un marco de alambre con la parte derecha del
contorno mévil. Supongamos que esta pelicula esta formada por dos caras cuya separacién supera
el rango de las fuerzas intermoleculares de forma que podemos considerar una situaciéon de dos
superficies libres. Ejemplo extraido de Molecular Theory of Capillarity de ].S. Rowlinson y B. Widom [5].

Cambios en el area A, por ejemplo a temperatura y volumen constante, dardn como resultado
cambios en la tensién superficial. Supongamos que tenemos dos fases confinadas en un cubo de
arista [, y 4rea interfacial A = [?. Provoquemos una variacién en el drea interfacial de valor A de
forma isoterma y reversible. Para ello ejecutaremos dos pasos: una expansion isoterma de la cara
y = +1/2 (Fig. 5.3) y una compresion isoterma de la cara z = +1/2 (Fig. 5.4), de forma que el
volumen del sistema después de la transformacion total permanezca constante.

Si la cara y = +1/2 se desplaza isotérmica y reversiblemente tal que el drea aumenta en ¢A, el
trabajo §Wr (tangencial) realizado sobre el sistema se calcula como

+1/2
d(6Wr) = —Pp(2)dV = —Pr(2)5Adz — Wy = —6A / Pr(z)dz (5.15)
—1/2
I o4 dV=38A dz
A
I 5 i 5
*osaA l SA/I

Figura 5.3: Expansion isotérmica en la cara y = +1/2.

Un desplazamiento similar de la cara z = +1/2 basado en una compresion isotérmica mediante
un desplazamiento 0.A/l da lugar a un cambio de volumen AV = (A + 0A)(l — /1) — (A + JA)l ~
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— A (0A/l), de manera que teniendo en cuenta que Py(z) = P el trabajo 6Wx (normal) realizado
sobre el sistema se calcula como
+1/2

d(SWx) = —Py(2)dV = —PdV — §Wy = —0A Pdz (5.16)
—1/2

! dA/l

Figura 5.4: Compresién isotérmica en la cara z = +1/2. El desplazamiento 6A /] garantiza el man-
tener el volumen constante.

Asi pues el trabajo total realizado y por lo tanto el incremento de energia por unidad de area sera

+1/2
SW = Wy + 6Wx = —6A [P — Pr(2)] dz (5.17)
—1/2

Los limites de integracién podemos tomarlos entre +co puesto que realmente Pr(z) difiere de la
presiéon P unicamente cerca de la interfase. Asi que este incremento de energia por unidad de area
es igual a la tension superficial

+1/2 +00
Y= /_ Ly 1P B s = /_ PP a: (5.18)

La ecuacién anterior es normalmente denominada definicién mecénica de la tensién superficial.
Ecuacién que deja clara la contribucion de las componentes del tensor de presiones, no equilibradas
en la zona interfacial, a la tensién superficial.

5.3 Determinacion del tensor microscépico de presiones mediante el método
IK para sistemas de interfases planas

Para calcular tensor microscépico de presiones o perfil de las componentes del tensor de presiones
Pn(z) y Pr(z) necesitamos dividir la caja de simulacién en slabs y calcular la presiéon local en cada
uno de ellos. La caja de simulacién es por lo tanto dividida en slabs de anchura Az y area A paralela
a la interfase (en el plano xy). El primer término de las componentes del tensor corresponde a la parte
ideal (cinética), y su contribucién al tensor microscépico de la presion se obtiene desde el valor del
perfil de la densidad en una determinada posicién z.

Sin embargo, como ya hemos introducido no hay una definicién tnica sobre la forma en que la
contribucién de la interacciéon entre una molécula 7 y una molécula j tiene que ser distribuida en
cada slab, lo que nos lleva a la famosa ambigtiedad entre las definiciones de IK y H. Por lo tanto nos
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encontramos en la situacion, tal y como comentamos en el apartado 5.1, de la eleccién de la funcién
( para la parte configuracional de las componentes normal y tangencial. Para el caso de sistemas con
interacciones aditivas por pares la eleccién de IK para ¢ consiste en [5,35,65,74-76]

(v = Gr = Cler 20, 25) = — @(Z_Z">@<Zj_z) (5.19)

2341 Zij Zij
donde O(z) es la funcién salto unidad de Heaviside definida como ©(z) = 0 cuandoz < 0y ©(z) =1
cuando z > 0, y se cumple la condicién de normalizacién dada por la Eq. (5.8) para (. En la eleccién
de IK, las moléculas ¢ y j contribuyen al tensor de presiones en un slab determinado si la linea que une
los centros de masa de las moléculas atraviesa, comienza o termina en el slab. La contribucion total
de la interaccién ¢ — j, incluida la debida a las LRC, se reparte por igual en cada uno de los slabs. Si la
distancia a lo largo del eje z entre pares de moléculas i y j, |z;;| es dividida en n;; slabs de anchura AZ
y centrados en zi, y en la discretizacion que hacemos del perfil, las moléculas ¢ y j estdn localizadas
en los slabs k; y k;, respectivamente, el nimero de slabs entre ellas es n;; = |k; — k;| — 1, donde
se incluyen los slabs ocupados por las propias moléculas. La Eq. (5.19) es entonces proporcional al
factor 1/(n;jAz). A la hora de incorporar este factor en el c6digo de programacion lo haremos de la
siguiente forma

1 nij =-1
1 1/2 nijzoornij:ns—Q
1 1 T (5.20)
Nij (nij + 2) 1) 2
1 S Ng
i 2
(ns —mij) 7= 2

donde n, es el nimero de slabs en que dividimos la caja de simulacién a lo largo del eje z. Pun-

. . . Ns . s .
tualizar que las condiciones n;; = ns, — 2y n;; > 5 corresponden a la situacién en que las particulas
iy j interaccionan a través de la condicién de minima imagen. Cuando evaluamos la distancia entre
pares de moléculas |z;;|, para ser consistente con el calculo de la interaccién intermolecular durante
la simulacién, también aplicamos la condicién de minima imagen.

En la definicién de Harasima la eleccién de la funcién € es [63,66]

inlennn) = poo(F)e(2 %) (521)
|2i5] Zij Zij
Cr(em,2) = O(z— %) (5.22)

La eleccién de IK y H coinciden en la componente normal, Pi¥(z) = P#(z), pero difieren en la

expresion de la componente tangencial, P (z) # P#(z). En IK la presioén local es independiente
del ntimero de slabs cuando el ancho de slabs es mas pequefio que la distancia entre las particulas
(rango de interaccién), ya que el volumen del slab y la fraccién de la linea (que conecta las particulas)
en el slab escalan linealmente con el ancho del slab. Es decir, la presién en un slab es independi-
ente de la anchura del slab. En la eleccién H, cuando se incrementa el niimero de slabs (se reduce
por tanto el ancho del slab) causa que la presién tangencial, en los dos slabs con las particulas que
interacttian, se incremente. Aunque este efecto desaparece en el caso de un sistema homogéneo,
debido al movimiento de las particulas, y los perfiles obtenidos por IK y H son idénticos [66]. Por
tanto las ambiguedades aparecen en el tratamiento de sistemas inhomogéneos. La invarianza de
la presion local con el ancho del slab puede favorecer el uso de la expresién de IK sobre la de H,
aunque esto no implica que los perfiles de IK sean mds correctos tal y como indica Sonne et al.
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(2005) [70]. Schofield y Henderson (1982) [66] demuestran que en un sistema de interfases planas
y un potencial de corto alcance, la diferencia de las componentes transversales calculadas por IK
y por H, APr(z) = PIE(2) — PH(z), cumple que [dzAPr(z) = 0, por lo que propiedades como
el valor de la tensién superficial definida por la Eq. (5.18) es independiente de la eleccién y no e-
xiste por tanto ambigiiedad. Sin embargo, [ dzf(z)APr(z) no es independiente de la eleccién de
Pr(z) para una funcién f(z) arbitraria [63, 66], y por ejemplo la posicién de la superficie de ten-
sién, que juega un papel fundamental en el caso de superficies esféricas, definida mecanicamente
por Zy = 1 f z[Pn — APp(z)|dz [77], difiere de la eleccién tomada para calcular las componentes
microscépicas del tensor de presiones [66] .

5.3.1 Componentes del tensor microscépico de presiones en un potencial continuo L]

Una vez tomada la eleccién de IK, la contribucién total de las componentes del tensor de pre-
siones se obtendra promediando el virial total en el ensamble NVT. Para el caso de que tengamos un
potencial de L] la expresion final de las componentes microscépicas del tensor de presiones vendra
dada por

Py (2) = (p(2) kpT) + P51 (2) + Py (2) (5.23)

Como ya hemos visto, el primer término corresponde a la contribucién ideal al tensor microscépico
de presiones. Los otros dos términos, P5UT(z) y PLRC(2), son las contribuciones a la componente
normal del tensor de presiones, Py (z), debido a la interaccién directa de las interacciones para un
determinado radio de corte 7. y a las LRC, respectivamente. La contribucién de PSYT(2) puede
escribirse a partir de la Eq. (5.12) como

PCUT (

o durpg(r;
<z s ) 5.2

=1 j=i+1 ZJ

La componente tangencial, PU1(z), vendra dada por una expresion de la forma de la Eq. (5.24) sin
mas que cambiar zl-zj por (xij + yfj) /2.

Con objeto de no presentar informacion redundante, los detalles mds importantes correspondientes a las
contribuciones a las componentes del tensor de presiones correspondiente a las correcciones de largo alcance
inhomogéneas, PXRC y PERC, se recogen en los apartados 9.2, 9.3, y material suplementario del capitulo 9

dentro de la parte de resultados de este trabajo.

5.3.2 Componentes del tensor microscépico de presiones en un potencial discontinuo
SW

A continuacién se presenta la metodologia utilizada en este trabajo para la determinacién del
perfil de las componentes de la diagonal del tensor de presiones, Py, (z), Pyy(2) y P:.(2), para lo cual
se generaliza el esquema computacional presentado en el apartado 4.2.2 para un sistema bulk a un
sistema inhomogéneo de interfases planas. Al igual que con el potencial de L], partiremos de las
definiciones generales dadas por las Egs. (5.12) y (5.13). Con objeto de abreviar la exposicién, y sin
pérdida de generalidad, podemos centrarnos en la obtencién del perfil de la componente P, (z) del
tensor de presiones, ya que el esquema que sigamos es absolutamente extrapolable al resto de las
componentes. Por tanto, nos fijaremos en la Eq. (5.13) para proponer para la componente P,(z) la
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siguiente expresion

2
Poo(z) = P(2) + PO (2) =< p(2)kpT > +;j <ZZ S <—duSW(TZ])> me(z,Zi,Zj)> (5.25)

ro: dy’u,
i o> Y K

definiendo (;» = (z2(2, 2, 25), para la eleccion de IK, de forma idéntica a como se hizo en la Eq.
5.19. Para solventar el problema de evaluar de la derivada dugyy (ri;)/dr;; contamos con el recurso
definido por la Eq (4.61) en el apartado 4.2.1 para el potencial SW, de forma que si sustituimos en la
parte configuracional de la (5.25) tendremos

2
P (z) = kBTT <Z > ::Z Coa(2, 21, 27)ePT0) {656” o(rij — 0i5) — (eﬁeij N 1) o(rij — Aijaij)}>
7 >1
! (5.26)
Al igual que se hizo para un sistema bulk, para evaluar la componente P,,(z) tendremos que
evaluar las discontinuidades en r;; = 04,1, rij = (\ijoij)~ y 15 = (Nijou;)" definidas en las formas
de ¢-Dirac expresién formal de la Eq. (5.26). Si por ejemplo queremos evaluar la discontinuidad
en r;; = ()\ijaij)+, tendremos que evaluar el sumando implicado en esta discontinuidad igual que
hicimos en el caso de un sistema bulk con la Eq. (4.69). Como nos aproximamos a la discontinuidad
por la derecha tendremos que ¢”“"is)) = 1, ademads r;; es tal que \ijoi; < 7ij < \ijoij + Ary; con
Ary; — 0r, por lo que entonces r;; — A;jo;;. Con estas consideraciones y con la aproximacién de la
0-Dirac podemos hacer, para el sumando del que estamos hablando de la expresiéon formal dada por
la Eq. (4.69), la siguiente aproximacién

N-1 N 1,2 N-1 N ZL‘Q 1
<Z Z %(xx(z,zi,Zj)eﬁu(Tij) (5(7"1] — )\”O'Z])> ~ <Z Z 5 v sz(z,zi,zj‘)m”> (527)
ij

I
i=1 j=i+1 Y i=1 j=i+1 YU

Para calcular un promedio, como el de la aproximacién que acabamos de hacer, llevaremos a cabo
escalamientos del sistema a lo largo de una direccién, en esta caso la z, manteniendo todas las demaés
cordenadas constantes, en lugar de en lugar de llevar a cabo escalamientos virtuales e isotrépicos
del sistema como se hizo en el caso de un sistema bulk. Evidentemente, al igual que el caso de
bulk, tendremos que llevar a cabo tres escalamientos con objeto de evaluar las discontinuidades en
rij = aiﬁ, rij = (Nijoij)” Y rij = ()\ijaij)Jr, aunque la relacién entre las coordenadas 7;; antes del
escalamiento y después del escalamiento 7;; seré diferente que en el caso isotropico.

Por ejemplo, siguiendo con la ejemplificacion que estdbamos desarrollando en r;; = (A\;jo45)7,
para evaluar el promedio de la aproximacién dada por la Eq.(5.27), hacemos una compresion virtual
del sistema a lo largo de la direccién x, pero manteniendo las demds coordenadas constantes, de ma-
nera que el volumen del sistema pasade V a V' = V(1—|&]) con &, = —|AV|/V con la transformacion
de coordenadas las moléculas: z;;’ = z;;(1 — |&1]), vi;' = vij, 2ij = zi;. Bajo estas consideraciones
tendremos que

rif =ri? + i (1= |a)? - 1] (5.28)

Escogeremos un valor de {; de modo que si las distancias antes del escalamiento son r;; = A;;0;; +
Ar;;, después sean r;; = \;;0;;. Si sustituimos esta condicion en la Eq. (5.28), y teniendo en cuenta
que [£1] << 1y Ary; << 1, obtenemos la relacién entre Ar;; y & siguiente

zi;2|6|

>\ij0'ij

()\ijaij)z = ()\ijgij + AT‘U)2 + ZL‘ij2 [(1 — |§1|)2 — 1] = AT‘U = (529)
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Si sustituimos esta relaciéon en la Eq. (5.27) tendremos

<Z Z 1 > <Z Z] 1+1CIJU(Z sz])>

(5.30)
i=1 j=i+1 |€1‘

Coz(2, 2iy 2
z]UzJ T () J)Arij

El promedio obtenido, <Z Ly i1 1 X Coa(2, 23, z])>, representa el promedio sobre el ensam-
ble del ntimero de pares de moleculas ge se encuentran separadas una distancia entre \;jo;; y Aijo;; +
Ar;j con Ar;; — 07 o ntimero de pares de moléculas que se solapan cuando se hace la compresién
virtual del sistema. Pero hay que aclarar que la expresion, dada en la Eq. (5.30), es un ejemplo de
la dificultad que en ocasiones supone el verbalizar mateméticamente una solucién computacional
que se extiende a lo largo numerosas lineas de c6digo, ya que la apariencia forzada de la funcién
Cex (2, 2i, 2j) NO es mds que el reparto que se va haciendo del tensor a lo largo de la coordenada z
conforme a la eleccién de IK.

El mismo esquema serd el que se siga para evaluar las discontinuidades en r;; = aij+, Tij =
(Xijoij)~ . Asi que en resumen; para calcular las componentes del tensor de presiones (P, (2), Pyy(2),
P..(z)), podemos utilizar expresiones formales similares a las del caso de un sistema homogeneo

kT (n"()Cux(2, 2i, 27))

Pra(2) =< pl2)kpT > + lim *2 5 (531)
Py2) =< p(o ki > + iy PAT L SN2 2) 5.32)
Peo(2) =< plks > + limg 2T <”Zz(f)ﬁ2(f’ % %)) (533)

con (zz = Gy = Cez = ((2,2i,2j). Los términos n™(§), n¥¥(£) n**(§) representan el ntimero de
solapamientos que se producen en el sistema ante escalamientos virtuales cuando variamos una co-
ordenada manteniendo las otras dos constantes.

Ahora, igual que se hizo en el apartado 4.2.2 , conocer el ntimero de solapamientos se resume a
chequear condiciones muy simples para los escalamientos en z, y, 0 2, y que se presentan a continua-
cién trabajando en unidades reducidas:

a) Condiciones a chequear para solapamientos en r;; = ()\ijaij)Jr:

A 2<T*2<>\ 2—96*2[( — Xijléil)? = 1]
AUQ <1t < N - yzg 11 = Nglaal)® =1 (5.34)
Aij? <1 <)\U — 257 (1= Ngléa)? = 1

Z]

b) Condiciones a chequear para solapamientos en 7;; = ;™ :
L <1-af%[(1 - &) 1]
S <oyl - el -1 (5.35)
<1-257[(1 - el)? - 1]

c) Condiciones a chequear para solapamientos en r;; = (\j;oi;) " :

Aij? — m 2[(1 = Nijlés])? — 1] < 7”%322 < Nij?
Xi® — szQ[( Amlésl)2 1] <ri’< Alf (5.36)
>‘U2 ;. [( )‘z]|§3|) } < T < )\1]



5. Método para la determinacién de las componentes del tensor de presiones y de la tensién
superficial mediante el virial 59

Por dltimo, con objeto de realmente calcular el limite || — 0 en la simulacién, utilizaremos un
conjunto de ny, valores de escalamiento, de manera que &; = &;1(nk), &2 = {a(nk) y &3 = E3(nk).

5.4 Determinacion de la tensién superficial a partir del perfil de las com-
ponentes del tensor de presiones

Una vez determinado el perfil de la presién local en sus dos componentes, la presién normal
Py = Pn(z) y la presion tangencial Pr = Pr(z), hacemos uso del método de IK para el célculo
de la tension superficial, donde ésta es calculada a partir de las componentes locales del tensor de
presiones. Haciendo uso de la definicién dada en la Eq. (5.18) podemos decir que

+Lz/2
v = / [Pn(z) — Pr(z)] dz (5.37)
—L./2

donde L, es la longitud de la caja de simulacién a lo largo del eje z.

Expresando la tensién superficial como una funcién de las componentes microscépicas del tensor
de presiones es posible definir un perfil local a lo largo del eje = de la tensién superficial como

o) = [ o) - e ds (539)

—00

Para algunos autores, el uso de la funcién v(z) es una clave para chequear la estabilidad de las
interfases, la independencia y la constancia de la tensién superficial en las fases de bulk. Aunque
no se ha incluido en los trabajos de los resultados, si se ha utilizado, junto con la observacién de los
perfiles de la densidad, como un elemento mas del simulador para chequear la calidad de la equi-
libracién de las interfases liquido-vapor. Y es en este sentido donde un método local como el de IK
muestra su posicién de ventaja, ya que aunque KB calcula la tensién superficial a partir del tensor de
presiones total, en IK no perdemos la informacién microscépica de forma que por ejemplo podemos
estar seguros que realmente se establece un equilibrio liquido-vapor y que la fuente de la tensién su-
perficial realmente reside en las zonas de las regiones interfaciales. Es importante también destacar
que aunque los diferentes métodos IK, HA o KBZ, que provienen de diferentes definiciones a la hora
de repartir el virial, proporcionan diferentes perfiles del tensor microscépico de presiones, funda-
mentalmente de Pr(z), el valor macroscépico de v obtenido mediante la integracion de la Eq.5.37
permanece en general independiente de la definicién utilizada [73,75,76].

Otra ventaja del método IK es la relativa facilidad de incluir en el cdlculo de la tensién superficial
las LRC de Janecek (2006) [15], y la adaptacioén de éstas por MacDowell y Blas (2009) [14], ya que esas
correcciones realmente se llevan a cabo sobre las componentes del tensor de presiones. Para método
KB, donde la tension superficial es calculada directamente a partir del virial mediante

_ 1 325 ) Oulry)
1T <z<; <T” rij > Orij >:39)

r<re

, el desarrollo de las LRC por parte de diferentes autores no ha sido del todo satisfactorio. Para esta
expresion Chapela et al. (1977) [34] propuso una correccién de largo alcance para afiadir a posteriori
de la simulacion, fyt“il . Para esta correcién de truncamiento era necesario conocer pr,, py y la dis-
tancia interfacial d, supuesto un perfil de la densidad que ajusta a una funcién tangente hiperbélica.
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tail

Esta ~
sistemas de un tinico componente. Sin embargo, para mezclas este tipo de correcciones presentan el
problema de que los perfiles parciales de densidad necesariamente no tienen por que ajustarse a una
funcién tangente hiperbélica. Estariamos obligados entonces a aplicar las correcciones sin distinguir
los diferentes componentes y sus interacciones. Este escenario es inconsistente con alguno de los
aspectos mds elementales que debe cumplir /"
plo que la tensién superficial obtenida para un determinado 7. decrezca cuando la concentracién del

es corregida debido a errores algebraicos en el trabajo de Blockhuis et al. (1995) [78] para

en una simulacién para mezclas, como por ejem-

componente més volatil aumente. Para solucionar este problema Mecke et al. (1999) [79] extienden

tail

el algoritmo propuesto en Mecke et al. (1997) [38] para calcular v*** para mezclas binarias, desa-

rrollindose sendos trabajos en simulaciones de MD. Con este algoritmo se pasa de una correccién
a posteriori de la simulacién al calculo de una contribucién 7/ de cada particula i en cada paso
de simulacién. Para determinar v/%" se aplica la Eq. (5.39) para la interaccién de una particula i en
la caja de simulacién con el resto de las particulas fuera del radio de corte en un volumen infinito.
Todas esas particulas son sustituidas por el perfil de la densidad. En el caso de una mezcla binaria se
usan los perfiles parciales calculados en cada paso de simulacién. Para cada particula 7 se calculan
por separado las contribuciones de ambos componentes y se suman después. Estas expresiones son
solamente vélidas para sistemas binarios y no pueden extenderse a sistemas con 3 componentes [75] .
Por otro lado, en el andlisis critico realizado por Janecek (2006) [15], donde las correcciones de Mecke
se implementan en simulacién MC, se explica que las correcciones de Mecke no contemplan todas
las interacciones fuera del radio de corte, proporcionando valores menores de la tensién superficial,
y a temperaturas altas ofrece resultados para los perfiles de la densidad y de la tensién superficial

que no son independientes del radio de corte.

5.5 Estructura general del perfil del tensor microscépico de presiones y la
tension superficial en sistemas de interfases planas

En un perfil del tensor microscépico de presiones, como el que se muestra en la Fig.5.5, la condi-
cién de estabilidad mecénica requiere que Py (z) sea constante y la diferencia Py(z) — Pr(z) fluctua
alrededor de cero en las zonas de bulk de vapor y de liquido. Estas fluctuaciones son mds acusadas
en la fase de liquido que es la méas sensible. La anisotropia en la zona interfacial, en el caso de un
fluido de puro, es consecuencia directa de la variacion de la densidad a lo largo de la zona. La na-
turaleza de la variacién de la densidad a lo largo de la zona interfacial estd gobernada por la parte
cinética de la presién normal, p(z) kT, y estd balanceada con la parte configuracional (por ejemplo
en un sistema LJ: PE,UT(Z) + P}QRC(z) ), de tal manera que la suma permanece constante, lo cual es la
condicién de equilibrio hidrostdtico. En un fluido de varios componentes, la anisotropia del tensor
de presiones no se debe tinicamente a variacién de la densidad sino también a la variacién de las
composiciones requerida para que se establezca el equilibrio hidrostético.

En lo que respecta a la componente tangencial, ésta cambia al atravesar la zona interfacial de-
sarrollando un minimo y un méaximo [71,80]. La componente tangencial Pr(z) puede presentar
valores negativos grandes en la zona interfacial, como podemos observar en la Fig.5.5, con zonas de
tension donde Pr < Py, y puede tomar también valores mayores que la componente normal Py
(zonas de compresion). Aunque la estabilidad de la interfase requiere tinicamente que la integral
de Py — Pr a lo largo de la zona interfacial sea positiva. Este comportamiento de la componente
Pr, al pasar a través de la zona interfacial, estd intimamente relacionado con el papel que juega la
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| INTERFASE | . INTERFASE 2

VAPOR 1 - LIQUIDO VAPOR 2
: P@ R

P (2) = P(2) P (z) = P(2)

Z

Figura 5.5: Ejemplo las componentes del Py (z) y Pr(z) del tensor microscépico de presiones en
un sistema de dos fases de interfases planas. Encirculado en azul tenemos una zona de compresién
donde Pr > Py.

region espinodal en la fisica de una interfase ante la necesidad de atravesar dicho dominio espinodal
cuando pasamos de una densidad de bulk a otra a lo largo de la interfase [71,81]. La regién entre la
curva de presién de vapor que representa las condiciones de equilibrio y la curva espinodal vapor-
liquido corresponde a vapor metaestable, mientras que la region entre la curva espinodal liquido-
vapor y la de presiéon de vapor corresponde a liquido metaestable. Es interesante denotar que el
minimo que presenta la componente tangencial Pr estd precisamente relacionado con el valor mas
bajo que puede tomar la presién espinodal en la regién de liquido metaestable [81]. Si hicieramos
una transformacién del perfil de la componente tangencial del tensor de presiones Pr(z) para llevar
la dependencia con la coordenada z a una dependencia con la densidad Pr(p), haciendo uso del
perfil de la densidad p(z), obtendriamos curvas que nos recordarian al conocido lazo de la ecuaciéon
de estado de Van der Waals. Y es que en gran medida la imagen actual de un liquido est4 contenida
en la ecuacion de estado de Van der Waals. La extension de sus ideas al estudio de una interfase
liquido-vapor, realizada por el propio Van der Waals, puede considerarse como una version inicial
de las teorias del funcional de la densidad locales aplicadas a liquidos y su teoria de la interfase como
una aproximacion funcional de gradiente cuadrado (aunque originalmente fue formulada desde un
punto de vista mas fenomenolégico).

Aunque solamente sea de una forma muy elemental comentar que, en una teoria del gradiente a
través de un desarrollo de segundo orden en V, el tensor de presiones toma la forma

[P)(I') = Poﬁ + l11V2pﬁ + l12VVpﬁ + lgl(vp)Zﬁ + 122V pVp (5.40)

donde tanto Fy, que es la presion de un fluido homogéneo, como /;; son funciones de la densidad lo-
cal p(r) [71]. Estas funciones deben determinarse de forma experimental o desde un modelo tedrico.
Una ecuacién de estado para FPy(p) utilizada por su simplicidad, y que captura la mayor parte del
comportamiento cualitativo de los fluidos reales, es la ecuaciéon de Van der Waals. La dependencia
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con la densidad Py(p) en un fluido homogéneo solamente puede ser investigada fuera del dominio
spinodal. Sin embargo, en principio, las dependencias con la densidad de Py(p) y l;;(p) para densi-
dades dentro del dominio espinodal pueden determinarse experimentalmente en fluidos inhomogé-
neos (por ejemplo en las zonas interfaciales). El tema es, que estados de densidad inestables en un
fluido homogéneo pueden estabilizarse por la formacién de gradientes de densidades, cuyos efec-
tos sobre el tensor de presiones se miden mediante /;;. Para un sistema de interfases planas, donde
p = p(z), la presién normal y tangencial pueden expresarse como

dp dp\”
Py = Py(p) + (L1 + 112)@ + (lo1 + 122) <dz> (5.41)
PT - PO(ﬂ) + lll@ + 121 <dz> (5.42)

En los trabajos como los de Davis y Scriven (1982) [71] y Teletzke et al. (1981) podemos encontrar
cOmo a partir de la Eq. 5.42 es posible calcular Pr(z) y como reproduce el comportamiento comen-
tado dentro de la zona interfacial.

Por ultimo, para concluir este apartado, si observamos un perfil de Py(z) — Pr(z), como el de
la Fig. 5.6, podemos observar dos picos simétricos en las zonas interfaciales y la contribucién en
las fases de bulk muestra fluctuaciones propias de la condicién de estabilidad mecédnica Py (z) —
Pr(z) = 0. Adicionalmente, el perfil de la integral v(z) es plano en las fases de bulk, lo que indica
que no contribuyen a la tensién superficial, es idéntica en ambas interfases, lo que nos indicard que
hemos construido dos interfases independientes y que ambas estdn bien equilibradas [37, 65,75, 76,
82,83]. Cuando la temperatura aumenta, el ancho de la zona interfacial aumenta y los picos de la
componente tangencial tienden a aplanarse, y por tanto la tensién superficial disminuye.

P(2) - P(2)

)

Y(z)

<

Figura 5.6: En la grafica superior se representa un perfil tipico de Py(z) — Pr(z). En las zonas
senaladas como (1) y (@ se tiene que Py (z) < Pr(z). En la grafica inferior se representa el perfil de la
tension superficial y(z).



Capitulo m

Métodos termodinamicos perturbativos

En el capitulo anterior se presentaba una metodologia basada en el concepto de tensor de pre-
siones, una magnitud mecénica que esta bien definida independientemente de la existencia de leyes
termodindamicas. Es decir, no se requiere que funciones como la entropia o la energia libre existan y
se obedezca la segunda ley de la termodindmica. Como hemos visto en el capitulo anterior este tipo
de técnicas son implementables en simulacion MC, aunque no obstante tienen el coste explicito de
tener que calcular las fuerzas; aunque este cdlculo no se requiere para muestrear el espacio de con-
figuracion del sistema. Para modelos de potenciales intermoleculares sencillos el virial es realmente
directo, aunque no es el caso de potenciales intermoleculares complejos, potenciales discontinuos
o interfases no planas, donde el calculo de las fuerzas puede ser bastante complejo o simplemente
consumir mucho tiempo de computacién. La naturaleza directa de una metodologia puramente
mecénica suele ser atractiva por su generalidad, sin embargo debemos poner en la balanza la pér-
dida de la potencia que proporcionan las leyes de la termodindmica en el estudio del problema.

En este capitulo se presentan metodologias basadas en rutas termodindmicas como alternativas a
esta definicion mecénica. Concretamente el método VP (volumen perturbation) para el célculo de las
componentes macroscopicas del tensor de presiones [16] y el Test-Area (TA) [4] para el célculo de la
tension superficial, ambos utilizados en este trabajo de tésis para el modelo de potencial continuo de
L], en simulaciones de coexistencia directa de sistemas inhomogéneos de interfases planas liquido-
vapor y liquido-liquido. Ambos métodos parten de las definiciones termodindamicas, en relacién con
la energia libre de Helmholtz F', de las propiedades a calcular, la presion y la tensién superficial
respectivamente. Como veremos en las dos secciones siguientes, estos métodos se plantean como
aproximaciones del cambio de energia libre AF' asociado a pequefios cambios virtuales (perturba-
ciones) en el volumen (VP) o en el 4rea interfacial (Test-Area) del sistema. La estimacién numérica de
estos cambios es expresada como un promedio en el ensamble correspondiente del factor de Boltz-
mann.

Aunque existen métodos para estimar la tensién superficial mediante diferencias de energia libre,
como por ejemplo el método de Bennett [84-86] o el Expanded Ensamble [11,12,87], un especial in-
terés ha cobrado en estos tltimos afios el método perturbativo del TA, con mds de 50 citas al trabajo
original de Gloor et al.(2005) [4] sobre la determinacién de la tensién superficial en interfases vapor-
liquido de sistemas L] y SW. El atractivo del método TA reside en que se trata de un método elegante
y sencillo, facilmente implementable en un c6digo MC o MD, que permite determinar la tensién su-
perficial mediante una tnica simulacién en interfases planas (vapor-liquido, liquido-liquido, fluido-
sOlido, etc) de sistemas puros y mezclas de moléculas simples y poliatémicas, y con una gran validez
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para el caso de potenciales continuos como el LJ. Su versatilidad ha hecho que haya sido utilizado
para determinar la tensién superficial de un gran niimero de sistemas, como por ejemplo potenciales
realistas (n-alcanos [88], agua [89], mezclas binarias de n-alcanos [90] , metano-agua [75], ...) o mod-
elos de fluidos (cadenas de segmentos L] [12-14,91], Mie n-6 [92] , gotas de fluidos L] [93],...).

El punto de partida, tanto del VP como del TA, serd la variacién de la energia libre de Helmholtz
de un sistema en el ensemble canénico (donde el niimero de particulas N, el volumen V' y la tem-
peratura T' permanecen constantes ) debida a una perturbacién desde un estado de referencia del
sistema 0 a un estado 1, y puede definirse, teniendo en cuenta la Eq. (2.12), en términos de las corre-
spondientes funciones de particiéon @y y )1 como

AFy1 =F — Fy=—kgTIn <Ql> (6.1)
Qo

Si tenemos en cuenta que la funcién de particiéon puede expresarse como el producto de una parte
ideal y una parte configuracional, tal y como vimos en el apartado 2.2.1 en las Eqgs. (2.14), (2.15) y
(2.16), podemos expresar el cociente )1/Qo como el cociente de integrales configuracionales sigu-

ientes
Q1 [ drN exp [ U (rV)]
Qo [drN exp [~ BlUo(xV)]

La energfa configuracional U; (r"Y) consiste en una perturbacién de la energfa configuracional inicial
(o estado de referencia) uo(rN ), de forma que U; = Up + AU, donde AU corresponde a una pertur-
bacién de prueba desde el estado de referencia. Es importante recalcar que esta perturbacién en la
energia no entra dentro de la cadena de Markov, es decir, no es contabilizada para el movimiento
Monte Carlo de particulas y por tanto tampoco se contabiliza en el promedio de la energia del sis-
tema.

(6.2)

6.1 Método de perturbaciones de volumen (VP) para la determinacién
de las componentes del tensor de presiones Py y Pr y de la tensién
superficial en modelos de potencial continuos

Como ya hemos visto en el capitulo anterior, en un sistema inhomogeneo la presiéon es una
propiedad tensorial. Para un sistema inhomogeneo, con niamero de particulas N, volumen V' y tem-
peratura T' constantes, las componentes del tensor de presiénes P,, (o = z,vy, z) pueden definirse
termodindmicamente como

paa:_<aF> — _kpT (aanNVT
N,V,Lg o

o (6.3)
oV oV )NML#Q

donde L, es la dimension del sistema en la direccién «.. Para evaluar la derivada de la Eq. (6.3) se ha
seguido la metodologia planteada por de Miguel y Jackson (2006) [16], basada en los trabajos iniciales
de Eppengea y Frenkel (1984) [94] y Harismiadis et al. (1996) [95], donde se propone evaluar dicha
derivada mediante al estimacion numérica de la variacion de la energia libre bajo una perturbacién
isotérmica del volumen. Si consideramos una perturbacién del volumen del sistema desde Vj a
Vi = Vo + AV, con AV > 0, el cambio asociado a la energia libre viene dado por la Eq. (6.1). El
cociente de las funciones de particion puede expresarse, haciendo uso de un conjunto de coordenadas
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escaladas (s"; L) con las dimensiones lineales del sistema (s" = r"V /L), segtin la forma

Q1 _ [ds"VNexp [-pUWL)] [ dsVVEY [(Vi/ V)N exp (—BAUT)] exp [-AU(V)]

Qo [dsNVy¥ exp [~AU(V)] J asN V¥ exp [~ AU(Vo) o

donde AUT = U(Vp + AV) — U(Vp) es la energia asociada con el incremento del volumen. Si ahora
tenemos en cuenta la forma en que calculamos promedios en el ensemble (ver Eq. (2.17)), la Eq. (6.4)
puede expresarse como el factor de Boltzmann de la variacion AU promediada sobre el estado de
referencia del sistema no perturbado de volumen Vj, de forma que

N
gg _ <(1 i AVZ/) exp<_mu+)> (6.5)

Si en lugar de llevar a cabo una perturbacién basada en un incremento de volumen hacemos una
disminucién del mismo, donde AU~ = U(Vy — |AV|) —U(V}) es el cambio de energia configuracional
asociado a dicha pertrbacién, entonces la Eq. (6.5) toma la forma

N
g; = <<1 - |AVZ/|> exp(—BAU)> (6.6)

La derivada primera de la Eq. (6.3), para el caso de una perturbacién basada en un incremento de
volumen, podemos aproximarla por diferencias finitas segin

or _F(Vo+AV)—F(VW)

L, -7
ov AV 67)
y haciendo uso de la Eq. (6.5), obtenemos la siguiente expresién para la componente del tensor de
presiones
1
Ph = —In{(1+ & exp(—pAUt 6.8
BPL = g (149" exp(-p17)) (6.8)

donde hemos denotado a la variacién relativa de volumen como { = AV/V}, y el superindice +
hace referencia a una perturbacién por un incremento de volumen ¢ > 0. Para evaluar la derivada
durante la simulacién disefiamos una expansién virtual (no contabilizada en la cadena de Markov)
de volumen en la que la dimensién de la caja de simulacién L, aumenta a L, + AL, manteniendo las
otras dimensiones Lg (3 # «) constantes de forma que §£ = AL, /L, > 0. Si hacemos una compresién
virtual ¢ < 0, donde la dimensién de la caja L, disminuye a L, — AL,, utilizamos una expresién
equivalente a la Eq. (6.8) de la componente del tensor de presiones

- 1 -
Poza = _’5“/0 In <(1 - |£DN eXp(_BAu )> (69)

La consistencia termodindamica requiere que la presién calculada mediante un incremento de vo-
lumen sea igual que la calculada mediante una disminucién de volumen en el limite AV — 0. Esto es
esperable para el caso de estar trabajando con potenciales continuos, aunque en la practica, realmente
usamos valores muy pequefios y finitos de AV y ambas aproximaciones no tomaran exactamente el
mismo valor. Atn asf la presion puede calcularse mediante una combinacién de promedios del factor
de Boltzmann asociado a dos perturbaciones de volumen y expresarla como

Pl + P,

Poa = 1
5 (6.10)
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En el caso de potenciales discontinuos debemos tener precaucion en el uso de este tipo de meto-
dologias ya que las Eqgs. (6.8) y (6.10) carecerian de validez. Por ejemplo en el caso de un potencial
SW la parte de esfera dura seria insensible a una expansion virtual del sistema [94] y solamente seria
valido el calculo de la presion mediante la expresiéon dada en la Eq. (6.9) [16,50].

En interfases planas como ya sabemos P, = Py, = Pry P.. = Py = P,y podemos expresar la
definiciéon termodindmica de la Eq. (6.3) como

OF 1 (OF

r=-(5).  =-3(5) (611)
V) rNL,L, ANOL: ) rna
OF 1 (OF

Pr=— <> - <> (6.12)
WV ) L. Ly \OA) i,

Si la caja de simulacién tiene una longitud L, y drea interfacial A = L, L, (L, = L,), el prome-
dio macroscépico de la componente normal Py se calcula haciendo variaciones virtuales del vo -
lumen segtin la direccién normal z (Fig. 6.1), para lo cual reescalamos tanto la longitud de la caja
de simulacién y las posiciones de los centros de masas de las particulas segin L, = L.o(1 £ [¢]) y
zi = zio(1 £ |€]) respectivamente. El promedio macroscépico de la componente tangencial Pr se cal-
cula variando de forma isotrépica, y simultanea, las longitudes de la caja L, (o = z,y) manteniendo
constante L,. Para ello reescalamos igualmente las dimensiones de la caja L, = L 0y/1 £ [¢] v las
coordenadas z, y de los centros de masas segtin x; = z;0/1 £ [£| e y; = yi 01/ 1 £ |£|. En ambos casos,
|€] = |AV|/Vp define la variacion relativa del cambio de volumen asociado a la perturbacién.

LA+AL,

AN

L, 4 L,

/
A AA

Figura 6.1: Perturbacién del volumen del estado de referencia que se logra variando virtualmente la
longitud Lz de la caja de simulacion manteniendo el 4rea interfacial A constante (fig. izquierda), o
manteniendo constante Lz y variando el 4rea interfacial (fig. derecha).

En la simulaciénes las perturbaciones se han llevado a cabo cada 5 ciclos de movimientos de
particulas MC una vez que el sistema ha sido equilibrado. Evidentemente la eficiencia en la aproxi-
macién de la derivada de primer orden, mediante diferencias finitas, requiere que los cambios en las
perturbaciones de volumen sean lo suficientemente pequefios, pero no tan pequefios como para no
apreciar cambios en las propiedades termodindmicas del sistema. Para ello las perturbaciones han
consistido en cambios relativos de volumen (expansiones y compresiones) en el rango de 2 x 1074 <
€] < 15 x 1074, dentro del cual la presién presenta un comportamiento lineal. La componentes
macroscopicas del tensor de presiones Py y Pr son obtenidas entonces mediante una extrapolaciéon
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lineal (para las expansiones y compresiones) de este conjunto de datos cuando |£| — 0y teniendo en
cuenta la Eq. (6.10).

Determinacién de la tensién superficial

Una vez que las componentes macroscopicas del tensor de presiones han sido determinadas,
podemos determinar la tensién superficial a partir de ellas. En el caso de interfases planas, la tensién
superficial se define termodindmicamente en el ensemble canénico como

oF
— [ 6.13
7 (aﬂ)m (619

Si tenemos en cuenta que para un sistema de interfases planas es posible expresar la energia libre
en funcién de la longitud de la caja de simulacién L. y del drea de la superficie interfacial A, es decir
F = F(N,V,T) = F(N,L,,A,T), de forma que si calculamos la diferencial de la energia libre dF’,
manteniendo constante el niimero de particulas N y la temperatura 7', tenemos

F F
dF = ( 0 > dL, + <8) dA (6.14)
OL. ) n7a OA ) nri,
Como el volumen del sistema permanece constante dV = L,dA + AdL, = 0, las variaciones en los
parametros L. y A estan relacionadas segtin dL, = —L,/AdA. Haciendo uso de esta relacién, y

teniendo en cuenta las definiciones termodindmicas dadas en las Eqgs. (6.11), (6.12) y (6.13) , pode-
mos sutituir en la relacién dada por la Eq. (6.14) de forma que para un sistema con una interfase
relacionamos la tension superficial con las componentes macroscépicas del tensor de presiones

dF = LZ(PN — PT)d.A — ¥ = LZ(PN — PT) (615)

6.2 Maétodo Test Area (TA) para la determinacién de la tensién superficial
en modelos de potencial continuos

El método TA, propuesto por Gloor et al.(2005) [4], consiste en disefiar pequends cambios en el
area interfacial del sistema, disminuyendo y aumentando las dimensiones de la caja de simulacién en
el plano de la interfase , a la vez que la longitud de la caja normal a la interfase aumenta y disminuye
respectivamente para mantener el volumen total del sistema constante.

Si denominamos A al drea del estado de equilibrio, que tomamos como referencia, podemos
generar un estado perturbado (estado 1) aumentando el drea interfacial, de modo que el nuevo area
es A1 = Ap(l + AA™) y la variacién de la energia libre es AFy_,1 = Fi(A1) — Fy(Ap). O pode-
mos disminuir el drea interfacial (estado -1), de modo que el nuevo drea sea A_; = Ap(1 + AAY)
y la variacién de la energia libre es AFy_,_1 = F_1(A_1) — Fyo(Ap). La perturbacién en el area
interfacial se lleva a cabo de forma que las dimensiones = e y se modifiquen de igual manera,
es decir, Ly 1 = Lyov(1+AA*) y Ly1 = Lyov/ (14 AA*) en un aumento del area interfacial, o
Ly1=1Lyov/(1—AA*) Yy Ly _1 = Lyov/ (1 — AA*) en una disminucién del area interfacial. Como
queremos mantener el volumen de la caja de simulacién constante, la dimensién z debera responder
disminuyendo segtn L,; = L.o(1 — AA*)"! si el drea interfacial aumenta, y aumentando segin
L, 1= L,o(1+ AA*)"! siel 4rea interfacial disminuye (Fig. 6.2).
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Figura 6.2: Perturbacién del estado de referencia 0 mediante aumento (estado 1) o disminucién
(estado -1) del drea interfacial. En ambos casos la dimensién z debe responder de forma que el
volumen del sistema permanezca constante.

El pardmetro adimensional AA* es fijado al inicio de la simulacién y representa la pequena
variacién en el drea interfacial AA = AgAA* (es asumido positivo en todo este desarrollo). Las co-
ordenadas de las particulas son igualmente transformadas de forma que mantengan sus posiciones
relativas en término de los ejes de la caja de simulacién. Al igual que en la metodologia VP, las
configuraciones de los estados perturbados, generadas en este caso mediante una variacion del area,
solamente se utilizan para evaluar una diferencia de energia libre pero no afectan al muestreo del
sistema de referencia.

Si Up(r") representa la energfa configuracional del estado 0 de referencia con area Ay y U; (rV) la
energia configuracional del estado perturbado 1 con area A, , la Eq. (6.2) puede expresarse como

@ _ fdrN exp (—Bug(rN)) exp (—ﬁAU(rN))
Qo J drY exp (—=BUo(r™))

Si igual que en la metodologia VP tenemos en cuenta la forma en que calculamos los promedios en

(6.16)

el ensemble, la Eq. (6.16) anterior representa el factor de Boltzmann de la variacion AU promediado
sobre el estado del sistema no perturbado. La variacién energia libre de la Eq. (6.1) toma la forma

AU
AFy_1 = —kgTlIn <exp (_M>> (6.17)
0

Entonces la tension superficial puede determinarse a partir de su definiciéon termodindmica (Eq.(6.13))
como una extrapolacién de perturbaciones infitesimales del drea interfacial

. AFy . —kpT AU
=1 =1 | _ 1
v A;&o( AA )NVT A TAA <P( kT)> (6.18)

En las simulaciones de este trabajo, el TA se llevado a cabo cada 10 ciclos de movimientos MC
de todas las particulas. En cada TA se plantean dos perturbaciones independientes desde un mismo
estado de referencia, una de aumento y otra de disminucién del area interfacial, de forma que calcu-
lamos por separado los promedios de cada factor de Boltzmann correspondientes a cada cambio de
la energia libre, y obtenemos dos valores de la tension superficial, v y v, segtin

At = lim ——Tln <exp (—B AU+)> y oy = Al}lnio—%ln <exp (—5 AU_)> (6.19)
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El valor de la tensién superficial vendra dado por

(6.20)

Para realizar estas perturbaciones infinitesimales deberemos usar valores apropiados de AA*, y
aunque el método TA no es tan sensible al valor de AA* [96] como el caso de VP al valor de & [16].
Su valor por un lado debe ser lo suficientemente pequefio para obtener la precisiéon deseada en el
calculo de v desde la Eq. (6.18), y lo suficientemente grande como para proporcionar una estadistica
razonable del factor de Boltzmannn. Un valor adecuado para fluidos L] es AA* = AA/ Ay = £0.0005
[4,11,13,65,89,96,97]. Este ha sido el valor utilizado en el trabajo relativo cadenas flexibles L] en el
capitulo 12 de este trabajo. En las simulaciones de moléculas esféricas L] (trabajos de los capitulos
9 y 10), donde el coste de tiempo de computacién no ha sido un factor a tener tan en cuenta como
en el trabajo de cadenas flexibles L], el esquema seguido ha sido similar al planteado por Sampayo
et al.(2010) [91] (similar también al planteado en el método que hemos visto en el apartado anterior
para VP [16] ), queriendo asi recoger el sentido de realmente evaluar el limite AA — 0. Para ello
se han llevado a cabo perturbaciones independendientes, positivas y negativas, del 4rea interfacial
para un conjunto de 8 valores de AA* en el rango de 2 x 10™* < |AA*| < 15 x 10™%, y obtenido el
promedio del correspondiente factor de Boltzmannn para cada una de ellas. El valor de la tensiones
superficiales, v© y v~, se ha obtenido mediante una extrapolaciéon de AA — 0 mediante el ajuste
lineal de los promedios obtenidos para la serie de perturbaciones, positivas y negativas, para los
diferentes valores de AA*. El valor final de la tension superficial vendrd dado de nuevo por la Eq.
(6.20).
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Capitulo

Métodos termodinamicos no perturbativos

En este capitulo se expone la metodologia seguida para la determinacién de la presién de vapor
de cadenas flexibles SW similar a la utilizada en el trabajo de MacDowell y Blas (2009) [14] para cade-
nas flexibles L]. La metodologia permite conocer la presiéon de vapor de forma indirecta combinando
la simulacién en el ensemble GCMC (apartados 2.2.3 y ??) con la integracion termodindmica. Aunque
aparentemente esta combinacion deriva en una metodologia lenta desde el punto de vista de trabajo
del simulador, es sin embargo sencilla y robusta. El objetivo de una integracién termodindmica es
calcular la diferencia en una propiedad termodindmica del sistema entre un estado de referencia y
un estado de interés. La medida de dicha variacién desde el estado inicial al final se caracteriza por
una variacién infinitamente lenta de los pardmetros termodindmicos que caracterizan al sistema de
tal manera que en cada paso a lo largo del camino el sistema se encuentra en equilibrio, aseguran-
donos que el proceso es reversible. A diferencia de un experimento real, donde estamos limitados
por unas pocas variables termodindmicas tales como el volumen, la presion o la temperatura para
controlar el camino de intergracion, en un experimento de simulacién molecular son posibles una
gran variedad de caminos reversibles y estados de referencia. En nuestro caso la simulacién previa
en GCMC nos permite obtener un camino donde el potencial quimico, a una temperatura dada, varfa
con la densidad, mediante simulaciones en fases homogeneas de vapor con una rapida convergencia
para cada uno de los puntos. Este potencial quimico es posteriormente integrado isotérmicamente
haciendo uso de la relacién de Gibbs-Duhem. La estimacién de la incertidumbre asociada a la inte-
gracién termodindmica ha sido estimada haciendo uso del método sintético propuesto por de Miguel
(2008) [12].

