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Abstract: Using the normal form theory and the existence of an algebraic inverse integrating factor we
characterize the local analytic integrability of the systems whose quasi-homogeneous leading term is
(ay® + ayx3y, bx® + byx®y?). More specifically we prove that the analytic integrable vector fields inside such
family are orbitally equivalent to a semi-quasi-homogeneus system, that is, are not orbitally equivalent to its
lowest-degree quasi-homogeneous term.
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1 Introduction

A differential system is analytically integrable at the origin when it has an analytic first integral, that is, a non-
constant analytic function that is constant on the solution curves in a neighborhood of the origin. It is not always
possible to explicitly write the solutions and the analytic first integrals in terms of explicit functions. Here, our
objective is to determine when a differential system has an analytic first integral. In [1] it was proved the exis-
tence of a non-invertible map at the origin that transforms any integrable system into a linear one. The extension
of this result to n-dimensional systems was made in [2]. Therefore any integrable differential system is equivalent
to a linear differential system in a full Lebesgue measure subset of the domain of definition of the differential
system. In particular, this equivalence is not defined at the singular points of the differential system.

Normal form theory provides an approach for determining the integrability of a vector field. We recall
that two systems (or vector fields F and G) are orbitally equivalent if by means of a near-identity change of
variable x = ¢(y) and a formal rescaling of the time dt/dr = #(x), with 7(0) = 1, system x = dx/dt = F(x) is
transformed into y’ = dy/dz = G(y). In this sense, there are some relevant results. The analytic vector field
whose origin is an isolated singular point with non-zero linear part (saddles and linear centers) is analytically
integrable if, and only if; it is orbitally equivalent to its linear part, [3], [4]. We say that it is orbitally lineariz-
able. In [5], [6] was given a method to compute necessary and sufficient conditions of analytic integrability for
such singular points with non-zero linear part. The nondegenerate centers [7]-[11] and resonant saddles are the
most studied systems and especially the Lotka-Volterra systems, see [12]-[20] and references therein. It is worth
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pointing out that for analytic vector fields, by ([21], Theorem A), the existence of a formal first integral is equiv-
alent to the existence of an analytic first integral. For this reason, when we use Taylor expansions of functions
and vector fields, we do not consider questions of convergence.

In [22] was solved the analytic integrability problem around a nilpotent singularity of a planar vector field
under generic conditions. We recall that in a nilpotent singularity its linear part is nonzero but whose eigen-
values are zero. Later, in [23] was solved the remaining case completing the analytic integrability problem for
such singularity. In both cases, the vector field has an analytic local first integral if, and only if, it is orbitally
quasi-homogenerizable (orbitally equivalent to its leading quasi-homogeneous term).

For analytic perturbations of quadratic or cubic homogeneous vector field, there exists a similar result.
More specifically, the analytic vector field whose origin is an isolated singular point whose leading homogeneous
term is quadratic or cubic, is analytically integrable if, and only if, it is formally orbitally equivalent to its leading
homogeneous term, see [24]-[26].

However, not all the analytically integrable vector field with a degenerate singularity (zero linear part) are
orbitally equivalent to its first quasi-homogeneous term. For instance, in [27], [28] are given vector fields whose
leading term is Hamiltonian and the analytic integrable perturbations are not orbitally quasi-homogenerizable.

Here, we study a generic family of analytic vector fields whose origin is degenerate. We prove that whether
Hamiltonian or not its leading quasi-homogeneous term the vector field is analytically integrable if, and only
if, it is orbitally equivalent to a semi-quasi-homogeneous vector field (sum of two quasi-homogeneous vector
fields). We note that the origin of some of these integrable systems are centers.

From all the results obtained up to now the analytic integrability problem of any vector field is a very
difficult problem that depends on choosing the good normal form that can solve the problem. In general this
problem remains open as well as the integrable center problem associated.

Consider the polynomial differential system

Xx=ay  +a,x%y,  y=Dbx°+bxX*y%, L1

and assume that the origin is an isolated singular point, i.e. a;, a,, b;, b, real numbers and a; b, # 0. The associated
vector field of system (1.1) is a quasi-homogeneous vector field of weight (2, 3). By a linear scaling, the system
can be expressed as

X=—4y +2(d—a)x®y, y=60x°+3(d+ax*y?, (1.2)

with a, d real numbers and ¢ = +1.
In this paper, we solve the analytic integrability problem of the analytic systems whose leading quasi-
homogeneous term is the quasi-homogeneous vector field (1.2), that is

X=—4y*+2d-—a)Py+---, y=60x+3d+ax*y*+---, 1.3)

where the dots mean terms of higher quasi-homogeneous order. Concretely, we characterize the systems (1.3)
with an analytic first integral at origin through the existence of a normal form orbitally equivalent and through
the existence of an algebraic inverse integrating factor.

The analytic integrability problem of system (1.3) has been solved in [28] for the case d =0 and ¢ =1
(Hamiltonian system whose origin is a center-focus) and in [29] for the case a = 0 and ¢ = —1. Here, we solve
the analytic integrability problem of the analytic system (1.3) for all the cases, see Theorems 2.2 and 2.4 below.
Moreover, we give the expression of its primitive first integral.

