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Abstract: In ontology engineering, reusing (or extending) ontologies poses a significant challenge,
requiring revising their ontological commitments and ensuring accurate representation and coherent
reasoning. This study aims to address two main objectives. Firstly, it seeks to develop a methodologi-
cal approach supporting ontology extension practices. Secondly, it aims to demonstrate its feasibility
by applying the approach to the case of extending qualitative spatial reasoning (QSR) theories. Key
questions involve effectively interpreting spatial extensions while maintaining consistency. The
framework systematically analyzes extensions of formal ontologies, providing a reconstruction of
a qualitative calculus. Reconstructed qualitative calculus demonstrates improved interpretative
capabilities and reasoning accuracy. The research underscores the importance of methodological
approaches when extending formal ontologies, with spatial interpretation serving as a valuable case
study.

Keywords: foundational ontologies; automated reasoning; qualitative spatial reasoning

1. Introduction

Contemporary practices in artificial intelligence (AI) research have emphasized the
significance of ontologies in formally representing knowledge within specific domains
or scopes. According to Gruber [1], an ontology serves as an explicit specification of a
conceptualization, outlining the concepts, entities, and relationships inherent in a knowl-
edge domain. Ontologies encode the formal structure of existence (formal ontologies) and
categorize what exists in a domain (material or domain ontologies), connecting scientific
disciplines by making their assumptions and commitments explicit. The proliferation of
ontological research, sometimes called the “Ontological Turn”, demonstrates the growing
recognition of the importance of formalizing knowledge [2]. In a more applied context,
viewing ontologies as the ideal references for accuracy in data science (e.g., in knowledge
graphs) makes their creation, usage, and maintenance essential tasks for the robustness of
results and their explainability.

In computer science, a formal ontology represents a precise and rigorous mathematical–
logical framework for collectively understood concepts, presented in a format comprehensi-
ble and processable by computers [3]. Achieving such conceptualization requires designing
formal definitions for the vocabulary, expressed through axioms and rules. This facilitates
the exact definition, constraint, and interrelation of concepts, thereby eliminating potential
confusion or ambiguity.

Various formalisms can be utilized to represent a formal ontology, including first-
order logic (FOL), higher-order logic, description logic (DL), or RDF, among others. The
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choice of formalism is determined not only by representational considerations, such as
expressiveness, but also by the need to support automated reasoning, ensure conceptual
consistency, infer new knowledge, and facilitate general computational analysis, among
other practical considerations.

However, effectively leveraging ontologies is faced with challenges. As discussed
by Gomez et al. [4], ontologies must strike a balance between the complexity of formal
representation and the reasoning capabilities they afford. Overly simplistic ontologies
may fail to capture the nuances of complex domains, limiting inferential capabilities, while
excessively complex ontologies can impede efficient computational reasoning. Ongoing
research aims to develop techniques for constructing ontologies at an appropriate level of
complexity, supporting robust knowledge representation and reasoning (KRR) paradigms.
In addressing this challenge, a thorough analysis of the logical representation language is
essential [5].

Ontology engineering (OE) involves several stages that range from project conceptu-
alization to ontology maintenance and documentation. The two initial extraction-based
steps focus on requirement specification and conceptualization of the domain. In the con-
ceptualization stage, relevant domain concepts and relations are identified to represent the
informal conceptual model.

The next two stages focus on formalizing the conceptualization, both from a logical
perspective (e.g., with description logic) and in terms of implementation (e.g., with OWL),
enabling web standard representation as well as reasoning engines.

Lastly, other activities are necessary to enhance the quality and usability of the on-
tology. The first of these is the evaluation stage, which involves assessing the correctness,
completeness, and conciseness of the implemented ontology relative to the requirements.
The last stage centers around documentation and maintenance activities, which include
documenting design decisions and keeping the ontology up to date in evolving domains
via planned revisions and extensions, preserving backward compatibility when possible.

This paper is focused on the foundational aspects associated with the aforementioned
process, particularly concentrating on the critical maintenance task, which can involve
revising concepts and relationships when there are changes in the domain, particularly for
ontology reuse, with a primary focus on foundational or formal ontologies. Foundational
ontologies are pivotal in KRR and reuse because they contribute to the creation of share-
able and reusable domain ontologies [6]. A persistent challenge in OE is the need for a
comprehensive analysis of the relationship between foundational and domain ontologies.

The OE process outlined in the introduction poses several logical challenges, many
of which can be effectively addressed through the adoption of a robust methodology. A
notable approach to (formal) ontology design is the “definitional methodology” proposed
by Bennett [7]. This approach is rooted in the recognition that definitions play a central
role in ontology construction. The idea is to begin by establishing a small set of primitive
concepts with precisely defined model-theoretic semantics upon which other concepts and
relationships are built. Definability theorems are then introduced to identify concepts that
can be defined in terms of others. The expressive power of definitions, the importance
of primitives, and the comprehension of definability are all factors that contribute to the
resilience of ontologies when constructing extensive ontological vocabularies.

Despite its advantages, the definitional strategy may be perceived as overly rigid
due to stringent requirements such as categoricity, where any two models of ontology are
equivalent in a certain sense. In reality, the characterization of classes and relations in the
“intended models” could be more crucial than in the general FOL class of models to which
logical categoricity refers. An illustrative case study can be found in QSR ontologies, where
a recognized class of real spatial models represents the target of KRR practices. While such
models may not be logically characterized without considerable complexity, in practice, an
affordable approach that ensures essential features may be considered sufficient.

Research has demonstrated the value of developing and reusing ontologies that
formalize general concepts across domains. There is a great deal of well-founded explicit
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knowledge formalizing general notions (such as time concepts and the part-of relation) [8].
However, it is often the case that instead of reusing existing ontologies, engineers create
custom procedural programs that implicitly encode such knowledge. This practice results
in duplicated effort and lost opportunities to leverage prior work. The creation of formal
ontologies represents a substantial investment of time and skill to form standardized,
logic-based conceptual systems. As a result, enabling ontology reuse across different
applications has become a key priority within knowledge engineering fields. Effective
ontology reuse offers many potential benefits, including reducing redundant modeling
work, promoting consistency across projects, and improving semantic interoperability for
knowledge transfer.

As ontologies are reused in new contexts, it often becomes necessary to re-examine
ontological commitments made in the original ontology development. Such commitments
may include the definitions of classes, the relationships between them, and the properties
of those classes. In some cases, the new application environment may require modifications
or extensions to the ontology to represent the concepts and relationships in the domain ac-
curately. Several factors can motivate such ontological revisions instead of simple ontology
reuse, including the following:

• Emergence of new entity types or activities in the domain not currently modeled in
the ontology;

• Changes in assumed relationships between existing domain concepts;
• Novel user requirements and use cases not originally envisioned;
• Inaccuracies in the original conceptual model exposed during ontology deployment.

When revising an ontology, it is crucial to ensure compatibility with existing models by
properly interpreting changes. This becomes particularly critical when existing definitions
require modification. For instance, when introducing new concepts or relationships that
expand the ontology, it is advisable to provide theoretical justification connecting these
additions to the original theory. This approach allows for the reconsideration of the class of
representative models from the source theory (i.e., the “intended models” that the engineer
aims to represent) to incorporate the new ontology elements in a principled manner. Overall,
ontology revisions should strike a balance between innovation and continuity, achieved
through sound theoretical grounding and methodical integration with existing elements.

Despite the aforementioned desiderata, it is common for some of new ontology compo-
nents to be undefinable or only partially characterized based on the elements of the source
ontology. Consequently, the definitional methodology may not be suitable in such cases.
Alternative approaches are needed to effectively capture the relationships between the
existing and newly introduced elements, ensuring the coherence and integrity of the revised
ontology. This underscores the importance of a systematic and carefully planned expansion
strategy when modifying ontologies, ensuring the ongoing relevance and applicability of
the underlying conceptual framework.

1.1. From Ontologies to Relation Calculus

In advocating for ontology-building methodologies, computational solutions derived
from the ontology characterize relationships and concepts. This facet plays a pivotal role in
guaranteeing the resilience of the associated computation [9] (e.g., spatial reasoning). By
ensuring that the definitions within the ontology effectively capture the intricacies of rela-
tionships and concepts, the qualitative computation derived from such formalism becomes
a reliable foundation. This not only strengthens the computational aspects of the ontology
but also establishes a solid ground for employing spatial theory in the development and
reasoning processes.

Analyzing the computational complexity of reasoning problems in the (revised) ontology
is an important research direction. As Lutz et al. [10] demonstrate, model–theoretical techniques
can be used to study the complexity of constraint satisfaction problems (CSP). Such techniques
can provide valuable insights into the scalability of ontology-based systems.
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In the field of AI, qualitative calculus serves as a specific type of mathematical formal-
ism crafted to represent and reason about relations and properties in a qualitative, rather
than quantitative, manner. This formalism centers on qualitative properties, relations, and
changes within the objects or processes under study, utilizing a finite set of symbols or
qualitative values to encode these properties and relations.

Furthermore, qualitative calculus provides operators designed to combine qualitative
values into meaningful expressions. For instance, it facilitates the composition of spatial
relations and includes inference rules to derive new qualitative knowledge from established
facts. Additionally, certain calculi permit the qualitative simulation and analysis of how
values change over time, enhancing their utility in understanding dynamic systems and
temporal aspects. As Gruter points out, these characteristics make qualitative calculi a
valuable tool for AI applications, offering a natural and effective approach to handling
qualitative aspects of KRR [9].

According to [11], the paradigm of algebraic constraint-based reasoning, embodied
in the notion of a qualitative calculus, has been studied within two frameworks. One
framework defines qualitative calculus as “a non-associative relation algebra (NA) with a
qualitative representation”, while the other defines it as “an algebra generated by Jointly
Exhaustive and Pairwise Disjoint (JEPD) relations”. These frameworks provide comple-
mentary perspectives. The divergence of definitions creates confusion around the notion of
a qualitative calculus and revisits the “what” question (cf. [12]).

Emerging from Allen’s examination of temporal relations, the concept of a composition
table (CT) has evolved into a crucial technique, offering an efficient inference mechanism for
a broad spectrum of theories [13]. In Allen’s interval algebra (IA), reasoning is manageable
only for specific subalgebras and is executed through path consistency, a constraint propa-
gation algorithm. Its rule-based implementation necessitates O(n2) rules for a subalgebra
with n relations [14].

The work in [13] focuses on the challenge of providing comprehensive characterization
of the class of theories and relational constraint languages. It investigates situations in
which a complete proof procedure can be specified by a CT, shedding light on the potential
and limitations of this approach. Likewise, in order to optimize the calculus, redundancy
checking is a crucial task [15].

Formally, in the context of a theory T wherein Rels is a JEPD set of defined base
relations, the composition of two of them is entailed by T. That is, given R, S ∈ Rels, the
problem consists of determining the smallest subset {Ri} ⊆ Rels such that

T |= ∀x∀y∀z[R(x, y) ∧ S(y, z) → (R1(x, z) ∨ · · · ∨ Rn(x, z))].

In semantic terms, this definition ensures that whenever R(a, b) and S(b, c) hold in M
a model of T, some i Ri must exist such that a and c are related.

One of the primary challenges in qualitative spatial reasoning (QSR) revolves around
integrating or expanding existing theories to incorporate new aspects within the same
formalism while ensuring the existence of a sound calculus [16,17]. Even when a qualitative
calculus is derived from a formal ontology, a common practice in ontology reuse involves
reconsidering ontological commitments that would affect the calculus. For instance, in
QSR, the dilemma between crisp and fuzzy spatial sets is often reevaluated. Addressing
such issues requires taking various features and perspectives into account. On the one
hand, there is a desire to maintain the characteristics of existing objects; on the other hand,
there is a necessity to reassess some definitions and the associated qualitative calculus. This
balance underscores the need to relax the definitional methodology, requiring only certain
axioms and properties of the definitions to exhibit categoricity (i.e., common to all intended
models).

Lastly, it is worth noting that qualitative calculus-based techniques have applications
beyond foundational studies. For example, in [14], a practical approach to rule-based tem-
poral reasoning over RDF/OWL using Allen’s interval algebra (IA) is outlined, showcasing
the versatility of the methodology. This example provides an idea of both the utility of hav-
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ing foundational ontologies and the need to adapt these ontologies to different applications
through revision to a greater or lesser extent.

1.2. Formalization for Qualitative Spatial Representation and Reasoning

Representation and reasoning with qualitative spatial relations constitute an important
problem in AI, with wide-ranging applications in fields such as geographic information
systems, computer vision, autonomous robot navigation, natural language understanding,
spatial databases, and image mining [18]. One of the necessary elements (though not
necessarily sufficient) for the effectiveness of a QSR proposal (e.g., for prediction) is the
availability of a reasonably high-quality theory, especially when complete information is
available and the range of scales involved, both temporal and spatial, is not extreme. When
these conditions are not met, simulation becomes less effective or entirely inappropriate.
In [19], an insightful discussion on twelve features of physical reasoning problems that
present challenges for simulation-based reasoning is developed. The paper also surveys
alternative techniques for physical reasoning that do not rely on simulation.

Mereotopology is a field in logic and ontology concerned with parts, wholes, and
connections. The term ‘mereotopology’ combines ‘mereology’ (the study of part-whole
relations) and ‘topology’ (the study of connections and boundaries without considering
the form). Mereotopology aims to provide a formal framework for describing concepts
such as parts, wholes, boundaries, contact, and connection. It builds upon mereology by
incorporating topological notions such as closure and neighborhood into the theory of parts
and wholes. This expansion allows for a richer characterization of concepts that involve
both parthood and connection relations.

The importance of mereotopology in qualitative spatial and temporal reasoning (QSTR)
cannot be overstated. Serving as an alternative to set theory and Euclidean geometry,
mereotopology finds applications across diverse fields beyond spatial and temporal reason-
ing (e.g., [20]).

The ongoing debate surrounding the point versus object dilemma persists in various
manifestations. Mereotopologies, as point-free methodologies, offer an alternative for
modeling information while sidestepping certain perplexing assumptions inherent in set–
theoretical systems. The essence of point-free approaches lies in introducing points into
mereology or mereotopology only when their existence is unequivocally justified.

