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Abstract

In this work the analysis of the equivalent rotations from the permutation

inversion group formalism is revisited. We emphasize that explicit knowledge

of changes in the Euler angles are not required in order to determine the trans-

formation that a given symmetry operation causes to the rotational functions

when dealing with the permutation inversion group formalism. Indeed, matrix

elements of the equivalent rotations are provided by a single Wigner’s D
(j)(R)

function. Taking advantage of this, we propose a symmetry projection approach

to build the rovibrational functions of methane. This approach focus on the rele-

vance of the isomorphism between permutations and equivalent rotations. In our

method, symmetry adapted functions are obtained by simultaneous diagonaliza-

tion of a set of commuting operators, whose representation is given in terms of

direct products of Wigner’s D functions and vibrational matrix representations

provided by a local scheme. The proposed approach is general and permits to ob-

tain in a systematic fashion an orthonormal set of symmetry-projected functions,

with good total angular momentum, and carrying the irreducible representations

of the molecular symmetry group.

Key words: Permutation-inversion group, equivalent rotations, ro-vibrational func-

tions, symmetry projection, methane.
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1. Introduction

With the advent of new spectroscopic techniques leading to significant advances in

high resolution molecular spectroscopy [1], a demand of theoretical models has emerged

to explain an impressive amount of experimental data [2]. In particular, it has been

possible to identify the existence of multiple minima associated with nonrigid molecules

[3, 4]. This possibility has stimulated the proposal of theoretical treatments aiming to

describe the dynamics of large amplitude degrees of freedom.

Basically there are two possible frameworks to deal with non rigid molecules: the

permutation inversion group (molecular symmetry group), which has its origins in the

works of H.C.Longuet-Higgins [5] and J.T.Hougen [6, 7], and the Schrödinger super-

group formalism proposed by S. Altmann [8, 9]. The latter approach was recast by

Y.G. Smeyers [10] to make both treatments equivalent. Both have advantages and

disadvantages when dealing with nonrigid systems but, beyond their differences, the

importance of the molecular symmetry (MS) group lies on two facts. On one hand,

semirigid molecules are embedded in the formalism and, on the other hand rovibronic

and nuclear spin degrees of freedom may be treated in a unified and clear fashion

[11, 12, 13].

A remarkable feature of the molecular symmetry group elements is that they can be

factorized into three mutually commuting operators, affecting the vibronic, rotational,

and nuclear spin coordinates, respectively. This property facilitates the construction of

symmetry adapted functions involving all the relevant degrees of freedom in a unified

form. There are different approaches to accomplish this task, leading to different

symmetry projection methods [14, 15, 16]. The present article focus in rovibrational

functions. In this case a possible approach consists in symmetrizing the rotational and

vibrational spaces separately and, later on, combining the resulting basis with coupling

coefficients to construct symmetry-adapted rovibrational functions [17]. Following this

scheme the first step is the projection of the rotational functions.
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The rotational functions to be projected are, basically, the conjugate of Wigner’s

D functions, while the operators to be used correspond to rotations with respect to

the molecule-fixed axis system. The projection can be done as long as the effect of the

equivalent rotations over the rotational functions is known.

The usual properties of rotations are modified when acting on rotational functions,

because rotational functions are expressed in the molecule-fixed axis system. This is

commonly noted in changes in the commutation relations. In previous works the effect

of equivalent rotations on rotational functions was obtained through the transformation

of Euler angles under such rotations [11, 12, 18]. This is not necessary because, as it

can be proved, the matrix elements correspond to Wigner’s D functions. This fact has

relevant implications, which is worth stressing.

The first part of our contribution consists in presenting the main properties of equiv-

alent rotations from the point of view of representation theory. Although this material

is part of the machinery of the well-known angular momentum theory [19, 20, 21], our

point of view is somewhat different from the traditional one. We emphasize the con-

nection with the molecular symmetry group. The second part of our work establishes

an approach to obtain symmetry-adapted functions. Even in case of considering only

the rotational subspace, this task is not trivial because, in the general case, there is

multiplicity of representations appearing in the reduction of the (2J+1)-dimensional

space. Our approach is based on the diagonalization of a set of commuting operators,

as suggested by the eigenfunction method proposed by Chen [22]. The eigenfunction

method, however, cannot be fully applied because of the intrinsic features of the rota-

tional space and, consequently, an alternative approach is proposed.

Once we present in detail our approach for the projection of rotational functions,

we incorporate the vibrational space in our treatment in order to obtain symmetry-

adapted functions from the outset. The vibrational space is worked out in a local

scheme, in terms of internal coordinates. Although this coordinate selection has the

disadvantage of presenting spurious states [23], our approach permits their elimination
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in a systematic way.

The multiplicity of the irreducible representations (IRREPS) in the total space has

both rotational and vibrational contributions. Both of them are removed by introduc-

ing commuting operators combined with traditional group theoretical techniques. An

interesting feature of our method is that it takes into account anharmonic effects from

the outset, associating anharmonic potentials with the local coordinates.

This paper is organized as follows. The properties of the equivalent rotations are

revisited in §2, stressing those properties relevant for the symmetry projection. In §3
we apply the previous results to the symmetry projection of the rotational functions in

the full (2J + 1)-dimensional space. §4 is devoted to establish a six-dimensional rep-

resentation subspace to simplify the projection for large J values. Vibrational degrees

of freedom come into play in §5, its projection is carried out by simultaneous diago-

nalization of a set of operators chosen in accordance to the symmetry of the system.

Finally, in §6 the summary and conclusions are presented.

2. Matrix elements of the equivalent rotations

In the case of semirigid molecules, the symmetry group of the molecule is identified

with the molecular point group. On the other hand, for nonrigid molecules, the MS

group represents an appropriate approach to describe the symmetry of the system, with

the advantage that the semirigid case is embedded in the formalism [11]. The MS group

is the subgroup of the complete nuclear permutation-inversion (CNPI) group obtained

after the removal of unfeasible operations, and its elements, p, can be written in the

form p = v(p) ϕ(p) s(p), where v(p) is an operation that produces the vibronic coor-

dinates change caused by p, ϕ(p) is an operation that affects rotational coordinates,

and s(p) is an operation that generates a nuclear spin permutation [11, 12]. Since

the operations v(p), ϕ(p), and s(p) act upon different subspaces, they commute with

each other. For semirigid molecules a convenient basis to carry out the ro-vibrational

description is the direct product |Ψrvs〉 = |Φvib〉 ⊗ |Φrot〉 ⊗ |Φns〉. The vibrational func-
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tions |Φvib〉 may be expressed in a local or a normal scheme. For nonrigid molecules,

involving internal rotations for instance, additional functions should be added in order

to incorporate the large amplitude degrees of freedom. With regard to rotations, the

ket |Φrot〉 that corresponds to symmetric top eigenfunctions is [19]

Φ
(rot)
Jkm(φ, θ, χ) = 〈φ, θ, χ|J, k,m〉 =

√

(2J + 1)

8π2
D

(J)∗
mk (φ, θ, χ), (1)

where D
(J)
mk(φ, θ, χ) are the well known Wigner’s D functions. The explicit form of the

nuclear spin part of the basis can be found in Ref. [11].

Hence, for semirigid molecules, a representation ∆(red)(p) (in general reducible) is

given in terms of the direct product

∆(red)(p) = ∆(red)[v(p)]⊗∆(red)[ϕ(p)]⊗∆(red)[s(p)]. (2)

We first discuss the representation obtained considering the rotational subspace,

and its reduction to MS group IRREPS. The reducible representation ∆(red)[ϕ(p)] is

obtained with the action of equivalent rotations on the basis (1). Using Table 11.1 of

Ref. [12], where the changes in Euler angles are given for a rotation R δ
z about the z

axis through the angle δ, and for a rotation R π
ǫ of π radians about an axis in the xy

plane that forms the angle ǫ with the x axis are given, the following results are derived

[11]

R̂ δ
z |Jkm〉 = eiδk |Jkm〉, (3)

R̂ π
ǫ |Jkm〉 = (−1)Je−2iǫk|J,−k,m〉. (4)

The approach followed to obtain () was possible because the transformation of the

Euler angles was linear. Table 11.1 of Ref. [12] may be deduced either by geometri-

cal arguments [12] or by pondering the transformation caused to the elements of the

direction cosine matrix of the molecule-fixed (x, y, z) axis system in the space fixed

(ξ, η, ζ) axis system [18]. For a general equivalent rotation this procedure becomes

cumbersome. For example, in Ref. [18] it has been found the mapping between the
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original Euler angles (φ, θ, χ) and the transformed ones (φ′, θ′, χ′) caused by the equiv-

alent rotation R3(1, 1, 1). The solution of the resulting set of equations is not trivial,

since it is not linear and, consequently, this method does not seem a practical alterna-

tive. It is thus compulsory to obtain the effect of a general rotation over Wigner’s D

functions without having to solve the set (1-5) in Ref. [18]. A possible way to bypass

this problem consists in choosing as generators of the MS group some rotations and

reflections whose effect over the Euler angles is linear [6], but we are not going to follow

that route.