We also give a characterization of the analytical integrability of the system (1.3) through the existence of an
algebraic inverse integrating factor, see Theorems 2.3 and 2.6 in the Section 2.4 and Section 2.5.

2 Main results

We introduce some notation and concepts. Given t = (t;,t,) with ¢; and ¢, natural numbers without common
factors, a scalar function f of two variables is a quasi-homogeneous function of type or weight exponent t and
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degree jif f(glx, 2y) = €/ f(x, ). The vector space of quasi-homogeneous polynomials of type t and degree j is
denoted by T;. Avector field F = (P, Q)T is a quasi-homogeneous vector field of type t and degree j if P T; +, and
Qe iP; e We denote the vector space of the quasi-homogeneous polynomial vector fields of type t and degree j
by Q;..

From ((30], Prop. 2.7), every F, € Q! can be uniquely written as F, = X, + uDj with h€ P, and u€ P,
where Dj = (t,x, ,y)” € Qf (dissipative quasi-homogeneous vector field) and X;, = (—0h/dy, oh/dx)" (Hamil-
tonian vector field associated to the polynomial h).

Following this notation, the polynomial system (1.2) is x =F, =X, + ,qu) € Q;, with t = (2,3), h(x,y) =

Y+ ox5 + axdy?, u(x,y) = dxly and Df = (2x, 3y)7, thatis,

—4y® —2ax3y 2x
F, = 5 ao |t dx*y .
6ox> + 3ax“y 3y

We recall the concepts of invariant curve and integral first of a differential system (or a vector field). A
function C € C[[x, y]] (algebra of formal power series in x, y over C), with C(0) = 0, is an invariant curve at the
origin of the vector field F = (P, Q)7, if there exists K € C[[x, y]], named cofactor of C, such that F(C) := PAC/dx +
Q0C/dy = KC. Moreover, if K = 0, the vector field F is formally integrable and C is a formal first integral of F.

If the cofactor of C is the divergence of the system, we say that C is an inverse integrating factor. This name
for C comes from the fact that C™* defines an integrating factor of F, i.e. F/C is divergence-free on {V # 0}.

According the number of invariant curves of the system (1.2), we distinguish two cases:

For o =1, it has the following situations: if a € (=2, 2), system (1.2) has one irreducible invariant curve
O+ gxe’)2 +(1- a{)x“. In this case, the origin is a focus or a center. If a = 2 (or a = —2), system (1.2) has one
irreducible invariant curve y? + x3 (or y2 — x3).

For (6 = —1) or (c =1 and a & [—2,2]), system (1.2) has two irreducible invariant curves y> + %(a - b)x®

andyz + %(a + b)x3, with b = +Va? — 4o.
The following result provides the system (1.2) having a polynomial first integral.

Proposition 2.1 The following statements hold:

(i) Assumethato =1anda € [-2,2], then system (1.2) is polynomially integrable if, and only if, d = 0. In such
a case, system (1.2) is Hamiltonian system whose Hamiltonian function is (y* + %x3)2 +(1- “ZZ)XG.

(i) Assume that c = —1 with a € R or 0 =1 with a & [-2,2], then system (1.2) is polynomially integrable if,
and only if, d/b € @ N (=1,1), with b = +Va® — 4c. Moreover; in such a case, if we write d/b = (m, —
my)/(m; + m,) with my, m, coprime natural numbers, then I,; = (y* + %(a — b)x3)™m(y? + %(a + b)x3)™ is
the polynomial primitive first integral of system (1.2).

Proof. From ([31], Theorem 16) if the origin of system (1.2) is an isolated singular point of F, then the irreducible
factors of h = y* + ox® + ax®y? are irreducible invariant curves at the origin. We study the factors of h:

For o =1and a € [-2,2] hhas an irreducible polynomial only. From ([32], Theorem 3.1), F; is polynomially
integrable if, and only if, it is a Hamiltonian vector field, i.e., d = 0.

For either 6 = —1and a € R, or 6 = 1 and a & [—2, 2], the irreducible factors of h are y* + %(a — b)x3 and
y+ %(a + b)x3. So, a polynomial primitive first integral of F, is, if it exists, I,, = (y* + %(a — b)x3)m™(y? + %(a +
b)x3)™ with M = 6(m, + m,). The equation F,(I;,) = 0 becomes

0 = 6[(m; — myb + d(my + my)|Ix*y.

Therefore, system (1.2) has a polynomial first integral if d = %b. Therefore we have that d/b € QN
(=1,D). |
Any analytic vector field can be expanded into quasi-homogeneous terms of type t = (2, 3) of successive
degrees. Thus, the analytic system (1.3) can be written in the form X = F; + Fg + - - -, where F; = (P}, Q; )T €
Q;.. The polynomial integrability of the lowest-degree quasi-homogeneous term of an analytic vector field is
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a necessary condition of formal integrability of the analytic vector field. Moreover by ([21], Theorem A), the
existence of a formal first integral assures the existence of an analytic first integral, Therefore, from view of
Proposition 2.1, to solve the analytic integrability of system (1.3) it is enough to study the following two cases:

Case A. Thesystemx =F, +Fg+- - -, with
-4y’ —2ax3y
F, = ( € o 24

anda € [-2,2].

