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Employing a unified Dyson-Schwinger/Bethe-Salpeter equations approach, we calculate the strong
decay couplings D�Dπ and B�Bπ within the so-called impulse-approximation in the moving frame. The
B�Bπ estimation is reported for the first time based on a Poincaré invariant computation of the associated
Bethe-Salpeter amplitudes. Our predictions yield gD�Dπ ¼ 16.22þ0.03

−0.01 and gB�Bπ ¼ 40.09þ1.51
−1.37 , along with

corresponding static strong couplings of ĝD ¼ 0.55þ<0.01
−<0.01 , ĝB ¼ 0.50þ0.02

−0.02 , which are consistent with recent
experimental and lattice data.
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I. INTRODUCTION

The study of the static and dynamical properties of the
bound states emerging from the strong interactions
described by quantum chromodynamics (QCD), namely
hadrons, is undoubtedly a fundamental topic in modern
physics. Among these properties, the strong couplings of
heavy-light pseudoscalar and vector mesons with the pion
turn out to be essential hadronic parameters for heavy
flavor physics [1]. The D�Dπ coupling (gD�Dπ) can be
extracted from the total width of the D� meson by
combining the branching fractions of theD� → Dπ decays.
On the contrary, the analogous B�Bπ case cannot be
directly measured due to an insufficiency of phase space
for the B� → Bπ decay to occur. [2] Its determination still
remains important [3,4]. For instance, it approaches more
closely to the heavy-quark limit than D�Dπ, enabling a
more precise identification of the so-called static strong
coupling ĝ that characterizes the interaction of heavy-light
mesons with the pion. The latter is vital within the context
of heavy meson chiral perturbation theory [2,5–7].
In the past few decades, the determination of the gH�Hπ

couplings has attracted growing attention and various
methods have been applied, for example, lattice QCD
(lQCD) [2,8–12], heavy quark effective theory (HQET)
[13], QCD sum rules (SR) [3,4,14,15], and the combined
Dyson-Schwinger and Bethe-Salpeter equations framework

(DSEs/BSEs) [16–19]. From the diverse set of approaches,
the latter stands out for its capability to provide a non-
perturbative and Poincaré-covariant framework, capable of
simultaneously capturing essential traits of QCD, such as
confinement and dynamical chiral symmetry breaking.
Consequently, it has been exploited for over 30 years to
scrutinize the different vacuum and in-medium facets of
QCD as well as several hadron properties (see, e.g.,
Refs. [16–46]).
The investigation of strong decays of light vector

mesons, based upon a DSEs/BSEs treatment that yields
Poincaré invariant Bethe-Salpeter amplitudes (BSAs), can
be traced back to Ref. [16], where the ρ → ππ, ϕ → KK
and K� → Kπ decays were computed for the very first time
within this approach. Results concerning the ρππ case were
reanalyzed afterward in Ref. [17]. Concurrent investiga-
tions that included D� and B� mesons were carried out in
[18]. These would constitute the latest explorations on
the B� meson case under the DSEs/BSEs framework.
Nonetheless, Ref. [18] utilizes a one-covariant model for
the corresponding BSAs, which, while illustrative, com-
promises Poincaré invariance by truncating the structure of
such [21,22]. An updated account of these results, which
leaves out the B� mesons, is provided in [19]. Therein, a
complete Dirac structure for the BSAs is considered, along
with a truncation scheme similar in essence to the well-
known rainbow-ladder (RL) approximation, which features
a modified effective interaction to better capture the
significant flavor asymmetry observed in heavy-light mes-
ons [30,32,36]. While the gD�Dπ estimation obtained in [19]
aligns well with experimental expectations [47], such
examination reveals some technical complexities in
addressing heavy-light systems.
Recently, significant progress has been made in studying

the properties and dynamics of heavy-light mesons using
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Poincaré-invariant BSAs. This research encompasses vari-
ous areas, including mass spectra, decay processes, dis-
tribution amplitudes, electromagnetic form factors, and
generalized parton distributions [19,29,30,32,36,42–46].
Building upon our previous work on the electromagnetic
form factors of heavy-light mesons, [42], in the present
work we extend the investigation to include D�Dπ and
B�Bπ couplings. In our analysis, the BSAs are solved
directly based upon a moving frame formulation of the
corresponding BSEs, [48], thus eliminating the fitting/
extrapolation errors of the BSAs that appeared in previous
similar studies in the evaluation of the triangle diagram.
Notably, a prediction for the B�Bπ coupling is reported for
the first time based on the Poincaré invariant determination
of the BSAs. Our results are consistent with recent
experimental extractions and available lattice data.
This manuscript is organized as follows: In Sec. II, we

introduce the essential components for the computation of
strong decays within the DSEs/BSEs framework. The
obtained numerical results for the D�Dπ and B�Bπ cou-
plings are presented in Sec. III. We also examine how
contributions from the various Dirac structures character-
izing the BSAs impact the overall results. Finally, a brief
summary is provided in Sec. IV.