Let R(α, β, γ) be an equivalent rotation characterized by Euler angles (α, β, γ),

referred to the molecule-fixed (x, y, z) system, with origin at the nuclear center of mass.

There are two ways to apply this rotation, from either the active or the passive point

of view (see Appendix A for the discussion). Equivalent rotations are carried

out about the molecule fixed axis, which move the axis system when the rotation is

applied and consequently the passive point of view must be considered [11]. The effect

of an equivalent rotation over the functions (1) is given by

R̂(α, β, γ)|Jkm〉 =
J
∑

k′=−J
D

(J)
k,k′(−γ,−β,−α) |Jk′m〉 =

J
∑

k′=−J
D

(J)∗
k′,k (α, β, γ) |Jk′m〉, (5)

where clearly the argument (−γ,−β,−α) corresponds to the inverse of the rotation

with Euler angles (α, β, γ). Proofs of this relation can be found in Refs. [7, 24]. In Ap-

pendix B we provide a different proof based on conjugation relations. The comparison

of this result with the effect of a rotation P̂R in the (ξ, η, ζ) parallel laboratory system

over the same functions in the passive picture

P̂R(α, β, γ)|Jkm〉 =
J
∑

m′=−J
D

(J)
m′m(−γ,−β,−α) |Jkm′〉

J
∑

m′=−J
D

(J)∗
m,m′(α, β, γ) |Jkm′〉,

(6)

cast light upon expression (5), since k is the projection of the angular momentum with

respect to the rotated system, while m is the corresponding projection to the parallel

laboratory system.
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Using Eq. (5), the previous results () are reproduced in a straightforward way

R̂ δ
z |Jkm〉 =

J
∑

k′=−J
D

(J)
kk′(0, 0,−δ) |Jk′m〉 = eiδk |Jkm〉, (7)

R̂ π
ǫ |Jkm〉 =

J
∑

k′=−J
D

(J)∗
k′k (ǫ− π

4
, π,−ǫ+ 3π

4
) |Jk′m〉 = (−1)Je−2iǫk|J,−k,m〉

where we have used the properties of Wigner’s D functions and the relation between

the rotation angle ω and the polar angles {Θ,Φ} that define a rotation axis and its

corresponding Euler angles (α, β, γ), given in §1.4.4 of Ref.[21].

The expression (5) has important consequences in the relation between the product

of permutations and the corresponding product of equivalent rotations, as the following

theorem establishes

Theorem. The molecular symmetry group is isomorphic to the group of equivalent

rotations

ϕ(p1p2) = ϕ(p3) = ϕ(p1)ϕ(p2). (8)

The proof of this theorem is given in Appendix C. We should note that in the active

picture we would have an anti-isomorphism (see Appendix A), that turns out the

basis upon which Chen proposed the intrinsic group to establish the complete set of

commuting operators of type III in the framework of discrete groups [22].

Equation (5) implies that tensors T Jk in the molecule-fixed axis system transforms

as

ÔRT
J
k Ô−1

R =
J
∑

k′=−J
D

(J)∗
k′k (α, β, γ) T Jk′, (9)

from which, after considering infinitesimal rotations, the anomalous commutations re-

lations [Ĵj , Ĵk] = −iǫjklĴl ; i, j, k = x, y, z are deduced [25]. Hence, if Eq. (5) is con-

sidered, it is not necessary to build a table of Euler angle changes in order to calculate

the effect of equivalent rotations over the kets |Jkm〉. This advantage will be evident

in next section, where we apply this result to the projection of rotational functions in

the methane case.

3. Projection of methane rotational functions

8



In this section we establish an approach to carry out the projection of the rotational

functions to IRREPS of the MS group Td(M). To achieve this goal we follow the

eigenfunction approach combined with an orthogonalization procedure when necessary.

According to the eigenfunction method [22], the first step consists in establishing

an operator which is able to distinguish IRREPS of the MS group. This operator may

be easily identified by constructing a λ’s table using the formula [22]

λνi =
|Ki|χ(ν)∗

i

nν
, (10)

where |Ki| stands for the number of elements belonging to the i-th class, nν corresponds

to the dimension of the ν-th IRREP, while χ
(ν)
i is its character. We label IRREPS

using ν, which is the eigenvalue of the CSCO-I, as explained below. Hence, from the

character table of the Td(M) group, given in Table A-14 of Ref.[11], we construct Table

1 displaying λ
(ν)
i values, with the following equivalence classes

K1 = {e}; K2 = {(· · ·)}; K3 = {(··)(··)}; K4 = {(· · ··)∗}; K5 = {(··)∗}. (11)

The class K5 distinguishes all the IRREPS. Consequently the diagonalization of the

operator

Ĉ ≡ K5 = (12)∗ + (13)∗ + (14)∗ + (23)∗ + (24)∗ + (34)∗, (12)

in any representation space, provides eigenvectors ψ
(ν)
i carrying IRREPS of the MS

group: Ĉψ
(ν)
i = ν ψ

(ν)
i ; i = 1, . . . , gν, where ν = λν5, gν is the degeneracy of the

IRREP, and gν = nν if there is no multiplicity of IRREPS.

It is clear that the operator (12) does not constitute a complete set of commuting

operators: it does not distinguish between components of the IRREPS, for instance.

Hence it is necessary to propose a canonical chain of groups to build a second operator.

We may choose the chain

Td(M) ⊃ C2v, (13)

where

C2v = {e, (14)(23), (14)∗, (23)∗}, (14)
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whose character table is displayed in Table 2. The subduction νTd(M) ↓ C2v is A1 →
A1, A2 → A2, E → A1 ⊕ A2, F1 → A2 ⊕ B1 ⊕ B2, F2 → A1 ⊕ B1 ⊕ B2, where the

canonical property becomes clear. In order to distinguish IRREPS of the subgroup C2v
two classes are needed. Indeed, the operator Ĉ(s) defined by

Ĉ(s) = (14)∗ + 3 (23)∗, (15)

when diagonalized, provides eigenvectors satisfying Ĉ(s) φ
(µ)
j = µ φ

(µ)
j ; j = 1, . . . , gj,

where µ labels the IRREPS of the C2v subgroup. The eigenvalues µ are included in

Table 2. The simultaneous diagonalization of the set of operators ĈII = {Ĉ, Ĉ(s)}
provides eigenvectors carrying IRREPS of Td(M) and C2v:







Ĉ

Ĉ(s)





 κψ
(ν)
µ =







ν

µ





 κψ
(ν)
µ , (16)

where κ is a multiplicity label that takes into account that the same IRREP of the MS

group could appear several times. In practice, the eigensystem (16) may be substituted

by considering the linear combination ĈII = Ĉ + α Ĉ(s), where α is chosen to obtain

different eigenvalues corresponding to ζ ≡ ν + αµ. The expected eigenvalues when α

is taken to be α = 3 are displayed in Table 3. With this selection all the eigenvalues

are different and, consequently, the operator

ĈII = (12)∗ + (13)∗ + 4(14)∗ + 10(23)∗ + (24)∗ + (34)∗, (17)

constitutes a complete set of commuting operators of type II, with eigensystem ĈII κψ
ν
µ =

ζ κψ
ν
µ; ζ = ν + 3µ. The degeneracy manifested by the multiplicity index κ is still

present. The treatment of this case is discussed later.

Let us now turn our attention back to the rotational space of functions (1). Each

permutation-inversion element of the Td(M) group has an associated equivalent ro-

tation. All of them are displayed in Table 4. Taking into account Eq. (5) and the

equivalent rotations associated with elements in Eq. (17), we obtain the matrix repre-
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sentation of the ĈII operator:

〈Jk′m|ĈII |Jkm〉 = D
(J)∗
k′k (0,

π

2
, π) +D

(J)∗
k′k (

π

2
,
π

2
,
π

2
) + 4D

(J)∗
k′k (0, π,

π

2
)

+ 10D
(J)∗
k′k (π, π,

π

2
) +D

(J)∗
k′k (

3π

2
,
π

2
,
3π

2
) +D

(J)∗
k′k (π,

π

2
, 0), (18)

The diagonalization of this matrix representation of the ĈII operator provides symmetry-

adapted functions, displayed in Table 5 where only the reductions up to J = 4 are given.