Case B. ThesystemXx =F; +Fg + - - -, with

—4y® +2(d — a)x®
F, = ); 2); € o\ 2.5)
60x’ + 3(a+ d)x“y

and eitherc = —landa € Roro =1and a € [-2,2] withd = %b, and b = +Va*> — 4c where m;, m, are
1 2
coprime natural numbers.

2.1 Analytic integrability of system (2.4)

The following result was given in [28]. In such work the authors characterize when system (2.4) is analytically
integrable providing an orbitally equivalent normal form.

Theorem 2.2 ([28], Theorem 5.25) The system (2.4) is analytically integrable if, and only if, it is orbitally equivalent
to a Hamiltonian system
X = —4y> = 2ax3y — 2fyx*y,
(2.6)
V= 6x° + 3ax*y* + 48,x3y?,
being B4 a real number introduced by Proposition 4.12. Moreover, the primitive first integral is of the form (y* +
P+ (- “Zz)x6+ e

Here we prove that the existence of a formal inverse integrating factor for system (2.4) is also a necessary
and sufficient condition for the analytic integrability of system (2.4).

Theorem 2.3 The system (2.4) is analytically integrable if, and only if, it has a formal inverse integrating factor
h- € Couy) withh = (2 + 292 + (1 — £,

Proof. First we see the necessary condition. We assume that system (2.4) is analytically integrable. From
Theorem 2.2, it is orbitally equivalent to the system (2.6) with h* = (> + 7x*)* + (1 — “{)xe + Byx*y? a polyno-
mial inverse integrating factor of system (2.6). So, performing the near-identity change which transforms system
(2.6) into system (2.4), it transforms h* into an inverse integrating factor h + - - - of system (2.4).

Now we prove the sufficiency. From Proposition 4.12, system (2.4) is orbitally equivalent to system (4.17),

X =G =F,+ Dy + Gy + ) u;D}
j>10

with F; = X(y2+%x3)2+ (1= Gy = X, 42 + agxX’yDy and p; € Cor(¢;) where ¢, is the linear operator defined
in (4.16). The quasi-homogeneous polynomial h is a polynomial primitive first integral of system X = F, and h

is also an inverse integrating factor of system since it is a Hamiltonian system. So, if H* is a formal inverse



DE GRUYTER A. Algaba et al.: Local analytic integrability = 925

integrating factor of G, then H* = H;, + Hj, + - - - with H;, = h. It holds that H" satisfies the equation G(H") —
div(G)H* = 0. We impose the above equation degree to degree. The equation to degree 20 is

0= F;(Hy;) + ugDy (Hy) — 13Hy, ug = Fy(Hy;) — pgh,

thatis £, (H;) = pgh. From Lemma 4.11, we can choose Cor (¢, ) such that ugh € Cor(#,,). Moreover, the above
equation holds if ugh € Range(#,)) N Cor(#,,) which implies g = 0. On the other hand, H;, € Ker(¢y). Let
note that Ker(¢y,;,,) = span{h/}; otherwise, Ker(#;,;) = {0}. Therefore, Ker(#;;) = {0} i.e, H;; = 0.

If we write Hy, = c;0x” + cpx*y* + ¢;,xy*, the condition for degree 21 it arrives to ¢;y = 0, ¢, = fg, ¢y = 0
and aq = 0. So, the polynomial h* = h + f4x*y? is an inverse integrating factor and a primitive first integral of
F, + G,. Therefore, the inverse integrating factors of F, + G, starting by h are of the form A = h* f(h*) with
£(0) = 1. From the equation (F, + Go)(H) = div(Gy)H with H = H,, + - - -, we obtain the relation

Fy(Hy,,) + Go(Hy) =0, VN >12. @7

Now we prove that y; = 0 for all i > 9. Otherwise, let j, = min{i > 9: y; # 0}. Denoting by J*H and J*H*
the k-jet quasi-homogeneous of H and H* and taking into account that H* is an inverse integrating factor of
G =F; + Gy + p; Dy + - - -, we obtain that

JIHH = I H),  JSHY = JH) + H

and J*SH* satisfies (F; + G,)(H*) = 0 up to order j, + 11. Moreover

F, (H;:) +5) + Fy(Hj ,5) + Go(H, 43) + p;, Do(R) = div(; Dy)h.

By (2.7), we obtain that F, (H]’.‘O+5> = (jo — D, h, that is, £; 4, (HZ+5> = (o = D;,h. Therefore, u; =0
and we arrive to contradiction. Thus, we have that system (2.4) is orbitally equivalent to X = F; + G4. Applying

Theorem 2.2, the result follows. |

2.2 Analytic integrability of system (2.5)

Here we characterize the analytically integrable system (2.5). Note that the leading quasi-homogeneous term
is a non-Hamiltonian vector field. In what follows, we denote f; = y* + %(a —b)xie TPE5 and gg = y* + %(a +
b)xe P;.