The task of constructing spatial ontologies is not without representational challenges,
especially when dealing with diverse ontological entities such as bodies, space, and situated
objects. An illustration of this is [21], where the exploration of location ontologies is
grounded in mereotopological pluralism.

Regarding language design itself, the scope encompasses both time and space, as
well as the structural properties of objects, adopting a way of considering the structure
of space and the entities that inhabit it. This design should draw inspiration from robust
classifications and specifications.

The need for a sound language for representation is intrinsic to any ontology with a
remarkable level of abstraction. For instance, in [22], a taxonomy of part types is proposed
based on the manner of attachment of a part to its parent whole, its degree of dependence on
that whole, or external factors. As another example, in [23], a novel approach to qualitative
shape recognition and matching in design is introduced. The method employs an ordering
information approach for the qualitative description of shapes, considering features such
as angles, relative side lengths, concavities, convexities of the boundary, and color.

The design challenge in the case of ontologies for mereotopology involves difficulties
from both a logical and representational standpoint, as well as in OE. Nuances come into
play that are challenging to represent or interpret appropriately. This situation can lead
to major issues that affect the ontology’s design itself. In addressing these issues, the
authors of [24] propose corrections and additions to the axiomatization of SUMO (https://
www.ontologyportal.org/ (accessed on 27 february 2024). Their work focuses on rectifying
problems related to omitted and unintended models of classical mereology. Additionally, a

https://www.ontologyportal.org/
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more recent study by Silva in [25] demonstrates that the existing axiomatization of SUMO
fails to capture some of the intended models of classical mereology.

The logical approach to QSTR becomes ubiquitous in situations where there is a
desire to formalize, almost at the verification level, the relationships between information,
space, and objects. In this context, an example could be the paper [26], where a spatio-
temporal specification language resulting from the integration of temporal and spatial logic
is introduced. Recent research on spatial and spatio-temporal model checking provides
novel image analysis methodologies rooted in logical methods for topological spaces, as
seen in [27] in biomedicine.

Continuing in the field of biomedicine, the development of biomedical ontologies
necessitates a meticulous formal analysis of foundational relations, utilizing various formal
tools in the process. Ideally, an analysis in a highly expressive language, like FOL, should
be complemented by analyses in less expressive but computationally tractable deductive
systems, such as description logics [28].

In the context of biomedical ontologies, the qualitative and time-dependent nature
of spatial relations is highlighted in [29]. The motivation stems from the relatively well-
understood formal representation of mereological aspects, specifically parthood relations,
in canonical anatomy. However, other aspects, including connectedness and adjacency
relations between anatomical parts, their shape and size, as well as the spatial arrangement
within larger anatomical structures, are less comprehensively represented in existing com-
putational, anatomical, and biomedical ontologies. The paper [30] also illustrates the utility
of a formal spatial theory in clarifying spatial information within biomedical ontologies
and enhancing their automated reasoning capabilities.

In the field of image mining, as presented in [18], the authors introduce an innovative
framework for robot vision based on concept lattice theory and cloud model theory. The
concept lattice serves as a representation of the human conceptualization process using
mathematical formal language, while the cloud model provides a transformation model
between qualitative concepts and quantitative numerical values. Notably, the authors
contend that the problem at hand possesses a rough nature, implying a certain degree of
indistinctness in the relationships addressed.

Alongside the logical dimension, computational considerations are crucial. Spatial–
temporal reasoning can benefit from various tools derived from computational logic. For
instance, in [31], the authors propose an approach to trajectory calculus that can be imple-
mented using answer set programming (ASP). ASP is also valuable for designing a formal
framework for representing and reasoning about cardinal directions between extended
spatial objects on a plane, as demonstrated in [32].

The QSR team at the University of Leeds pioneered the development of several logical
calculi designed for the representation and analysis of QSR on regions, with a particular
focus on the so-called Region Connection Calculus (RCC) (see Section 5 below and [17,33]).
RCC has proven useful across several AI domains such as GIS. As articulated in [34], their
motivation lies in utilizing regions as the fundamental spatial entity and showcasing how a
rich language can be constructed using few primitives. In the case of RCC, this begins with
the concept of connection.

The reasoning within RCC encompasses both static and dynamic aspects, providing
a comprehensive framework for QSR. Although RCC serves as a notable example of a
mereotopological system, some discussion on its semantic nature is necessary [35].

Certainly, alternative approaches to RCC exist, deviating from the definitional strategy
inherent in the RCC axiom system. In [36], the relations of contact, nontangential inclusion,
and dual contact are treated as non-definable primitives. This extends the language of
distributive contact lattices significantly. Part of the paper focuses on appropriately ax-
iomatizing the new language termed Extended Distributive Contact Lattice (EDC-lattice)
using universal first-order axioms that hold in all contact algebras. EDC-lattices can also
be regarded as an algebraic tool for a specific subarea of mereotopology [37]. Ref. [38]
provides an overview of research examining the cognitive validity of qualitative spatial
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calculi, with a focus on the RCC and Egenhofer’s intersection models (IM), in which both
topological theories are frequently claimed to align with human spatial cognition and
extensions.

1.3. On the Use of Automated Reasoning Systems in Ontology Engineering

Automated reasoning systems (ARS) provide tools to contrast hypotheses, specifi-
cations, and axioms. Results obtained by automated theorem provers (ATPs) ensure the
correctness of certain ontological reusing practices. This allows verification of the logical
validity of extensions or transformations without relying on unspecified intuitive properties
or hidden ontological commitments [39]. In QSR, using an ATP to establish properties
ensures that only the knowledge expressed in the axioms is utilized, avoiding reliance on
spatial intuitions not formalized in the theory.

In this paper, ATP Prover9 (https://www.cs.unm.edu/~mccune/prover9/ (accessed
on 27 February 2024)) and model finder Mace4 (https://www.mcs.anl.gov/research/
projects/AR/mace4/ (accessed on 27 February 2024)) are utilized to support findings in
our work. Prover9 is software for automated first-order logic theorem proving, employing
resolution and paramodulation inference. Key features include equality reasoning, cus-
tomizable search strategies, proof output in natural deduction format, and stand-alone
proof checking.

Complementing Prover9, the Mace4 system searches for finite models satisfying input
statements and their negations. It clarifies axiomatic systems by testing conjectures and
revealing counterexamples, further aiding Prover9 proof construction. Together, these tools
enable robust development, testing, and formal proof of mathematical conjectures. Their
versatility supports applications in mathematics, computer science, and AI research. In this
paper, both systems are actively utilized in proofs.

1.4. Aim and Contributions of the Paper

Ontology reuse remains a challenge for the ontology community [40]. The lack of a
consensus on this notion poses a barrier in OE. Without understanding what constitutes
reuse, it is difficult to perform or assist in ontology design for reuse.

The aim of this paper is to address the issue. More concretely, the main contributions
of this paper are the following:

• A proposal for the formal definition of ontology reusability (Section 6), which includes
extension and revision as tasks.

• Beyond clarifying these concepts, the paper proposes a methodology for formal
ontology reuse (Section 6.3). It characterizes reuse operations that can guide reuse to
meet specified requirements. This not only directs the reuse task but also assesses the
implications of reusing an ontology.

• As an illustrative case, the paper tackles a second aim: the problem of obtaining
a sound interpretation (by conferring spatial meaning) to the extensions of RCC
obtained-according to the methodology-by inserting an “undefined” relationship
(Section 7).

• The application case of the methodology establishes the mereological paradigm in
3WD, providing a formal framework that encompasses various possibilities of repre-
senting 3WD mereological relations (as used, for example, in [41]).

In a broad scope, the aim is to describe how the rudiments of first-order model theory
(and computational logic) can be used to increase knowledge on generic extensions of the
theory.

This paper substantially extends a previous contribution [42].

1.5. Structure of the Paper

The next section provides a description of state-of-the-art work related to this paper,
referring to the specific representational challenges of spatial KRR. Section 3 offers a brief
summary of the basic ideas of the three-way decision paradigm and provides some notes

https://www.cs.unm.edu/~mccune/prover9/
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on three-way mereo(topo)logy. Section 4 contains some examples motivating ontology
revision, covering spatial notions in socio-geodemographic systems, spatial interpretation
for ontology reasoning, and extending the formalism of description logic. Section 5 presents
background information on the mereotopological theory RCC required for the development
of the paper.

The subsequent sections represent the formal instantiation of the ideas outlined earlier.
Both contain the main contributions of the paper. Section 6 is dedicated to presenting a type
of ontological extension with a certain degree of categoricity and defining the methodology
for ontology extension and revision. As the second main contribution of the paper, this
methodology is then applied in Section 7 to RCC. Section 8 is devoted to comparing the
results obtained with our methodology with other different ontological redesigns, such as
the “egg-yolk” approach. In Section 9, some conclusions, a discussion on the strengths and
weaknesses of our proposal, and some ideas for future work are presented.

2. Related Work

Given that the paper has a dual objective (on the one hand, formalizing a concept of
extension + ontology revision; on the other hand, its application to a case of RCC extension),
we will proceed to dissect and examine the related existing literature in both scenarios.

2.1. Commonsense versus Formal Ontologies in Spatial Representation

Contrary to the apparent anticipation that constructions for QSR should have well-
established “standard formalizations”, the reality is quite different. This is due to the fact
that the representation and reasoning involving spatially or temporally extended objects
are intentionally crafted to mirror diverse ontological commitments, consistently consid-
ering their computational reasoning counterparts in AI. An exemplar of this approach is
highlighted in [43], where an alternative perspective of mereological pluralism is presented.
In such a framework, each mereological relation corresponds to a distinct characteristic
of the solid physical object, and these characteristics are formalized in different modules
within an upper ontology.

Ref. [44] serves as an example of these diverse commitments, presenting a mereotopo-
logical theory of time that effectively discriminates between various temporal topologies.
From the cognitive and commonsense realms, in the paper [45], the author contends that
children approach spatial term learning with a pre-existing conceptual differentiation
between core and non-core concepts of containment and support. The learning process
involves understanding how language aligns with this conceptual distinction, considering
both the simple prepositions and their associations with specific verbs and the distributions
of their co-occurrences.

Another illustration of this diversity in representation and its strong connection to
commonsense knowledge and ontological commitments is found in [46]. That work con-
ducts a comprehensive study of parthood and part-whole relations in the Zulu language
and culture. The paper underscores the dependency on whether there are ontological
differences, potentially implying that the ’common’ list is not universal across languages
and cultures. This raises new questions for OE on how to manage the plurality of relations
and for philosophy to possibly extend mereology.

All of the above examples demonstrate the ongoing need to reassess the ontological
commitments upon which a QSR approach is based in order to function effectively in
diverse environments. If one chooses to adapt an existing ontology, even one considered
standard, it may require the aforementioned reconsiderations.

The realm of QSTR revolves around the symbolic representation of knowledge, pri-
marily across infinite domains. The utilization of QSTR techniques is driven by the desire
to harness computational properties that enable efficient reasoning and the integration of
human cognitive concepts into a computational framework [33].

Similarly, a crucial aspect contributing to the success of QSR is the translation of many
problems into constraint satisfaction problems (CSPs), especially in the qualitative context,
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as emphasized in [10]. For example, the expansion of qualitative CSPs to include the
ability to restrict selected variables to finite sets of possible values has been recognized as a
promising research direction with substantial applications [47].

The roadmap for a formalization project of a QSR framework follows steps similar to
those in the construction of formal ontologies: a representation language is introduced, its
expressive power is analyzed, and finally, representation and reasoning mechanisms are
designed, and their utility is evaluated. An example of such methodology is found, for
example, in [48], where the author presents a logic-based formalism for formal reasoning
about visual representations. After laying down foundational principles, a description logic
is designed, offering decidable reasoning mechanisms well-suited for genuinely spatial
domains, such as geographic information systems (GIS). This approach exemplifies how
systematically following steps in QSR formalization can lead to effective and domain-
specific solutions.

However, there are ongoing challenges. In the realm of logic, computer science,
cognitive science, and geographic information science, extensive studies have focused
on mereotopological theories. However, the majority of these theories are unidimen-
sional mereotopologies, restricting entities of only a single dimension to cost. To inte-
grate mereotopological information with geometric data effectively, a multidimensional
mereotopology is essential [49].

Spatial Vagueness and Indefinition

Exploring the modeling of imprecise objects (or relations) with undetermined bound-
aries has become a focal point in fields such as GIS. An illustrative example is provided
in [50], which discusses the characteristics of vague regions by examining them through
the lens of the field/object dichotomy, recognizing that fields and objects offer distinct
perspectives for modeling geographic phenomena.

One of the goals of this paper is to exemplify how the strategy of introducing indef-
initeness in spatial relations can be controlled and certified following the formal ideas
developed in the paper. The use of such relations, which are not primarily specified in the
axioms of classical formal QSR theory like the region connection calculus, is motivated by
their potential application in AI systems. Alternatively, this could be approached using
mereotopological relations with a certain level of indefiniteness.

The need to work with relations beyond “crisp” ones is inherent to reasoning in several
QSR frameworks. A natural option, in terms of model foundations, is to start with a new
notion of topology, such as fuzzy topological spaces [51]. This framework, originating from
the concept of a fuzzy set, provides a natural approach to generalizing many concepts of
general topology to what might be called fuzzy topological spaces.

In [52], the authors discuss rough inclusions defined in rough mereology, a paradigm
for approximate reasoning introduced by Polkowski and Skowron. The paper suggests that
rough inclusions can serve as a foundation for common models for both rough and fuzzy
set theories, with the common motif being tolerance (or similarity). In [53], the authors
propose a method for revealing spatial hierarchies among vague places extracted from
geotagged user-generated data. The approach utilizes fuzzy formal concept analysis to
represent each place as a concept with extent and intent.

2.2. Reasoning, Extending, and Reusing RCC

In RCC-based relational calculus, two JEPD are used, RCC8 and RCC5 (Figure 1).
Despite the initial presentation of RCC8 relations as defined in the axioms of the RCC,
most implementations opt for working with the RCC8 Composition Table (RCC8-CT)
instead. However, the replacement of a theory with calculus is not without issues. In [54],
the foundation of RCC8-CT is investigated to discern the underlying mereotopological
principles, highlighting the significance of this reasoning method for the theory.
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Figure 1. RCC8 and RCC5 JEPD of spatial relations and theit inter-relationship.