También se exponen en este capitulo los elementos bésicos de la metodolofa WIM (Wandering
Interface Method) propuesta por MacDowell and Bryk (2007) [10] y utilizada en este trabajo de tésis,
como herramienta para el calculo de la tensién superficial de cadenas SW en el equilibrio liquido-
vapor. Se engloba dentro de las nuevas metodologias de simulacién que han sido propuestas en
estos dltimos afios, y que nos permite determinar la tensién superficial de una forma facil elegante
de calcular la tensién superficial en una gran cantidad de sistemas complejos, como aquellos que
interactian mediante el potenciales discontinuos como el potencial intermolecular SW. El método se
basa en un claro y atractivo fundamento fisico: dado que una interfase tiene generalmente un coste
energético extra, el sistema intentard acomodarse para minimizar el drea interfacial. La caracteristica
principal del WIM es permitir que el drea interfacial del sistema flucttie libremente y determinar
la energia libre de la superficie a partir de la distribucién de probabilidad asociada al 4rea de la
superficie interfacial.
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7.1 Integraciéon termodinamica para el cdlculo de la presion de vapor y
analisis sintético para la estimacién de errores

En una situacién de coexistencia de fases liquido-vapor, en un sistema de un solo componente, la
situacion de equilibrio en términos de variables intensivas requiere que: 77, = Ty (equilibrio térmico),
Pr, = Py (equilibrio mecénico), y i, = py (equilibrio con respecto al flujo de materia). Como
consecuencia de que la relacién fundamental U = U(S,V, N) es una funcién de estado homogenea
(de primer orden) en las variables extensivas tenemos una restriccion en la variacion simultanea de
T, Py N en una fase. Dicha restriccién viene dada por la relacién de Gibbs-Duhem [98]

SdT' —VdP + Ndu =0 (7.1)
de forma que ahora en el equilibrio de fases se cumple

T, =Ty
P, =Py (7.2)
wr(Tr, Pr) = pv(Ty, Py)

La relacion de Gibbs-Duhem es el punto de arranque de la metodologia de integracion termodi-
ndmica utilizada. Si fijamos la temperatura del sistema d7" = 0 y la Eq. (7.1) se reduce a la ecuacién
diferencial

dP = pdu (7.3)

donde p = N/V. En principio con la Eq. (7.3) podemos calcular la presién del sistema si conocemos
la densidad p en funcién del potencial quimico p. Si lo hacemos a la inversa, es decir, tratando el
potencial quimico como una funcién de la densidad i = i(p) de forma que

d(pp) = pdp+pdp  —  pdp = d(pp) — pdp (7.4)

Por tanto, la ecuacién diferencial fundamental es ahora

dP = d(pp) — pdp (7.5)

Sea un sistema arbitrario, y dos estados cualesquiera, caracterizados por densidades y potenciales
quimicos (po, t0) y (p, i), de forma que podemos integrar la ecuacion anterior a lo largo de una
isoterma que una ambos estados del siguiente modo

P P p
/ dp = / d(pp) — / pdp (7.6)
Py POHO PO

p
P=Py+pp—popo— / p(p") dpf (7.7)
]

Consideremos ahora, ademds de nuestro sistema, un sistema ideal (no existen interacciones inter-
moleculares) de forma que haciendo uso de la Eq. (7.7) tenemos

. . . . P
P = P+ p it — po i’ — / wp) dpf (7.8)
po
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Hemos considerado, para integrar y aplicar la ecuacién anterior, los dos mismos estados, a densi-
dades pg y p. Restando las Egs. (7.7) y (7.8) tenemos

. . . . P .
P —P" = Py— Py + p(p — 1) — polpo — pb") — / [u(p’) - u“’(p’)} dp' (7.9)
]

Tomaremos como estado (0) un estado en el que py — 0. Esto significa que en dicho estado (0) el
sistema real se comporta como un gas ideal

lim Py = P lim 10 = i (7.10)
pPO—

po—0

y por tanto la Eq. (7.9) queda simplificada segtin
id id P / id (1 /
P =P+ p(p—p' )—/0 [u(p)—M (p)] dp (7.11)

Teniendo en cuenta que el potencial quimico residual p,(p) = u(p) — 1*%(p) es una funcién de la
densidad al igual que P = P(p) y P = P(p), la ecuaciéon fundamental para llevar a cabo la
integracion termodindmica para determinar la presién de vapor del sistema, y en particular, a la
densidad de coexistencia del equilibrio LV (py/) vendra dada a partir de la Eq. (7.11) por

P(pv) = P“pv) + pv ur(pv) — /0 " pr(p')dp" (7.12)

Evidentemente para poder llevar a cabo esta integracién necesitamos conocer el potencial quimico
residual en funcién de la densidad y, = 1,-(p). El procedimiento para determinar la presién de vapor
del equilibrio LV pasa por seleccionar la temperatura a lo largo de la cual se llevard a cabo la inte-
gracion termodindmica y haciendo uso del ensemble GCMC simulamos a lo largo de la fase vapor
(sistema homogeneo). Con objeto de construir un camino donde variamos el potencial quimico con
la densidad se realizan entre 10 y 20 simulaciones (n4;,.,) de estados termodindmicos correspondi-
entes a diferentes valores del potencial quimico, desde valores muy pequefios (que corresponden a
densidades de cadena muy bajas = 10~7 — 10~®) hasta densidades que superen claramente la py, es
decir, desde el limite de gas ideal hasta un vapor supersaturado. Pero cuando muestreamos la den-
sidad, ;como sabemos que superamos el valor de la py?. La respuesta a esta cuestién parte de que
el valor de py es conocido, ya que la presion puede calcularse a posteriori después de hacer simula-
ciones NVT en coexistencia directa donde hemos calculado el valor de dicha densidad de vapor. Pero
ademds, debemos tener la precaucién de que entre en la zona de metaestabilidad (es decir, entre la
curva binodal y la curva espinodal) para lo cual exploraremos hasta densidades de aproximadamente
el doble del valor de py . Este tiltimo aspecto requiere de cierta paciencia y habilidad del simulador,
aunque es facil saber cudndo (en términos del potencial quimico de entrada) sobrepasamos la linea
espinodal, porque entonces el sistema pasa directamente a fases liquidas, y las simulaciones son sus-
tancialmente mucho maés largas, pasando de escasos minutos de simulacién de las fases de vapor a
simulaciones entorno a 30 minutos.

Las simulaciones GCMC son divididas en una fase de equilibracién y otra de produccién. Los
ciclos de produccién son divididos adecuadamente en M bloques descorrelacionados, o estadistica-
mente independientes, de forma que la densidad correspondiente a cada potencial quimico se ob-
tiene como un promedio sobre esos M bloques. En cuanto a los tamafios de caja tenemos que tener
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en cuenta que estamos simulando gases muy diluidos, y se comprueba en las simulaciones la inde-
pendencia de 1, = p,-(p) con el tamarfio de caja, eligiendo cajas de simulacién grandes (un ejemplo
tipico L, = L, = L. = 900) con objeto de tener mayor niimero de moléculas y mejorar la estadistica.

Con objeto de obtener un camino continuo para hacer la integraciéon termodindmica, una vez
obtenido, para una temperatura dada, un conjunto de puntos del potencial quimico residual ., para
cada densidad muestreada, ajustamos el potencial quimico como una funcién de la densidad medi-
ante una funcién polinémica

pr(p) =D bip! (7.13)
1=1

En principio, no son necesarias funciones mas complejas, ya que el potencial quimico residual y, es
précticamente lineal con la densidad p. Con esta parametrizaciéon polinémica del potencial quimico
podemos resolver facilmente la contribucién de la integral en la Eq. (7.12)

pv pv i1 n v " b, ;
L D ST SN A (714
=1 =1 i=1

Introduciendo que P (py) = pyT (supondremos unidades reducidas a partir de ahora), la para-
metrizacion dada por la Eq. (7.13) y la contribucién de la Eq. (7.14), en la Eq. (7.12), obtenemos la
expresion general para la presion

Plpy)=pvT+> b (1 — 1) Py (7.15)

i=1

Mencionar que con objeto de verificar la robustez de los resultados, se ha ajustado y,(p) a polinémios
de grado1l a5 (n = 2,3,4,5 donde n es el limite superior del sumatorio), no existiendo diferencias
apreciables en ninguna propiedad (P y p,) cuando se usan n = 3,4, 5, con lo que se puede afirmar
que en las simulaciones de cadenas L] [14] y SW el procedimiento de ajuste es en esencia independi-
ente de grado del polinomio de ajuste.

LLegados a este punto, nos planteamos la estimacién de la incertidumbre asociada a la ecuacion
de estado para la presiéon dada en la Eq. (7.15), ya que la propagacién de errores através del ajuste
del potencial quimico (Eq. (7.13)) y posterior integraciéon (Eq. (7.14)) no puede ser descrita de forma
analitica. Para ello se ha segido el método propuesto por de Miguel (2008) [12] obteniendo una
distribucién gaussiana para la presion de vapor a cada temperatura a partir de la generaciéon de una
réplica potencial (datos sintéticos) del conjunto de datos de la simulacién.

Para iniciar el procedimiento contamos con una serie de datos iniciales (0): para una temperatura

dada contamos con el conjunto de puntos del integrando (,OEO), u”(-o)) (1 =1,..., Nsimu) COrrespon-

diente a las diferentes simulaciones para construir el camino hasta la densidad de vapor pgﬁ)) . Taly
(0)
i

camente de dicha familia de pardmetros ajustables. Denominaremos a esta familia de pardmetros por
(DY (m =1,...,n)ypor PO = P({p{9}; pgﬁ))) a la presion para un valor de py con estos parametros
de ajuste en particular. Para la estimacién de la incertidumbre asociada a la integral dada en la Eq.

(7.14) asuminos la hipétesis de que la densidad p se distribuye de forma gaussiana, es decir, podemos

decir que pz(.o) + o,y pg)) + 7 (asumimos que se mantiene el teorema del limite central). Ahora
[ %

como hemos visto, p,, ’ es ajustado a un polinomio de orden n en p, por lo que P depende paramétri-

la implementacion practica comprende los pasos:
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1. Generamos un conjunto de %k datos sintéticos para la densidad {pgk)}, pgf ) (5 x 10° conjuntos).
(k) _ (0)

i = Pi

con valor medio cero y desviacién estdndar O

Para ello p +&;, donde &; es un ntiimero aleatorio sacado de una distribucién gaussiana

2. Encontramos los parametros de ajuste de los datos sintéticos {b*)}, y el valor de la presion P*)
correspondiente. Ahora la distribucién de datos sintéticos de la presion sigue una distribucién
gaussiana con valor medio P(?), es decir

»(P) <PP“>) 7.16)

1
=———exp| -
opV 2T B ( 20%

3. Finalmente asociamos la desviacion estandar de esta distribucion gaussiana con la incertidum-
bre asociada a la presién (P £ op 0 P £ 20p para un nivel del confianza del 68% o del 95%
respectivamente).

7.2 Meétodo Wandering Interface (WIM)

La técnica WIM es una extensién del ensemble NPT en el que se permite que el drea interfa-
cial fluctte aleatoriamente. Esto se logra introduciendo un nuevo movimiento MC, que consiste en
intentos de deformar la caja de simulacién mediantecambios en el 4rea interfacial manteniendo el
volumen del sistema constante. Los intentos de movimientos son aceptados de acuerdo a las reglas
de esquema Metropolis, de manera que se introduce un camino aleatorio de Markov del drea interfa-
cial. La tension superficial se calcula mediante el andlisis de las distribucién de probabilidad del area
interfacial P(A) = exp(—/7A), obteniendo la pendiente mediante el ajuste de minimos cuadrados
del In P(A).

El drea interfacial es muestreada de forma que, después de cada ciclo MC de movimiento de
moléculas, se propone un nuevo valor de prueba A, = Ay + AA. Puesto que el sistema se va
amoldando de manera continua, puede darse la situacién en la que la superficie interfacial desa-
pareciera, por lo que AA debe ser seleccionado cuidadosamente, y de manera uniforme, en el in-
tervalo [—AApin, AAmaee). Elintento de variacién del drea interfacial es aceptado con probabilidad

min [1, exp(—B(U, — Up + W,, — Wp)] (7.17)

donde U,, — Uy es la variacién en la energia configuracional del sistema asociada a la deformacién
del area interfacial. Como es esencial mantener las fluctuaciones del area interfacial en el intervalo
adecuado, la eleccién de la funcién W es un punto realmente clave en el método para ayudar al
sistema a conseguir el adecuado estado de equilibrio. En el trabajo original, de la metodologia WIM,
MacDowell y Bryk proponen, como mejor eleccién, la funcién de sesgo

0 A < Anmin
G_BW(A) = 1 Apin < A < Anaz (718)
0 A > Az

Obviamente, la eleccién adecuada del intervalo [—AA,in, AApq,] NO es un tema trivial y su dis-
cusién puede consultarse en el propio trabajo original [10].
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Anexos

8.1 Obtencidén de datos a partir de petrfiles de densidad

Una interfase aparece cuando dos fases coexisten en una transicion de fase de primer orden, se-
parando una fase de bulk de la otra. Aunque no es una superfie matematica, si tenemos una anchura
interfacial ¢ a lo largo de la cual las propiedades varian de los valores tomados en una fase de bulk a
los valores tomados en la otra fase de bulk. Por ejemplo, en una interfase vapor-liquido la densidad
variard de forma continua de py a pr, las densidades de coexistencia de vapor y de liquido. El
cuidado tratamiento del perfil de la densidad p(z) se hace esencial por cuanto nos va a permitir
la obtencién de datos como: densidades de coexistencia (pr, y pv), temperatura (7¢) y densidad p.
criticas, y anchura interfacial (Gibbs dividing surface).

Para obtener el perfil de la densidad, a lo largo de la direccién z de la caja de simulacién, dividimos
la caja en n capas (slabs o bines) de grosor Az = (L, /n,) paralelos al plano xy. El perfil de densidad
de moléculas se obtiene promediando, una vez equilibrado el sistema, el nimero de moléculas (N (z))
en una capa de grosor Az centrada en z

p(z) = (8.1)

donde V; (= L,LyAz) es el volumen de un slab. Puntualizar que en el caso de cadenas molecu-
lares los perfiles de la densidad se han calculado siempre en base a unidades monomeéricas. El valor
del grosor del slab Az se escoge en el compromiso de que sea lo suficientemente pequefio para una
buena discretizacion del sistema y lo suficientemente grande para obtener una buena precision es-
tadistica. En este trabajo se ha elegido un ntimero de slabs de forma que Az ~ 0.05 ha sido el valor
usual. Las fluctuaciones en el perfil de la densidad se minimizan promediando sobre un ndmero lo
sufientemente largo de ciclos. Como la determinacién del perfil de la densidad es un proceso rela-
tivamente rdpido, se ha calculado en cada ciclo de computacién, teniendo en cuenta que en cada
ciclo se intentan movimientos MC de cada una de las moléculas. Ademds, con objeto de mejorar la
visualizacion y la comparacion, los perfiles de densidad son desplazados de manera que el centro de
masas del sistema coincida con el centro de la caja de simulacién. Esta transformacién se lleva en el
coédigo haciendo uso de variables locales que jamas entran dentro de la cadena de Markov, ya de que
lo contrario podriamos estar introduciendo un efecto de una fuerza externa al sistema.

Las densidades de coexistencia, definidas por las zonas de bulk liquido y vapor, se obtienen pro-
mediando p(z) sobre las correspondientes zonas lo suficientemente alejadas de la zona interfacial.

77
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Dado que las simulaciones liquido-vapor se han preparado segtin una zona de bulk liquido central
rodeada a izquierda y derecha por bulks de vapor (con condiciones de contorno peridédicas), la den-
sidad de coexistencia del vapor la obtenemos promediando el perfil de la densidad a ambos lados de
la capa de bulk liquido. El error estadistico de py y pr, se estima mediante la desviacién estdndar de
los valores medios.

A la hora de considerar un sistema inhomogeneo podemos dividirlo en tres partes: dos fases
de bulk con volimenes Vi, y Vi, y la interfase 0. Aunque existen modelos, como por ejemplo el
propuesto por Guggemgheim, en donde se extiende la regién interfacial y se tiene en cuenta su
volumen, el modelo de Gibbs es ampliamente utilizado y de facil aplicacién. En el modelo de Gibbs
la interfase es infinitamente delgada (V,, = 0) y el volumen total es V' = V + V4, (Fig. 8.1). Por
supuesto es una idealizacién por lo que a la Gibbs dividing surface (asi es comunmente conocida en la
literatura) también se le denomina interfase ideal. El modelo se elige de forma que sus propiedades
extensivas (volumen V/, energia interna, entropia S, y nimero de particulas V) sean iguales a las del
sistema real. Logicamente las propiedades extensivas de cada una de las fases del modelo no pueden
ser iguales que en el sistema real, ya que en la idealizacién se ha eliminado una parte del sistema
(la region interfacial). En esta situacion, el volumen de las fases Vi, y Vi dependerd de dénde esté
localizada la interfase. La clave del modelo estd en asignar a la superficie divisoria valores de las
propiedades extensivas para que el modelo tenga valores iguales a los del real. Estas propiedades
asignadas a la Gibbs dividing surface se conocen como propiedades de exceso superficial (V;, Uy, Sy y
NO’)

Vi = Vi+W (8.2)
U = Up+Uy+U, (8.3)
S Sp+ Sv + 5o (8.4)
N = Np+ Ny + Ny (8.5)

Por ejemplo, la cantidad de exceso superficial ni IV, serd la diferencia entre el ntimero de particu-
las en el sistema real y el nimero de particulas que existiria si las fases fueran homogéneas hasta la
superficie divisoria. Esta cantidad de exceso puede ser positiva, nula o incluso negativa.

V \Y; \ v

L v L v

10) o

Interfase ideal de Gibbs Interfase segin modelo
de Guggenheim

Figura 8.1: Izquierda: convenio de Gibbs donde las dos fases estan separadas por una interfase
o infinitamente delgada. Derecha: Guggemheim explicita el tratamiento de la interfase como un
volumen.

Pero el modelo ideal de Gibbs presenta un problema: ;dénde estd localizada la interfase ideal?.
Si la interfase esta dividida en dos partes separadas por un plano imaginario localizado en z = z, la
fase liquida se extiende por debajo de z = zy, donde p(z) se aproxima a el valor del bulk liquido, pr,,
mientras que para z > 2, p(z) tiende a tomar el valor de la fase de bulk vapor, py. Las adsorciones
de liquido y vapor, I'z, y I'y, se definen como las integrales sobre las regiones () y (2) en la Fig. 8.2:

ro= [ iple) - prdz <0 (5.6)

—0o0
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+oo
ty = [ (o)~ pvldz >0 (87)

20
La localizacion de la Gibbs dividing surface es arbitraria, pero comunmente es posicionada de forma
que las regiones (1) y () posean igual drea, en cuyo caso la adsorciéon total I' = I'y, + I'y es cero
(equivalente a decir No = 0) [1,99]. Por supuesto no deja de ser un convenio o un criterio. Para
interfases planas la tension interfacial estd univocamente definida y no depende de la posicién de la
superficie ideal [2,99,100].

Z A
VAPOR
L\
LIQUIDO
JY

X

Figura 8.2: Localizacién de la Gibbs dividing surface para el criterio de adsorcién total I' = I'y, + I'y
€s cero.

El perfil p(z), obtenido en la simulacién, puede ajustarse a una forma funcional del tipo de tan-
gente hiperbdlica [2,13,34,56,101]

1 1 Z—Z
p(z) = i(PL +pv) — §(pL + py) tanh ( 7 0>

donde pr,, pv, y 20 son, en general, parametros ajustables correspondientes a las densidades de coexis-
tencia de liquido y vapor, y la posicién de la Gibbs dividing surface. El parametro d es una medida
de la anchura interfacial la cual es sustituida por ¢ = 2.1972d o anchura interfacial “10-90”. La
anchura interfacial ¢ corresponde a la distancia a lo largo de la interfase sobre la cual la densidad
varia del 10% al 90% del cambio de la densidad total entre las fases de bulk, es decir, la distancia
desde [pyv + (0.1)(pr, — pv)] hasta [py + (0.9)(pr. — pv)]. La anchura interfacial asi estimada resulta
ser menos sensible a la forma del perfil que la anchura d [5].

Asi pues, las densidades py, y py son sustituidas por los valores obtenidos previamente prome-
diando sobre las zonas de bulk, y d y zp serdn pardmetros que obtenemos del ajuste. Como se ha
comentado anteriormente, el sistema se prepara con dos interfases liquido-vapor con lo cual el valor
de d se obtiene como el promedio de las anchuras interfaciales de ambas interfases. La ausencia de
fluctuaciones, la simetria del perfil de la densidad con respecto al punto medio del slab de liquido, o
incertidumbres estadisticas de d del mismo orden, suelen ser indicadores de una buena equilibracién
del sistema inhomogeneo.
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Por altimo, conocer las densidades de coexistencia también nos permite el obtener la localizaciéon
del punto critico, es decir, la temperatura critica 7;. y la densidad critica p.. Para ello tendremos
en cuenta el comportamiento asintético dado por la relacion de escala para el ancho de la curva de
coexistencia,

pL—pv =AT —-T.)° (B=0.325) (8.8)

y la regla de los didmetros rectilineos

PL + pv

S =B+CT (8.9)

donde A, B, y C son constantes, y /3 es el correspondiente exponente critico (ver seccion siguiente).

8.2 Exponentes criticos y escalado universal

Desde un punto de vista termodindmico una transiciéon de fase ocurre cuando hay una singulari-
dad en la energia libre o en una de sus derivadas. Lo que es con frecuencia visible en estos fenémenos
es un cambio repentino en las propiedades de la sustancia, estando definido el nlimero méaximo de
fases en coexistencia por la regla de fases de Gibbs. Sobre la linea de equilibrio de fases LV (en el
plano (P, T) podemos terminar en lo que se conoce como punto critico, de manera que la distincién
de fases que existe para P < P, y T < T,, desaparece, y podemos decir que las dos fases son idénti-
cas. A maés altas presiones, P > P, hay una sola e indiferenciada fase fluida y no se puede evaporar
por mucho que se aumente la temperatura por encima de la 7.. Cuando hay un punto critico, se
puede efectuar una transicién continua entre dos estados sin que llegue a separarse en dos fases.
Para lograr esto, el estado debe variarse a lo largo de una curva que pase alrededor del punto critico
y que en ningn punto intercepte a la curva de equilibrio. Es claro que el punto critico puede existir
solamente para fases cuya diferencia es puramente cuantitativa, por ejemplo un liquido y un gas que
se diferencian solamente en el grado de interacciéon de las moléculas exhibiendo el mismo tipo de
simetrias, siendo la Ginica diferencia entre ellos en una transicién su densidad.

Cerca de un punto critico de un fluido se presentan fluctuaciones en la densidad a todas las es-
calas. Precisamente, en el punto critico la escala de las méas grades fluctuaciones llega a ser infinita
pero las fluctuaciones més pequefias bajo ninguna forma desaparecen. Este comportamiento critico
no se observa solamente en fluidos. En la década de los 70, Wilson [102] introducia las técnicas del
grupo de renormalizacién que permitian calculos sobre fases condensadas que fluctdan fuertemente,
y algunos fendmenos que aparentemente parecen ser distintos, a un nivel més profundo, son idénti-
cos y pueden describirse todos bajo una misma teoria.

A los fendmenos observados cerca del punto critico, y referidos en la literatura como fenémenos
criticos, se les suele asociar el concepto de pardmetro de orden. El pardmetro de orden, terminologia
introducida originalmente por Landau y que denominaremos genericamente ¢, se identifica con una
variable termodindmica extensiva, de forma que la caracteristica fundamental del pardmetro de or-
den es que por debajo de la temperatura critica 7, es una funcién decreciente de 7' y se anula para
T¢, por ejemplo ¢ = pr, — pg. Para T muy cerca de T, los estudios experimentales muestran un
comportamiento como ley de potencia (7. — T')?, donde f3 es el denominado exponente critico. Es
precisamente sobre estos exponentes donde se han centrado cada vez maés los estudios de fenémenos
criticos. Resulta muy importante para la teorfa de fendmenos criticos entender a un nivel mas funda-
mental la forma de las divergencias y el comportamiento singular de variables termodindmicas cerca



8. Anexos 81

de un punto critico. Si definimos e como una variable sin dimensién para medir la desviacion de la
temperatura con respecto a la temperatura critica

T-T, T
_ c_ L (8.10)

¢ T, T,

entonces el exponente critico asociado con una funcién F'(e) es

In|F
A = lim ) (8.11)
e—0 In|e|
o usualmente también
F(e) =~ |e] (8.12)

donde el simbolo ~ indica un comportamiento asintético de la forma funcional F'(e) cuando € tiende
a cero. Una relacion en forma de ley de potencia como la expresada en la Eq. (8.12) es un invariante de
escala. La idea bésica que subyace detrds de una ley de escala esta relacionada con la divergencia de
la longitud de correlacién en el punto critico. Asumimos que esta es la tinica escala espacial relevante
del problema, esto es, que las propiedades que determinan la forma de las funciones termodindmicas
ocurren en una escala espacial de dimension lineal del orden de {. Ante esta suposicién, un cambio en
los pardmetros termodindmicos (por ej., la temperatura) en las cercanias del punto critico equivaldria
a un cambio de escala. En otras palabras, cuando £ > 1 podemos esperar que los detalles a pequefias
escalas se tornen irrelevantes. Un cambio en los pardmetros termodindmicos que me acerque al
punto critico va a aumentar ; si asumimos que los detalles de pequefias escalas son irrelevantes, al
aumentar { esperamos ver mds o menos lo mismo, pero en una escala distinta. Las leyes de potencia
pertenecen a una clase mas general de funciones invariantes por escala, las funciones homogéneas
generalizadas. Se define una funcién homogénea generalizada como aquella que satisface

f()\alxl, A219, ..., )\“”xn) = )\f(azl, T2, ... ,:an) VA a; €R (8.13)

En 1965 Widom proponia la hipétesis de que en las proximidades de un punto critico la energia libre
no cambia su forma funcional sino solamente cambia su escala, de forma que si A es un pardmetro
arbitrario, existen dos ndmeros, ar y ap, de forma que la energfa libre cerca del punto critico satisface

AG(t, B) = G(\°Tt, \“? B) (8.14)

donde t es la temperatura reducida con respecto a la temperatura criticat = 7'/7,, y y B es la variable
intensiva que resulta de derivar la energia libre respecto del parametro de orden (por ejemplo en un
fluido la presién). A partir de esta hipotesis es posible expresar los exponentes criticos en funcién de
los pardmetros de dimensionalidad [103] 1

1 1— 2a — 1
a=2—— fB= 4B ’YT:L 5
ar ar ar ap

_l-as (8.15)

Los exponentes criticos no son independientes y pueden obtenerse relaciones entre ellos también
conocidas como leyes de escala (Tabla 8.2). La obtencién de algunas de estas relaciones puede parecer
trivial a partir de las Eq. (8.15), pero ni mucho menos aquellas que implican los exponentes v, 1y
la dimensionalidad del sistema d, que nos llevaria a las ideas mds fundamentales y modernas de la
teoria de grupo de renormalizaciéon (RGT).

! El superindice 1 se ha afiadido para no confundir el exponente critico v' con la simbologia utilizada en este trabajo
para la tensién superficial.
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Tabla 8.1: Definiciones de los principales exponentes criticos en fluidos [5], [104].

Calor especifico a volumen constante  Cy ~ A%[1 — ¢[7 T—-TF a~0.11
Diferencia densidades liquido-vapor  p;, —py ~ B|1 —t|° T =T, f~0.325
Compresibilidad isotérmica x ~ CE[1 - t\_vf T—TE Al ~1.24
Isoterma critica |P—P.]~Dlp—p° T=T., 6~481
Longitud de correlacién E~ gL -t T—TF v~0.63
Funcién de correlacion par g(r) ~ G/rd=2+n 3% n~0.23

Tabla 8.2: Relaciones entre exponentes criticos o leyes de escala [104], [103].

Relacion de Rushbrooke a+28+v=2
Relacién de Griffiths a+pB(6+1)=2
Relacién de Widom AP =p66-1)
Relacién de Fisher A =@2-nr

Relacién de Josephson (hiperscaling) dv =2 —«

Los valores de los exponentes criticos han llegado a ser mucho maés relevantes que la misma tem-
peratura critica que se asocia a un fenémeno critico en particular. Resulta que, mientras 7, depende
sensiblemente de los detalles con que ocurren las interacciones entre los constituyentes atémicos de
un sistema, los exponentes criticos son en un alto grado universales puesto que dependen solamente
de unos pocos pardmetros universales. Estos pardmetros suelen ser la dimensionalidad d del espacio
donde tienen lugar las interacciones y la dimensionalidad n del pardmetro de orden, que definen
diferentes categorias o clases de universalidad. Por ejemplo d = 3 y n = 1 para un fluido cerca
del punto critico con parametro de orden la diferencia de densidades [102]. Miembros de una misma
clase de universalidad tendrédn distinta 7; pero los mismos exponentes criticos, diferentes amplitudes
criticas pero razones universales (por ejemplo AT/A=,CT/C™,...), o mismas funciones de escala
como por ejemplo la curva de coexistencia p/p.(T/T¢) [105]. Las ideas de universalidad en fené-
menos criticos han arrojado mucha luz en la elaboracién de las teorias que explican sus propiedades.
Es usual que para modelar un sistema fisico se tome la ruta de incluir todas las complicadas inter-
acciones entre sus constituyentes atémicos. Una ruta alternativa, es escribir el modelo mds simple
posible que incluya la fisica esencial del problema y que prometa una solucién analitica o numérica
precisa. El proposito de este tipo de enfoque es estudiar el comportamiento universal que gobierna
toda una clase dada de materiales.

Exponente critico asociado a la tensién superficial liquido-vapor y parachor

Al aumentar la temperatura la energfa cinética de las moléculas en un liquido y la tendencia de
éstas a escapar hacia fuera aumentan, por lo tanto la tensién superficial disminuye. A medida que
la temperatura se acerca a la temperatura critica, disminuye la fuerza ejercida sobre las moléculas
de la superficie y al llegar a la temperatura critica, la tensiéon superficial se desvanece y la interfase
desaparece. Haciendo uso del principio de los estados correspondientes Guggenheim propuso en
1945 una relacién empirica entre la tension superficial v y la temperatura 7. Esta aproximacién de
es capaz de correlacionar tensiones superficiales vapor-liquido de un nimero de sustancias con un
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excelente acuerdo con los datos experimentales [105],
¥ =70 (1—T/T)"? (8.16)

donde 7y representa la tensién superficial a “temperatura cero”. Modernamente la teoria de grupo
de renormalizacion establece que la tensién superficial vapor-liquido se desvanece cuando 7" — T~
siguiendo la relacién de escala [5],

vl —tH (8.17)

donde y es el exponente critico asociado a la tensién superficial vapor-liquido. Este exponente critico
estd asociado con la longitud de correlacién de las fluctuaciones de la densidad (§) mediante la
relacion de hiperscaling propuesta por Widom en la década de los sesenta [106], 1 = (d — 1)v. Dado
que para un fluido la dimensionalidad del sistema es d = 3 y tomando el valor del exponente critico
de la longitud de correlacién v = 0.629 obtenemos un valor de i = 1.258, que es un valor muy
proximo al encontrado por Guggenheim, ¢ = 11/9 ~ 1.22, usando la relacién empirica de la Eq.
(8.16).

Otra aproximacion empirica de interés es la relaciéon entre la tensién superficial vapor-liquido y
la diferencia entre las densidades de coexistencia, propuesta por MacLeod en 1923 [107],

v=C(pL — pv)’ (8.18)
donde C es una constante caracteristica del liquido y p = 4.

La justificacion que MacLeod hace del valor de p es sencilla; cuando elevamos la temperatura
de un liquido sus moléculas son conducidas a separarse y la fuerza de atracciéon entre ellas se hace
menor. La ecuacién de Van der Waals se basa en la suposicién de que la fuerza decae como la cuarta
potencia de la distancia entre las moléculas. La tensién superficial de un liquido es una funcién
de la distancia y por lo tanto de la densidad. La ecuacién es seguida con considerable precisién por
muchos liquidos sobre un amplio rango de temperaturas alrededor el punto critico. La constancia del
cociente y/4/(pr, — py) sobre un amplio rango de temperaturas hizo pensar en algo mas fundamental,
ese “algo” deberia de estar relacionado de algtin modo con la estructura quimica de la sustancia en
particular. Sugden [108] siguiendo la aproximacién de MacLeod, escribi6 la Eq. (8.18) como

M,.Yl/4

(oL — pv) =17 &1

Introducia asi la masa molecular M de la sustancia y [P], un nuevo componente en la ecuacién, que
denomind parachor. Al exponente p = 4 de la Eq. (8.18) se le suele denominar exponente de parachor.
Si tenemos en cuenta que py es mucho menor que p;, cuando estamos lejos del punto critico, el
parachor representa el volumen molar de una sustancia cuando su temperatura es tal que la tensién
superficial es la unidad.

Sugden, basdndose en observaciones como por ejemplo las relativas a compuestos isoméricos de
la misma familia que tenian parachors muy similares, o que la diferencia entre parachors de nimeros
sucesivos de series homologas (por ejemplo etano-propano, propano-butano, ...) es aproximada-
mente constante, concluyé que el parachor es una propiedad aditiva que contiene infomacién estruc-
tural. Es decir, que el parachor de un determinado compuesto quimico puede expresarse como la
suma de un parachor atémico (que contiene la contribucién de cada uno de los 4tomos que consti-
tuyen la molécula) y de un parachor estructural (en el cual hay contribuciones de los diversos enlaces
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presentes en la estructura de la molécula),

[P] — Z[Pi]atomo + Z[B]enlace (820)

Correlacionando valores experimentales con estructuras moleculares, Sugden (1924) calcul6 para-
chors atémicos (C, H, O, N, Cl,...) y estructurales (enlace simple, doble, coordinado, anillo de 3
carbonos, 6 carbonos, ...). Valores que fueron posteriormente revisados y/o ampliados por Mum-
ford and Phillips (1929) [109] y Vogel (1948) [110]. Durante las siguientes tres decadas posteriores al
trabajo de Sugden los estudios basados en el parachor se convirtieron en una poderosa herramienta
en algunos problemas de determinacion de estructuras de compuestos quimicos.

Para comprender la relacion del parachor propuesta por Macleod, desde un punto de vista més
fundamental, podemos escribir la relaciéon de escala dada por la Eq. (8.17) en términos de la diferencia
entre las densidades de vapor y de liquido. Para ello combinamos la Eq. (8.17) con la conocida
relacion de escala cerca del punto critico para la diferencia de densidades vapor-liquido en funcién
de la temperatura (Tabla 8.1), gobernada por el exponente critico 3, de forma que

v~ L=t~ (pr — )P ~ (pr — py) 1P (8.21)

Si comparamos la expresion anterior con la Eq. (8.18) obtenemos un valor para el exponente de
parachor, obtenido mediante los exponentes criticos de la teoria de grupo de renormalizacién, de
p = (d—1)v/B = 3.86. Valor que es muy similar al propuesto por Macleod (p = 4) pero menor
que éste, situacién que ya era comentada por Guggenheim [105] su trabajo sobre el principio de los
estados correspondientes donde ofrecia un valor para el exponente de parachor de p = 11/3 ~ 3.67.

Ahora bien, jseria posible usar la descripcién anterior para encontrar una relacién universal que
describa el comportamiento de la tensién superficial vapor-liquido de varias sustancias? El conocido
principio de los estados correspondientes ha mostrado ser de una gran utilidad para caracterizar un
comportamiento universal de fluidos simples. Si las propiedades presion, volumen y temperatura las
dividimos (reducimos) por sus correspondientes valores criticos, la funcién de estado que relaciona la
presion reducida con el volumen reducido y la temperatura reducida resulta ser la misma para todas
las sustancias. En el marco de referencia del principio de los estados correspondientes Guggenheim
[105] argumentaba que la tensién superficial reducida con respecto a dos propiedades criticas debe
ser una funcién universal de ¢, la temperatura reducida con respecto a la temperatura critica. Si
tenemos en cuenta las tres propiedades criticas (T¢, P, y pc), es posible definir diferentes formas de
reducir la tension superficial. La eleccién de Guggenheim, ampliamente utilizada en la literatura ,
estd dada por [92,105,111,112]

= O W

donde M es la masa molecular de la sustancia.

Galliero [113] también propone una forma de reducir la tensién superficial, que proporciona sim-
ilares resultados a la Eq. (8.22), haciendo uso de la temperatura critica, T, y la presion critica, P,
segin

x ~1/3 p— ol
Y2 =7" (kpT,) AP = —— (8.23)
(kT,)\/3 P32
La tension superficial, reducida bien por la Eq. (8.22) o por la Eq. (8.23), posee un comportamiento
de universalidad en funcién de ¢, como indican numerosos autores para modelos de fluidos con
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simetrfa esférica [92,105,111,112], ademds de para algunos fluidos reales simples [114], exceptuando
sistemas con interacciones especificas como los enlaces de hidrégeno [113,115]. Independientemente
de cual de las dos formas tomemos para reducir la tensién superficial, desafortunadamente, tal y
como apunta Galliero [113], no es capaz de predecir un comportamiento universal para cadenas
de moléculas L] al presentar una dependencia con la longitud de la cadena. Sin embargo, como
también indica Galliero, la tensién superficial reducida exhibe un comportamiento de universalidad
cuando se representa como una funcién de (pr, — pv)/p, siendo posible escribir una combinacién
de la relacién de escala propuesta originalmente por Guggenheim y la aproximacién de parachor de
Macleod segtin
a
Y, = [P] (pL_”V> (8.24)
pC

donde en este caso «a es el exponente de parachor y [P] que depende solamente de la forma en que
reducimos la tensién superficial (¢ = 1 para Eq. (8.22) e ¢ = 2 para la Eq. (8.23)).

Un breve epitafio histérico ...

Me permito la licencia, en parte por deformacién docente ya que en mis clases suelo recordar a
los olvidados de la ciencia, de aludir el trabajo de un fisico experimental que en el afio 1900 public6
resultados idénticos a los que en la década de los sesenta darian lugar a las ideas modernas sobre las
transiciones de fase, J.E. Verschaffelt [116-118].

Este fisico belga llega en 1893 a Amsterdan a estudiar con van der Waals y se traslada en el curso
siguiente a Leiden a trabajar en un incipiente grupo liderado por Kammerlingh Onnes, que junto con
el grupo de Ramsay constituian los dos grupos més activos en el estudio de propiedades generales de
fluidos. A su llegada a Leiden estaba candente el problema de verificar el exponente critico que van
der Waals habia predicho con su teoria para explicar el comportamiento de la tensién superficial de
un liquido con la temperatura. En 1984 se utilizaba por primera vez una relacién critica en el estudio
de la relacién de la tensién superficial con la temperatura

5~ (T = T)" (8.25)

donde n calculado de acuerdo con su teorfa deberia de ser igual a 3/2 (n = 1.5). K.Onnnes se echa-
ba a cuestas la tarea de comprobar experimentalmente este valor cuando aparecié un minucioso
trabajo de Ramsay y Shields con datos experimentales de vy en un amplio espectro de temperaturas,
obteniéndose valores de 1.23. El mismo valor era obtenido paralelamente por de Vries, estudiante de
K.Onnes.

Tal era la situacion cuando Verschaffelt lleg6 a Leiden que su primer trabajo fue repetir las medi-
ciones de de Vries cubriendo un intervalo méds amplio de temperaturas (situaciéon con la cual se puede
identificar cualquier doctorando en la actualidad). Asi encontré n = 1.311 con el CO,, 1.133 para el
N>0O y finalmente 1.27 para el éter. Concluiria que sus resultados se aproximaban mas al 1.5 calcu-
lado por de van der Waals. Ademads, éste tiltimo ya le habia manifestado a K.Onnes que los valores
de n menores que el valor tedrico serian cada vez mds cercanos a éste cuanto mds se acercaran las
mediciones experimentales a la 7;.. Cabe resaltar que por aquel entonces era muy dificil acercarse a la
temperatura critica por el lado de la fase liquida. En su afan experimental obtendria nuevos puntos
experimentales para el CO, acercdndose a tan solo 0.5°C' de T¢. A la vez comprendia que para el
célculo de la tensién superficial requeria de los valores de las densidades de las fases coexistentes
a esas temperaturas. Por aquellos tiempos los datos existentes todavia no habian sido analizados
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para ver si concordaban con la conocida curva, cuasi-parabdlica, que predecia la teoria clasica para
pr. — pc- En un trabajo de anélisis estadistico realmente brillante mostré que el exponente critico 3
mantenia un valor constante y aproximadamente igual a 0.367, en total desacuerdo con la teoria de
van der Waals. Ademas, n seguia siendo menor que 1.5.

Hasta el afio 1900 seguiria trabajando con K.Onnes en otros problemas pero aparentemente la
forma de la curva de coexistencia nunca dej6 de inquietarle. En ese mismo afio S.Young, colaborador
de Ramsay, publicé datos muy precisos para las isotermas y densidades de coexistencia del isopen-
tano. Aplicando sobre estos datos la misma técnica aplicada en afios antes para el CO3 encontré que
todo el conjunto de datos ajustaba para 8 = 0.3434. Pero Verschaffelt no se detuvo aqui. Con gran
rigor estudi6 la consecuencias de sustituir el valor de 3/2 de la teorfa clasica, por una fraccién menos
simple, y lleg6 a proponer una forma para las isotermas que en lugar de las ecuaciones ctibicas de
van der Waals, eran ecuaciones en las cuales los exponentes de volumen eran fraccionarios, muy
similar a las modernas ecuaciones de estado cerca del punto critico. Logré incluir todos los datos de
Young en una sola ecuacion, la cual, para la 7, ofrecia un valor de § = 4.259, un valor muy diferente
del valor 3 de van der Waals.

Hasta su muerte, en 1955, siempre volvié de una manera u otra a este problema, manteniendo la
conviccion de que los resultados eran correctos y que habia fallos en la teoria de van der Waals. A
pesar de que fueron publicados y de hecho conocidos por el propio van der Waals y por K. Onnes,
nunca fueron reconocidos. Entre 1945 y 1970 se desat6é con verdadero furor un interés marcado por
examinar de nuevo las cuestiones bésicas, tedricas y experimentales, detrds de las transiciones de
fase, y los resultados de Verschaffelt fueron redescubiertos en la decada de los sesenta. ].M.H Levet
Senger escribi6 en [116] que se hizo oidos sordos del trabajo de Verschaffelt, siendo la principal causa
que “sembrd en una roca”, ya que cada idea necesita ser madurada y demandada. Por otro lado,
Senger también apunta a que casi todo su trabajo lo escribié en aleman, lo que supuso un obstdculo
en la dificil tarea que suponia la comunicacién cientifica en aquellos tiempos.

Durante afios, fue secretario del Instituto Internacional de Fisica Solvay ...y en la famosa foto
de 1927 ocupaba la tercera fila inmediatamente a la derecha de A.Einstein. En esta conferencia de
Solvay, sobre “Electrones y Fotones”, Einstein discutia con Niels Bohr y coment6 "Usted cree en un
Dios que juega a los dados", a lo que Bohr le contest6 "Einstein, deje de decirle a Dios lo que debe
hacer con sus dados".
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Effect of dispersive long-range corrections
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interfacial properties of the Lennard-Jones
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We propose an extension of the improved version of the inhomogeneous long-range corrections of
Janecek [J. Janecek, J. Phys. Chem. B 129, 6264 (2006)], presented recently by MacDowell and Blas
[L. G. MacDowell and E.J. Blas, J. Chem. Phys. 131 074705 (2009)] to account for the intermolecular
potential energy of spherical, rigid, and flexible molecular systems, to deal with the contributions to
the microscopic components of the pressure tensor due to the dispersive long-range corrections. We
have performed Monte Carlo simulations in the canonical ensemble to obtain the interfacial proper-
ties of spherical Lennard-Jones molecules with different cutoff distances, r. = 2.5, 3, 4, and 50. In
addition, we have also considered cutoff distances r. = 2.5 and 3¢ in combination with the inho-
mogeneous long-range corrections proposed in this work. The normal and tangential microscopic
components of the pressure tensor are obtained using the mechanical or virial route in combination
with the recipe of Irving and Kirkwood, while the macroscopic components are calculated using the
Volume Perturbation thermodynamic route proposed by de Miguel and Jackson [E. de Miguel and
G. Jackson, |. Chem. Phys. 125 164109 (2006)]. The vapour-liquid interfacial tension is evaluated us-
ing three different procedures, the Irving-Kirkwood method, the difference between the macroscopic
components of the pressure tensor, and the Test-Area methodology. In addition to the pressure ten-
sor and the surface tension, we also obtain density profiles, coexistence densities, vapour pressure,
critical temperature and density, and interfacial thickness as functions of temperature, paying partic-
ular attention to the effect of the cutoff distance and the long-range corrections on these properties.
According to our results, the main effect of increasing the cutoff distance (at fixed temperature) is to
sharpen the vapour-liquid interface, to decrease the vapour pressure, and to increase the width of the
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biphasic coexistence region. As a result, the interfacial thickness decreases, the width of the tangen-
tial microscopic component of the pressure tensor profile increases, and the surface tension increases
as the cutoff distance is larger. We have also checked the effect of the impulsive contribution to the
pressure due to the discontinuity of the intermolecular interaction potential when it is cut. If this
contribution is not accounted for in the calculation of the microscopic components of the pressure
tensor, incorrect values of both components as well as a wrong structure along the vapour-liquid
interface are obtained.

9.1 Introduction

The phenomenology associated to fluid-fluid interfacial properties has fascinated scientifics since
the time of Laplace and Young [5]. The determination of interfacial properties, and particularly
surface tension, has been always an ambitious and challenging goal for many computer simulation
researchers of the liquid-state community. Understanding how different microscopic mechanisms
determine the thermodynamic and structural behaviour of systems that exhibit a fluid-fluid interface
is essential in a large number of scientific and engineering fields, including nucleation or dynamics of
phase transition, among many others. However, the fluid-fluid surface tension is probably the most
challenging property to be determined and predicting using molecular-based theories and simulation
techniques. Despite the number of studies carried out since computer simulation is used routinely
for determining the properties of a molecular model, the calculation of surface tension is still a subtle
problem. The ambiguity in the definition of the microscopic components of the pressure tensor [4,73],
the finite size effects due to capillary waves [119,120], or the difficulty for the calculation of the
dispersive long-range corrections (LRC) associated to the intermolecular interactions [14, 15], make
the calculation of surface tension a difficult and non-trivial problem.

The usual procedure to the evaluation of the fluid-fluid interfacial tension in a molecular simu-
lation involves the determination of the microscopic components of the pressure tensor through the
well-known mechanical or virial route. This route states that surface tension of a planar fluid-fluid
interface can be readily obtained from the integration of the difference between the normal Py (z)
and tangential Pr(z) microscopic components of the pressure tensor profiles along the interface as,

L,
v = /o (Pn(2) — Pr(2)) dz 9.1)

Note that here we have chosen the z-axis perpendicular to the interface and the integral is performed
along the total length L, of the simulation box. Care must be taken in cases in which there exist
two vapour-liquid interfaces, which is the standard procedure for studying direct fluid-fluid coex-
istence in Monte Carlo (MC) and Molecular Dynamics (MD) simulation. In this case, the true value
associated to a single interface is half of the value obtained from Eq. (9.1).

This method generally involves an ensemble average of the virial of Clausius according to the
recipes of Irving and Kirkwood [62] or Harasima [63], among many others possible choices. Al-
though the mechanical route is especially appropriate when molecular dynamics techniques are used
to determine the interfacial tension of a system, since the evaluation of the forces is required to deter-
mine the molecular trajectories, a number of alternative methods have been proposed during the last
years to calculate, not only the interfacial tension, but also for the components of the pressure tensor,
without the need of evaluate the virial. The origin of these new techniques is probably due to the
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increasing capacity of computers for calculating larger and more complex systems and the interest of
the condensed matter community for understanding from a molecular perspective the mechanisms
that control the macroscopic behaviour of interfaces of fluids.

These alternative methods are especially suited in Monte Carlo simulations, in which the calcu-
lation of the forces is not required for sampling the configurational space of the system. In addition
to that, although the evaluation of the virial is straightforward in systems interacting through sim-
ple intermolecular potentials, this is not the case for complex intermolecular interactions, including
those governing the microscopic behaviour of chain-like molecules or system with specific interac-
tions, and particularly models in which the intermolecular potential is discontinuous, such as the
hard-sphere and square-well potentials, and in cases in which specific interactions are modeled as
associating square-well sites, among others. In this situation, the evaluation of forces can be difficult
and very time consuming. Exceptions to this rule in the literature are the works of Chapela, Alejandre
and coworkers [121-124], and Malfreyt and coworkers [125,126].

The new generation of alternative methods for determining the surface tension and the compo-
nents of the pressure tensor constitute a collection of effective and elegant techniques based on the
thermodynamic definition of these properties. Consider a system in which the number of particles,
N, the volume V/, and temperature T" are constant. Under these conditions, the appropriate definition
of surface tension 7y can be written as,

' (gdl:)zv\/T 2

The surface tension can be understood as the change in free energy F' of the system for an infinites-
imal change in the interfacial area, A, while keeping N, V, and T constant. Assuming the same
conditions, the diagonal components of the pressure tensor of the system, P,,, with a = z,y, 2,
following de Miguel and Jackson [16], can be expressed using its thermodynamic definition as,

P = _<8F

— (9.3)
8V> NTLpza

The notation Lg., indicates that the partial derivative with respect to the volume is performed in
such a way that the dimension of the system along the «a-axis, L,, is varied while keeping all other
dimensions Lg (5 # «) fixed.

Egs. (9.2) and (9.3) allow two different interpretations for calculating the surface tension and the
components of the pressure tensor. In the first approach, the one we focus on exclusively in this
work, equations can be written using basic Statistical Mechanics as configurational averages over
the unperturbed system of surface area A and volume V of appropriate Boltzmann factors. These
expressions (see Eq. (60) of the original work of Gloor et al. [4], and Eqs. (8)-(9) and (16)-(17) of
the work of de Miguel and Jackson [16] for further details) suggest that both magnitudes can be
calculated averaging the corresponding Boltzmann factors associated with virtual changes of surface
area and volume, respectively. This approach corresponds to perturbative approaches such as the
Test-Area (TA) technique [4] for the surface tension and the Volume Perturbation (VP) methods for
the determination of the macroscopic components of the pressure tensor [16,50,51]. These methods
are becoming very popular and are being used routinely to determine the vapour-liquid interfacial
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properties of Lennard-Jones (L]) [13,14,76,113], several models of water [89,127], the Mie potential
[92], binary mixtures [75,128,129], or real systems [65,83,96,97,126,130,131] among others.

Another interpretation for calculating the surface tension and the components of the pressure
tensor using the thermodynamic definition of both magnitudes, given by Egs. (9.2) and (9.3), is pos-
sible. In the former approach, they are evaluated averaging Boltzmann factors using virtual changes
of the system, i.e., the perturbed states generated during the simulation do not correspond to real
states sampled along the Markov chain generated during the simulation. Because of that most of
these methods receive the generic name of perturbative methods. The second class of methods that
exploit the use of Egs. (9.2) and (9.3) are non-perturbative techniques, in which the interfacial area
is sampled along the simulation, i.e., states with unperturbed and perturbed interfacial areas are
explicitly considered in the Markov chain of the simulation. Representative examples of methods
that follow this approach are the use of the Expanded Ensemble (EE), based on the original work
of Lyuvartsev et al. [87], for calculating the surface tension proposed independently by Errington
and Kofke [11] and de Miguel [12], and the Wandering Interface Method (WIM), introduced by Mac-
Dowell and Bryk [10]. In the first method, states of the system are sampled through a global set of
sub ensembles, with different interfacial areas, allowing to calculate the difference in free energy be-
tween states (basically, the surface tension) in terms of the probability of finding the system in these
states [11,12]. The second methodology, the WIM technique, can be viewed as a continuous version of
the EE method in which the interfacial area is allowed to fluctuate randomly and the surface tension
can be obtained from the analysis of the resulting probability distribution. The WIM approach has
been successfully used for determining the fluid-fluid and solid-fluid interfacial tension of a variety
of complex systems [13,14,132-134].

As mentioned previously, one of the major difficulties encountered in the simulation of inhomo-
geneous systems by molecular simulation is the truncation of the intermolecular potential. Although
for homogeneous systems this issue is easily solved by including the well-known homogeneous
LRC [2,3], the situation is much more complicated in the case of fluid-fluid interfaces, and in general,
in inhomogeneous systems. Fortunately, this problem seems to solved satisfactorily recently in cases
in which the system exhibits planar symmetry. Different authors have contributed to the establish-
ment of appropriate and standard inhomogeneous LRC, including Blokhius [135], Mecke [38, 79],
Daoulas [136], Guo and Lu [137], and finally, Janecek [15,138], and the recent improved methods
proposed by MacDowell and Blas [14] and de Gregorio et al. [133].

The truncation of the intermolecular potential has important effects on the calculation of any
physical property. In general, all properties exhibit a dependence with the cutoff distance, but the
relative effect is different depending on the specific magnitude. Though the density profiles, coex-
istence densities, and critical coordinates are affected by the truncation, the interfacial thickness and
more particularly the surface tension show a stronger dependence on the particular choice of the
cutoff distance [9,13-15,139]. The effect of truncation on the surface tension was already noted by
the seminal work of Chapela et al. [34] and discussed very nicely by Trokhymchuk and Alejandre [9].
These later authors also analyzed in detail the truncation procedure and the presence of an additional
force due to the discontinuity of the truncated potential at the cutoff distance. This additional force
due to the discontinuity of the truncated potential at cutoff distance becomes crucial for inhomoge-
neous fluids and has to be included into the virial calculation in both Monte Carlo and Molecular
Dynamics, as well as into the computation for interactions in Molecular Dynamics simulations.

Although different authors have recently considered the effect of truncating and applying the
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appropriate LRC to systems that interact through the spherical L] intermolecular potential [4,15,139]
on the surface tension, the number of studies devoted to determine the effect of using different cutoff
distances for the intermolecular potential on the components of the pressure tensor is really scarce.