Theorem 2.4 The system (2.5) is analytically integrable if, and only if; it is orbitally equivalent to

. 14m, f

= —4V3 + 2(d — AWy — 1Py 4
X Yy +2(d - a)xy 3m1+4m2X Y 29
— 5 2.2, 1hy(a=Db) ¢ 28myfy 5 3 .
y=60x>+3(d+ a)yx* + 5 x+3ml+4m2yx,

with fy a real number introduced by Proposition 4.13. Moreover, the primitive first integral is of the form
(ﬁj,+. . .)m1(g6+. N LCH

Proof. First we see the sufficient condition. We assume that system (2.5) is orbitally equivalent to the system
(2.8). It is easy to check that

J= ]”6’"1 (g + c40x4)mz 2.9)
7(my+my)

withe¢,, = omtan) P, is a polynomial first integral of system (2.8). Hence, performing the near-identity change
’ 1 2

that transforms system (2.8) into system (2.5), we have thatI = (fg + - - - )™ (g + - - - )™ is a formal first integral
of system (2.5). By ([21], Theorem A), system (2.5) has also an analytic first integral, see also [11].
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Now we prove the necessity. From Proposition 4.13, system (2.5) is orbitally equivalent to system (4.18), x =
G =F; + ugDy + Gg + X ;10D with F; = X, o +dx*yDy, Gy =X u + agx®yDy and p; € Cor(¢;) where
¢ ;is the linear operator defined by (4.16). By Proposition 2.1, we have that I, = fem1 gé"z is a polynomial primitive
first integral of system x = F,. Moreover, if system (2.5) is analytically integrable, then system (4.18) is formally
integrable and from Lemma 4.11, we also can assume that Cor(¢ ;) = Iy, Cor(¢).

From ([31], Theorem 17), the primitive first integral of G is of the form I = (fg+ - - - )™(gg + - - - )™, ie.
I=1Iy+ Yl withly = fMg, M = 6my +6m, and L,€ P

Next, we impose that the equation G(I) = 0 is satisfied degree by degree. Integrability condition to degree
M+38is

0= (G)) g = Frllyrsa) + ugDi(Iy) = Fy(Iypyq) + Mpgly.

On one side, the above equation holds, if yI), € Range(¢,,,5) N Cor(¢y,5) = {0} which implies g = 0.
On the other hand, I, € Ker(¢),,5). Letnote that Ker(£ ;) = span{] ! }; otherwise, Ker(¢ ;) = {0}. There-

fore, Ker(¢),5) = {0} ie, Iy = 0.

Taking into account that f; is an invariant curve of system (4.18), we obtain that the primitive first integral
isT= fI"(gs + Xy + (CaX* + pxy?) + - - V"o Thus, Iy = fI gl Iy = My [ go X2y As Iy = Owe
obtain that ¢, = 0. Moreover, I, = m, fi" g0" " (cyox* + cpxy?).

The integrability condition for degree M + 9, F,(I),,) + Go(I;;) = 0 give us

7(my + my)

_ 4(my —my)
2(3my + 4m,)

€ =0, €y = T 3m +4m, "
1 2

ﬂgs ag

We denote Gy =X (2,1, pypn + dm,~m) g x3yDY. The analytic first integrals of F, + G, are I = ¥(J) =
2

3my+4m,

J+ aJ* + a;]° + - - - where J is defined in (2.9) with ¥ any analytic function with ¥(0) = 1. Thus
F,(Y(Nysa) + Go(P(J)y) =0, VN > M. (2.10)

We now prove that y; = 0 for all i > 9. Otherwise, let j, = min{i > 9: y; # 0}.Now we suppose that G =
F,+Go+ p ]»ODB + - - - is analytically integrable, satisfying .J/~'G = Jh~1(F, + G,), then there exists a first
integral I* of G, such that

Jjo+M—8I* — Jj°+M_8("P(])),

JhotM=Tpx — Jfo+M_7(T(])) + I};+M—7’

and JJo*M=71* is a first integral of F, + G, up to order Jo +M — 1. Moreover
1% (IZ+M_7> + F(WDja1-7) + Go (WD, 1a1-9) + Hj,DoIy) = 0.