CSPs related to RCC, which involve assigning values to variables conforming to a
set of qualitative spatial constraints defined by RCC, present significant challenges in the
realm of QSR. The central question revolves around RCC-based CSPs and the satisfiability
problem: given a finite set of atomic RCC8-constraints in m variables, the objective is to
determine whether there exists an m-tuple of regular closed sets of n-dimensional Euclidean
space Rn satisfying these constraints.

Aspects such as identifying consistent solutions, detecting redundancies, and manag-
ing computational complexity raise fundamental questions in the development of effective
algorithms to address these CSP issues within the RCC. For instance, in [55], it is demon-
strated that any consistent RCC8 binary constraint network can be consistently extended.
Remarkably, these satisfiability problems are known to be equivalent for all n ≥ 1, ren-
dering RCC8-satisfiability dimension-independent. In [56], it is established that RCC-8
reasoning is NP-complete in general. The authors also identify a maximal tractable subset
of relations in RCC-8 that includes all base relations.

The quest for solutions employing regions with specific properties is an actively stud-
ied problem. For example, in [57], it is explored how the restriction to convex regions
constrains the spatial realizability of networks of RCC8 relations. The authors demonstrate
that any consistent RCC8 network with 2n + 1 variables can be realized using convex
regions in the n-dimensional Euclidean space. Ref. [58] describes a local search-based
approach and a software tool to approximate the problem of drawing Euler diagrams. Spec-
ifications are written using RCC-8 constraints and radius constraints, and Euler diagrams
are described as a set of circles. That is, RCC8 is extended by a formal size specification
language for the intended regions.

Ref. [59] outlines a sufficient condition for deciding consistency in polynomial time for
networks with bounded tree width. The identified condition is applicable to various calculi,
including interval algebra, rectangle algebra, block algebra, RCC8, and RCC5. Additionally,
the techniques employed in establishing these results are applied to SAT encoding of QSTR.

Overall, the expressiveness and reasoning power of the RCC continues to be enhanced
through various extensions and combinations with complementary qualitative spatial for-
malisms. A key feature of RCC is that it boasts various extensions tailored to accommodate
diverse spatial and topological features, illustrating its character as a foundational ontology.
It can be extended, for example, to represent geometric features such as convexity. Addi-
tionally, an extension exists that addresses regions with uncertain boundaries, as elaborated
further ahead. Let us list some examples.

The RCC approach for QSR assumes a continuous representation of space. However,
real-world spatial information is often discrete. Galton developed a parallel theory of
discrete space, raising the question of whether a unified framework for both continuous
and discrete spatial reasoning is possible. Generalized region connection calculus (GRCC)
aims to establish such a formalism, taking both part-whole and connection relations as
primitives [60]. Both RCC and Galton’s discrete theory can be seen as extensions of GRCC.

While originally conceived for crisp regions, the RCC was extended to deal with
vague spatial entities. A fuzzy generalization of the RCC was proposed, where reasoning
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tasks can be formulated as linear programming problems [61]. Further extensions of RCC
formalism include relations between vague spatial entities modeled using bipolar fuzzy
set theory [62] and integration of qualitative topological knowledge with constraints and
landmarks [47].

Ref. [63] introduces an approach to handling vagueness in spatial representation
and reasoning. The authors propose the ‘egg-yolk’ representation as a means to address
the challenges posed by spatial regions with undetermined boundaries. This innovative
representation was based on an adaptation of RCC theory. Later on, this paradigm will be
revisited.

Other types of extensions or reformulations of RCC address the issue of holes in
regions [64], connected regions [65], directional relations [66–68], or rectangle algebras [69].

Another significant consideration is the relationship between various spatial theories.
For instance, the study in [54] demonstrates that an extension of RCC8 and Casati and
Varzi’s ground mereotopology (MT) [70] are logically synonymous, implying a shared
definitional extension between them. This discovery enhances the comprehension of
relationships and compatibility among different mereotopological frameworks.

This array of enhancements includes those addressing its pragmatic dimension. For
example, in [71], a hybrid knowledge representation system architecture grounded in RCC
is proposed to support reasoning with RCC and the semantic web ontology language OWL.
This hybrid approach tackles the challenge that RCC cannot be directly expressed in OWL
due to syntactic restrictions in its description logic, necessitating substantial revisions.

3. On the Three-Way Paradigm

The so-called three-way decision paradigm (3WD) has been proposed to study decision-
making processes more comprehensively [72,73]. It is a decision-making framework that
extends traditional binary classification systems by introducing a third decision option:
uncertainty or no decision has been made. The 3WD framework acknowledges that, in
certain situations, the available information may not be sufficient to confidently assign in-
stance to either the positive or negative class. Thus, the inclusion of an undecided category
offers a more realistic representation of uncertainty and augments the flexibility of decision
models. It aims to unify various decision-making approaches that address indefiniteness or
uncertainty within the same framework (cf. [74] for an introduction). This approach aligns
with a cognitive perspective [75].

In the 3WD paradigm, decisions are based on three possibilities (or regions within
the workspace): positive, negative, and undecided or boundary, enabling a more nuanced
representation of uncertainty in decision-making processes.

Some 3WD approaches include working with posets and decision determination,
interval-based evaluations, rough set theory, multi-valued logics, and extensions of formal
concept analysis (FCA) [76] or granular computing [77].

According to Y. Yao [75], trisecting the universe of discourse—positive, negative,
and undecided or boundary—involves additional activities beyond trisection, designing
evaluation functions, and finding thresholds. Namely, appropriately describing each region
to identify where a situation belongs, transferring objects between regions based on the
agent’s interests, and designing behavioral strategies for each region. In addition to such
research focuses, a third should be added [77] to evaluate the effectiveness of the designed
strategy.

These aspects are intricately connected to complementary decision-making tasks,
such as data collection/indexes, analyzing past decisions, and justification/explanation.
The selection among these options depends on the problem’s nature and the designer’s
choices (e.g., [78]). Consequently, the principles of 3WD can be applied in fields like
data science (including Big Data [79]) and AI, with applications ranging from establishing
machine learning processes using rough techniques. The 3WD techniques provide solutions
applicable under uncertainty or when dealing with missing data/information [80], handling
imbalanced data [81], addressing ambiguity in labeling [82], or requiring incremental
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concept learning [83] and concept mining within machine learning [76]. More challenging
applied areas include sentiment and opinion analysis [84,85].

Ref. [86] is an example of the usefulness of 3WD in computational–logic environments.
In such work, the notion of knowledge harnessing is introduced to study how to extract
valid information from conflicting or uncertain data within the 3WD paradigm. The utility
of information is measured by assessing the semantic closeness of the new information
to the existing knowledge within the knowledge base or by estimating the change in the
structure of the information relative to the original [87].

A classic framework for 3WD suggests working with evaluations with rank on a poset.
In the particular case of the range of values of the evaluation is the (ordered) interval [0, 1],
identifying 0 with false and 1 with true. An acceptance–rejection evaluation is a function

ω : U → [0, 1],

and the three decision regions are as follows:

• POSω = {u ∈ U : ω(u) = 1};
• NEGω = {u ∈ U : ω(u) = 0};
• BNDω = {u ∈ U : 0 < ω(u) < 1}.

In mereotopology, the 3WD paradigm is naturally suitable for accommodating
two possible extensions of reasoning with regions. The first is considering regions
with areas of indefiniteness (“fringes”), and the second is applying ideas of 3WD to
spatial relations [41,88]. Although the cited papers are of a mereological nature, there
is no doubt that the ideas are applicable to spatially extended regions (because of the
usual domain universe in Rn). We will explore this concept further later on. In [89], a
novel approach is introduced and assessed that merges time-based granulation with
three-way decisions. This method aims to aid decision-makers in comprehending and
analyzing the granular structures acquired through the conceptualization of spatio-
temporal events.

In QSTR, several approaches could be considered as 3WD-like. For example, building
on the assumption that a vague object can be constructed as the conceptualization of a
field, the work presented in [50] classifies vague objects into five distinct types: direct
field-cutting objects, focal operation-based field-cutting objects, element-clustering objects,
object-referenced objects, and dynamic boundary objects. Subsequently, a categorization
system is introduced, employing fuzzy set theory to formally articulate the semantic
nuances among these diverse types of vague objects.

Ideas towards three-way mereology are a key component of recent approaches to
classic classification/decision methods. For example, the two main types of three-way
clustering described in [88] would be completely characterized in this paper in the case
of clusters characterized as regions (similar analysis could be done in other contexts, as
in [90,91]).

The first of the 3WD clustering methods is the so-called three-way hard clustering, a
type of clustering where each object is assigned to only one cluster. In this approach, there
is no overlap between clusters, and each object is distinctly categorized into a single cluster.
The clusters are represented by two disjoint sets: the core region and the fringe (boundary)
region. The second method is three-way overlapping clustering, which allows objects to belong
to more than one cluster. In this approach, clusters can overlap, meaning that an object may
have partial membership in multiple clusters. This overlapping nature of clusters helps
capture complex relationships and patterns in the data that may not be easily captured by
traditional clustering methods. By allowing objects to have partial memberships in multiple
clusters, three-way overlapping clustering can provide a more nuanced understanding of
the data and improve clustering accuracy.
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4. Some Examples Motivating Ontology Revision

As mentioned earlier, the demand for generic extensions of formal ontologies often
arises in ontology engineering (OE). This occurs when current ontology proves inadequate
to meet new requirements or insufficient in representing crucial classes or relationships
essential for evolving work contexts.

In this section, three examples will be presented to illustrate different aspects of on-
tology revision: the necessity of working with approximations of domain expert concepts
(Example I), the utility of spatial metaphors for illustrating various ontology concepts
(Example II), and how, in some cases, the reuse of a logical formalism necessitates refor-
mulating the logic itself to express more complex properties (Example III). The examples
highlight the need for a robust approach to ontological extension.

4.1. Example I: Spatial Notions in Socio-Geodemographic Systems

In spatiotemporal mining and reasoning applied in geographic information systems
(GIS), challenging issues arise related to spatiotemporal relationships, interdisciplinarity,
discretization, and data characteristics [92], particularly regarding the human role in un-
derstanding and processing. Experiments reveal that individuals tend to conceptualize
geographic phenomena based on systems of objects organized into categories, relying on a
universal “common sense geography” shared by non-experts [2].

These findings suggest significant variability in how different social groups perceive
and represent these entities, with potential implications for geospatial communication and
understanding. This variability often leads to a gap between the ontology engineer and the
domain expert. One consequence of this gap is the necessity to model vagueness, as in [50].

In our work [93], a methodology for constructing an ontology based on a state-of-the-
art geodemographic system is presented. This system incorporates advanced specifications
that integrate spatiotemporal and geodemographic attributes. Geodemographic categories,
formulated by a domain expert using the system’s data, are formalized by an ontology
engineer to encompass diverse geographic, demographic, and sociological constraints.
However, due to the aforementioned disparity, ontological axioms may not precisely
capture the intentions of the sociogeodemographic specialist. Ref. [93] shows that there is a
significant difference in representational practices between experts from different domains.
This contrast highlights the unique challenges of translating diverse perspectives into a
formal ontological framework.

A foundational solution could be to consider topology as the bridge between the two
areas, as shown in [94]. That paper demonstrates that topology plays an essential, albeit
not semantically independent, role in characterizing the cognitive conceptualization of
geographic events.

A challenge emerges when attempting to leverage this inherent underspecification for
automated reasoning, considering it is articulated by geodemographic specialists rather
than ontology formalism specialists. In such instances, suboptimal results are likely to be
obtained. One contributing factor is the difficulty in interpreting the formal class as robustly
as desired by geodemographic experts. This challenge can be visualized as a vague mereo-
logical region, encompassed within the intersection of multiple mereo(topo)logical repre-
sentations of anonymous classes (Figure 2), as we will discuss in the following example.
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Figure 2. Semantic approach to a geodemographic class [93].

4.2. Example II: Spatial Interpretation for Ontology Reasoning

In order to effectively communicate information, the choice of a sound visual repre-
sentation can be crucial. When dealing with complex representation artifacts, there is a
demand for a versatile visualization framework that incorporates essential features while
allowing customization to accommodate various use cases.

However, visualizing complex ontologies poses several challenges [95]. Particularly,
in the case of OE working with large-sized ontologies, spatial representation and reasoning
should necessarily be local, meaning that any result will be argumentative in nature (i.e.,
supported by the data selected in the representation artifact and spatial/visual reasoning).
Ontology visualization methods aim to present intuitive representations of ontological
concepts and relations. Most tools rely on basic two-dimensional node-link diagrams to
depict class hierarchies, providing limited support for more advanced constructs. Balancing
between offering an overview and detailing specific aspects is a key challenge.

The focus is on the representation of significant ontology elements. Ideally, the selected
representation paradigm should assist readers in making the desired inferences [96].

However, spatial interpretations strive to enhance ontologies but may introduce new
gaps between users and foundational principles. Representing ontological relations spa-
tially can facilitate reasoning, for instance, through an interpretation of RCC as “metaontol-
ogy” (see Figure 3, from [93]). RCC defines qualitative spatial relations between regions that
can be applied in conceptual spaces [57], making it a sound candidate for building repre-
sentations. This need for representation also extends to capturing uncertainty, which would
require richer visual metaphors as they support decision-making by stakeholders [97,98].

In a series of papers [99,100], authors introduce tools based on QSR that provide
logically grounded computational methods for spatial inference. In particular, for ontology
refinement, they incorporate interfaces that leverage spatial metaphors. However, the
use of qualitative relations can challenge spatial intuition. Further research is needed
to develop formally grounded yet intuitively interpretable spatial reasoning techniques,
particularly focusing on how informational enrichment on entailment can be represented.
Visual metaphors on entailment were proposed in [99].
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Figure 3. Augmenting reasoning cycle with extended spatial reasoning [100].

Axiomatically grounded foundational ontologies, particularly in the spatial domain,
can serve to prevent and detect poor ontology designs [99]. Our contribution in that paper
extended beyond constructing the ontology itself; it includes identifying issues in other
ontologies, notably upper ontologies concerning domain-specific ones [101].