The main goal of this work is two fold. First, we propose an improved version of the original
LRC of Janecek [15], based on a previous work of one of us to deal with the intermolecular potential
energy [14], to estimate the LRC associated to the microscopic components of the pressure tensor of
a spherical model in a planar fluid-fluid interface. Second, we revisit the interfacial properties of the
L] spherical model, including the density profiles, interfacial thickness, surface tension, and normal
and tangential microscopic and macroscopic components of the pressure tensor. We also determine
other thermodynamic properties, such as coexistence densities, vapour pressure, and critical temper-
ature and density. In particular, we consider the spherical truncated (but not shifted) intermolecular
potential with different cutoff distances, from r. = 2.5 up to 50. We also pay special attention to the
effect of neglecting the impulsive contribution to the components of the pressure tensor associated
to the discontinuity of the potential at the the cutoff distance .. In addition to that, we also consider
the full intermolecular potential, i.e., the potential truncated at r. = 2.5 and 30 with the version of
inhomogeneous LRC of MacDowell and Blas [14] based on the Janecek’s work [15] for the potential
energy and the improved version proposed in this work for the components of the pressure tensor.
In order to assess the effectiveness of the new methodology proposed, we have also determined the
surface tension and the components of the pressure tensor using two different perturbative methods,
the TA technique and the VP methodology. This allows to obtain independent results and compare
our predictions with simulation data taken from the literature.

The rest of the paper is organized as follows. In Section 9.2 we consider an improved method for
determining the contribution to the microscopic components of the pressure tensor due to the LRC
of inhomogeneous spherical systems. The molecular model and the simulation details of this work
are presented in Section 9.3. Results obtained are discussed in Section 9.4. Finally, in Section 9.5 we
present the main conclusions.

9.2 Effective long-range pairwise corrections for the pressure tensor of
spherical systems

In 2006, Janecek [15] proposed a new methodology for calculating long-range corrections (LRC) to
the energy and pressure tensor in systems that interact through spherically symmetric intermolecular
potentials. This procedure allows to treat in a simple way the truncation of the intermolecular energy
of systems that exhibit planar interfaces. More recently, MacDowell and Blas [14] have demonstrated
that the Janecek’s procedure can be rewritten into an effective long-range pair potential plus a self
term that allows for a fast, easy, and elegant implementation of the method. In this work we extend
this improved version to deal with the long-range pair potential contributions to the components of
the pressure tensor. Since the original methodology has been introduced elsewhere [15,138,140,141],
the most important details corresponding to the LRC term to the components of the pressure tensor
proposed by Janecek are provided in the Supplementary material [142]. Here we focus the attention
to the extension of the improved version for dealing with the pressure tensor.

As mentioned previously, MacDowell and Blas [14] has proposed an improved methodology of
the Janecek’s method for dealing with the intermolecular interactions of an inhomogeneous system
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due to LRC. The method, which is simpler and more accurate, elegant, and easier to implement in
a simulation code than the original one, has been applied successfully to calculate the interfacial
properties of several models, including fully-flexible and rigid-linear Lennard-Jones chains [14, 143—
145] and water and carbon dioxide [146]. Following the recipe of MacDowell and Blas [14, 146],
Eq. (10) of the Supplemental material is written more accurately as,

LR (z,) = < / " ol — 2) 0(2) dz> 9.4)

—0o0

The density profile of a system formed by N particles can be written formally as a summation of
0-Dirac distributions centered at the positions z;, with j =1,..., N

5z — 2)) 9.5)

||M2

where A is the interfacial area of the zy-plane of the system. Using Eq. (9.5) in Eq. (9.4), IT5R¢(2,) is
given by

TILRC < Z%‘a |2 — > 9.6)

It is important to note that summation in Eq. (9.6) runs over all the values of theindex j (j = 1,...,N),
and this also included the case j = i.

The total components of the virial tensor arising from the LRC, defined by Eq. (9) of the Supple-
mental material, is then expressed as

N

HLRCZEZHLRC ii ’Z _ 9.7)
oo 9 z;) by o Taal|Zi .

i=1

The unrestricted summation over indexes i and j can be finally transformed into a sum of pairwise
effective (integrated) intermolecular virial over all the pairs of molecules in the system and NV self-
energy terms as

Lre N1 N "
Haa = ﬁ Z Z Waa(’zi—zj“) -+ ﬁZﬂ'aa(O)
i=1j i=1
N-1 N
- <;L ‘ 'Z Taa(|2i — zj\)> + <2‘7>f[7raa(o)> (9.8)

The expressions given by Egs. (9.6) and (9.8) are the key relationships that generalize the improved
version proposed by MacDowell and Blas [14] for dealing with the components of the pressure tensor:
the components of the pressure tensor due to the LRC are given by an effective pairwise components
pressure tensor between all the particles forming the system.
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The last term in Eq. (9.8), the self-tensor contribution, is not a truly summation of self virial tensor
terms. In fact, the function 7,(%) is not a real contribution to the component of the virial tensor
between a pair of particles but an effective (integrated) component of the virial tensor. Each contri-

bution %waaﬂzi — z;]) in Eq. (9.6) represents the contribution to the component of the virial tensor,
due to the interactions between the particle ¢ with all the particles located inside the slab centered at
z;j due to the long-range interactions. Therefore, 7, (0) represents the contribution to the component
of the virial tensor due to the interactions between a molecule and the rest of molecules located inside
the same slab but beyond the cut-off radius.

This procedure provides several important advantages over the original method: (1) Egs. (9.6) and
(9.8) correspond to the exact evaluation of the components of the virial tensor due to the LRC. It is
important to recall that the use of the original Janecek version of the method implies a discretization
of the simulation box along the z-axis, which is in fact an approximation; (2) the improved procedure
allows to evaluate ITXRC(2;) and TIERC without the explicit calculation of the density profile on the fly,
i.e., it is not necessary to update the density profile p(z) each Monte Carlo step, and consequently,
to perform the double integral shown in the original work of Janecek (see Eq. (23) of the original

paper [15]).

9.3 Model and simulation details

We consider spherical L] molecules characterized by a diameter o and dispersive energy e. The
interaction potential between two different molecules is given by,

5]

where 7 is the distance between two molecules. During the simulation, we use a potential spherically

uLJ(r) = 4¢

truncated (but not shifted) at a cutoff distance r., defined by,

w(r) = ups(r) [l — O(r — 10)] = { “L‘(f)(” :: i ; : (9.10)

where O(x) is the Heaviside step function.

We examine this spherically truncated potential model with several cutoff distances, r. = 2.5, 3,
4, and 50. In addition to that, we study the interfacial and thermodynamic properties of spherically
truncated L] potential with r. = 2.5 and 30 considering inhomogeneous LRC using the MacDowell
and Blas [14, 144] methodology for the intermolecular potential energy and the recipe presented in
Section 9.2, based on the Janecek’s method [15,138], for the evaluation of the LRC for the components
of the pressure tensor. Results obtained using these LRC are equivalent to use the full potential or a
potential with infinite truncation distance.

The number of molecules, N, used in all the simulations performed in this work is constant,
N = 2048. As in previous studies [13, 14, 133, 143-147], this choice is made so as to have systems
with the same total number of molecules. Simulations are performed in the NVT ensemble. We
consider a system of N molecules at a temperature 7" in a volume V' = L, L, L., where L,, L,
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and L. are the dimensions of the rectangular simulation box. A homogeneous liquid system is first
equilibrated in a rectangular simulation box of dimensions L, = L, = 120, and L, = 16.891¢
for the lowest temperature considered (I = kpT/e = 0.70), and L, = 21.153c for the highest
temperature (7" = 1.1). The box is then expanded to three times its original size along the z direction,
while leaving the liquid phase at the center with empty boxes of equal size at each side. The final
overall dimensions of the vapour-liquid-vapour simulation box are therefore L, = L, = 120, and
L, = 50.6730 for the lowest temperature considered (I'™* = 0.70), and L, = 66.4600 for the highest
temperature (7 = 1.1).

The simulations are organized in cycles. A cycle is defined as IV trial moves (displacement of
the center of mass) and the magnitude of the appropriate displacement is adjusted so as to get an
acceptance rate of 30 % approximately. We use periodic boundary conditions and minimum image
convention in all three directions of the simulation box.

We have obtained the normal and tangential microscopic components of the pressure tensor from
the mechanical expression or virial route. In particular, we have used the well-known Irving and
Kirkwood (IK) recipe for determining the microscopic components of the pressure tensor, Py(z) =
P..(z) and Pr(z) = Prp(z) = Py(z) = %(Pm(z) + Pyy(2)) [62]. As explained in Section 9.2, the
simulation box is divided into slabs of width Az and area A parallel to the interface (zy-plane). The
contribution to the microscopic pressure tensor at each point of the simulation box, due to a pair of
molecules i and j located at z; and z;, respectively, is obtained from the distribution of the pair virial
among all slabs between z; and z; for both the normal and tangential components. Note that this also
includes the contribution due to the LRC. In the improved version introduced in this work, based on
the previous work of MacDowell and Blas [14,144], the contribution due to the LRC are written as an
effective pairwise components of the pressure tensor between all the molecules, resulting an elegant
and effective way of accounting for this contribution. In practice, to determine the contribution to
the pressure due to a given pair of molecules we perform the following steps:

1. We evaluate the distance along the z-axis between the pair of molecules i and j, |z;;|. To be con-
sistent with the calculation of the intermolecular interactions performed during the simulation,
the minimum image convention is also used when this contribution is calculated.

2. We then calculate the number of slabs between molecules i and j (after the minimum image
convention is applied), including the slabs occupied by the molecules.

3. The contribution arising from the interactions between particles ¢ and j, including the contri-
bution due to LRC, is divided by the number of slabs obtained in point 2.

4. Finally, the pressure contribution obtained in point 3 is then assigned equally to each slab be-
tween positions z; and z;, including the slabs corresponding to positions z; and z; at which the
molecules are located.

Since we are dealing with pairwise interactions, the total contribution to the components of the pres-
sure tensor is obtained taking into account all the molecular pairs and averaging the total virial over
the canonical ensemble. The final expression of the microscopic components of the pressure tensor
are given by,

Py (2) = (p(2) kpT) + P51 (2) + Py C(2) (9.11)
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The first term of the right-hand side of Eq. (9.11) corresponds to the ideal (kinetic) contribution to
the microscopic pressure tensor. Note that this contribution is obtained from the value of the density
profile at the same position z. The two other terms, P5UT(2) and PYX(z), are the contributions
to the normal microscopic component of the pressure tensor, Py(z), due to the direct interactions
between molecular pairs and LRC, respectively. A similar expression is also valid for the tangential

microscopic component Pr(z).

The contribution to normal component of the pressure tensor due to the direct interactions be-
tween molecular pairs, P§UT(z), can be written as,

0 = L Bt Lo o5

=1 jeit1 |23 Zij Zij
N-1 N 2
1 i d’LLLJ(Tij) 1
- A 9.12
A Az <Z Z ri;  dry nij) (9.12)
=1 j=141

The corresponding contribution to the tangential component, PSUI(z), is given by an expression of
the form of Eq. (9.12) but with (mfj + yfj) /2 instead of zfj Here the factor 1/n;;Az, proportional to
the product of 1/|z;;| and the two Heaviside step functions, is used to select the position at which
the interaction between particles ¢ and j contributes to the pressure tensor. In practice, if particles
i and j are located at slabs k; and k;, respectively, the number of the slabs located between them is
’I”Lij = |k‘j — k?l‘ — 1.

Using Egs. (7) and (9) of Supplemental material, Eq. (9.8), and taking into account the recipe of
Irving and Kirkwood [62], the contribution to the normal component of the pressure tensor due to
LRC, P]I;,Rc(z), can be written as,

N—-1 N
PRRC() = {<;L S5 s - 5) nl]> + <214wzz(0)>} 9.13)

i=1 j=i+1

The corresponding contribution to the tangential component, P5R<(2), is given by an expression of
the form of Eq. (9.13) but using (7, +myy)/2 instead of 7,,. Here mqq (|2:—2;|), with o = x, y, z, are the
same functions defined previously by Egs. (11) and (12) of Supplemental material. Note that function
w(z, zi, zj) is also used in Eq. (9.13). This means that the pressure due to the LRC associated to the
virial of particles at z; and z; contributes to all the slabs located between them (including the slabs at
positions z; and z;). The last term of the right-hand side of Eq. (9.13) represents the contribution to
the pressure, due to the LRC, associated to the interaction between a particle and all the molecules
located at the same slab. According to the meaning of this self-tensor contribution, as discussed
previously in Section 9.2, and to be consistent with the Irving-Kirkwood recipe for the calculation of
the microscopic components of the pressure tensor, this term contributes to the pressure at position
at which each particle is located in the simulation box.

We have also determined the macroscopic components of the pressure tensor using virtual vol-
ume perturbations of magnitude £ = AV/V each cycle. Here £ defines the relative volume (compres-
sive and expansive) change associated with the perturbation. We follow the methodology proposed
by de Miguel and Jackson [16], based on the seminal works of Eppenga and Frenkel [94] and Haris-
miadis et al. [95], and rescale independently the box lengths of the simulation cell and positions of the



98 9.3. Model and simulation details

molecular centers of mass according to linear transformations. In particular, the macroscopic average
of the normal component of the pressure Py is computed (see Eq. (60) of the original work of Gloor et
al. [4], and Egs. (16) and (17) of the work of de Miguel and Jackson [16]) by averaging the correspond-
ing Boltzmann factor associated with a volume perturbation in which the normal dimension of the
simulation cell is changed according to the transformation L.- = (1 + )L, (including compression
and expansion changes applied independently) while the transverse dimension remains unchanged.
The macroscopic average of the tangential component Pr is calculated from the same equations by
considering a perturbation in which the tangential dimension of the system is changed isotropically
according to L/, = (1 + £)Y/?L,, with o = z, y (including compression and expansion changes ap-
plied independently), keeping L. fixed. In both cases, eight different (positive and negative) relative
volume changes in the range 2 x 10™* < |¢| < 15 x 10~ * are used in our calculations. The final values
of the macroscopic components of the pressure tensors presented in this work, Py and Pr, corre-
spond to the extrapolated values (as determined by a linear extrapolation to |{| — 0 of the values
obtained from increasing-volume and decreasing-volume perturbations) obtained from a combined
compression-expansion perturbation.

Finally, we have also calculated the surface tension using of the TA methodology [4]. Since the
method is a standard and well-known procedure for evaluating fluid-fluid interfacial tensions of
molecular systems, here we only provide the most important features of the technique. For further
details we recommend the original work [4] and the most important applications [13,14,16,75,89,92,
96,97,127-129,133,143-147]. The implementation of the TA technique involves performing virtual
or test area deformations of relative area changes defined as £ = AA/A during the course of the
simulation at constant IV, V, and T" every MC cycle. As shown by Gloor et al. [4], the surface tension
follows from the computation of the change in Helmholtz free energy associated with the perturba-
tion, which in turn can be expressed as an ensemble average of the corresponding Boltzmann factor.
Further details can be found in Ref. [4] Note that the procedure for calculating the surface tension is
similar to that used to evaluate the components of the pressure tensor, but in this case the changes in
the normal and transverse dimensions are coupled to keep the overall volume constant. In particular,
we use the same number and values for the relative area changes £, and the same procedure to obtain
the extrapolated values.

As in previous studies [13,14, 133,143-147], for each cutoff distance (with and without LRC) we
perform simulations of inhomogeneous systems at different temperatures where vapour-liquid equi-
librium is expected. We typically consider seven temperatures in the range ~ 0.57;, up to ~ 0.9T¢,
where T, is the critical temperature of the system. Each simulation box is well equilibrated for 10°
MC cycles, and averages are determined over a further period of 2 x 10° MC cycles. The production
stage is divided into M blocks. Normally, each block is equal to 10° MC cycles. The ensemble av-
erage of the macroscopic components of the pressure tensor and the surface tension is given by the
arithmetic mean of the block averages and the statistical precision of the sample average is estimated
from the standard deviation in the ensemble average from &/ VM , where 7 is the variance of the
block averages, and M = 20 in all cases.

All the quantities in our paper are expressed in conventional reduced units, with o and € being
the length and energy scaling units, respectively. Thus, the temperature is given in units of ¢/kp, the
densities in units of o3, the pressure in units of the €/ o2, the surface tension in units of e / o2, and the
cutoff distance and interfacial thickness in units of o.
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9.4 Results and discussion

In this section we present the main results from simulations of the vapour-liquid interface of
spherical L] molecules using different cutoff distances, with and without LRC for the intermolecular
potential energy and components of the pressure tensor. We focus mainly on the effect of using dif-
ferent cutoff distances on the microscopic components of the pressure tensor. To our knowledge, little
work has been devoted to study the effect of cutoff distance and LRC on the microscopic components
of the pressure tensor.

We have determined the components of the pressure using both the mechanical (or virial) and
thermodynamic routes. Comparison between both results allows to check the validity of the method
presented in Section 9.2for determining the contribution to the pressure due to the LRC. We have
also examined several coexistence properties, such as coexistence densities and vapour pressures,
and also other interfacial properties, such as density profiles, interfacial thickness, and surface ten-
sion. In particular, we pay special attention on the determination of the the vapour-liquid interfacial
tension calculated using different routes, including the mechanical or virial route (using the tradi-
tional IK methodology) and the thermodynamic definition (using the VP and TA methods) of the
surface tension.

9.4.1 Effect of cutoff distance and LRC on normal and tangential pressure

We first analyze the equilibrium normal and tangential components of the microscopic pressure
tensor profiles, Py(z) and Pr(z), respectively, that are computed from averages of histograms of
pressures along the z direction over the production stage, according to the IK prescription explained
in Section 9.3. As in the case of all properties calculated in this work, this procedure is meaningful
as far as the central liquid slab is thick enough. This turns out to be the case in our simulations,
including those performed at higher temperatures.

We consider the normal and tangential components of the microscopic pressure tensor profiles at
a low temperature, 7' = 0.72. Fig. 9.1 shows Py(z) and Pr(z) for spherical molecules with differ-
ent cutoff distances for the intermolecular potential, from r. = 2.5 up to 5. We have also included
the results corresponding to a L] cutoff distance 7. = 3 and the inhomogeneous LRC introduced in
Section 9.2 (full L] potential). Note that in all sections, except subsection B (Effect of the impulsive
contribution of the intermolecular force on pressure tensor), we have taken into account the impul-
sive contribution to the pressure due to the discontinuity of the intermolecular force at r = r.. In
particular, we follow the seminal work of Trokhymchuk and Alejandre [9]. See the next subsection
for further details. Tables 9.1 and 9.2 show the values for the normal and tangential macroscopic
components of the pressure tensor at different temperatures and cutoff distances. As can be seen in
Fig. 9.1a, the components of the microscopic pressure tensor along the two vapour-liquid interfaces
exhibit the expected behaviour, i.e., the normal component of the pressure tensor profile is constant
(within the statistical error) through the interface and equal to the vapour pressure of the system
(according to the mechanical stability, that it requires the gradient of pressure tensor vanishes). In
addition, the tangential component of the pressure tensor profile is approximately constant and equal
to the normal pressure in the liquid and both vapour bulk-like regions of the simulation box. Pr(z)
becomes negative at the two interfacial regions of the system showing two (negative) local minima.

The values of Py (z) and Pr(z) along the vapour slab are nearly independent of the cutoff dis-



100 9.4. Results and discussion

o
=

o
&}
I

P (@), P,(2)

04F — rc=2.5 ]
—_ rC=3

L r=4 4

05F — rC=5 -

| r=3+LRC |

1 l 1 l 1
10 20 30 40
Z
0.6 T I T I T
| — =25 b)
J— rC=3 ! ( )
0.5 — rC=4 -
Il — rc=5 4
r=3+LRC LA L LA B
0.4 ¢ L g —
| N . ]
- L 4
%03k - 5 ]
ol - - _
- L 4
02k B 7] -
| | |

i 16 17 18 20 )

0.1F —

e d S\

10

Figura 9.1: Normal Py(z) and tangential Pr(z) (a), and difference between the normal and tangential mi-
croscopic components (b) of the pressure tensor profiles across the two vapour-liquid interfaces of spherical
LJ molecules at T = 0.72 and using cutoff distances r. = 2.5 (black), 3 (red), 4 (green), 5 (blue), and 3 with
inhomogeneous LRC (orange). Continuous and dashed curves in part (a) correspond to the tangential and
normal microscopic components of the pressure tensor, respectively. Insets correspond to the enlargement of
the interfacial region for Pr(z) (a) and Pn(z) — Pr(z) (b).
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Tabla 9.1: Liquid density, pr,, vapour density, py, normal macroscopic component of the pressure tensor
calculated from the virial route, P§", normal and tangential macroscopic components of the pressure tensor
calculated from VP, P\/” and PY”, respectively, surface tension calculated from integration given by Eq. (9.1),
AV from VP, nyP ,and from TA, v 4, and 10—90 interfacial thickness, ¢ for a system of L] molecules at different
temperatures and cutoffs distances. All quantities are expressed in the reduced units defined in Section 9.3.
The errors are estimated as explained in the text. Uncertainties of surface tension calculated from the virial
route, 7", are error estimates corresponding to the numerical calculation of the integral given by Eq. (9.1).

e oL PV Pgi" pyF ryF AU Vr ITA t
T =0.70
25 08161(13)  0.0035(3)  0.002403)  0.0028(7) -0.0286(7) 0.793(6) 0.794(6)  0795(3)  1.838(6)
3 0.8283(14) 0.0031521) 0.00213817)  0.0015(9) -0.034009) 0.902(10) 0901(7)  0.903(3)  1.794(2)
4 08367(17) 0.00246(18) 0.001677(16) 0.0023(6) -0.0376(6) 1017(7) 1.011(5) 1.0163)  1.760(2)
5 0839423)  00021(2)  0.001398(12) 0.0021(7) -0.0403(7) 1.0729) 1.073(6)  1.074(5)  1.7526(9)
T =0.72
25 08066(11)  0.0048(3)  0.003302)  0.0031(7) -0.0257(7) 0.744(7) 0744(6)  0.746(2)  1.9054(18)
3 081959)  0.0038(3)  0.00264(2)  0.0032(7) -00167(7) 0866(11) 0515(6) 0.866(4)  1.8652(4)
4 08279(13) 0.00305(19) 0.002130(18) 0.0018(7) -0.0360(7) 0.975(6) 0975(6)  0.974(3)  1833(3)
5 08302) 0.00296(19) 0.002067(18) 0.0030(10) -0.0368(9) 1.028(6) 1.029(8)  1.030(3)  1.882(3)
T =0.80
25 07682(12) 0.01007(23) 0.007465(22) 0.0076(7) -0.0147(7) 0.596(5) 0.594(6)  0.595(3)  2.260(8)
3 0.7829(11) 0.0081(6) 0.00610(5) 0.0088(6) -0.0173(6)  0.697(10)  0.696(5) 0.698(4) 2.1993(17)
4 07915(13) 0.00709(23)  0.00536(3)  0.0048(7) -0.0255(8) 0.809(15) 0.809(6) 0.8103)  2.147(7)
5 07949(13)  0.0070(4)  0.00527(3)  0.0045(8) -0.0277(8) 0.859(6) 0.859(7)  0.856(3)  2.133(8)
T =0.90
25 07152(7)  0026509)  0.02013(11)  0.0198(8) 0.0054(8) 0.409(6) 0409(7) 0411(3)  2.865(22)
3 07302(11)  00207(6)  001632(7)  0.0145(7) -0.0031(6) 0.498(10) 0497(6) 0497(3)  2.733(5)
4 07440(12) 0.01690(6)  001359(7)  0.0142(8) -0.0069(8) 0596(6) 0597(7)  0.596(3)  2.643(6)
5 0747021)  00168(7)  001308(7)  0.0118(6) -0.0107(7) 0.635(7) 0.636(6) 0.635(2)  2.633(3)
T =0.92
25  070418)  003028)  0.02311(8)  0.0233@8) 001008) 0382(5) 0381(7) 03803)  3.014(7)
3 07207(11)  00235(7)  001869(7)  0.0196(7) 0.0032(8) 0471(9) 0470(7) 0470(2)  2.865(20)
4 0732509) 00198(12)  001603(13)  0.0144(6) -0.0050(6) 0558(6) 0557(6)  0.557(2)  2.750(9)
5 07371(13)  0.0181(6)  0.01480(5)  0.0142(6) -0.0070(6) 0.606(7) 0.607(6)  0.608(3)  2.730(13)
T = 1.00
25 065106) 00528(13)  0.0397909)  0.0385(7)  0.0306(7) 0.239(5) 0239(7) 0240(2)  3.858(14)
3 06738(10)  0.0404(8)  003241(7)  0.0333(6) 00226(5) 0327(8) 0327(5) 0327(2)  3.528(10)
4 06900(12)  00341(6)  002817(6)  0.0280(5) 0.0145() 0410(7) 0.409(5) 0409(2)  3.369(9)
5 0.6954(14) 0.0315(10)  0.02627(6)  0.0268(6) 00120(6) 0.449(5) 0450(6) 04503(21)  3.316(10)
T =1.10
25  05645(7)  0.0959(20)  0.06832(17)  0.0688(4)  0.0658(4)  0.099(5) 0.099(5) 0.0998(22)  5.793(14)
3 06015(10) 0.0759(23)  0.05825(12)  0.0588(4)  0.05384) 0.168(7) 0.167(4) 0.1674(19)  4.99(6)
4 06257(11)  0.0614(10)  0.05012(12)  0.0504(4)  0.0435(3) 0238(5) 0228(4) 0237(2)  4.528(23)
5 06330(13) 0.0584(16)  0.04818(16)  0.0483(5)  0.0403(4) 0268(5) 0268(5) 0.269(2)  4.460(19)

tance used, including the values corresponding to the full potential. This is expected since vapour
density is very low, especially at this temperature (7' = 0.72), and contributions to the pressure due
to particles separated beyond the lowest cutoff distance (r. = 2.5) are negligible. A similar behaviour
is also observed in the liquid slab, although the statistical noise is larger, as expected. However, the
most interesting effect of the cutoff distance over the pressure tensor at this temperature is undeni-
ably associated with the values of the two minima of Pr(z). As can be seen, the cutoff distance has
an enormous effect on this magnitude as its value is increased. In particular, the two minima values
of Pr(z) are a 23% higher than those corresponding to the values of the full potential for a cutoff
distance of r. = 2.5. Note that this difference is very important since, as it is well-known, are directly
related with the value of the vapour-liquid surface tension of the system.

We have also calculated the difference of both components of the pressure tensor profile, as a func-
tion of the position along the z direction. As can be seen in Fig. 9.1b, the difference Py(z) — Pr(z)



102 9.4. Results and discussion

Tabla 9.2: Liquid density, pr, vapour density, py, normal component of the macroscopic pressure tensor
calculated from the virial route Py, normal and tangential components of the macroscopic pressure tensor
calculated from VP, P\”" and P)*, surface tension calculated from integration given by Eq. (9.1), v*", from
VP, 4V P, and from TA, 74, and 10 — 90 interfacial thickness, ¢, at different temperatures for systems of L]
molecules with a cutoff distance r. = 3 with inhomogeneous LRC. All quantities are expressed in the reduced
units defined in Section 9.3. The errors are estimated as explained in the text. Uncertainties of surface tension
calculated from the virial route, 7°", are error estimates corresponding to the numerical calculation of the
integral given by Eq. (9.1).

T oL oV PyiT pyF pYr YT 7VP Yra t
070 0.8421(21)  0.0020Q2)  0.001353(15) 0.0002(7) -0.0456(7) 1.158(11) 1.164(6) 1.164(d)  1.722(3)
072 0.8338(22) 0.00255(19) 0.001779(15) 0.0017(8) -0.04148) 1.110(10) 1.114(6) 1.116(4)  1.824(3)
0.80 0.7986(16)  0.0063(2)  0.00478(3)  0.0048(7) -0.0300(8) 0.923(10) 0.930(7) 0927(4)  2.121(3)
090 07517(13)  00152(5)  0.01234(6)  0.0122(8) -0.0130(7) 071209 0713(7) 0.713(3)  2.601(16)
092 07414(14)  00172(6)  0.01415(6)  0.0139(6) -0.0093(6) 0.667(15) 0.667(6) 0.668(3) 2.7259(11)
100 0.6995(10)  0.0299(3)  0.02522(7)  0.0249(4) 0.0082(4) 0511(10) 05104) 05103) 3.282(12)
110 0.6361(8)  0.0533(8)  0.04522(12) 0.0440(5) 0.0345(5) 0.321(11) 0316(5) 0.318(3)  4.202(6)

exhibits the expected shape, i.e., constant and equal to zero in the vapour and liquid slabs, since
bulk-like regions do not contribute to the surface tension of the system, and positive peaks at both
interfacial regions where the components of the pressure tensor are different due to the extra contri-
bution of the tension to the tangential pressure at the interface. Differences between the maximum
value reached by Py (z) — Pr(z) using a cutoff distance r. (without LRC) and the full potential de-
crease as the cutoff is increased, as expected. We now consider the normal and tangential microscopic
components of the pressure tensor, at a higher temperature, using the same cutoff distances for the
LJ intermolecular potential and a cutoff distance r. = 3 for the full L] potential. The microscopic
components of the pressure tensor, at 7' = 1.0, along the two vapour-liquid interfaces are shown in
Fig. 9.2a. As can be seen, both components exhibit the same qualitative behaviour as at low tem-
perature (T' = 0.72). The separation between both interfacial regions is now smaller than in the case
corresponding to low temperatures due to the growth of the interfacial regions. The normal com-
ponent of the pressure (which is equal to the vapour pressure of the system) decreases as the cutoff
distance is increased. This effect, that is more noticeable than in Fig. 9.1a due to the scale employed
now, is in fact larger than at low temperatures. See Table 9.1 for further details.

A similar behaviour is also observed in the case of the tangential microscopic component of the
pressure tensor. The two minima values of Pr(z) are higher than those corresponding to the values
get for the full intermolecular potential when the cutoff distance r. is increased. These differences
are systematically larger than those found at lower temperatures, as can be seen comparing Figs. 9.1a
and 9.2a.

Another interesting feature exhibited by the tangential microscopic component of the pressure
tensor profiles, which is more evident at high temperatures, is the increase of the region of the inter-
face at which Pr(z) # Py as the cutoff distance of the intermolecular potential is increased. These
regions correspond to zones of the interface at which there exist tensions and compressions, as it is
explained below. This effect, that can be understood from a microscopic point of view, can be clearly
seen in Fig. 9.2a. A higher value of the cutoff distance in the intermolecular potential means an in-
crease of the range of the intermolecular forces between particles. As a consequence of this, the zones
of the interface at which exist tensions and compressions spread over wider regions of the simulation
box, as shown in Fig. 9.2a.
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croscopic components (b) of the pressure tensor profiles across the two vapour-liquid interfaces of spherical L]
molecules at 7" = 1.0. The meaning of the symbols and curves is the same as in Fig. 9.1.
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As in the case of Py (z) and Pr(z), the difference between both components of the pressure tensor
profiles shows the same qualitative behaviour as at low temperatures. However, the effect of the
cutoff distance of the intermolecular potential on Py(z) — Pr(z) is larger at high temperatures, as
can be seen Figs. 9.1b and 9.2b. An interesting feature of the system, shows in Figs. 9.1 and 9.2, is
that exist regions at which Pr(z) < Py(z). That regions, that correspond to most of the locations
at the vapour-liquid interface, are clearly regions of tension. Contrary, small locations of the inter-
face corresponding to zones near the vapour bulk-like regions, are regions of compression in which
Pr(z) > Pn(z). The reason for which the transverse pressure has values greater than Py at the
interface near the vapour phase and large negative values (and lower than Py) at other locations
of the interface is a consequence of the behaviour of the pressure in the unstable bulk phase region
(spinodal region), which plays an essential role in the physics at interfaces. For further details we
recommend the excellent review of Davies and Scriven [71].

From our knowledge, this is the first time the effect of the cutoff distance and the use of LRC of
the dispersive interactions on the structure of Py (z), Pr(z), and Py(z) — Pr(z) for the L] system is
analyzed in the same work. The only work, to our knowledge, in which related information has been
shown is that of Shen et al. [139]. These authors show the behaviour of the difference between both
components of the pressure tensor of the L] with . = 2.5 and 4 in combination with the original
method of Janecek [138] at only one temperature, 0.95 (see bottom panel of Fig. 2 of the paper of
Shen et al. [139]). Note, however, that Janecek [140,141] and coworkers have presented the pressure
profiles, at different temperatures, for the L] system using these LRC.

Once we have analyzed the effect of the cutoff distance on the normal and tangential microscopic
components of the pressure tensor profile at two representative temperatures, 0.72 (low) and 1.0
(high), we consider the behaviour of the normal and tangential microscopic components of the pres-
sure tensor profile in the whole range of temperatures at which the system exhibits vapour-liquid
phase behaviour, from 0.70 to 1.1. We have used a cutoff distance for the L] intermolecular poten-
tial of r. = 3 with the inhomogeneous LRC described in Section 9.2. We have also obtained the
normal and tangential macroscopic components of the pressure tensor, Py and Pr, using the VP
technique proposed by de Miguel and Jackson [16], which is based on a thermodynamic definition
of the pressure tensor. Since this calculation is only based on energetic considerations, the results are
independent of the methodology employed to estimate the contribution to the pressure due to the
LRC (Section 9.2). The comparison between both results is relevant to this work since it allows to
check the validity of the methodology presented in Section 9.2 to calculate the LRC to the pressure
tensor.

The normal and tangential microscopic components of the pressure tensor are presented in Ta-
ble 9.2. In addition to that, we have averaged the normal microscopic component of the pressure
tensor along the vapour phase. As can be seen from Table 9.2, values for the normal macroscopic
component of the pressure tensor calculated from the mechanical (PY") and thermodynamic (Py)
routes are in excellent agreement, confirming that equations proposed in Section 9.2 predict the cor-

rect behaviour of the normal pressure along the whole range of temperatures considered.

Results from the NVT calculations in the whole range of temperatures considered are shown in
Fig. 9.3. As can be seen, the Py(z) and Pr(z) profiles calculated using the IK methodology show
the expected behaviour. In particular, the minimum (negative) value of the peaks associated to the
tangential microscopic component of the pressure tensor profile, Pr(z), becomes less negative as the
temperature is increased. In addition to that, the thickness of the peaks associated to that component
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microscopic components (b) of the pressure tensor profiles across the two vapour-liquid interfaces of
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(black), 0.72 (red), 0.80 (green), 0.90 (blue), 0.92 (magenta), 1.0 (orange), and 1.1 (light blue). Contin-
uous and dashed curves in part (a) correspond to the tangential and normal microscopic components
of the pressure tensor, respectively.
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increases as the temperature is increased. Since the tangential component contributes positively to
the surface tension (note that Pr(z) is subtracted from Py (z) in the mechanical definition of surface
tension given by Eq. (9.1) presented in Section 9.1), the behaviour observed in the structure of Pr(z)
as the temperature is varied agrees with the expected decrease of the vapour-liquid surface tension
with the temperature. The behaviour of the thickness associated to the (negative) peaks exhibited by
Pr(z) is similar to that of the interfacial thickness of an interface, that increases with the temperature
since it diverges as 7' — T, [5]. As shown in Fig. 9.3a, regions at which the tangential pressure
profile differs from this of the normal pressure increases as the temperature is raised. In order to
give a complementary description of the structure of the microscopic components of the pressure
tensor profile in the whole range of temperatures at which the system exhibits vapour-liquid phase
separation, we have also considered the Py(z) — Pr(z) profiles, from 0.7 to 1.1, obtained using the
full potential. As can be seen in Fig. 9.3b, Py (z) — Pr(z) shows the expected structure, which can be
inferred from the results presented in Fig. 9.3a.

9.4.2 Effect of the impulsive contribution of the intermolecular force on pressure tensor

The calculation of forces in systems that interact through intermolecular potentials in which inter-
actions are spherically truncated (but not shifted) is cumbersome. Trokhymchuk and Alejandre [9],
and more recently de Miguel and Jackson [16], have clarified the importance of the additional force
due to the discontinuity of the truncated potentials at cutoff distance, which is crucial for inhomoge-
neous fluids, as it will be shown below, and must be included into the virial if the mechanical route
for calculating the pressure is used. The intermolecular force associated to the intermolecular inter-
action potential u(r) between two L] molecules separated a distance  is given by f = f(r)f, with
f(r) = —(du/dr) and  the unit vector between the interacting molecules. Since in Molecular Dy-
namics it is common to deal with systems in which forces are spherically truncated (but not shifted),
these are usually calculated as,

fr)y= foy(r) [1 —O(r— rc)] (9.14)

where fr;(r) = —(dur.s/dr) is the magnitude of the force associated to the intermolecular L] poten-
tial. As discussed by Trokhymchuk and Alejandre [9] and de Miguel and Jackson [16], f(r) defined
by Eq. (9.14) does not correspond to the force associated to an intermolecular potential spherically
truncated (but not shifted) defined by Eq. (9.10) (see Section 9.3). The right value of the force obtained
from Eq. (9.10) must be calculated as,

fr)y= frs(r) [1 —O(r— Tc)] +ucd(r —re) (9.15)

where u. = ur,j(rc) is the value of the L] potential energy at r = 7. and d(z) is the J-Dirac function.
The last term on the Eq. (9.15) represents the impulsive (attractive) force, which is by no means
negligible. de Miguel and Jackson [16] estimated that the impulsive force accounts for about 6% of
the contributions to the total pressure in a bulk L] liquid phase at p = 0.864 and 7" = 1.5 when a cutoff
distance of r. = 2.5 is used. However, as shown previously by Trokhymchuk and Alejandre [9], the
effect of neglecting the impulsive force has dramatic consequences on the structure of the microscopic
components of the pressure tensor profiles. Unfortunately, Trokhymchuk and Alejandre [9] only
considered one value of the cutoff distance (r. = 2.5) at one single temperature. Since we are studying
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Tabla 9.3: Normal macroscopic component of the pressure tensor calculated from the virial route, Py", and
surface tension calculated from integration given by Eq. (9.1), ", for a system of L] molecules at different
temperatures and using two different cutoff distances, r. = 2.5 and 3 (without LRC). Results presented here
correspond to simulation data in which forces are calculated using Eq. (9.14), i.e., the contribution to pressure
due to the impulsive force at = r. is neglected. All quantities are expressed in the reduced units defined in
Section 9.3. The errors are estimated as explained in the text. Uncertainties of surface tension calculated from
the virial route, v'"", are error estimates corresponding to the numerical calculation of the integral given by
Eq. (9.1).

T P]7</zr ,yvir

re =2.5 re =3.0 re=25 1r.=30
0.70  0.00240(3) 0.00214(7) 0.679(6) 0.801(5)
0.72 0.00331(2) 0.00265(12) 0.633(7) 0.769(5)
0.80 0.00753(2) 0.00614(23) 0.503(5) 0.616(5)
0.90 0.02055(12) 0.0164(3) 0.341(13) 0.437(5)
0.92  0.02360(8) 0.0188(3) 0.319(5) 0.415(4)
1.00 0.04132(10) 0.0328(3) 0.197(5) 0.287(4)
1.10 0.07362(2) 0.0602(6) 0.081(5) 0.146(3)

the effect of cutoff distance and the use of LRC on the components of pressure tensor, we analyze in
detail the structure of the pressure tensor profiles when the impulsive forces are not accounted for.

We now consider the same representative temperatures, 0.72 (low) and 1.0 (high), and study the
effect of the cutoff distance on the pressure tensor profiles when the impulsive force at r = r. is
neglected. Values of the normal macroscopic component of the pressure tensor and surface ten-
sion obtained from the virial route without the contribution due to the impulsive force, i.e., using
Eq. (9.14), are presented in Table 9.3. Fig. 9.4a shows the Py(z) and Pr(z) profiles as obtained from
NVT Monte Carlo simulations using two different cutoff distances, 7. = 2.5 and 3 (without LRC and
neglecting the impulsive contribution). We have also represented the results calculated including the
contribution to the components of the pressure tensor due to the impulsive force at » = .. As can
be seen in both cases (r. = 2.5 and 3), Py(z) does not show the correct behaviour along the interface
when Eq. (9.14) is used. The normal pressure profile, as obtained without the impulsive contribution,
is approximately correct and constant along the vapour phase. This is expected since the impulsive
contribution is negligible at very low densities. Unfortunately, the behaviour of the normal pressure
is completely wrong in the liquid region. In particular, the normal pressure is not constant and its
value is much higher than the true magnitude. Differences between the correct and wrong values
for Py(z) (along the liquid phase) obtained using r. = 2.5 are larger than those corresponding to the
case r. = 3. In particular, the difference between both values varies from 0.3 in the case of r. = 2.5 to
0.23 for r. = 3. This is also an expected result since the impulsive contribution is proportional to the
value of the potential energy at r = r_, a quantity that decreases as the cutoff distance is increased.

The use of Eq. (9.14) also introduces important nonphysical effects on the tangential pressure, as
can be seen in Fig. 9.4b. The characteristic peaks at the interfacial regions are less negative and its be-
haviour along the liquid slab is completely wrong. Differences between calculations obtained using
Egs. (9.14) and (9.15) decrease as the cutoff distance is larger, as previously explained. In particular,
the tangential pressure at the liquid phase passes from 0.3 to 0.2 when the cutoff distance increases.
Note also that the impulsive contribution is negligible in the vapour phase at this temperature.

Although one of the main goals of this work is to analyze the effect of cutoff distance and LRC
on the components of the pressure tensor, it is also interesting to combine the information obtained
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Continuous curves correspond to the results obtained using the correct expression for the intermolecular force

given by Eq. (9.15) and dashed curves to the results using the incorrect expression for the intermolecular forces
given by Eq. (9.14).
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previously to investigate from this perspective the physical consequences over the interfacial ten-
sion. Fig. 9.4c shows the difference between both components of the pressure tensor, Py (z) — Pr(z),
as a function of z for the systems considered, including the use of different cutoff distances and
Egs. (9.14) and (9.15). Surprisingly, calculations obtained from Eq. (9.14) are in qualitative agreement
with correct results. Why the structure of Py (z) — Pr(z) is qualitatively predicted using Eq. (9.14)?
Egs. (9.14) and (9.15) given similar results since the impulsive contribution is negligible at these den-
sities. Although Eq. (9.14) provides completely wrong results for Pr and Py in the liquid phase, the
calculations are self-consistent, i.e., Py(z) = Pr(z) in the bulk regions, including the liquid phase,
and hence Py (%) — Pr(z) =~ 0 in this region, giving the correct behaviour in the liquid slab. However,
Pr(z) and Py (%) are not calculated correctly in the interfacial region, and surface tension values ob-
tained using Eq. (9.14) are only qualitative. In particular, the calculations underestimate the correct
width and height of the peaks centered around the two vapour-liquid interfaces.

We have also analyzed the behaviour of both microscopic components of the pressure tensor
profile, as well as the difference between both components, at a higher temperature (7" = 1) using
Egs. (9.14) and (9.15). As can be seen in Fig. 9.5a, the results at high temperature are similar than
those obtained at the low temperature (7' = 0.72). The normal pressure along the vapour phase,
when Eq. (9.14) is used, is now clearly overestimated. This is a consequence of the increase of density
in the vapour phase as the system approaches to the critical point. Note that the contribution to the
pressure due to the impulsive force, which is negative (attractive contribution), is proportional to
urj(rc) and to the average number of molecular pairs located at distances r ~ r., or more precisely,
between r. and 7. 4+ Ar in the limit Ar — 0. The absence of the impulsive contribution produces less
attractions, increasing the pressure associated to the truncated force, as shown in Fig. 9.5a.

The case of Pr(z) is more complicated although the behaviour is qualitatively similar to that
found at 7' = 0.72. As can be seen in Fig. 9.5b, differences between 7. = 2.5 and 3 are larger than in
the previous case (in both cases). Although the shape of Pr, as a function of z, is similar to that found
at lower temperatures for the case r. = 3, the shape of Pr(z) for r. = 2.5 is more complex, including
a nonphysical structure at the interfaces due to the use of Eq. (9.14).

Finally, we have also represented the difference between the components of the pressure tensor,
as a function of z (Fig. 9.5¢). Pn(z) — Pr(z) exhibits the same behaviour than as low temperature
(I' = 0.72), with the positive peaks lower and wider. The difference between the maximum values
of the peaks using Egs. (9.14) and (9.15) are slightly larger than in the previous case (7" = 0.72), as
expected since the temperature considered is closer to the critical temperature of the system.

9.4.3 Density profiles and phase coexistence properties

Once we have analyzed the effect of cutoff distance and LRC on the pressure tensor components,
now we turn on the study of other interfacial and thermodynamic properties of the L] system. Fol-
lowing the same analysis and methodology than in our previous works [13,14,143-145], we consider
different cutoff distances and temperatures. The equilibrium density profiles p(z) are computed
from averages of the histogram of densities along the z direction over the production stage. The bulk
vapour and liquid densities are obtained by averaging p(z) over appropriate regions sufficiently re-
moved from the interfacial region. As we have mentioned previously, this procedure is meaningful
as far as the central liquid slab is thick enough. This turns out to be the case in our simulations,
including those performed at the higher temperatures. The bulk vapour density is obtained after



9. Effect of dispersive long-range corrections to the pressure tensor. The vapour-liquid interfacial
properties of the Lennard-Jones system revisited
The Journal of Chemical Physics 141, 184701 (2014) 111

averaging the density profiles on both sides of the liquid film. The statistical uncertainty of these
values is estimated from the standard deviation of the mean values. Following our previous works,
additional interfacial properties, such as the position of the Gibbs-dividing surface, 2o, and the 10—90
interfacial thickness, t, are obtained by fitting each of the two equilibrium density profiles to hyper-
bolic tangent functions [5] (see Eq. (3) of our previous work [13] for further details). We fix liquid, py,,
and vapour, py, densities to previously computed values and treat zy and ¢ as adjustable parameters.

Our simulation results for the bulk densities, components of the pressure tensor, surface tension,
and interfacial thickness for L] molecules interacting with the full potential are collected in Tables
9.2 and 9.4, respectively. A detail account for the results obtained for the normal component of
the pressure tensor, surface tension, and interfacial thickness for L] molecules with several cutoff
distances has been already presented in Table 9.1.

We show in Fig. 9.6a the density profiles p(z) for L] molecules using different cutoff distances at
T = 0.72. For the sake of clarity, we only present one half of the profiles corresponding to one of the
interfaces. Also for convenience, all density profiles have been shifted along z so as to place 2, at the
origin. As can be seen, the slope (in absolute value) of the density profiles in the interfacial region
increases as the cutoff distance is increased, making larger the jump in densities when passing from
the vapour to the liquid side of the interface. Consequently, the interfacial thickness decreases, an
expected result since the cohesive energy of the system is increased, as well as the surface tension,
since the cutoff distance is larger. The insets of Fig. 9.6a show the variation of the density profile close
to the region of the interface at which the bulk density is reached. As can be seen, relative differences
between the density profiles corresponding to a L] system with r. = 2.5 (without LRC) and 7. = 3
(with LRC) are larger close to the vapour phase (~ 46%) than to the liquid phase (~ 3%).

We have also analyzed the density profile of the system, using the same set of cutoff distances,
but now at a higher temperature, 7' = 1. As can be seen in Fig. 9.6b, the same qualitative behaviour is
observed, although the change in the slope at the interfacial region seems to be larger. The variation
of the profiles close to the region of the interface at which the bulk density is reached exhibits similar
increments (in absolute value) than as low temperatures.

Tabla 9.4: Liquid density, pr,, vapour density, py, normal macroscopic component of the pressure tensor
calculated from the virial route, P)*, normal and tangential macroscopic components of the pressure tensor
calculated from VP, P\'* and Py”, respectively, surface tension calculated from integration given by Eq. (9.1),
A" from VP, V%, and from TA, v7.4, and 10 — 90 interfacial thickness, ¢, at different temperatures for systems
of L] molecules with a cutoff distance r. = 2.5 with inhomogeneous LRC. All quantities are expressed in the
reduced units defined in Section 9.3. The errors are estimated as explained in the text. Uncertainties of surface
tension calculated from the virial route, 7°*", are error estimates corresponding to the numerical calculation of

the integral given by Eq. (9.1).

T oL % PR ry” ppr AV Vr ITA t
070 0.8408(18) 0.00190(14) 0.001301(13) 0.0013(6) -0.0446(6) 1174(14) 1.161() L161(d)  1.721(3)
072 0.8328(12) 0.00255(13) 0.001781(14) 0.0015(7) -0.0419(7) 1.129(10) 1.121(5) 1.1194)  1.793(5)
080 0.7985(12)  0.0058(5)  0.00444(5  0.0043(7) -0.0309(7) 0.946(12) 0941(6) 0940(3)  2.098(7)
090 07530(19) 00153(5)  001244(4)  00132(9) -0.01249) 0.730(10) 07218) 07232)  2.576(14)
092 0.7434(15)  0.0162(8)  001328(8)  0.0142(9) -0.0096(9) 0.689(10) 0.684(8)  0.685(2)  2.7101(23)
100 07021(12)  0.029409)  0.02500(10) 0.0256(5) 0.0083(5) 0.528(14) 0.524(5) 05252)  3.227(16)
110 0.6417(15)  0.0534(20)  0.04543(10)  0.0454(5) 0.0357(5) 0332(12) 0.324(5) 0.3244(19)  4.326(15)
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Figura 9.6:  Simulated equilibrium density profiles across the vapour-liquid interface of spherical L]
molecules using cutoff distances . = 2.5 (black), 3 (red), 4 (light green), 5 (blue), 2.5 with inhomogeneous
LRC (orange), and 3 with inhomogeneous LRC (dark green) at " = 0.72 (a) and 1.00 (b). The top and bottom
insets in both parts correspond to the near-vapour and near-liquid interfacial region, respectively.
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As in our previous works [13, 14,143-145], it is also useful to estimate the location of the critical
point resulting from our direct Monte Carlo simulations. The critical temperature T and density p,.
are obtained using the simulation results for the vapour and liquid coexistence densities (Table 9.4)
and the scaling relation for the width of the coexistence curve,

pL—pv = AT -T.)" (9.16)
and the law of rectilinear diameters
'OL;"V —B+CT. 9.17)

A, B, and C are constants, and f is the corresponding critical exponent. A universal value of § =
0.325 is assumed here. [5] In Table 9.5 we report the values of the critical temperatures and densities
as obtained from this procedure for all the systems studied in this work.

Tabla 9.5: fCritical temperature and density for L] molecules with different cutoff distances r. (and also
using LRC) from the analysis of the coexistence densities using Eqgs. (9.16) and (9.17), and Scritical temperature
obtained from the analysis of the computed surface tension data using Eq. (9.19) and fixing the critical point to
p = 1.258. All quantities are expressed in the reduced units defined in Sec. IIL

Te Pl Tc]L Tc§

2.5 0.314(9) 1.190(7) 1.194(10)
3 0.311(10)  1.234(8) 1.241(9)
4 0.310(10)  1.271(9) 1.277(9)
5 0.310(14) 1.283(13) 1.299(10)

2.5+ LRC 0.310(12) 1.305(12) 1.330(9)
3+LRC  0.308(12) 1.291(11) 1.322(11)

The vapour-liquid density profiles of L] molecules with a cutoff distance r. = 3 and LRC are
depicted in Fig. 9.7. We have also obtained all the profiles using a slightly lower cutoff distance,
re = 2.5, in combination with the LRC presented Section 9.2. This allows to estimate the effect of
the cutoff distance used in determining the interfacial properties of the full intermolecular potential.
As seen in Fig. 9.7, the effect of decreasing the cutoff distance on the density profiles is really very
small, especially at low temperatures. Larger differences between profiles calculated using r. = 3
and 2.5 occur at the (vapour and liquid) bulk sides at the highest temperature (" = 1.1). Profile
obtained using r. = 2.5 predicts a slightly higher liquid density with respect to that obtained using
re = 3 (0.6418(15) and 0.6362(8), respectively) and a lower vapour density (0.0534(7) and 0.0533(3),
respectively). In all cases, relative differences are below 1% and within the statistical uncertainties of
the simulations (see Tables 9.4 and 9.2 for further details).