The matrix elements of equivalent rotations in the symmetry-adapted basis

|ψJ :Γγ 〉 =
J
∑

k=−J
sJk;Γ,γ|Jkm〉 (19)

are given by

〈ψJ :Γγ′ |ϕ(p)|ψJ :Γγ 〉 = D
(J :Γ)
γ′,γ [ϕ(p)] (20)

for p ∈ Td(M). Explicitly, the matrix elements take the form

D
(J :Γ)
γ′,γ [ϕ(p)] =

J
∑

k=−J

J
∑

k′=−J
sJ∗k′;Γ,γ′s

J
k;Γ,γD

J∗
k′k(α, β, γ), (21)

where we have remarked the J-dependence of the matrices D(J :Γ)[ϕ(p)]. The matrices

(20) form a representation. In fact

D(J :Γ)[ϕ(p1)]D
(J :Γ)[ϕ(p2)] = D(J :Γ)[ϕ(p1p2)]. (22)

When the same IRREP is generated from different J values the matrices are either equal

or complex conjugate. In the latter case they turn out to be equivalent. Although this

fact may be checked by computing the characters, this result is also expected because

the IRREPS of Td(M) are integer representations [14]. For example

D(3;F1)(R) = SD(1;F1)(R)S−1. (23)

where S is a diagonal matrix with elements S11 = 1, S22 = S∗
33 = i. The matrix S

induces the change of basis

(

ψ
′(1;F1)
A2

, ψ
′(1;F1)
B1

, ψ
′(1;F1)
B2

)

=
(

ψ
(1;F1)
A2

, ψ
(1;F1)
B1

, ψ
(1;F1)
B2

)

S−1, (24)
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which generates the representation equal to D(3;F1)(R). A similar approach applied to

D(2;F2) leads to the same matrix transformation S.

Following this approach we are able to obtain symmetry adapted basis generating

the same representation. As it is well known, for J ≥ 5 a multiplicity index appears;

some IRREPS appear more than once. For instance, for J = 5 the following reduction

is given D(5)(ϕ(p)) → E ⊕ 2F1 ⊕ F2. In Table 6 we present the eigenvectors gener-

ated by the diagonalization of the matrix representation (18). As expected, degenerate

eigenvectors are not in general orthogonal. In order to obtain an orthonormal set of

functions generating the same representation we shall proceed as follows. We start

considering the set of functions belonging to the first component of the representa-

tion, for instance, {1ψ(5,F1)
A2

, 2ψ
(5,F1)
A2

}. Since this set is not expected to be orthogonal

we should proceed to apply a Gramm-Schmidt orthonormalization approach. In our

example they turn out to be 〈1ψ(5,F1)
A2

|2ψ(5,F1)
A2

〉 = 0. We now generate the rest of the

components by means of the equation [14]

∑

R∈G
D

(Γ)∗
βα (R)ÔR κψ

(J,Γ)
α =

|G|
nΓ

κψ
(J,Γ)
β . (25)

Applying this relation to generate the rest of the components β, with β 6= α, we are

able to obtain orthogonal sets of functions, as the following theorem establishes

Theorem. In case of IRREP multiplicity, given the set {κ1ψ(J,Γ)
α , κ2ψ

(J,Γ)
α } com-

posed by the α-th component of the same IRREP Γ with κ1 6= κ2 and the property

〈κ1ψ(J,Γ)
α |κ2ψ(J,Γ)

α 〉 = 0, the sets {κ1ψ(J,Γ)
β ,κ2 ψ

(J,Γ)
β ; β 6= α} associated with the rest of

the components and generated through Eq. (25), satisfy 〈κ1ψ(J,Γ)
β |κ2ψ(J,Γ)

β 〉 = 0 for β 6 α.
The proof of this theorem is given in the Appendix D. Following this approach we

obtain the basis functions {κζ (J,Γ)µ } displayed in the lower half of Table 6. The two sets

of functions {1ζ (ν)µ ,2 ζ
(ν)
µ } are orthonormal, and the matrix elements of the equivalent

rotation ϕ(p) is identical to D(1;F1)[ϕ(p)] because this was the matrix representation

used. This approach is general and may be used to the reduction of the representation

D(J) associated with any J .

12



The approach presented is useful if we intend to obtain the rovibrational functions

by means of a coupling procedure using Clebsch-Gordan coefficients, since in this case

the rotational as well as the vibrational functions must be built in a consistent way.

Another possibility consists in obtaining the rovibrational functions in one step, follow-

ing the eigenfunction method. Before discussing this point we take a closer look to the

application of the eigenfunction method to the rotational space from the perspective

of identifying invariant subspaces.

4. Reduction of the (2J+1)-dimensional space

In this section we shall identify the appropriate invariant subspace whose reduction

is simple. The main purpose of this section is to ease the task of building a symmetry-

adapted basis for large J values. As a first step to establish, if possible, a complete

set of commuting operators, we start by identifying the equivalent rotations that leave

the function |Jkm〉 invariant. From the result (5) and Table 4, we identify the cyclic

subgroup S4 = {e, (14)(23), (1342)∗, (1243)∗}, as the set of transformations that leave

the kets |Jkm〉 invariant up to a phase. Indeed, the associated equivalent rotations

have β = γ = 0 and consequently DJ∗
k′k(α, 0, 0) = δkk′e

ikα. We may now expand the

molecular group Td(M) in left cosets of S4:

Td(M) =
|σ|
∑

σ=1

sσ S4; |σ| = |Td(M)|
|S4|

= 6. (26)

A possible set of representative elements is {sσ} → {e, (123), (132), (243), (234), (12)(34)}.
The action of sσ over a ket |Jkm〉 generates a representation space, which means that

the set

|φσ〉 ≡ sσ|Jkm〉; σ = 1, . . . , 6, (27)

constitutes an invariant subspace under the elements of the group. This subspace spans

a reducible representation ∆(red)(p) defined by

p |φσ〉 =
6

∑

σ′=1

∆
(red)
σ′σ (p) |φσ′〉; ∀p ∈ Td(M). (28)
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To obtain the explicit form of this reducible representation we first note that p|φσ〉 =
psσ|Jkm〉 = sσ′hi|Jkm〉 with hi ∈ S4, since psσ ∈ sσ′S4. In addition, from Table 4 we

know that hi|Jkm〉 = D
(J)∗
kk (αi, 0, 0)|Jkm〉, and consequently

p|φσ〉 = D
(J)∗
kk (αi, 0, 0)sσ′ |Jkm〉 = D

(J)∗
kk (αi, 0, 0)|φσ′〉. (29)

Using this result we are able to obtain the matrix representation of any element p.

In particular, if we want to know the IRREP contained in ∆(red)[Td(M)], we should

calculate the characters. There is a contribution to the character when psσ = sσhi,

which means that s−1
σ psσ = hi. In other words, the character χ(red)(p) vanishes unless

p is in the same class as one of the elements of S4. We thus have for the non vanishing

characters of the group Td(M)

χ(red)[(14)(23)] = 2D
(J)∗
kk (π, 0, 0) = (−1)k, (30)

χ(red)[(1423)∗] = D
(J)∗
kk (π/2, 0, 0) +D

(J)∗
kk (3π/2, 0, 0) = (−i)−3k(1 + (−1)k). (31)

From these results we obtain the following reduction according to the parity of k:

a) k odd

∆(red) → F1 ⊕ F2

b) k = 2n

n even ∆(red) → A1 ⊕E ⊕ F1

n odd ∆(red) → A2 ⊕E ⊕ F2 (32)

We have obtained the remarkable result that the reducible representation is simply

reducible. The space used to generate the representation ∆(red)(p) in (28) constitute a

non-orthogonal basis. Indeed the overlap is given by

gσ′σ ≡ 〈sσ′φ0|sσφ0〉 = 〈φ0|s−1
σ′ sσφ0〉 = 〈φ0|sρφ0〉 = D

(J)
kk (Rρ), (33)

where we have defined |φ0〉 ≡ |Jkm〉.
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Let us now consider the eigenvectors of the operator ĈII . The set ĈIII turns out

to be unnecessary since the reducible representation is simply reducible. Let

|ψα〉 =
6

∑

σ=1

cσα|φσ〉. (34)

be an eigenvector of the operator ĈII :

ĈII |ψα〉 = λα|ψα〉. (35)

If we substitute (34) into (35), and take into account the invariance of the subspace,

we arrive at
∑

σ

cσα{∆mσ(CII)− λαδmσ} = 0, (36)

which has the same form as the usual eigenvalue equation in terms of an orthonormal

basis and it was obtained by multiplying the inverse of the overlap matrix.

The matrix representation ∆(ĈII) may be calculated and takes the explicit form

∆(ĈII ) =























0 ei
3π

2
k ei

π

2
k ei

3π

2
k ei

π

2
k 4ei

3π

2
k + 10ei

π

2
k

ei
π

2
k 0 4ei

3π

2
k zk 10ei

π

2
k ei

π

2
k

ei
3π

2
k 4ei

π

2
k 0 10ei

3π

2
k zk ei

π

2
k

ei
π

2
k zk 10ei

π

2
k 0 4ei

3π

2
k ei

π

2
k

ei
3π

2
k 10ei

3π

2
k zk 4ei

π

2
k 0 ei

π

2
k

4ei
π

2
k + 10ei

3π

2
k ei

3π

2
k ei

3π

2
k ei

3π

2
k ei

3π

2
k 0























(37)

where we have defined zk ≡ ei
π
2
k + ei

3π
2
k. The diagonalization of this matrix leads to

the eigenvectors (34), which can be translated into the original basis |Jkm〉 through

(27)

|ψα〉 =
∑

k′

Bk′α|Jk′m〉; Bk′α =
6

∑

σ=1

cσαD
(J)
kk′ [φ(sσ)]. (38)

We should note that the representation matrix (37) does not depend on the angular

momentum J . This dependence is given in the eigenvectors.