4.3. Example III: Extending Description Logic Formalism

The task of revising an ontology could extend beyond reinterpretation or modifica-
tion of the ontology language itself; it may also influence logical language. Addressing
the challenge of indefiniteness in ontological reasoning is crucial, especially when tradi-
tional logic-based knowledge representation languages like description logic may result in
extensive and unintuitive definitions, leading to high complexity in reasoning.

As an example, in [102], a lightweight description logic is extended to tackle the
issue of unbounded definition complexity in description logic-based ontologies. This is
achieved by introducing new concept constructors that enable the definition of concepts
in an approximate manner. In this context, another approach to cope with the problem
includes rough methods on the classification artifacts (see [103]).

In [104], the authors introduce a nonmonotonic description logic of typicality, designed
to handle the combination of prototypical concepts. They enhance the logic of typicality
ALC + T R by introducing typicality inclusions in the form p :: T(C) ⊑ D, where the intu-
itive interpretation is that “we believe with a degree of p about the fact that typical Cs are
Ds”. From a mereological perspective, the extension generalizes the classic ⊑ relationships
among concepts to include a “vagueness” factor. This factor could be addressed with 3WD
techniques (Section 3).

In logical terms, this novel logic offers a mechanism to incorporate a degree of belief
into the TBox (refer to Figure 4). As previously mentioned, any robust ontological exten-
sion or revision not only comes with formal semantics but also may necessitate a robust
reinterpretation of the very concept of an ontology. In the case of ALC + T R, the extension
encompasses the original logic when the degree is set to p = 1. That is, DL ontologies can
be interpreted in the extension.



AI 2024, 5 761

Figure 4. Extension of the logic formalism of description logic ALC by typicality inclusions.

5. Formal Elements of the Mereotopological Theory RCC

The application of the proposed ontology extension method will be illustrated grounded
in RCC as the foundational theory (Section 6). In this section, we provide a more technical
description of the key elements of this theory.

Roughly speaking, RCC can be seen as the outcome of applying the definitional
methodology to the primitive connection relation between two regions, denoted as C(.,.).
Axioms asserting that this relation is reflexive and symmetrical are introduced. The in-
tended models of RCC operate on connected regular regions from topological spaces. In
the design of RCC, the intended interpretation of connection is the topological closures of the
two connected regions intersect.

The axiom set presented in Table 1 expresses the remaining relations’ properties and
definitions, which can be regarded as RCC’s set of axioms [17]. We denote by LRCC the
first-order logic language used in these axioms. A key property of the set of RCC relations
is that it possesses the mathematical structure of a lattice, derived from the partial order
“provably subrelation of”. Figure 5 illustrates the Hasse diagram of this lattice. Recall
that the Hasse diagram of a partially ordered set is a directed graph constructed using the
elements of the set as nodes, where the edges consist of all ordered pairs (x, y) such that
x < y, and there exists no z such that x < z < y.

Figure 5. The lattice of RCC spatial relationships. The index accompanying each relation will be
utilized to reference it in first-order formulas when applying Mace4.
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Table 1. Axioms of RCC: axioms stating that the connection is a reflexive and transitive relation, plus
the definition-axioms for the other spatial relations.

Axiom Relation Defined

∀xC(x, x) (Re f lexivity)
∀x[C(x, y) → C(y, x)] (symmetry)
DC(x, y) ↔ ¬C(x, y) (x is disconnected from y)
P(x, y) ↔ ∀z[C(z, x) → C(z, y)] (x is part of y)
PP(x, y) ↔ P(x, y) ∧ ¬P(y, x) (x is proper part of y)
EQ(x, y) ↔ P(x, y) ∧ P(y, x) (x is identical with y)
O(x, y) ↔ ∃z[P(z, x) ∧ P(z, y)] (x overlaps y)
DR(x, y) ↔ ¬O(x, y) (x is discrete from y)
PO(x, y) ↔ O(x, y) ∧ ¬P(x, y) ∧ ¬P(y, x) (x partially overlaps y)
EC(x, y) ↔ C(x, y) ∧ ¬O(x, y) (x is externally connected to y)
TPP(x, y) ↔ PP(x, y) ∧ ∃z[EC(z, x) ∧ EC(z, y)] (x is a tangential prop. part of y)
NTPP(x, y) ↔ PP(x, y) ∧ ¬∃z[EC(z, x) ∧ EC(z, y)] (x is a non-tang. prop. part of y)

Definition 1. Let Ω be a topological space and T be a mereotopological theory. An interpretation
on Ω is an interpretation of the language of T whose universe is the R(Ω) class of regular sets in
Ω. T is interpretable on Ω if there exists an interpretation on Ω, which is model of T.

The set of eight RCC binary relations shown in Figure 1 is denoted as RCC8. These
relations form a JEPD set. As a JEPD set, the set RCC8 is exploited as a calculus for
constraint satisfaction problems (CSPs) (see [12]). Another useful calculus is based on
the JEPD RCC5 = {DR, PO, PP, PPi, EQ}. In short, the key difference between RCC8
and RCC5 is that the former enables enriching the knowledge representation by utiliz-
ing region frontiers, while the latter does not. Although empirical evidence has found
that RCC8 better suits representing topological relations distinguished by humans than
RCC5 [105], both are used here.

5.1. Relational Calculus in RCC

Since RCC8 forms a JEPD set, we can define relation composition and study the
relation calculus over RCC8 as described in Section 1.1.

The composition table is shown in Table 2. For instance, the following fact is repre-
sented in the table: if region A is a proper part (PP) of region B, and region B is a proper
part (PP) of region C, then by composition, we can infer that region A is a proper part (PP)
of region C. The task of building the table involves analyzing how to compose relations.

The exhaustive analysis of composition, reflected in Table 2, is provable from RCC (for
example, using Prover9, it is possible to obtain formal proofs of each case).
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Table 2. Composition table for RCC8. The “*” symbol corresponds to the complete RCC8.

R2(b, c)
R1(a, b) DC EC PO TPP NTPP TPPi NTPPi EQ

DC *
DC, EC
PO, TPP
NTPP(1)

DC, EC
PO, TPP
NTPP(1)

DC, EC,
PO, TPP
NTPP(1)

DC, EC
PO, TPP
NTPP(1)

DC DC DC

EC
DC, EC
PO, TPPi
NTPPi(2)

DC, EC,
PO, TPP,
TPPi, EQ
(3)

DC, EC
PO, TPP
NTPP(1)

EC, PO,
TPP,
NTPP,
(4)

PO, TPP
NTPP(5)

DC, EC
(D̂R) DC EC

PO
DC, EC
PO, TPPi
NTPPi(2)

DC, EC,
PO, TPPi
NTPPi(2)

* PO, TPP
NTPP(5)

PO, TPP
NTPP(5)

DC, EC
PO, TPPi
NTPPi(2)

DC, EC
PO, TPPi
NTPPi(2)

PO

TPP DC
DC, EC
(D̂R)

DC, EC
PO, TPP
NTPP(1)

TPP
NPPP
(P̃P)

NTPP

DC, EC,
PO, TPP
TPPi, EQ
(3)

DC, EC
PO, TPPi
NTPPi(2)

TPP

NTPP DC DC
DC, EC
PO, TPP
NTPP(1)

NTPP NTPP
DC, EC
PO, TPP
NTPP(1)

* NTPP

TPPi
DC, EC
PO, TPPi
NTPPi(2)

EC, PO,
TPPi,
NTPPi(7)

PPPi,
NTPPi (8)

PO, EQ
TPP
TPPi(6)

PO, TPP
NTPP(5)

TPPi
NTPPi
(P̃Pi)

NTPPi TPPi

NTPPi
DC, EC,
PO, TPPi
NTPPi(2)

TPPi
PO
NTPPi(8)

TPPi
PO,
NTPPi(8)

TPPi,
PO,
NTPPi(8)

PO, TPPi
TPP, NTPP
NTPPi, EQ
(Ô)

NTPPi NTPPi NTPPi

EQ DC EC PO TPP NTPP TPPi NTPPi EQ

5.2. The Challenge of the Interpretability of RCC Extensions

There are two types of extension to consider in OE: one involving a specific model
(or class of models) while respecting the original ontology, and the other involving the
redefinition of the model class in the ontology extension. This paper focuses on the latter.

Regarding the first type, an example is demonstrated in [55], where it is shown
how any consistent RCC8 binary constraint network (RCC8 network) can be consistently
extended. This result ensures the transfer of tractability from a set of RCC8 relations to
its closure under composition, intersection, and converse. In this way, we can enrich the
mereotopological configuration of the regions under study with more regions. In reality,
these types of extensions affect the population of the ontology (the new elements must be
added while preserving consistency) and not the design of its axioms.

The second type of extension is foundational in nature as it pertains to the theories that
underpin the models. Therefore, the task could be more complex. If an abstract extension
of a standard QSR theory is obtained, it is necessary to extend the standard interpretation
to accommodate the new concepts/relationships as spatial regions/relations. This type
would encompass revisions of mereological ontologies implicit in machine learning to
accommodate new methods, such as 3WD clustering [41,77,80] commented on in Section 3.
If, in the new theory, the elements of the initial theory can be considered objects of the
universe, then it can be interpreted within the former. We formalize this idea below.

Firstly, it is worth noting that the notion of interpretability between theories can be
considered from different perspectives. For example, if our framework is OE, and we only
want to use the knowledge represented in one theory in another target theory, it would
suffice to find a syntactic translation mapping that operates on the axioms (e.g., [25]). In
this case, we are not relativizing the information to a special type of objects and properties.

Nevertheless, if we want to work with more complex interpretations that use the
same language, we can resort to relativization. The relativization of a formula ψ(x) with
respect to another φ(x) consists of restricting the property expressed by the former to those
elements that satisfy the latter (in our case, the objects considered in the models of the
former ontology).
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Definition 2. Let φ(x) be a formula in a FOL language L.

• The relativization with respect to φ(x) is an operator ·φ on L formulas defined by recursion as
follows:

– If p(x⃗) is an atomic formula, p(x1, . . . , xn)φ ≈ ∧
1≤i≤n φ(xi) → p(x1, . . . , xn);

– (¬ψ)φ ≈ ¬(ψφ);
– (∃xψ(x))φ ≈ ∃x(φ(x) ∧ ψ(x)φ);
– (∀xψ(x))φ ≈ ∀x(φ(x) → ψ(x)φ).

• Theory T1 is interpretable into theory T2 if there exists a formula φ such that for any ψ

T1 |= ψ ⇐⇒ T2 |= ψφ

The idea is to use this type of interpretability to relativize any T extension of RCC
to the regions considered in RCC. For example, a property ψ in a theory about spatial
vagueness could be relativized to the special case of (crisp) regular regions, which must be
characterized by such a formula φ.

6. Lattice Categorical Ontology Extensions

From a certain perspective, ontologies could be viewed as qualitative theories aimed
at representing the conceptualization of knowledge space. This standpoint includes the
representation of class (concept) and relation hierarchies. Therefore, a fundamental re-
quirement for a qualitative theory is the ability to entail basic relationships (those that the
ontological engineer intends to preserve under extensions) among its concepts or relations.
For instance, it has already been mentioned that RCC entails relationships between spatially
defined relations, exhibiting a lattice structure of Figure 5, and a composition calculus, (as
shown in Table 3) [39].

Likewise, any extension or revision of the ontology should thus meet similar require-
ments. In an effort inspired by foundational questions in the semantic web [106], a formal
definition of a “robust ontology”, termed “lattice categorical extension” [87], was proposed.
In brief, a “lattice categorical” theory is one that entails the lattice structure of its basic
relations. Next, we formalize this notion.

Given a fixed language L, let C = {C1, . . . , Cn} be a finite set of concept/relation sym-
bols, and let T be a theory. Given M |= T, a model M of a T, consider the structure L(M, C)
in the language LC = {⊤,⊥,≤,∧,∨} ∪ {c1, . . . , cn} defined as follows. The universe of
L(M, C) consists of interpretations in M of C, with ci interpreted as CM

i for each C ∈ C.
Here, ⊤ represents M, ⊥ represents ∅, and ≤ denotes the subset relation. We denote |X|
by the cardinal of set X.

It is assumed that L(M, C) is required to have a lattice structure, although this require-
ment can be relaxed as the poset of relations among the concepts in C can be embedded
into a lattice structure (even if it necessitates introducing dummy concept/relation names).

In order to work with the relationships between the elements of C, it is necessary to
work with equations that identify the basic operations with these elements.

Definition 3. Consider the language LC = {⊤,⊥,∧,∨} ∪ {c1, . . . , cn}.

1. The set of lattice closed equations in this vocabulary is denoted by EQL(C).
2. Given E is a set of equations, it is denoted by the ET translation of E to the set of first-order

logic formulas in the language C.
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Table 3. Composition table for the extension corresponding to L1.