The vapour-liquid phase envelopes of L] molecules with r. = 2.5, 3, 4, and 5, and using r. =
2.5 and 3 with inhomogeneous LRC are depicted in Fig. 9.8. As can be seen, the phase envelope
becomes wider as the cutoff distance is increased. As 7. grows, predictions are closer to the limiting
case corresponding to the full potential, which corresponds to the use of a cutoff (r. = 2.5 and 3)
with LRC. As in the case of Fig. 9.6, although results corresponding to calculations performed using
r. = 2.5 and 3 with LRC are compatible, simulation data seem to indicate a small dependence of the
coexistence liquid density with the cutoff distance. This result indicates that the main approximation
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p(2)

10

Figura 9.7:  Simulated equilibrium density profiles across the vapour-liquid interface of spherical L]
molecules using cutoff distances 7. = 2.5 (dashed red curves) and 3 (continuous blue curves) with inho-
mogeneous LRC. From top to bottom (in the liquid region): T' = 0.70, 0.72, 0.80, 0.90, 0.92, 1.0, and 1.1. Inset
corresponds to the enlargement of the liquid region.

of the Janecek’s methodology, i.e., the distribution of particles separated beyond 7. is uniform, works
slightly better for r. = 3 than r. = 2.5. A possible qualitative explanation of this behaviour may be
given taken into account the shape of the radial distribution function at liquid density. This function
exhibits a minimum at r. = 2.5 and a maximum at r. = 3. Since the use of LRC implies a uniform
particle distribution for r > r., this approximation leads to a more attractive system in the case of
r. = 2.5 and a more volatile for 7. = 3. This results in lower liquid and higher vapour coexistence
densities, as it is observed in Fig. 9.7.

In order to check the consistency of our results, we have compared the predictions obtained from
NVT MC simulations of this work with previous results obtained by several authors using differ-
ent Monte Carlo and Molecular Dynamics techniques, including grand-canonical transition-matrix
Monte Carlo in combination with histogram re-weighting and direct coexistence [9,11,15,139]. As
can be seen in Fig. 9.8, results obtained in this work are in excellent agreement with all the data
taken from the literature in all cases. In addition to that, Fig. 9.8 also shows a good agreement be-
tween critical temperatures and densities obtained here and those taken from the literature. Critical
data obtained from simulation in this work from vapour-liquid coexistence data and surface tension
analysis are presented in Table 9.5.

Since the vapour pressure of the system is equal to the normal component of the pressure tensor,
we have represented the vapour pressure, as a function of temperature, in Fig. 9.9. In particular,
we have analyzed the effect of the cutoff distance on the vapour pressure. In addition to that, we
have included the data corresponding to the 7. = 2.5 and 3 with LRC. We have also compared our
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Figura 9.8: Vapour-liquid coexistence densities for spherical L] molecules using different cutoff distances.
The open black circles (r. = 2.5), open red squares (r. = 3), open light green diamonds (r. = 4), open blue
triangles up (r. = 5), open orange triangles left (r. = 2.5 with inhomogeneous LRC), and open dark green
triangles down (r. = 3 with inhomogeneous LRC) correspond to the coexistence densities obtained from
MC NVT simulations for spherical molecules with different values of r.. The filled black circles (r. = 2.5)
and filled blue triangles up (r. = 5.5) correspond to the coexistence densities obtained by Trokhymchuk and
Alejandre [9], and the filled orange triangles left to those obtained by Janecek [15]. Symbols at the highest
temperatures for each of the coexistence curves represent critical points estimated from Egs. (9.16) and (9.17)
and those taken from Refs. [9,15]. The curves represent the fits of the simulation data to the scaling relation
for the width of the coexistence curve and the law of rectilinear diameters given by Egs. (9.16) and (9.17),
respectively.

results with simulation data taken from the work of Trokhymchuk and Alejandre [9] for several cutoff
distances. As can be seen, the main effect of increasing the cutoff distance is to decrease the vapour
pressure of the system. This is the expected behaviour since as the cutoff distance increases, more
attractions are account for in the system, and the vapour pressure decreases. Agreement between
results obtained in this work and simulation data taken from the literature is excellent in all cases.

9.4.4 Interfacial thickness

Another interesting property obtained from our analysis is the 10 — 90 interfacial thickness (cf.
Tables 9.4, 9.2, and 9.1). For a given cutoff distance, ¢ is seen to increase with temperature, which
simply reflects the fact that the interfacial region gets correspondingly wider, in agreement with our
previous results, as can be observed in Fig. 9.10. At low temperatures the density profiles exhibit a
sharp interface, which corresponds to a low value of the interfacial thickness. As the temperature
is increased towards the critical value, the interfacial region becomes wider, and hence, the value
of the interfacial thickness increases and diverges to infinity as 7' — T.. The variation of interfacial
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Figura 9.9: Vapour pressure, as a function of temperature, for spherical L] molecules using different cutoff
distances. The open symbols correspond to the normal microscopic component of the pressure tensor averaged
along the vapour phase (taken from Tables 9.4, 9.2, and 9.1) obtained from MC NVT simulations for spherical
molecules with different values of r.. The meaning of the symbols are the same is in Fig. 9.8. The continuous
curves correspond to Clausius-Clapeyron equation fitted to the vapour pressure data. Symbols at the highest
temperatures for each of the vapour pressure curves represent critical points estimated from Egs. (9.16) and
(9.17) (critical temperatures) and the Clausius-Clapeyron equation (critical pressures).

thickness with temperature for different cutoff distances is illustrated in Fig. 9.10. We have also
included the results corresponding to the full potential. We have compared our predictions with
MC simulation results obtained by Janecek [15] using LRC. As can be seen, agreement between both
results is excellent in the whole range of temperatures studied. According to the figure, increasing
the cutoff distance results in a decrease of the thickness of the interface at fixed temperature, which
is consistent with the fact that the systems with larger cutoff distances have a larger cohesive energy.
This behaviour is consistent with that found for the shape of the vapour-liquid phase envelopes.

9.4.5 Surface tension

Finally, we have calculated the vapour-liquid surface tension of L] molecules using several cutoff
distances without LRC, as well as using the full potential. In particular, we have determined the
surface tension using its mechanical definition that involves the integration of the difference between
the tangential and normal microscopic components of the pressure tensor profiles, as obtained from
the IK methodology, along the simulation box according to Eq. (9.1). In addition to that, we have
also determined the surface tension using two perturbative approaches: the Test-Area (TA) method
of Gloor et al. [4] and the VP technique of de Miguel and Jackson [16]. In first case, the surface tension
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Figura 9.10: The 10 — 90 interfacial thickness as a function of the temperature for spherical L] molecules
using different cutoff distances. The meaning of the open symbols are the same as in Fig. 9.8. The filled orange
triangles left correspond to the interfacial thickness obtained MC NVT simulations of spherical L] molecules
with 7. = 2.5 with inhomogeneous LRC obtained by Janecek [15]. The curves are included as a guide to eyes.

is determined performing virtual area perturbations of a (small) magnitude during the course of the
simulation at constant volume. In the second case, the surface tension is determined in two steps. In
the first step, the normal and tangential macroscopic components of the pressure tensor, Py and Pr,
are calculated from their thermodynamic definitions as proposed by de Miguel and Jackson [16]. In
the second step, the surface tension + is obtained from the relationship (see Eq. (21) of the work of de
Miguel and Jackson [16]),

v = Lz(Py — Pr) (9.18)

Here L, is the simulation length along the z-axis. Note that Eq. (9.18) can be viewed as the macro-
scopic version of Eq. (9.1). As in the case of the microscopic definition, since there exist two vapour-
liquid interfaces, the true value associated to a single interface is half of the value obtained from
Eq. (9.18).

The calculation of the surface tension through three different but complementary routes allows
to compare the results obtained from the mechanical and thermodynamic methods. This is another
convincing test for consistency for the inhomogeneous LRC presented in Section 9.2. Note that simi-
lar consistent results have been found in previous applications of the method for calculating the total
potential energy of the system [14, 143-145].

The temperature dependence of the surface tension for L] molecules using different cutoff dis-
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Figura 9.11: Surface tension as a function of the temperature for spherical L] molecules using cutoff dis-
tances . = 2.5 (black), 3 (red), 4 (light green), 5 (blue), 2.5 with inhomogeneous LRC (orange), and 3 with
inhomogeneous LRC (dark green). Different symbols represent the surface tension obtained from MC NVT'
simulations for spherical molecules using the mechanical route of Irving and Kirkwood [62] (open circles),
the VP method of de Miguel and Jackson [16] (open squares), and the TA technique [4] (crosses). The filled
black circles (r, = 2.5) and filled blue triangles up (r. = 5.5) correspond to the surface tension obtained by
Trokhymchuk and Alejandre [9] using the mechanical route, the filled orange circles to the MC simulation data
by Janecek [15], and the filled magenta left triangles to those obtained by Shen ef al. [139]. The curves represent
the fits of the simulation data to the scaling relationship of the surface tension near the critical point given by
Eq. (9.19) with 1 = 1.258.

tances is shown in Fig. 9.11. We have also included the results corresponding to the full potential. The
results are also compared with simulation data taken from the literature for the L] system with differ-
ent cutoff distances and using the original Janecek’s methodology [9,11,15,139]. Agreement between
our simulations and data taken from the literature are in excellent agreement in all cases, demon-
strating that the methodology proposed in Section 9.2 is consistent with the original formulation of
Janecek. As can be seen, at any given temperature, the interfacial tension is larger for molecules with
larger cutoff distance. Once again, this is consistent with the larger cohesive energy in systems con-
sisting of molecules in which attractive interactions are longer. As can be seen from Fig. 9.11, a nearly
linear behaviour is found for the range of temperatures considered here, with a slight curvature close
to the critical point for each system.

A comparison between the surface tension values obtained using r. = 2.5 and 3 in combination
with LRC reveals a tiny dependence with the value of the cutoff distance used. Although differences
between both results are really small (see Tables 9.2 and 9.4 for comparison), deviations seem to be
systematic and larger than the estimated errors, especially at temperatures 7' 2 0.90, indicating that
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the main approximation of the Jane¢ek’s method works slightly better for the case r. = 3.

The computed values of the surface tension allow us to obtain an independent estimate of the
critical temperature for each cutoff used from the scaling relation

Y= 1-T/T)" , (9.19)

where 7 is the surface tension at temperature T, 7y is the "zero-temperature” surface tension, y is the
corresponding critical exponent, and 7, is the critical temperature. Here, we fix 1 to the universal
value of u = 1.258 as obtained from renormalization-group theory. [5] Our estimates for the criti-
cal temperatures are collected in Table 9.5. The overall agreement between these values and those
obtained from an analysis of the coexistence densities is satisfactory.

9.5 Conclusion

We have proposed an improved version of the Jane¢ek methodology to evaluate the contribution
to the microscopic components of the pressure tensor due to the dispersive inhomogeneous LRC of
spherical L] fluid. This improved technique allows to determine the contribution as an effective pair-
wise virial, without need of the explicit calculation of the current density profile along the simulation.
In order to assess the accuracy of the method proposed, we have determined the interfacial proper-
ties of the vapour-liquid interface of spherical L] molecules with different spherically truncated (but
not shifted) distances, r. = 2.5, 3, 4, and 50. In addition to that, we have also obtained the same
properties using cutoff distances r. = 2.5 and 30 in combination with the improved version of the
inhomogeneous LRC of Janecek proposed in this work.

We use Monte Carlo NVT simulations of the inhomogeneous system containing two vapour-
liquid interfaces. The normal and tangential microscopic components of the pressure tensor are eval-
uated using the mechanical or virial route in combination with the recipe of Irving and Kirkwood.
We have also determined the macroscopic components of the pressure tensor using the alternative
VP method of de Miguel and Jackson. In addition to that, the vapour-liquid surface tension has been
evaluated using three different but equivalent procedures, the integration of the difference between
the microscopic components of the pressure tensor following the mechanical route, the difference
of the macroscopic components obtained from the thermodynamic perturbative method, and finally
the well-known TA approach. We have examined the density profiles, interfacial thickness, and sur-
face tension in terms of the temperature and the cutoff distance of the intermolecular potential. In
addition, we have also calculated the coexistence phase envelope, including the location of the crit-
ical point from an analysis of the density profiles and the surface tension, and the vapour pressure.
Results obtained in this work are in excellent agreement with simulation data taken from literature
in all cases, confirming the adequacy of the methodology for calculating the inhomogeneous LRC.

The effect of the cutoff distance . on the microscopic and macroscopic components of the pressure
tensor, surface tension, density profiles, and interfacial thickness, as well as other thermodynamic
properties associated to the vapour-liquid equilibrium, such as the coexistence densities, vapour
pressure, and critical temperature and density has been investigated. The normal macroscopic and
microscopic components of the pressure tensor decrease and the peak of the microscopic component
of the pressure tensor associated to the interface becomes more negative as the cutoff distance is
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increased, approaching to the full potential limit when the inhomogeneous LRC for the intermolec-
ular potential and virial are used. The vapour-liquid interface is seen to sharpen with increasing the
cutoff distance corresponding to an increase in the width of the coexistence phase envelope, and an
accompanying increase in the surface tension. This is a direct consequence of the cohesive energy of
the system, that increases when larger cutoff distances or inhomogeneous LRC are used.

Finally, we have also checked the effect of the impulsive contribution to the pressure due to the
discontinuity of the intermolecular interaction potential when is cut (but not shifted) at r.. If this
contribution is not accounted for in the calculation of the microscopic components of the pressure
tensor, incorrect values of both components as well as a wrong structure along the vapour-liquid
interface are obtained. This effect is more important for short cutoff distances, an expected result
since the jump at r is larger.
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9.6 Supplementary material of the article: long-range corrections for the
pressure tensor of spherical systems

The instantaneous pressure P for a system of N particles in a volume V' is appropriately defined
as,

11 1
iPZV(S;miVi'Vi-F:g;ri'fi) (9.20)

where m; is the mass, r; the position, v; the velocity, and f; the force acting on particle i. Assuming
that there are not external forces acting on the system, the only contribution to the forces arises from
the intermolecular interactions.

The macroscopic pressure can be obtained from Eq. (9.20) by performing a time or statistical aver-
age over the appropriate ensemble. In the case of systems that interact through pairwise interactions,
the macroscopic pressure can be written explicitly as,

1 N-1 N
P = (pkpT) + <3V DI TE f> (9.21)

i=1 j=it+1
where p = N/V is the number density, kg is Boltzmann constant, 7" is the temperature, r;; is the
intermolecular vector between a molecular pair, and f;; is the corresponding intermolecular force.

It is possible to generalize the definitions of the instantaneous and macroscopic pressures given
by Egs. (9.20) and (9.21) for inhomogeneous systems. In this case, the pressure is no longer a scalar
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magnitude but a tensorial property. A suitable definition for the microscopic components of the
pressure tensor Pz is,

N N
Pap = % (Z miviv; + Z rf‘ff) (9:22)
i=1 i=1

where v;* and viﬁ are the a and 3 components of the velocity v;, respectively, 7j* is the o component
of the position r;, and ff is the 3 component of the force acting on particle 4, f;. Similar to the case
for the (bulk) instantaneous pressure, the components of the pressure tensor can be written in terms
of the intermolecular forces between molecular pairs,

1 N N—-1 N
rs = (Tt 4 33 misd)
=1

i=1 j=i+1
1 N 1 N N

= 5 (Z mivfv] + o SN f£> (9.23)
i=1 i=1 j=1
(i#i)

where 7} is the o component of the intermolecular vector r;; = r; — r; and fg- is the 5 component of
the intermolecular force f;;. Note that for convenience the pairwise summation over indexes i and j
is expressed as a double sum using the same indexes (with the restriction ¢ # j to avoid nonphysical
self-contributions terms to the pressure) and the factor 1/2 to not include mutual interactions twice.

As in the case of Eq. (9.20), the first term on the right-hand side of the previous equation is the
kinetic (ideal gas) contribution and the second term represents the residual contribution arising from
the intermolecular interactions. This last term can be related easily with the well-known microscopic
virial tensor V3,

TR
Vap = 5 SoS Tt (9.24)
i=1 j=1
(3#9)
Hence, the microscopic pressure tensor can be then written as the kinetic (ideal gas) and the virial
contributions as,

N
1
Pas = 77 (Z mivivl + vaﬁ) (9.25)

=1

The macroscopic components of the pressure tensor can be obtained from Eq. (9.25) in a simi-
lar way as the bulk pressure, i.e., by performing a time or statistical average over the appropriate

1N s 1
Paﬁ = VZTTLZUZ vy )+ V\?a@
i=1

1
Vv

ensemble,

= <pkBT5a5> + =1Ilup (9.26)
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where I3 are the macroscopic components of the virial tensor as obtained averaging over the ap-
propriate ensemble the microscopic components V3.

The only non-zero components of the pressure tensor in a system that exhibits a planar vapor-
liquid interface are the normal and tangential components of the pressure tensor. In addition to
that, the normal component of the pressure tensor is constant and equal to the vapor pressure of the
system, and the tangent components of the pressure tensor depend on the position along the direction
perpendicular to the interface (with respect to an arbitrary origin). If we choose arbitrarily the z-axis
as the direction along which the simulation box exhibits its inhomogeneity, the normal component,
P, ., and the tangential components, P,, = P,,(z) and Py, = P,,(2), are the relevant components, as
well as the normal, I1.., and the tangential, IT,,, = II,,(z) and II,,, = II,;, (%), components of the virial
tensor.

Let be I, an arbitrary diagonal component of the virial tensor, with o = z,y in the case of the
tangential components, and a = z in the case of the normal component. II,, may be written as

N TR
Mo = <Zr?ff“>= <2§j > J> 927)
i=1 i=1 j=1

(3#9)

During a simulation, the potential energy of a particle is usually split into two contributions: one
arising from the interaction of molecule 7 with all molecules inside a sphere of radius () centered
at this molecule, and a second term that corresponds to the interaction between the molecule i and
the rest of molecules forming the system (i.e., all the molecules located outside the cutoff sphere). In
the same way, the value of the aa component of the virial tensor can be expressed as a part due to
the direct interactions and a sum of LRC depending on the z-coordinates of molecules forming the
system

N
1 1
M0 = IEUT 4 TILRC — <2 > rf;ff]‘> +5 > TLRC(z) (9.28)

&l =1

N
=1 j

The first term of the right-hand side of Eq. (9.28), TISUT, accounts for the components of the virial

ax /7

tensor due to the interactions between particles located inside the cutoff 7«9, and the second term,
[ILRC

ax /7
() is the so-called cutoff distance of particle i, the notation j € (") denotes all the particles j located
inside the cutoff sphere centered at the position of particle 4, and TI-R¢(z;) represents the LRC term
to the aav component of the virial tensor due to forces acting on particle ¢ located at position z;. Since
all molecules have the same cutoff distance, (") is constant, 7"/ = r.. Note that the second term on

the right-hand side of the previous equation contains a 1/2 factor that is not present in Eq. (19) of
the original paper of Janecek [6]. This numerical factor, to not include mutual interactions twice, is

is the contribution to the components of the virial tensor due to the long-range interactions.

implicitly taken into account by Janecek in Egs. (21) and (22) of its original work [6].

In the original Janecek’s methodology, the simulation box is divided into strips parallel to the
zy-plane (and to the planar interface) of width Az, in such a way that the number density of the
system p(z) is considered to be approximately constant inside of each of them. Here we have chosen
arbitrarily the z-axis as the direction along which the simulation box exhibits its inhomogeneity. If
one assumes that the pair correlation function between two particles separated beyond the cutoff
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distance is equal to one, i.e., the distribution of particles separated a distance r;; > r. is uniform, the
aa component of the virial tensor at position z; associated to the long-range forces with the rest of
the system is given by [6],

TERC(2) = <ijwm<|zi - zk|>p<zk>Az> (9.29)
k=1

where p(z;) is the density of the system in the slab of width Az and centered at zj, the index k
runs for all the n, slabs in which the simulation box is divided along the z-axis, and 7aa (|2 — 2%|)
accounts for the ca component of the virial tensor due to the LRC interactions between the particle
i at position z; and all the particles located inside the slab centered at zj. The particular expressions
for maa(]2i — 2;|) depends on the choice of the intermolecular potential of the system. In the original
Janecek’s method, applicable for molecules interacting through the Lennard-Jones intermolecular
potential, the functions 7, (&) are given by

5 Te 2 Te

Taa(2) = Tyy(§) = (9.30)

B 12 6
el $(2) -5 (D]

and

[/ o\ 12 o\ 6

w<|(2) - (%)
Te Te

[/ 5\ 12 o\ 6
8mee? <> - <> §>re

\¢ ¢
Egs. (9.28)—(9.31) constitute the original Janecek’s method for estimating the components of the virial
tensor due to LRC. Although this method allows to calculate very accurately the components of the
virial tensor (and also the components of the pressure tensor), including the contributions due to
the LRC of a Lennard-Jones system that exhibits a planar interface, it has several drawbacks. The
most important one is the calculation of the density profile on the fly, i.e., it is necessary to have the
instantaneous density profile every step for being used in Eq. (9.29) and hence, to be able to calculate
the tail corrections at each Monte Carlo step. Unfortunately, this makes the procedure cumbersome,

especially in the case of molecular fluids [7], and also complicates the programming since the density
profile must be updated each Monte Carlo step.
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We determine the interfacial properties of mixtures of spherical Lennard-Jones molecules from di-
rect simulation of the vapor-liquid interface. We consider mixtures with the same molecular size but
different dispersive energy parameter values. We use the extensions of the improved version of the
inhomogeneous long-range corrections of Janecek [J. Janecek, J. Phys. Chem. B 129, 6264 (2006)], pre-
sented recently by MacDowell and Blas [L. G. MacDowell and E. J. Blas, J. Chem. Phys. 131, 074705
(2009)] and Martinez-Ruiz et al. [F. ]J. Martinez-Ruiz, F. ]J. Blas, B. Mendiboure, and A. 1. Moreno-
Ventas Bravo, |. Chem. Phys. 141, 184701 (2014)], to deal with the interaction energy and microscopic
components of the pressure tensor. We have performed Monte Carlo simulations in the canonical
ensemble to obtain the interfacial properties of mixtures of Lennard-Jones molecules with a cutoff
distances r. = 30 in combination with the inhomogeneous long-range corrections. The pressure ten-
sor is obtained using the mechanical (virial) and thermodynamic route. The vapour-liquid interfacial
tension is also evaluated using three different procedures, the Irving-Kirkwood method, the differ-
ence between the macroscopic components of the pressure tensor, and the Test-Area methodology.
This allows to check the validity of the recent extensions presented to deal with the contributions
due to long-range corrections for intermolecular energy and pressure tensor in the case of binary
mixtures. In addition to the pressure tensor and the surface tension, we also obtain density pro-
files, coexistence densities, and interfacial thickness as functions of pressure, at a given temperature.
According to our results, the main effect of increasing the ratio between the dispersive energy param-
eters of the mixture, ez2/€11, is to sharpen the vapour-liquid interface and to increase the width of the
biphasic coexistence region. Particularly interesting is the presence of a relative maximum in the
density profiles of the less volatile component at the interface. This maximum is related with adsorp-
tion or accumulation of these molecules at the interface, a direct consequence of stronger attractive
interactions between these molecules in comparison with the rest of intermolecular interactions. In
addition to that, the interfacial thickness decreases, the width of the tangential microscopic compo-
nent of the pressure tensor profile increases, and the surface tension increases as €22 /€11 is larger.
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10.1 Introduction

Fluid-fluid interfaces have fascinated scientifics since the time of Laplace and Young [5]. More re-
cently, interfacial properties, and particularly interfacial tension, have been routinely determined for
many computer simulation researchers of the liquid-state community. However, the application of
theories of inhomogeneous systems, and especially computer simulation, to fluids mixtures is far less
common. Knowledge of interfacial properties of mixtures is essential in a large number of scientific
and engineering fields, including nucleation or dynamics of phase transition, among many others.
From a formal point of view, understanding how miscroscopic parameters (for instance, molecular
size and dispersive energy interactions) determine the thermodynamic and structural behaviour of
mixtures near interfaces is one of the classical problems in applied Statistical Mechanics and com-
puter simulation.

Surface tension is probably the most challenging property to be determined and predicting using
molecular-based theories and simulation techniques. Despite the number of studies carried out since
computer simulation is used routinely for determining the properties of a molecular model, the cal-
culation of surface tension is still a subtle problem. The ambiguity in the definition of the microscopic
components of the pressure tensor [4,73], the finite size effects due to capillary waves [119,120], or
the difficulty for the calculation of the dispersive long-range corrections (LRC) associated to the in-
termolecular interactions [14, 15], make the calculation of surface tension a difficult and non-trivial
problem.

The usual procedure to the evaluation of the fluid-fluid interfacial tension in a molecular sim-
ulation involves the determination of the microscopic components of the pressure tensor through
the well-known mechanical or virial route. This route states that surface tension of a planar fluid-
fluid interface can be readily obtained from the integration of the difference between the normal and
tangential microscopic components of the pressure tensor profiles along the interface. This method
generally involves an ensemble average of the virial of Clausius according to the recipes of Irving
and Kirkwood [62]. Although the mechanical route is an appropriate technique for determining the
surface tension, a number of alternative methods have been proposed during the last years to calcu-
late, not only the interfacial tension, but also for the components of the pressure tensor, without the
need of evaluate the virial.

These new methods can be viewed as a collection of effective and elegant techniques based on the
thermodynamic definition of surface tension and tensore pressure. The first one can be understood as
the change in free energy when the interfacial area is changed, at constant volumen and temperature.
The second one, can be expressed as the change in free energy when the volume of the system is
changed along any direction, keeping constant the other two dimensions. Examples of these methods
are the Test-Area (TA) technique of Gloor et al. [4], the Volume Perturbation (VP) method of de Miguel
and Jackson [16,50,51], the Wandering Interface Method (WIM), introduced by MacDowell and Bryk
[10], and the use of the Expanded Ensemble (EE), based on the original work of Lyuvartsev et al.
[87], for calculating the surface tension proposed independently by Errington and Kofke [11] and de
Miguel [12]. These methods are becoming very popular and are being used routinely to determine
the vapour-liquid interfacial properties of different potential model fluids [13,14, 65,75,76,83,89,92,
96,97,113,126-134,142].

As mentioned previously, one of the major difficulties encountered in the simulation of inhomo-
geneous systems by molecular simulation is the truncation of the intermolecular potential. Although
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for homogeneous systems this issue is easily solved by including the well-known homogeneous
LRC [2,3], the situation is much more complicated in the case of fluid-fluid interfaces, and in general,
in inhomogeneous systems. Fortunately, this problem seems to solved satisfactorily recently in cases
in which the system exhibits planar symmetry. Different authors have contributed to the establish-
ment of appropriate and standard inhomogeneous LRC, including Blokhius [135], Mecke [38, 79],
Daoulas [136], Guo and Lu [137], and finally, Janecek [15,138], and the recent improved methods
proposed by MacDowell and Blas [14], de Gregorio et al. [133], and Martinez-Ruiz et al. [142]

The goal of this work is to determine the vapor-liquid interfacial properties of mixtures of spher-
ical L] molecules with the same molecular size but different dispersive energy parameters. In partic-
ular, we focus on the effect of the dispersive energy ratio on different interfacial properties, including
density profiles, normal and tangential microscopic components of the pressure tensor profiles, and
surface tension. In addition to that, we also analyze the effect of the dispersive energy ratio on other
thermodynamics properties, such as coexistence density and pressure-composition slices of the phase
diagram. In all cases, we use the improved versions of the inhomogenenous LRC of Janecek [15] re-
cently proposed by MacDowell and Blas [14] for the intermolecular energy and Martinez-Ruiz et
al. [142] for the microscopic components of the pressure tensor. In order to check the effectiveness of
these methods in the case of mixtures, we also determine the surface tension and the components of
the pressure tensor using two different perturbative methods, the TA technique and the VP method-
ology. This allows to obtain independent results and compare our predictions with simulation data
taken from the literature. To our knowledge, this is the first time the surface tension and components
of the pressure tensor of mixtures of L] spheres are calculated using perturbative methods in both
cases and taking into account the LRC associated to the intermocular potential and components of
the pressure tensor.

The rest of the paper is organized as follows. In Section 10.2 we present the model and simulation
details of this work. Results obtained are discussed in Section 10.3. Finally, in Section 10.4 we present
the main conclusions.

10.2 Model and simulation details

We consider binary mixtures of spherical L] molecules characterized by diameters o;; and disper-
sive energies ¢;;, where index 7 denotes component i. The interaction potential between two different
molecules of species i and j is given by,

12 6
ul () = e !(”ﬂ) - (%) ] 10.0)

where 7 is the distance between two molecules, and o;; and ¢;; are the intermolecular parameters
(size and dispersive energy) associated to the interaction between molecules of type i and j. In this
work, we use the well-known Lorentz-Berthelot combining rules for unlike dispersive interactions,

O + Ojj

5 (10.2)

Oij =

and
Eij = (En’Ejj)l/Q (103)
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During the simulation, we use a potential spherically truncated (but not shifted) at a cutoff distance
r¢, defined by,

L
uij(r) = uly’ (r) [L = ©(r —r)] = { u”o(r) :: i :z ; (10.4)

where O(z) is the Heaviside step function. Note that since we restrict our study to binary mixtures
with the same size, 011 = 099 = 012, we also use the same cutoff distance .. for all the interactions.

We examine mixtures interacting with this spherically truncated potential model with cutoff dis-
tance r. = 30 and several interaction dispersive parameter values ez /€11. Standard homogeneous
LRC to the intermolecular interaction energy and pressure [3] are used in N PT simulations of bulk
phases. In addition to that, inhomogeneous LRC using the MacDowell and Blas [14, 144] methodol-
ogy for the intermolecular potential energy and the recipe presented in our recent paper [142], based
on the Janecek’s method [15,138], for the evaluation of the LRC for the components of the pressure
tensor. Results obtained using these LRC are equivalent to use the full potential or a potential with
infinite truncation distance.

The number of molecules, N, used in the simulations performed in this work for studying the
vapour-liquid interface of mixtures of L] molecules varied from N = 2150, for the lowest pressure
considered (P* = Po‘;’1 /€11 = 0.06), to N = 2750, for the highest pressure analyzed (P* = PU:{’1 /€11 =
0.16). Note that it is not possible to have systems with the same total number of molecules and with
the same interfacial area since we are dealing with binary mixtures in which composition must be
taken into account. Whereas the initial setup for simulations of vapour-liquid interfaces for pure
systems is relatively easy, the initial configuration of a vapour-liquid interface involving binary mix-
tures is a delicate issue. To obtain the initial interfacial simulations boxes at different pressures, we
tirstly use the well-known Soft-SAFT approach, based on Wertheim’s Thermodynamic Perturbation
Theory [17-20], and developed by one of us [21,22], to calculate the complete phase diagrams of
the mixtures to be studied. This allows to have an initial precise picture of the coexistence envelope
of the system at thermodynamic conditions at which the simulations are performed. In particular,
initial densities and compositions of each component of the mixture in both, the vapour and liquid
phases, are obtained using the Soft-SAFT approach for the mixtures considered in this work.

Simulations are performed in two steps. In the first step, homogeneous liquid and vapour sys-
tems, at a given temperature and pressure, are equilibrated in a rectangular simulation box of di-
mensions L, = L, = 100, and varying L.. Box length measured along the z-axis is chosen in such
a way that the corresponding densities match the predictions obtained from the Soft-SAFT approach
at temperature and pressure selected. In addition to that, the particular number of molecules of each
species, in both liquid and vapour phases, are also selected according to the SAFT predictions. Both
simulation boxes (liquid and vapour phases) are equilibrated at the same temperature and pressure
using an /NPT ensemble in which L, and L, are kept constant and only L. is varied along the sim-
ulation. NPT simulations of homogeneous phases are organized by cycles. A cycle is definied as N
trial moves (displacement of the center of mass) and an attempt to change the box length along the
z-axis (L;). The magnitude of the appropriate displacement is adjusted so as to get an acceptance
rate of 30 % approximately. We use periodic boundary conditions and minimum image convention
in all three directions of the simulation box. In addition to that, homogeneous LRC corrections to the
intermolecular energy and pressure are also used [3].

In a second step, the interfacial simulation box is prepared leaving the previous homogeneous
liquid phase at the center of the new box with the same homogeneous vapour phase boxes of equal
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size previously prepared at each side. Since L, and L, (A = L,L,, i.e., the interfacial area) is the
same for all homogeneous phases, it is always posible to build up the interfacial simulation box as
explained here. The final overall dimensions of the vapour-liquid-vapour simulation box are there-
fore L, = L, = 100, and L, = 78.17¢ for the lowest pressure considered (P* = kpT'/e = 0.70), and
L. = 99.480 for the highest pressure (P* = kgT'/e = 1.1).

The simulations for studying the vapour-liquid interface are also organized in cycles. In this case,
a cycle is defined as N trial moves (displacement of the center of mass) and the magnitude of the
appropriate displacement is adjusted so as to get an acceptance rate of 30 % approximately. We use
periodic boundary conditions and minimum image convention in all three directions of the simula-
tion box. To be consistent with simulations performed using the NPT ensemble for preparing the
definitive simulation box, we use inhomogeneous LRC to the intermolecular energy of MacDowell
and Blas [14, 144] methodology for the intermolecular potential energy and the recipe presented in
our previous paper [142] for the evaluation of the LRC for the components of the pressure tensor,
both of them based on the Janecek’s method [15].

We have obtained the normal and tangential microscopic components of the pressure tensor from
the mechanical expression or virial route,

1 N—-1 N
Pag = (pkpT) + <V > 2 r%f5> (10.5)

i=1 j=i+1

In this work, we have followed the same procedure as in our previous work [142] and used the well-
known Irving and Kirkwood (IK) recipe [62,63] for determining the microscopic components of the

1
pressure tensor, Py (2) = Ps.(2) and Pr(z) = Ppp(2) = Pyy(z) = §(Pm(z) + P,y (2)). The components

of the pressure tensor are calculated each cycle.

Following de Miguel and Jackson [16], we have also determined the macroscopic components of
the pressure tensor using its thermodynamic defintion as,

P = _<8F

o (10.6)
8V> NTLga

The notation Lg., indicates that the partial derivative with respect to the volume is performed in
such a way that the dimension of the system along the a-axis, L,, is varied while keeping all other
dimensions Lg (3 # «) fixed.

We follow the methodology proposed by de Miguel and Jackson [16], based on the seminal works
of Eppenga and Frenkel [94] and Harismiadis et al. [95], an use virtual volume perturbations of mag-
nitude £ = AV/V every five MC cycles. Here ¢ defines the relative volume (compressive and ex-
pansive) change associated with the perturbation, i.e., rescale independently the box lengths of the
simulation cell and positions of the molecular centers of mass according to linear transformations
along the appropriate directions. In all cases, eight different (positive and negative) relative volume
changes in the range 2 x 107% < €] < 15 x 10~* are used in our calculations. The final values
of the macroscopic components of the pressure tensors presented in this work, Py and Pr, corre-
spond to the extrapolated values (as determined by a linear extrapolation to [{| — 0 of the values
obtained from increasing-volume and decreasing-volume perturbations) obtained from a combined
compression-expansion perturbation.
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Surface tension is determined using three independent routes. In the first one, we used the me-
chanical definition that involves the integration of the difference between the tangential and normal
microscopic components of the pressure tensor profiles, as obtained from the IK methodology, along
the simulation box according to,

L.
v = / (Pn(z) — Pr(z)) dz (10.7)
0

Note that here we have chosen the z-axis perpendicular to the interface and the integral is performed
along the total length L, of the simulation box.

In the second route,the surface tension is calculated using the thermodynamic definitions of Py
and Pr, as proposed by de Miguel and Jackson [16]. The surface tension is obtained as,

v=Lz(Pn — Pr) (10.8)

Here L, is the simulation length along the z-axis. Note that Eq. (10.8) can be viewed as the macro-
scopic version of Eq. (10.7). As in the case of the microscopic definition, since there exist two vapour-
liquid interfaces, the true value associated to a single interface is half of the value obtained from
Egs. (10.7) and (10.8).

Finally, in the third route we use TA methodology [4], which is based in the thermodynamic

definiton of surface tension as,
OF

().

Since the method is a standard and well-known procedure for evaluating fluid-fluid interfacial ten-
sions of molecular systems, here we only provide the most important features of the technique. For
further details we recommend the original work [4] and the most important applications [13,14, 16,
75,89,92,96,97,127-129,133,143-147]. The implementation of the TA technique involves performing
virtual or test area deformations of relative area changes defined as £ = AA/A during the course
of the simulation at constant NV, V, and T every five MC cycles. As shown by Gloor et al. [4], the
surface tension follows from the computation of the change in Helmholtz free energy associated
with the perturbation, which in turn can be expressed as an ensemble average of the corresponding
Boltzmann factor. Further details can be found in Ref. [4] Note that the procedure for calculating the
surface tension is similar to that used to evaluate the components of the pressure tensor, but in this
case the changes in the normal and transverse dimensions are coupled to keep the overall volume
constant. In particular, we use the same number and values for the relative area changes ¢, and the
same procedure to obtain the extrapolated values.

We typically consider six reduced pressures in the range P* = Po},/e;; = 0.06 up to 0.16. In
the case of NPT simulations of the homogeneous liquid and vapour phases prepared in the first
step, each simulation box is equilibrated for 10¢® MC cycles. In the case of the NVT simulations
corresponding to the interfacial box, the system is also well equilibrated for other 10° equilibration
MC cycles. In addition to that, averages are determined over a further period of 2 x 10° MC cycles.
The production stage is divided into M blocks. Normally, each block is equal to 10° MC cycles.
The ensemble average of the macroscopic components of the pressure tensor and the surface tension
is given by the arithmetic mean of the block averages and the statistical precision of the sample
average is estimated from the standard deviation in the ensemble average from &/ VM , where 7 is
the variance of the block averages, and M = 20 in all cases.
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All the quantities in our paper are expressed in conventional reduced units of component 1, with
o11 and €17 being the length and energy scaling units, respectively. Thus, the temperature is given
in units of €11/kp, the densities of both components and the total density in units of aﬂ?’, the bulk
pressure and components of the pressure tensor in units of the ¢;; /o%;, the surface tension in units of
€11/0%,, and the cutoff distance and interfacial thickness in units of o1;.

10.3 Results and discussion

In this section we present the main results from simulations of the vapour-liquid interface of mix-
tures of spherical L] molecules using LRC for the intermolecular potential energy and components
of the pressure tensor. We focus mainly on the effect of the dispersive energy interaction between the
components of the mixture on several interfacial properties. We have determined the components of
the pressure using both the mechanical (or virial) and thermodynamic routes. Comparison between
both results allows to check the validity of the method presented in previous works [14, 142, 144]
for determining the contribution to the energy and pressure due to the LRC in mixtures of L] sys-
tems. We have also examined several coexistence properties, such as coexistence densities, and also
other interfacial properties, including density profiles, interfacial thickness, and surface tension. As
in our previous work for pure systems [142], we pay special attention on the determination of the the
vapour-liquid interfacial tension calculated using different routes, including the mechanical or virial
route (using the traditional IK methodology) and the thermodynamic definition (using the VP and
TA methods) of the surface tension.

We first analyze the effect of the dispersive energy parameter between components of the mixtures
on density profiles. We follow the same analysis and methodology than in our previous works [13,14,
142-145] and consider different dispersive energy parameters and pressures. The equilibrium density
profiles of each of components of the mixture, p;(z) and p2(2), as well as the total density, p(z) =
p1(z) + p2(z), are computed from averages of the histogram of densities along the z direction over
the production stage. The bulk vapour and liquid densities of both components and the total density
are obtained by averaging pi(z), p2(z), and p(z), respectively over appropriate regions sufficiently
removed from the interfacial region. This procedure is meaningful as far as the central liquid slab
is thick enough. This turns out to be the case in our simulations, including those performed at the
higher pressure. The bulk vapour densities are obtained after averaging the corresponding density
profiles on both sides of the liquid film. The statistical uncertainty of these values is estimated from
the standard deviation of the mean values. Following our previous works, additional interfacial
properties, such as the position of the Gibbs-dividing surface, z, and the 10 — 90 interfacial thickness,
t, are obtained by fitting each of the equilibrium density profiles to hyperbolic tangent functions [5]
(see Eq. (3) of our previous work [13] for further details). We fix liquid, pr, and vapour, py, densities
for each component and for the total density to previously computed values and treat 2y and ¢ as
adjustable parameters.

Our simulation results for the bulk densities of each component, total densities, molar fractions of
both component in each, components of the pressure tensor, surface tension, and interfacial thickness
for mixtures of L] molecules interacting with different dispersive energy parameters and the full
potential, at different pressures, are collected in Tables 10.1 and 10.2.
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Tabla 10.1: Liquid density, p*, vapour density, p", liquid density of component 1, p¥, vapour density of
component 1, pY, liquid density of component 2, p¥, and vapour density of component 2, py at T = 1.6 and
different pressures P}/", for mixtures of L] molecules with different dispersive energy parameters, €22 /€11, and
a cutoff distance r, = 3 with inhomogeneous LRC. All quantities are expressed in the reduced units defined in
Section 10.2. The errors are estimated as explained in the text.

vir L \4 L A%
Py o) (V) o) oY) 2 )

€22/€11 = 1.5
0.05863(18) 0.6585(2) 0.0463(4) 0.00657(10)  0.00180(4)  0.65194(21) 0.0444(4)
0.07691(22)  0.64304)  0.0632(3)  00561(3)  0.01667(11)  05869(5)  0.04654(21)
0.0961(3) 0.6182(3) 0.0835(8) 0.1045(3) 0.0331(4) 0.5136(6) 0.0504(3)
0.1179(6) 0.5950(4) 0.1124(10 0.1467(2) 0.0538(5) 0.4483(5) 0.0586(5)
0.1361(4)  05531(6)  0.1411(17) 0.19249(12)  0.0766(7)  0.3606(5)  0.0644(9)
€22/€11 = 1.75
0.0420(13) 0.7349(3) 0.02881(17)  0.03763(20)  0.01176(15) 0.6973(3) 0.01705(13)
0.0731(7)  07122(4)  0.0553(4)  0.1088(8)  0.0349(3)  0.6034(12)  0.02032(18)
0.0955(8) 0.6908(3) 0.0758(3) 0.1607(3) 0.05467(23) 0.5301(5) 0.02117(15)
0.11188)  0.67272(19)  0.0928(4)  0.1973(3)  0.06893)  04753(3)  0.0238(3)
0.1315(6) 0.6392(3) 0.1206(8) 0.2509(3) 0.0930(5) 0.3882(5) 0.0276(3)
0.1486(8)  0.6102(4)  0.1473(11) 028281(17)  0.1163(8)  0.3274(5)  0.0311(4)
€22/€11 = 2.0
0.05126(15) 0.7822(3) 0.03595(16) 0.0679(3) 0.02838(13) 0.7144(4) 0.00757(9)
0.06980(14)  0.77493)  0.0491(3)  0.0935(6)  0.0405(3)  0.6814(9)  0.00858(6)
0.0868(12) 0.7638(3) 0.0646(3) 0.1285(7) 0.05562(23) 0.6353(9) 0.00898(8)
0.1069(12) 0.7485(3) 0.0829(4) 0.1733(5) 0.0728(4) 0.5751(7) 0.01011(12)
01235(6)  07352(3)  0.1040(7)  0.2041(7)  0.0911(6)  0.5311(10)  0.01296(14)
0.1464(15)  07083(3)  0.1262(4)  0.2628(10)  0.1121(4)  0.4455(13)  0.01416(13)

Tabla 10.2: Normal component of the macroscopic pressure tensor calculated from the virial route P’ normal
and tangential components of the macroscopic pressure tensor calculated from VP, Py and Pr, surface tension
calculated from integration given by Eq. (10.7), AY", from VP, , and from TA, 74, and 10 — 90 interfacial
thickness, ¢, at T' = 1.6 and different pressure for mixtures of L] molecules with different dispersive energy
parameters, €22 /€11, and a cutoff distance r. = 3 with inhomogeneous LRC. All quantities are expressed in the
reduced units defined in Section 10.2. The errors are estimated as explained in the text. Uncertainties of surface
tension calculated from the virial route, 7°%", are error estimates corresponding to the numerical calculation of
the integral given by Eq. (10.7).

P;\);'T PJ)‘\(I iji AT Ay V1A t
€22/€11 = 1.5
0.05863(18) 0.0586(7) 0.0473(6) 0.565(5) 0.56(4
0.07691(22) 0.0801(6) 0.0701(6) 0.438(3)  0.44(
0.0961(3) 0.0947(7) 0.0869(6) 0.333(3)  0.32(
0.1179(6) 0.1148(4) 0.1093(4) 0.258(3)  0.24(2
0.1361(4) 0.1316(5) 0.1283(5) 0.166(2)  0.15(3
€22/€11 = 1.75
0.0420(13) 0.0423(10)  0.0178(10) 1.025(4) 1.03(6)
0.0731(7) 0.0735(7) 0.0572(7) 0.730(4) 0.73(4) 0.742(6)  3.91(11)
0.0955(8) 0.0944(8) 0.0803(7) 0.554(3) 0.55(4) 0.552(6) 4.49(7)
0.1118(8) 0.1097(8) 0.0998(7) 0.431(3) 0.42(4) 0.424(4) 5.234(5)
)
)

) 0.559(5)  4.090(5)
) 0438(4)  4.634)
) 0320(4)  5.49(6)
) 0251(3)  6.46(15)
) 0.1534)  7.97(17)

1.027(6)  3.069(10)

0.1315(6) 0.1308(8) 0.1242(8)  0.294(3) 0.28(4) 0.280(3)  6.455(11)
0.1486(8)  0.1478(8)  0.1432(8) 0204(2) 0.19(5) 0.190(4) 8.111(19)
€22/€11 = 2.0
0.05126(15)  0.0506(7) 0.0209(6)  1.312(5) 1.32(4
0.06980(14)  0.0666(7)  0.0418(7) 1.085(4) 1.09(4
0.0868(12) 0.0838(7) 0.0618(7)  0.959(4) 0.96(4
0.1069(12)  0.1048(8)  0.0865(7) 0.753(3) 0.75(4
0.1235(6) 0.1200(7) 0.1070(7)  0.605(3)  0.60(4
0.1464(15) 0.1465(9) 0.1365(9)  0.422(2) 0.41(5

1.32109)  2.99(8)
1.095(6)  3.46(8)
0.967(6)  3.761(18)
0.748(8)  4.323(5)
0.594(9)  5.181(16)
0415(7)  6.362(4)
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We show in Fig. 10.1 the density profiles p1(z), p2(2), and p(z) for three mixtures of L] molecules
with the same size, 022 = o011 and different dispersive energy parameters of the component 2,
€x2/€11 = 1.50, 1.75, and 2.00, at 7' = 1.6 and several pressures. For the sake of clarity, we only
present one half of the profiles corresponding to one of the interfaces. Also for convenience, all den-
sity profiles have been shifted along z so as to place zj at the origin. As can be seen, for a given
mixture (or value of the dispersive energy parameter e2/€11), the slope (in absolute value) of the
density profiles corresponding to component 1 and total density in the interfacial region decreases as
the pressure is increased, making smaller the jump in densities when passing from the vapour to the
liquid side of the interface. Consequently, the interfacial thickness increases, an expected behaviour
that indicates the phase envelope is becoming thicker as the system approaches to the critical point
of the mixture.

Fig. 10.1 also shows the effect of increasing the dispersive energy parameter e32/¢11 on the density
profiles, i.e., when the mixture becomes more asymmetric. As can be seen comparing parts (a), (b),
and (c) of the figure, an increase of ez /€17 results in steeper density profiles of component 1 and total
density along the interfacial region. This effect, which also produces narrower interfacial regions, is
related with the increasing of the asymmetry of the mixture. As e»3/€11 becomes larger, the mixture
is more asymmetric and the phase envelope (see Fig. 10.2) becomes wider in terms of densities (and
also in molar fractions), or in other words, jumps in density from the vapour to the liquid side of the
interface increases.

Special attention deserves the behaviour of the density profiles corresponding to the component
2 of the system, the less volatile substance of the mixture. As can be seen inf Fig. 10.1, p2(z) ex-
hibits a nearly monotonic increasing behaviour when passing from the vapour to the liquid size of
the interface when €22/€1; = 1.50. However, as the difference in dispersive energies between both
components increases, €z2/€1; = 1.75 and 2.00, p2(z) exhibits a relative maximum at the interface.
This maximum is related with adsorption of component 2 at the interface. These molecules tend to
accumulate at the interface on increasing the dispersive energy parameter of component 2 and de-
creasing of the pressure. This type of enhanced adsorption of one component relative to the other is
usually seen in binary mixtures of spherical molecules when there are significant differences in the
values of the unlike dispersion interactions [148].

The vapour-liquid phase envelopes of mixtures of L] molecules with different dispersion interac-
tion values e22/¢€11, as calculated from the analysis of the density profiles obtained from our Monte
Carlo simulations, are depicted in Fig. 10.2. The Soft-SAFT theoretical approach has been also used
to obtain the complete phase diagram of mixtures of L] molecules with different dispersive interation
parameter values. Although, as we have mentioned in the Introduction and Model and simulation
details sections, we have used the information from the theory for obtaining initial guesses of the
liquid and vapour densities and compositions of mixtures to be studied by simulation at particular
thermodynamic conditions, this theoretical predictions can also be used as results to compare our
simulation results and check the ability of SAFT in predicting the phase behaviour of these mixtures.
As can be seen in part (a) of the figure, the pressure-density or Pp slice of the phase diagram of mix-
ture indicates that the phase envelope of the system, at 7" = 1.60, becomes wider as the dispersive
energy parameter ega/€;; is increased. The enlargement of the width associated to the phase enve-
lope is essentially due to the increase of the liquid density as the dispersive energy is higher. As can
be seen, agreement between Monte Carlo simulation results and prediction from SAFT is excellent in
all cases. It is important to recall here that results from the theory are predictions obtained using the
Lorentz-Berthelot combining rules without any further fitting procedure. We have also obtained the
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pressure-composition or Pz slice of the mixture at the same thermodynamic conditions and using the
same dispersive energy parameters. As can be seen in part (b) of the figure, we have presented the
molar fractions of the three mixtures from the analysis of the density profiles, as well as the predic-
tions obtained from the Soft-SAFT. The phase diagrams show the expected behaviour, in agreement
with part (a) of the figure: as the asymmetry of the system is increased (higher values of €22/¢€11), the
phase envelope of the mixture also increases. As can be seen, the region at which the system exhibits
vapour-liquid phase separation increases in compositions and pressures, an expected behaviour of
mixtures that exhibit type I phase behaviour according to the classification of Scott and Konynen-
burg [149,150]. Agreemenet between Monte Carlo simulation and theoretical predictions is excellent
in all cases. In summary, increasing the dispersive energy parameter €25 /€1; results in larger cohesive
energy in the system, which manifiests as wider phase envelopes and larger critical pressures.

Once we have studied the phase equilibria properties of the mixtures studied form the analysis
of the density profiles, we now turn on the study of other interfacial properties of mixtures of L]
systems with different dispersion interactions. We analyze the equilibrium normal and tangential
components of the microscopic pressure tensor profiles, Py(z) and Pr(z), respectively, of mixtures
of L] molecules with different dispersive energy parameters. The profiles are computed from aver-
ages of histograms of pressures along the z direction over the production stage, according to the IK
prescription explained in Section 10.2. As we have mentioned previously, this procedure is meaning-
ful as far as the central liquid slab is thick enough. In addition to the methododology of IK, based on
the mechanical route, we have also determined the macroscopic components of the pressure tensor.
In particular, we have averaged the normal microscopic component of the pressure tensor obtained
from the IK along the vapour phase (PX™). We have also calculated the normal and tangential com-
ponents of the pressure tensor from the thermodynamic route (Py and Pr). It is important to recall
here that all calculations presented in this work are obtained using LRC for the intermolecular en-
ergy and pressure following the improved method proposed previously by MacDowell and Blas and
Martinez-Ruiz et al., based on the Janec¢ek’s methodology [15], as explained in Section 10.2. This
means that both routes, mechanical and thermodynamic, take into account explicitly the LRC. Re-
sults from the different routes are presented in Table 10.2. As can seen, agreement between all results
is excellent in all cases.