The sequence of steps to apply this approach is the following. First a k is chosen,

which allows the eigensystem of ĈII to be solved with eigenvalues associated with the

appropriate reduction (32). The corresponding eigenvectors are obtained by calculating

the coefficients Bk′α in (38). For the chosen k, some eigenvectors vanish, which means
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that the corresponding representation is not contained in the 6-dimensional subspace Lk
characterized by k. Since there is no multiplicity of the IRREPS, the functions carrying

the same representation in the original 2J + 1-dimensional space appear in different

subspaces Lk. But the subspaces Lk are not orthogonal 〈Lk′|Lk〉 6= 0, and consequently

those functions are not expected to be orthogonal. Hence the same approach followed

in the previous section must be applied in order to obtain a set of orthogonal functions

carrying the same IRREP. The advantage of dealing with the subspace Lk instead of

the (2J + 1)-dimensional space is of course the dimension. For J large, this treatment

is more efficient.

From this analysis we should remark that for the rotational space of spherical top

molecules is not possible to generate orthogonal functions carrying the same IRREP

according to the theory proposed by Chen [22]. A similar situation occurs when the

vibrational space is incorporated in our analysis, as we next discuss.

5. Ro-vibrational functions

In this section we shall consider the rovibrational functions symmetrization. In

compact form, these functions may be expressed as

|ΨΓ,γ
rv 〉 = [|ΦΓ1

rot〉 × |ΦΓ2
vib〉]Γγ , (39)

where the symbol × stands for coupling of the IRREPS Γ1 and Γ2 to Γ. Hence, ac-

cording to (39), we may construct the functions |ΦΓ1,γ1
rot 〉 and |ΦΓ2,γ2

vib 〉 in an independent

way to thereafter carry out the coupling. The rotational functions can be symmetry-

projected using the approach presented in the previous sections. In the case of the

vibrational functions, we may use a local or a normal scheme to construct the pro-

jected functions [26]. In any case, both projections have to be carried out using the

same explicit form of the MS group IRREPS, in order to be able to use coupling

coefficients later.

In the vibrational space, although the normal basis has the advantage of getting

rid of spurious states in a straightforward way, a local scheme is a better option, even
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though the molecule is intended to be described in a normal basis. The advantages of

the local scheme are the following [26]: a) it allows you easily generalize the vibrational

description to any molecular system with a minimum input, b) the normal mode scheme

is included as a particular case, c) the symmetry-adapted basis may be used with

two possible interpretations: local harmonic or anharmonic (associated with Morse or

Pöschl-Teller potentials) functions, and, finally, d) is the appropriate scheme to take

advantage of the eigenfunction method of projection [26].

In the local scheme the vibrational basis of methane is given by

|V ;v〉 ≡ |V ; v1, v2, v3, v4, v5, v6, v7, v8, v9, v10〉, (40)

where vi is the number of quanta for the i-th oscillator, and V = Vs + Vb is the total

number of quanta, V =
∑

i vi. We could proceed to project the local functions (40) to

obtain

|V ; Φp,Γ2,γ2
vib 〉 =

∑

v

Dp,Γ2,γ2
v

|V ;v〉p (41)

where p stands for the partition [26]. This set of functions, however, contains the bend-

ing spurious mode. We can build approximate vibrational normal functions |ν0; ν1ν2νℓ33 νℓ44 〉
[27] introducing the change of basis [26]

|V ; ν0ν1ν2νℓ33 νℓ44 〉Γ2
γ2

=
∑

p

AV,p
ν0,ν1,ν2,ν

ℓ3
3 ,ν

ℓ4
4

|V ; Φp,Γ2,γ2
vib 〉. (42)

The A coefficients in (42) are obtained diagonalizing the matrix representation of the

number operators and the vibrational angular momentum in the symmetry-adapted

basis of Eq. (41) [26]. The label ν0 corresponds to the A1 spurious bending mode.

Hence the physical space is identified by setting ν0 = 0 in (42).

Let us now turn our attention to the projection of the rovibrational space. To this

end we shall consider the simplified operator p = ϕ(p)v(p), where the spin permutation

is not incorporated. The approach that we follow is general, but in order to illustrate

the procedure followed to eliminate spurious states, we consider as an example the
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rovibrational space composed by rotational functions and vibrational states with one

quantum in the bending modes V = Vb = 1.

In general our starting point is the basis

{|Jkm〉 ⊗ |V ;v〉}, (43)

which in the considered particular case

{|Jkm〉 ⊗ |1; v5v6v7v8v9v10〉}. (44)

For the sake of brevity we introduce the following notation for the vibrational subspace

|i〉 = |1; 0 . . . vi . . . 0〉; vi = 1 (45)

The action of a permutation operator p on the direct product

|Jkm〉 ⊗ |i〉 ; i = 5, . . . , 10, (46)

is given by

p{|Jkm〉 ⊗ |i〉} =
∑

k′,j

∆
(red)
k′j;ki(p){|Jk′m〉 ⊗ |j〉}, (47)

where

∆
(red)
k′j;ki(p) = D

(J)
kk′ [ϕ(p)

−1] ∆
(vib)
ji [v(p)]. (48)

Therefore, the matrix representation of an element p ∈ Td(M) is given by the direct

product

∆(red)(p) = D(J)∗[ϕ(p)] ⊗∆(vib)[v(p)]. (49)

This result implies that the representation of the operator ĈII is obtained in terms of a

sum of direct products. For J = 1 the dimension of the space (46) is 18, with reduction

∆(red)(p) → A2 ⊕E ⊕ 3F1 ⊕ 2F2. (50)

The corresponding symmetry adapted functions are provided by the eigenvectors of

ĈII in the representation of the basis (46). In (50) several multiplicities appear. In
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this case, however, the approach followed in §3 to distinguish the eigenvectors is not

enough, because in addition to the necessity of obtaining a set of orthogonal function

carrying the same IRREP, the spurious states must be identified and eliminated.

In order to break the degeneracy in the ĈII eigensystem, we propose to introduce a

new set of operators to obtain a complete set of commuting operators. To this end we

define tensors constructed in terms of linear combinations of local bosonic operators

a†i , associated with internal coordinates. For the stretching space we have

T †A1
s =

1

2
(a†1 + a†2 + a†3 + a†4), (51)

T †F2,A1
s =

1

2
(a†1 − a†2 − a†3 + a†4), (52)

T †F2,B1
s = − 1√

2
(a†2 − a†3), (53)

T †F2,B2
s = − 1√

2
(a†1 − a†4), (54)

where the coefficients are the same used to build symmetry-adapted local coordinates.

In a similar way, for the bending space

T †A1

b =
1√
6
(a†5 + a†6 + a†7 + a†8 + a†9 + a†10), (55)

T †E,A1

b =
1

2
√
3
(−a†5 − a†6 + 2a†7 − a†8 − a†9 + 2a†10), (56)

T †E,A2

b =
1

2
(a†5 − a†6 − a†8 + a†9), (57)

T †F2,A1

b = − 1√
2
(−a†7 + a†10), (58)

T †F2,B1

b =
1√
2
(−a†5 − a†6 + a†8 + a†9), (59)

T †F2,B2

b =
1√
2
(−a†5 + a†6 − a†8 + a†9). (60)

We now proceed to construct the number operators

ˆ̄ν0 = [T̂ †A1

b × T̂A1
b ]A1 =

1

6
(X̂b + Ŷb + Ẑb), (61)

ˆ̄ν1 = [T̂ †A1
s × T̂A1

s ]A1 =
1

4
(X̂s + Ŷs), (62)

ˆ̄ν2 =
√
2][T̂ †E

b × T̂Eb ]
A1 =

1

3
(X̂b + Ẑb)−

1

6
Ŷb, (63)
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ˆ̄ν3 =
√
3[T̂ †F2

s × T̂ F2
s ]A1 =

1

4
(3X̂s − Ŷs), (64)

ˆ̄ν4 =
√
3[T̂ †F2

b × T̂ F2
b ]A1 =

1

2
(X̂b − Ẑb), (65)

where the symbol × stands for tensorial coupling, and we have introduced the defini-

tions

X̂s =
4

∑

i=1

a†iai, (66)

Ŷs =
4

∑

i<j=1

(a†iaj + a†jai), (67)

X̂b =
10
∑

i=5

a†iai, (68)

Ŷb = (a†5a8 + a†5a6 + a†5a10 + a†5a7 + a†8a10 + a†8a7 + a†8a9 + a†6a10

+ a†6a7 + a†6a9 + a†10a9 + a†7a9 +H.c.), (69)

Ẑb = (a†5a9 + a†6a8 + a†7a10 +H.c.), (70)

where H.c. stands for Hermitian conjugate.