From (210), Go(¥()); prms) = —Fs(¥())j 1) Therefore, P7<ﬁ ):—MIM,ujO, that is,

Jot+M—=T7
Ay (I;ko +M_7> = —MIy ;. We arrive to a contradiction since the term on the left side of the above
equation belongs to Range(¢’; ;) and the term on the right side belongs to Cor(¢; , ). Therefore, 4¢; = 0 and
system (2.5) is orbitally equivalent to system (2.8). [ ]

Remark. The existence of polynomial orbitally equivalent normal forms for the analytically integrable system
(2.4) and (2.5) allows us to solve the analytical integrability problem, see Theorems 2.2 and 2.4. These normal
forms have been essential to the success of our research. In view of these results, we propose the following
problem as the objective of our research: Is it true that any analytically integrable vector field is orbitally
equivalent to a polynomial normal form?
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The quasi-homogeneous polynomials h = f;g.€ ?;2 and I, = 6’" ! g;" te ZP}W with M = 6(m; + m,), are an
inverse integrating factor and a first integral of F,. Therefore, the inverse integrating factors of F, are hII'\Z/[ for
any q. In particular, if g satisfies that (1 + m,q)(1 + m,q) > 0 and Mq is not natural, the function

_ p(4+mq) (1+myq)
V_fe 1g6 ’

is an irrational inverse integrating factor of F,, which is a quasi-homogeneous function of rational (non-natural)
degree 12 + Mq. So, if mis an integer such that Mgm is a natural number, then W, := (V)™ is a quasi-homogeneous
polynomial of degree s = m(12 + Mq).

Fixing a integer m, we define the following linear operator which we will use in the proof of Theorem 2.6,

¢ j:fP;_7 - :P; (211)
Pj—7 = Fy(pj7) —mdiv(Fy) - p;_, j>7.

Now we present the following technical result.

Lemma 2.5 Consider system (2.5). We can choose the complementary subspaces to Range(Z
such that Cor (7 ;,;) = W,Cor(¢;), for j > 10.

i +s) and Range(? j)

Proof. We remark that 7 i(pj—7) = <F7 - %ixzyD())( Dpj-7), 1e., the operator ? j+s is the operator ¢, ; changing
dbyd— jli:ﬂ. We distinguish two cases: For j # 61 + 7, by Proposition 4.14, Cor (¢, ) = Cor(Z ;). Moreover, if

we take the same basis as in the proof of Proposition 4.14, the matrices associated with the operator 7 jareupper
triangular matrices and all their elements are distinct. Consequently, all diagonal elements are zero, except for
at most one. Therefore, it always is possible to choose a basis of Cor(? j +s) such that its elements are a multiple
of W,.

Moreover, by Proposition 4.14, Cor(z? i +s) and WSCOr(fj) have the same dimension since s is a multiple
of 6.

For j=6l+7, if [+ Mj, then Ker(¢;,,) = {0} and Ker(Z;,,) = {0}. Otherwise, if I = Mj,, then
Ker (£eyj,47) = {II]\;} and Ker (Z gy 4547) = {Wslﬁ } Therefore, Cor(Z ;) = W,Cor(¢;). [

In the next result we characterize when system (2.5) is analytically integrable through the existence of an
algebraic inverse integrating factor.

Theorem 2.6 The system (2.5) is analytically integrable if, and only if, there exists an inverse integrating factor
VE=(fy+ - Mg + - - )™ with 6(my + my)q & N, (1+ mq)(1 + myq) > 0 and q € Q.

Proof. First we see the necessary condition. We assume that system (2.5) is analytically integrable. From
Theorem 2.4, it is orbitally equivalent to the system (2.8) and J = ]“6'"1 (g6 + c4,0x4)m2 is a first integral of system
(2.8) with ¢,y = %ﬂg. It is easy to check that ij? with h = f; g is an inverse integrating factor of system
(2.8), for any g. We can choose g such that hj? be irrational function and Mq & N, (1 + m;q)(1 + m,q) > 0. So, per-
forming the near-identity change of variables and the scaling of time which transform system (2.8) into system
(2.5), also transform hJ? into V* = (f; + - - - )1*™4(gg + - - - )1*™4 where V* is a non-formal inverse integrating
factor of system (2.5).

Now we prove the sufficiency. From Proposition 4.13, system (2.5) is orbitally equivalent to system (4.18), X =
G =F; + psDj + Gg + X ;o104 D With F; = X, + dx®yDj, Gg = X a + agx*yD; and u; € Cor(¢;) where ¢
is the linear operator defined by (4.16). If system (2.5) has a non-formal inverse integrating factor then system
(4.18) has a non-formal inverse integrating factor V*.

The function W* :=(V*)™ = W, + - - - is a formal function and the leading quasi-homogeneous term of W*

is W, = h™(I,,)™ with s = m(12 + Mq) € N.
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V* is an inverse integrating factor of G if, and only if, W* satisfies the equation G(W*) — mdiv(G)W* = 0.
We impose the above equation degree by degree. The equation of degree s + 8 is

0 =F,(WZ,,) + ugDL(W,) — mdiv(E,)W?, | — 13mW,pg
= F,(W;,,) — mdiv(F) W, + (s — 13m)ug W, = 2, g(W7,) + (s — 13m)ug W,

with s —13m = m(1 — Mq) # 0. From Lemma 2.5, ugW; € Cor(?s +s)- Hence, on one side, the above equation
holds, if y; W, € Range(Z,,4) N Cor(Zy,5) = {0} which implies g = 0. On the other hand, W}, € Ker(,,s).