We consider the normal and tangential components of the microscopic pressure tensor profiles
at 7" = 1.6 and several pressures. As can be seen in Fig. 10.3, the components of the microscopic
pressure tensor along the two vapour-liquid interfaces exhibit the expected behaviour, i.e., the normal
component of the pressure tensor profile is constant (within the expected statistical error) through the
interface and equal to the vapour pressure of the system (according to the mechanical stability, that
it requires the gradient of pressure tensor vanishes). In addition, the tangential component of the
pressure tensor profile is approximately constant and equal to the normal pressure in the liquid and
both vapour bulk-like regions of the simulation box. Pr(z) becomes negative at the two interfacial
regions of the system showing two (negative) local minima. As can be seen, negative contributions to
the tangential pressure became more negative as the dispersive energy parameter €2 /€1 is increased.
This produces more tension along the interface, decreasing the interfacial thickness of the system (as
previously shown in the density profiles of Fig. 10.1). As we will see later, this produces higher
interfacial tension, in agreement with the results already presented. An interesting feature observed
in the pressure profiles, also seen in pure systems [142], is that there are regions at which Pr(z) <
Pn(z), located at the vapour-liquid interface, corresponding to zones of tension. Contrary, small
locations at the interface corresponding to zones near the vapour bulk-like regions, are regions of
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Figura 10.1: Simulated equilibrium total density profiles (continuous curve), density profiles of component
1 (dotted curve) and density profiles of component 2 (dashed curve) across the vapour-liquid interface of
mixtures of spherical L] molecules with the same molecular size and dispersive energy ratio e22/€11 = 1.50 (a),
1.75 (b), and 2.0 (c). Pressure of system is equal to, from top to bottom in the liquid phase, P* = 0.06 (black),
0.08 (red), 0.10 (green), 0.12 (blue), 0.14 (magenta), and 0.16 (orange).
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compression in which Pr(z) > Py(z). The reason for which the transverse pressure has values
greater than Py at the interface near the vapour phase and large negative values (and lower than Py)
at other locations of the interface is a consequence of the behaviour of the pressure in the unstable
bulk phase region (spinodal region), which plays an essential role in the physics at interfaces. For
further details we recommend the excellent review of Davies and Scriven [71].
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Figura 10.2: Pressure-density (a) and pressure-composition (b) slices of the phase diagram of mixtures of
spherical L] molecules with the same molecular size and dispersive energy ratio ez2/€17 = 1.5 (red circles and
continuous curves), 1.75 (green squares and dashed curves), and 2.0 (blue diamonds and dash-dotted curves).
Symbols correspond to simulation data obtained in this work and curves are the predictions obtained from the
Soft-SAFT equation of state.
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Figura 10.3: Normal Py(z) and tangential Pr(z) microscopic components of pressure tensor profiles across
the two vapor-liquid interface at 7' = 1.6 and P = 0.06 (black curves), 0.08 (red curves), 0.10 (green curves),
0.12 (blue curves), 0.14 (magenta curves), and 0.16 (orange curves) of binary mixtures of spherical L] molecules
with the same molecular size and different dispersive energy ratios es2/€11 = 1.5 (a), 1.75 (b), and 2.0 (c).

Continuous and dashed curves correspond to tangential and normal microscopic components of the pressure
tensor, respectively.
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Another interesting property obtained from our analysis is the 10 — 90 interfacial thickness (cf.
Table 10.2). For a given cutoff distance, ¢ is seen to increase with pressure, which simply reflects the
fact that the interfacial region gets correspondingly thinner, in agreement with our previous results.
This behaviour may be clearly seen in Fig. 10.4. At low pressure the density profiles exhibit a sharp
interface, which corresponds to a low value of the interfacial thickness. As the pressure is increased
towards the critical value, the interfacial region becomes wider, and hence, the value of the interfa-
cial thickness increases. The variation of interfacial thickness with the dispersive energy parameter
€22/€11 can be seen in the same figure. As can be seen, an increase of €32 /€11, at constant pressure,
results in a decreased of the interfacial thickness, which is consistent with the fact that the systems
with larger dispersive energies have a larger cohesive energy. This behaviour is also consistent with
that found for the shape of the vapour-liquid phase envelopes.
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Figura 10.4: The 10—90 interfacial thickness as a function of the pressure for mixtures of spherical L] molecules
with the same molecular size and dispersive energy ratio es2/€11 = 1.5 (red circles), 1.75 (green squares), and
2.0 (blue diamonds). Symbols correspond to simulation data obtained in this work and curves are included as
a guide to eyes.

Finally, we have calculated the vapour-liquid interfacial tension of mixtures of L] molecules using
several dispersive energy parameters ez /€11. In particular, we have determined the surface tension
using its mechanical definition that involves the integration of the difference between the tangential
and normal microscopic components of the pressure tensor profiles, as obtained from the IK method-
ology, along the simulation box according to Eq. (10.7). In addition to that, we have also determined
the surface tension using two perturbative approaches: the Test-Area (TA) method of Gloor et al. [4]
and the VP technique of de Miguel and Jackson [16]. In first case, the surface tension is determined
performing virtual area perturbations of a (small) magnitude during the course of the simulation at
constant volume. In the second case, the surface tension is determined in two steps. In the first step,
the normal and tangential macroscopic components of the pressure tensor, Py and Pr, are calculated
from their thermodynamic definitions as proposed by de Miguel and Jackson [16]. In the second
step, the surface tension + is obtained from Eq. (10.8) (see Eq. (21) of the work of de Miguel and
Jackson [16]).

The calculation of the surface tension through three different but complementary routes allows
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to compare the results obtained from the mechanical and thermodynamic methods. This is another
convincing test for consistency for the inhomogeneous LRC presented in our previous works for
mixtures. Note that similar consistent results have been found in previous applications of the method
for calculating the total potential energy of the system [14,143-145].

The pressure dependence of the interfacial tension for mixtures of L] molecules interacting with
different dispersive energy parameters ez /€1; is shown in Fig. 10.5. Agreement between our inde-
pendent simulations demonstrates that both methodologies are fully equivalent for all the systems
and conditions studied. As can be seen, at any given pressure, the interfacial tension is larger for
molecules with larger values of ez2/¢11 . Once again, this is consistent with the larger cohesive en-
ergy in systems consisting of molecules in which attractive interactions are longer.
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Figura 10.5: Surface tension as a function of pressure for mixtures of spherical L] molecules with the same
molecular size and dispersive energy ratio es2/¢11 = 1.5 (red), 1.75 (green), and 2.0 (blue). Different symbols
represent the surface tension obtained from MC NVT simulations for spherical molecules using the mechan-
ical route of Irving and Kirkwood [62] (open circles), the VP method of de Miguel and Jackson [16] (open
squares), and the TA technique [4] (crosses). The curves are included as a guide to eyes.

10.4 Conclusions

We have simulated the interfacial properties of the vapor-liquid interface of mixtures of spherical
L] molecules. Three mixtures of molecules with the same molecular size but different dispersive en-
ergy parameters are considered. The intermolecular interactions are truncated at a cutoff distance of
30, 0 being the diameter of the molecules, and inhomogeneous long-range corrections for dispersive
interactions and pressure tensor are used. The microscopic and macroscopic components of normal
and tangential pressure are determined using two different routes, their mechanical (virial route)
and thermodynamic (virtual pressure route) definitions. The interfacial tension is also evaluated us-
ing three different procedures, the Irving-Kirkwood method, the difference between the macroscopic
components of the pressure tensor, and the Test-Area methodology. We have examined the density
profiles, interacial thickness, and surface tension in terms of the pressure and the dispersive energy
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paremeter ratio ez2/€1;. In addition, we have also calculated the coexistence diagram (pressure versus
density) and the pressure-composition slice of the phase diagram at a constant temperature from an
analysis of the density profiles.

The effect of the dispersive energy parameters of the mixture, e22/€11, on density profiles, mi-
croscopic components of the normal and tangential pressure tensor profiles, coexistence densities,
interfacial thickness, and interfacial tension has been investigated. The vapor-liquid interface is seen
to sharpen with increasing dispersive energy ratio corresponding to an increase in the width of the
coexistence phase envelope and the pressure-composition slice of the phase diagram and an accom-
panying increase in the surface tension.
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We determine the interfacial properties of a symmetrical binary mixture of equal-sized spherical
Lennard-Jones molecules, 011 = 022, with the same dispersive energy between like species, €11 = €22,
but different dispersive energy between unlike species low enough to induce phase separation. We
use the extensions of the improved version of the inhomogeneous long-range corrections of Janecek
[J. Janecek, J. Phys. Chem. B 129, 6264 (2006)], presented recently by MacDowell and Blas [L. G. Mac-
Dowell and E. J. Blas, J. Chem. Phys. 131, 074705 (2009)] and Martinez-Ruiz et al. [F. J. Martinez-Ruiz,
F.]J. Blas, B. Mendiboure, and A. I. Moreno-Ventas Bravo, |. Chem. Phys. 141, 184701 (2014)], to deal
with the interaction energy and microscopic components of the pressure tensor. We perform Monte
Carlo simulations in the canonical ensemble to obtain the interfacial properties of the symmetrical
mixture with different cutoff distances 7. and in combination with the inhomogeneous long-range
corrections. The pressure tensor is obtained using the mechanical (virial) and thermodynamic route.
The liquid-liquid interfacial tension is also evaluated using three different procedures, the Irving-
Kirkwood method, the difference between the macroscopic components of the pressure tensor, and
the Test-Area methodology. This allows to check the validity of the recent extensions presented to
deal with the contributions due to long-range corrections for intermolecular energy and pressure ten-
sor in the case of binary mixtures that exhibit liquid-liquid immiscibility. In addition to the pressure
tensor and the surface tension, we also obtain density profiles and coexistence densities and compo-
sitions as functions of pressure, at a given temperature. According to our results, the main effect of
increasing the cutoff distance r., is to sharpen the liquid-liquid interface and to increase the width of
the biphasic coexistence region. Particularly interesting is the presence of a relative minimum in the
total density profiles of the symmetrical mixture. This minimum is related with a desorption of the
molecules at the interface, a direct consequence of a combination of the weak dispersive interactions
between unlike species of the symmetrical binary mixture and the presence of an interfacial region
separating the two immiscibible liquid phases in coexistence.
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11.1 Introduction

Interfacial tension is probably the most challenging property to be determined and predicted
using computer simulation techniques [5]. Despite the number of studies carried out since computer
simulation is used routinely for determining the properties of a molecular model, the calculation
of interfacial tension is still a subtle problem. The ambiguity in the definition of the microscopic
components of the pressure tensor [4, 73], the finite size effects due to capillary waves [119, 120],
or the difficulty for the calculation of the dispersive long-range corrections (LRC) associated to the
intermolecular interactions [14, 15], make the calculation of interfacial tension a difficult and non-
trivial problem.

The standard methodology used to determine the fluid-fluid interfacial tension in a molecular
simulation involves the determination of the microscopic components of the pressure tensor, i.e., the
normal and tangential pressure, Py(z) and Pr(z), respectively, through the well-known mechanical
or virial route. Once both components are determined, the interfacial tension of a planar fluid-fluid
interface can be readily obtained from the integration of the difference between the normal and tan-
gential microscopic components of the pressure tensor profiles along the interface:

L.
v = / (Pn(z) — Pr(z)) dz (11.1)
0

Note that the z-axis is chosen perpendicular to the interface and the integral is performed along the
total length L. of the simulation box. Care must be taken in cases in which there exist two fluid-fluid
interfaces, which is the standard procedure for studying direct fluid-fluid coexistence in Monte Carlo
(MC) and Molecular Dynamics (MD) simulation. In this case, the true value associated to a single
interface is half of the value obtained from Eq. (11.1). This method generally involves an ensemble
average of the virial of Clausius according to the recipes of Irving and Kirkwood [62].

Although the mechanical route is an appropriate technique for determining the interfacial tension,
a number of alternative methods have been proposed during the last years to calculate, not only the
interfacial tension, but also for the components of the pressure tensor, without the need of evaluate
the virial. These new effective and elegant methods are based on the thermodynamic definition of
surface tension and pressure tensor. The first one can be understood as the change in free energy
when the interfacial area is changed, at constant volume and temperature. The second one, can
be expressed as the change in free energy when the volume of the system is changed along any
direction, keeping constant the other two dimensions. Examples of these methods are the Test-Area
(TA) technique of Gloor et al. [4], the Volume Perturbation (VP) method of de Miguel and Jackson [16,
50,51], the Wandering Interface Method (WIM), introduced by MacDowell and Bryk [10], and the use
of the Expanded Ensemble (EE), based on the original work of Lyuvartsev et al. [87], for calculating
the surface tension proposed independently by Errington and Kofke [11] and de Miguel [12]. These
methods are becoming very popular and are being used routinely to determine the vapour-liquid
interfacial properties of different potential model fluids [13,14,65,75,76,83,89,92,96,97,113,126-133,
142,151].

As mentioned previously, one of the major difficulties encountered in the simulation of inhomo-
geneous systems by molecular simulation is the truncation of the intermolecular potential. Although
for homogeneous systems this issue is easily solved by including the well-known homogeneous
LRC [2,3], the situation is much more complicated in the case of fluid-fluid interfaces, and in general,
in inhomogeneous systems. Fortunately, this problem seems to solved satisfactorily recently in cases
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in which the system exhibits planar symmetry. Different authors have contributed to the establish-
ment of appropriate and standard inhomogeneous LRC, including Blokhius [135], Mecke [38, 79],
Daoulas [136], Guo and Lu [137], and finally, Janecek [15,138], and the recent improved methods
proposed by MacDowell and Blas [14], de Gregorio et al. [133], and Martinez-Ruiz et al. [142,151]

Despite the great number of studies carried out during the last ten years for determining the
interfacial tension and pressure tensor from Monte Carlo and Molecular Dynamics methodologies,
most of them have focused on using the mechanical or virial route for determining these properties.
Little work, however, has been developed to determine the interfacial properties, and particularly
the surface tension and pressure tensor, from perturbative and thermodynamic methods for binary
mixtures involving liquid-liquid separation. An important exception is the work of Neyt ef al. [131],
in which oil-water liquid-liquid interfaces are investigated using atomistic and coarse grained force
fields.

The goal of this work is two-fold. The first objective is to determine the liquid-liquid interfacial
properties of a symmetrical binary mixture of equal-sized L] spheres, 011 = 022, with dispersive
energies of equal strengths between like species, €11 = €22, but with the dispersive energy between
unlike species low enough to induce phase separation, €12 = 0.5¢11. The phase behavior of the sys-
tem is dominated by large regions of liquid-liquid coexistence brought about by the small value of
unlike dispersive interaction in comparison with the strengths between like species (€11 = €22). In
particular, we focus on the effect of the cutoff distance of the intermolecular potential energy, r., on
different interfacial properties, including density profiles, normal and tangential microscopic com-
ponents of the pressure tensor profiles, and interfacial tension. In addition to that, we also analyze
the effect of the cutoff distance on other thermodynamics properties, such as coexistence density and
pressure-composition projection of the phase diagram. The second objective is to check the accuracy
of the improved versions of the inhomogeneous LRC of Janecek [15] recently proposed by MacDow-
ell and Blas [14] for the intermolecular energy and Martinez-Ruiz et al. [142,151] for the microscopic
components of the pressure tensor. In order to check the effectiveness of these methods in the case of
a mixture that exhibits liquid-liquid phase separation, we also determine the interfacial tension and
the components of the pressure tensor using two different perturbative methods, the TA technique
and the VP methodology. This allows to obtain independent results and compare our predictions
with simulation data taken from the literature. To our knowledge, this is the first time the interfacial
tension and components of the pressure tensor of a symmetrical mixture of L] spheres are calcu-
lated using perturbative methods in both cases and taking into account the LRC associated to the
intermolecular potential and components of the pressure tensor.

The rest of the paper is organized as follows. In Section 11.2 we present the model and simulation
details of this work. Results obtained are discussed in Section 11.3. Finally, in Section 11.4 we present
the main conclusions.

11.2 Model and simulation details

As we have mentioned in the Introduction, the simplest model mixture incorporating both at-
tractive and repulsive dispersive interactions which displays liquid-liquid immiscibility is a binary
mixture of equal-sized L] spheres, 011 = 092 = 0, with dispersive energies of equal strengths be-
tween like species, €11 = €22 = ¢, but with the dispersive energy between unlike species low enough
to induce phase separation. In this work, we consider this simple symmetrical binary mixture.



144 11.2. Model and simulation details

The interaction potential between any pair of molecules of species i and j is given by,

ufi (r) = e [(;) — <7j) ] (11.2)

where r is the distance between two molecules, and o;; and ¢;; are the intermolecular parameters
(size and dispersive energy) associated to the interaction between molecules of type i and j. Since all
the molecules considered are of equal-sized L] spheres, we use the well-known Lorentz combining
rule for unlike molecular size,

Tii + 0jj

5 (11.3)

O3 =

Note that 011 = 022 = 012 = 0. In addition to that, we also fix the unlike dispersive energy €2 = 0.5¢.

During the simulation, we use a potential spherically truncated (but not shifted) at a cutoff dis-
tance r., defined by,

LJ
L <
wij(r) = uk (1) [1 — O(r — 1o)] = { wir) rsre (11.4)
0 r>Te
where ©(x) is the Heaviside step function. Note that since we restrict our study to binary mixtures
with the same size, o, we also use the same cutoff distance 7. for all the interactions.

We examine the symmetrical mixture interacting with this spherically truncated potential model
with two different cutoff distances, r. = 3 and 40. In addition to that, we also consider a cutoff
distance r. = 30 with LRC for the interaction energy and pressure. Standard homogeneous LRC to
both magnitudes [3] are used in NPT simulations of bulk phases. In addition to that, inhomogeneous
LRC using the MacDowell and Blas [14, 144] methodology for the intermolecular potential energy
and the recipe presented in our recent paper [142], based on the Janecek’s method [15,138] for the
evaluation of the LRC for the components of the pressure tensor, are used. Results obtained using
these LRC are equivalent to use the full potential or a potential with infinite truncation distance.

The number of molecules, IV, used in the simulations performed in this work for studying the
liquid-liquid interface of the symmetrical mixture varied from N = 2688, for the lowest pressure
considered (P* = Po®/e ~ 1.5), to N = 3216, for the highest pressure analyzed (P* = Po3 /e ~ 3.5).
Note that it is not possible to have systems with the same total number of molecules and with the
same interfacial area since we are dealing with binary mixtures in which composition must be taken
into account. Whereas the initial setup for simulations of vapour-liquid interfaces for pure systems
is relatively easy, the initial configuration of a vapour-liquid or liquid-liquid interface involving a
binary mixture is a delicate issue. To obtain the initial interfacial simulations boxes at different pres-
sures, we follow the approach used in our previous paper [151] and use firstly the well-known Soft-
SAFT approach, based on Wertheim’s Thermodynamic Perturbation Theory [17-20], and developed
by Blas and Vega [21,22], to calculate the complete phase diagram of this symmetrical mixture. The
Soft-SAFT approach, as the different versions of this successful theoretical framework for predicting
the phase behavior of complex mixtures, are well-know equations of state based on a molecular the-
ory, and have been explained and applied extensively during last twenty-five years. If the reader
is interested on the details and foundations of the approach we recommend the excellent reviews
existing in the literature [152-156].
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The Soft-SAFT approach, in the case of mixtures of spherical L] molecules, reduces to the well-
know Johnson et al. equation of state [33]. This equation is an extended Benedict-Webb-Rubin equa-
tion of state that was fitted to simulation data for the Lennard-Jones fluid. The use of this theory
allows to have an initial precise picture of the coexistence envelope of the system at thermodynamic
conditions at which the simulations are performed. In particular, initial densities and compositions
of each component of the mixture in both liquid phases are obtained using the Soft-SAFT approach
for the mixtures considered in this work. We account for a detailed picture of the phase behavior of
the symmetrical mixture in Section 11.3.

Simulations are performed in two steps. In the first step, both homogeneous liquid phases, at
a given temperature, T* = kgT/e = 1.5, and several pressures, are equilibrated in a rectangular
simulation box of dimensions L, = L, = 100, and varying L.. Box length measured along the z-
axis is chosen in such a way that the corresponding densities match the predictions obtained from
the Soft-SAFT approach at temperature and pressure selected. In addition to that, the particular
number of molecules of each species, in both liquid phases, are also selected according to the SAFT
predictions. Both simulation boxes are equilibrated at the same temperature and pressure using an
NP.AT ensemble in which L, and L, or the interfacial area, A = L, L, are kept constant and only L,
is varied along the simulation. N P, AT simulations of homogeneous phases are organized by cycles.
A cycle is defined as NV trial moves (displacement of the particle position) and an attempt to change
the box length along the z-axis (L,). The magnitude of the appropriate displacement is adjusted so as
to get an acceptance rate of 30 % approximately. We use periodic boundary conditions and minimum
image convention in all three directions of the simulation box. In addition to that, homogeneous LRC
corrections to the intermolecular energy and pressure are also used [3].

In a second step, the interfacial simulation box is prepared leaving one of the previous homoge-
neous liquid phases (i.e., liquid 2 or Ly) at the center of the new box with the same homogeneous
liquid phase boxes (i.e., liquid 1 or L) of half size along the z-axis previously prepared at each side.
Since L, and L, is the same for all homogeneous phases, it is always possible to build up the inter-
facial simulation box as explained here. The final overall dimensions of the L;—L,-L; simulation box
are therefore L, = L, = 100, and L, ~ 400 for all the pressures considered. It is worthy to note that
liquid-liquid interfaces are usually thinner than vapour-liquid interfaces, and consequently, shorter
interfacial simulation box along the z-axis are necessary to simulation such an interface.

The simulations for studying the liquid-liquid interface are also organized in cycles. Note that the
simulations of the liquid-liquid interface are performed in the NV'T or canonical ensemble. We use
periodic boundary conditions and minimum image convention in all three directions of the simula-
tion box. To be consistent with simulations performed using the N P, AT ensemble for preparing the
definitive simulation box, we use inhomogeneous LRC to the intermolecular energy of MacDowell
and Blas [14, 144] methodology for the intermolecular potential energy and the recipe presented in
our previous paper [142] for the evaluation of the LRC for the components of the pressure tensor,
both of them based on the Janetek’s method [15].

We have obtained the normal and tangential microscopic components of the pressure tensor from
the mechanical expression or virial route following the same procedure as in our previous works
[142,151] and used the well-known Irving and Kirkwood (IK) recipe [62, 63] for determining the

microscopic components of the pressure tensor, Py(z) = P..(z) and Pr(z) = Ppy(2) = Pyy(z) =

1
—(Pyy(2) + P,y (2)). The components of the pressure tensor are calculated each cycle.
B vy P p y

Following de Miguel and Jackson [16], we have also determined the macroscopic components of
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the pressure tensor using its thermodynamic definition. As in our previous work for determining
the vapour-liquid interfacial properties of binary mixtures of L] molecules, we have also determined
the components of the pressure tensor of the symmetrical L] mixture using an alternative approach.
We follow the methodology proposed by de Miguel and Jackson [16], based on the seminal works
of Eppenga and Frenkel [94] and Harismiadis et al. [95], and use virtual volume perturbations of
magnitude £ = AV/V every five MC cycles. Here ¢ defines the relative volume (compressive and
expansive) change associated with the perturbation, i.e., rescale independently the box lengths of the
simulation cell and positions of the molecular centers of mass according to linear transformations
along the appropriate directions. In all cases, eight different (positive and negative) relative volume
changes in the range 2 x 107* < |¢| < 15 x 107 are used in our calculations. The final values
of the macroscopic components of the pressure tensors presented in this work, Py and Pr, corre-
spond to the extrapolated values (as determined by a linear extrapolation to |{| — 0 of the values
obtained from increasing-volume and decreasing-volume perturbations) obtained from a combined
compression-expansion perturbation.

Similarly, surface tension is determined using three independent routes. In the first one, we use
the mechanical definition that involves the integration of the difference between the tangential and
normal microscopic components of the pressure tensor profiles, as obtained from the IK method-
ology. In the second route, the surface tension is calculated using the thermodynamic definitions
of Py and Pr, as proposed by de Miguel and Jackson [16]. Finally, in the third route we use TA
methodology [4]. Since the method is a standard and well-known procedure for evaluating fluid-
fluid interfacial tensions of molecular systems, here we only provide the most important features
of the technique. For further details we recommend the original work [4] and the most important
applications [13,14,16,75,89,92,96,97,127-129,133,142-144, 146, 147]. The implementation of the TA
technique involves performing virtual or test area deformations of relative area changes defined as
¢ = AA/A during the course of the simulation at constant IV, V, and T every five MC cycles. Note
that the procedure for calculating the surface tension is similar to that used to evaluate the compo-
nents of the pressure tensor, but in this case the changes in the normal and transverse dimensions are
coupled to keep the overall volume constant. In particular, we use the same number and values for
the relative area changes &, and the same procedure to obtain the extrapolated values.

In this work, we consider six reduced pressures in the range P* = Po®/e ~ 1.5 up to 3.5 for
each cutoff distance used. In the case of NP, AT simulations of the homogeneous liquid phases
prepared in the first step, each simulation box is equilibrated for 10° MC cycles. In the case of the
NVT simulations corresponding to the interfacial box, the system is also well equilibrated for other
10° equilibration MC cycles. In addition to that, averages are determined over a further period of
2 x 10% MC cycles. The production stage is divided into M blocks. Normally, each block is equal to
10° MC cycles. The ensemble average of the macroscopic components of the pressure tensor and the
surface tension is given by the arithmetic mean of the block averages and the statistical precision of
the sample average is estimated from the standard deviation in the ensemble average from 7/v/M,
where 7 is the variance of the block averages, and M = 20 in all cases.

From this point, all the quantities in our paper are expressed in conventional reduced units of
component 1, with o and e being the length and energy scaling units, respectively. Thus, the temper-
ature is given in units of €/kp, the densities of both components and the total density in units of o3,
the bulk pressure and components of the pressure tensor in units of the ¢/o?, the surface tension in
units of €/ o2, and the distances, including the cutoff radius, in units of o.
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11.3 Results and discussion

In this section we present the main results from simulations of the liquid-liquid interface of a
symmetrical mixture of spherical L] molecules using different cutoff distances and LRC for the inter-
molecular potential energy and components of the pressure tensor. We focus mainly on the effect of
the cutoff distance of the intermolecular potential on several interfacial properties. As in our previ-
ous works [142,151], we have determined the components of the pressure using both the mechanical
(or virial) and thermodynamic routes. Comparison between both results allows to check the validity
of the method presented in previous works [14,142,144,151] for determining the contribution to the
energy and pressure due to the LRC in mixtures of L] systems. We now extend the methodology
to deal with liquid-liquid interfaces. We also examine the phase equilibria of the mixture, includ-
ing pressure-density or Pp, and pressure-composition or Pz, projections of the phase diagram at a
given temperature. In addition to that, we also analyze the most important interfacial properties,
such as density profiles and interfacial tension. As in our previous works for pure and binary mix-
tures [142,151], in which we concentrate on vapour-liquid interfaces, we now pay special attention
on the determination of the liquid-liquid interfacial tension calculated using different routes, includ-
ing the mechanical or virial route (using the traditional IK methodology) and the thermodynamic
definition (using the VP and TA methods) of the surface tension.

It is important to recall here that, although the major difference between liquid and vapour phases
from a macroscopic point of view is density, from a microscopic view both phases are radically dif-
ferent. Whereas in a vapour phase correlations between molecules separated distances beyond 2o
approximately, being o the molecular diameter of the molecular specie, liquids, especially at high
densities, exhibit large correlations that strongly affect macroscopic properties. Many of those prop-
erties, with particular emphasis on interfacial properties such as interfacial tension, are extremely
sensible to such molecular details. As we have mentioned explicitly in the Introduction, one of the
main goals of the present work is to establish clearly if inhomogeneous LRC to the potential en-
ergy and pressure and perturbative methods based on a thermodynamic perspective are suitable for
predicting interfacial properties of this kind of mixtures.

We apply the methodology explained in Section 11.2 to the model previously presented. As we
have mentioned, the system is a limiting case of a mixture in which both components are identi-
cal, i.e.,, the molecules of both components have the same molecular sizes and dispersive energy
interactions. However, the unlike dispersive energy between unlike components is half of the pure
components. In order to clarify the nature of the phase behavior exhibited by the system under study,
we present the phase diagram of the mixture as obtained from the well-known Soft-SAFT approach.

The pressure-temperature PT projection of the PT'x surface corresponding to the phase diagram
of the symmetrical mixture of L] spheres is shown in Fig. 11.1. It is interesting to mention here
that Jackson [157], in early 1990s, studied a binary mixture of equal-sized hard spheres with mean-
field attractive forces between like species and not between unlike species using the SAFT equation
of state. The phase diagram of that mixture is similar to that obtained here from the Soft-SAFT
approach. The continuous black curves are the vapour pressure curves of pure components 1 and
2, which are coincident for the mixture due to its symmetry. As can be seen, the system exhibits
a liquid-liquid-vapour (LLV) three-phase line (green dashed curve), located at pressures above the
vapour pressure curves of pure components. In addition to that, the mixture has two critical lines
with different characters. The first one is a gas-liquid critical line (dot-dashed red curve), running
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Figura 11.1: PT projection of the phase diagram for the symmetrical mixture of L] molecules with
different dispersive energy between unlike species, €12 = 0.5¢, as obtained from the Soft-SAFT the-
oretical formalism. Continuous black curves represent the vapour pressure of the pure components
(1&2), the dashed green curve represents the LLV three-phase line, the dot-dashed red curve is the
vapour-liquid critical (VL) critical line, and the dot-dot-dashed curve is the liquid-liquid (LL) critical
line. TCP denotes the tricritical point of the mixture.

from the critical point of pure components 1 and 2 to a tricritical point (TCP). The second one is a
liquid-liquid critical line (dot-dot-dashed blue curve), running from the TCP of the mixture toward
high pressures and temperatures. The PT projection of the phase diagram is characterized by two
salient features. Firstly, the phase behavior of the mixture is dominated by a large liquid-liquid
immiscibility region extending left of the liquid-liquid critical line and three-phase line. Secondly,
there is the unusual occurrence of a TCP in a binary mixture, at 7' ~ 1.442 and P ~ 0.596. A TCP is
a thermodynamic state at which three coexisting phases become identical. Note that the existence of
this critical state is a consequence of the symmetrical nature of the interactions, since the rule phase
forbids unsymmetrical TCPs in systems with less than three components. In fact, TCPs appear in
either ternary mixtures at an unique temperature and pressure or in quaternary mixtures at fixed
pressure and unique temperature. For details about TCPs we recommend the work of Vega and Blas
[158] and references therein. According to the classification of Scott and Konynenburg [149, 150], the
phase diagram corresponding to the mixture is just the symmetrical limit of type III phase behavior
with heteroazeotropy or simple type III-HA.

To better understand the phase behavior exhibited by the mixture it is also useful to examine the
pressure-composition Px or temperature-composition 7'z projections of the PT'z surface of the phase
diagram. Fig. 11.2 shows the Px constant-temperature projection at different temperatures. Part (a)
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Figura 11.2: Px projection of the phase diagram for the symmetrical mixture of L] molecules with
different dispersive energy between unlike species, €12 = 0.5¢, as obtained from the Soft-SAFT the-
oretical formalism at reduced temperatures (a) 7' = 1.25, (b) T = 1.4, and (c) 7' = 1.5. Continuous
green curves represent the vapour-liquid (VL) and liquid-liquid (LL) phase envelopes and the dashed
green curves correspond to the LLV three-phase line at the corresponding pressure.
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of the Figure shows the Px projection at T = 1.25, below the critical point of pure components.
As can be seen, the system exhibits two equivalent vapour-liquid coexistence regions (due to the
symmetry of the mixture) at low pressures, below the three-phase coexistence at P ~ 0.263, and
liquid-liquid immiscibility at high pressures. We have also studied the Pz projection of the phase
diagram at T = 1.4, a temperature above the critical temperature of pure components, but below the
tricritical temperature of the mixture, Trcp ~ 1.442, as shown in part (b) of the figure. The system also
exhibits two equivalent vapour-liquid envelopes, since the temperature is above the critical point of
pure components, and liquid-liquid phase separation at high pressures. Finally, at 7' = 1.5, above
the tricritical point of the mixture, the vapour-liquid coexistence has merged into the liquid-liquid
coexistence and only liquid-liquid immiscibility is stable at these conditions, as it is shown in part (c)
of the Figure.

Once we have obtained a general picture of the complete phase diagram of the mixture, we con-
sider the most important interfacial properties of the system. We first analyze the effect of the cutoff
distance of the intermolecular potential energy on density profiles. We follow a similar analysis and
methodology than in our previous works [13,14,142-144,151] and consider different cutoff distances
and pressures. The equilibrium density profiles of each of components of the mixture, p(z) and
p2(z), as well as the total density, p(z) = p1(2) + p2(2), are computed from averages of the histogram
of densities along the z direction over the production stage. The bulk vapour and liquid densities of
both components and the total density are obtained by averaging p1(z), p2(2), and p(z), respectively
over appropriate regions sufficiently removed from the interfacial region. The densities obtained are
meaningful since the central liquid slab is thick enough at all pressures. The bulk vapour densities
are obtained after averaging the corresponding density profiles on both sides of the liquid film. The
statistical uncertainty of these values is estimated from the standard deviation of the mean values.

Our simulation results for the bulk densities of each component, total densities, molar fractions
of both components in each phase, components of the pressure tensor, and surface tension for sym-
metrical mixtures of L] molecules interacting with the Lennard-Jones intermolecular potential using
different cutoff distances, at different pressures, are collected in Tables 11.1 and 11.2.

We show in Fig. 11.3 the density profiles pi(z), p2(z), and p(z) for the mixture of L] molecules
using cutoff distances r. = 3 and 4, and r. = 3 with inhomogeneous LRC, at several pressures. For
the sake of clarity, we only present one half of the profiles corresponding to one of the interfaces.
Also for convenience, all density profiles have been shifted along z so as to place z, the position of
the Gibbs-dividing surface, approximately at the origin. As can be seen, the density profiles of both
components along the interface are perfectly symmetric. The bulk density of one of the components
in one of the liquid phases is identical to the other in the second phase liquid, and hence, the compo-
sitions of both components are also symmetric (see the details in Table 11.1). This is a consequence
of the symmetrical nature of the interactions of the system. As can be seen, for a given value of the
cutoff distance of the intermolecular potential, the slope of the density profiles corresponding to both
components in the interfacial region increases as the pressure is increased, making larger the jump
in densities when passing from one liquid phase to the other liquid phase of the interface. Conse-
quently, the interfacial thickness increases, an expected behavior that indicates the phase envelope is
becoming thinner as the pressure increases with respect to the critical pressure of the mixture. It is
important to recall that the critical pressure of the mixture, at 7' = 1.5, is P ~ 0.727 as predicted by
the Soft-SAFT approach, well below the pressures considered here.

Special attention deserves the behavior of the total density profile. As we have mentioned before,
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Figura 11.3: Simulated equilibrium total density profiles (continuous curves), density profiles of com-
ponent 1 (dotted curves), and density profiles of component 2 (dashed curves) across the liquid-
liquid interface of the symmetrical mixture of L] molecules with different dispersive energy between
unlike species, €12 = 0.5¢, at T = 1.5 and using a cutoff distance for the intermolecular potential (a)
re = 3, (b) r. = 4, and (c) . = 3 with inhomogeneous LRC. Pressure of the system increases from
bottom to top in the total density profile (orange, magenta, blue, green, red, and black). Note that
curves with the same colour correspond to the same pressure value.
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Tabla 11.1: Total liquid density at liquid phases L; and Ly, p, density of component 1 at liquid L1, p{*, density
of component 1 at liquid Ly, p+2, molar composition of component 1 at liquid L1, 2-*, molar composition of
component 1 at liquid Ly, z1%, density of component 2 at liquid Ly, p5*, density of component 2 at liquid Lo,
py2,at T = 1.5 and different pressure P'" for the symmetrical mixture of L] molecules with different disper-
sive energy between unlike species, €12 = 0.5¢, at T = 1.5 and using a cutoff distance for the intermolecular
potential (a) . = 3, (b) r. = 4, and (c) r. = 3 with inhomogeneous long-range corrections. All quantities are
expressed in the reduced units defined in Section 11.2. The errors are estimated as explained in the text.

Py p Py’ pi? i oy ok Py’
re = 3.0
17349(14)  0.6730(5) 0.5644(18)  0.1059(4)  0838(5)  0.1573(7) 0.1086(15)  0.5673(6)
19405(18) 0.6946(21) 0.6034(17)  0.0989(9)  0.868(4)  0.1427(14) 0.0917(6)  0.5946(11)
2.1724(20) 0.714920) 0.6330(18)  0.0876(6)  0.885(4)  0.1226(8)  0.0820(8)  0.6272(7)

)

)

)
2.6921(21) 0.7511(22) 0.6745(19)  0.0717(3) 0.898(5) 0.0954(4) 0.0762(5) 0.6800(4)
3.1403(16) 0.7774(12) 0.7114(12)  0.0693(5) 0.915(3) 0.0893(7) 0.0663(8) 0.7074(6)
3.6735(24) 0.802(3)  0.7312(20) 0.07681(22)  0.911(5) 0.0958(5) 0.0710(4) 0.7245(3)

re =4.0
1.6251(13) 0.6736(19) 0.5889(17)  0.0880(5) 0.874(4) 0.1307(8) 0.0847(6) 0.5853(7)
1.9053(12) 0.7025(7) 0.6302(14)  0.0743(4) 0.897(3) 0.1059(6)  0.0725(11)  0.6276(8)
2.0229(19) 0.7112(21) 0.6330(18)  0.0733(6) 0.890(5) 0.1031(9) 0.0782(4) 0.6377(7)
2.6818(19) 0.7577(22) 0.6935(21)  0.0656(4) 0.915(5) 0.0866(6) 0.0641(6) 0.6921(5)
2.9951(18) 0.775(3)  0.7159(21)  0.0613(5) 0.923(5) 0.0790(7) 0.0598(4) 0.7138(7)
3.6535(19) 0.807(3)  0.7472(20)  0.0561(6) 0.926(5) 0.0695(8) 0.0593(3) 0.7510(7)
r. = 3.0+ LRC

1.5510(13) 0.6713(7)  0.5912(6) 0.08659(15) 0.8797(16) 0.1293(3) 0.0805(3)  0.58321(
1.8634(14) 0.7039(21) 0.6346(19)  0.0681(3) 0.902(5) 0.0968(5) 0.0692(5) 0.6359(5
2.1423(14) 0.7265(23) 0.6626(24)  0.0633(5) 0.912(5) 0.0871(7) 0.0640(8) 0.6629(7
2.6045(16) 0.7569(22) 0.6955(20) 0.05989(22)  0.919(5) 0.0791(3) 0.0611(4) 0.6975(3
3.0826(20) 0.7842(8) 0.7327(10)  0.0556(3)  0.9342(20)  0.0709(4) 0.0516(7) 0.7282(4
3.3374(16) 0.7964(24) 0.7455(23)  0.0513(3) 0.936(5) 0.0644(3) 0.0508(7) 0.7452(3

the bulk liquid total densities associated to both liquid phases are identical, as can be also seen in Ta-
ble 11.1. However, the total density profile, p(z) = p1(2) + p2(z), which in nearly constant in the bulk
region of the liquid phases, exhibits a local minimum at the interface, when passing from one liquid
phase to the other. This minimum is obviously related with a desorption of both components at the
interface. We think this phenomena is a combination of the weak dispersive interactions between un-
like species of the mixture and the presence of an interfacial region, that separates the two immiscible
liquid phases in coexistence, in which molecules of both components must accommodate in order to
minimize the free energy of the system. A similar behavior has been previously observed for liquid-
liquid interfaces in partially miscible mixtures of LJ-like systems from MD simulation [159-161] and
Density Functional Theory [161,162].

From a phase equilibria perspective, preferential adsorption or desorption of one of the compo-
nents of a heterogeneous mixture can also be understood in terms of molar barotropy phenomena
and the existence of isopycnic states. Molar density inversion, a phenomena also known as molar
barotropy, corresponds to a singular behavior that occurs when molar densities of two immiscible
liquid phases in equilibrium change their relative position of phases in the heterogeneous mixture.
The points of the diagram at which both liquid phases exhibit equal molar densities of volume are
called isopycnic states [163-165]. Experimentally, this phenomena may be observed when varying
the equilibrium conditions of temperature or pressure. From an experimental point of view, molar
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Tabla 11.2: Normal component of the macroscopic pressure tensor calculated from the virial route Py/", normal
and tangential components of the macroscopic pressure tensor calculated from VP, Py and Pr, interfacial
tension calculated from integration given by Eq. (11.1), AU, from VP, 4y p, and from TA, yra, at T = 1.5
and different pressures for the symmetrical mixture of L] spherical molecules with different dispersive energy
between unlike species, €12 = 0.5¢, at ' = 1.5 and using a cutoff distance for the intermolecular potential (a)
re = 3, (b) 7. = 4, and (c) r. = 3 with inhomogeneous long-range corrections. All quantities are expressed
in the reduced units defined in Section 11.2. The errors are estimated as explained in the text. Uncertainties
of interfacial tension calculated from the virial route, 7", are error estimates corresponding to the numerical
calculation of the integral given by Eq. (11.1).

Py Py Pr ohid P V1A
re =3.0
1.7349(14) 1.7344(16) 1.7288(17) 0.116(6) 0.11(4) 0.118(3)
1.9405(18) 1.9408(11) 1.9329(11) 0.159(6)  0.16(3)  0.159(4)
21724(20) 2.1727(12) 2.1625(13) 0.197(5)  0.20(3)  0.199(5)
26921(21) 2.6924(7)  2.6783(8)  0.282(8) 0.285(22) 0.284(9)
3.1403(16) 3.1407(7) 3.1251(7) 0.310(8) 0.315(20) 0.313(6)
3.6735(24) 3.6736(13) 3.6539(13)  0.395(6) 0.39(3)  0.397(8)
r. =4.0
1.6251(13) 1.6253(13) 1.6157(14) 0.187(6)  0.19(4)  0.189(5)
1.9053(12)  1.9054(9) 1.8933(9) 0.244(6)  0.24(2)  0.245(4)
2.0229(19) 2.0228(11) 2.0094(12) 0.272(6)  027(3)  0.274(6)
26818(19) 2.6821(13) 2.6632(14) 0374(6) 037(3)  0.376(5)
2.9951(18) 2.9951(9) 2.9747(10) 0.411(7) 0.41(3)  0.414(6)
3.6535(19) 3.6537(5) 3.6301(6) 0.466(8) 0.472(17) 0.469(9)
r. =3.04+ LRC
15510(13) 15431(12) 15317(12) 0236(6)  0.23(3)  0.229(6)
1.8634(14) 1.8537(13) 1.8381(14) 0311(6) 0.31(3) 0.313(5)
21423(14) 21317(11) 2.1122(11)  0390(5)  039(3)  0.390(5)
2.6045(16) 2.5958(8) 2.5725(9) 0.468(7)  0.47(3)  0.461(8)
3.0826(20) 3.0761(7) 3.0495(8) 0.550(11) 0.535(22) 0.535(7)
3.3374(16) 33251(6) 3.2954(5) 0.580(7) 0.601(17) 0.596(8)

density inversions are likely to occur in partially miscible mixtures that exhibit type III or type V
phase behavior according to the Scott and Konynenburg classification [149,150]. In particular, isopy-
cnic curves, along which the phase density inversions take place, are clearly observed to occur in an
equilibrium range that goes from the LLV three-phase line up to the vapour-liquid critical line of the
mixture [166]. In this work, due to the symmetrical nature of the interactions, molar density of both
phases liquids at the LLV coexistence line are identical, and hence, all the states along the three-phase
line are isopycnic states.

Tardoén et al. [166] have demonstrated recently from computer simulation and the use of the den-
sity gradient theory that this particular phase behavior of mixtures that exhibit liquid-liquid immis-
cibility produces a drastic distorsion of the total density profile of the system along the liquid-liquid
interface. We think the desorption phenomena observed in the total density profile of the mixture
shown in Fig. 11.3 should be related to the existence of isopycnic states at which two liquids coexist
with the same molar density. Since the goal of this work is not to investigate this delicate and inter-
esting phenomena, we plan to carry out a detailed study of the effect of isopycnity of symmetrical
binary mixtures of equal-sized L] spheres from a computer simulation approach in a future work.

Comparison of Figs. 11.3a, 11.3b, and 11.3c also shows the effect of increasing the cutoff distance
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of the intermolecular potential energy, r. = 3 and 4, and the use of inhomogeneous LRC with r. = 3
(full intermolecular potential). As can be seen, an increase of cutoff distance results in steeper density
profiles of both components along the interfacial region. This effect, which also produces narrower
interfacial regions, is related with the increasing of the interfacial tension of the mixture, as it will
be shown later. As more interactions are taken into account, the unlike intermolecular interactions
are larger, and the Px pressure-composition phase envelope (see Fig. 11.2) becomes wider in terms
of molar fractions, or in other words, the jump in composition increases when going from one liquid
phase to the the other one.

Note that this behavior is not easy to identify from Fig. 11.3 since, although simulated pressures
are approximately equal, they are in fact not identical since we have simulated the interface using the
NVT or canonical ensemble. Under these conditions, pressure is not specified a priori but it is calcu-
lated along the simulation. Although initial simulation boxes are prepared carefully trying to ensure
the same final values of the pressure, small differences are nearly impossible to avoid (see Tables 11.1
and 11.2 for further details). Obviously, since we are dealing with a binary mixture, the use of the
NP,AT or isothermal-isobaric ensemble in which the normal pressure (perpendicular to the liquid-
liquid interface) is kept constant, seems to be more appropriate ensemble than the standard NVT
ensemble. We have not used the N P, AT ensemble because the precise composition between differ-
ent density profiles at exactly the same pressure was not the primary goal of this work. However, we
plan to use this ensemble in future works.

The liquid-liquid phase envelopes of the mixture of L] molecules using different cutoff distances
for the intermolecular potential, r., including the full potential as calculated from the analysis of the
density profiles obtained from our Monte Carlo simulations, are depicted in Fig. 11.4. The Soft-SAFT
theoretical approach has been also used to obtain the complete phase diagram of the symmetrical
mixture for the full potential case. Although, as we have mentioned in the Introduction and Model
and simulation details sections, we have used the information from the theory for obtaining initial
guesses of the liquid and vapour densities and compositions of mixtures to be studied by simulation
at particular thermodynamic conditions, this theoretical predictions can also be used as results to
compare our simulation results and check the ability of SAFT in predicting the phase behavior of
these mixtures. As can be seen in part (a) of the figure, the pressure-density or Pp projection of
the phase diagram of mixture, at 7' = 1.5, only exhibits one branch of the liquid-liquid coexistence
diagram. As it has been explained previously in the case of the PT" projection of the phase diagram,
this is a direct consequence of the symmetrical nature of the interactions of the system. In other
words, both curves collapse in a unique coexistence curve since the densities of each of the liquid
phases are identical.

The coexistence densities of both phases increase as the pressure of the system is increased, an
expected behavior due to the compression effect. In addition to that, at each pressure considered, the
coexistence densities increase as the intermolecular potential cutoff distance r. is increased. This en-
largement of the liquid coexistence density associated to the phase envelope is essentially due to the
increase of the attractions in the system (r. is increased) as more interactions are taken into account.
This increasing behavior has an asymptotic limiting behavior associated to the case in which all at-
tractive interactions are taken into account, i.e., when considering the full intermolecular potential.
As can be seen, agreement between Monte Carlo simulation results obtained using the inhomoge-
neous LRC (full potential) and predictions from SAFT is excellent in all cases. It is important to recall
here that results from the theory are predictions without any further fitting procedure.
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Figura 11.4: Pressure-density or Pp (a) and pressure-composition or Pz projections projection of the
phase diagram of the symmetrical mixture of L] molecules with different dispersive energy between
unlike species, €12 = 0.5¢, at 7' = 1.5 and using a cutoff distance for the intermolecular potential
re = 3 (red circles), r. = 4 (green triangles), and r. = 3 with inhomogeneous long-range corrections
(blue squares). Symbols correspond to simulation data obtained in this work and curves are the
predictions obtained from the Soft-SAFT theoretical formalism.
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We have also obtained the pressure-composition or Px projection of the mixture at the same ther-
modynamic conditions and using the same cutoff distances for the intermolecular potential energy,
including the case in which the inhomogeneous LRC are used. As can be seen in part (b) of the fig-
ure, we have presented the molar fractions of the mixture from the analysis of the density profiles, as
well as the predictions obtained from the Soft-SAFT. The phase diagrams for cases in which different
cutoff distances are used show the expected behavior, in agreement with part (a) of the figure. In
particular, the phase separation of the mixture increases as the pressure is increased. In addition to
that, the coexistence compositions in both liquid phases, at a given pressure, increase as the cutoff
distance of the intermolecular potential energy is increased (higher values of r.). As can be seen,
the liquid-liquid immiscibility region of the phase diagram of the symmetrical mixture increases in
compositions as pressure is increased, an expected behavior of mixtures that exhibit type III phase
behavior according to the classification of Scott and Konynenburg [149,150]. Agreement between
Monte Carlo simulation and theoretical predictions is good when the full intermolecular potential
is taken into account through the inhomogeneous LRC. Again, it is important to recall here that no
single adjustable parameter has been used to obtain the prediction from the Soft-SAFT theoretical
formalism.

Once we have studied the phase equilibria properties of the mixture from the analysis of the den-
sity profiles, we now turn on the study of the liquid-liquid interfacial tension of the mixture using
different values of the cutoff distance for the intermolecular potential energy and the inhomoge-
neous LRC of MacDowell and Blas [14] and Blas and Martinez-Ruiz [142,151]. In particular, we have
determined the liquid-liquid interfacial tension using its mechanical definition that involves the inte-
gration of the difference between the tangential and normal microscopic components of the pressure
tensor profiles, as obtained from the IK methodology, along the simulation box (Eq. (11.1)). In addi-
tion to that, we have also determined the interfacial tension using two perturbative approaches: the
Test-Area (TA) method of Gloor et al. [4] and the VP technique of de Miguel and Jackson [16]. In first
case, the surface tension is determined performing virtual area perturbations of a small magnitude
during the course of the simulation at constant volume. In the second case, the surface tension is
determined in two steps. In the first step, the normal and tangential macroscopic components of the
pressure tensor, Py and Pr, are calculated from their thermodynamic definitions as proposed by de
Miguel and Jackson [16]. In the second step, the surface tension ~ is obtained from Eq. (21) of the
work of de Miguel and Jackson [16].

The calculation of the surface tension through three different but complementary routes allows
to compare the results obtained from the mechanical and thermodynamic methods. This is another
convincing test for consistency for the inhomogeneous LRC presented in our previous works for mix-
tures. Note that similar consistent results have been found in previous applications of the method
for calculating the total potential energy of the system [14,142-144]. This is the first time the inhomo-
geneous LRC for both, the intermolecular energy and pressure tensor, is used to predict the liquid-
liquid interfacial properties of mixtures, and to our knowledge, this is also the first time the Volume
Perturbation methodology proposed by de Miguel and Jackson [16] for determining the components
of the pressure tensor is used to deal with liquid-liquid interfaces.

The pressure dependence of the interfacial tension for the mixture interacting with different cutoff
distances for the intermolecular potential is shown in Fig. 11.5. Agreement between our independent
simulations demonstrates that both methodologies are fully equivalent for all the systems and con-
ditions studied. As can be seen, at any given pressure, the interfacial tension is larger for simulations
in which the cutoff distance is larger, and particular, for the simulations at which the inhomogeneous
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Figura 11.5: Liquid-liquid interfacial tension as a function of pressure of the symmetrical mixture
of L] molecules with different dispersive energy between unlike species, €12 = 0.5¢, at 7' = 1.5 and
using a cutoff distance for the intermolecular potential . = 3 (red symbols), r. = 4 (green symbols),
and r. = 3 with inhomogeneous long-range corrections (blue symbols). Different symbols represent
the interfacial tension obtained from MC NVT simulations using the mechanical route of Irving and
Kirkwood [62] (open circles), the VP method of de Miguel and Jackson [16](open squares), and the
TA technique [4] (open diamonds). The curves are included as guide to eyes.

LRC are used. This later case correspond, as previously mentioned, to the case in which the full in-
termolecular potential is used. This behavior of the liquid-liquid interfacial tension is consistent with
the larger cohesive energy in systems in which longer range of interactions are considered.

11.4 Conclusions

We have simulated the interfacial properties of the liquid-liquid interface of a symmetrical mix-
ture of equal-sized spherical L] molecules, with the same dispersive energy between like species,
but with different dispersive energy between unlike species low enough to induce phase separation.
The intermolecular interactions are truncated at two different cutoff distances for the intermolecular
potential, r. = 3 and 40, o being the diameter of the molecules. In addition to that, inhomogeneous
long-range corrections for dispersive interactions and pressure tensor are also used. The microscopic
and macroscopic components of normal and tangential pressure are determined using two different
routes, their mechanical (virial route) and thermodynamic (virtual pressure route) definitions. The in-
terfacial tension is also evaluated using three different procedures, the Irving-Kirkwood method, the
difference between the macroscopic components of the pressure tensor, and the Test-Area method-
ology. We have examined the density profiles and surface tension in terms of the pressure and the
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cutoff distance for the intermolecular potential energy, r.. In addition, we have also calculated the
coexistence diagram (pressure versus density) and the pressure-composition projection of the phase
diagram at a constant temperature from an analysis of the density profiles.