Simultaneous diagonalization of CII and the operators () breaks the degeneracy in

(50), as we proceed to explain. After having diagonalized the CSCO-II, the eigenvectors

take the general form

|qΨJmV
Γγ 〉 =

J
∑

k=−J

∑

v

sJmVkv;qΓγ|Jkm〉 ⊗ |V ;v〉, (71)

where {JmV } characterize the representation space and q is the multiplicity index.

The number operators only connect states with different multiplicity label q because

they are invariant and preserve the number of quanta. Hence, for a number operator

ˆ̄νζ we have

〈q′ΨJmV
Γγ |ˆ̄νζ |qΨJmV

Γγ 〉 =
∑

k′,v′

∑

k,v

sJmV ∗
k′v′;q′Γγ〈Jk′m| ⊗ 〈V ;v′|ˆ̄νζ |Jkm〉 ⊗ |V ;v〉sJmVkv;qΓγ. (72)

If we now use the extension of the operator ˆ̄νζ given by 1̂⊗ ˆ̄νζ , the matrix defined by

M = ||〈q′ΨJmV
Γγ |ˆ̄νζ |qΨJmV

Γγ 〉|| (73)
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takes the form

M = S†{1(J) ⊗C}S, (74)

where

S = ||sJmVkv;qΓγ||; 1(J) = δk′k; C = ||〈V ;v′|ˆ̄νζ|V ;v〉||. (75)

The matrix 1(J) is the (2J + 1)-dimensional identity matrix. Let us now suppose that

the transformation (42) is known. In this case, the matrix C can be expressed as

C = A† Λ A, (76)

where Λ is a diagonal matrix whose elements are given by the eigenvalues of the equa-

tion

ˆ̄νζ |V ; ν0; ν1ν2νℓ33 νℓ44 〉Γγ = νζ |V ; ν0; ν1ν2νℓ33 νℓ44 〉Γγ . (77)

This treatment is completely general. We now come back to the suggested example,

considering the subspace (44) with J = 1 and Vb = 1. In this case the A matrix can

be built from the symmetry adapted tensors

A−1 =







































1√
6

− 1
2
√
3

1
2

0 −1
2

−1
2

1√
6

− 1
2
√
3

−1
2

0 −1
2

1
2

1√
6

1√
3

0 − 1√
2

0 0

1√
6

− 1
2
√
3

−1
2

0 1
2

−1
2

1√
6

− 1
2
√
3

1
2

0 1
2

1
2

1√
6

1√
3

0 1√
2

0 0







































, (78)

where the local basis has been taken in consecutive order, and the normal basis order

corresponds to the appearance of the bending tensors in (). In practice, it is more

convenient to consider a unique operator N̂ = 10000ˆ̄ν0 + 1000ˆ̄ν1 + 100ˆ̄ν2 + 10ˆ̄ν3 + ˆ̄ν4

instead of diagonalizing each operator ˆ̄νζ. In this way the N̂ eigenvalues provide normal
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labels in a straightforward way. Hence, the Λ matrix takes the form

Λ =







































10000 0 0 0 0 0

0 100 0 0 0 0

0 0 100 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1







































, (79)

and selecting the subspace of functions spanning the A2 component of the representa-

tion F1, the substitution of the corresponding matrices into (74), leads to the matrix

M(F1,A2) =















3110.36 307.77− 1975.14i 4085.70 + 790.96i

307.77 + 1975.14i 1392.81 −151.05 + 2681.92i

4085.7− 790.96i −151.05− 2681.92i 5597.83















, (80)

whose diagonalization provides symmetry-adapted rovibrational functions displayed in

the lower half ofTable 7. With the number of quanta labels (eigenvalues of the number

operators isomorphic to normal quantum numbers), the spurious states identification

is immediate: all states with ν0 6= 0 should be eliminated. In this example it was not

necessary to diagonalize the square of the vibrational angular momentum operators

ℓ̂A2
2 = −i

√
2[T̂ †E

b × T̂Eb ]
A2

ℓ̂F1,γ
3 = i

√
2[T̂ †F2

s × T̂ F2
s ]F1

γ

ℓ̂F1,γ
4 = i

√
2[T̂ †F2

b × T̂ F2
b ]F1

γ ,

where γ = A2, B1, B2. If necessary, they may be incorporated to the set of operators

to be diagonalized to distinguish degenerate states. Following this approach we obtain

the physical states

|0;0100ζ1m1
F1,γ′

〉; |0;0100ζ1m1
F2,γ′′

〉, (81)

|0;0001ζ1m1
A2

〉; |0;0001ζ1m1
E,γ 〉; |0;0001ζ1m1

F1,γ′
〉; |0;0001ζ1m1

F2,γ′′
〉 (82)

22



where

γ = A1, A2; γ′ = A2, B1, B2; γ′′ = A1, B1, B2. (83)

The rovibrational Hamiltonian commutes, in addition to the elements of Td(M), with

the components of the angular momentum R, which in our case is given by [28]

R̂ = Ĵ− (ℓ̂s + ℓ̂b), (84)

The formula for the coupled wave functions in the case of angular momentum sub-

straction is the same as the addition formula with the exception that the eigenfunc-

tions φℓm of the vector ℓ = (ℓ3 + ℓ4) are replaced by their complex conjugate, where

φ∗
ℓm = (−1)mφℓ−m. The eigenvalues of R̂2 are R(R + 1). We should thus consider also

the diagonalization of the operator

R̂2 = Ĵ2 + ℓ̂2 − 2Ĵ · ℓ̂, (85)

involving functions of the same IRREP, angular momentum J and total vibrational

angular momentum ℓ. In our particular example we have states with ℓ = 0, given by

(81), which implies that R = 1, and states with ℓ = 1, given by (82), corresponding to

R = 0, 1, 2, in accordance with the angular momentum rules. The states are eigenstates

of R̂2 as follows

|0;0001ζ1m1
A2

〉R=0; |0;0001ζ1m1
E,γ 〉R=2; |0;0001ζ1m1

F1,γ′
〉R=1; |0;0001ζ1m1

F2,γ′′
〉R=2. (86)

In general, we may first proceed to diagonalize the operator

ℓ2 = ℓ23 + ℓ24 + 2 ℓ3 · ℓ4, (87)

and later on continue diagonalizing (85) following an approach similar to the one used

to obtain (74). In this case, however, the transformation properties of J are needed.

Projecting the operators Ĵi, using (9), we obtain

T
(1)
F1,A2

= J0; T
(1)
F1,B1

=
1√
2
(J+1 + iJ−1); T

(1)
F1,B2

=
1√
2
(J+1 − iJ−1), (88)
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which enable us to carry out the dot product with ℓ:

J · ℓ =
√
3[J × ℓ]A1 , (89)

with

Ĵ±|Jkm〉 =
√

(j ± k)(j ∓ k + 1)|J, k ∓ 1, m〉. (90)

We have thus presented an approach that has the remarkable property that given

the matrix elements of number operators, angular momentum operators, and symmetry

operations involved in the CSCO-II in the vibrational space, the symmetrization of

the rovibrational functions can be obtained in a relatively simple way through the

incorporation of the Wigner’s D matrices associated with equivalent rotations. This

approach, although simple, is expected to involve matrices of large dimensions for large

J values and high number of quantum V . In order to explore a treatment for high V ,

an approach associated with the identification of smaller invariant subspaces should be

followed, in a similar form to the method presented in §4. Let us consider the intrinsic
function

|φ0〉 = |Jkm〉 ⊗ |V ;v〉. (91)

There is no permutation p ∈ Td(M) that leaves this function invariant. Consequently

the action of every element pσ over the ket |φ0〉 generates a 24-dimensional represen-

tation space pσ|φ0〉 ≡ |φσ〉, and then

p |φσ〉 =
24
∑

σ′=1

∆
(red)
σ′σ (p) |φσ′〉; ∀p ∈ Td(M), (92)

where we suppose to consider the same element ordering than in Table 4. Again the

matrix ∆(red)(p) is J-independent and corresponds to the regular representation. In

this case we can follow the standard approach to establish a CSCO-III, as explained

in Ref. [22]. The new operator is provided by the chain T d(M) ⊃ C2v, which together

with (13) permits to establish the following CSCO-III

CSCO-III = {C,C(s), C(s)}, (93)
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where C is given by (12), C(s) by (15) and C(s) = (14)∗ + 3(23)∗. It should be

remembered that the action of a permutation p̄ over a ket |φσ〉 is given by

p̄|φσ〉 = p̄pσ|φ0〉 = pσp|φ0〉. (94)

The simultaneous diagonalization of the set of operators (93) can be substituted by

the unique diagonalization of the operator ĈIII ≡ Ĉ + 3Ĉ(s) + 5C(s). The action of

this operator on the representation space takes the form

ĈIII |φσ〉 =
24
∑

σ′=1

∆
(red)
σ′σ (CIII) |φσ′〉. (95)

The diagonalization of this matrix provides the eigenvectors with the general form

|ψζ〉 =
24
∑

σ=1

C
(rv)
σ,ζ |φσ〉, (96)

which can be translated into the original basis to obtain

|ψζ〉 =
∑

k′

∑

v′

B
(rv)
k′v′;ζ|Jk′m〉 ⊗ |V ;v′〉. (97)

where

B
(rv)
k′v′;ζ =

24
∑

σ=1

C
(rv)
σ,ζ D

(J)
kk′ [ϕ(pσ)

−1]∆
(vib)
v′v [v(pσ)]. (98)

The procedure to follow is similar to the one presented in §4. First an intrinsic

function is chosen by selecting k and v in Eq. (91). These labels are used to generate

the coefficients (98), once the vibrational representation ∆(vib)[v(pσ)] is constructed.