II. THE STRONG COUPLING WITHIN
DSES/BSES FRAMEWORK

A. The strong decays and the impulse approximation

The strong H�Hπ coupling, with H ¼ D, B, can be
defined by the on-shell matrix element [3,18]

hHðPHÞπðPπÞjH�ðPH� ; λÞi ¼ gH�Hπϵ
λ · Pπ; ð1Þ

where ϵλμ is the polarization vector of theH� meson, and Pπ ,
PH, PH� are the four-momenta of the pion, pseudoscalar
meson, and vector meson, respectively. We work in
Euclidean space and these four-momenta satisfy the fol-
lowing on-shell conditions,

P2
π ¼ −M2

π; P2
H ¼ −M2

H; P2
H� ¼ −M2

H� : ð2Þ

Within the widely used impulse approximation, the strong
decay processes under examination can be evaluated from a
triangle diagram that turns out to be fully characterized by
the dressed quark propagators (S) and bound-state BSAs
(ΓH) as follows:

Λ̃μ ¼ NcTr
Z

Λ d4k̃
ð2πÞ4 S

f̄ðkpÞΓðoutÞ
H ðkp; kþÞSgðkþÞ

× ΓðinÞ
μ;H� ðkþ; k−ÞSgðk−ÞΓðoutÞ

π ðk−; kpÞ; ð3Þ

with ϵλ · Λ̃ ¼ gH�Hπϵ
λ · Pπ . Here Tr stands for a trace over

Dirac indices, Nc ¼ 3, and Λ represents a regularization

scale. In Fig. 1, a more intuitive pictorial representation of
the above mathematical expression is shown. The compu-
tation of the components entering Eq. (3) within the present
DSEs/BSEs framework shall be detailed afterwards.
What remains now is to define the kinematics to be

adopted in Eq. (3). For the momenta of quarks and mesons,
we further define

Pπ ¼ −P̃þ ð1 − αÞQ̃; PH ¼ P̃þ αQ̃; PH� ¼ Q̃;

ð4aÞ

kþ ¼ k̃þ αQ̃; k− ¼ k̃ − ð1 − αÞQ̃; kp ¼ k̃ − P̃;

ð4bÞ

where α is a momentum partitioning parameter associated
to the H� meson, k̃ represents the integral momentum, and

Q̃ ¼ ð0; 0; 0; 1ÞQ̃s; P̃ ¼
�
0; 0;

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − z2

p
; z
�
P̃s; ð5aÞ

with

FIG. 1. Upper panel: D� → Dπ; lower panel: B� → Bπ. The
solid lines represent the dressed-quark propagator, the shaded
circles denote the meson’s BSAs, and the black arrows indicate
the direction of momentum. We work in the SU(2) isospin limit,
hence u ¼ d quark.
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Q̃s ¼ iMH� ; ð5bÞ

P̃s ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

H − αðð1 − αÞM2
H� −M2

π þM2
HÞ

q
; ð5cÞ

z ¼ ð1 − 2αÞM2
H� −M2

π þM2
H

2MH�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

H − αðð1 − αÞM2
H� −M2

π þM2
HÞ

p : ð5dÞ

In our notation/coordinate convention, i.e., Eqs. (4) and
(5), Q̃ is the total momentum of the system

Q̃ ¼ PH� ¼ PH þ Pπ: ð6Þ

Furthermore, if we consider the ρ → ππ process and set
α ¼ 1=2, P̃ reduces to the relative momentum between the
outgoing pions,

P̃jρππ;α¼1=2 ¼ ð0; 0; κ; 0Þ; κ2 ¼ M2
ρ

4
−M2

π; ð7Þ

which is consistent with the formulation employed in
previous similar studies of gρππ [16,17].
Wenowproceed to discuss the evaluation ofEq. (3). In this

work, we employ the brute-force/moving-frame approach
[31,39,40,42,48], in which the BSEs are solved in the frame
where the externalmomenta of the quark legs are fixed by the
triangle diagram, and the resulting BSAs, after normaliza-
tion, are directly used as input in Eq. (3). A complete
introduction to this method is provided in Ref. [48].
Therefore, tuning α in Eq. (3) induces corresponding

changes to the external momenta of the quark legs in the
associated BSEs [see Eq. (17) for details]. This procedure
allows one to circumvent the singularities of the quark
propagator in the complex momentum plane. This treat-
ment is particularly important forD�Dπ and B�Bπ, where α
is constrained to a narrow finite range that excludes 1=2.
Accordingly, α ≠ 1=2 is used in the entire calculation of the
D�Dπ and B�Bπ processes in this work. A detailed
discussion will be presented in the next subsection.
In principle, due to Poincaré invariance, observable

quantities should not depend on α, as long as it is kept
consistent throughout the entire calculation. As we will
demonstrate, within the adjustable range of α, the value of
gH�Hπ is indeed independent of the choice of α.

B. Quark propagators from DSEs

On general grounds, the dressed-quark propagators
entering Eq. (3) are expressed in terms of two Dirac
structures as

S−1ðkÞ ¼ iγ · pAðk2Þ þ Bðk2Þ; ð8Þ

where Aðk2Þ and Bðk2Þ are scalar functions to be deter-
mined. The quark propagator satisfies the following gap
equation:

S−1ðkÞ ¼ Z2iγ · kþ Z4m

þ Z1

Z
Λ d4q
ð2πÞ4 g

2DμνðlÞ
λa

2
γμSðqÞ

λa

2
Γνðk; qÞ;

ð9Þ

where l ¼ k − q, m is current-quark mass, and Z1;2;4 are
the renormalization constants. In this work we employ
a mass-independent momentum-subtraction renormalization
scheme,1 setting the renormalization scale at ζ ¼ 19 GeV.2 In
conjunctionwithdressedquark-gluonvertexΓνðk; qÞ → Z2γν
[55], which characterizes the RL truncation, wewill adopt the
following form for the gluon propagator:

Z1g2DμνðlÞΓνðk; qÞ ¼ Z2
2Gðl2ÞPT

μνðlÞγν ¼ Deffγν; ð10Þ

where PT
μνðlÞ ¼ δμν − lμlν=l2 is the standard transverse

projection operator, and an AbelianWard identity is enforced,
which leads to Z1 ¼ Z2, which at one loop corresponds to
neglecting the contribution of the three-gluon vertex to
Γνðk; qÞ [19,22,53]. For the effective interaction, we employ
the well-known Qin-Chang model [24,25],