The effect of the cutoff distance for the intermolecular potential energy of the symmetrical mixture
on density profiles, microscopic components of the normal and tangential pressure tensor profiles,
coexistence densities, and interfacial tension has been investigated. The liquid-liquid interface is
seen to sharpen with increasing cutoff distance corresponding to an increase in the width of the
coexistence phase envelope and the pressure-composition projection of the phase diagram and an
accompanying increase in the surface tension.
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We have determined the interfacial properties of short fully-flexible chains formed from tangentially
bonded Lennard-Jones monomeric units from direct simulation of the vapor-liquid interface. The
results obtained are compared with those corresponding to rigid-linear chains formed from the same
chain length, previously determined in the literature [F. J. Blas, A. I: Moreno-Ventas Bravo, ]J. M.
Miguez, M. M. Pifieiro, and L. G. MacDowell, . Chem. Phys. 137 084706 (2012)]. The full long-
range tails of the potential are accounted for by means of an improved version of the inhomogeneous
long-range corrections of Janecek [J. Janecek, J. Phys. Chem. B 129, 6264 (2006)] proposed recently
by MacDowell and Blas [L. G. MacDowell and F. J. Blas, J. Chem. Phys. 131 074705 (2008)] valid
for spherical as well as for rigid and flexible molecular systems. Three different model systems
comprising of 3, 5, and 6 monomers per molecule are considered. The simulations are performed
in the canonical ensemble, and the vapor-liquid interfacial tension is evaluated using the test-area
method (TA). In addition to the surface tension, we also obtained density profiles, coexistence den-
sities, critical temperature and density, and interfacial thickness as functions of temperature, paying
particular attention to the effect of the chain length and rigidity on these properties. According to
our results, the main effect of increasing the chain length (at fixed temperature) is to sharpen the
vapor-liquid interface and to increase the width of the biphasic coexistence region. As a result, the
interfacial thickness decreases and the surface tension increases as the molecular chains get longer.
Comparison between predictions for fully-flexible and rigid-linear chains, formed by the same num-
ber of monomeric units, indicate that the main effects of increasing the flexibility, i.e., passing from a
rigid-linear to a fully-flexible chain, are: (a) to decrease the difference between the liquid and vapor
densities; (b), to decrease the critical temperature and to increase the critical density; (c) to smooth
the density profiles along the interfacial region; (d) to increase the interfacial thickness; and (e) to
decrease the vapor-liquid surface tension.
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12.1 Introduction

Interfacial properties play a key role in many different fields, including nucleation or dynamics of
phase transitions, and their knowledge is essential in a great number of practical and industrial appli-
cations. This has attracted the attention from simulators of the liquid community over the last years.
Among all the interfacial properties, surface tension is obviously the most important and challenging
property to be determined and predicted in the context of inhomogeneous systems [5,8,167]. Despite
the great number of studies, especially in the area of computer simulation, the calculation of surface
tension remains a subtle problem due to different reasons, being the most important the ambiguity
in the definition of the pressure tensor [5], the finite-size effects due to capillary waves [39,168,169],
or the difficulty for the calculation of the long-range corrections (LRCs) associated to intermolecular
interactions [14,15,38,79,133,135-138], among many others.

The traditional method for determining the fluid-fluid interfacial tension involves the mechanical
route through the determination of the normal and tangential pressure tensor profiles using the virial
according to different recipes, including those of Irving and Kirkwood [62] and Harasima [63], among
others. See the works of Varnik et al. [73] and Ghoufi and Malfreyt [76] for a useful and recent revision
of the theoretical background of these methods.

During the last ten years, there has been an intensive and fruitful development of new, elegant,
and more effective methodologies for calculating the fluid-fluid interfacial tension. The common
point of these methods, different from the standard technique based on the mechanical route, is ther-
modynamic definition of surface tension. From this point of view, different authors have proposed a
new generation of methods and techniques for calculating the surface tension of simple and complex
systems, including the Test-Area (TA) method of Gloor et al. [4], the Wandering Interface Method
(WIM) of MacDowell and Bryk [10], the Expanded Ensemble technique, originally developed by
Lyuvartsev et al. [87] and applied by Errington and Kofke [11] and de Miguel [12], and the Volume
Perturbation (VP) methods of de Miguel and Jackson [16,170], who led to the more general formalism
of Brumby et al. [51], recently implemented by Jiménez-Serratos et al. [61], among others.

As new methodologies and techniques were being developed, initially for simple spherical-like
models such as systems interacting through the hard-sphere or Lennard-Jones intermolecular po-
tentials, researchers were using and extending these methods for dealing with more complex sys-
tems, including chain-like models. In particular, the development of these methods has allowed to
study systematically the effect of non-sphericity, and particularly chain length, on different interfa-
cial properties, including vapour-liquid density profiles, interfacial thickness, and surface tension.
Special attention has been paid to hydrocarbons, and particular to linear, cyclic, and aromatic alka-
nes [74,88,96,130,171,172], for which very accurate and refined realistic models, under the useful
united-atom approximation, were proposed in the middle and late 90s [173-181]. The existing studies
in the literature have provided an in-deep understanding on how the microscopic molecular param-
eters, mainly the molecular weight or chain length, affect the interfacial behaviour of these systems.
However, since the intermolecular potentials are optimized for predicting a given thermodynamic
property (normally the vapor-liquid phase behaviour), there has not been any real possibility of
studying the effect of flexibility on interfacial properties, specially in simple chain-like models. For
instance, the degree of flexibility in alkane models, which is determined by the bending and torsional
potentials between chemical groups, is fixed since inter- and intramolecular potentials are optimized
to provide the best description of the (vapor-liquid) phase equilibria.
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Chain-like molecules are substances formed from monomeric units with a certain degree of flex-
ibility, and n-alkanes molecules and their isomers lie in this general set of molecules. All of them
exhibit intramolecular flexibility governed by bending and torsional potentials, that determine the
molecular configurations the chains can adopt without overlaps. From a formal point of view, n-
alkanes exhibit an intermediate behavior between those shown by two well-known model systems,
i.e., the fully-flexible (FF) [13,14,182-185] and rigid-linear (RL) Lennard-Jones (L]) chain models [186].
The FF chain-like system has neither bending nor torsional potentials between the monomers in a
chain. Therefore there is no energetic penalty when the monomers of the chains adopt a close packed
structure at high densities. On the contrary, in the RL chain model the bond length, bond angles,
and internal degrees of freedom are fixed. As a consequence of this, both models exhibit completely
different phase diagrams, as demonstrated several years ago by Galindo et al. [186] A related topic
which we do not address here is the influence of bond length flexibility in the phase diagram and
interfacial properties, which has been recently studied by Chapela et al. [122,123]

During last five years, we have studied the interfacial properties of different simple chain-like
molecular models using perturbative methods, such as the WIM and TA methodologies [13,14,143,
144]. Very recently [144], we have determined the interfacial properties of short RLL] chains from
direct simulation of the vapor-liquid interface, including the surface tension using the TA method. In
most cases, we have used an improved version [14,144] of the Janecek’s method [15] for calculating
long-range corrections (LRCs) to the energy in systems that interact through spherically symmetric
intermolecular potentials. The main goal of this work is to study the vapor-liquid interfacial prop-
erties of short FFL] chains and compare the results with previous simulation data corresponding to
RLL] obtained by us [144] to determine the effect of molecular flexibility on interfacial properties,
with particular emphasis on surface tension. To account for the full intermolecular interactions, we
also use the improved method of Janecek [14, 15, 144] to account for LRCs. To our knowledge, this is
the first time the effect of flexibility of Lennard-Jones chains on vapor-liquid interfacial properties is
studied from Monte Carlo simulation.

The rest of the paper is organized as follows. In next section we summarize the improved method
of Janecek for determining the LRCs of inhomogeneous chain-like systems. The molecular model
and the simulation details of this work are presented in Section 12.3. Results obtained are discussed
in Section 12.4. Finally, in Section 12.5 we present the main conclusions.

12.2 Effective long-range pairwise potential for molecular systems

In 2006, Janecek [15] proposed a new methodology for calculating long-range corrections (LRC)
to the energy in systems that interact through spherically symmetric intermolecular potentials. This
procedure allows to treat in a simple way the truncation of the intermolecular energy of systems
that exhibit planar interfaces. Three years later, MacDowell and Blas [14] have demonstrated that
the Janecek’s procedure can be rewritten into an effective long-range pair potential plus a self term
that allows for a fast, easy, and elegant implementation of the method. More recently, Blas et al. [144]
have formally extended the methodology to deal with both FF and RL chain-like molecules. Since the
original and improved methodologies have been introduced elsewhere [14,15,138], we only account
here for the most important details of the current version for FFL] chains.

Consider a system of IV chain-like molecules formed from m monomers contained in a volume V'
that interact through a pairwise intermolecular potential. The total intermolecular potential energy
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can be written as

N N m m 1 N m
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i=1 j=1k=1k'=1 i=1 k=1

l\D\l—‘
\V]

where u(r; ;1) is the intermolecular potential between monomer & of molecule ¢ and monomer £’
of molecule j, that depends on the distance between the centres of monomers r; i.j 1 = |15 % — Tj /|-
Ui i, is the potential energy of a monomer k of the molecule ¢, which is defined below. During a sim-
ulation, the potential energy of a monomer is usually split into two contributions: one arising from
the interaction of monomer  in molecule i with all monomer inside a sphere of radius r{**) centered
at this monomer, and a second term that corresponds to the interaction between the monomer k of
molecule 7 and the rest of monomers forming the system (i.e., all the molecules located outside the
cutoff sphere). The potential energy of a monomer k of the molecule i can be then written as

U= > ullipgw)+ UK (12.2)
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where the notation j, k' € rgi’k) denotes all the monomers &’ of molecules j located inside the cutoff

sphere centered at the position of monomer k of molecule 4, and U LRC represents the intermolecular

interactions between monomer £k of molecule i and the rest of the system due to LRC. Note that

(%) = r, since all molecules have the same cutoff distance.

In the improved methodology proposed recently by MacDowell and Blas [14] and Blas et al. [144],
the total energy felt by the whole molecule 7, due to the long-range interactions with all the molecules
that form the system, can be written as

URC=>"Uix (12.3)

where U; j, have been previously defined in Eq. (12.2). UFRC can be splited in different contributions,

i.e., intermolecular, intramolecular, and the self energy contribution,

URC = Ul RSer + Ulinira + Ui (12.4)
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The intermolecular potential energy between molecule i and the rest of molecules forming the sys-
tem, due to the LRCs, can be written as
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The energy corresponding to the intramolecular interactions associated to segments of molecule
iis given by
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Note that Eq. (12.6) only takes into account the intramolecular interactions, associated to the LRC,
i.e., all possible interactions between segments of molecule i. A long-range contribution from sites
in the same molecules is perhaps unexpected, but follows naturally from the fact that long range
corrections are implemented here on the basis of segment densities.

And finally, the self-energy contribution to the potential energy of molecule i can be simply writ-
ten as

UG = fj mw(0) (12.7)

k:

The self-energy contribution associated to the long-range interactions given by Eq. (12.7) is only due
to segments belonging to molecule i.

w(|zi 1 — ;1 |) accounts for the intermolecular interactions due to the LRC between a monomer &
of molecule i at z; ;, and all the monomers k' of all molecules j located inside the slab centered at 2
The particular expression for w(|z; r — zji’|) depends on the election of the intermolecular potential
of the system. In the original Janet¢ek’s method, applicable for molecules interacting through the
Lennard-Jones intermolecular potential, the function w(z) is given by

w(z) = (12.8)

The total potential energy of a system of N molecules formed by m segments, due to the long-
range interactions, is then calculated as

UMRC = ULRS, + ULES, + ULES (12.9)
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The total intermolecular potential energy, due to the long-range interactions, is given by
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where we have transformed the unrestricted summation over indexes 7 and j (with the exception of
the case i = j corresponding to intramolecular interactions) into a sum of pairwise effective (inte-
grated) intermolecular potential over all the pair of molecules in the system.
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The total intramolecular potential energy due to the long-range interactions is given by
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Finally, the total self-energy potential energy due to the long-range interactions is written as

N

N m N
UL = S UHG = 1 DY w0 = Z = Nmu(0) (12.12)
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Equations (12.9)-(12.12) represent the generalization of the improved version of MacDowell and
Blas [14], based on Janecek’s method, for the inhomogeneous LRC of chain like systems, including
flexible and rigid molecules. [144]

This procedure provides several important advantages over the original method [144]: (1) Egs. (12.4)-
(12.7) and (12.9)—(12.12) for molecular systems, correspond to the exact evaluation of the intermolec-
ular interactions due to the LRCs, without a discretization of the simulation box along the z-axis;
(2) the improved procedure allows to evaluate UZ»LRC UMRC without the explicit calculation of the
density profile on the fly, i.e., it is not necessary to update the density profile p(z) each Monte Carlo

and

step; (3) finally, the implementation of the method is straightforward.

12.3 Model and simulation details

We consider chain molecules formed by m identical L] sites (monomer segments) characterized
by a diameter o and dispersive energy e. The molecules are modeled as FF with monomer-monomer
bond length L = o, which means that chains are formed by tangent monomers or segments. The
interaction potential between two different molecules is given by,

LJ(LQ):g:i:: [( >12 (")6] (12.13)

Tij

where 7;; is the distance between monomer ¢ of molecule 1 and monomer j of molecule 2. Since we
are considering a FF model sites i and j can be in different or in the same molecule, so we are explic-
itly considering both intermolecular and intramolecular interactions. As previously discussed in the
Introduction, we have recently studied a similar model, the RL model. It is important for the discus-
sion of the results in the next section to give here a brief account of the most important features of the
model. In this latter system, the molecules are strictly linear and rigid; all intramolecular degrees of
freedom are frozen and both the bond distances and bond angles remain fixed. As mentioned previ-
ously, in the first model the interactions between segments are identical to those in the RL model, but
as the chains are flexible, both intermolecular and in particular intramolecular interactions are now
relevant since both contributions are present in the Hamiltonian of the system, as noted before.

We examine a spherically truncated potential model with a cutoff distance of r. = 30. We con-
sider inhomogeneous LRCs using the MacDowell and Blas [14] recipe (presented in the previous
section), based on the Janecek’s method [15,138], obtaining results for the full L] potential, i.e., cor-
responding to infinite truncation distance. According to the discussion of the previous paragraph,
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since intramolecular interactions are also relevant for this model, we use the full expressions for the

inhomogeneous LRC corresponding to UFRC and URC.

The number of molecules, N, used in each simulation depends on the number of monomers per
molecule. We consider N = 672, 403, and 336 for systems formed from 3, 5, and 6 monomers,
respectively. As in previous studies [13,14,143, 144], this choice is made so as to have systems with
the same total number of monomers irrespective of the monomers per molecule. We also compare the
results obtained here with those published previously by us [14] corresponding to FF chains formed
from 4 monomers (see the next section for further details).

Simulations are performed in the NVT ensemble. We consider a system of N molecules at a
temperature 7" in a volume V' = L, L, L., where L,, L, and L. are the dimensions of the rectangular
simulation box. A homogeneous liquid system is first equilibrated in a rectangular simulation box of
dimensions L, = L, = 110, and L, = 24 for FFL] chains formed by 3 and 5 monomers, and L, = 26
for chains with 5 monomers. The box is then expanded to three times its original size along the =
direction, while leaving the liquid phase at the center. As a result, we obtain a centered liquid slab
with those chain bits spanning across the boundary conditions of the original liquid configuration
protruding into empty boxes of equal size at each side. The final overall dimensions of the vapor-
liquid-vapor simulation box are therefore L, = L, = 110, and L, = 72 and 78c for the corresponding
chain lengths.

The simulations are organized in cycles. A cycle is defined as N trial Monte Carlo moves. Our
MC procedure comprises three types of configurational updates: one involving a trial displacement
of the molecular center of mass, and the other two, a partial and complete molecular regrowth of
the molecular chains. For the latter case, we consider a configuration bias scheme [3,187]. Each type
of move is chosen with a probability of 20%, 40%, and 40%, respectively. The magnitudes of the
appropriate displacements are adjusted so as to get an acceptance rate of 30 % approximately. We use
periodic boundary conditions in all three directions of the simulation box.

The calculation of the surface tension is performed using of the Test-Area (TA) methodology [4].
Since the TA method is a standard and well-known procedure for evaluating the fluid-fluid inter-
facial tension of liquid, we only provide the most important features of the technique. For fur-
ther details we recommend the original work [4] and the most important applications [13, 14, 16,
75,89,92,96,97,127-129,170]. The implementation of the TA technique involves performing test-
area deformations of magnitude AA during the course of the simulation at constant N, V, and
T every MC cycle. As shown by Gloor et al. [4], the surface tension follows from the computa-
tion of the change in Helmholtz free energy associated with the perturbation, which in turn can be
expressed as an ensemble average of the corresponding Boltzmann factor. Further details can be
found in Ref. [4,13, 14, 93,143, 144, 146, 147, 188] We consider in all cases two perturbations of size
AA* = AA/Ay = £0.0005, where Ay = L, L, = 12102 is the interfacial area of the unperturbed state.

As in previous studies [13,14], for each length we perform simulations of inhomogeneous systems
at different temperatures where vapor-liquid equilibrium is expected. We typically consider either
eight or nine temperatures in the range ~ 0.57;. up to ~ 0.97,, where T, is the critical temperature
of the system. Each series is started at an intermediate temperature. This system is well equilibrated
for 10° MC cycles, and averages are determined over a further period of 4 x 10° MC cycles. The
systems at other temperatures of each series are equilibrated for 5 x 10> MC cycles and averages are
determined over the same number of cycles (4 x 10%). The production stage is divided into M blocks.
Normally, each block is equal to 10° MC cycles. The ensemble average of the surface tension is given
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by the arithmetic mean of the block averages and the statistical precision of the sample average is
estimated from the standard deviation in the ensemble average from /v M, where 7 is the variance
of the block averages and M has been fixed in this work to M = 40.

All the quantities in our paper are expressed in conventional reduced units, with o and € being
the length and energy scaling units, respectively. Thus, the temperature is given in units of €¢/kp, the
densities in units of o2, the surface tension in units of ¢ / o2, and the interfacial thickness in units of

g.

12.4 Results and discussion

In this section we present the main results from the simulations of FFL] chains with varying chain
length. We focus on the interfacial properties, such as density profiles, interfacial thickness, and
surface tension of chains considering a cutoff distance of r. = 30 and the effective LRCs presented
in Section 12.2. We also examine the temperature and chain length dependence of these properties.
In addition to that, we compare our results obtained for FFL] chains with those corresponding to RL
chain like molecules interacting through the same monomer-monomer intermolecular potential. In
particular, we compare the results corresponding to chains form from 3, 4 (results taken from the
work of MacDowell and Blas [14]), and 5 with those obtained recently by Blas et al. [144]. Results for
FF chains with 6 L] monomers, obtained in the present work, are also presented here for comparison.

We follow the same analysis and methodology than in our previous works [13, 14,91, 144], and
consider different chain lengths and temperatures. The equilibrium density profiles p(z) are com-
puted from averages of the histogram of densities along the z direction over the production stage.
Density profiles are given in terms of the monomeric units. The bulk vapor and liquid densities are
obtained by averaging p(z) over appropriate regions sufficiently removed from the interfacial region.
In addition to that, the final bulk vapor density value, at each temperature and chain length, is ob-
tained after averaging the density profiles on both sides of the liquid film. The statistical uncertainty
of these values is estimated from the standard deviation of the mean values. Following our previ-
ous works, additional interfacial properties, such as the position of the Gibbs-dividing surface, zo,
and the 10 — 90 interfacial thickness, ¢, are obtained by fitting each of the two equilibrium density
profiles to hyperbolic tangent functions [5] (see Eq. (3) of our previous work [13] for further details).
We fix the liquid, pz, and vapor, py, densities to previously computed values and treat zp and ¢ as
adjustable parameters. Our simulation results for the bulk densities and interfacial thickness for FFL]
chains formed by 3, 5, and 6 monomers are collected in Table 12.1. The interfacial thickness values
summarized here correspond to the average of the values for the two interfaces appearing in the
system.

Is is important, however, to mention that at high temperature, the density profiles are nearly sym-
metrical and may be described using a hyperbolic tangent function, as expected in the neighborhood
of the critical point [5]. As the temperature is decreased, however, the profiles develop a very strong
asymmetry, and the distance from the liquid and vapor densities to the density at the equimolar
point is no longer equal [189]. Such asymmetry in the density profile results from the fact that the
correlation lengths on the vapor and liquid side are no longer equal far from the critical point, an
effect which increases with increasing chain size. As a result, these density profiles may be possible
better described using another kind of function, as indicated already by Palanco. [189]
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Tabla 12.1: Liquid density pr,, vapor density py, 10-90 interfacial thickness ¢, and surface tension ~ at different
temperatures for systems of RLL] chains formed from m monomers with a monomer-monomer L] cutoff dis-
tance r. = 30 and inhomogeneous LRCs. All quantities are expressed in the reduced units defined in Section
12.3. The errors are estimated as explained in the text.

m T PL pv t Y

3 120 0.787(2)  0.00093(3)  1.015(2)  0.92(5)
3 140 0.724(1)  0.00492(4)  1.3056(9) 0.66(2)
3 1.60 0.6554(3) 0.01674(9)  1.7484(9) 0.429(9)
3 180 05709(7)  0.0458(1)  2.599(2)  0.224(4)
3 1.85 05450(7)  0.0582(2)  2.973(1) 0.171(4)
3 190 0515(1)  0.0744(3)  3.5032(8) 0.131(4)
5 1.00 0.869(3) 0.0000005(3) 0.722(2)  1.28(3)
5 120 0.817(2) 0.000024(3) 0.8804(6)  1.04(2)
5 140 0.766(1)  0.00031(1)  1.072(1)  0.852(9)
5 1.60 0.7115(8) 0.00193(3)  1.325(2) 0.637(9)
5 1.80 0.6525(6) 0.00737(4)  1.678(2)  0.444(8)
5 2.00 05856(6) 0.02138(8)  2.254(3)  0.269(6)
5 210 05460(7)  0.0346(2)  2.7244(2) 0.205(5)
5 220 0.4988(9)  0.0555(4)  3.488(3) 0.140(3)
6 1.00 0.874(5) 0.0000003(9) 0.705(1)  1.40(5)
6 120 0.825(3)  0.000004(3) 0.8564(9) 1.12(3)
6 140 0.775(2) 0.000087(6) 1.0302(9)  0.89(1)
6 1.60 0.723(1)  0.00072(2)  1.245(2)  0.73(1)
6 1.80 0.6690(7) 0.00337(4)  1.5382(4) 0.501(9)
6 2.00 0.6088(9) 0.01111(6)  1.982(2) 0.351(6)
6 220 05378(9)  0.0301(1)  22772(3) 0.204(6)
6 230 0.4938(7)  0.0484(2)  3.523(3) 0.141(4)
6 235 0.466(1)  0.0618(5) 414(1)  0.114(4)

We show in Fig. 12.1 the segment density profiles p(z) for FFL] chains formed by three (m = 3),
five (m = 5), and six (m = 6) monomers at several temperatures in the vapor-liquid coexistence
region. For the sake of clarity, we only present one half of the profiles corresponding to one of the
interfaces. Also for convenience, all density profiles have been shifted along z so as to place zj at the
origin. Since density profiles are expressed in terms of monomeric units in all cases, liquid density
increases and vapor density decreases, at fixed temperature, as the chain length is increased as ex-
pected. In addition to that, the absolute value of the slope of the density profiles in the interfacial
region decreases as the temperature is increased. This is an expected behavior as temperature ap-
proaches to the critical temperature of the system. This is also in agreement with the divergence, as
it is shown later, of the interfacial thickness as T' — T,.. Another intuitive but less obvious behavior
is related with the effect of chain length, at constant temperature, on the slope of the density profile
going from the vapor to the liquid phase. As can be seen (it is more obvious at high densities, i.e.,
T ~ 1.8), the slopes of the profiles increase as the chain length is increased from m = 3 (Fig. 12.1a)
through m = 4 (Fig. 12.1b) and m = 5 (Fig. 12.1c¢), and finally up to m = 6 (Fig. 12.1d).

Although the behavior of the density profiles of FF chains at different conditions is interesting, it
is important to keep in mind that one of the goals of this work is to determine the effect of molecular
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Figura 12.1: Simulated equilibrium density profiles across the vapor-liquid interface of FFL] chains formed
from three (m = 3) (a), four (m = 4) (b), five (m = 5) (c), and six (m = 6) (d) monomers with a monomer-
monomer L] cutoff of . = 30 and inhomogeneous LRCs at several temperatures. From top to bottom (in the
liquid region): (a) T = 1.20,1.40,1.60,1.80.1.85, and 1.90; (b) T" = 1.00, 1.20, 1.40, 1.60, 1.80, 1.90, and 2.00; (c)
T = 1.00, 1.20, 1.40, 1.60, 1.80, 2.00, 2.10, and 2.20; (d) T = 1.00, 1.20, 1.40, 1.60, 1.80, 2.00, 2.20, 2.30, and 2.35.

flexibility on different interfacial properties. A detailed comparison between the density profiles of
FF and RLL] chains with different chain lengths and temperatures is shown in Figure 2. As can been
seen in Figure 12.2(a), the main effect of flexibility (when comparing density profiles of FF and RLL]
chains formed from four L] monomers) is to decrease the liquid density, increase the vapor density,
and decrease the absolute value of the slope of the density profile along the interfacial region. As can
be seen, the change in density is larger in the case of the liquid side than in the vapor side. In addition
to that, the changes in density profiles seem to be similar at the two temperatures considered, 7' = 1.6
and 1.9, although the increasing of the vapor density when passing from a RL to a FF change is
enhanced as the temperature is increased. This is probably due to the proximity of the critical point
of the system (7. ~ 2.25), since the relative changes in vapor and liquid densities as temperature
approaches to the critical state are larger in the case of vapor density.

We also consider the effect of flexibility for longer chains (m = 5). As can be seen, the same
qualitative behavior is observed for the liquid and vapor densities, as well as for the absolute value of
the slope of the density profile along the interfacial region. The effect of flexibility is more important
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Figura 12.2: Simulated equilibrium density profiles across the vapor-liquid interface of FF (continuous curves)
and RL (dashed curves) L] chains formed from: (a) four (m = 4) monomers at7 = 1.6 (blue curves)and 7' = 1.9
(red curves); (b) five (m = 5) monomers at 7" = 1.9 (blue curves) and 7' = 2.1 (red curves).

and noticeable in this case than in that corresponding to m = 4. As can be seen, the change in
densities, and especially in the slope (absolute value) of the density profile along the interface is
enhanced with respect to that observed for shorter chains (m = 3 and 4). Vapor-liquid envelopes of
FF and RLL] chains with m = 5 monomers are really different. As demonstrated several years ago
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by Galindo et al. [186], RLL] chains exhibit a shrinkage of the liquid range, and that of FFL] chains
present a huge liquid range (7} /7, ~ 0.14).

We have also estimated the location of the critical point resulting from our direct Monte Carlo sim-
ulations. The critical coordinates (temperature, ¢, and density, p.) are obtained following the usual
procedure, i.e., using the simulation results for the vapor and liquid coexistence densities (Table 12.1)
and the scaling relation for the width of the coexistence curve [5],

pL—pv = AT -T.)", (12.14)
and the law of rectilinear diameters
WT”V _B+CT. (12.15)

A, B, and C are constants, and f is the corresponding critical exponent. A universal value of § =
0.325 is assumed here. [5] In Table 12.2 we report the values of the critical temperatures and densities
as obtained from this procedure for all the systems studied in this work. In addition to that, we have
also included the critical conditions (temperature and density) for RLL] chains formed from 3, 4, and
5 monomers obtained by Blas et al. [144].

As a word of caution, we note that the error bars of critical parameters given in Table 12.2 are
to be considered as the statistical uncertainty resulting from our simulations. In fact, true critical
behavior is not seen in finite size simulations, since criticality is governed by a diverging correlation
length which in the simulations is limited to the smallest dimension, L = 11¢. Accordingly, our error
bars do not include systematic errors due to finite system size effects [190]. Such errors would need
to be studied systematically by means of finite size scaling techniques, as in the works of Wilding
and coworkers [191,192]. For the purpose of our work, where we are mainly concerned with the
difference between flexible and rigid systems, our results are of sufficient accuracy, however.

The vapor-liquid phase envelopes of FFL] chains with r. = 30 and inhomogeneous LRCs are
depicted in Fig. 12.3. We have also included the simulation results corresponding to the coexistence
curves of RLL] chains form from three (m = 3), four (m = 4), and five (m = 5) monomeric units

Tabla 12.2: Critical densities of FFLJ (o) and RLLJ (p&") chains with different chain lengths as obtained from
the analysis of the coexistence densities using Eqs. (12.14) and (12.15); critical temperatures of FFL] (TCF F(a)y
and RLL]J (TCRL((L)) chains as obtained from the analysis of the coexistence densities using Eqs. (12.14) and
(12.15); and critical temperatures of FFL] (T} F®)y and RLLJ (TR(")) chains as obtained from the analysis of the
computed tension data using Eq. (12.16) and fixing the critical point to ;x = 1.258. All quantities are expressed
in the reduced units defined in Sec. III. Results corresponding to RLL] chains from by 3, 5, and 6 monomeric
units are taken from the work of Blas et al. [144] Results corresponding to FFL] chains from by four monomeric
units (m = 4) are taken form the work of MacDowell and Blas [14]

FF R TFF(@)  pRL(a)  pFE(b)  pRL(b)
0274(8) 027(1) 20419) 2.05(2) 2.095) 2.1(2)
0264(7) 026(1) 226(1) 225(3) 2292) 23(3)
0253(7) 024(2) 238(1) 250(4) 244(2) 2.6(2)
02458) - 2.5(1) - 2572 -

o Ul B W[ 3
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Figura 12.3: Vapour-liquid coexistence densities for FF (continuous curves and filled symbols) and RL
(dashed curves and open symbols) L] chains. The open green, red, blue, and orange curves and symbols
correspond to the coexistence densities obtained from the MC NVT simulations for chains lengths of m = 3,
m =4, m = 5, and m = 6, respectively. The filled red symbols correspond to the existence densities obtained
by MacDowell and Blas [14]. Symbols at the highest temperatures for each of the coexistence curve represent
the critical points estimated from Egs. (12.14) and (12.15).

from our previous work [144]. As previously mentioned, all densities are presented in terms of the
monomeric densities since the coexistence curves fall in the same scale when plotted in this way.

We first analyze the phase behavior of FFL] chains. As can be seen, the phase envelope becomes
wider as the chain length is increased from three (m = 3) up to six (m = 6) segments, as one would
expect. Note that we have also included the Monte Carlo simulation results corresponding to the
case m = 4 (chains form from four L] segments) from a previous work [14]. Obviously, the phase en-
velopes obtained in this work (m = 3, 5, and 6) follow the expected intermediate behavior than those
corresponding to dimers and chains form from eight (m = 8) segments. The critical coordinates of
chains, for different chain lengths, also follow the expected behavior, i.e., higher critical temperature
and lower critical density as the chain length is increased.

Comparison between coexistence curves of FF and RLL] chains provides interesting conclusions
of the effect of molecular flexibility on the phase behavior of chain like systems. As can be seen, the
coexistence curves of RLL] chains exhibit the same qualitative behavior previously explained when
the chain length is varied. However, the most interesting conclusions from Fig. 12.3 arise when com-
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paring the coexistence envelopes of FF and RLL] chains formed by the same number of monomeric
units. As can be seen, the coexistence envelope of RLL] chains is wider than that corresponding to
FF chains, i.e., liquid and vapor densities of RL chains are higher and lower than those of FF, respec-
tively. In addition to that, differences between both phase envelopes increase as the chain length is
increased. For instance, for the case of chains formed from three segments (m = 3), the phase enve-
lope of both models is nearly equal. However, for chain lengths of m = 4, differences are noticeable
in both sides of the phase envelope, especially in the liquid side. But the case in which the differences
between densities of both models are larger corresponds to m = 5, especially at the liquid side of the
phase envelope. In summary, the key issue in order to rationalize the different properties between
FF and LR chains is that the LR has a higher critical temperature at the same chain length, hence, at
a fixed chosen temperature it will be relatively further away from the critical point than the corre-
sponding FF chain. This explains why LR chains have greater segregation, greater surface tension
and smaller interfacial width at a given temperature.

An important difference between the phase envelopes of the two models studied here is the range
of temperatures at which vapor-liquid phase equilibria is stable in both models. As the chain length
increase, from three (m = 3) to five (m = 5), the vapor-liquid coexistence range corresponding to
the RL chain model is more limited. Contrary, the FFL] model exhibits a huge liquid range in which
vapor and liquid phases coexist, due to the reason previously explained in the Introduction (see also
our previous works for further details [144, 186].

This effect can be understood observing the phase behavior of FFL] chains form from six (m = 6)
monomeric units. As can be seen, the range of temperatures at which the system exhibits vapor-
liquid separation is huge, from 7" ~ 1.0 up to T" ~ T,. ~ 2.5. No simulation data for the homologous
RL model is available in the literature. We think this model exhibits liquid-crystalline phases for
chain lengths equal or larger than six segments, including isotropic, nematic, and smetic phases.
Due to this, the determination of the vapor-liquid coexistence properties, and particularly interfacial
properties such as surface tension, is a difficult task taking into account that the solid phase would
be more stable than the liquid at these conditions [144,186].

Before presenting the results for other properties it is important mention the general influence of
long-range corrections on the estimation of the critical point. The standard long range corrections to
the energy introduce an effective mean field van der Waals like contribution to the Hamiltonian ap?.
Such behavior is only exact for infinitely long-range pair potentials and produces mean field like
criticality [193]. The inhomogeneous long-range corrections introduced here are somewhat more
subtle. Indeed, they correspond to an effective infinite long range potential for all pairs of molecules
with perpendicular distance |z; — ;| > 7., but a finite range potential for pairs of molecules |z; — z;| <
rc. This most likely also produces mean field critical behavior. However, we use a long range cutoff
R, sufficiently large that the Ising like behavior will dominate the system’s behavior except in the
close neighborhood of T;. [194]. In practice, this is most likely not an important issue, since we expect
that for our limited system sizes finite size effects become relevant before the crossover from Ising
like to mean field behavior. As a matter of fact, most estimates for long range r ¢ potentials that
are available in the literature introduce a mean field like character to the simulations by virtue of
the homogeneous long range correction to the dispersive energy. In practice, the artifacts that could
result are most likely not as important as the suppression of diverging correlation lengths that result
from the finite system size.
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10

Figura 12.4: The 10-90 interfacial thickness ¢ as a function of the temperature for FF (continuous curves and
filled symbols) and RL (dashed curves and open symbols) L] chains. The green, red, blue, and orange colors
correspond to the interfacial thickness obtained from the MC NVT simulations for chains lengths of m = 3,
m =4, m =5, and m = 6, respectively. The open symbols correspond to the interfacial thickness obtained by
Blas and et al. [144]. The curves are included as a guide to the eyes.

Another interesting property obtained from our analysis is the 10 — 90 interfacial thickness, ¢, of
FFL] chains (cf. Table 12.1). Notice the intrinsic width is not strictly an intrinsic property of the fluid,
but rather, increases logarithmically with system size due to the presence of capillary waves [119].
However, our results are performed in all cases for the same lateral size, so that the comparison is
meaningfull. Furthermore, the lateral system size in our simulations are only a few times as large as
the fluid’s correlation length so that we do not expect for such sizes a large effect of capillary wave
broadening. We have also included the results obtained by Blas et al. [144] for RLL] chains form from
three (m = 3), four (m = 4), and five (m = 5) monomeric units. Fig. 12.4 shows the behavior of the
10 — 90 interfacial tension, as a function of temperature, for different chain lengths and the models
considered. As can be seen, for a given chain length, ¢ is seen to increase with temperature, which
simply reflects the fact that the interfacial region gets correspondingly wider, as can be also observed
in Fig. 12.2. At low temperatures the density profiles exhibit a sharp interface which corresponds to
a low value of the interfacial thickness. As the temperature is increased towards the critical value
the interfacial region becomes wider, and hence, the value of the interfacial thickness increases and
diverges to infinity as 7" — T¢. Also note that at low temperatures both surface tension and interfacial
widths become very similar for all chain lengths. In this regime of low temperature, the properties of
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the liquid phase are essentially dictated by packing effects on the scale of segment diameter, which
is the same for all chains. It is in this region where Wertheim’s thermodynamic perturbation theory
and the related SAFT equation becomes most accurate, [21,195,196] as a reference monomer system
provides an accurate description of the chain fluid. As the temperature increases, both interfacial
width and surface tension are rather dominated by the relative distance from the critical point (c.f.
Eq. 15), which is different for each chain, and the properties become very different.

We first concentrate on the behavior of the interfacial tension of FFL] chains. According to the
tigure, an increase of the chain length results in a decrease of the thickness of the interface at fixed
temperature. The variation of the interfacial thickness, as a function of chain length, is smaller as
the chain length increases. In particular, the smallest variation in the interfacial thickness, at a given
temperature, occurs when the chain length changes from m = 5 to m = 6. Note that for intermediate
temperatures, T ~ 1.6, the interfacial thickness of chains form from five and six monomeric units is
nearly identical. This is a consequence of the scaling behavior observed for FFL] chains previously
shown by different authors [13,13, 14,143,144, 197,198]. This behavior is consistent with the shape
exhibited by the density profiles associated to the vapor-liquid phase envelopes, which is a conse-
quence of the larger cohesive energy that longer chain like molecules have (in comparison with short
chains).

We now consider the difference between the interfacial thickness of FF and RLL] chains. As can be
seen in Fig. 12.4, the interfacial thickness of flexible chains, at the same temperature and chain length,
is larger than that of rigid molecules. The difference between the thickness of flexible and rigid
chains, for a fixed chain length, increases as the temperature approaches to the critical temperature
of the system. In fact, the difference between both values increases as the chain length is larger. This
behavior is consistent with the results shown previous here (see Figs. 12.1-12.3).

Finally, it is also important to emphasize one important issue. The range of temperatures at which
vapor-liquid phase equilibria is stable in both models is very different. In the case of the flexible
model, the system exhibits a huge range in which liquid and vapor coexist. However, the vapor-
liquid coexistence range corresponding to the RL chain model is much more limited, as we have
explained previously in the Introduction. To recap, the main effect of rigidity on the interfacial thick-
ness of the vapor-liquid coexistence of L] chains models is to decrease it, especially at temperatures
near the critical point and for long-chain systems.

We finally consider the behavior of the vapor-liquid surface tension of the L] molecular chains
with different sizes. In particular, we compare the results obtained in this work for the FF model
with those for RL chains obtained previously [144]. This allows to understand the effect of flexibility
of the molecular models on the surface tension of the systems studied. The temperature dependence
of the surface tension for flexible and rigid L] chains is shown in Fig. 12.5. As can be seen, at any
given temperature, the interfacial tension is larger for longer chains. Obviously, this conclusion is
valid not only for FF but also for RL chain molecules. Once again, this is consistent with the larger
cohesive energy in systems formed by long chains. As can be seen from Fig. 12.5, an essentially
linear behavior is found for the range of temperatures considered here, with a slight curvature close
to the critical point for each system. The effect of chain length on the slope of the surface tension
curves is remarkable. At a given temperature, this slope becomes less negative as m is increased, a
trend which is also exhibited by FFL] chains [13,14], as well as by the first members of the n-alkane
series. [199] The same qualitative behavior has been previously found by Bryk and collaborators [200]
and a previous work [144].
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But probably the most important conclusion of Fig. 12.5 is the effect of flexibility of similar molec-
ular models, i.e., L] chains formed from the same number of monomeric units, on the vapor-liquid
surface tension. As can be seen clearly, the surface tension increases as the flexibility decreases.
In other words, the surface tension of RL molecules is larger than that of FF chains. This is espe-
cially noticeable as the chain length increases (particularly for molecules formed from four and five
segments). Unfortunately, as we have explained several times along the manuscript, no computer
simulation data is available in the literature for RLL] chains formed by six or more L] spherical units.

1,2

1,0

> 0,8

0,2

Figura 12.5: Surface tension as a function of the temperature for FF (continuous and filled symbols) and RL
(dashed curves and open symbols) L] chains. The green, red, blue and orange colors correspond to the surface
tension obtained from the MC NVT simulations for chains lengths of m = 3, m = 4, m = 5, and m = 6,
respectively. The open symbols correspond to the surface tension obtained by Blas and et al. [144]. The curves
represent the fits of the simulation data to the scaling relationship of the surface tension near the critical point
given by Eq. (12.16) with p = 1.258.

Similar to the case of long FF [13,14] and short RL [144] L] chains, the computed values of the
surface tension allow us to obtain an independent estimate of the critical temperature for each chain
length from the scaling relation

=11 =T/T)", (12.16)

where 7 is the surface tension at temperature T, 7y is the "zero-temperature” surface tension, y is the
corresponding critical exponent, and 7, is the critical temperature. Here, we fix 1 to the universal
value of ;1 = 1.258 as obtained from renormalization-group theory. [5] Our estimates for the critical
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temperatures are collected in Table 12.2. The overall agreement between these values and those ob-
tained from an analysis of the coexistence densities is satisfactory. It is also possible to compare these
results with predictions obtained previously by Blas et al. [144] corresponding to the RLL] molecular
chain model. As can be seen in Table 12.2, the same conclusion obtained previously form the analysis
of the coexistence densities is also observed here: the main effect of flexibility on the critical point is
to decrease the critical temperature of the chain model, with the same number of monomeric units,
with respect to that of the rigid one.

It is interesting to mention here that, although the surface tension values of FF and RL chains are
different, at the same temperature and for molecules formed from the same number of monomeric
units, we have recently found [143] that it is possible to find a universal scaling relationship to cor-
relate short- and long-chains molecules with different degrees of flexibility and interacting through
different intermolecular potentials (Lennard-Jones and square-well potentials).

Before presenting the conclusions of this work, it is interesting to comment some issues about the
scaling properties we have investigated. In particular, we have considered scaling relationships for
the vapor-liquid and interfacial tension but no for the interfacial width. As it is well-known, in the
van der Waals theory of interfaces, the interfacial width is readily identified with the bulk correlation
length. Accordingly, we could try to test the expected scaling law for the correlation length £ o< t™7,
where t = 1 — T'/T,, using our data for the interfacial width. However, the van der Waals theory,
as other mean field theories, miss the role of capillary waves. Such waves result in an interfacial
broadening which is larger than the bulk correlation length and depends on the system size. Indeed,
it is expected that the interfacial width obeys ¢ 2 = 58 + 53“,, where ¢ is the bulk correlation length,
which scales as ¢, while an additional interfacial broadening stemming from capillary waves is
£§W = kpT/27Y1y In Lgmax, where gmax is an upper wave-vector cutoff. Accordingly, the scaling form
of the interfacial width is governed by both v and ;1 ~ 2v. Far away from the critical point, clearly
terms of order t~”, will be important, but close to the critical point a divergence of order t™* should
occur. Unfortunately, the analysis of the data obtained from simulations does not give conclusive
results.

12.5 Conclusion

We have determined the interfacial properties of the vapor-liquid interface of short FFL] chains
formed from tangentially bonded monomers. Chains formed by three, five, and six monomers are
considered. The intermolecular monomer-monomer interactions are truncated at a cutoff distance
of three times the segment size of the monomers forming the chains. We use an improved ver-
sion of the Jane¢ek methodology proposed recently by MacDowell and Blas that allows to evaluate
the long-range corrections to the potential energy as an effective pairwise intermolecular potential,
without need of the explicit calculation of the current density profile along the simulation. We use
Monte Carlo NVT simulations of the inhomogeneous system containing two vapor-liquid interfaces.
The surface tension is evaluated using the Test-Area (TA) approach. We have examined the density
profiles, interfacial thickness, and surface tension in terms of the temperature and the number of
monomers forming the chains. In addition, we have also calculated the coexistence phase envelope,
including the location of the critical point from an analysis of the density profiles and the surface
tension. In addition to that, we have compared the results obtained with those corresponding to
RLL]J chains formed from the same number of monomeric segments previously determined in the
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literature.

The effect of the chain length on the density profiles, coexistence densities, critical temperature
and density, interfacial thickness, and surface tension has been investigated. The vapor-liquid inter-
face is seen to sharpen with increasing chain length corresponding to an increase in the width of the
coexistence phase envelope, and an accompanying increase in the surface tension. The vapor-liquid
surface tension of RLL] chains is seen to exhibit a universal scaling behavior when is appropriately
reduced with respect to the chain length and critical density and temperature, and represented as a
function of the difference between the vapor and liquid coexistence densities (relative to the critical
point) [143].

Comparison between predictions for FFL] and RLL] with the same number of monomeric seg-
ments indicates that the flexibility of the chains affect both vapor-liquid coexistence and interfacial
properties. In particular, from the thermodynamic point of view, the difference between the liquid
and vapor coexistence densities decreases when passing from a RL to FF chain, with a decrease of
the critical temperature and a decrease of the critical density. From the point of view of the interfa-
cial properties, the density profiles become smoother along the interfacial region as the flexibility is
increased, with the corresponding enlargement of the region in which the liquid changes continu-
ously to vapor. This increasing of interfacial thickness produces a small decrease of the vapor-liquid
surface tension for short chains, which becomes larger as the chain length is increased.
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We determine the interfacial properties of mixtures of spherical square-well molecules from direct
simulation of the vapor-liquid interface. We consider mixtures with the same molecular size and
intermolecular potential range but different dispersive energy parameter values. We perform Monte
Carlo simulations in the canonical ensemble to obtain the interfacial properties of mixtures of SW.
In particular, we determine the pressure tensor using the mechanical (virial) route and the vapor-
liquid interfacial tension evaluated using the Irving-Kirkwood method. In addition to the pressure
tensor and the surface tension, we also obtain density profiles, coexistence densities, and interfacial
thickness as functions of pressure, at a given temperature. According to our results, the main effect
of increasing the ratio between the dispersive energy parameters of the mixture, e32/€11, is to sharpen
the vapor-liquid interface and to increase the width of the biphasic coexistence region. Particularly
interesting is the presence of a relative maximum in the density profiles of the less volatile component
at the interface. This maximum is related with adsorption or accumulation of these molecules at the
interface, since there are stronger attractive interactions between these molecules in comparison with
the rest of intermolecular interactions. In addition to that, the interfacial thickness decreases and the
surface tension increases as ez /€11 is larger, a direct consequence of the increasing of the cohesive
energy of the system.

13.1 Introduction

Knowledge of interfacial properties of mixtures is essential in a large number of scientific and en-
gineering fields, including nucleation or dynamics of phase transition, among many others [5]. From
a formal point of view, understanding how microscopic parameters (for instance, molecular size and
dispersive energy interactions) determine the thermodynamic and structural behavior of mixtures
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near interfaces is one of the classical problems in applied Statistical Mechanics and computer simu-
lation. Recently, researchers of the liquid-state community have applied theories of inhomogeneous
systems, with particular emphasis on computer simulation, to determine the interfacial properties of
many different systems. Unfortunately, studies involving fluid mixtures is far less common.

Surface tension is probably the most challenging property to be determined and predicting using
molecular-based theories and simulation techniques. Despite the number of studies carried out since
computer simulation is used routinely for determining the properties of a molecular model, the cal-
culation of surface tension is still a subtle problem. The ambiguity in the definition of the microscopic
components of the pressure tensor [4,73], the finite size effects due to capillary waves [119,120], or
the difficulty for the calculation of the dispersive long-range corrections (LRC) associated to the in-
termolecular interactions [14, 15], make the calculation of surface tension a difficult and non-trivial
problem.

The usual procedure to the evaluation of the planar fluid-fluid interfacial tension in a molecular
simulation involves the determination of the microscopic components of the pressure tensor through
the well-known mechanical or virial route. This route states that surface tension of a planar fluid-
fluid interface can be readily obtained from the integration of the difference between the normal and
tangential microscopic components of the pressure tensor profiles along the interface. This method
generally involves an ensemble average of the virial of Clausius according to the recipes of Irving
and Kirkwood [62]. Although the mechanical route is an appropriate technique for determining the
surface tension, the application of this methodology presents some technical problems when dealing
with systems that interact through discontinuous intermolecular potentials.

The simplest system that exhibits vapor-liquid coexistence is probably that formed from molecules
that interact through the well-known square-well (SW) intermolecular potential. This intermolecular
potential is characterized by two length scales, the hard-sphere diameter, o, and the potential range,
A. This potential is discontinuous at » = o, the contact length between two SW molecules, and at
r = Ao, the distance at which the potential vanishes. It is certainly possible to evaluate the pressure
(in bulk systems) and the components of the pressure tensor at the vapor-liquid interface, using the
standard mechanical or virial route. The Irving and Kirkwood technique involves the evaluation of
the virial, and hence, the intermolecular forces between the molecules. The contribution to the virial
in systems interacting through discontinuous potentials could be dominated by the impulsive forces
that appear at these discontinuities. In the particular case of systems interacting through the SW
intermolecular potential, the contribution to the pressure arise, apart from the ideal part, from the
impulsive forces between molecules separated at the distances » = ¢ and Ao. The pressure can be
determined evaluating these discontinuities directly, as Orea et al. [49] demonstrated several years
ago, but also using a simple extension of the elegant and standard approach of counting overlaps
produced by an isotropic volume scaling [50,94,201-203].

The goal of this work is to determine the vapor-liquid interfacial properties of mixtures of spher-
ical SW molecules with the same molecular size and intermolecular potential range but different
dispersive energy parameters. In particular, we focus on the effect of the dispersive energy ratio on
different interfacial properties, including density profiles, normal and tangential microscopic com-
ponents of the pressure tensor profiles, and surface tension. In addition to that, we also analyze the
effect of the dispersive energy ratio on other thermodynamics properties, such as coexistence den-
sity and pressure-composition slices of the phase diagram. To our knowledge, this is the first time
the surface tension and components of the pressure tensor of mixtures of SW spheres are calculated
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using the mechanical route of Irving and Kirkwood.

The rest of the paper is organized as follows. In Section 13.2 we present the model and simulation
details of this work. Results obtained are discussed in Section13.3. Finally, in Section 13.4 we present
the main conclusions.

13.2 Model and simulation details

We consider binary mixtures of spherical SW molecules characterized by diameters o;;, disper-
sive energies ¢;;, and intermolecular potential ranges \;;, where index ¢ denotes component i. The
interaction potential between two different molecules of species ¢ and j is given by,

+o0o r<o ij
ug;" (1) =9 —€i; 0y <1< o0y (13.1)

0 r> 0t
where 7 is the distance between two molecules, and o5, €;5, and \;; are the intermolecular parameters
(size, dispersive energy, and intermolecular potential range, respectively) associated to the interac-

tion between molecules of type i and j. In this work, we use the well-known Lorentz-Berthelot
combining rules for unlike dispersive interactions,

Oy + 04

= 13.2
oy =701 (13.2)
and
eij = (€iesg)'” (13.3)
In addition to that, \;; follows the combining rule given by,
Ny = TiiNii + 055N (13.4)

T4 +Ujj

We examine mixtures interacting with several interaction dispersive parameter values €22 /€11,
and with the same size 011 = 022 = 012 = 0 and intermolecular potential range A1 = A2 = A2 = A
The number of molecules, NV, used in the simulations performed in this work for studying the vapor-
liquid interface of mixtures of SW molecules varied from N = 2248, for the lowest pressure consid-
ered (P* = Po?,/e;1 ~ 0.015), to N = 2748, for the highest pressure analyzed (P* = Po} /e ~
0.057).

As we have discussed previously in our previous works [151,204], it is not possible to have sys-
tems with the same total number of molecules and with the same interfacial area since we are deal-
ing with binary mixtures in which composition must be taken into account. Following our previous
works, we use the original SAFT-VR approach, based on Wertheim’s Thermodynamic Perturbation
Theory [17-20], and developed by Jackson and coworkers [205,206], to calculate the complete phase
diagrams of the mixtures to be studied. This allows to have an initial picture of the initial densities
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and compositions of each component of the mixture in both phases (vapor and liquid), as predicted
from the SAFT-VR approach for the mixtures considered in this work.