Again, for a given set of values (k,v), some eigenvectors may vanish, which means

that the corresponding IRREP is not contained in the reduction. In contrast to the

previous case of pure rotations, IRREPS multiplicity may appear in the space Lkv. In
this case the eigenvectors are expected to be orthogonal. However, additional functions

carrying the same IRREP must be projected through another space Lk′v′, which are

not orthogonal 〈Lkv|Lk′v′〉 6= 0. More labels are provided by the diagonalization of the

set of number operators and vibrational angular momentum operators, following the

same approach previously described.
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As mentioned before, the resulting eigenfunctions are given in terms of local func-

tions, which may be translated into anharmonic oscillators, a feature that may be used

to take into account anharmonicities from the outset.

6. Summary and conclusions

In this work some relations involving the equivalent rotations associated with the

permutation-inversion group have been analyzed. In particular, the matrix elements of

equivalent rotations were deduced following a novel method, different to the ones found

in the literature. The isomorphism between permutations and equivalent rotations

has been also proved, a remarkable property taken into account in the projection of

rotational and rovibrational functions.

Rotational functions are projected to IRREPS of the molecular symmetry group

Td(M) using the eigenfunction method, which is based on the diagonalization of a com-

plete set of commuting operators (CSCO) in the representation space. The CSCO of

type II, which distinguishes IRREPS as well as their corresponding components, was

built in terms of a linear combination of Wigner’s D functions. Since in this process

degeneracy persists for J > 4, an approach to orthogonalize the degenerate functions

carrying the same IRREP was presented. This is a compulsory task if coupling co-

efficients are used to construct the rovibrational functions. An attempt to define a

CSCO-III was unsuccessful, due to the fact that the invariant subspaces are simply

reducible and not orthogonal. However, the identification of the six-dimensional in-

variant spaces allows us to accomplish the projection in a more efficient way, although

at the end an orthogonalization approach should be carried out.

The incorporation of the vibrational degrees of freedom has also been presented.

It has been shown that the projection of the rovibrational space is given in terms of

direct products of Wigner’s D functions and representation matrices involving the vi-

brational space. It has been also established a procedure to eliminate spurious sates

that are intrinsic to spherical top molecules when described in terms of internal coor-
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dinates. In particular the bending space of one quanta was studied in detail in order

to exemplify our approach to eliminate the spurious modes as well as to introduce the

invariance under the R angular momentum. In our method the diagonalization of

the Hamiltonian may be viewed as the last step in the accomplishment of establishing

the complete set of commuting operators of the system.

The attractive feature of our approach is that the projection of the rovibrational

functions is relatively simple, provided that one has a code to deal with the vibrational

degrees of freedom. In addition, the projected functions are given in a local scheme,

a fact that allows to consider local potentials as anharmonic potentials (Morse, for

instance). This fact may represent an interesting alternative to the approaches based

on tensorial formalisms where a normal mode basis is used from the beginning [29].

Although this approach has been applied to methane, it should be stressed that the

method is general. Besides, this procedure may help to build in a systematic manner

the interactions of the molecular Hamiltonian in phenomenological fashion either in

the algebraic or phase space.
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Appendix A.

In this Appendix we prove that both expressions P̂Rψ(r) = ψ(R−1r) for the active

point of view and P̂Rψ(r) = ψ(Rr) for the passive transformations are equally

valid and establish their differences. Let R an element of the group with associated

operator P̂R. The operator is defined by its action over the basis vectors |r〉. In the
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active point of view we have:

P̂R|r〉 = |Rr〉; 〈r|P̂ †
R = 〈Rr|. (99)

Consider now an arbitrary ket |ψ〉 with P̂R|ψ〉 = |ψ′〉. We are interested in obtaining

〈r|ψ′〉 = 〈r|P̂R|ψ〉. To this end we have to find 〈r|P̂R. Introducing the unitary property

of the operators P̂ †
RP̂R = 1, we have

P̂ †
RP̂R|r〉 = P̂ †

R|Rr〉 = |r〉; 〈r|P̂R = 〈R−1r| (100)

where we have taken into account (99). This result allows us to obtain the transformed

ket in terms of the original one in the coordinate representation

〈r|ψ′〉 = 〈r|P̂R|ψ〉 = 〈R−1r|ψ〉 = ψ(R−1r), (101)

which corresponds to P̂Rψ(r) = ψ(R−1r). We stress that this expression may be

established as the invariance principle of scalar functions 〈r′|ψ′〉 = 〈r|ψ〉. Applying

this result we can prove the isomorphism P̂RP̂S = P̂RS [14]. Given this isomorphism is

crucial to note that given the basis {ψi(r); i = 1 . . . n} the matrices involved in

P̂Rψi(r) =
n
∑

j=1

Dji(R)ψj(r), (102)

constitute a vectorial representation of the group, e.g.; D(R)D(S) = D(RS).

Let us now consider the case P̂Rψ(r) = ψ(Rr) for the passive point of view.

We proceed just changing the definition of the action of the operator over the basis to

reflect the pasive point of view

P̂R|r〉 = |R−1r〉; 〈r|P̂ †
R = 〈R−1r|. (103)

Using the unitary property (100) we have that 〈r|P̂R = 〈Rr|, which allow us to obtain

〈r|P̂R|ψ〉 = 〈Rr|ψ〉 = ψ(Rr). (104)

Following the traditional representation theory the passive point of view (104) leads

to the anti-isomorphism P̂RP̂S = P̂SR [9, 14]. This fact explain the preference for the
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active picture. In the framework of permutation invertion group, however, the elements

S,R correspond to elements of the molecular symmetry group with two possibilities to

define their effect over the functions. The permutations may be carried out either the

coordinates, denoted with pS, or over the nuclei, denoted with πS. It can be shown

that pS is consistent with the anti-isomorphism.

A remarkable property of these pictures is that they satisfy the property pS =

π−1
S [22]. Hence if we identify R with pR in P̂RP̂S = P̂SR we indeed have an anti-

isomorphism for the passive transformations P̂pRP̂pS = P̂pSR
, but considering πs

we have that P̂πRP̂πS = P̂p−1
R
P̂p−1

S
= P̂p−1

S
p−1
R

= P̂(pRpS)−1 = P̂πRS
, which correspond to

an isomorphism 1. An additional consequence of choosing the operators πS is that now

the set of functions {ψi(r); i = 1 . . . n} generate the matrix representation through

[11]

P̂πRψi(r) =
n
∑

j=1

Dij(πR)ψj(r),

=
n
∑

j=1

Dij(p
−1
R )ψj(r), (105)

instead of (102), as long as we are dealing with functions ψi(r) involving coordinates

of nuclei.

Appendix B.

In this Appendix we obtain the effect of an equivalent rotation R(α, β, γ), char-

acterized by the (α, β, γ) Euler angles, over the rotational functions (1). Equivalent

rotations are referred to the molecule-fixed (x, y, z) system , with origin at the nuclear

center of mass. At first glance this task is not obvious due to the fact that equiva-

lent rotations and rotational functions are referred to different systems of reference:

the molecule-fixed (x, y, z) system and the space-fixed (ξ, η, ζ) system, parallel to the

1With the effect of the permutation-inversion group over the coordinates of the nuclei, the

active point of view provides a anti-isomorphism for the representations.
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laboratory. Explicitly, the rotation operator is given by [20]

R̂(α, β, γ) = e−iαĴze−iβĴye−iγĴz , (106)

where the operators {Ĵx, Ĵy, Ĵz} are the angular momentum components with respect

to the molecule-fixed axis system.