Gðl2Þ
l2

¼ GIRðl2Þ þ 8π2γmF ðl2Þ
ln½τ þ ð1þ l2=Λ2

QCDÞ2�
; ð11aÞ

GIRðl2Þ ¼ D
8π2

ω4
e−l

2=ω2

: ð11bÞ

The pieces entering the ultraviolet-dominating contri-
bution are defined as follows: F ðl2Þ¼f1−exp½ð−l2=
ð4m2

t Þ�g=l2, mt¼0.5GeV, τ ¼ e2 − 1, ΛQCD¼0.234GeV,
γm ¼ 12=25 [35]. For the infrared component, in line with
Refs. [42,43] we choose ðDωÞu=d¼ð0.82GeVÞ3, ðDωÞc¼
ð0.66GeVÞ3, ðDωÞb¼ð0.48GeVÞ3, with ωu=d ¼ 0.5 GeV,
ωc;b ¼ 0.8 GeV. More details concerning Eqs. (9)–(11) are
found through Refs. [20,22–24,56].
It is worth stressing that, in solving the bound-state

problem, Eq. (9) usually needs to be evaluated in the
complex plane to ensure the relative momentum l in the

1The mass-independent momentum subtraction renormaliza-
tion is a variant of the widely used momentum subtraction
scheme. Detailed discussions and applications of the latter in
DSEs are available in Refs. [22,49]. The key difference between
the two schemes lies in whether renormalization is performed in
the chiral limit to fix the renormalization constants [50–52].

2The use of 19 GeV as the renormalization scale can be traced
back to Refs. [22,23], where it was chosen as it is large enough to
be in the perturbative domain, allowing the one-loop asymptotic
behavior of the quark propagator to be used as a check. Since
then, this value has been widely adopted in DSE-based studies
[25,53,54]. In line with our previous work [35,42] and earlier
investigations of strong decays within the DSEs/BSEs framework
[16], we likewise adopt 19 GeV as the renormalization scale in
this study.
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interaction model is real, [57,58]. Notably, k2 is constrained
by a parabola (see Fig. 2, gray region)

Reðk2Þ ≥ −Θ2 þ Im2ðk2Þ
4Θ2

; ð12Þ

where ð−Θ2; 0Þ is the vertex of parabola. Once the quark
propagator on this region is determined, its values at any
interior point of the contour can be directly obtained using
the Cauchy integral theorem [59]. However, poles in the
complex plane compromise the applicability of this
technique: they cannot be enclosed by the integration
contour. For quarks of different flavors, the positions of
the singularities vary [60], so the maximum value adopted
by the vertex also differs. In this work, we obtain
Θu ¼ 0.56 GeV, Θc ¼ 1.63 GeV, Θb ¼ 4.8 GeV.
With the above in mind, note that the integral momentum

k̃ in Eq. (3) can be conveniently written as

k̃ ¼ ð0; sin ι sin θ; cos ι sin θ; cos θÞjk̃j; ð13Þ

and, accordingly,

Reðk2þÞ ¼ −α2M2
H� þ Im2ðk2þÞ sec2 θ

4M2
H�α2

; θ∈ ½0; π�;

ð14aÞ

Reðk2−Þ ¼ −ð1 − αÞ2M2
H� þ Im2ðk2−Þ sec2 θ

4M2
H� ð1 − αÞ2 ; θ∈ ½0; π�:

ð14bÞ

The resemblance between Eqs. (12) and (14) is readily
noticeable; in the latter case, this corresponds to making the

association with the rest frame of the H� meson. Although
the physical observables do not depend on α, in the actual
calculation, the selection of α should ensure that k2þ and k2−
remain within a computable region

α2M2
H� < Θ2; ð1 − αÞ2M2

H� < Θ2; ð15Þ

such that

1 − Θḡ=MH� < α < Θf=MH� : ð16Þ

Consequently, the optimal value of α can be defined as
Θf=ðΘf þ ΘḡÞ, which corresponds to the maximum com-
putable mass Θf þ Θḡ in the calculation of meson mass
spectra [58]. In this work, the obtained optimal α are
0.744 and 0.896 for the D� and B� mesons, respectively.
The central value of our prediction for gH�Hπ is determined
at this optimal α, while its uncertainty arises from variations
of α within the range specified in Eq. (16).
As for k2p concerns, under the current notation, it cannot

be expressed in a simple form similar to Eq. (14).
Nevertheless, numerical results show that k2p remains
within the computable region in the calculations of
D� → Dπ and B� → Bπ. Figure 2 displays the specific
values required for k2−, k2þ, and k2p when their real parts are
negative, given the optimal choice of α.

C. Mesons’ BSAs from BSEs

The next components entering Eq. (3) are the BSAs of
the corresponding mesons. In the brute-force/moving-
frame approach, one needs to solve the BSEs as shown
below [48]:

FIG. 2. Required evaluation domain for the quark propagator. The colored points indicate the actual required values of k2−, k2þ, and k2p
in Eq. (3) under the optimal α; only those with negative real parts are shown. The gray area represents the region that is computable.
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Γfḡ
μ;H� ðkþ; k−Þ ¼

Z
Λ d4q
ð2πÞ4K

fḡðq; k̃;PH� ÞSfðqþÞ

× Γfḡ
μ;H� ðqþ; q−ÞSgðq−Þ; ð17aÞ

Γfḡ
H ðkp; kþÞ ¼

Z
Λ d4q
ð2πÞ4K

fḡðq; k̃;PHÞSfðqpÞ

× Γfḡ
H ðqp; qþÞSgðqþÞ; ð17bÞ

Γfḡ
π ðk−; kpÞ ¼

Z
Λ d4q
ð2πÞ4K

fḡðq; k̃;PπÞSfðq−Þ

× Γfḡ
π ðq−; qpÞSgðqpÞ; ð17cÞ

with f and g labeling the quark and antiquark flavors, and
Kfḡ being the two-body interaction kernel. This shall be
discussed afterward. In Eq. (17), the external momenta of
the quark legs, kþ, k−, and kp, are exactly the same as those
in Eq. (3), and qþ ¼ qþ αQ̃; q− ¼ q − ð1 − αÞQ̃; qp ¼
q − P̃, where q is the integration momentum.3 Accordingly,
after normalization, the resulting Γμ;H� ðkþ;k−Þ, ΓHðkp; kþÞ,
and Γπðk−; kpÞ are directly used as input in Eq. (3). Further
details on this point, such as the alignment of the integration
grid, are presented in the Appendix of Ref. [48].
Having specified the kinematics, let us now discuss the

tensor structure of the BSAs. These have a general
decomposition in terms of Dirac covariants as follows:

Γðkout; kinÞ ¼
XN
i¼1

τiðk; PÞFiðk; PÞ; ð18Þ

where kout and kin denote the external momenta of the quark
legs, P is the total momentum, and k is related to the
relative momentum of the quark [48]. The τiðk; PÞ are the
basis tensors, and Fiðk; PÞ are the associated scalar
functions. For the pseudoscalar mesons we choose [25],

τ10− ¼ iγ5; τ30− ¼ γ5γ · kk · P; ð19aÞ

τ20− ¼ γ5γ · P; τ40− ¼ γ5σμνkμPν; ð19bÞ

and, for their vector meson counterparts,

τ11− ¼ iγTμ ; ð19cÞ

τ21− ¼ i½3kTμ γ · kT − γTμkT · kT �; ð19dÞ

τ31− ¼ ikTμk · Pγ · P; ð19eÞ

τ41− ¼ i½γTμ γ · Pγ · kT þ kTμ γ · P�; ð19fÞ

τ51− ¼ kTμ ; ð19gÞ

τ61− ¼ k · P½γTμ γT · k − γ · kTγTμ �; ð19hÞ

τ71− ¼ ðkTÞ2ðγTμ γ · P − γ · PγTμ Þ − 2kTμ γ · kTγ · P; ð19iÞ

τ81− ¼ kTμ γ · kTγ · P; ð19jÞ

with VT
μ ¼ Vμ − PμðV · PÞ=P2. Note that if the complete

structure of the BSAs is not retained, the Poincaré invari-
ance, a feature of the direct application of DSEs/BSEs to
the calculation of hadron properties, would be compro-
mised [18,22].
The final piece completing the BSE, Eq. (17), is the two-

body interaction kernel Kfḡ. In the standard RL approxi-
mation with a single-flavor gluon model, the interaction
kernel is given by [35],

Kfḡðq; k̃;PÞ ¼ D̃fḡ
eff

λa

2
γμ ⊗

λa

2
γν; D̃fḡ

eff ¼ Df
eff ; ð20Þ

where Df
eff , defined in Eq. (10), describes the strength of

interaction and decreases as the mass of quark increases
because the quark dressing effects become suppressed
[29,61,62]. In combination with the one-body kernel
described in the previous section, Eq. (20) guarantees
the axial-vector Ward-Takahashi identity (AV-WTI) is
fulfilled, which ensures a massless pion in the chiral limit
[63]. From a numerical perspective, the degree of preser-
vation can be further tested by assessing the commensur-
ateness between the expected and obtained results for the
generalized Gell-Mann-Oakes-Renner relation [30,58],

f0−M0− ¼ ðmf þmgÞρ0− : ð21Þ

Clearly, in the above expression, M0− corresponds to the
pseudoscalar meson’s mass, while the quantity ρ0− is
defined as follows

ρ0− ¼ Z4NcTr
Z

Λ d4q
ð2πÞ4 γ5S

fðqoutÞΓfḡ
0−ðqout; qinÞSḡðqinÞ;

ð22Þ

and f0− denotes the pseudoscalar meson leptonic decay
constant. Having properly normalized the BSAs [25], the
decay constants related to the pseudoscalar and the vector
can be obtained from the following expressions:

3Since the same α (with α ≠ 1=2) is consistently employed
throughout this work, the relative momenta between the quark
and the antiquark, namely ðkþ þ k−Þ=2, ðkp þ kþÞ=2, and
ðk− þ kpÞ=2, are complex in both the triangle diagram and the
BSE. In contrast, the momenta in the gluon model within the BSE
kernel, i.e., kþ − qþ, kp − qp, and k− − q−, all reduce to k̃ − q
and are therefore real [48].
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f0−Pμ ¼ Z2NcTr
Z

Λ d4q
ð2πÞ4 γ5γμS

fðqoutÞ

× Γfg
0−ðqout; qinÞSgðqinÞ; ð23aÞ

f1−M1− ¼ Z2NcTr
Z

Λ d4q
ð2πÞ4 γμS

fðqoutÞ

× Γμ;fg
1− ðqout; qinÞSgðqinÞ: ð23bÞ

Over the past 30 years, Eq. (20) has been widely used in
flavor symmetric/slightly asymmetric systems such as ud̄,
us̄, cc̄ (e.g., [24,64]). However, for heavy-light systems, it
is difficult to be applied because of the insufficiency of
Eq. (20) to properly capture the marked flavor asymmetry.
A proven and rapidly developing approach involves
using modified RL schemes that adjust the BSE’s effective
interaction to account for flavor asymmetry. This has
allowed investigation of several aspects of heavy-light
systems, ranging from mass spectra and decay constants,
to electromagnetic form factors and many other quantities
defined on the light front [19,29,30,32,36,42,43]. In this
work, we adopt the so-called weight-RL approximation,
which arithmetically averages the strength of interaction for
different flavors as follows [29,42,43]:

D̃fḡ
eff ¼ ηDf

eff þ ð1 − ηÞDḡ
eff : ð24Þ

Here η acts as a weighting factor, controlling the relative
strength between the flavor-separated kernels. In the case of
flavor-symmetric mesons, Eq. (24) reduces to Eq. (20),
hence maintaining the masslessness of the pion in the chiral
limit and its Goldstone boson nature. For flavor-asymmet-
ric systems, the effect of weight factor has been discussed
in Ref. [29], in which case it arises naturally from
considering certain limits of a more elaborate truncation.
In this case, η is directly determined from the mass of the
pseudoscalar. This enables us to preserve the simplicities of
the RL truncation but better capture the properties of the
heavy-light mesons [42,43]. After the proper determination

of the weighting factor η, the leptonic decay constant of the
D, B mesons, as well as the mass and leptonic decay
constant of the vector counterparts D�; B�, emerge as
genuine predictions. As can be seen from Table I, the
resulting values are notably on par with experiment and
other phenomenological determinations. Furthermore, an
assessment through Eq. (21), indicates a degree of AV-WTI
preservation at the level of ∼97%.
It is worth noting that, under a strict heavy-light kernel,

once the flavor dependence of interaction is determined in
the gap equation, fitting for heavy-light mesons is not
required. Therefore, the introduction of the weighting
factor in this kernel ansatz should be considered as a cost
of calculating heavy-light mesons in the RL-like frame-
work, to remedy the effects of flavor asymmetry in BSEs.
The theoretical exploration for flavor dependence within
strict beyond-RL kernels is still ongoing and remains
highly challenging [19,30,58,69–71].

III. NUMERICAL RESULTS AND DISCUSSION

With all the above in hand, the strong coupling can be
directly calculated based on Eq. (3). Due to Poincaré
invariance, gH�H is in principle independent of the choice
of α defined in Eq. (4). However, as previously noted,
in numerical computations, the value of α must be
strictly constrained by Eq. (16) due to the quark propa-
gator’s domain of computability, which is influenced by its
singularities in the complex plane. Consequently, by
varying α, we can assess the associated error as an indicator
of the preservation of Poincaré invariance in our numerical
calculation.
In Fig. 3, we present the numerical error resulting from

variations in the momentum partitioning parameter of a
vector meson, i.e, α. As the number of Gaussian quadrature
points in the numerical integration increases, the obtained
results become more precise. However, when compared to
the rest frame, the memory requirements for solving the
BSEs in a moving frame typically increase by two orders
of magnitude, reaching the terabyte (∼TB). While some

TABLE I. Produced masses and leptonic decay constants. It is worth noting that, in the coordinate convention of this work, the
calculation of BSEs for vector mesons differs from the commonly used rest frame approach only in numerical details, and the results still
correspond to the rest frame. Here we work in the isospin-symmetric limit mu ¼ md. For comparison, we collect both experimental
values (Expt.) and lQCD’s results [47,65–68].

Mass (GeV) Leptonic decay constant (GeV)

Meson Expt. lQCD Rest frame Moving frame Expt. lQCD Rest frame Moving frame

π 0.138(1) � � � 0.135 0.135 0.092(1) 0.093(1) 0.095 0.095
D 1.868(1) 1.868(3) 1.868a 1.868 0.144(4) 0.150(4) 0.140 0.140
D� 2.009(1) 2.013(14) 2.017 � � � � � � 0.158(6) 0.160 � � �
B 5.279(1) 5.283(8) 5.279a 5.279 0.133(18) 0.134(1) 0.123 0.123
B� 5.325(1) 5.321(8) 5.334 � � � � � � 0.131(5) 0.126 � � �

aCurrent quark masses are set as mξ¼19 GeV
u;c;b ¼ 0.0033 GeV, 0.854 GeV, 3.682 GeV [42] and the script a denotes the fitting values

from weight factor [see Eq. (24)].
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relevant optimizations can be applied (see Appendix), the
number of Gaussian integration points is still limited. So,
after balancing our computational resources and precision,
we report the final result as

gD�Dπ ¼ 16.22þ0.03
−0.01 ; gB�Bπ ¼ 40.09þ1.51

−1.37 : ð25Þ

It is well established that the vector mesons BSAs
are composed of eight independent Dirac structures [see
Eq. (19)], among which τ11− is usually considered the
dominant term. Due to the relatively large number of

Dirac covariants, it is worth analyzing the effects of
including or neglecting different basis terms. For this
purpose, Table II provides a breakdown of the contributions
from different vector BSAs to gH�Hπ , while a complemen-
tary visual representation of such is shown in Fig. 4.
To further analyze this dissection, let us define fNH� ; NHg

as the number of Dirac structures in the vector and pseudo-
scalar meson BSAs, respectively, considered when evaluat-
ing gH�Hπ . Specifically, NH�;H ¼ 1 would correspond to
retaining only the leading BSA whereas NH�;H ¼ 8, 4
indicates the consideration of the complete basis. Our
numerical results indicate that, when restricting the vector
mesonBSA to its dominant component, the resulting error in
gD�Dπ is approximately 2.5%, while for gB�Bπ, it increases up
to 8.7%. Both are rather close to the complete results for
fNH� ¼ 8; NH ¼ 4g, as the contributions from the other
terms tend to cancel out each other. This suggests that
fNH� ¼ 1; NH ¼ 4g provides a fairly good approximation,
and the subdominant amplitudes of vector meson make only
a minor correction, which is consistent with previous
explorations concerning the ρππ process [72].
This being the case, one can focus on retaining only the

dominant BSA in the vector meson and thus analyze the
contributions of the different pseudoscalar meson BSAs. In
contrast to the H� case, the contributions of the first two
basis elements of the H meson BSA are both significant,
and, in fact, the τ20− component [see Eq. (19)] provides a
non-negligible negative correction. Hence, the result for
fNH� ¼ 1; NH ¼ 1g is approximately twice the complete
result. This is not surprising, as the subdominant amplitude
τ20− often plays an important role in accurately character-
izing the properties of the pseudoscalar (for instance, in
determining the asymptotic behavior of its electromagnetic
form factors),[73]. Although employing a different effec-
tive interaction kernel, a similar conclusion for D�Dπ was
reported in Ref. [19], hence supporting our interpretation.
In Table III, we present our complete results of gH�Hπ

alongside predictions from other theoretical frameworks.
Additionally, the value of gD�Dπ extracted from experimen-
tal data is also listed. The particle data group (PDG) reports
the total width of D�� to be,

FIG. 3. This figure illustrates that the uncertainty in gH�Hπ ,
which arises from the variation of α within its allowed range [see
Eq. (16)], progressively decreases as the accuracy of numerical
integration improves. Here Nk is the number of radial points of
Gaussian numerical integration.