R2(b, c)
R1(a, b) DC EC PO TPP NTPP TPPi NTPPi EQ I1

DC RCC8[I1]
DC, EC,
PO, TPP,
NTPP, I1

DC, EC,
PO, TPP
NTPP, I1

DC, EC,
PO, TPP,
NTPP, I1

DC, EC,
PO, TPP,
NTPP, I1

DC DC DC
DC, EC
PO, TPP,
NTPP, I1

EC
DC, EC,
PO, TPPi
NTPPi

DC, EC, PO,
TPP, TPPi,
EQ, I1

DC, EC,
PO, TPP
NTPP, I1

EC, PO,
TPP
NTPP, I1

PO, TPP
NTPP, I1

DC, EC DC EC
EC, PO,
TPP
NTPP, I1

PO
DC, EC,
PO, TPPi
NTPPi

DC, EC,
PO, TPPi
NTPPi

RCC8[I1]
PO, TPP
NTPP, I1

PO, TPP
NTPP, I1

DC, EC
PO, TPPi
NTPPi

DC, EC,
PO, TPPi
NTPPi

PO PO, TPP
NTPP, I1

TPP DC DC, EC
DC, EC,
PO, TPP
NTPP, I1

NTPP
DC, EC,
PO, TPP
TPPi, EQ
I1

DC, EC,
PO, TPPi
NTPPi

TPP
TPP
NTPP
I1

NTPP DC DC
DC, EC
PO, TPP
NTPP, I1

NTPP NTPP
DC, EC
PO, TPP
NTPP, I1

RCC8[I1] NTPP NTPP, I1

TPPi
DC, EC,
PO, TPPi
NTPPi

EC,PO,
TPPi
NTPPi

PO
TPPi
NTPPi

PO, EQ
TPP
TPPi

PO, TPP
NTPPI1

TPi
NTPP NTPPi TPPi

PO, EQ
TPP, TPPi
NTPP, I1

NTPPi
DC, EC
PO, TPPi
NTPPi

POPPPi ,
NTPPi

PO
TPPi
NTPPi

PO
TPPi
NTPPi

PO, TPPi
TPP, NTPP
NTPPi, EQ
I1

NTPPi NTPPi NTPPi
PO, TPPi
TPP, NTPP
NTPPi, EQ
I1

EQ DC EC PO TPP NTPP TPPi NTPPi EQ I1

I1 DC DC, EC
DC, EC,
PO, TPP
NTPP, I1

NTPP, I1

DC, EC
PO, TPP
EQ
NTPP, I1

RCC8[I1] I1
TPP
NTPP, I1

An example is presented in Figure 6, where a set of equstions E, and its translation
ELRCC , is the set of formulas that appear in Figure 7.

16 = or(14,15). 15 = or(7,8).
14 = or(13,7). 13 = or(1,11).
13 = or(11,12). 13 = or(1,12).
12 = or(4,10). 11 = or(9,4).
10 = or(5,6). 9 = or(2,3).

and(1,11) = 0. and(1,12) = 0.
and(1,15) = 0. and(2,12) = 0.
and(2,15) = 0. and(3,12) = 0.
and(3,15) = 0. and(4,10) = 0.
and(4,15) = 0. and(5,15) = 0.
and(6,15) = 0.

Figure 6. A set E ⊆ EQLRCC
(C) which serves as a skeleton for RCC.
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Figure 7. Theorems corresponding to lattice equations of Figure 6.

A relationship between L(M, C) and model M can be established through the union
of two sets of formulas. The first is a finite set E ⊆ EQL(C) (for example, that of Figure 6
for RCC). The second is a set of formulas ΘC that categorizes the lattice axioms under
completion. The latter contains the following:

• A domain closure axiom with respect to LC (ensuring that only named elements exist);
• Unique name axioms (stating that different relation names denote different elements)

[107] for the elements of C (which are the elements of the lattice);
• The axioms of lattice theory (Figure 8).

%conmutativity
all x all y (or(x,y) = or(y,x)).
all x all y (and(x,y) = and(y,x)).
%asociativity
all x all y all z (or(x, or(y,z)) = or(or(x,y),z)).
all x all y all z (and(x, and(y,z)) = and(and(x,y),z)).
%idempotence
all x (or(x,x) = x).
all x (and(x,x) = x).
%absorption
all x all y (x = or(x,(and(x,y)))).
all x all y (x = and(x,(or(x,y)))).

Figure 8. Prover9 axiomatization for the Lattice structure. These axioms are included in ΘLRCC .

Idem: A lattice skeleton is a set E of lattice equations that characterizes (modulo ΘC )
the lattice of a model excluding isomorphism. The idea of a lattice skeleton is to have a set
of interesting properties that we wish to preserve, and which are provable in the theory
and its extensions.

Definition 4. Let E be an LC theory. We say that E is a lattice skeleton (l.s.) for a theory T if E
verifies that.

• There are M |= T such that L(M, C) |= E ∪ ΘC , and
• E ∪ ΘC has a unique model except isomorphism.

Idem: The definition formalizes the concept of a comprehensive specification of the
class or relation hierarchy, which, akin to description logic ontologies, a lattice skeleton
would resemble a T -box with a specific inferential completeness, showcasing all the
“subclass of” relations between classes in its concept hierarchy, thereby ensuring that
all models share these selected relationships (expressed in the lattice language).

Note that no condition of minimality on the set of equations E is requested. The
reason is that the designer aims to represent in E all the information to be preserved in the
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extensions, even if some of it is redundant to satisfy both properties of the above definition.
If this was not the case, the application of techniques developed in [108] would allow (after
passing to propositional formulas) us to reduce the size of the skeleton if necessary while
preserving the information.

Theorem 1. Every consistent theory has a lattice skeleton.

Proof. (sketch) The proof is based on the description of a lattice skeleton for the theory T
from a model M |= T:

• First, the lattice L(M, C) is constructed.
• Next, a set of lattice equations EC in the language (C,⊤,⊥,≤,∧,∨, ) is chosen so that

there exists a single model of size |C|+ 2 (these two additional elements correspond
to ⊤ and ⊥). Then, EC + ΘC has a unique model.

6.1. Lattice Categorical Theories

Idem: It is worth noting that lattice skeletons are essentially model-based, so it is
possible for there to be non-equivalent ones (modulo ΘC ). This poses challenges to reason-
ing with relations. While lattice skeletons characterize L(M, C) with intentional purposes,
the existence of a unique lattice structure, up to isomorphism (thus entailed by T), would
enhance relational reasoning. This uniformity across models of T ensures consistency in
relationships among the relations and enables the entailment of the transition table by T.

Definition 5. A theory T is called a lattice categorical (l.c.) theory if every pair of lattice
skeletons for T are equivalent theories modulo ΘC ; that is, for any E1 and E2 skeletons for T,

E1 + ΘC ≡ E2 + ΘC ,

as lattice theories.

A key result regarding the extensions we aim to specify is the following, ensuring
their existence:

Theorem 2. Every consistent theory T has an extension which is lattice categorical.

Proof. Idem: Let T be consistent and M be a model of T. Consider the partially ordered set
XM whose elements are the interpretations CM for each C ∈ C, and the relation ≤ represents
the subset relation. In terms of sets, the lattice operations ∧ and ∨ are interpreted as ∩ and
∪, respectively.

Consider L(M, C) the lattice generated by XM. Since C is finite, this lattice is also finite.
Therefore, we can select E as a finite set of equations such that ΘC ∪ E has L(M, C) as its
only model up to isomorphism.

Then, the theory T + ET would serve as such an extension.

Idem: The most important feature of lattice categorical theories is that they guarantee
reasoning only with the lattice equations is sufficient to work with the relations of the
theory. E + ΘC allows focusing the reasoning on the relationships among the elements of C,
avoiding the use of the more complex T. Lattice categoricity has been used for extending
ontologies by the decision of the user, motivated by data and designed by the user [87],
and ontology merging [109]. It is also necessary to emphasize that from a set E + ΘC , one
can reconstruct a theory that has E as its skeleton, namely ET . An important example for
our purposes is RCC:

Theorem 3. RCC is a lattice categorical theory.
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Proof. (sketch) The proof is assisted by Mace4 (to determine the models of the skeleton)
and Prover9 (to find the justifying proofs).

In the input file for Mace4, we introduce the following:

• The set E from Figure 6;
• The axioms characterizing the lattice theory (Figure 8).

The axioms for unique names and domain closure would be missing. To simplify the
coding work, each relation is assigned a number from 0 to 16, as shown in Figure 5. This
ensures the principle of unique names when working with Mace4 without explicitly stating
the axiom in ΘLRCC . Similarly, if models of size |LRCC ∪ {⊤,⊥}| = 17 are sought with
Mace4, the domain closure axiom of ΘRCC is implicitly satisfied and does not need to be
explicitly stated with formulas.

The result follows from the following facts:

• The only model obtained by Mace4 (Figure 9) has a Hasse diagram that matches that
of Figure 5.

• RCC entails all the formulas in ELRCC (provided in Figure 7). It is necessary to
prove this to verify that the operations of the elements of the model found by Mace4
(Figure 6) are indeed theorems of RCC.

Figure 9. Lattice operations of the model of E + ΘLRCC founded by Mace4, with E being the lattice
skeleton from Figure 6.

Finally, a lattice ontology is defined as a “complete” hierarchical view of a classic
ontology as follows:

Definition 6. A lattice ontology is a pair (T, E), where T is the formal theory and E a lattice
skeleton. If T is l.c., it will be called l.c. ontology.

An example of a lattice categorical ontology is (RCC, E), where E is the set of equations
provided in Figure 6. It is important to note that the concept of a lattice ontology is
more constrained than other notions, such as the usual pair (T ,A) (i.e., T -box, A-box)
in description logics. Let us consider a simple example of obtaining an lattice categorical
extension in the form of a lattice ontology of a DL-ontology. Consider the ontology formed
only with the T-box (A = ∅):

O :=
{

C1 ⊑ C2 ⊔ C3
C2 ⊑ ¬C1.
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Following the proof of Theorem 1, it suffices to select a model:

I =
{

Universe = {a, b, c}
CI

1 = {a}, CI
2 = {b}, CI

3 = {a, c}

Next, the poset (C1, C2, C3,⊆) is embedded into a lattice, for example, L, whose Hasse
diagram is depicted in Figure 10. It is easy to see that the following lattice equation set is a
skeleton for this lattice:

E :=


c2 ∨ c3 = c4
c1 ∧ c3 = c1
c1 ∧ c2 = ⊥

Figure 10. Partial order ⊑ on the concepts (left) and one inmersion into a lattice (right).

Therefore, (∅, E) would be a lattice categorical extension, or, by explicating a DL-
theory from E, (EO , E), being EO :

EO :=


C4 ≡ C2 ⊔ C3
C2 ⊑ ¬C1
C1 ≡ C1 ∧ C3 (i.e. C1 ⊑ C3)
C1 ∧ C2 ≡ ⊥ (i.e. C1 ⊑ ¬C2)

6.2. Ontological Extension and Revision

The following idea builds on concepts from [86], where we examine how information
inconsistent with the base theory can be retrieved. The operators from that paper are not
directly applicable here because we must select the information through its corresponding
translation into lattice language. Recall that this information is included in the skeleton
because we aim to preserve it as valid in the extension. The following formalization of
robust ontological extension translates the notion of categorical extension in first-order logic
(FOL) into a lattice-based ontology.

Definition 7. Given two lattice ontologies (T1, E1), (T2, E2) we will say that (T2, E2) is a lattice
categorical extension of (T1, E1) (denoted by (T1, E1)◁ (T2, E2)) with respect to the sets of
concepts C1 and C2 respectively, if

• C1 ⊆ C2, (T2, E2) is lattice categorical and
• E1 is C1 conservative on E2; that is, for any t = t′ ∈ EQL(C1):

E2 |= t = t′ =⇒ E1 |= t = t′.

Please note that the above definition does not explicitly require any direct relationship
between T1 and T2, although such a relationship actually exists and can be extracted
through ET

1 and ET
2 . Therefore, a type of lattice-based extension of the form (T∅, E) can be

found, where T∅ is the theory in the base first-order language without axioms. For example,
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for E from Figure 6, this would be effectively equivalent to (ERCC, E), where ERCC consists
of the formulas appearing as theorems in Figure 7.

6.3. Extension Methodology

Taking into account the construction carried out in this section, the proposed methodology
for extending (possibly with revision) a formal ontology consists of the following stages:

1. Obtain T1, a lattice categorical extension of the formal ontology to extend. In a skeleton
E1, include the relations between the concepts/relations of the set C1 of T1 that are to
be preserved. The goal is to extend the revise the theory, possibly extending C1 with
new concepts/relations, resulting in the language C2.

2. Extend the equations of E1 to obtain a new set of equations, E′, where the fundamental
relations that the new concepts/relations would have among themselves and with
the original ones appear. Then, extend E′ to obtain E2 such that the theory E2 + Θ has
a unique model (lattice) up to isomorphism. The sought-after extension is (EC2

2 , E).
3. Finally, interpret the new lattice ontology, possibly reinterpreting the elements of C1,

to align the extension with the new intended models.

7. A Case Study: Extending RCC

The purpose of the second part of the paper is to explore, using the proposed method-
ology, extensions of RCC that accommodate relations of indefiniteness or vagueness among
spatial regions. A motivation for this study is to provide a certified and complete blueprint
of all possible definitions of uncertainty for RCC. Thus, the analysis should cover the
various solutions existing in the literature. Additionally, this study would underpin the
3WD paradigm in RCC by offering all the possibilities of mereotopological combinations of
regions with uncertainty.

The problem ventures into a meta-meteorological realm as it necessitates reasoning
within the RCC theory and adjusting its axioms accordingly for an extension of the type

(RCC, E)◁ (ELRCC∪{I}
2 , E2),

where I will denote the undefined relationship under study.
According to the third stage of the extension methodology, to complete the study of

the extensions, all new relations must be reinterpreted in the new intended models while
respecting the global lattice structure of the relations.

Given the importance of transition tables in QSR, the new spatial relation I, signifying
“with a certain degree of indefiniteness”, should complement RCC8. That is, RCC8 ∪ {I}
should form a JEPD and should be incorporated into a new table of relation composition.
Refer to [87] for alternative extension approaches. Based on this condition, using ELRCC∪{I}

2 ,
it should demonstrate, with the assistance of Prover9, the new transition table.

If the intention is to interpret the new relation as “vague”, two options are available.
The first option involves changing the semantics, as discussed in [110], while the second
option entails reinterpreting the nature of the intended models of the original ontology.
This would require revising the semantics, but it would be tailored specifically for that new
class of intended models, which is common in 3WD reinterpretations. In this paper, we
opt for the second option, which, as we will demonstrate in the following sections, allows
for the derivation of classical interpretations in QSR through lattice categorical extensions
of RCC.

The main result on this kind of RCC extensions is the following:

Theorem 4. There are only eight l.c. extensions of (RCC, E) (being E the lattice skeleton of
Figure 6) by insertion of a new relation I such that RCC8 ∪ {I} is a JEPD set.

Proof. (Sketch) The idea behind the proof is as follows: The language LRCC ∪ {I} is
considered, and on this, a set of equations E ∪ ΘLRCC∪{I} is considered along with the
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equations asserting that LRCC ∪ {I} forms a JEPD. It is worth noting that, by the principle
of unique names, the new I will not necessarily be interpreted as ⊥ in any possible lattice
model of this theory of size |LRCC|+ 3. By applying Mace4, eight models are found (whose
Hasse diagrams are described in Figure 11).