Similarly as we have done in our recent works, simulations are performed in two steps. In the
tirst step, homogeneous liquid and vapor systems, at a given temperature and density, are equili-
brated in a rectangular simulation box of dimensions L, = L, = 120, and varying L.. Box length
measured along the z-axis is chosen in such a way that the corresponding densities match the predic-
tions obtained from the SAFT-VR approach at temperature and approximated pressure selected. In
addition to that, the particular number of molecules of each species, in both liquid and vapor phases,
are also selected according to the SAFT predictions. Both simulation boxes (liquid and vapor) are
equilibrated at the same temperature and with the corresponding liquid and vapor densities using
an NVT ensemble in which L, and L, have the same values for all the simulation boxes considered,
and L. has the appropriate values according to the state to be simulated. NVT simulations of ho-
mogeneous phases are organized by cycles. A cycle is defined as IV trial moves (displacement of the
center of mass). The magnitude of the appropriate displacement is adjusted so as to get an acceptance
rate of 30 % approximately. We use periodic boundary conditions and minimum image convention
in all three directions of the simulation box.

In a second step, the interfacial simulation box is prepared leaving the previous homogeneous
liquid phase at the center of the new box with the same homogeneous vapor phase boxes of equal
size previously prepared at each side. Since L, and L, (A = L,L,, i.e., the interfacial area) are the
same for all homogeneous phases, it is always possible to build up the interfacial simulation box as
explained here. The final overall dimensions of the vapor-liquid-vapor simulation box are therefore
L, = L, =120, and L, = 97.1c for the lowest pressure considered (P* = kgT/e1;1 =~ 0.015), and
L, = 101.80 for the highest pressure (P* = kgT'/e11 ~ 0.057).

The simulations for studying the vapor-liquid interface are also organized in cycles. In this case,
a cycle is defined as N trial moves (displacement of the center of mass) and the magnitude of the
appropriate displacement is adjusted so as to get an acceptance rate of 30 % approximately. We use
periodic boundary conditions and minimum image convention in all three directions of the simula-
tion box.

We have obtained the normal and tangential components of the pressure tensor from the mechan-
ical expression or virial route,

1 N—-1 N
P.g = <p]€BT> + <V Z Z T%f5> (13.5)

i=1 j=i+1

In this work, we have followed the same procedure as in our previous work [142] and used the well-
known Irving and Kirkwood (IK) recipe [62,63] for determining the microscopic components of the
pressure tensor, Py (z) = P..(z) and Pr(z) = Ppe(2) = Pyy(z) = %(Pm(z) + Pyy(2)). Since the SW
potential is discontinuous, we have followed the extension of the methodology proposed by Allen
and de Miguel and Jackson [50,201] for determining the components of the pressure tensor, based
on the seminal work of Eppenga and Frenkel [94] for calculating the pressure in bulk system. In
particular, we consider 200 slabs perpendicular to the simulation box (z-axis) at which we evaluate
the microscopic components of the pressure tensor using the extension of the approach of counting
overlaps produced by independent volume scaling along the three directions of the simulation box.
We use ten different values of the virtual scaling magnitude £ = AV/V, in the range 0.005 < [{| <
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0.030. The final values of the microscopic components of the pressure tensor presented in this paper
correspond to the extrapolated values, at every slab of the simulation box, as determined by a linear
extrapolation to || — 0 of the values obtained from the corresponding independent volume scaling
along the three directions of the space.

Surface tension is determined using the mechanical definition that involves the integration of
the difference between the tangential and normal microscopic components of the pressure tensor
profiles, as obtained from the IK methodology, along the simulation box according to,

L,
1= [ ()~ Pr(a)) a: (13.6)
0

Note that here we have chosen the z-axis perpendicular to the interface and the integral is performed
along the total length L. of the simulation box.

We typically consider nine reduced pressures in the range P* = Po}; /e1; ~ 0.015 up to 0.057,
approximately. In the case of NVT simulations of the homogeneous liquid and vapor phases pre-
pared in the first step, each simulation box is equilibrated for 20 x 10 MC cycles. In the case of the
NVT simulations corresponding to the interfacial box, the system is also well equilibrated for other
10 x 10° equilibration MC cycles. In addition to that, averages are determined over a further period
of 40 x 10° MC cycles. The production stage is divided into M blocks. Normally, each block is equal
to 10° MC cycles. The ensemble average of the macroscopic components of the pressure tensor and
the surface tension is given by the arithmetic mean of the block averages and the statistical precision
of the sample average is estimated from the standard deviation in the ensemble average from /v/M,
where 7 is the variance of the block averages, and M = 40 in all cases.

All the quantities in our paper are expressed in conventional reduced units of component 1, with
o11 and €11 being the length and energy scaling units, respectively. Thus, the temperature is given
in units of €11 /kp, the densities of both components and the total density in units of 01_13, the bulk
pressure and components of the pressure tensor in units of the ¢;; /0%, the surface tension in units of
€11/ 0%1, and the cutoff distance and interfacial thickness in units of o1;.

13.3 Results and discussion

In this section we present the main results from simulations of the vapor-liquid interface of mix-
tures of spherical SW molecules. We focus mainly on the effect of the dispersive energy interaction be-
tween the components of the mixture on several interfacial properties. We have determined the com-
ponents of the pressure using the mechanical (or virial) route. As in our recent papers [142,151,204],
we have also examined several coexistence properties, such as coexistence densities, and also other
interfacial properties, including density profiles, interfacial thickness, and surface tension.

We first analyze the effect of the dispersive energy parameter between components of the mixtures
on density profiles. We follow the same analysis and methodology than in our previous works [13,14,
142-145] and consider different dispersive energy parameters and pressures. The equilibrium density
profiles of each of components of the mixture, p1(z) and p2(z), as well as the total density, p(z) =
p1(z) + p2(z), are computed from averages of the histogram of densities along the z direction over
the production stage. The bulk vapor and liquid densities of both components and the total density
are obtained by averaging pi1(z), p2(z), and p(z), respectively over appropriate regions sufficiently
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Tabla 13.1: Liquid density, p'*), vapor density, p(*"), liquid density of component 1, p{"’

component 1, pgv), molar fraction of component 1 in the liquid phase ng), molar fraction of component 1 in

the vapor phase xﬁ”, liquid density of component 2, ng), and vapor density of component 2, pév) atT =12
and different pressures P, ., for mixtures of SW molecules with the same molecular size, potential interaction
range, but different dispersive energy parameters, €s2/€11. All quantities are expressed in the reduced units
defined in Section 13.2. The errors are estimated as explained in the text.

Ps. pt) pt") P Pt At 2" ps" Py

, vapor density of

€2/€11 = 1.5
0.01721(22)  071702(3)  0.01548(3)  0.09078(10)  0.00967(3)  0.12661(15)  0.624(3
0.02193)  070957(9)  0.02036(7) 0.13147(14)  0.01452(4) 0.1852823)  0.712(3
0.02613)  070079(4)  0.02517(8)  0.17623(7)  0.01936(6) 0.25147(11)  0.769(5
0.0313(3)  0.69082(3)  0.03072(8)  0.22220(5)  0.02477(6)  03216509)  0.806(4
0.0363(3) 0.67984(4) 0.03716(13)  0.26643(11)  0.03115(11)  0.39190(18) 0.838(6
0.04116(20)  0.66637(4)  0.04321(5) 0.31271(13)  0.03720(7)  0.46927(22)  0.861(3
0.0466(3) 0.65212(4) 0.05084(9) 0.35513(9) 0.04496(7) 0.54458(18) 0.884(3
0.0516(3)  0.63506(17)  0.05865(9)  0.39514(14)  0.05295(9)  0.6222(4)  0.903(3
0.0566(3)  0.61609(6) 0.06767(20)  0.42869(4)  0.06237(18) 0.69581(13)  0.922(5
€22/€11 = 1.75
0.01603)  075618(5)  0.01435(3)  0.09173(11)  0.01277(3)  0.12131(15)  0.890(4
0.0205(3)  075007(5)  0.01866(4) 0.12641(11)  0.01688(4)  0.16853(16)  0.905(5)  0.62365(13)  0.001777(12)
0.0258(3) 0.74322(4) 0.02381(5) 0.16243(10) 0.02196(5) 0.21855(15) 0.922(4 0.58079(13)  0.001854(11)
)
)

0.62624(12)  0.005818(21)
0.57811(21)  0.005849(20)
0.52456(10)  0.00581(3)
0.46861(6)  0.00595(3)
041341(14)  0.00602(4)
0.35366(16)  0.006012(23)
0.29698(13)  0.00588(3)
0.2399(3)  0.00570(21)
0.18741(8)  0.00530(3)

NN ANG NS AN IS NN

0.66445(14)  0.001570(22)

)

)

)
0.0302(3) 0.73419(4) 0.02912(7) 0.20496(14 0.02711(6) 0.27916(21) 0.931(4) 0.52923(17)  0.002004(16)
0.0355(3) 0.72410(6) 0.03498(7)  0.24779(21 0.03302(7) 0.3422(3) 0.944(4) 0.4763(3) 0.001960(14)
0.0405(3) 0.70984(20)  0.04130(8) 0.3007(6) 0.03929(9) 0.4236(10) 0.951(4) 0.4091(8) 0.002007(11)
0.04603)  0.6913(8)  0.04868(13)  0.3525(5)  0.04662(12) 05098(14)  0.958(5)  0.3388(14)  0.002055(17)
0.0514(3) 0.67341(12)  0.05615(23)  0.40128(11)  0.05409(22) 0.5959(3) 0.963(8) 0.27213(22)  0.002061(23)
0.0572(3)  0.65035(13) 0.06646(19) 0.44382(14) 0.06432(17)  0.6824(3)  0968(5)  0.20653)  0.002139(19)

€22/€11 = 2.0

0.0150(3) 0.79107(7) 0.01294(6)  0.05593(18)  0.01240(6)  0.07070(24)  0.958(10)  0.73514(24)  0.000536(8)
0.0188(3) 0.78748(4) 0.01661(3) 0.07748(11) 0.01612(3) 0.09839(15) 0.970(4) 0.70999(14) 0.000496(8)
0.0232(3) 0.78364(5) 0.02109(6)  0.09928(12)  0.02055(6)  0.12670(16) 0.974(5) 0.68436(15)  0.000537(10)

0.02748(18)  0.77811(4) 0.02501(7)  0.13033(22)  0.02448(6) 0.1675(3) 0.978(5) 0.6478(3) 0.000528(9)
0.0324(3)  0.77210(17) 0.03100(14)  0.1594(4)  0.03032(14)  0.2065(6)  0.978(9)  0.6126(6)  0.000687(11)
0.0384(3) 0.76547(9)  0.03763(16) 0.1934(3) 0.03697(15) 0.2526(4) 0.982(8) 0.5721(4) 0.000665(11)
0.0435(3)  0.75244(10)  0.04493(5)  02480(4)  0.04421(5)  03296(5) 09840(24)  0.5044(4)  0.000719(8)
0.0500(3) 0.73252(19)  0.05421(14) 0.3192(5) 0.05333(14) 0.4358(8) 0.984(5) 0.4133(6) 0.000883(12)
0.0561(3) 0.6999(3) 0.06312(15) 0.4053(4) 0.06225(14)  0.5790(10) 0.986(4) 0.2947(8) 0.000876(17)

removed from the interfacial region. This procedure is meaningful as far as the central liquid slab
is thick enough. The bulk vapor densities are obtained after averaging the corresponding density
profiles on both sides of the liquid film. The statistical uncertainty of these values is estimated from
the standard deviation of the mean values. Following our previous works [142,151,204], additional
interfacial properties, such as the position of the Gibbs-dividing surface, z, and the 10 —90 interfacial
thickness, ¢, are obtained by fitting each of the equilibrium density profiles to hyperbolic tangent
functions [5] (see Eq. (3) of our previous work [13] for further details). We fix liquid, pr, and vapor,
pv, densities for each component and for the total density to previously computed values and treat
2o and t as adjustable parameters. Our simulation results for the bulk densities of each component,
total densities, molar fractions of both component in each, components of the pressure tensor, surface
tension, and interfacial thickness for mixtures of SW molecules interacting with different dispersive
energy parameters and the full potential, at different pressures, are collected in Table 13.1.

We show in Fig. 13.1 the density profiles p1(2), p2(2), and p(z) for three mixtures of SW molecules
with different dispersive energy parameters of the component 2, €z2/€1; = 1.50, 1.75, and 2.00, at
T = 1.2 and several pressures. For the sake of clarity, we only present one half of the profiles corre-
sponding to one of the interfaces. Also for convenience, all density profiles have been shifted along
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038 r . ; . ; . ; . :

Figura 13.1: Simulated equilibrium total density profiles (continuous curves), density profiles of component
1 (dotted curves), and density profiles of component 2 (dashed curves) across the vapor-liquid interface of
mixtures of spherical SW molecular with the same molecular size and dispersive energy ratio es2/€11 = 1.5 (),
1.75 (b), and 2.0 (c). T' = 1.2 and pressures of systems in (a), (b), and (c) are equal to, from top to bottom in the
liquid phases, to those presented in Table 13.1 for each value of the dispersive energy ratio ez2 /€11, respectively.
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Tabla 13.2: Tangential components of the macroscopic pressure tensor, P, and P,,, normal component of the
macroscopic pressure tensor, P, calculated from the virial route, and surface tension calculated from the me-
chanical route, at 7' = 1.2 and different pressures for mixtures of SW molecules with the same molecular size,
potential interaction range, but different dispersive energy parameters, €22/€11. All quantities are expressed in
the reduced units defined in Section 13.2. The errors are estimated as explained in the text.

Pl’l‘ Pyy Pzz Y
622/611 =15
0.00326(23)  0.00331(22) 0.01721(22) 0.679(5)
0.01012(22)  0.01027(23)  0.0219(3)  0.585(6)
0.0154(3)  0.0155(3)  0.0261(3)  0.524(6)
0.0222(3)  0.0225(3)  0.0313(3)  0.449(6)
0.0285(3) 0.0284(3)  0.0363(3)  0.394(6)
0.03432(23)  0.03441(23) 0.04116(20) 0.339(5)
0.0411(3)  0.04111(21)  0.0466(3)  0.283(4)
0.0473(3)  0.0473(3)  0.0516(3)  0.218(5)
0.05300(22) 0.05302(22)  0.0566(3)  0.181(5)
622/611 =1.75
-0.00307(24)  -0.0030(3)  0.0160(3)  0.931(8)
0.0038(3) 0.00403)  0.0205(3)  0.825(5)
0.0112(3)  0.0112(3)  0.0258(3)  0.715(6)
0.0178(3) 0.01776(23)  0.0302(3)  0.623(6)
0.0249(3) 0.02503)  0.0355(3)  0.528(5)
0.0315(3) 0.0316(3)  0.0405(3)  0.442(6)
0.0388(3)  0.03883(23)  0.0460(3)  0.366(6)
0.0457(3)  0.0456(3)  0.0514(3)  0.296(5)
0.0526(3) 0.0526(3) 0.0572(3)  0.229(5)
622/611 =2.0
-0.011233)  -0.01103)  0.01503)  1.270(7)
0.0043(4)  -0.0043(3)  0.0188(3)  1.144(7)
0.0021(3)  0.00220(25)  0.0232(3)  1.021(7)
0.0094(3) 0.00932(22) 0.02748(18) 0.903(6)
0.0162(3) 0.0163(3)  0.0324(3)  0.800(7)
0.0250(3) 0.02493)  0.0384(3)  0.662(7)
0.0325(3)  0.0325(3)  0.0435(3)  0.549(7)
0.0415(3)  0.0415(3)  0.0500(3)  0.427(6)
0.0501(3) 0.0500(3) 0.0561(3)  0.294(5)

z so as to place zy at the origin. As can be seen, for a given mixture (or value of the dispersive energy
parameter e23/€11), the slope (in absolute value) of the density profiles corresponding to component
1 and total density in the interfacial region decreases as the pressure is increased, making smaller the
jump in densities when passing from the vapor to the liquid side of the interface. Consequently, the
interfacial thickness increases, an expected behavior that indicates the phase envelope is becoming
thicker as the system approaches to the critical point of the mixture.

Fig. 13.1 also shows the effect of increasing the dispersive energy parameter e22/¢11 on the density
profiles, i.e., when the mixture becomes more asymmetric. As can be seen comparing parts (a), (b),
and (c) of the figure, an increase of ez /€17 results in steeper density profiles of component 1 and total
density along the interfacial region. This effect, which also produces narrower interfacial regions, is
related with the increasing of the asymmetry of the mixture. As e22/€11 becomes larger, the mixture
is more asymmetric and the phase envelope (see Fig. 13.2) becomes wider in terms of densities (and
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also in molar fractions), or in other words, jumps in density and composition from the vapor to the
liquid side of the interface increases.

It is important to put special attention on the behavior of the density profiles corresponding to the
component 2 of the system, the less volatile substance of the mixture. As can be seen in Fig. 13.1a,
p2(z) exhibits a nearly monotonic increasing behavior when passing from the vapor to the liquid size
of the interface at high pressures. However, for pressures equal or lower that 0.0313 approximately,
the density profile of the less volatile component exhibits a relative maximum at the interface. This
relative maximum becomes more pronounced as the pressure of the system is decreased, as can
been clearly seen in Fig. 13.1a. This effect is even magnified as the difference in dispersive energies
between both components increases, €22/€17 = 1.75 and 2.00. In these cases, at any pressure (even
high pressures), p2(z) exhibits a relative maximum at the interface. This maximum is related with
adsorption of component 2 at the interface. These molecules tend to accumulate at the interface
on increasing the dispersive energy parameter of component 2 and decreasing of the pressure. This
type of enhanced adsorption of one component relative to the other is usually seen in binary mixtures
of spherical molecules when there are significant differences in the values of the unlike dispersion
interactions [148].

We have also analyzed the equilibrium normal and tangential components of the microscopic
pressure tensor profiles, Py(z) and Pr(z), respectively, of the three SW mixtures. The profiles are
computed from averages of histograms of pressures along the z direction over the production stage,
according to the IK prescription explained in Section 13.2. As we have mentioned previously, this
procedure is meaningful as far as the central liquid slab is thick enough. In addition to the methodol-
ogy of IK, based on the mechanical route, we have also determined the macroscopic components of
the pressure tensor. In particular, we have averaged the three components of the microscopic com-
ponents of the pressure tensor, P,, and P,, (tangential components), and P.. (normal component)
obtained from the IK along the z-axis of the simulation box. Results are presented in Table 13.2.

We consider the normal and tangential components of the microscopic pressure tensor profiles at
T = 1.2 and several pressures. As can be seen in Fig. 13.2-13.4, the components of the microscopic
pressure tensor along the two vapor-liquid interfaces exhibit the expected behavior, i.e., the normal
component of the pressure tensor profile is constant (within the expected statistical error) through the
interface and equal to the vapor pressure of the system (according to the mechanical stability, that it
requires the gradient of pressure tensor vanishes). The tangential component of the pressure tensor
profile is approximately constant and equal to the normal pressure in the liquid and both vapor bulk-
like regions of the simulation box, according to the behavior observed in parts (b) of Figs. 13.2-13.4.
Pr(z) becomes negative at the two interfacial regions of the system showing two (negative) local
minima. As can be seen, negative contributions to the tangential pressure became more negative as
the dispersive energy parameter es /€1 is increased. This produces more tension along the interface,
decreasing the interfacial thickness of the system (as previously shown in the density profiles of
Fig. 13.1). As we will see later, this produces higher interfacial tension, in agreement with the results
already presented. Finally, it is also interesting to analyze the difference between both components
of the pressure, Py (z) — Pr(z): it is equal to zero in the bulk regions of the simulation box (the two
vapor phases and the central liquid), away from the interfacial region, and it also shows two positive
peaks centered around the two vapor-liquid interfaces at which Py (z) # Pr(z).

An interesting feature observed in the pressure profiles, also seen in other systems interacting
with different intermolecular potentials, such as the pure Lennard-Jones (L]) fluid and binary mix-
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Figura 13.2: Normal Py(z) and tangential Pr(z) (a), and difference between the normal and tangential mi-
croscopic components (b) of the pressure tensor profiles across the two vapor-liquid interfaces, from bottom
to top in the vapor phase, at 7" = 1.2 and pressures P = 0.01721, 0.0219, 0.0261, 0.0313, 0.0363, 0.04116, 0.0466,
0.0516, and 0.0566, of a binary mixture of spherical SW molecules with the same molecular size and dispersive
energy ratio sz /€11 = 1.5. Continuous and dashed curves in part (a) correspond to the tangential and normal
microscopic components of the pressure tensor, respectively.
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Figura 13.3: Normal Py(z) and tangential Pr(z) (a), and difference between the normal and tangential mi-
croscopic components (b) of the pressure tensor profiles across the two vapor-liquid interfaces, from bottom
to top in the vapor phase, at 7' = 1.2 and pressures P = 0.0160, 0.0205, 0.0258, 0.0302, 0.0355, 0.0405, 0.0460,
0.0514, and 0.0572, of a binary mixture of spherical SW molecules with the same molecular size and dispersive
energy ratio eza/e11 = 1.75. Continuous and dashed curves in part (a) correspond to the tangential and normal
microscopic components of the pressure tensor, respectively.
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Figura 13.4: Normal Py(z) and tangential Pr(z) (a), and difference between the normal and tangential mi-
croscopic components (b) of the pressure tensor profiles across the two vapor-liquid interfaces, from bottom
to top in the vapor phase, at 7' = 1.2 and pressures P = 0.0150, 0.0188, 0.0232, 0.02748, 0.0324, 0.0384, 0.0435,
0.0500, and 0.0561, of a binary mixture of spherical SW molecules with the same molecular size and dispersive
energy ratio ez /€11 = 2.0. Continuous and dashed curves in part (a) correspond to the tangential and normal
microscopic components of the pressure tensor, respectively.
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Figura 13.5: Pressure-density (a) and pressure-composition (b) slices, at 7' = 1.2, of the phase diagram of
mixtures of spherical SW molecules with the same molecular size, the same potential interaction range, and
dispersive energy ratio es2/€11 = 1.5 (red circles and red curves), 1.75 (green squares and green curves), and
2.0 (blue diamonds and blue curves). Symbols correspond to simulation data obtained in this work and curves
are the predictions obtained from the SAFT-VR equation of state.
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tures of L] spheres with different intermolecular parameters [142,151], is that there are regions at
which Pr(z) < Py(z). These regions are located at the vapor-liquid interface and correspond to
zones of tension in the simulation box. Contrary, small locations at the interface corresponding to
zones near the vapor bulk-like regions, are regions of compression in which Pr(z) > Py(z). Within
this region of the interface, the local contribution to the surface tension is negative, as can been seen
in parts (b) of Figs. 13.2-13.4 for the three different SW mixtures studied in this work. As in the case
of systems interacting through the continuous L] intermolecular potential, the reason for which the
transverse pressure has values greater than Py at the interface near the vapor phase and large neg-
ative values (and lower than Py) at other locations of the interface is a consequence of the behavior
of the pressure in the unstable bulk phase region (spinodal region), which plays an essential role in
the physics at interfaces. This phenomena is nicely explained in the excellent review of Davies and
Scriven [71].

Once we have analyzed the most important structural properties of the planar interface, i.e., the
density and pressure profiles, we now turn to the study of the vapor-liquid phase envelopes of the
SW mixtures, as calculated from the analysis of the density profiles obtained from our Monte Carlo
simulations. Fig. 13.5 shows the pressure-density or Pp and pressure-composition or Pz slices of the
phase diagram of the three mixtures for different interaction values €33 /€11. The SAFT-VR theoretical
approach has been also used to obtain the complete phase diagram of the mixtures. Although, as
we have mentioned in the Introduction and Model and simulation details sections, we have used
the information from the theory for obtaining initial guesses of the liquid and vapor densities and
compositions of mixtures to be studied by simulation at particular thermodynamic conditions, this
theoretical predictions can also be used as results to compare our simulation results and check the
ability of SAFT in predicting the phase behavior of these mixtures. As can be seen in part (a) of
the figure, the pressure-density or Pp slice of the phase diagram of mixture indicates that the phase
envelope of the system becomes wider as the dispersive energy parameter €23/€1; is increased. The
enlargement of the width associated to the phase envelope is essentially due to the increase of the
liquid density as the dispersive energy is higher, or in other words, due to a larger cohesive energy
in the system. As can be seen, agreement between Monte Carlo simulation results and prediction
from SAFT is excellent in all cases. It is important to recall here that results from the theory are
predictions obtained using the Lorentz-Berthelot combining rules for the size and dispersive energy
and the combining rule for the intermolecular potential range given by Eq. (13.4) without any further
titting procedure.

We have also obtained the pressure-composition or Pz slice of the mixture at the same thermo-
dynamic conditions and using the same dispersive energy parameters. As can be seen in part (b)
of the figure, we have presented the molar fractions of the three mixtures from the analysis of the
density profiles, as well as the predictions obtained from SAFT-VR. The phase diagrams show the
expected behavior, in agreement with part (a) of the figure: as the asymmetry of the system is in-
creased (higher values of €23/€11), the phase envelope of the mixture also increases. As can be seen,
the region at which the system exhibits vapor-liquid phase separation increases in compositions and
pressures, an expected behavior of mixtures that exhibit type I phase behavior according to the clas-
sification of van Konynenburg and Scott [149,150]. Agreement between Monte Carlo simulation and
theoretical predictions is excellent in all cases.

Another interesting property obtained from our analysis is the 10 — 90 interfacial thickness (see
Table 13.2). For a given cutoff distance, ¢ is seen to increase with pressure, which simply reflects the
fact that the interfacial region gets correspondingly thinner, in agreement with our previous results.



13. Interfacial properties of binary mixtures of square-well molecules from Monte Carlo
simulation
The Journal of Chemical Physics (Submitted-2015) 193

This behavior may be clearly seen in Fig. 13.6. At low pressure the density profiles exhibit a sharp
interface, which corresponds to a low value of the interfacial thickness. As the pressure is increased
towards the critical value, the interfacial region becomes wider, and hence, the value of the interfa-
cial thickness increases. The variation of interfacial thickness with the dispersive energy parameter
€22/€11 can be seen in the same figure. As can be seen, an increase of e32/€11, at constant pressure,
results in a decreased of the interfacial thickness, which is consistent with the fact that the systems
with larger dispersive energies have a larger cohesive energy. This behavior is also consistent with
that found for the shape of the vapor-liquid phase envelopes. Finally, we have calculated the vapor-
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Figura 13.6: The 10— 90 interfacial thickness, at 7' = 1.2, as a function of the pressure for mixtures of spherical
SW molecules with the same molecular size, the same potential interaction range, and dispersive energy ratio
€22/€11 = 1.5 (red circles), 1.75 (green squares), and 2.0 (blue diamonds). Symbols correspond to simulation
data obtained in this work and curves are included as a guide to eyes.

liquid interfacial tension of the mixtures. In particular, we have determined the surface tension using
its mechanical definition that involves the integration of the difference between the tangential and
normal microscopic components of the pressure tensor profiles, as obtained from the IK methodol-
ogy, along the simulation box according to Eq. (13.6). The pressure dependence of the interfacial
tension of the system is shown in Fig. 13.7. As can be seen, at any given pressure, the interfacial
tension is larger for molecules with larger values of €22/€11 . Once again, this is consistent with the
larger cohesive energy in systems consisting of molecules in which attractive interactions are longer.

13.4 Conclusion

We have simulated the interfacial properties of the vapor-liquid interface of mixtures of spherical
SW molecules. Three mixtures of molecules with the same molecular size and intermolecular poten-
tial range but different dispersive energy parameters are considered. The microscopic and macro-
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Figura 13.7: Surface tension, at 7' = 1.2, as a function of pressure for mixtures of spherical SW molecules with
the same molecular size, the same potential interaction range, and dispersive energy ratio ez2/e11 = 1.5 (red
circles), 1.75 (green squares), and 2.0 (blue diamonds). Symbols correspond to simulation data obtained in this
work using the mechanical route of Irving and Kirkwood [62] and the curves are included as a guide to eyes.

scopic components of normal and tangential pressure are determined using the mechanical (virial
route) definition. The interfacial tension is also evaluated using the Irving-Kirkwood method. We
have examined the density profiles, interfacial thickness, and surface tension in terms of the pressure
and the dispersive energy parameter ratio ez2/€11. In addition, we have also calculated the coexis-
tence diagram (pressure versus density) and the pressure-composition slice of the phase diagram at a
constant temperature from an analysis of the density profiles.

The effect of the dispersive energy parameters of the mixture, ez2/€11, on density profiles, mi-
croscopic components of the normal and tangential pressure tensor profiles, coexistence densities,
interfacial thickness, and interfacial tension has been investigated. The vapor-liquid interface is seen
to sharpen with increasing dispersive energy ratio corresponding to an increase in the width of the
coexistence phase envelope and the pressure-composition slice of the phase diagram and an accom-
panying increase in the surface tension.
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We consider the computation of a number of interfacial properties of molecular chains from direct
simulation of the vapor-liquid interface. The molecules are modeled as fully-flexible square-well
chains formed from tangentially-bonded monomers of diameter o and potential range A = 1.50.
Four different model systems, comprising 4, 8, 12, and 16 monomers per molecule, are considered.
The simulations are performed in the canonical ensemble, and the vapor-liquid interfacial tension
is evaluated using the wandering interface (WIM) method. In addition to the surface tension, we
also obtain density profiles, coexistence densities, vapor pressures, critical temperature and density,
and interfacial thickness as functions of temperature, paying particular attention to the effect of the
chain length on these properties. According to our results, the main effect of increasing the chain
length (at fixed temperature) is to sharpen the vapor-liquid interface and to increase the width of the
biphasic coexistence region. As a result, the interfacial thickness decreases and the surface tension
increases as the molecular chains get longer. The interfacial thickness and surface tension appear to
exhibit an asymptotic limiting behavior for long chains. A similar behavior is also observed for the
coexistence densities and critical properties. Our results are compared with simulation data taken
from the literature for the same properties, including the vapor-liquid coexistence densities, vapor
pressures, interfacial thickness, and surface tension, of similar square-well molecular chains models.

14.1 Introduction

Interfacial phenomena play a key role not only in many scientific fields, such as nucleation, nan-
otechnology or the dynamics of phase transitions, but also in a great number of practical applica-
tions. Solubilization of immiscible fluids, detergency, lubricants, and the design of lyotropic liquid-
crystalline amphiphiles for use as soaps, cosmetics and foodstuffs are some common applications
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where an understanding of the interfacial properties is essential.

From a microscopic point of view, interfacial problems can be studied using well-established sta-
tistical mechanics tools, either molecular theories appropriate for inhomogeneous systems [5, 8, 167]
or molecular simulation techniques, [2,3] which are also routinely used to examine inhomogeneous
systems. In this work we focus on this second approach and use Monte Carlo simulation to determine
the interfacial properties of the planar vapor-liquid interface of molecular chain models.

A number of thermodynamic and structural properties play an essential role in the description
of the interface in inhomogeneous systems, including density profiles, bulk coexistence densities,
the interfacial thickness, surface tension, and orientational and position order along the interface.
Although all these properties are relevant for the characterization of the interfacial behavior, the
surface tension is arguably the most important and interesting interfacial property.

There are basically three different routes to the calculation of the surface tension from simulation.
We describe these briefly here and refer the reader to recent comprehensive reviews . [4, 11, 207]
The first class of techniques involves the calculation of the pressure tensor of the inhomogeneous
system. For systems with planar vapor-liquid interfaces, the surface tension can be readily expressed
in terms of the difference between the normal and tangential tensorial components of the pressure,
these components being defined with respect to a frame where one of the axis is perpendicular to the
interface. The most widespread method for the calculation of the components of the pressure tensor
invokes the virial relation of Kirkwood and Buff. [62, 64] This requires an explicit calculation of the
intermolecular forces, so that the virial route is particularly appealing when molecular dynamics is
the simulation technique of choice. Alternatively, the components of the pressure tensor can also
be obtained directly from the formal thermodynamic expression that relates the pressure (in this
case the components of the pressure tensor) with the first-order derivative of the Helmholtz free
energy with respect to the volume . [94,95,170,208] The corresponding derivatives can be accurately
computed from an evaluation of the change in free energy associated with appropriate small volume
perturbations.

The second route to the calculation of the surface tension is based on the concepts of finite-size
scaling. [209] One of the most widely used techniques is due to Binder. It relies on an estimation of
the Landau free-energy barrier between the two coexisting phases, which is ultimately related to the
interfacial tension. One typically considers a series of different system sizes, and a finite-size scaling
analysis is then used to extract the value of the interfacial tension in the limit of an infinite system
size. This methodology is adequate at high temperatures close to the critical region, where the large
density fluctuations allow one to sample the two (liquid and vapor) coexisting phases. However,
as the temperature is lowered from the critical temperature, sampling density fluctuations becomes
increasingly difficult and the method is more inefficient. A number of variations of the method
have been devised in order to enhance the efficiency of the sampling in the low-temperature regime;
further details can be found in Ref. [4,207,210]

Finally, the third route to the calculation of the surface tension is based on its thermodynamic
definition. The main strategy here is the computation of the free energy difference between two (or
more) systems with different interfacial areas. This approach can be traced back to the work of Ben-
nett, [84] Miyazaki et al., [85] and Salomons and Mareschal. [86] Variants of this type of technique
have been recently introduced. One is the so-called test-area (TA) technique proposed by Gloor et
al. [4] This method allows one to calculate the surface tension from an evaluation of the change in
free energy associated with a small, virtual change of the interfacial area at constant number of par-
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ticles, volume and temperature. MacDowell and Bryk [10] developed an alternative methodology
based on the probability distribution of a wandering interface, in which the interfacial area is al-
lowed to randomly probe the available configurational space. The surface tension follows from the
analysis of the corresponding interfacial area histogram. The last methodology is based on the ex-
panded ensemble proposed by Lyuvartsev et al., [87] which is designed to efficiently calculate the free
energy difference between two systems. Very recently, this technique was used independently by de
Miguel [12] and Errington and Kofke [11] for the calculation of the free-energy difference between
two inhomogeneous systems with the same number of particles, volume and temperature, but a dif-
ferent interfacial area. This technique has been used to calculate the interfacial tension of the planar
vapor-liquid interface of a number of molecular models (see the recent work of de Miguel [12] for
further details).

Applications of these methods based on the thermodynamic definition of the surface tension have
been reported for a wide range of intermolecular model potentials, including the Lennard-Jones,
[4,10] square-well, [4,10, 12] Gay-Berne, [4, 12] several models of water, [89] the Widom-Rowlinson
model [128] as well as hard sphere and bead—spring Lennard—Jones chains. [10] The TA method,
in combination with the standard mechanical (virial) route, has recently been used to calculate the
surface tension of several alkanes, [88] and acid gases. [83]

Whereas the computation of interfacial properties of polymer models have been the subject of
a number of recent papers, [73,207,211-213] results for the well known fully-flexible square-well
(SW) model, in which square-well segments (monomers) of diameter o and potential range \ are
tangentially bonded to form molecular chains are scarce. In particular, the knowledge of interfa-
cial properties of this model is very limited. To the best of our knowledge, Escobedo and de Pablo
performed Gibbs Ensemble Monte Carlo simulation to determine the phase equilibria of SW chains
form from 4, 8, 12, and 16 segments. More recently, Chapela and Alejandre have determined the
interfacial properties of vibrating fully-flexible SW chains form from the same number of segments.
However, both models are different since in the first case the authors used a bead spring model to
mimic the intramolecular interaction between consecutive SW segments, and in the second case the
intramolecular distance between segments is not strickly o but 0.97¢.

The goal of the present work is to study the vapor-liquid interfacial properties of fully-flexible
tangent SW chains formed from 4, 8, 12, and 16 monomers with potential range A = 1.50 using NVT
Monte Carlo simulation of inhomogeneous systems. In this case, the intramolecular distance between
consecutive SW segments is kept strictly fixed and equal to 0. From the corresponding density pro-
files, we determine properties such as the interfacial thickness and bulk coexistence densities; the
latter also allows us to determine the critical properties (temperature and density) of the models and
the vapor pressure using a thermodynamic integration technique. We also estimate the dependence
of all the interfacial properties with the chain length and temperature, placing a special emphasis on
the surface tension. We examine a spherically truncated (ST) potential model, with a cutoff distance
r. = 4o and without long-range corrections in most of the simulations performed, and carry out
an analysis of the effect of the cutoff distance of the interactions on the interfacial properties. We
study the effect of varying the ST L] cutoff distance on different interfacial properties, including the
equilibrium density profiles, coexistence densities, interfacial thickness, and surface tension.

The rest of the paper is organized as follows: In Section 14.2 we briefly consider the molecular
model and the simulation details used in this work. The results obtained in this work are described
in Section 14.3. Finally, in Section 14.4 we present the main conclusions.
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14.2 Model and simulation details

The molecular chains considered in this work are formed from m spherical segments (monomers)
that interact through the SW intermolecular potential, which in chracterized by a diameter o, a dis-
persive energy ¢, and a potential range A. The chains are fuly flexible, i.e., the model does not consider
neither bending nor torsional potentials between the segments that form the chains. However, we
account for intramolecular interactions between monomer of the same chain separated by more than
one bond. The SW potential between two segments, in the same of in the other molecules, is given

by:

o0 Tij S g
¢ij(rij) = { —€ o <ry< Ao, (14.1)
0 r>AXo

where r;; denotes the distance between the centres of the two segments.

The number of molecules, N, used in each simulation depends on the chain length. We consider
N =504, 252, 168, and 126 for systems formed by 4, 8, 12, and 16 monomers, respectively. This choice
is made so as to have systems with the same total number of monomers irrespective of the particular
chain length.

Code for the simulation of L] dumbbells [214] is extended for the simulation of either rigid or
chain molecules in the NV'T', N PT or grand canonical ensemble in either bulk or a slit-pore geometry.
Translational and rotational movements are supplemented with configurational bias displacements
[187,215,216] and deletion/insertion attempts. [217] The energy is evaluated efficiently with the help
of a link cell list. Further details on the specific implementation of configurational bias displacements
and the cell list may be found elsewhere. [218]

Simulations are performed in the NVT ensemble. We consider a system of N molecules at a tem-
perature 7" in a volume V' = L, L, L., where L., L, and L, are the dimensions of the rectangular
simulation box. A homogeneous liquid system is first equilibrated in a rectangular simulation box
of dimensions L, = L, = 110, and L, = 24, 26, 28, and 300 for systems with L] chains formed by
4,8, 12, and 16 monomers, respectively. In the case of fully-flexible chains the end-to-end dimension
172, which for the longest chains of m = 16 studied corresponds
to 40. The box is then expanded to three times its original size along the z direction, while leaving
the liquid phase at the center. On performing this expansion, care must be taken not to break chains
spanning the periodic boundary conditions of the initial configuration. As a result, we obtain a cen-
tered liquid slab with those chain bits spanning across the boundary conditions of the original liquid
configuration protruding into empty boxes of equal size at each side. The final overall dimensions of

of the chains is of the order of ~ m

the vapor-liquid-vapor simulation box are therefore L, = L, = 110, and L. = 72, 78, 84, and 900 for
the corresponding chain lengths.

All simulations are organized in cycles, where each cycle corresponds to N trial MC moves. Our
MC procedure comprises three types of configurational updates: one involving a trial displacement
of the molecular center of mass, and the other two, a partial and complete molecular regrowth of
the molecular chains. For the latter type of moves, we consider a configurational bias scheme. Each
type of move is chosen with a probability of 20, 40, and 40%, respectively. The magnitudes of the
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appropriate displacements are adjusted so as to get an acceptance rate of ~ 30 % to 50 %. We use
periodic boundary conditions in all three directions of the simulation box.

The computation of the surface tension is accomplished with the use of the WIM method. The
WIM technique is an extension of the NpT ensemble in which the interfacial area is allowed to fluc-
tuate at random. This is achieved by introducing a new MC move, which consists of an attempt to
deform the box by changing the interfacial area of the system at constant volume. The attempted
moves are accepted according to the usual canonical rules, and the surface tension may be extracted
from the resulting surface area probability distribution. Further details can be found in Ref. [10] The
WIM approach can also be implemented in the grand canonical ensemble (suitable for confined flu-
ids against a wall) or in the canonical ensemble; the latter is a better option for the description of
vapor-liquid or liquid-liquid interfaces. For the special case of discrete sampling of the surface area,
the WIM technique becomes equivalent to the recent expanded ensemble methodology. [11,12]

For each chain length, we perform simulations of inhomogeneous systems at different tempera-
tures where vapor-liquid equilibrium is expected. We typically consider either six or seven temper-
atures in the range ~ 0.57, up to ~ 0.97,, where T is the critical temperature of the system. Each
series is started at an intermediate temperature. This system is well equilibrated for 10 MC cycles,
and averages are determined over a further period of 2 x 105 MC cycles. The systems at other tem-
peratures of each series are equilibrated for 5 x 10° MC cycles and averages are determined over the
same number of cycles (2 x 10°). The production stage is divided into M blocks. The ensemble av-
erage of the surface tension is given by the arithmetic mean of the block averages and the statistical
precision of the sample average is estimated from the standard deviation in the ensemble average
from &/ VM , Where @ is the variance of the block averages. We consider M = 20, but in some cases
averages are taken over more blocks.

All the quantities in our paper are expressed in conventional reduced units, with ¢ and e being the
length and energy units, respectively. Thus, the temperature is given in units of ¢/kp, the densities in
units of 073, pressure in units of €/ o3, the surface tension in units of € / o2, and the interfacial thickness
and potential range in units of o.

14.3 Results and discussion

In this section we present the main results from the simulations of fully-flexible SW chains with
potential range A = 1.5 and varying chain length. We first focus on the interfacial properties, such
as density profiles, interfacial thickness, and surface tension of chains. In particular, we examine the
temperature and chain length dependence of these properties.

We follow the same procedure for all chain lengths and temperatures. The equilibrium density
profiles p(z) are computed from averages of the histogram of densities along the z direction over the
production stage. For convenience, density profiles are presented in terms of the monomeric units.
As a consequence of our initial setup, the system stabilizes two planar vapor-liquid interfaces parallel
(on average) to the = — y plane. The bulk vapor and liquid densities are obtained by averaging p(z)
over appropriate regions sufficiently removed from the interfacial region. This procedure is mean-
ingful as far as the central liquid slab is thick enough. This turns out to be the case in our simulations,
including those performed at the higher temperatures. The bulk vapor density is obtained after aver-
aging the density profiles on both sides of the liquid film. The statistical uncertainty of these values
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is estimated from the standard deviation of the mean values. Additional interfacial properties can be
determined by fitting each of the two equilibrium density profiles to hyperbolic tangent functions of
the form:

p(z) = %(PL +pv) — %(PL — py) tanh <z _dzo> (14.2)

where pr, py, and zg are, in general, adjustable parameters corresponding to the liquid and vapor
densities at coexistence, and the position of the Gibbs-dividing surface. d is a measure of the thickness
of the interface and it is related to the “10-90 thickness’ (t) by t = 2.1972d. Here we fix p;, and py
to previously computed values and treat 2y and d as adjustable parameters. As for the calculation
of the bulk vapor density, our reported values of d correspond to the average of the values for the
two interfaces appearing in the system. Values determined in this way are always found to be the
same within statitistical uncertainties; this suggests that the inhomogeneous systems are properly
equilibrated at all temperatures.

0,6 E
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021

-15 -10

Figura 14.1: Simulated equilibrium density profiles across the vapor-liquid interface of fully-flexible SW
chains formed from four monomers (m = 4) with potential range A = 1.5 at temperatures, from top to bottom
(in the liquid region): 7'=1.0,1.2,1.3,1.4,1.5,1.6, 1.65, and 1.7.

We show in Fig. 14.1 the segment density profiles p(z) for SW chains formed by four monomers
(m = 4) at several temperatures in the vapor-liquid coexistence region. For the sake of clarity, we only
present one half of the corresponding profiles corresponding to one of the interfaces (the full profiles
are displayed as an inset in the figure). Also for convenience, all density profiles have been shifted
along z so as to place z( at the origin. Our simulation results for the bulk densities and interfacial
thickness for SW chains formed by 4 monomers are collected in Table 14.1.
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Tabla 14.1: Liquid density p;, vapor density py, vapor pressure P, 10-90 interfacial thickness ¢, and surface
tension v at different temperatures for systems of fully-flexible SW chains formed from m monomers with
potential range A = 1.5. All quantities are expressed in the reduced units defined in Section 14.2. The errors
are estimated as explained in the text.

T pv PL P t Y
m=4
1.0  0.000023(1) 0.8037(14)  0.00000569(24) 0.7373(3) 1.53(8)
1.2 0.000519(5) 0.7530(6) 0.0001276(12) 0.9510(6) 1.00(7)
1.3 0.001636(7) 0.7240(4) 0.0005140(21)  1.091422(24) 0.69(6)
1.4 0.004308(13) 0.6924(3) 0.001407(4) 1.2743(10) 0.49(5)
1.5 0.010027(19) 0.65613(15) 0.003305(6) 1.52862(14) 0.35(3)
1.6 0.02168(4) 0.6120(1) 0.0066(9) 1.9259(6) 0.21(3)
1.65 0.03148(15)  0.58509(19) 0.00965(4) 2.22947(4) 0.19(3)
1.7  0.04619(24) 0.55289(9) 0.01326(8) 2.6934(22) 0.131(22)
m=38
1.2 0.000004(4) 0.7804(23) 0.0000005(6) 0.8414(15) 1.10(6)
14 0.00013(3) 0.7312(9) 0.000022(5) 1.0536(6) 0.81(5)
1.5 0.00049(3) 0.7039(6) 0.000090(5) 1.1935(3) 0.53(3)
1.6 0.001547(21) 0.6734(4) 0.000298(4) 1.3687(11) 0.52(3)
1.7 0.00419(7) 0.6384(4) 0.000826(13) 1.60476(17) 0.31(3)
1.8 0.0103(1) 0.59758(24) 0.001995(16) 1.9643(8) 0.24(3)
1.9 0.02372(10)  0.54580(20) 0.004308(16) 2.5796(15) 0.108(24)
1.95 0.0365(3) 0.51197(13) 0.00615(4) 3.141(4) 0.069(18)
m =12
1.5 0.000039(25) 0.7175(17) 0.000005(3) 1.1073(3) 0.77(5)
1.6 0.00018(3) 0.6910(10) 0.000024(4) 1.2496(10) 0.49(4)
1.7 0.000677(24) 0.6600(5) 0.000094(3) 1.4218(15) 0.38(3)
1.8 0.00211(6) 0.6258(3) 0.000302(8) 1.653(3) 0.29(4)
1.9 0.00576(14) 0.5859(2) 0.000821(18) 1.9890(6) 0.16(3)
1.95 0.00924(14) 0.56273(16) 0.001297(17) 2.2263(5) 0.15(3)
2.0 0.01468(9) 0.53639(23) 0.001996(10) 2.548(3) 0.094(22)
2.05 0.02348(21) 0.50569(19) 0.003005(20) 3.0292(3) 0.084(21)
m = 16
1.5 0.000003(1) 0.723(3) 0.00000030(9) 1.070(5) 0.80(9)
1.6 0.000023(2) 0.698(3) 0.0000023(2) 1.189(4) 0.52(6)
1.7 0.000129(10)  0.6701(15) 0.0000136(10) 1.340(3) 0.42(4)
1.8  0.000526(9) 0.6380(9) 0.0000581(10) 1.530(3) 0.33(4)
1.9 0.001791(16) 0.6024(5) 0.0002034(17) 1.7872(6) 0.24(4)
2.0 0.00525(6) 0.5602(3) 0.000595(6) 2.16855(4) 0.18(3)
2.1 0.01428(13)  0.50872(17) 0.001519(11) 2.8536(4) 0.12(3)
2.15 0.0242(3) 0.47288(17) 0.002375(20) 3.5094(4) 0.034(24)

A similar analysis is used for the other chain lengths considered in this work. Bulk coexistence

densities and interfacial thickness for chains formed from 8, 12, and 16 monomer segments are also
gathered in Tablel4.1. The vapor densities and the interfacial thickness associated with both inter-
faces are nearly identical in all the systems and at all temperatures, as found for the shortest chains
with m = 4. From the simulation data presented in Table 14.1 one can compare the vapor-liquid
phase envelope for SW chains of different chain lengths. It is also useful to estimate the location of
the critical point resulting from our direct Monte Carlo simulations. The critical temperature 7. and
density p. are obtained using the simulation results for the vapor and liquid coexistence densities
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(Table 14.1) and the scaling relation for the width of the coexistence curve,

pr—pv = AT —T.)", (14.3)
and the law of rectilinear diameters
pL;pV —B+CT. (14.4)

A, B, and C are constants, and f is the corresponding critical exponent. A universal value of 3 =
0.325 is assumed here. [5] In Table 14.2 we report the values of the critical temperatures and densities
as obtained from this procedure for all the systems studied in this work.

The vapor-liquid phase envelopes of fully-flexible SW chains are depicted in Fig. 14.2a. Note
that densities are again presented in terms of the monomeric segments. The coexistence envelopes
exhibit a definite trend with chain length when represented in terms of the monomeric density. As
can be seen in Fig. 14.2a, the phase envelope becomes wider as the chain length is increased, as one
would expect. The increase is more significant when the number of monomers is increased from 4 to
8 than when the chain length is further increased. A similar behavior is also observed for the critical
properties. This is consistent with the well-known asymptotic behavior of the vapor-liquid phase
envelope of SW chains expected as m — oo [158]. We have also included the results obtained by
Escobedo and de Pablo [184] from previous Gibbs ensemble simulations. The comparison between
the results presented in this work and those obtained by Escobedo and de Pablo are in excellent in
all cases, although the comparison at high temperatures, especially in the case of the longest chains
is somewhat less good. We attribute the difference to the use of a bead spring model in the work of
Escobedo and de Pablo. Apparently the bond flexibility starts having a small but noticeable effect
above T = 2.5. Despite the small differences mentioned, we believe this comparion to be a convincing
test of consistence for the simulations we have performed.

More recently, Chapela and Alejandre have determined the vapor-liquid interfacial properties of
vibrating square well chains, including surface tension, orthobaric densities, and vapor pressures. In
particular, they have studied linear chains form from 2, 4, and 8 spheres for intramolecular distances
0f 0.97, 0.6, and 0.4. In addition to that, the complete series of fully flexible “near” tangent square well
chains is also studied for chains of 2, 4, 8, 12, and 16 particles with interamolecular distances of 0.97.
We compare the results obtained in this work those presented by Chapela and Alejandre in Fig. 14.2b.
As can be seen, as in the case of the simulation results obtained by Escobedo and de Pablo in 1996,
agreement between both results is excellenet in all cases. Small differences between our results and
those of Chapela and Alejandre, especially at temperatures close to the critical temperature of each
chain lenght considered, due to the small difference between both models. It is important to emphasis
that, strickly spekaing, in the simulation study of this work fully flexible tangent square well chains
are considered, whereas Chapela and Alejandre use a model each with intramolecular distance is not
equal to unity, in reduced units, but 0.97.