TABLE II. Contributions of different basis elements [see, Eq. (19)] to the computed coupling constants. An associated pictorial
representation is shown in Fig. 4.

gD�Dπ gB�Bπ

τ1D� ; τ1D 29.94þ0.05
−0.01 τ1D� ; τ3D −0.51þ0.01

−0.40 τ1B� ; τ1B 90.21þ3.33
−2.99 τ1B� ; τ3B −0.50þ0.03

−0.19
τ1D� ; τ2D −12.66þ0.11

−0.40 τ1D� ; τ4D −0.15þ<0.01
−<0.01 τ1B� ; τ2B −45.30þ1.70

−1.72 τ1B� ; τ4B −0.84þ0.02
−0.02

τ1D� 16.63þ0.03
−0.01 τ5D� −2.55þ<0.01

−<0.01 τ1B� 43.57þ1.63
−1.47 τ5B� −10.82þ0.37

−0.40
τ2D� 0.19þ<0.01

−<0.01 τ6D� −0.13þ<0.01
−<0.01 τ2B� 0.41þ0.02

−0.02 τ6B� −0.63þ0.03
−0.03

τ3D� 0.79þ<0.01
−<0.01 τ7D� 0.25þ<0.01

−<0.01 τ3B� 4.79þ0.18
−0.17 τ7B� 0.10þ<0.01

−<0.01
τ4D� 1.56þ<0.01

−<0.01 τ8D� −0.53þ0.01
−<0.01 τ4B� 4.52þ0.18

−0.17 τ8B� −1.87þ0.07
−0.06

16.22þ0.03
−0.01 40.09þ1.51

−1.37
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ΓtotðD��Þ ¼ 83.4� 1.8 keV; ð26Þ

based on BABAR (83.3� 1.2� 1.4 keV) and CLEO
(96� 4� 22 keV) determinations. According to the pre-
cisely measured branching fraction, BRðD�þ → D0πþÞ ¼
67.7� 0.5%, one has

ΓPDGðD�þ → D0πþÞ ¼ 56.5� 1.3 keV; ð27Þ

with BABAR ð56.4� 1.0Þ keV and CLEO (65� 15Þ keV.
Correspondingly, gD�Dπ can be extracted via the
formula [3,4],

ΓðD�þ → D0πþÞ ¼ g2D�Dπ

24πM2
D�

k3; ð28Þ

where

k2 ¼ ðM2
D�þ − ðMDþ þMπþÞ2Þ

× ðM2
D�þ − ðMDþ −MπþÞ2Þ=4M2

D�þ ð29Þ

¼ ð39.33� 0.24Þ2 MeV2; ð30Þ

hence arriving at

gPDGD�Dπ ¼ 16.82� 0.25; ð31Þ

whereas one has BABAR (16.81� 0.2) and CLEO
(18.0� 2.1).
The B�Bπ coupling cannot be measured directly, as the

decay B� → Bπ is kinematically forbidden. Nevertheless,
gB�Bπ remains of interest because it is closer to the heavy
quark limit than gD�Dπ . As mentioned in the introduction,
this makes it more suitable for accurately extracting the
static strong coupling ĝ. Following Refs. [13,17,19], we
define

ĝH ¼ gH�Hπ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MHMH�

p fπ; ð32Þ

TABLE III. This table collects our results, experimental values, and some determinations from other approaches.
The script ‡ denotes a calculation based on the formula provided in that paper. The experimental value of gD�Dπ is
derived from the Dþ → D0πþ data provided by PDG [4,47]. Notably, the error in our results presented here reflects
only numerical noise arising from the variation of αwithin its adjustable range. The DSEs/BSEs framework involves
multiple sources of uncertainty, and therefore the actual errors in our work are underestimated, especially forD�Dπ.

gD�Dπ ĝD gB�Bπ ĝB

This work 16.22þ0.03
−0.01 0.55þ<0.01

−<0.01 40.09þ1.51
−1.37 0.50þ0.02

−0.02
Experiment [47] 16.82� 0.25 � � � � � � � � �
Lattice(16) [2] � � � � � � 45.3� 6.0‡ 0.56� 0.07
Lattice(15) [8] � � � � � � � � � 0.492� 0.029
Lattice(13) [9] 16.23� 1.71 � � � � � � � � �
Lattice(13) [10] 15.8� 0.7 0.53� 0.03 � � � � � �
Lattice(12) [11,12] � � � � � � � � � 0.449� 0.051
DSE(23) [19] 17.24þ3.06

−2.30 0.58þ0.10
−0.08 � � � � � �

DSE(11) [18] 15.8þ2.1
−10 0.53þ0.07

−0.03 30.0þ3.2
−1.4 0.37þ0.04

−0.02
SR(21) [4] 14.1þ1.3

−1.2 � � � 30.0þ2.6
−2.4 0.30þ0.02

−0.02
SR(06) [14] 17.5� 1.5 � � � 44.7� 1.0 � � �
SR(01) [15] 14.0� 1.5 � � � 42.5� 2.6 � � �
HQET(14) [13] 16.8 ∓ 0.2 0.566−0.007þ0.008 43.9þ0.1