Notice that Ker(Z . 547) = Wsspan{ll{l}; otherwise, Ker(# ;,;) = {0}. Therefore, Ker(Z,,5) = {0} ie, W7, =
0.

Taking into account that f; is an invariant curve of system (4.18), we obtain that W* = fi""*™?(g; +
CXEy + (CyoX* + Cppxy?) + - - - Y0+ M, Moreover ¢y = 0 since W, = 0. The condition for degree s + 9 give

us
7(m; + m,)

2(3my + 4m,)

_ 4my —my)

€ =0, €0 = T 3m, +4m, "
1 2

ﬂg’ ag

4(my—my)
3my+4m,

We denote by G, = Xsxif, T Pox® yD(‘). The polynomial inverse integrating factor of F, + Gy is V =

hj%. Thus W = h™J™ satisfies
F(Wyy) + Go(Wy) = mdiv(E,) Wy, + mdiv(Gy) Wy, VN >s. 2.12)

We now prove that y; = 0 for all i > 9. Otherwise, let j, = min{i > 9: y; # 0}.
We suppose that V* is an inverse integrating factor of G = F, + Gy + jODf) +---,then

Jj0+$—8 w* = Jj0+s_8(W),

Jj0+s—7W* — J}'0+s—7(W) + W;‘l;+s_7’

and JJots~TW* satisfies (F, + Go)(W*) — mdiv(F, + G,)W* = 0 up to order Jo + s — 1. Moreover,

F7<W;:)+s—7> + F7(Wjo+5—7) + é9“/]/]'0"'5_9) + ﬂfoDO(Ws)

= mdiv(EYW , ., + mdivENW; ;s + mAiv(Gy) W 1 + mdiv(s; D)W,

g +s—7

From (2.12), we have that

P7(W70 +S_7) + 1, Do(W,) = mAiv(EDW? , ., + mdiv(p, D)WL,

S0, F7<W;;+S_7) — mdivEIW? = (m(jy +5) — )y, W, ie. 7 j0+s<wz+s_7) = (m(jo +5) — S)u;, W
Asm(j, +5) — s = m(j, — 7 — Mq) # 0, we obtain that u j, =0 and we arrive to contradiction.

Thus, system (2.5) is orbitally equivalent to system (2.8) and the result follows applying Theorem 2.4. W

Remark. The irrational function V* = (y* — x*)*/3(y* + x%)3/2 is an inverse integrating factor of the system x =
—4y3 + gx3 y+2x7, y=—6x°+ gxzy2 + 3x8y. This system can be written as a system (2.5), X = F, + F;, with
o =-1,a=-2,m; =2,m, =3 and F;, = xXDj where x° € Cor(#},). From Theorem 2.4, the system does not
have an analytic first integral. In this case, V* is an inverse integrating factor provided by Theorem 2.6 with q = %
and thus 6(m, + m;)q = 5 € N. Therefore, the condition on the degree of the lowest degree quasi-homogeneous
term of V* is a necessary condition.

If we take g = —mi (orqg= —mi) the inverse integrating factor provided in Theorem 2.6 is a power of one
2 1
invariant curve.

Corollary 2.7 The system (2.5) is analytically integrable if, and only if, the system has an inverse integrating factor

my—my

(f6+) my




DE GRUYTER A. Algaba et al.: Local analytic integrability = 929

Proof. First we see the necessary condition. We assume that system (2.5) has an analytic first integral. On one
hand, by ([31], Theorem 17), the system has only two invariant curves at origin, fe* =fy+ - and gg‘ =g+,
and the primitive first integral is of the form I = ( fg‘)m1 ( gé‘)mz. On the other hand, from Theorem 2.6, the system

has an inverse integrating factor V* = ( fs*)Hmlq(gg‘)Hqu with 6(m; + m,)qg € N, (1+ mq)(1+ m,q) > 0 and
q € Q.Recalling that the product of a first integral and an inverse integrating factor is also an inverse integrating

my=my
factor, we obtain that V*I~9-/™: is an inverse integrating factor of the form (f; +---) ™ .

The sufficient condition follows applying Theorem 2.6 for ¢ = — mi [ |
2

3 Applications

Theorem 3.8 The polynomial differential system

X = —4y® — 23y + agyx® + axy
(3.13)
V= 6x° + 32y + by x*y + byyxy?

is analytically integrable if, and only if, by, + 505y = 3by3 + 2a,, = 0.

Proof. The system (3.13) can be written into the form x = F, + F; with

. . A5 X° + Ay Xx*y*
7= Aytpxdy2ixss 8= 4 3 |
byx®y + bygxy

Indeed, itis a system (2.4) case Awitha = 1 € [-2, 2]. From Proposition 2.1, F; has a polynomial first integral
sinced =0and a € [-2,2].

To prove the sufficiency, it enough to check that when b5 = —%azz and b,; = —5as, the polynomial I =
Y+ x3y? 4+ x5 — %azzx2 'y® — agx°y is a first integral of system (3.13).