In order to apply the rotation R̂(α, β, γ), it is necessary to carry out a successive set

of transformations in order to express equivalent rotations in the rotational functions

reference system. To this end we note the following identities

e−iαĴz = e−iθĴy′e−iαĴζeiθĴy′ (107)

e−iAĴy′ = e−iφĴζe−iAĴηeiφĴζ (108)

e−iBĴy = e−iχĴze−iBĴy′eiχĴz , (109)

where A and B stand for arbitrary angles, y′ corresponds to the intermediate axis

according to the three rotations associated to the Euler angles, and {Ĵξ, Ĵη, Ĵζ} are the

corresponding angular momentum operators associated with the (ξ, η, ζ) system. The

substitution of () into the equivalent rotation (106) leads to the expression

R̂(α, β, γ) = e−iφĴζe−iθĴηe−i(α+χ)Ĵζe−iβĴηe−i(γ−χ)ĴζeiθĴηeiφĴζ , (110)

which can now be applied to the rotational functions.

In accordance to (1), we shall be interested in the result of applying a rotation

P̂R, referred to the (ξ, η, ζ) system, to the functions D
(J)∗
mk (S). Following the standard

approach we have, in the active point of view [20, 22]

P̂RD
(J)∗
mk (S) = D

(J)∗
mk (R−1S) =

J
∑

m′=−J
D

(J)
m′m(R) D

(J)∗
m′k (S), (111)

where we have taken into account the unitary property of the representations. Hence

we may now take the operator (110) over the rotational functions applying successively

the equation (111). After some simplifications we arrive to the simple expression

R̂(α, β, γ)|Jkm〉 =
J
∑

k′=−J
D

(J)
kk′(α, β, γ) |Jk′m〉, (112)
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which can be found in Refs.[7, 24], for instance, but using different arguments in their

proofs. In the case of equivalent rotations the passive picture is taken, and consequently

the inverse of the rotations has to be considered. This explains the expression (5).

Appendix C.

Theorem:The molecular symmetry group is isomorphic to the group of equivalent

rotations.

Proof: Let p1, p2 and p3 = p1p2 be elements of the molecular symmetry group,

G(M), and {ϕ(pi) ≡ Ri; i = 1, 2, 3} their corresponding equivalent rotations. Let us

now use (5) to apply the successive rotations ϕ(p1)ϕ(p2) over the rotational function

ϕ(p1)ϕ(p2)|Jkm〉 =
∑

k′′

{
∑

k′

D
(J)
kk′(R

−1
2 )D

(J)
k′k′′(R

−1
1 )}|Jk′′m〉

=
∑

k′′

D
(J)
kk′′((R1R2)

−1)|Jk′′m〉. (113)

On the other hand

ϕ(p3)|Jkm〉 = ϕ(p1p2)|Jkm〉 =
∑

k′′

D
(J)
kk′′(R

−1
3 )|Jk′′m〉. (114)

The comparison of the latter equation with (113) proves the isomorphism

ϕ(p1p2) = ϕ(p3) = ϕ(p1)ϕ(p2). (115)

Appendix D.

Theorem. In case of IRREP multiplicity, given the set {κ1ψ(J,Γ)
α , κ2ψ

(J,Γ)
α } com-

posed by the α-th component of the same IRREP Γ with κ1 6= κ2 and the property

〈κ1ψ(J,Γ)
α |κ2ψ(J,Γ)

α 〉 = 0, the sets {κ1ψ(J,Γ)
β ,κ2 ψ

(J,Γ)
β ; β 6= α} associated with the rest of

the components and generated through Eq. (25), satisfy 〈κ1ψ(J,Γ)
β |κ2ψ(J,Γ)

β 〉 = 0 for β 6 α.
Proof. According to the theorem we have to prove that

〈κ1ψ(Γ)
β |κ2ψ(Γ)

β 〉 = 〈
∑

R∈G
D

(Γ)∗
βα (R)ÔRκ1ψ

(Γ)
α |

∑

S∈G
D

(Γ)∗
βα (S)ÔSκ2ψ

(Γ)
α 〉 = 0, (116)
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where for the sake of brevity we have removed the angular momentum J label. Ex-

panding the rhs of (116) we have

〈κ1ψ(Γ)
β |κ2ψ(Γ)

β 〉 =
∑

R∈G

∑

S∈G
D

(Γ)
βα (R)D

(Γ)∗
βα (S)〈ÔRκ1ψ

(Γ)
α |ÔSκ2ψ

(Γ)
α 〉. (117)

The last factor of the sum has the form

〈ÔRκ1ψ
(Γ)
α |ÔSκ2ψ

(Γ)
α 〉 = 〈κ1ψ(Γ)

α |Ô†
RÔSκ2ψ

(Γ)
α 〉 = 〈κ1ψ(Γ)

α |ÔT κ2ψ
(Γ)
α 〉, (118)

with T = R−1S, given the isomorphism in the passive point of view (see

Appendix A). But

〈κ1ψ(Γ)
α |ÔT κ2ψ

(Γ)
α 〉 =

∑

γ

D(Γ)
αγ (T

−1)〈κ1ψ(Γ)
α |κ2ψ(Γ)

γ 〉 = 0, (119)

because of the orthogonality of functions carrying different components, as well as the

initial condition 〈κ1ψ(Γ)
α |κ2ψ(Γ)

α 〉 = 0. This proves the theorem.
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Table 1 λνi table for the Td(M) MS group defined by (10).

Td(M) K1 K2 K3 K4 K5

A1 1 8 3 6 6

A2 1 8 3 −6 −6

E 1 −4 3 0 0

F1 1 0 −1 2 −2

F2 1 0 −1 −2 2

Table 2 Character table of the group C2v and eigenvalues µ of Ĉ(s) opera-

tor (15).

C2v e (14)(23) (14)∗ (23)∗ µ

A1 1 1 1 1 4

A2 1 1 −1 −1 −4

B1 1 −1 1 −1 −2

B2 1 −1 −1 1 2
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Table 3 Eigenvalues of the complete set of commuting operators of type II.

νTd(M) ν µC2v µ ζ

A1 6 A1 4 18

A2 −6 A2 −4 −18

E 0 A1 4 12

E 0 A2 −4 −12

F1 −2 A2 −4 −14

F1 −2 B1 −2 −8

F1 −2 B2 2 4

F2 2 A1 4 14

F2 2 B1 −2 −4

F2 2 B2 2 8
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Table 4. Elements of the molecular symmetry group Td(M) and their equivalent rotations in terms of the Euler

angles (α, β, γ).

Element of Td(M) Equivalent rotation Point operation Spin permutation

p φ(p) → (α, β, γ) v(p) pn

E (0,0,0) E p0

(12)∗ (0, π
2
, π) σ

(6)
d

p12

(13)∗ (π
2
, π
2
, π
2
) σ

(3)
d

p13

(14)∗ (0, π, π
2
) σ

(2)
d

p14

(23)∗ (π, π, π
2
) σ

(1)
d

p23

(24)∗ ( 3π
2
, π
2
, 3π

2
) σ

(4)
d

p24

(34)∗ (π, π
2
, 0) σ

(5)
d

p34

(123) ( 3π
2
, π
2
, 0) C

(4)
3 p(132)

(132) (π, π
2
, 3π

2
) C

(4)2
3 p(123)

(243) (π
2
, π
2
, π) C

(1)
3 p(234)

(234) (0, π
2
, π
2
) C

(1)2
3 p(243)

(134) ( 3π
2
, π
2
, π) C

(2)
3 p(143)

(143) (0, π
2
, 3π

2
) C

(2)2
3 p(134)

(142) (π
2
, π
2
, 0) C

(3)
3 p(124)

(124) (π, π
2
, π
2
) C

(3)2
3 p(142)

(12)(34) (0, π, 0) C
(y)
2 p(12)(34)

(13)(24) (π
2
, π, 3π

2
) C

(x)
2 p(13)(24)

(14)(23) (π, 0, 0) C
(z)
2 p(14)(23)

(1342)∗ ( 3π
2
, 0, 0) S

(z)3
4 p(1342)

(1243)∗ (π
2
, 0, 0) S

(z)
4 p(1243)

(1324)∗ (0, π
2
, 0) S

(y)
4 p(1324)

(1423)∗ (0, 3π
2
, 0) S

(y)3
4 p(1423)

(1432)∗ (π
2
, 3π

2
, 3π

2
) S

(x)3
4 p(1432)

(1234)∗ (π
2
, π
2
, 3π

2
) S

(x)
4 p(1234)

37



Table 5. Symmetry adapted functions up to J = 4. The states |J,−k,m〉 are denoted by |Jk̄m〉