−0.2 0.540þ0.001
−0.002

FIG. 4. Contributions of different basis elements [see, Eq. (19)]
to the computed coupling constants. Further details and the exact
values displayed are provided in Table II.
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and obtain

ĝD ¼ 0.55þ<0.01
−<0.01 ; ĝB ¼ 0.50þ0.02

−0.02 : ð33Þ

In Table III, the result reported in Ref. [19], denoted as
DSE(23), is comparable to ours; therein, a DSEs/BSEs
scheme was employed as well, albeit with a different
effective heavy-light kernel. This comparison shows that
both are close to the experimental values. This agreement
is encouraging as the cross-comparison of different
effective heavy-light BSE kernels and resolution proce-
dures demonstrates the stability of the current computa-
tional framework.
In the case of gB�Bπ and ĝB, the reported values from

different models exhibit a larger discrepancy. This could
be due to the higher flavor asymmetry, which presents
theoretical challenges, as observed in the case of electro-
magnetic form factors [42]. Our result is slightly lower than
the central value of ĝB ¼ 0.56� 0.07 from the latest lattice
result [2], although it is still within the error bar. However,
due to the absence of experimental data, these predictions
still need to be further verified by different approaches.
It is important to note that in this work, we estimate

the uncertainty only by varying α within its adjustable
range. This error reflects the background noise inherent
in the numerical integration and serves as an indicator of
the preservation of Poincaré invariance in our calcula-
tions. We eliminate the fitting/extrapolation errors of the
BSAs that appeared in previous similar studies in the
evaluation of the triangle diagram; however, the DSEs/
BSEs framework involves multiple sources of uncertainty.
For instance, due to the constraints imposed by singu-
larities of the quark propagator in the complex plane,
we are unable to test the stability of the results over a
wider range of α. For the same reason, and in line with
Ref. [19], we refrain from including the uncertainties
associated with variations in the parameters of the gluon
model. Moreover, the use of the impulse approximation
and the effective interaction kernel can also introduce
systematic errors that are not readily quantifiable. As a
result, the uncertainties presented here certainly under-
estimate the true values, particularly in the case of the
D�Dπ process. Further work is required to achieve a
more precise determination of the strong decay coupling
constants in the DSEs/BSEs framework.

IV. SUMMARY

In this work, we calculate the strong decay couplings
D�Dπ and B�Bπ within a DSEs/BSEs based approach.
This relies on the impulse approximation, along with a
moving frame determination of the involved amplitudes.
Notably, the B�Bπ result is reported for the first time based
on a Poincaré invariant determination of the corresponding
meson BSAs.

For the D�Dπ coupling, we predict gD�Dπ ¼ 16.22þ0.03
−0.01

and an associated static strong coupling ĝD ¼ 0.55þ<0.01
−<0.01 ,

which differs from the coupling constant extracted from the
PDG experimental data by about 3.5%. Since the BSEs are
solved directly in the moving frame, errors due to fitting/
extrapolation can be eliminated. The error reported in this
work arises from the adjustment of α, which can be improved
with a more accurate numerical integration. Moreover, our
results are consistent with those obtained using a similar
framework but with a different effective heavy-light BSE
kernel. This cross-check demonstrates the stability of the
current computational framework. Besides, it should be
noted that the uncertainties here underestimate the full
systematic errors inherent in the DSEs/BSEs approach.
Concerning the B�Bπ case, we predict gB�Bπ ¼

40.09þ1.51
−1.37 and ĝB ¼ 0.50þ0.02

−0.02 , which are in good agree-
ment with the most recent lattice results. However, in the
absence of experimental data for validation, these predic-
tions should be further corroborated through the application
of alternative models or approaches.
Finally, we recall that our calculation exploits the

impulse approximation, which allows for expressing
the quantities of interest in terms of quark propagator
and meson BSAs. These are obtained under a RL-like
framework that employs an effective heavy-light kernel.
Therefore, further comparisons based on other possible
effective kernels are crucial. Moreover, the results should
be refined in the future by developing a more advanced
approach that goes beyond the RL kernel/impulse approxi-
mation. In any case, the scheme herein presented can be
straightforwardly applied to investigate other strong decay
processes. More broadly, we anticipate that it will be
valuable for investigating the static properties and dynam-
ics of QCD bound states.
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APPENDIX: DECOUPLING OF BSES AND
LOSSLESS KERNEL MATRIX COMPRESSION

As mentioned in Sec. III, compared to the rest frame, the
memory requirements for solving the BSEs in a moving
frame typically increase by two orders of magnitude (∼TB),
making related optimizations crucial. We thus rewrite
Eq. (17) as
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Γðk;PÞ ¼
Z

Λ d4q
ð2πÞ4 D̃

μν
effðk − qÞγμSðqþÞΓðq;PÞSðq−Þγν;

ðA1Þ

where the RL approximation has been applied, and

Γðk;PÞ ¼ Fiðk; PÞτiðk; PÞ: ðA2Þ

For convenience, we use the Einstein summation convention
in the appendix.Here τiðk; PÞ defines the basis elements [see,
Eq. (19)] and Fiðk; PÞ is the associated scalar functions.
Therefore Eq. (A1) can be expanded as

Fiðk; PÞτiðk; PÞ ¼
Z

Λ d4q
ð2πÞ4 D̃

μν
effðk − qÞγμSðqþÞ

× Fαðq; PÞταðq; PÞSðq−Þγν: ðA3Þ
Multiplying both sides of Eq. (A3) by each of the basis
elements, and taking the trace over the Dirac indices, yields
the following:

Trðτjðk; PÞτiðk; PÞÞFiðk; PÞ

¼
Z

Λ d4q
ð2πÞ4 D̃

μν
effðk − qÞ

× Trðτjðk; PÞγμSðqþÞταðq; PÞSðq−ÞγνÞFαðq; PÞ: ðA4Þ

To express it more concisely, we have,

P
ð1Þ
ji ðk; PÞFiðk; PÞ ¼

Z
Λ d4q
ð2πÞ4 M jαðk; q; PÞFαðq; PÞ;

ðA5Þ
where we define two matrices which do not have Dirac
structure,

P
ð1Þ
ji ðk; PÞ≡ Trðτjðk; PÞτiðk; PÞÞ; ðA6Þ

M
ð0Þ
jα ðk; q; PÞ≡ TrðD̃μν

effðk − qÞτjðk; PÞ
× γμSðqþÞταðq; PÞSðq−ÞγνÞ: ðA7Þ

Finally, Eq. (A1) is decoupled into

Fiðk; PÞ ¼
Z

Λ d4q
ð2πÞ4 M

ð1Þ
ij ðk; PÞM ð0Þ

jα ðk; q; PÞFαðq; PÞ;

ðA8Þ

where M ð1Þðk; PÞ is the inverse matrix of Pð1Þðk; PÞ.
After discretization using numerical integration, Eq. (A8)
turns into an eigenvalue equation, and the scalar function
Fðk; PÞ can be directly obtained. However, the matrix
M ð0Þðk; q; PÞ typically does not have nonzero matrix
elements. Therefore, it requires a substantial amount of

memory resources, particularly in the numerical computa-
tions of moving frame BSEs.
Note that when the basis is complete, the BS wave

function χðq; PÞ≡ SðqþÞΓðq;PÞSðq−Þ can be expanded in
the same basis

χðq; PÞ ¼ gαðq; PÞταðq; PÞ; ðA9Þ
with corresponding gαðq; PÞ scalar functions. These can be
written as

gσðq; PÞ ¼ δσαgαðq; PÞ ðA10Þ

¼ M
ð1Þ
σβ ðq; PÞPð1Þ

βα ðq; PÞgαðq; PÞ ðA11Þ

¼ M
ð1Þ
σβ ðq; PÞTrðτβðq; PÞgαðq; PÞταðq; PÞÞ

ðA12Þ

¼ M
ð1Þ
σβ ðq; PÞTrðτβðq; PÞχðq; PÞÞ; ðA13Þ

such that

χðq; PÞ ¼ gσðq; PÞτσðq; PÞ ðA14Þ

¼ M
ð1Þ
σβ ðq; PÞTrðτβðq; PÞχðq; PÞÞτσðq; PÞ

ðA15Þ

¼ M
ð1Þ
σβ ðq; PÞTrðτβðq; PÞSðqþÞΓðq;PÞ

× Sðq−ÞÞτσðq; PÞ ðA16Þ

¼ M
ð1Þ
σβ ðq; PÞTrðτβðq; PÞSðqþÞ

× Fαðq; PÞταðq; PÞSðq−ÞÞτσðq; PÞ ðA17Þ

¼ M
ð1Þ
σβ ðq; PÞTrðτβðq; PÞSðqþÞταðq; PÞSðq−ÞÞ

× Fαðq; PÞτσðq; PÞ ðA18Þ

¼ M
ð1Þ
σβ ðq; PÞM ð2Þ

βα ðq; PÞFαðq; PÞτσðq; PÞ;
ðA19Þ

where we have defined

M
ð2Þ
βα ðq; PÞ≡ Trðτβðq; PÞSðqþÞταðq; PÞSðq−ÞÞ: ðA20Þ

Therefore, Eq. (A1) can be cast as

Γðk;PÞ ¼
Z

Λ d4q
ð2πÞ4 D̃

μν
effðk − qÞγμχðq; PÞγν ðA21Þ

¼
Z

Λ d4q
ð2πÞ4 D̃

μν
effðk − qÞγμM ð1Þ

σβ ðq; PÞM ð2Þ
βα ðq; PÞ

× Fαðq; PÞτσðq; PÞγν: ðA22Þ
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Similar to Eqs. (A3)–(A8), the BSAs are expanded and then
decoupled, thus producing

Trðτjðk; PÞFiðk; PÞτiðk; PÞÞ

¼
Z

Λ d4q
ð2πÞ4 D̃

μν
effðk − qÞTrðτjðk; PÞγμτσðq; PÞγνÞ

×M
ð1Þ
σβ ðq; PÞM ð2Þ

βα ðq; PÞFαðq; PÞ: ðA23Þ

Subsequently, Eq. (A23) can be written more concisely as

Pjiðk; PÞFiðk; PÞ ¼
Z

Λ d4q
ð2πÞ4 M

ð3Þ
jσ ðk; q; PÞM ð1Þ

σβ ðq; PÞ

×M
ð2Þ
βα ðq; PÞFαðq; PÞ; ðA24Þ

where

M
ð3Þ
jσ ðk; q; PÞ≡ TrðD̃μν

effðk − qÞτjðk; PÞγμτσðq; PÞγνÞ:
ðA25Þ

Finally, Eq. (A1) is decoupled into

Fiðk; PÞ ¼
Z

Λ d4q
ð2πÞ4 M

ð1Þ
ij ðk; PÞM ð3Þ

jσ ðk; q; PÞM ð1Þ
σβ ðq; PÞ

×M
ð2Þ
βα ðq; PÞFαðq; PÞ: ðA26Þ

Compared to Eq. (A8), the decoupling method used in
Eq. (A26) results in a substantial number of zero-valued
matrix elements in the M ð3Þðk; q; PÞ, which allows for the
storage of only the nonzero elements, thereby saving
memory. In this work, memory usage for the 4 × 4
pseudoscalar case can be cut down to 6=16 ∼ 38%, while
for the 8 × 8 vector case, it is reduced to 20=64 ∼ 31%.
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