Figure 11. The eight lattices describing the l.c. extensions of RCC. The element highlighted in colour
corresponds to the new relationship Ij by a undefined relation.

Finally, the procedure is carried out as in Theorem 3 to verify with Prover9 that the
chosen equation set Ej for each extension constitutes a lattice skeleton with respect to Lj.

The l.c. extension being sought is (E
LRCC∪{Ij}
j , Ej).

Roughly speaking, the analysis of the complete catalogue of lattice categorical (l.c.)
extensions (Figure 11) allows us to interpret the new relations as representing “undefinition
up to a degree”. In other words, the relation I indicates that the RCC8 relationship between
the regions is not precisely known, but a less specific relationship between the regions can
be determined. This concept requires further development with a robust model–theoretic
interpretation, which would induce, in turn, an ontological revision. Similarly, as we will
illustrate, an interpretation of this relation I in terms of 3WD regions is naturally provided
using RCC5 as a basis.
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7.1. Interpreting with Pulsation/Contraction

Due to space constraints, the paper does not address the issue of interpreting spatial
indefiniteness relations in a fuzzy generalization of RCC (as in [61]). The primary focus
lies in verifying that the methodology for obtaining extensions encompasses classical
RCC extensions with indefiniteness as particular cases. Additionally, another aim is to
illustrate the process of redefining the interpretation of the original relations in the new
intended models.

Recall that, in the context of RCC, the intended models are those that consider their
elements belonging to R(Ω), which represents the regular sets of a topological space
Ω (typically Euclidean spaces). The illustrations provided aims to illuminate practical
applications within this intended domain.

Definition 8. A pulsation on a topological space Ω = (X , T ) is a map

σ : R(Ω) 7−→ R(Ω)

such that the topological closure of σ(X) contains that of X; X ⊂ σ(X). The pair (Ω, σ), where Ω
is nontrivial, connected, and regular and is called a topological space with pulsation.

The first reinterpretation we will consider is inspired by 3WD, taking into account that
each region of space induces a trisection of the space itself: the positive region (the region
itself), an extending region that adds indefiniteness or a boundary (boundary region “a
fringe” [41]), and, lastly, the complement of both regions (negative region). See Figure 12.

Figure 12. Interpreting pulsation (left) and contraction (right) in the 3WD paradigm.

The reinterpretation of the relations on a topological space with pulsation is based on
considering the pairs (x, σ(x)) as the intended regions. In three-way clustering [88] (partic-
ularly in those inspired by Mathematical Morphology [41]), pulsation can be understood as
a natural operation on sets or regions that relates a core set with a fringe set representing
indefiniteness in the cluster (Figure 12).

Theorem 5. Seven of the eight extensions from Theorem 4 are interpretable in topological spaces
with pulsation using the vague regions specified as (x, σ(x)), where x is a regular set.

Proof. Given R ∈ LRCC, the natural interpretation of R in the topological space Ω will be
denoted by RΩ (R ∈ RCC).

For the sake of simplicity, we make use of the following conventions:

Rσ(a, b) := R(σ(a), σ(b)) and
∨

RCC8σ :=
⋃

R∈RCC8

Rσ

Let (Ω, σ) be a topological space with pulsation σ. To define the interpretation, Ωk is
the structure on the language of RCC + {Ik} (k ∈ {1, 2, 3, 4, 5, 7, 8}), and the interpretation
of R ∈ LRCC in Ωk is obtained by combination of relations. A modo de ilustración, only
two of such interpretations, Ω1 y Ω3, are described. The others are similar.
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L1 : RΩ1 = RΩ if R ∈ RRCC ∖ {NTPP, TPP}
TPPΩ1 = TPPΩ ∩ TPPσ,
NTPPΩ1 = NTPPΩ ∩ NTPPσ and
I1

Ω1 = (TPPΩ ∩ (
∨

RCC8σ ∖ {TPPσ})) ∪ (NTPPΩ ∩ (
∨

RCC8σ ∖ {NTPPσ}))
L3 : RΩ3 = RΩ if R ∈ RRCC ∖ {TPPi, NTPPi},

TPPiΩ3 = TPPiΩ ∩ TPPiσ,
NTPPiΩ3 = NTPPiΩ ∩ NTPPiσ, and
I3

Ω3 = (TPPiΩ ∩ (
∨

RCC8σ ∖ {TPPiσ})) ∪ (NTPPiΩ ∩ (
∨

RCC8σ ∖ {NTPPiσ}))

Corollary 1. A mereotopological representation of 3WD clustering types is as follows:

• Three-way hard clustering is interpreted as DCσ in the topological spaces with pulsation.
• Three-way hard clustering corresponds to the relation I7.

From a logical perspective, the interpretability of RCC in the new extensions is feasible
by adding a function symbol to the language for representing pulsation. This is possible
because, as a reminder, the extension is determined by the lattice skeleton and not by the
theory in the original first-order logic (FOL) language.

Theorem 6. The theory RCC is interpretable in each extension E
LRCC∪{Ij}

j .

Proof. (sketch) Please note that σ is not in the language of RCC but it can be added to the
language of the extension for representational purposes. Thus, the lattice categorical (l.c.)
extension (Tj, Ej) is utilized, where Ej is a skeleton, and

Tj = E
LRCC∪{Ij} ∪ {P(x, σ(x))}

The formula φ(x) for interpretation is as follows:

φ(x) := EQ(x, σ(x))

That is, in mereotopological terms, it expresses that x, the closure of x, is equal to σ(x)
and the closure of σ(x); thus, (x, σ(x) can be considered a classic RCC region.

The relation I6 does not have an interpretation in terms of pulsation. It necessitates
the concept of “contraction”, as elaborated in the following section.

Theorem 7. L6 cannot be interpreted in topological spaces with pulsation.

Proof. (sketch) The idea of the proof is to reason with the lattice L6 of interpretations in a
topological space. Let (Ω, σ) be a topological space with pulsation, and L6 = L(Ω, RCC)
the lattice that induces it.

It has ⊤ = CΩ′ ∪ DRΩ′
. Since CΩ ⊆ Cσ, it follows that CΩ′

= Cσ. Moreover,
DRσ ⊆ DRΩ, hence DRΩ′

= DRΩ. As for O, we have OΩ ⊆ Oσ; therefore, OΩ′
= Oσ.

Concerning EC, we know that ECΩ′
= CΩ′ ∩ DRΩ′

= Cσ ∩ DRΩ. From all this, it is
concluded that

I6 = Cσ\
(

Oσ ∪
(

Cσ ∩ DRΩ
))

Let us see that, in this case, I6 = ⊥. Let x, y be such that Cσ(x, y). That is, C(σ(x), σ(y)).
If, in addition, ¬Oσ(x, y), then EC(σ(x), σ(y)); that is, (x, y) ∈ Cσ ∩ DRΩ(x, y). Therefore,
I6 =⊥.

To understand the spatial relation expressed by I6, it is necessary to consider relation-
ships where the vague part is located “within” the region.
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Definition 9. A contraction in a topological space Ω = (X , T ) is a map ξ : R(Ω) 7−→ R(Ω)
such that ξ(A) ⊂ A for each A witha nonempty interior. The pair (Ω, ξ), where Ω is nontrivial
and connected, is called a topological space with contraction.

Theorem 8. I6 is interpretable in a topological space with contraction.

Proof. Given (Ω, ξ), it is defined Ω6 as the structure of the language RCC + {I6} as follows:

• RΩ6 = RΩ if R ∈ {C, DR, EC, DC};
• RΩ6 = RΩ ∩ Oξ if R ∈ RRCC ∖ {C, DR, EC, DC};
• I6

Ω6 = OΩ ∩ DRξ .

In Figure 13, all the interpretations are described. The interpretations correspond, in
essence, to a l.s. of every possible l.c. extension of RCC.

Figure 13. Interpretation of the relations by undefinition (I6 by contraction. The rest by pulsation).

Theorem 9. Under each interpretation Ωk, k ∈ {1, 2, . . . , 8} defined above endows the lattice
structure Lk depicted in Figure 11.

Proof. (sketch)
The proof of this theorem is very laborious; it consists of carrying out four stages to a

successful conclusion:

• Firstly, we need to demonstrate that for all R1, R2 ∈ RCC, if RΩ
1 ≤ RΩ

2 in LRCC, then

RΩk
1 ≤ RΩk

2 in Lk, for all k ∈ {1, 2, . . . , 7, 8}. This is equivalent to showing that the
possets of RCC relations can be embedded into the lattice Lk for each k ∈ {1, 2, . . . , 8}.

• Secondly, we must demonstrate that for each k ∈ {1, 2, . . . , 8}, the relation Ik occupies
the position indicated in the corresponding Hasse diagram of the lattice Lk. To do this,
it is necessary to verify the following conditions:

1. IΩ1
1 < PPΩ1 ;
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2. IΩ2
2 < PΩ2 ;

3. IΩ3
3 < PPiΩ3 ;

4. IΩ4
4 < PiΩ4 ;

5. IΩ5
5 < OΩ5 ;

6. IΩ6
6 < CΩ6 ;

7. IΩ7
7 < DRΩ7 .

• As the third stage, it is necessary to demonstrate that for each k ∈ {1, 2, . . . , 8}, it holds
that RCC8 ∪ {Ik} forms a pairwise disjoint set of relations.

• Finally, it is verified that for each k ∈ {1, 2, . . . , 8}, the Hasse diagram of Lk represents
the union operation in the relation lattice of Ωk.

The details of the process are provided in Appendix A.

Corollary 2. The set RCC8+ {Ik} is a JEPD set under the interpretation Ωk for k = {1, 2, . . . , 8}.

Proof. The lattice structure, faithfully represented in the corresponding Hasse diagram,
illustrates such fact.

7.2. Building the Composition Tables for the Extensions

One of the advantages of interpreting l.c. extensions is that it allows us to build a
composition table for the extension in the case of the new JEPDs. As for RCC8, it is possible
to prove the composition table for the new JEPD sets RCC8 ∪ {Ik}, k = {1, . . . , 8}. To
illustrate the method, the table for RCC8 + {I1} has been computed. This can be computed
from the Hasse diagram L1. As an example, Table 3 shows the composition table for
RCC8 + {I1}. That is, the table represents, for each R1, R2 ∈ RCC8 ∪ {I1}, the minimal set
{S1, . . . Sn} ⊆ RCC8 ∪ {I1} such that

ELRCC∪{I1} |= ∀x∀y∀z(R1(x, y) ∧ R2(y, z) → S1(x, z) ∨ · · · ∨ Sn(x, z))

Roughly speaking, the table that corresponds to the composition of relations RΩ
1 , RΩ

2
where R1, R2 ∈ RCC8, coincides with the table we obtain for RCC8, except

• If from the composition of two relations R1, R2 in RCC8 is obtained TPP or NTPP (or both
of them), then it will appear TPP or NTPP (or both of them), besides the relation I1.

• As a consequence of the above, if in the composition table of RCC8 the result of
composing two relations is RCC8, then the result is set RCC8 + {I1}, which we have
denoted as RCC8[I1].

As an example, we present one of the calculations carried out. Specifically,

I1 ◦ I1 ≡ NTPP ∨ TPP ∨ I1

in models with pulsation. Given a, b, c regions in such a model:
IΩ1
1 (a, b) ∧ IΩ1

1 (b, c) =
= ((TPPΩ(a, b) ∩ (

∨
RCC8σ ∖ {TPPσ})(a, b)) ∪(NTPPΩ(a, b) ∩ (

∨
RCC8σ ∖ {NTPPσ})(a, b)))

∩ ((TPPΩ(b, c) ∩ (
∨

RCC8σ ∖ {TPPσ})(b, c)) ∪(NTPPΩ(b, c) ∩ (
∨

RCC8σ ∖ {NTPPσ})(b, c))) =
= (NTPPΩ(a, c) ∩ (

∨
RCC8σ(a, c))) ∪ (TPPΩ(a, c) ∩ (

∨
RCC8σ(a, c))) =

= (NTPPΩ(a, c) ∩ (NTPPσ(a, b) ∪ (
∨

RCC8σ ∖ {NTPPσ})(a, c))) ∪
∪ (TPPΩ(a, c) ∩ (TPPσ(a, b) ∪ (

∨
RCC8σ ∖ {TPPσ})(a, c))) =

= (NTPPΩ(a, c) ∩ NTPPσ(a, b)) ∪(NTPPΩ(a, c) ∩ (
∨

RCC8σ ∖ {NTPPσ})(a, c))∪
∪ (TPPΩ(a, c) ∩ TPPσ(a, b)) ∪(TPPΩ(a, c) ∩ (

∨
RCC8σ ∖ {TPPσ})(a, c)) =

= NTPPΩ1 (a, c) ∪ (NTPPΩ(a, c) ∩ (
∨

RCC8σ ∖ {NTPPσ})(a, c))∪
∪ TPPΩ1 (a, c) ∪ (TPPΩ(a, c) ∩ (

∨
RCC8σ ∖ {TPPσ})(a, c)) =

= NTPPΩ1 (a, c) ∨ TPPΩ1 (a, c) ∨ I1
Ω1 (a, c)
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8. Comparing Results with Other Interpretations of Vagueness

In this section, the results obtained by applying our methodology to RCC will be
compared with two classical approaches to reasoning with vagueness in mereology. It
will be shown that (1) the relationships introduced in the classical treatment of vague
regions in RCC, known as the “egg-yolk” paradigm, are classified by the indefiniteness
relationships obtained in the different lattice categorical extensions derived from RCC, and
(2) the notions of contraction and pulsation provide mereotopological counterparts to the
classical approaches used in rough set theory.

8.1. Interpretation in the “Egg-Yolk” Approach

The ’Egg-Yolk’ (e-y) representation [63] introduces a novel approach to handling
spatial vagueness by employing a pair of concentric regions to represent a vague region.
This representation includes an inner region, termed the ’yolk’, which captures the core or
most certain part of the vague region. Surrounding this yolk is the outer region, known
as the ’white’, which encompasses the entire vague region, including its uncertain or
borderline areas. This dual-region model allows for the explicit representation of vagueness
in spatial entities, offering a more nuanced and flexible approach to spatial representation
and reasoning.