Now we prove the necessary condition. A normal form of system (3.13) is

Xx=F, + (aé“x“ + a§2)xy2>DB + X0y + agX°yDy + - - -

@ _ 1 @ _ 1 e oD — o2 — ;
. = E(Sa50 +by)anday” = E(Za22 + 3by3). Imposing a,” = g™’ = 0, we obtain
that b3 = —%azz and by; = —5as. [ ]

The first coefficients are «

Theorem 3.9 The polynomial differential system

X = —4y® — 43y + a5 X° + apx*y?
(314
V= 6x° + 9x*y? + byyx'y + bysxy?
is analytically integrable if, and only if, one of the following conditions is satisfied:
(@) by +8asy = asy + by = 2a,, — 5ag =0,
(ii) 2b41 + 76150 = b13 + 4(150 = azz - 4a50 = O.

Proof. The system (3.14) can be written as X = F; + F; with

5 21,2

o B 1X2yDt o A5X> + Ay X"y
7 (y2+%x3)(y2+2)<3) 2 ’ 8 byx"y + bysxy’ '
1 ,_5
i’ a= 2°

% € (—1,1). Moreover, the primitive polynomial first integral of F, is I;; = (x3 + 2y*)(y* +

In fact, it is a system (2.5) case Bwithd =
d _
)=

c=1b= % From Proposition 2.1, F; has a polynomial
first integral since
2x3)2,
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First we prove the necessary condition. A normal form of system (3.14) is
x=F, + (a(l)x4 +alxy? )DB + Xp 2yt0) + %XCYDG +

The first coefficients are

o = 38O(169a50 18ay, + 12b;5 + 14byy),

a? = %(zmm — 6agy + 4by, + 17by).

Imposing oy = a’ = 0, we obtain that a,, = ;(4as, — by;) and by, = —2(19as; + 3byy).
For these values, a4 and f, are given by

ay = (514a + 445as,by5 + 91%,)

420

fo = - (3541a%, + 3340as,b.5 + 679D% ).

840 (
So, by Theorem 2.4, if system (3.14) has an analytic first integral then
11(19 - 4ﬂ9 = (a50 + blg)(4a50 + b13) = 0

If b3 = —ag, we obtain the case (i). If b;; = —4ag, we have the case (ii).

To prove the sufficiency, we provide an analytic first integral for each family.

For the case (i), an analytic first integral is I = (2x* + y*)*(2x3 + 4y? — 3ag)x%y).

For the case (ii), an analytic first integral is I = (x® + 2y?)(4x® + 2% — 3a5,x*y)%. |

4 Appendix: Orbital normal form for systems whose leading term
is a quasi-homogeneous vector field

First we present the following orbital normal form provided in [22].

Theorem 4.10 Let F = F, + 3, F,,; with F, = X, + 4D} € Q' andF,,; € Q" _ IfKer( r+]+m) = {0} for all
J € N then F is orbitally equivalent to

G=F,+ ) G, with G, ; =X,
>0

+ 74D € O

T r+j’

with 8, ;1 € Cor(f . +|t|> and n,,; € Cor(#,,;), where Cor(f
range of the linear operator ¢¢

. +|t|> is a complementary subspace to the

Ayt = Aryjipy defined by

r+j+tl”
div(F,)
C j—

Crvja(8) =Proys <F, m )(5) (4.15)
being A, a complementary subspace to hPt i and Cor(f, 4 j) is a complementary subspace to the range of the
operator

Crpjt Pi= Py (4.16)
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The following statement, which corresponds to Proposition 3.16 [33], establishes a cyclicity relation between
the co-ranges of the operators #; when F, has a polynomial first integral.

Lemma 4.11 Assume that I,€ ‘.P}W is the primitive first integral of F,. Fixed j > r with fP;_r # {0}, we can choose
complementary subspaces to Range(¢ ;) such that

Cor(¢j, ) = Iy Cor(£)).
Next, we apply Theorem 4.10 to obtain an orbital normal forms of system (2.4) and system (2.5).

Proposition 4.12 An orbital normal form of system (2.4) is

X =F; + pgDf + Gy + ) ju;D} 417
j>10

withF, = X Gy = X 42 + agx°yDy and ; € Cor(¢;).

S NSRSy
Proof. The linear operator (4.15) for system (2.4) corresponds to the operator £, restricted to A, since the
divergence of F; is zero. Therefore, Ker(f}c. +12> = {0} for any j, and thus, the hypotheses of Theorem 4.10 are

satisfied. We compute Cor(#,). A basis of P, is B, = {x} and a basis of P§ is By = {x%y, y*}. As £4(x) = —4y®,
we can choose Cor(fg) = spam{x3 y}. Applying Theorem 4.10, we obtain the orbital normal form (4.17). [ |

Proposition 4.13 An orbital normal form of system (2.5) is

X =F; + pgDf + Gy + D ju;D} (4.18)
j>10

With By = Xy 64y + AXEYD], Gy = Xy abiiye + agx3yDy and p; € Cor(¢;).