J IRREP eigenvalue name eigenvector

(Γ, γ) ζ

0 A1 18 ψ(0:A1) |000〉

1 (F1, A2) -14 ψ
(1:F1)
A2

|10m〉

(F1, B1) -8 ψ
(1:F1)
B1

1√
2
{−i|11m〉+ |11̄m〉}

(F1, B2) 4 ψ
(1:F1)
B2

1√
2
{ i|11m〉+ |11̄m〉}

2 (E,A1) 12 ψ
(2:E)
A1

|20m〉

(E,A2) -12 ψ
(2:E)
A2

1√
2
{|22m〉 + |22̄m〉}

2 (F2, A1) 14 ψ
(2:F2)
A1

1√
2
{− |22m〉+ |22̄m〉}

(F2, B1) -4 ψ
(2:F2)
B1

1√
2
{ i|21m〉+ |21̄m〉}

(F2, B2) 8 ψ
(2:F2)
B2

1√
2
{−i|21m〉+ |21̄m〉}

3 A2 -18 ψ(3:A2) 1√
2
{−|32m〉+ |32̄m〉}

3 (F1, A2) -14 ψ
(3:F1)
A2

|30m〉

(F1, B1) -8 ψ
(3:F1)
B1

1
4
{ i

√
5|33m〉 +

√
3|31m〉 + i

√
3|32̄m〉 +

√
5|33̄m〉}

(F1, B2) 4 ψ
(3:F1)
B2

1
4
{−i

√
5|33m〉 +

√
3|31m〉 − i

√
3|32̄m〉 +

√
5|33̄m〉}

3 (F2, A1) 14 ψ
(3:F2)
A1

− 1√
2
{|32m〉 + |32̄m〉}

(F2, B1) -4 ψ
(3:F2)
B1

1
4
{ i

√
3|33m〉 −

√
5|31m〉 − i

√
5|32̄m〉 +

√
3|33̄m〉}

(F2, B2) 8 ψ
(3:F2)
B2

1
4
{−i

√
3|33m〉 −

√
5|31m〉 + i

√
5|32̄m〉 +

√
3|33̄m〉}

4 A1 18 ψ(4;A1) 1
2
√

3
{
√
5|44m〉+

√
14|40m〉 +

√
5|44̄m〉}

4 (E,A1) 12 ψ
(4:E)
A1

1
2
√

3
{
√
7|44m〉 −

√
10|40m〉 +

√
7|44̄m〉}

(E,A2) -12 ψ
(4:E)
A2

1√
2
{|42m〉 + |42̄m〉}

4 (F1, A2) -14 ψ
(4:F1)
A2

− 1√
2
{−|44m〉 + |44̄m〉}

(F1, B1) -8 ψ
(4:F1)
B1

1
4
{−i|43m〉 +

√
7|41m〉 − i

√
7|41̄m〉 + |43̄m〉}

(F1, B2) 4 ψ
(4:F1)
B2

1
4
{i|43m〉 +

√
7|41m〉 + i

√
7|41̄m〉+ |43̄m〉}

4 (F2, A1) 14 ψ
(4:F2)
A1

1√
2
{−|42m〉+ |42̄m〉}

(F2, B1) -4 ψ
(4:F2)
B1

1
4
{−i

√
7|43m〉 − |41m〉 + i|41̄m〉 +

√
7|43̄m〉}

(F2, B2) 8 ψ
(4:F2)
B1

1
4
{i
√
7|43m〉 − |41m〉 − i|41̄m〉+

√
7|43̄m〉}
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Table 6. Symmetry projection to F1 for J = 5. The states |J,−k,m〉 are denoted by |Jk̄m〉. The first set is

provided by the diagonalization of the matrix representation (18). The second set was obtained by means of (25).

J IRREP eigenvalue name eigenvector

(Γ, γ) ζ

5 (F1, A2) -14 1ψ
(5:F1)
A2

|50m〉

(F1, A2) -14 2ψ
(5:F1)
A2

1√
2
{|54m〉 + |54̄m〉}

(F1, B1) -8 1ψ
(5:F1)
B1

√

7
29

{−i|55m〉 − i
√

15
14

|51m〉 +
√

15
14

|51̄m〉+ |55̄m〉}

(F1, B1) -8 2ψ
(5:F1)
B1

√

7
17

{i|53m〉 −
√

3
14

|51m〉 − i
√

3
14

|51̄m〉 + |53̄m〉}

(F1, B2) 4 1ψ
(5:F1)
B2

√

7
29

{i|55m〉 + i
√

15
14

|51m〉 +
√

15
14

|51̄m〉 + |55̄m〉}

(F1, B2) 4 2ψ
(5:F1)
B2

√

7
17

{−i|53m〉 −
√

3
14

|51m〉 + i
√

3
14

|51̄m〉+ |53̄m〉}

5 (F1, A2) -14 1ζ
(5:F1)
A2

|50m〉

(F1, B1) -8 1ζ
(5:F1)
B1

3
√

7
16

{−i|55m〉 +
√

5
3
|53m〉 − i

√

10
21

|51m〉+
√

10
21

|51̄m〉 − i
√

5
3
|53̄m〉 + |55̄m〉}

(F1, B2) 4 1ζ
(5:F1)
B2

3
√

7
16

{ i|55m〉 +
√

5
3
|53m〉+ i

√

10
21

|51m〉+
√

10
21

|51̄m〉 + i
√

5
3
|53̄m〉 + |55̄m〉}

5 (F1, A2) -14 2ζ
(5:F1)
A2

1√
2
{|54m〉 + |54̄m〉}

(F1, B1) -8 2ζ
(5:F1)
B1

√
5

16
{−i|55m〉 − 9√

5
|53m〉 − i

√

42
5
|51m〉 +

√

42
5
|51̄m〉+ i 9√

5
|53̄m〉 + |55̄m〉}

(F1, B2) 4 2ζ
(5:F1)
B2

√
5

16
{ i|55m〉 − 9√

5
|53m〉 + i

√

42
5
|51m〉 +

√

42
5
|51̄m〉 − i 9√

5
|53̄m〉 + |55̄m〉}
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Table 7. Eigenvectors provided by the diagonalization of the operator CII in the rovibrational subspace (44) using

the result (49). Only the reduction corresponding to the three-dimensional subspace (F1, A2) is presented. In the lower

part of the table, the functions |ν0;ν1ν2ν3ν4ζ1m1
F1,A2

〉 obtained diagonalizing the number operators in the basis |iΨ1m1
F1,A2

〉

can be found. The eigenvector|1;0000ζ1m1
F1,A2

〉 is clearly identified as a spurious state.

|1Ψ1m1
F1,A2

〉 |2Ψ1m1
F1,A2

〉 |3Ψ1m1
F1,A2

〉 basis

0.2631 + 0.0571i −0.0978 − 0.0320i −0.2020 − 0.0328i |11m〉 ⊗ |5〉

0.0571 − 0.2631i −0.0320 + 0.0978i −0.0328 + 0.2020i |11m〉 ⊗ |6〉

0 0 0 |11m〉 ⊗ |7〉

−0.0571 + 0.2631i 0.0320 − 0.0978i 0.0328− 0.2020i |11m〉 ⊗ |8〉

−0.2631− 0.0571i 0.0978 + 0.0320i 0.2020 + 0.0328i |11m〉 ⊗ |9〉

0 0 0 |11m〉 ⊗ |10〉

0.1265 + 0.1848i −0.1609 − 0.1345i 0.2694 + 0.2884i |10m〉 ⊗ |5〉

0.1265 + 0.1848i −0.1609 − 0.1345i 0.2694 + 0.2884i |10m〉 ⊗ |6〉

0.3306 − 0.0174i 0.6033 − 0.0742i 0.1391 + 0.0381i |10m〉 ⊗ |7〉

0.1265 + 0.1848i −0.1609 − 0.1345i 0.2694 + 0.2884i |10m〉 ⊗ |8〉

0.1265 + 0.1848i −0.1609 − 0.1345i 0.2694 + 0.2884i |10m〉 ⊗ |9〉

0.3306 − 0.0174i 0.6033 − 0.0742i 0.1391 + 0.0381i |10m〉 ⊗ |10〉

−0.2631− 0.0571i 0.0978 + 0.0320i 0.2020 + 0.0328i |11̄m〉 ⊗ |5〉

0.0571 − 0.2631i −0.0320 + 0.0978i −0.0328 + 0.2020i |11̄m〉 ⊗ |6〉

0 0 0 |11̄m〉 ⊗ |7〉

−0.0571 + 0.2631i 0.0320 − 0.0978i 0.0328− 0.2020i |11̄m〉 ⊗ |8〉

0.2631 + 0.0571i −0.0978 − 0.0320i −0.2020 − 0.0328i |11̄m〉 ⊗ |9〉

0 0 0 |11̄m〉 ⊗ |10〉

|1;0000ζ1m1
F1,A2

〉 0.5462 + 0.1072i −0.0181 + 0.3620i 0.7474

|0;0100ζ1m1
F1,A2

〉 −0.0982 + 0.3168i 0.4694 + 0.7505i −0.3258

|0;0001ζ1m1
F1,A2

〉 0.7605 − 0.0399i −0.2877 + 0.0450i −0.5789
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Figure Captions

Figure 1. Coordinate system chosen and location of the symmetry elements to

describe the methane molecule.
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