Calculation of the coexistence pressures poses some difficulties. For a model of fixed bond lengths
as the one studied here, the expression for the virial is awkward, particularly for long chains whose
end to end distance may be larger than half the simulation box [219]. This problem notwithstanding,
acquisition of meaningful averages for such low pressures as are typical well below the critical point
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Figura 14.2: Vapor-liquid coexistence densities for fully-flexible SW chains with potenial range A = 1.5. The
open black circles, red squares, green diamonds, and blue triangles correspond to the coexistence densities
obtained from the analysis of the equilibrium density profiles obtained from Monte Carlo NVT simulations,
for chain lengths of m = 4, 8, 12, and 16, respectively. Filled symbols in (a) are the results obtained by Escodebo
and de Pablo [184] and in (b) those obtained by Chapela and Alejandre [122]. Each of the symbols at the highest
temperatures correspond to the critical potins estimated from The filled symbols are the corresponding critical
points estimated from Egs. (14.3) and (14.4). The curves represent the fits of the simulation data of this work
to Eq. (14.3).
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Tabla 14.2: TCritical density and temperature from the analysis of the coexistence densities using Egs. (14.3)
and (14.4) and ®critical temperature obtained from the analysis of the computed tension data using Eq. (14.6)
and fixing the critical point to 1 = 1.258 for systems of fully-flexible SW chains formed from m monomers
with potential range A = 1.5. All quantities are expressed in the reduced units defined in Sec. 14.2.

m ol T} T3
4 0268(3) 1.908(3) 1.80(13)
8 0.243(5) 2.142(5) 2.03(8)
12 0.226(6) 2.264(6) 2.20(15)
16 0.215(10) 2.33(1) 2.30(14)

requires very lengthy simulations. For that reason, we calculated the pressure by means of a ther-
modynamic integration hinted at previously. [220] In this procedure we exploit the Gibbs—-Duhem
equation, dp = pdy, at constant temperature. By splitting the chemical potential into ideal gas and
residual contributions, and integrating by parts, we obtain:

o
Bp(p) = p— /0 [aelp)) — )] (145)

In order to exploit this equation for the calculation of the pressure, we performed a series of bulk
simulations in the Grand—Canonical ensemble. As in the case of the inhomogeneous system, we
have also organized these simulations in cycles. As before, each cycle consists in N trial MC moves.
The only difference is that we do not perform full chain configurational bias regrowth but Grand-
Canonical configurational bias chain insertion/deletion. Each type of move is chosen with a prob-
ability of 20%, 40%, and 40% for center of mass displacements, partial configurational bias chain
regrowth, and Grand-Canonical configurational bias chain insertion/deletion, respectively. Typi-
cally, we run between 10 and 20 thermodynamic states from the ideal gas limit to the supersaturated
vapor. Each state is equilibrated for 5 x 10* MC cycles, and averages of density are determined over
a further period of 4 x 10° MC cycles. The production stage is divided into M blocks. We consider
M = 50 for all the states (different chemical potentials and temperatures) and chain lengths consid-
ered here. With this choice, the density at each chemical potential has been obtained from an average
of 50 uncorrelated or statistically independent blocks (8 x 10* cycles per block). The residual chemical
potential, as a function of density, was then fitted to a polynomial of 2nd up to 5th order and inte-
grated up to the coexistence vapor density. We have checked that our fitting procedure is essentially
independent of the degree of the polynomial fit. Once the function p, = p,(p) has been obtained, the
vapor pressure can be readily calculated from Eq. (14.5). The statistical uncertainty associated with
the thermodynamic integration of the equation of state given in Eq. (14.5) has been estimated from
the synthetic analysis proposed recently by de Miguel. [221] In particular, we have generated 10° syn-
thetic data sets according to the de Miguel’s prescription, [221] obtaining a Gaussian-like distribution
for the vapor pressure at each temperature. Our final results, including the statistical uncertainty of
vapor pressure are presented in Table 14.1.

Fig. 14.3 shows the simulation results obtained for the vapor pressure of the chains studied. The
results are compared also with the simulation results obtained by Chapela and Alejadre. As can be
seen, agreement between both results is excellent in all the cases and in the whole range of coexis-
tence. Differences in the error bars of both results can be observed comparing the data obtained in
this work, shown in Table 14.1, and in the original work of Chapela and Alejandre [122]. As can be
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Figura 14.3: Vapor pressure P, as a function of the temperature for fully-flexible SW chains with potential
range A = 1.5. The meaning of the symbols is the same as in Fig. 14.2b. The curves are included as guides to
the eye.

seen, uncertainties obtained in this work are of one or two orders of magnitude lower than those cor-
responding to the work of Chapela and Alejandre. This is an expected results since the method for
calculating the vapor presusre is very accurate and robust, in comparison with that used by Chapela
and Alejandre, which is based on the average of the normal component of the pressure tensor along
the vapor-liquid interface.

Another interesting property obtained from our analysis is the 10-90 interfacial thickness (cf. Ta-
ble 14.1). For a given chain length, t is seen to increase with temperature, which simply reflects the
fact that the interfacial region gets correspondingly wider. This can be observed in Fig. 14.1 for the
case of SW chains form from 4 spherical segments. At low temperatures the density profiles exhibit a
sharp interface, which corresponds to a low value of the interfacial thickness. As the temperature is
increased toward the critical value, the interfacial region becomes wider, and hence, the value of the
interfacial thickness increases and diverges to infinity as 7' — 7. The same behavior is also observed
in the case of longer chains. The variation of interfacial thickness with temperature for different
chain lengths is illustrated in Fig. 14.4. According to the figure, increasing the chain length results in
a decrease of the thickness of the interface at fixed temperature, which is consistent with the fact that
the systems of longer molecules have a larger cohesive energy. This behavior is consistent with that
found for the shape of the vapor-liquid phase envelopes. It is interesting to note that the variation
of t with chain length at constant temperature is more significant for a change from the m = 4 to the
m = 8 system than in the rest of the cases. This is again related with the aforementioned asymptotic

limit.
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Figura 14.4: 10-90 Interfacial thickness, t, as a function of the temperature for fully-flexible SW chains with
potential range A = 1.5. The meaning of the symbols is the same as in Fig. 14.2b. The curves are included as
guides to the eye.

As in the case of the coexistence densities and vapor pressures of SW chains considered in this
work, we have also compared the results obtained in this work with those calculated by Chapela and
Alejandre [122] for nearly the same molecular model. As can be seen, the results obtained by these
authors show the same qualitative behavior. However, as can be seen in Fig. 14.4, the interfacial
thickness values obtained by Chapela and Alejandre are systematically higher, at the same temper-
ature and for the same chain length, than those obtained in this work. It seems, from the inspection
of the Figure, that this deviation is approximately the same, for a given chain, at all temperatures.
Why is happing this? Apart from the fact that both molecular models are not exactly the same, we
think the reason of this disagreement between both results arises due to the difference in surface
area, A, employed in the simulations. In this work, the surface area is always A = L, L, = 11 x 11 (in
reduced units). However, Chapela and Alejandre use different values (see Tables of their work for
further details).

Finally, the temperature dependence of the surface tension for the SW chains is shown in Fig. 14.5.
At any given temperature, the interfacial tension is larger for longer chains. Once again, this is
consistent with the larger cohesive energy in systems consisting of long chains. As can be seen from
Fig. 14.5, an essentially linear behavior is found for the range of temperatures considered here, with a
slight curvature close to the critical point for each system. The effect of chain length on the slope of the
surface tension curves is remarkable. At a given temperature, this slope becomes less negative as m is
increased, a trend which is also exhibited by the first members of the n-alkane series. [199] The same
qualitative behavior has been previously found by Bryk and collaborators. [200] One should keep in
mind, however, that a fully-flexible SW chain model is not the most appropriate representation of
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Figura 14.5: Surface tension as a function of the temperature for fulle-flexible SW chains with potential range
A = 1.5. The meaning of the symbols is the same as in Fig. 14.2b. The curves represent the fits of the simulation
data to the scaling relationship of the surface tension near to the critical point given by Eq. (14.6), with y =
1.258.

real n-alkanes.

It is also interesting to compare our computed values of the surface tension with those reported
by Chapela and Alejandre et al. [122] for nearly the same molecular model of fully-flexible SW chains
with potential range A = 1.5. Although the models are similar, as we have discussed previously in
this work, the model used by Chapela and Alejandre has a slightly smaller intramolecular length be-
tween the spherical segments forming the SW chains. This difference should results in slightly lower
values of the interfacial tension for this model at low temperatures. In addition to that, the values of
the interfacial tension obtained by Chapela and Alejadre are similar than ours at the intermeditate
and high temperatures.

The computed values of the surface tension allow us to obtain an independent estimate of the
critical temperature for each chain length from the scaling relation

y=71-T/T)" , (14.6)

where 7 is the surface tension at temperature 7, 7y is the "zero-temperature" surface tension, y is the
corresponding critical exponent, and 7, is the critical temperature. Here, we fix 1 to the universal
value of u = 1.258 as obtained from renormalization-group theory. [5] Our estimates for the critical
temperatures are collected in Table 14.2. The overall agreement between these values and those
obtained from an analysis of the coexistence densities is satisfactory.
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14.4 Conclusion

We have simulated the interfacial properties of the vapor-liquid interface of fully-flexible chains
formed from tangentially bonded SW monomers with potential range A = 1.5. Chains formed by
four, eight, twelve, and sixteen monomers are considered. Both intermolecular and intramolecular
segment-segment interactions are taken into account explicitly in this work. We use Monte Carlo
NVT simulation of the inhomogeneous system containing two vapor-liquid interfaces. The surface
tension is evaluated using the wandering interface method (WIM). We have examined the density
profiles, interfacial thickness, and surface tension in terms of the temperature and the number of
monomers forming the chains. In addition, we have also calculated the coexistence phase envelope
and the vapor pressure, including the location of the critical point from an analysis of the density
profiles and the surface tension.

The effect of the chain length on the density profiles, coexistence densities, vapor pressures, crit-
ical temperature and density, interfacial thickness, and surface tension has been investigated. The
vapor-liquid interface is seen to sharpen with increasing chain length corresponding to an increase
in the width of the coexistence phase envelope, and an accompanying increase in the surface tension.
The coexistence phase envelope, the interfacial thickness and the surface tension are seen to exhibit
an asymptotic limiting behavior as the chains get longer.

Finally, we have also compared the results obtained in our simulations with simulation data ob-
tained independently by Escobedo and de Pablo and Chapela and Alejandre several years ago, in-
cluding vapor-liquid coexistence densities, vapor pressures, interfacial thickness, and surface ten-
sion. In the case of the coexsitence densities and vapor pressures, agreement between our simulation
results and those taken from the literature are excellent in all cases. Slightly differences at high tem-
peratures, close to the critical point, can be observed in coexistence densities. This is probably due to
the difference in the molecular models. Whereas in the model we use here the segments forming the
fully flexible chains are strickly tangent, in the other simulations the SW chains are modeled as either
using a bead spring model or as vibrating chains in which the intramolecular distance between con-
secutive segments is 0.97 (and not 1.0) in reduced units. However, interfacial thickness and surface
tension exhibit differences between our simulation results and those taken fro mthe literature. In the
first case, this is probably due to the differences in surface areas used in the simulations. However,
in the case of the surface tension, probably the most sensitive property to the molecular details, we
think the disagreement observed between the simulation results are due to differences between the
molecular models employed.
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We use and extend the universal relationship recently proposed by Galliero [G. Galliero, |. Chem.
Phys. 133, 074705 (2010)], based on a combination of the corresponding-states principle of Guggen-
heim [E. A. Guggenheim, . Chem. Phys. 13, 253 (1945)] and the parachor approach of Macleod [J.
Macleod, Trans. Faraday Soc. 19, 38 (1923)], to predict the vapour-liquid surface tension of fully flexi-
ble chainlike Lennard-Jones molecules. In the original study of Galliero, the reduced surface tension
of short-chain molecules formed by up to five monomers is expressed as a unique function of the dif-
ference between the liquid and vapour coexistence densities. In this work, we extend the applicability
of the receipe and demonstrate that it is also valid for predicting the surface tension of two different
chainlike molecular models, namely, linear tangent chains that interact through the Lennard-Jones
intermolecular potential and fully flexible chains formed by spherical segments interacting through
the SW potential. Computer simulation data for vapour-liquid surface tension of fully flexible and
rigid linear Lennard-Jones, and fluid flexible square-well chains is taken from our previous works.
Our results indicate that the universal scaling relationship is able to correlate short- and long-chain
molecules with different degrees of flexibility and interacting through different intermolecular po-
tentials.

15.1 Introduction and theoretical background

Among the thermodynamic and structural properties associated to interfaces, surface tension is
undoubtedly the most important quantity. An accurate knowledge of this property is essential to un-
derstand the phenomenology associated to practically any interface, including the formation of mi-
celles by amphiphilic surfactant molecules, wetting transitions in systems involving solid substrates,
optoelectronic devices, such as liquid crystals, industrial proceses such as oil-reservoir engineering
applications, etc.

209
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During the last years, an intensive development of reliable and predictive modelling techniques
are being developed by different groups [7, 8]. See the recent works of Bryk and MacDowell [222]
and Jackson and coworkers for a description of the most relevant and novel methodologies intro-
duced recently [148,223,224]. Although a variety of sophisticated and very accurate methods are
being proposed and applied to predict the interfacial properties of complex systems from a molecu-
lar perspective, other simple and old methodologies, less theoretical-based but also able to provide
an accurate description of the interfacial properties with particular emphasis on the surface tension,
are being used during last years.

One of the most popular family of correlations for estimating the vapour-liquid surface tension of
real substances is based on the so-called parachor approach, introduced by Macleod in 1923 [107]. In
this empirical method, the vapour-liquid surface tension is correlated with the difference of the bulk
coexistence densities,

v=Cl(pr —pv)’ (15.1)

Here  is the vapour-liquid surface tension, p;, and py are the bulk liquid and vapour coexistence
densities, respectively, and p = 4. C'is a constant for each substance and has to be found by fitting to
available experimental data, usually in the temperature range from the melting-point to the critical
temperature. Despiste its empirical base, the former relation is found to fit the experimental data
for many substances with remarkable accuracy for the whole range of temperatures. Sugden [108],
following the approach of Macleod, wrote Eq. (15.1) as,

M’}/l/4

=) L 15.2)

where M is the molecular weight of the substance. Sugden calls P the parachor, and the exponent
p = 4 in Eq. (15.1) is usually called the parachor exponent. In the original works of Macleod and
Sugden the parachor exponent was equal to 4, although several authors have considered different
values, obtained either from theoretical approaches or simply as empirical adjustments, leading to a
fauna of parachor relationships which are usually written in the general form [115,225], not only valid
for pure systems but also for describing fluid-fluid interfacial tension of mixtures [226]. Despiste its
simplicity and empirical basis, a great research effort has been devoted to improve the accuracy of
the parachor methodology by optimising the values of the parachor exponent p and the parachor P,
which strongly depends on the parachor exponent value. Although the parachor method originally
proposed by Macleod is based on an empirical approach, Fowler [227] showed that Eq. (15.1), with
p = 4, can be derived as an explicit function of the intermolecular potential in the case of a stepwise
density profile, which is a reasonable assumption far away from the critical point.

Other popular approaches are based on the corresponding-states principle of Guggenheim [105],
probably one of the most useful results of the van der Waals equation of state. The corresponding-
states principle of Guggenheim, applicable to different kind of substances, states that many prop-
erties including the critical state, the density coexistent phases, and the vapour pressure of the lig-
uid among many others, can be described using universal functions when are expressed in terms
of reduced magnitudes with respect to their critical values. In particular, the corresponding-states
principle was extended by Guggenheim to deal with surfaces assuming that the excess free energy
due to the presence of an interface of surface area A containing /N, molecules is given by a uni-
versal function that only depends on the reduced temperature 7" = kpT'/ey and surface area per
molecule A* = A/N,R3, with ¢y the minimum intermolecular potential energy and R, a measure of
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the intermolecular potential range [105]. Using this extension of the corresponding-states principle,
Guggenheim proposed a simple form for an empirical relationship between the surface tension ~y
and the temperature 7. The approach of Guggenheim is able to correlate the vapour-liquid surface
tension of a number of substances in excellent agreemnent with experimental data [105],

v =10 (1= T/T)"" (15.3)

where 7 represents the “zero-temperature” surface tension. As we will see below, this expression
is not in exact agreement with the relation of Macleod [107]. In particular, Guggenheim estimated
the parachor exponent as p = 11/3, a value lower than the 4 obtained by Macleod (and corrobotated
from a theoretical point of view by Fowler assuming restricted approximations), and that provides a
better description of the surface tension dependence on density than this latter approach.

Although both the Macleod and the corresponding-states principle of Guggenheim are clearly
empirical approaches, their functional expressions have a theoretical basis founded in the more fun-
damental and modern Renormalization Group Theory (RGT). According to that, a fluid close to the
critical region exhibits large density fluctuations that could be quantified by the correlation length
of density fluctuations (correlation length of the distribution function) [5], { ~ |1 — ¢|™", where ¢
is the reduced temperature to the critical temperature, ¢ = 7'/7,, and v is the well-know correla-
tion length critical exponent. The most accurate experimental values for this critical exponent gives
v ~ 0.629 (3) according to recent works [5,228]. RGT indicates that the vapour-liquid surface tension
should vanish as 7' — T following the well-known scaling relationship [5],

y o~ |1 =t (15.4)

where 1. is the critical exponent associated to the vapour-liquid surface tension. p is related with other
critical exponents associated to the correlation length of density fluctuations through the hyperscal-
ing relation proposed by Widom in the sixties [106], i = (d — 1)v. Here d is the dimensionality of the
system, and since we are dealing with three dimensional systems, d = 3 and p = 1.258 (6) when the
value of the correlation length critical exponent, v = 0.629 (3), is used. Note that this value is very
close to that found by Guggenheim in 1945 [105], 11 ~ 1.22, using the empirical corresponding-states
correlation previously presented in Eq. (15.3).

It is possible to write the scaling law given by Eq. (15.4) in terms of the difference between the
vapour and liquid densities. This allows to understand, from a more fundamental point of view, the
parachor relation proposed by Macleod in 1923 [107]. Probably, the best-known scaling law near the
vapour-liquid critical point is given by the difference in densities as a function of the temperature [5],
ie.,

pr—pc ~ |1 —t° (15.5)
where [ is the vapour-liquid critical exponent given by 8 ~ 0.326(2) according to the current experi-

mental estimates [228]. The vapour-liquid surface tension can be expressed in terms of the difference
of vapour and liquid densities combining Eq. (15.4) and (15.5), i.e.,

Y~ L=t~ (pr = pv)HP ~ (pr — py) P (15.6)
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The comparison between the previous expression and Eq. (15.1) gives the parachor exponent in terms
of the critical exponents obtained from RGT, p = (d — 1)v/8 = 3.86 (3), which is similar to that
proposed by Macleod in 1923 [107] (p = 4) and with that found by Guggenheim [105] in its seminal
work on the corresponding-states principle, p = 11/3 ~ 3.67.

Although it is important to understand and justify the functional form and exponent values of
the parachor of Macleod from a fundamental point of view, another interest question arises from
the ensuing discussion. Is it possible to use the above description to find a universal relationship to
describe the behaviour of the vapour-liquid surface tension of several substances? Different studies
carried out in the past have showed that the relations previously introduced here are essential, al-
though an additional ingredient must be included. In the seminal work of the corresponding-states
principle [105], Guggenheim argues that not the vapour-liquid surface tension but the surface ten-
sion reduced with respect to two critical properties should be a universal function of ¢, the reduced
temperature to the critical temperature (t = T'/T.). The particular choice of Guggenheim, widely
used in the literature, is given by [105,113]

Y
kT (M/pc)3/2

o= (kpTe) ™ (M/pe) ™3/ = (15.7)

where p. and T, are the critical density and temperature of a substance, and M is the molecular mass
of the substance. A slightly different but equivalent reduced surface tension could be obtained by
reducing it with respect to critical temperature 7, and pressure F., as suggested recently by Galliero
[113]. This author, as well as Garrabos et al. [115], have shown that this universal scaling approach
is also able to deal with real fluids, except for systems with specific interactions, such as hydrogen
bonding.

Galliero [113] has also proposed a different but useful way of reducing the surface tension using
the critical temperature, T;, and pressure, P, as

Ak -1/3 p—3/2 _ v
Y =~ (kgTe)™ " P; —(kBTC)1/3P3/2 (15.8)

Although both receipes provide similar results, as pointed by Galliero [113], we have only used the
approach given by Eq. (15.7) since we have not calculated the critical pressure of the systems under
consideration.

The reduced surface tension receipe given by Eq. (15.7) is a universal function of ¢ for spherical
fluids with different potential parameters, as pointed by several authors [92,105,111, 112]. Unfortu-
nately, it is not able to predict a universal behaviour of the surface tension of L] chainlike molecules
of different length when the surface tension is represented as a function of ¢. However, as pointed
recently by Galliero [113], a combination of the scaling proposed originally by Guggenheim and the
Macleod’s parachor approach, i.e., plotting the surface tension reduced according to Eq. (15.7) as a
function of (pr, — pyv)/pe, accounts for a universal behaviour of short-chain L] molecules with dif-
ferent length. Here we show that this approach can be also exploited to fit into the same universal
master curve the properties of different types of chainlike molecules.

In a previous work, we have determined the interfacial properties of fully flexible (FF) Lennard-
Jones (L]) chains with different chainlengths [13,14]. We have studied the effect of the cutoff distance
of the intermolecular potential on interfacial properties, with particular emphasis on surface tension.
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Additionally, we have extended and improved the inhomogeneous long-range corrections proposed
by Janecek [15] to deal with molecular systems. In all cases, the Test-Area (TA) approach of Gloor et

al. [4] and the Wandering Interface Method (WIM) of MacDowell and Bryk [10] have been used to
determined the vapour-liquid surface tension of these systems.

More recently, we have also determined the interfacial properties of a similar but slightly different
molecular chain model, namely, the rigid linear (RL) L] chainlike model [144]. The flexible model has
neither bending nor torsional potentials between the monomers in a chain. Contrary, in rigid linear
chains the bond length, bond angles, and internal degrees of freedom are fixed. In other words,
whereas in the first model the molecules can adopt any bond angle or torsional state, as corresponds
to flexible molecules, these degrees of freedom are frozen in the rigid linear chain. In this latter case,
we have used the TA methodology [4] and the inhomogeneous long-range corrections following
the MacDowell and Blas receipe [14] (based on the Janecek’s method [15]) to determine the vapour-
liquid surface tension of RL chains formed by 3, 4, and 5 monomers that interact through the L]
intermolecular potential.

We have also determined the interfacial properties of FF square-well (SW) chains with a potential
range A = 1.50 and chain lengths equal to 4, 8, 12, and 16 monomers [143] using the TA methodology
and the WIM approach. Recently, Chapela and Alejandre [122] have also determined the surface
tension of SW chains formed by several chain lengths and intramolecular bond lengths.

The goal of this work is to extend the approach proposed by Galliero [113] to deal with longer
FFL] chains (up to molecules formed by sixteen segments), short RLL] molecules, and SW chains.
The surface tension data corresponding to Lennard-Jones and SW chains are taken from our previous
works [13,14].

15.2 Results

Following the previous work of Galliero [113], we have first reduced the vapour-liquid surface
tension of FFL] chains obtained by MacDowell and Blas [14] using the TA and WIM approaches
for molecules formed by different chainlengths using the original receipe of Guggenheim given by
Eq. (15.7). In addition to that, we have also reduced the surface tension of RLL] chainlike molecules
of different chain lengths as obtained by Moreno-Ventas Bravo et al. [144]. We have then represented
the reduced surface tension of L] chainlike molecules (both FF and RL) as a function of the different
between liquid and vapour coexistence densities (reduced with respect to the critical density). The
critical temperature 7. and density p. have been obtained using the standard technique, i.e., the
simulation results for the vapour and liquid coexistence data and the scaling relation for the width
of the coexistence curve given by Eq. (15.5) and the law of rectilinear diameters,

pL + pv

s =B+ CT (15.9)

where B and C are constants. A universal value of 5 = 0.326 is assumed here [5]. See the works of
Blas, MacDowell, and collaborators [13,14] for further details.

As can be seen in Fig. 15.1, the reduced surface tension of FFL] and RLL] long-chain molecules
exhibits a universal behaviour as a function of (pr, — py)/p.. We have not included the data cor-
responding to short-chain molecules presented by Galliero for clarity. Since our data also includes
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Figura 15.1: Reduced vapour-liquid surface tension of L] chains with different chain lengths as a function
of the difference between the vapour and liquid coexistence densities with respect to the critical density. The
reduced surface tension is calculated according to Eq. (15.7). Blue symbols represent the surface tension values
of FFL] chains with 4 (circles), 8 (squares), 12 (diamonds), and 16 (triangles) monomers, and the red symbols
are the surface tension values of RLL] chains with 3 (circles), 4 (squares), and 5 (diamonds) segments.

the case of chains formed by 4 segments, a system that is also studied by Galliero [113], the surface
tension of long-chain molecules exhibits the same universal behaviour previously shown in refer-
ence [113].

It is interesting to remark that the universal behaviour for the vapour-liquid surface tension is
applicable to different molecular models, FFL] and RLL] chains, that are indeed radically different.
Although both models interact through the same intermolecular potential, their hamiltonians are
radically different, producing differences in their vapour-liquid coexistence curves. Galindo et al.
[186] have demonstrated several years ago that the vapour-liquid phase diagram of RLL] chains are
slightly thicker than that of FFL] chains with the same chainlength. As a consequence of this, the
vapour-liquid surface tension of RL molecules is higher than the corresponding to the FF model with
the same chain length.

Although the results shown in Fig. 15.1 are very satisfactory since indicate a universal scaling
relationship between the surface tension of short- and long-chain RLL] and FFL] molecules, there is
still a remaining question. Is it possible to describe the surface tension, as a universal function of
(pr. — pv)/pc for a third (different) molecular model? We have used the vapour-liquid surface tension
data corresponding to FFSW chains obtained recently by us [143] and represent the reduced surface
tension of Guggenheim given by Eq. (15.7) as a function of the difference between the liquid and
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Figura 15.2: Reduced vapour-liquid surface tension of FFSW chains of different chain lengths as a function
of the difference between the vapour and liquid coexistence densities with respect to the critical density. The
reduced surface tension is calculated according to Eq. (15.7). Green symbols represent the surface tension
values of chains with 3 (circles), 4 (squares), and 5 (diamonds) monomers.

vapour densities. As can be seen in Fig. 15.2, the same scaling relationship is able to predict a univer-
sal scaling relation between the surface tension and (p;, — pv)/p.. Comparison between the results
corresponding to L] and SW systems indicate that the dispersion in the case of SW chains is larger
than for L] chainlike molecules, especially for the longest molecules. This is expected since the inter-
facial properties of systems interacting through discontinuous intermolecular potentials, particularly
the SW, are difficult to obtain with the same accuracy than for systems interacting with continuous
potentials (L]). This is especially true in the case of the surface tension, a property very sensitive to
the interface stability, size of the system, and length of the simulation run (number of microstates
sampled along the simulation).

We have represented the surface tension data for the three molecular models considered in this
work in the same figure to assess the adequacy of the proposed relationship in predicting the same
universal surface tension as a function of the difference in liquid and vapour densities. As can be
seen in Fig. 15.3, the surface tension of the three molecular models seems to correlate in a unique
and universal curve, although results corresponding to the FEFSW systems deviate slightly from the
universal behaviour at the region of low density differences. Our results suggest that both models
obey approximately the same equation, indicating that the reduced surface tension as a function of
the difference in liquid and vapour coexistence densities results from a more fundamental universal
scaling behaviour in which intermolecular details are irrelevant at this level, including intermolecular
potential (L] and SW) and molecular architecture (FF and RL).



216 15.3. Conclusions

Figura 15.3: Reduced vapour-liquid surface tension of FFL], RLL], and FFSW chains with different chain
lengths as a function of the difference between the vapour and liquid coexistence densities with respect to the
critical density. The reduced surface tension is calculated according to Eq. (15.7). Blue symbols represent the
surface tension values of FFL] chains with 4 (circles), 8 (squares), 12 (diamonds), and 16 (triangles) monomers,
red symbols are the surface tension values of linear tangent (rigid) Lennard-Jones chains with 3 (circles), 4
(squares), and 5 (diamonds) segments, and the green symbols correspond to the surfacet tension values of
FFSW chains with 4 (circles), 8 (squares), 12 (diamonds), and 16 (triangles) monomers.

15.3 Conclusions

We have extended the approach proposed recently by Galliero, in which an appropriate reduced
vapour-liquid surface tension, orginially proposed by Guggenheim, can be represented as a universal
function of the difference between the vapour and liquid coexistence densities for several chainlike
molecular models. In particular, we have considered long-chain FFL] chains, RLL] molecules, and
FFSW chains with several chain lengths. Our results indicate that the universal scaling relationship
used by Galliero is able to describe, as a unique function, the vapour-liquid surface tension of longer
FFL] chains. In addition to that, we have also applied the same universal scaling relationship to
account for the surface tension of linear tangent Lennard-Jones chains and FFSW chains of differ-
ent chain lengths. All the interfacial tension data seems to correlate in the same universal curve,
confirming that the universal relationship is able to describe three different molecular models.
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Capitulo

Conclusiones

En este capitulo de cierre de la memoria de tesis se sintetizan brevemente las conclusiones al-
canzadas en los capitulos 9 al 15. En esta recapitulacién final no se aportan ideas nuevas, pero es
necesaria con objeto de hacer una puesta en valor de los problemas tratados, ademads de establecer
el estado en cuestion de la linea de trabajo. La limitacién temporal, de un proyecto de tesis realista,
ha hecho que sea necesario acotar en nuestro caso los sistemas objeto de estudio, lo cual no significa,
que no sea necesario continuar en el futuro ampliando el conocimiento sobre alguno de los sistemas
planteados, bien dentro del contexto de la simulacién Monte Carlo o en el contexto de otros escenar-
ios en los que el grupo de investigacién ha entrado durante estos 5 afios de realizaciéon de la tesis
doctoral.

Las conclusiones finales de una tesis pueden redactarse de muchas maneras, pero entendiendo
que una tesis doctoral no es meramente un evento administrativo para lograr una promocién profe-
sional, ni es tampoco un proceso exclusivamente cientifico, de pura investigaciéon. Tanto en el camino
de trabajo como en la redaccion final he tenido siempre presente que una tesis tiene sobre todo una fi-
nalidad de aprendizaje. Es por lo que antes de pasar a comentar las conclusiones finales he dedicado
un breve apartado a mi propia autoevaluacién como doctorando.

16.1 Breve reflexion de autoevaluacion del doctorando

Pienso que el primer fruto de mi tesis doctoral es mi crecimiento personal que parte de un com-
promiso personal dentro del grupo de investigacién. Solamente después de un proceso como el
desarrollado en estos 5 afios de estudio, he sido capaz de escribir una tesis doctoral con la que pre-
tendo acreditar mi competencia investigadora y mostrar mi capacidad de comunicar, a la comunidad
que trabaja en este campo de investigacion, el trabajo desarrollado.

Evidentemente mi experiencia cientifica inicial, como estudiante de doctorado, era necesaria-
mente limitada, situacion que se ha resuelto con la adecuada integraciéon dentro de un trabajo en
equipo. Valoro muy positivamente el haber desarrollado una competencia de trabajo en equipo. Al
comienzo de mi actividad investigadora este modelo de trabajo ha permitido resolver un exceso de
confianza de mis posibilidades reales. Posteriormente he comprendido que el trabajo en equipo de-
sarrollado por un grupo de investigacién, atin con un ntimero pequefio de integrantes, es un punto
clave que lo posiciona en una clara ventaja competitiva. En este trabajo en equipo he desarrollado un
conjunto de habilidades y comportamientos que me han permitido realizar las tareas fijadas en los
objetivos de tesis de forma altamente eficaz. Mencionar que mi actividad profesional principal no ha
sido la investigacion, sino la docencia como profesor de ensefianzas medias, por lo que la adecuada
gestion de los tiempos ha sido en mi proceso una cuestion vital.

La capacidad de disefiar y crear cédigos propios de simulacién molecular Monte Carlo me ha
permitido adoptar un proceso de creacién que me facilitard, en un futuro préximo, la transicién hacia
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c6digos comerciales como GROMACS para Dindmica Molecular (integrado en estos dos tltimos afios
en las lineas de trabajo del grupo de investigacion).

El proceso de investigacién ha contribuido a ampliar mi capacidad de integrar el conocimiento,
en especial estableciendo conexiones entre fisica estadistica, termodindmica y simulacién molecular.
Ademas me ha permitido desarrollar una comprensién sistematica del campo de la simulacién mo-
lecular Monte Carlo, asi como el dominio de las metodologias de simulacién presentadas en la Parte
I de este trabajo de tesis.

Valoro muy positivamente el haber adoptado la decisién, en los inicios del trabajo de tesis, de
realizar una defensa de la tesis doctoral por articulos. Este modelo de trabajo, aunque ha supuesto
un esfuerzo extra, me ha permitido desarrollar la capacidad de comunicacién con la comunidad
cientifica internacional de mi campo de estudio. Aunque en ocasiones, se contempla la intervencién
de los referees como un elemento que nos retrasa la publicacién del articulo, debo reconocer que valoro
esta intervencion, ya que la interaccion me ha aportado en ocasiones nuevas ideas y /o consejos sobre
el campo de estudio.

Por dltimo, comentar que considero que he mejorado mis destrezas para desarrollar en contex-
tos donde hay poca informacion especifica. El mejor ejemplo es el de ser capaz de integrar una
metodologia no propia en tu coédigo de simulacién. Aunque las metodologias estdn bien descritas
en los trabajos de la bibliografia, estas descripciones suelen redactarse en general bastante concep-
tualizadas y condensadas, existiendo un gap que superar para transportarlas a los cédigo de progra-
macion.

16.2 Resumen de las conclusiones de los trabajos realizados y status ques-
tionis

En ningtin momento se pretende, en estas conclusiones, volver a repetir innecesariamente las
detalladas conclusiones recogidas en cada uno de los articulos. Estas conclusiones que se exponen a
continuacién, como cierre del trabajo de tesis, pretenden poner en valor los aspectos y aportaciones
mas relevantes de cada uno de los trabajos desarrollados, comentar algunas dificultades y valorar
el estado de la cuestion, al cierre de la redaccién de esta memoria, con objeto de establecer futuras
lineas de transicién a partir de este trabajo.

Trabajo 1. Effect of dispersive long-range corrections to the pressure tensor: The vapor-liquid
interfacial properties of Lennard-Jones system revisited (Capitulo 9). En el trabajo de
este articulo se recogen los resultados de la lineas de trabajo del objetivo general Obj 1.
(@,b,c,dye).

Uno de los logros principales de este trabajo ha sido el poder extender la versién mejo-
rada por MacDowell y Blas de las correcciones de largo alcance (LRC) de Janecek, para
el potencial de Lennard-Jones, sobre el cdlculo de las componentes microscépicas del
tensor de presiones usando la ruta mecanica (virial), en el contexto de la eleccién de
Irving-Kirkwood.

Se ha producido un c6digo Monte Carlo NVT Lennard-Jones depurado, que cierra una
linea de trabajo de programacién del grupo de investigacion, y que permite calcular
las componentes del tensor de presiones tanto por una ruta termodindmica como por
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Trabajo 2.

el virial (componentes microscépicas). Este cédigo contiene también la metodologia de
Test-Area.Ttener un cédigo absolutamente testeado ha sido esencial para su posterior
extension a cdlculos con mds de un componente.

Es de destacar el cdlculo del perfil, a lo largo de la componente z de la caja de simulacién,
de las componentes del tensor de presiones. El perfil microscépico ha permitido tener
una clara informacién visual que ha mejorado nuestra comprension tanto de la equili-
bracién de la interfase (complementando la informacién que nos ofrece el perfil de la
densidad) como del comportamiento interfacial de la presion. El perfil microscépico del
tensor de presiones ha sido un elemento fundamental para poder comprender el efecto
de la contribucién impulsiva que aparece al cortar el potencial de interaccién molecular.

Se presenta una revision que aporta una visién del calculo de la tensién superficial ha-
ciendo uso de tres metodologias diferentes sobre un rango de diferentes radios de corte.
Se ha realizado un analisis del efecto de aumentar el radio de corte (a una temperatura
fija) sobre la presion de vapor y sobre las propiedades interfaciales. La convergencia de
las diferentes metodologias nos confirma la adecuada incorporacién a los algoritmos de
las LRC, siendo una excelente decisién en la simulaciéon r. = 30 + LRC.

Por dltimo, poner en valor el andlisis realizado, complementando asf las aportaciones de
Trokhymchunk y Alejandre (1999) y de de Miguel y Jackson (2006), sobre el efecto de
la contribucién impulsiva a la presién debido a la discontinuidad en el potencial inter-
molecular cuando es cortado (pero no desplazado) en 7.. El no tener en cuenta esta con-
tribucion tiene efectos realmente criticos sobre las componentes del tensor de presiones,
proporcionado valores no adecuados de las componentes, asi como una estructura equi-
vocada de la interfase liquido-vapor. Este efecto es tanto mas drastico cuanto menores
son las distancias de corte, ya que el salto en la discontinuidad en r. es mayor.

Este trabajo también ha servido de inspiracién, en el grupo de investigacién, para exten-
der las metodologias comentadas al potencial de Yukawa.

Determination of interfacial tension of binary mixtures from perturbative approaches
(Capitulo 10). En el trabajo de este articulo se recogen los resultados de la lineas de
trabajo del objetivo general Obj 2. (a, b y ¢).

Se ha abordado la determinacién de propiedades interfaciales de mezclas binarias, de
moléculas esféricas Lennard-Jones, mediante la simulacién de la coexistencia directa li-
quido-vapor. El tensor de presiones se ha obtenido haciendo uso de una ruta mecénica
(virial) y una ruta termodindmica (VP). La tension superficial liquido-vapor ha sido cal-
culada haciendo uso de las tres metodologias ya implementadas en el trabajo anterior,
metodo de Irving-Kirkwood (virial), diferencia de las componentes macroscépicas del
tensor de presiones (método VP) y el Test-Area. La intencionalidad de poner en juego
todas las metodologias de trabajo anterior ha sido la de poder chequear la validez de la
extension de las LRC, de MacDowell y Blas, en sistemas de mezclas binarias. Ante el
problema de no disponer en la literatura de datos, para poder comparar con los sistemas
simulados, se ha hecho realizando una comparacién con diagramas de fases obtenidos
mediante la aproximacién Soft-SAFT, obteniéndose una correspondencia de los datos de
simulacién con los proporcionados por la ecuacion de estado Soft-SAFT realmente exce-
lentes.
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Trabajo 3.

Los sistemas simulados son de moléculas del mismo tamafio y diferentes valores del
parametro dispersivo de la energia, ex2/€11 = 1.5, 1.75, and 2.0. Al aumentar el parametro
la mezcla se hace mds asimétrica, siendo realmente apreciable el efecto tanto en el perfil
total de la densidad como en los perfiles de cada uno de los componentes. Los per-
files totales de la densidad se hacen més abruptos (mayor pendiente en la zona interfa-
cial). La absorcién en la superficie del componente menos volatil de la mezcla aumenta,
mostrando un maximo relativo en la zona interfacial, y se obtiene el comportamiento
usual de mezclas binarias de moléculas esféricas que presentan diferencias significativas
en los valores de interaccién dispersiva de moléculas diferentes. Se ha estudiado, ademads
del efecto del parametro dispersivo, el efecto de la presién en estos sistemas sobre la ten-
sién superficial y la anchura interfacial.

El estado de la cuestion es que hubiera sido deseable estudiar el efecto del tamafio mo-
lecular en la mezcla, manteniendo el mismo pardmetro dispersivo de la energia. En el
momento presente el doctorando se encuentra trabajando sobre o23/01; = 1.6, 2.0, y
2.3 en un rango de presiones para una temperatura dada (7" = 1.20), vislumbrandose
que en estos sistemas las fluctuaciones hacen que los métodos perturbativos no sean tan
agradecidos, presentado mayores incertidumbres. Una vision realista, de los tiempos de
trabajo, ha hecho que tenga que posponer este trabajo para después de la defensa de la
tesis doctoral.

Para la realizacion de este trabajo, se ha extendido el c6digo Monte Carlo NVT Lennard-
Jones anterior para trabajar con mds de un componente. Ademads se ha disefiado una
version reducida de este codigo para el colectivo NPT. La combinacién de la simulaciéon
en el colectivo NPT, junto con las predicciones obtenidas mediante Soft-SAFT, ha sido
necesaria para las preparaciones de las fases vapor y liquido con las que construir el
sistema inhomogeneo para su simulacién en coexistencia directa. Este c6digo qued6 a
disposicion del grupo de investigacién, sirviendo de base inicial para la implementaciéon
del algoritmo Reactive Monte Carlo para simular mezclas de moléculas esféricas que reac-
cionan con ordenes sencillos de reaccién.

El grupo de investigacion, desde hace aproximadamente 2 afios, estd aumentado de
forma muy rdpida su nivel del experiencia en el programa de dindmica molecular GRO-
MACS, y este codigo puede aportar un elemento de comparacién de resultados a la hora
de implementar en GROMACS sistemas interfaciales de moléculas esféricas Lennard-
Jones.

Liquid-liquid interfacial properties of a symmetrical Lennard-Jones binary mixture
(Capitulo 11).En el trabajo de este articulo se recogen los resultados de la lineas de trabajo
del objetivo general Obj 2. (d).

Siguiendo en la linea de chequear la implementacion de las LRC, en el cdlculo de las com-
ponentes del tensor de presiones, se decide estudiar el comportamiento interfacial de una
mezcla liquido-liquido. El poder construir diagramas de fases, mediante la aproximaciéon
Soft-SAFT, ha permitido una adecuada seleccion tanto de los pardametros moleculares
como de las condiciones termodindmicas del sistema objeto de estudio. Se determinan
asi propiedades interfaciales de una mezcla binaria simetrica de moléculas del mismo
tamafio 011 = o099, pero diferente energia dispersiva entre moléculas de diferentes es-
pecies, €12 = 0.5¢;;. Esta eleccién del pardmetro €12 conduce a un diagrama de fases tipo
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III con heteroazeotropia (en la clasificacién de Scott y Konynenburg) y nos posicionamos
auna T' = 1.5 (por encima del punto tricritico) que nos garantiza que en la mezcla se
induce la separacion de fases, exhibiendo la inmiscibilidad liquido-liquido buscada.

Después de ensayar los 7. = 30, 7. = 40 y r. = 30 + LRC, concluimos que la eleccién 3o
con correcciones de largo alcance proporciona una excelente aproximacion, de los datos
de simulacién, al diagrama de fases de la aproximacién Soft-SAFT.

Particularmente interesante fue la apariciéon de un minimo relativo en el perfil total de
la densidad de la mezcla simétrica objeto de estudio. Este minimo esta relacionado con
la desorcién de moléculas en la interfase, una consecuencia directa de la combinacién de
las débiles interacciones dispersivas entre especies diferentes y la presencia de una region
interfacial que separa dos fases liquidas inmiscibles en coexistencia. Cabe mencionar que
este comportamiento ha sido observado, por el grupo de investigacion, reproduciendo
el mismo sistema de estudio en simulaciones de dindmica molecular con GROMACS.
Desde una perspectiva de equilibrios de fase, la adsorcién o desorcién de uno de los
componentes de una mezcla heterogénea puede también comprenderse en términos de
fenémenos de barotropia molar y presencia de estados isopicnicos. Realmente no ha sido
un objetivo el investigar este interesante, a la vez que delicado efecto, pero sin duda nos
abre todo un campo de aprendizaje en este tipo de sistemas en el futuro, especialmente
después de enriquecernos con las aportaciones realizadas por D. José Matias Garrido
(Universidad de Concepcién - Chile) durante su estancia en el grupo de investigacion.

Effect of molecular flexibilty of Lennard-Jones chains on the vapour-liquid interfacial
properties (Capitulo 12). En el trabajo de este articulo se recogen los resultados de la
lineas de trabajo del objetivo general Obj 3. (ay b).

En gran parte el hilo conductor, de este trabajo de tesis, ha sido la implementacién de
la versiéon mejorada por MacDowell y Blas de las correcciones de largo alcance (LRC)
de Janecek, para el potencial de L], para chequear su validez sobre un amplio nimero
de sistemas. En este caso se utilizan estas correcciones sobre cadenas de mondémeros,
seleccionando un r. = 30, donde o es a la longitud de enlace entre monomeros tangentes.

El trabajo sigue una linea de tiempo que se inicia en el afio 2008 con la publicacién de
un trabajo del grupo de investigacion, en colaboracion con el Dr. Jackson (Imperial Col-
lege London) y con el Dr. MacDowell (Universidad Complutense de Madrid), donde
se determina la tension superficial liquido-vapor, de cadenas flexibles L] en interfases
planas, haciendo uso del método WIN y del Test-Area [13]. En este trabajo no se incor-
poran LRC y se estudia el efecto de aumentar el radio de corte. En 2009, MacDowell y
Blas [14] proponen la mejora de las LRC de Janecek y hacen uso del TA en sistemas de
cadenas flexibles, analizando la eleccion de 7. = 30 + LRC frente a 7. = 40. La presiéon
de vapor de estos sistemas es obtenida mediante la combinacién de la integracién termo-
dindmica y la simulacién en GCMC. En 2012, Blas et al. [144] extienden, estos estudios de
propiedades interfaciales, a cadenas rigidas L].

En este trabajo la tensién superficial se ha calculado haciendo uso exclusivamente del
Test-Area y de las LRC. Se han determinado propiedades interfaciales de cadenas de
mondmeros flexibles completando el rango de longitudes ya estudiadas en otros trabajos
am = 3,5,y 6. Elaumento de la longitud de cadena tiene un inmediato efecto, los perfiles
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de densidad se hacen mas abruptos y le acompafia un aumento de la tensién superficial.
Con la seleccién, de longitudes de cadena corta, cubrimos el rango de datos necesario
para poder comparar con el trabajo de Blas et al. (2012) [144] de cadenas rigidas. La
comparacion ha permitido comprender el efecto de la flexiblidad sobre las densidades de
coexistencia, sino también sobre los perfiles de la densidad, anchura interfacial y tensiéon
superficial liquido-vapor. Los efectos de la flexibilidad son analizados tanto desde el
punto de vista termodindmico (densidades de coexistencia y temperatura critica) como
desde el punto de vista de la region interfacial.

El campo de exploracion en el tema de cadenas es realmente extenso, pero siguiendo
la trayectoria del grupo de investigacion, serfa deseable hacer estudios basados en la
funcién de distribucion con objeto de analizar la orientacién de la moléculas a lo largo de
la interfase. En el caso de cadenas completamente flexibles, por razones de simetria, no
existe ninguna una direccion preferencial molecular. En el caso de las cadenas lineales,
sin embargo, es plausible esperar efectos entrépicos que tiendan a orientar las moléculas
paralelamente a lo largo de la interfase.

Interfacial properties of binary mixtures of square-well molecules from Monte Carlo
simulation (Capitulo 13).En el trabajo de este articulo se recogen los resultados de la
lineas de trabajo del objetivo general Obj 2. (e y f).

Se ha completado el estudio sobre mezclas binarias analizando el efecto del parametro
dispersivo de la energia en otro potencial, el potencial de SW, con tamads moleculares
idénticos en ambas especies. Se seleccionaron los mismos valores de €22/€11 que para el
potencial de Lennard Jones. En este caso la aproximacién SAFT-VR nos ha permitido
obtener el diagrama de fases completo de las mezclas objeto de estudio, y hemos podido
seleccionar las condiciones termodindmicas més adecuadas para el estudio. Los resulta-
dos obtenidos en las simulaciones Monte Carlo realizadas concuerdan muy bien con la
prediccién SAFT-VR, lo que nos permite validar la implementacién del célculo del ten-
sor de presiones. Destacar también que se obtiene un comportamiento interfacial muy
similar, al variar el pardmetro dispersivo, que en las mezclas binarias Lennard-Jones.

El implementar el calculo de las componentes microscépicas del tensor de presiones nos
ha permitido también analizar la estructura de Py (z) y Pr(z) en la regién interfacial,
asi como la influencia en dicha estructura de la variacion del pardmetro dispersivo de la
energia.

En cuanto al estado de la cuestion, serfa deseable el poder completar el estudio anali-
zando el efecto de la variaciéon del alcance del potencial \;; sobre las propiedades inter-
faciales. Para la realizacion de este trabajo se ha construido un nuevo cédigo de mez-
clas NVT para el potencial de SW. En este cédigo se ha implementado el calculo de
las componentes microscépicas del tensor de presiones mediante el virial, promediando
solapamientos de moléculas mediante cambios virtuales de volumen, metodologia que
desde el primer momento hemos considerado como un valor seguro. Las mezclas bi-
narias SW son sistemas bastante mas delicados que un sistema inhomogeneo puro, o
que las mezclas de un potencial continuo L], obteniéndose incertidumbres demasiado
grandes en el cdlculo de las componentes macroscépicas del tensor de presiones median-
te la metodologia termodindmica VP de de Miguel y Jackson (2006) [16]. En el momento
actual, se estd ensayando una ligera modificacién sobre el método VP, haciendo que los
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cambios virtuales en el volumen de la caja de simulacion se distribuyan uniformente
en un determinado rango aleatorio segin el esquema planteado por Vortler y Smith
(2000) [208], de forma que la variacién en el factor de Boltzmann es acumulada en un
histograma. Aunque este esquema aumenta el tiempo de computacién, puede minimizar
las incertidumbres.

Otra accién futura, que realmente complementara el calculo de la tensién superficial en
sistemas SW, es la implementacion para dicho célculo del Expanded Ensamble, ya que
contamos con el nivel experiencial suficiente, en nuestro grupo de investigacion, al ser
utilizado en la determinacion de energias libres en sélidos. La implementacién se con-
templard tanto para sistemas de mezclas de moléculas esféricas SW como para sistemas
especialmente delicados como son las cadenas SW.

Vapor-liquid interfacial properties of fully flexible square well chains from simulation
and theory (Capitulo 14). En el trabajo de este articulo se recogen los resultados de la
lineas de trabajo del objetivo general Obj 3. (c, d y e).

Se han simulado propiedades interfaciales del equilibro liquido-vapor de cadenas SW, de
4, 8, 12 y 16 mondmeros, con un potencial de rango A = 1.5. El incremento de la longi-
tud de cadena lleva asociado un claro aumento de la tensién superficial. Los datos de
simulacion obtenidos han sido comparados con la literatura, obteniéndose muy buenos
acuerdos en las densidades de coexistencia y presiones de vapor. La sensibles diferen-
cias, cerca del punto critico, pensamos que son atribuibles a diferencias en los modelos
moleculares utilizados. Sin embargo, aparecen diferencias en la tensioén superficial y dis-
tancia interfacial, ambas propiedades muy sensibles en la simulacién tanto a los modelos
moleculares utilizados como al valor del area interfacial.

Se valora muy positivamente los buenos resultados obtenidos, comparados con la litera-
tura, para la presién de vapor mediante el método de integracién propuesto por nuestro
grupo de investigacion y el Dr. MacDowell (Universidad Complutense de Madrid).

También se valora muy positivamente los buenos acuerdos entre los valores de la tempe-
ratura critica, obtenidos mediante en anélisis de las densidades de coexistencia, y los va-
lores obtenidos a partir de aplicar la relacién de escalado universal a los valores obtenidos
de la tensién superficial haciendo uso del exponente critico obtenido por la teoria de
grupo de renormalizacién.

En cuanto al estado de la cuestidon, seria deseable continuar este estudio analizando la
dependencia de las propiedades interfaciales con el alcance del potencial (A = 1.75y 2.0).
Ademés la tensién superficial ha sido obtenida haciendo uso de la metodologia WIM, no
descartando en un futuro inmediato su determinacién mediante Expanded Ensamble.

Universal scaling behaviour of surface tension of molecular chains (Capitulo 15). Obj
3. (f)

El disponer de un nuimero suficiente de datos de la tensiéon superficial, para diferentes
longitudes, de cadenas de monémeros L] totalmente flexibles y rigidas L], asi como de
cadenas totalmente flexibles SW, ha permitido ampliar el trabajo de Galliero (2010) [113],
mostrando que la tension superficial es una propiedad que exhibe un comportamiento
de escalado universal cuando es reducida con respecto a dos propiedades criticas. Es de
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destacar que la relacién de universalidad correlaciona, en la misma curva de universali-
dad, tres modelos moleculares diferentes.

Este trabajo, pone broche final a la memoria de tesis, y aunque no sea una valoraciéon
propiamente cientifica, me permito la licencia de destacar su marcado carécter didactico.
El curso anterior un alumno de primero de bachillerato me preguntaba: ;por qué la vida
tiene aproximadamente 100 millones de afios, y no un millén de afios?. A lo que yo le
conteste: ;y por qué no unas solas semanas?, ;y por qué un elefante duerme sélo 3 horas
y el ratén que se subi6 al reloj duerme 18 horas? ... Al dia siguiente intenté mostrarles en
clase el significado de las leyes de escala en el Universo y este trabajo acab6 proyectado
en la pizarra. Lo mas importante es que lo entendieron y ademas comenzamos a trabajar
en experiencias relacionadas con la tension superficial.
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