Proof. The linear operator (4.15) for system (2.5) is

C .
4 jH12 A j+5 7 A j+12

di
Pjys — PrOYAHZ <Xy4+6x5+ax3y2 + HJIZXZyDE))(pH_s),

where A5 is a complementary subspace to hiP;_7 and h = y* + ox® + ax®y?. We prove that the hypoth-

esis of Theorem 4.10 are satisfied, that is Ker(f? ) = {0} for any j. Indeed, if j =2, we choose A, =
jHi2

span{x*y} and A, = span{x7,x4(y2 + %(a - b)x3)}. We have that 7%, (x%y) = (d — 14)x7 + dx*(y* + %(a -

b)x®). So, Ker(#¢,) = {0} and we choose Cor(£5,) = span{x‘*(y2 + %(a - b)x3) } For j # 2, both subspaces A, 5
and A, have dimension 2 and it is easy to check that the associated matrix to the operator f}? L1 1s not singular

j+12
We obtain an expression of Cor(¢, ). A basis of P} is B, = {x} and abasis of Pj is By = {x%y, y*}.The trans-
formed of the basis B3, is £4(x) = 2dx®y — 4y®. So, we can choose Cor(¢,) = span{x®y}. Applying Theorem 4.10,
we obtain the orbital normal form (4.18). [ ]
Note that the expression of the normal form depends on the choosing of the expression of the comple-
mentary subspaces to range of the operator #;. Next, we give a expression of them that we use for proving
Theorem 2.6.

and therefore Ker(fc ) = {0}. Consequently, Cor(f}? +12) is also a trivial set.

Proposition 4.14 Consider system (2.5) and denote f, = y* + %(a —b)xiandgs = y* + %(a + b)x3. A complemen-
tary subspace to the Range(¢;), j > 10, is
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(fix, f7gex) si j=6l+2,
(fly) si j=6l+3,
(féxz) si j=6l+4,
Cor(¢;) = 1 (fixy) si j=6l+5,
(f, flgs) si j=6l+6,
{0} st j=6l+T7andl+# (m + myk,for all k
(fixty) si j=6l+7andl=(m,+myk,.

Proof. We study the following cases separately:

For j=6l+2. A basis of P}, is By_s = Bgupr = {fé‘z“'géxzy}i;i and a basis of P is B, =

{fé"'géx}izo. For 0 < i < I — 2, we obtain that
Fy(f-igixty) = A, fl-igix + B, f-i-1gi¥ix + €, fl-i-2 gt
with

a, = -OL=E D, WA= NAED) (g4 )G, — (a- b4 =

14(a? — b?)
b

, A;+B;+C, = —16.

Thus, we can choose Cor(Z,) = (fix, fi='ggx).
For j = 6+ 3. Abasis of P'_; is By, = {fel‘l"'géx}:;; and a basis of P} is B3 = {fé‘igéy}izo. In this
case, for 0 <i < l—1, we have that

B0 = AfL sl + = AV g

with 4; = ‘31;)2)‘1 — 6i+ 31 — 2. We can choose Cor (Zg,3) = (fiy).

' ' . s I } .
For j =1 61+ 4with 1< my +m,. Abasis of P'_,is Bg_1y4s = { fi "7'gy},_, and a basis of P! is B4 =
{fé—igéXZ}i:O, For 0 < i <!—1, we obtain that

Fy(fitigly) = A f*glh + (Z - ZA,» - 2b~- a)) VAP

with 4; = ZEED _ (47 — 21 4 1)(a + b). So, Cor (£i1) = (fX2).

For j = 61+ 5withl =1 < m; + m,. Abasis of P, is Bg_1)4 = {fe‘l‘igéxz}i;z and a basis of P is Bg,5 =
{]Z?‘igéxy}izo. For 0 <i <1 —1, we have that

F(figlx?) = A fEHgixy + (4 + A fi g xy

with 4; = —@ — 6i+ 31 — 1 and therefore Cor(Zg,5) =< fixy >.

For j = 61+ 6withl — 1 < m; + m,. Abasis of P|_, is By(_y)s5 = {fé‘l"'géxy}i;é and abasis of P! is Bys =
{ fel“‘igé}i:(l]. In this case, for 0 < i < I — 1, we obtain that

Fy(f--igixy) = A, fH-igh 4 B fightt 4 ¢ fi-t-igiv?

with
_(6l-1)(a+Db)d , (12i—6l+1)(a+Db)

A= 2 + b s Aj+ B+ C=-8, (a+Db)C;—(a—Db)A; =

10(a®> — b?)
b
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We can choose Cor(Zg) = (fit, flge).
For j=6l+7 with [ <m;+m,. A basis of P, is By = {]‘g‘igé}izo and a basis of P} es By, =
{jg—igéxzy}izo. for 0 < i <[, we obtain that

Fi(fi8) = Aifs g’y

with A; = —2bi+ (b + d)L Replacing d = " "1b, we obtain that A; = 0 if there exists k, such that [ = (m, +
1 2

my)k, and i = myk,. So, Cor(£g;) = (fix2y) if I = (m; + my)k,. Otherwise, Cor(Zg,;) = {0}. [ ]
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