In this section, an interpretation for RCC ∪ {I} will be described, performed on the
egg-yolk. A complete picture of the relationship between undefined relations will be shown
(as well as with RCC5) instead of a separate interpretation for each one.

The e-y idea reconciles with the mereological approach in the 3WD paradigm, as used
in 3WD clustering [41,80,91]. Consequently, RCC5 is employed in this paradigm instead
of RCC8 for obvious reasons. A comprehensive description of e-y relations is depicted in
Figure 14.

Please note that the 46 possible relations in the e-y paradigm can be specified using
RCC5 relations for the egg and the yolk. For example, given (a, a) and (b, b) are two e-y
regions, relation 3 from Figure 14 is specified in RCC5 by the following:

R3 := PO(a, b) ∧ DR(a, b) ∧ PO(a, b) ∧ DR(a, b)

That is, the graphical representation n provided in the figure is a simplified represen-
tation of the relation Rn between the e-y relationships specified with RCC5, similar to the
example above. Thus, enumerating the possibilities will be very useful for representing the
interpretation in the e-y paradigm in a simplified manner.

To simplify the interpretation of the relationships, we will use the following notation:
when we write Ij = {n1, . . . nk}, we will be expressing that the interpretation of Ij in the e-y
paradigm corresponds to Rn1 ∨ · · · ∨ Rnk .

Given two e-y regions A = (a, a), B = (b, b) and R ∈ RCC5, it is defined R by the
following:

(a, b) ∈ R ⇐⇒ (ā, b̄) ∈ R
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Figure 14. Egg-yolk relations (the enumeration of the seminal paper [63] has been
preserved). In the figure, one region e-y (a, a) is represented by the flashing line
figure (blue colour) and the other (b, b) by the dotted line figure (green colour).
They have been grouped according to the RCC5 relationship between a and b (see
Theorem 10).

Since the objective to demonstrate is that the relations from { I1, . . . , I5, I7, I8} ∪
RCC5 are interpretable in this paradigm, we must find a specification in terms of the
e-y paradigm relations.

Theorem 10. The set {I1, . . . , I5, I7, I8} ∪ RCC5 is interpretable in the egg-yolk paradigm.

Proof. The interpretation (using the enumeration of Figure 14) is as follows:

• DR = {1} and EQ = {42, 43, 44, 45, 46}
• PP = {(A, B) : PP(a, b)} which agree with I1 (acording to lattice L1). Thus:

I1 = PP = {8, 13, 22, 24, 26, 34, 35, 36, 37, 38, 41}.
• I2 = PP ∪ EQ = {8, 13, 22, 24, 26, 34, 35, 36, 37, 38, 41, 42, 43, 44, 45, 46},
• By symmetry, I3 = PPi = {7, 12, 21, 23, 25, 28, 29, 30, 31, 33, 40} and

I4 = PPi ∪ EQ = {7, 12, 21, 23, 25, 28, 29, 30, 31, 33, 40, 42, 43, 44, 45, 46}.
• PO = {2, 3, 4, 5, 6, 9, 10, 11, 14, 15, 16, 17, 18, 19, 20, 27, 32, 39}, thus
• I5 = I2 ∪ I4 ∪ PO = {2, . . . , 46}
• I7 = DR = {1}.
• I8 = {1, 2, . . . , 46} =

⋃
k∈{1,2,3,4,5,7}

Ik = I5 ∪ I7.
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Corollary 3. RCC5 ∪ {I1, . . . , I5, I7, I8} induces, in the egg-yolk interpretation, the lattice structure
depicted in Figure 15.

Figure 15. Lattice of egg-yolk interpretations of new relationships.

Proof. The proof follows from the classification of the interpretations of the relations e-y given
in Theorem 10.

Corollary 4. The set {I1, EQ, I3, PO, I7} is JEPD, and also {I2, I4, PO, I7} y {I5, I7}. Moreover,
it is possible to build composition tables for their calculus from the lattice of Figure 15.

Theorem 11. The theory RCC is interpretable in the class of models of the e-y paradigm.

Proof. Since, in the egg-yolk paradigm, regions are represented as pairs (a, b), it is
necessary to add two function symbols to the language, e(·) and y(·), to denote each
component of a region.

The formula φ(x) for the interpretation of RCC is as follows:

φ(x) := EQ(e(x), y(x))

It is also possible to interpret the new relations of indefiniteness through contraction in
the e-y paradigm. Given a vague region a, the “egg-yolk” representation would be the pair
(ξ(a), a). To make the reasoning more legible, we denote ã by the contraction of a. Using
RCC5, the relations between each component of two regions can be specified.

Given R ∈ RCC5, we denote R̃ by the set (˜×˜)−1[R]; that is,

(a, b) ∈ R̃ ⇐⇒ (ã, b̃) ∈ R

This way, RCC5 is naturally included. The interpretation of RCC5 and the new
indefiniteness relations is as follows:

• The interpretation of PP coincides with the intuitive idea of being “proper part”. In
our case, if a region A is a proper part of another B, then a and ã are proper parts of b̃
and, consequently, of b. This situation is represented by relation 24 in Figure 14. Thus,
PP = {24}. Similarly, the remaining RCC5 relations can be interpreted.

• On the other hand, the interpretation of P̃P would be {(a, b) : PP(ã, b̃)}, which, in
turn, is the interpretation of I1 due to its position in L1. Therefore,

I1 = P̃P = {18, 24, 26, 32, 33, 37, 38, 45}

• The position of I2 in L2 suggests the interpretation
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I2 = P̃P ∪ ẼQ = {18, 24, 26, 32, 33, 37, 38, 39, 40, 41, 45, 46},

where ẼQ = {39, 40, 41, 46}.
• By symmetry, I3 and I4 are defined similarly to I1 and I2, respectively:

I3 = P̃Pi = {17, 23, 25, 27, 30, 31, 36, 44}

I4 = P̃Pi ∪ ẼQ = {17, 23, 25, 27, 30, 31, 36, 39, 40, 41, 44, 46}

• P̃O = {14, 15, 16, 20, 21, 22, 29, 35, 43}, therefore, I5 = I2 ∪ I4 ∪ P̃O, i.e.,

I5 = {14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26, 27, 29, 30,
31, 32, 33, 35, 36, 37, 38, 39, 40, 41, 43, 44, 45, 46}.

• I7 = D̃R = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 19, 28, 34, 42}.
• I6 is nothing but a subset of I7, as it contains figures where regions overlap but their

contractions are discrete. Thus,

I6 = {2, 3, 4, 5, 6, 9, 10, 11, 19}

• Finally, as I8 represents total indefiniteness, it will be represented by any of the figures
in Figure 14, so

I8 = {1, 2, . . . , 46}

As seen, it is not necessary to interpret relation I6 although it is indeed possible since
I8 =

⋃
k∈{1,2,3,4,5,7}

Ik, which coincidentally is equal to I5 ∪ I7.

This observation is part of the proof of the following result:

Theorem 12. In the egg-yolk interpretation described above, the relations I1, . . . , I8 comprise the
lattice in Figure 16, along with RCC5.

Figure 16. Lattice of the relation set {I1, . . . I8} ∪ RCC5.

Proof. It is necessary to proceed following the same strategy as in Theorem 6.

As a corollary, different JEPDs are available for constructing a calculus through transi-
tion tables:

Corollary 5. In the interpretation described above, the set of relations {I1, ẼQ, I3, P̃O, I7} forms a
JEPD
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8.2. Interpretation Inspired by Rough Set Theory

In spatial reasoning, the focus on approximating a set is often associated with under-
standing its constituents (as illustrated in Example I), as well as with approximating or
decomposing regions using others with a particular geometric or topological structure.
This concept underlies the significance of rough approximation in naive set theory, which
can be interpreted using concepts from RCC.

Given the ambient space Ω and a family of sets {Xi : i ∈ I}, including subset
b ⊆ X, it is approximated using a function ϕb : I 7→ {fo, po, no}, where the values
{fo, po, no} represent the relations of full overlap, partial overlap, and no overlap. The
function ϕb indicates the degree of overlap between the subset b and the elements Xi of
the partition of X.

ϕb(i) =


fo if P(Xi, b)
no if DR(Xi, b)
po otherwise

The approximations b and b of the set b can be defined in this context as follows:
b =

⋃{Xi : ϕb(i) = fo},
b =

⋃{Xi : ϕb(i) ̸= no}.
To offer a fresh interpretation of the indefiniteness relations {Ik : k = 1...8} employing

rough notions, we will generalize the partition concept as follows. The underlying idea in
this formalization is to consider sets with non-empty interiors as the “empty sets”.

Definition 10. A topological space Ω is called DR-Rough if there exists F = {Xi}_i ∈ N a
family of regular subsets of Ω such that:

1. ∀i ̸= j : Ω |= DR(Xi, Xj) (i.e. Ω |= ¬O(Xi, Xj));
2. ∀J ⊆ N the set

⋃
j∈J

Xj is regular;

3. it is a covering of X,
⋃
i∈N

Xi = Ω.

The family F is called a DR-Rough cover.

Note that, in the previous definition, condition 2 is necessary since, in general, the
union of regular sets is not regular. Consider the example in Figure 17. In R2 with the usual
topology, let {Bn : n > 0} be the family of closed balls with center (1/n, 0) and radius

1/2(n + 1). It is verified that
⋃

n∈N
Bn ̸=

⋃
n∈N

Bn, since (0, 0) ∈
⋃

n∈N
Bn but (0, 0) /∈

⋃
n∈N

Bn.

Figure 17. The union of regular sets is not regular in general.

The idea of working with regions as DR-Rough spaces is interesting because it
relates rough approximation with the approximation provided in this paper. This
concept cuts across many research lines. For example, when working with boundary
regions in 3WD or in the geometric case and when attempting to restructure concept
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spaces using specific regions (e.g., [111]). Additionally, in the case of the local treatment
of massive data, it could be useful (cf. [79]).

Example 1. An example of a DR-Rough topological space, consider R2 and the cover F = {Xij}i,j∈Z
where Xij = [i, i + 1]× [j, j + 1] (Figure 18).

Figure 18. Diagram showing approximations of A ⊆ R2, A and A by DR-rough cover.

In DR-rough spaces, the relations Ii can be interpreted with rough-type approximations.
For this, consider a DR-rough cover F = {Xi}i∈N of non-empty regular closed sets. It is
easy to prove the following (see Figure 18):

Theorem 13. Let b =
⋃{Xi : Xi ⊆ b} and b =

⋃{Xi : Xi ∩ b ̸= ∅}. Then:

1. σ(b) = b is a pulsation, and
2. ξ(b) = b is a contraction.

Thus, σ(b)∖ ξ(b) can be considered as an a rough fringe region of indecision in three-
way clustering.

9. Conclusions and Future Work

The need to revise formal ontologies for reuse presents logical and computational chal-
lenges, making this task in OE difficult to execute safely while adhering to representational
principles and coherence. An ontology revision lacking formal grounding may compromise
the quality of the ontology and the accuracy of the data it supports. Conversely, while the
definitional methodology is theoretically suitable for extending ontologies, it encounters
challenges in practical application, particularly in the case of non-lightweight ontologies.

This paper presents a proposal for robustly extending and reusing formal ontologies,
aiming to overcome the stringent constraints of the definitional methodology. The approach
involves replacing the requirement of definability with weaker conditions associated with
the (finite) ⊆ structure induced by the theory on its concepts/relations. By focusing on
finite structures, it becomes feasible to effectively analyze extensions, facilitated by the use
of ARS, enabling result verification. Moreover, this approach allows for the determination
of all structures of a given type, with fewer requirements than the definitional methodology,
facilitating the categorization and interpretation of generic extensions of formal ontologies.

The second part of the paper focuses on applying the extension methodology to classify
and interpret various classes of RCC extensions for vagueness, as well as computing their
composition tables. These extensions are part of the logical foundation for ontology cleaning
with RCC, as described in [99], and implemented using the associated tool. Furthermore,
classic extensions of RCC have been reinterpreted as particular cases encompassed within
the computed extensions. The case study also provides a solid foundation for reinterpreting
mereotopological ontologies in the 3WD paradigm.

The strength of the methodology we present for obtaining ontological extensions lies
in considering a notion of lattice categoricity that is weaker than that of first-order logic
categorical theory. This notion focuses on the relationships among concepts/relations that
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are the representational objective of the ontology, avoiding the concept of categoricity in
the sense of first-order logic, which is much more complex. In this way, with the assistance
of automated reasoners, we can find the required extensions.

As a trade-off for the loss of “uniqueness” that the definitional methodology provided,
the method has limitations due to the weakening of conditions. The first is that it is not
a method that can be applied independently of the domain expert or ontology user. It
would be advisable for the expert to choose the relationships (the lattice skeleton) they
wish to preserve in the extension. Likewise, as observed in the case of the RCC extension
studied in the paper, there may be multiple extensions satisfying those constraints. This fact
necessitates that, once calculated, the expert must be consulted to select the appropriate one.

Although the first part of the paper conducts an analysis of the state of the art on RCC
extensions and variants, it is important to emphasize that the logical–algebraic approach in
studies on RCC is not entirely novel. For instance, in [112], RCC5 is studied by defining
relations between regions using Boolean tuples. A partial order is induced between the five
RCC5 relations.

Ref. [113] introduces a method for approximately analyzing binary topological rela-
tions between regions with indeterminate boundaries. It includes examples demonstrating
the determination of the eight relations in 2D space. Additionally, spatial reasoning within
a fuzzy region connection calculus is explored in [61]. Notably, the paper establishes a close
relationship with the egg–yolk paradigm and demonstrates that satisfiable knowledge
bases can be realized by fuzzy regions in any dimension.

In [114], multi-level topological relations of RCC-8 are introduced using concepts such
as separation number and types of spatial elements. The paper focuses on detailing four
relations: EC, PO, TPP, and TPPi at additional levels. On the other hand, in [62], there is
a proposal to extend algebraic and topological relations between sets and fuzzy sets to
bipolar fuzzy sets.

Computing abstract RCC extensions may not be adequate when the new relations
lack a mereotopological basis. Alternative methods like lattice alignment may be more
appropriate. This issue will be the subject of future study. Likewise, estimating the
complexity of constraint satisfaction problems (CSP) in the extensions is also an interesting
research line. Additionally, we intend to apply the methodology to foundational ontologies,
for example, attempting to resolve anomalies found in them through revisions (e.g., [25]).
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Appendix A. Proof of Theorem 9

Let us take a look at the test step by step.
Step 1: Let us see that (LRCC,≤) ⊂ (Lk,≤) for k ∈ 1, 2, . . . , 8.



AI 2024, 5 783

• k = 1: The proofs for each R ∈ RRCC ∖ NTPP, TPP are analogous to each other. The
same applies to the proofs for TPP and NTPP. Therefore, we demonstrate it for one
of them in each case.

POΩ1 ≤ OΩ1 : POΩ1 = POΩ ∩∨
RCC8σ

≤ OΩ ∩∨
RCC8σ = OΩ1

NTPPΩ1 ≤ PPΩ1 : NTPPΩ1 = NTPPΩ ∩ NTPPσ

≤ PPΩ ∩∨
RCC8σ = PPΩ1

• k = 2: The proofs for each R ∈ RRCC ∖ PP, NTPP, TPP are analogous to each other.
Therefore, we demonstrate the result for one of them. For instance, let us see that
PΩ2 ≤ OΩ2 :
PΩ2 = PΩ ∩∨

RCC8σ ≤ OΩ ∩∨
RCC8σ = OΩ2

Next, we have to check the positions they occupy PP, NTPP y TPP.
PPΩ2 = PPΩ ∩ PPσ ≤ PΩ ∩∨

RCC8σ = PΩ2

The cases of NTPP and TPP are analogous, so we see only one of them.
NTPPΩ2 = NTPPΩ ∩ PPσ ≤ PPΩ ∩ PPσ = PPΩ2

• k = 3: This case is identical to k = 1, with Ω1, TPP, and NTPP replaced by Ω3, TPPi,
and NTPPi respectively.

• k = 4: This case is identical to k = 2, with Ω2, PP, TPP, and NTPP replaced by Ω4,
PPi, TPPi, and NTPPi, respectively.

• k = 5: The proofs for each R ∈ RRCC ∖ {PO} are analogous to each other. Therefore,
we demonstrate the result for one of them. For instance, let us see that NTPPΩ5 ≤
PPΩ5 .
NTPPΩ5 = NTPPΩ ∩∨

RCC8σ ≤ PPΩ ∩∨
RCC8σ = PPΩ5

Next, we have to check the position of PO.
POΩ5 = POΩ ∩ POσ ≤ OΩ ∩∨

RCC8σ = OΩ5

• k = 6: In this case, the interpretation of relations with contraction is performed. The
proofs for each R ∈ RRCC ∖ {C, DR, EC, DC} are analogous to each other. Therefore,
we demonstrate the result for one of them. For instance, let us see that PPΩ6 ≤ PΩ6 .
PPΩ6 = NTPPΩ ∩ Oξ ≤ PΩ ∩ Oξ = PΩ6

Next, we have to check the positions of C, DR, EC, and DC. and DC. Let us look at
two of them.
OΩ6 = OΩ ∩ Oξ ≤ OΩ ≤ CΩ = CΩ6

ECΩ6 = ECΩ ≤ DRΩ = DRΩ6

• k = 7: We check the position of DC in the lattice.
DCΩ7 = DCΩ ∩ DCσ ≤ DRΩ ∩∨

RCC8σ = DRΩ7

• k = 8: Let us check, as an example, the relative position of EC y DR.
ECΩ8 = ECΩ ∩ ECσ ≤ DRΩ ∩ DRσ = DRΩ8 .

Step 2: In effect, we have the following:

1. I1
Ω1 = (TPPΩ ∩ (

∨
RCC8σ ∖ {TPPσ})) ∪ (NTPPΩ ∩ (

∨
RCC8σ ∖ {NTPPσ}))

< (PPΩ ∩ (
∨

RCC8σ ∖ {TPPσ})) ∪ (PPΩ ∩ (
∨

RCC8σ ∖ {NTPPσ}))
= PPΩ ∩ (

∨
RCC8σ ∖ {TPPσ} ∪∨

RCC8σ ∖ {TPPσ})
= PPΩ ∩∨

RCC8σ = PPΩ1

2. I2
Ω2 = PPΩ ∩ (

∨
RCC8σ ∖ {PPσ}) < PΩ ∩∨

RCC8σ = PΩ2

3. I3
Ω3 < PPiΩ3 : This case is identical to that of I1

Ω1 , with Ω1, PP, TPP, and NTPP
replaced by Ω3, PPi, TPPi, and NTPPi, respectively.

4. I4
Ω4 < PiΩ4 : This case is identical to that of I2

Ω2 , replacing Ω2, P, and PP with Ω4, Pi,
and PPi, respectively.

5. I5
Ω5 < OΩ5 : This case is identical to that of I2

Ω2 , replacing Ω2, P, and PP with Ω5, O,
and PO, respectively.

6. I6
Ω6 = OΩ ∩ DRξ < OΩ < CΩ = CΩ6 .

7. I7
Ω7 < DRΩ7 : This case is identical to that of I2

Ω2 , replacing Ω2, P, and PP with Ω7,
DR, and DC, respectively.
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Step 3: In this step, it is sufficient to verify that for each k ∈ {1, 2, . . . , 8}, the rela-
tion Ik

Ωk is disjoint from the rest of the relations in the lattice Lk. This is an immediate
consequence of the interpretation of Ik.

• k = 1: IΩ1
1 ∧ TPPΩ1 =

(TPPΩ ∩ (
∨

RCC8σ ∖ {TPPσ})) ∪ (NTPPΩ ∩ (
∨

RCC8σ ∖ {NTPPσ})) ∩ TPPΩ1 =
(TPPΩ ∩ (

∨
RCC8σ ∖ {TPPσ}) ∩ TPPΩ ∩ TPPσ) ∪

(NTPPΩ ∩ (
∨

RCC8σ ∖ {NTPPσ}) ∩ TPPΩ ∩ TPPσ) = ⊥
por ser (

∨
RCC8σ ∖ TPPσ) ∩ TPPσ = ⊥ y NTPPΩ ∩ TPPΩ = ⊥

Similarly, the following is tested: IΩ1
1 ∧ NTPPΩ1 = ⊥.

Now let us see that IOmega1 is disjunct with POΩ1

IΩ1
1 ∧ POΩ1 = IΩ1

1 ∧ (POΩ ∩∨
RCC8σ) =

(TPPΩ ∩ (
∨

RCC8σ ∖ {TPPσ})) ∪ (NTPPΩ ∩ (
∨

RCC8σ ∖ {NTPPσ})) ∩
POΩ ∩∨

RCC8σ =
(TPPΩ ∩ POΩ ∩ (

∨
RCC8σ ∖ {TPPσ}) ∩∨

RCC8σ) ∩
(NTPPΩ ∩ POΩ ∩ (

∨
RCC8σ ∖ {NTPPσ}) ∩∨

RCC8σ) = ⊥
for being (

∨
RCC8σ ∖ NTPPσ) ∩ NTPPσ = ⊥ y TPPΩ ∩ POΩ = ⊥.

It is also tested for R ∈ RRCC ∖ {TPP, NTPP}
• k = 2: IΩ2

2 ∧ PPΩ2 = PPΩ ∩∨
RCC8σ ∖ {PPσ} ∩ PPΩ ∩ PPσ = ⊥

because (
∨

RCC8σ ∖ PPσ) ∩ PPσ = ⊥.
The same is true for NTPPΩ2 y TPPΩ2 :
Let us look at the case of POΩ2 :
IΩ2
2 ∧ POΩ2 = PPΩ ∩∨

RCC8σ ∖ {PPσ} ∩ POΩ ∩∨
RCC8σ = ⊥

because PPΩ ∩ POΩ = ⊥.
The same is done for the rest of the relationships of the RRCC.

• The rest of the cases, except for underlinek = 6, are solved in a similar way to the
previous two.

• k = 6: IΩ6
6 ∧ ECΩ6 = OΩ ∩ DRξ ∩ ECΩ = ⊥ por ser OΩ ∩ ECΩ = ⊥. Por otra parte,

IΩ6
6 ∧ OΩ6 = OΩ ∩ DRξ ∩ OΩ ∩ Oξ = ⊥ por ser DRξ ∩ Oξ = ⊥ ya que ξ es una

contracción.

Step 4: Lastly:

• k = 1: We have to demonstrate that TPPΩ1 ∨ NTPPΩ1 ∨ IΩ1
1 = PPΩ1 :

TPPΩ1 ∨ NTPPΩ1 ∨ IΩ1 = (TPPΩ ∩ TPPσ) ∪ (NTPPΩ ∩ NTPPσ) ∪ (TPPΩ

∩ (
∨

RCC8σ ∖ TPPσ)) ∪ (NTPPΩ ∩ (
∨

RCC8σ ∖ NTPPσ)) = (TPPΩ ∩ ∨
RCC8σ) ∪

(NTPPΩ

∩∨
RCC8σ) = (TPPΩ ∪ NTPPΩ) ∩∨

RCC8σ = PPΩ ∩∨
RCC8σ = PPΩ1

• k = 2: We must test two results: NTPPΩ2 ∨ TPPΩ2 = PPΩ2 y PPΩ2 ∨ EQΩ2 ∨ I2
Ω2 =

PΩ2 :

– NTPPΩ2 ∨ TPPΩ2 = (NTPPΩ ∩ PPσ) ∪ (TPPΩ ∩ PPσ) = (NTPPΩ ∪ TPPσ) ∩
PPσ = PPΩ ∩ PPσ = PPΩ2

– PPΩ2 ∨ EQΩ2 ∨ I2
Ω2 = (PPΩ ∩ PPσ) ∪ (PPΩ ∩ (

∨
RCC8σ ∖ PPσ)) ∪ (EQΩ ∩∨

RCC8σ) = (PPΩ ∩∨
RCC8σ) ∪ (EQΩ ∩∨

RCC8σ) = PΩ ∩∨
RCC8σ = PΩ2

• k = 3: We have to demonstrate that TPPiΩ3 ∨ NTPPiΩ3 ∨ IΩ3
3 = PPiΩ3 .The proof is

identical to the case k = 1, replacing PP, TPP, and NTPP with PPi, TPPi, and NTPPi,
respectively.

• k = 4: The same applies in this case. It suffices to replace in the proof of the case k = 2
the relations P, PP, TPP, and NTPP with Pi, PPi, TPPi, and NTPPi, respectively.

• k = 5: Let us verify that the following is true: IΩ5
5 ∨ POΩ5 ∨ PΩ5 ∨ PiΩ5 = OΩ5 :

IΩ5
5 ∨ POΩ5 ∨ PΩ5 ∨ PiΩ5 = (POΩ ∩ (

∨
RCC8σ ∖ POσ)) ∪ (POΩ ∩ POσ) ∪ (PΩ ∩∨

RCC8σ) ∪ (PiΩ ∩ ∨
RCC8σ) = (POΩ ∩ ∨

RCC8σ) ∪ (PΩ ∩∨
RCC8σ) ∪ (PiΩ ∩∨

RCC8σ) = OΩ ∩∨
RCC8σ = OΩ5
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• k = 6: In this case, we will demonstrate, as an example, two results. The others are
obtained in the same manner.

– OΩ6 ∨ IΩ6
6 ∨ ECΩ6 = CΩ6 :

OΩ6 ∨ IΩ6
6 ∨ ECΩ6 = (OΩ ∩ Oξ) ∪ (OΩ ∩ DRξ) ∪ ECΩ = (OΩ ∩ (Oξ ∪ DRξ)) ∪

ECΩ = OΩ ∪ ECΩ = ∪CΩ = CΩ6

– POΩ6 ∨ PΩ6 ∨ PPiΩ6 = OΩ6

POΩ6 ∨ PΩ6 ∨ PPiΩ6 = (POΩ ∩ Oξ) ∪ (PΩ ∩ Oξ) ∪ (PiΩ ∩ Oξ) = (POΩ ∪ PΩ ∪
PiΩ) ∩ Oξ = OΩ ∩ Oξ = OΩ6

• k = 7: The following are verified: ECΩ7 ∨ DCΩ7 ∨ IΩ7
7 = DRΩ7 :

ECΩ7 ∨ DCΩ7 ∨ IΩ7
7 = (ECΩ ∩ ∨

RCC8σ) ∪ (DCΩ ∩ DCσ) ∪ (DCΩ ∩ (
∨

RCC8σ ∖
DCσ)) = (ECΩ ∩∨

RCC8σ) ∪ (DCΩ ∩∨
RCC8σ) = DRΩ ∩∨

RCC8σ = DRΩ7

• k = 8: The test consists of testing various results:

– ECΩ8 ∨ DCΩ8 = (ECΩ ∩ ECσ) ∪ (DCΩ ∩ DRσ) ⊆ DRΩ ∩ DRσ = DRΩ8

The other containment also holds. Let (a, b) ∈ DRΩ ∩ DRσ. Since it belongs
to DRΩ, it implies (a, b) ∈ DCΩ, and therefore (a, b) ∈ (DCΩ ∩ DRσ), or alter-
natively, it implies (a, b) ∈ ECΩ, and hence (a, b) ∈ (ECΩ ∩ ECσ), from which
(a, b) ∈ ECΩ8 ∨ DCΩ8 .

– CΩ8 ∨ DRΩ8 ∨ IΩ8
8 = (CΩ ∩ Cσ)∪ (DRΩ ∩ DRσ)∪ (CΩ ∩ DRσ)∪ (DRΩ ∩ Cσ) =

((CΩ ∩ DRΩ) ∩ Cσ) ∪ ((CΩ ∩ DRΩ) ∩ DRσ) = ⊤
– It is necessary to verify that the relations in RRCC ∖ {DR, EC, DC} also maintain

the structure. For example:
PPΩ8 ∨EQΩ8 = (PPΩ ∩Cσ)∪ (EQΩ ∩Cσ) = (PPΩ ∪EQΩ)∩Cσ = PΩ ∩Cσ = PΩ8
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