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Given the unique role played by the gravitational form factors (GFFs) in unraveling the internal
mechanics of hadrons, we examine the GFFs of ground state pseudoscalar mesons z, 7., 17, and the
hypothetical strangeonium n,(s5). We adopt the coupled framework of Dyson-Schwinger and Bethe-
Salpeter equations within a contact interaction and employ a novel approach to the dressed amputated
meson-meson scattering amplitude, which makes connection with the energy-momentum tensor and
with the GFFs. The resulting GFFs fulfill the anticipated symmetry constraints. The corresponding
charge and mass radii and the D term are also computed. We show that the D term for the pseudoscalar
mesons is bounded within the (=1, —1/3) range; these bounds correspond to the massless (chiral limit)
and infinitely massive cases, respectively. Considering the current interest in the GFFs, understanding
the D term of pseudoscalar mesons and their GFFs can provide an important first step for future

endeavors in the field.
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I. INTRODUCTION

A meson composed of a valence quark and an antiquark
of the same flavor is commonly denominated as a quarko-
nium. The first quarkonia states, the y meson resonances,
were observed in 1974, soon after the advent of quantum
chromodynamics (QCD). Nowadays, experimental endeav-
ors at LHC, Belle, BABAR, and BES-III offer multiple
pathways for the study of quarkonia systems, allowing
to delve into various facets of QCD and hadronic physics
(see, for example, [1-3]). Whereas for light pseudoscalar
mesons like the pions, it is the dynamical breaking of chiral
symmetry and its emergence as Nambu-Goldstone (NG)
bosons that play a dictating role in understanding their
internal dynamics [4], for the heavier #, and 7,,, the Higgs
mechanism of mass generation is more dominant. The
hypothetical strangeonium meson #,(s53) separates the two
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regions of outright dominion. Charting out these limiting
cases allows us to explore the transition between the two
competing mass generating mechanisms [5,6]. Moreover,
we get to probe contrasting facets of QCD at different
energy scales because of the noticeably different spatial
extent of the mesons under study and the distance depend-
ence of the effective coupling strength between quarks.
Studying the partonic structure of hadrons has become
increasingly popular for experimental and theoretical
endeavors in the last decades. Some aspects, including
the distribution of charge and magnetization, are exposed
via electromagnetic form factors (EFFs), whereas the
gravitational form factors (GFFs) represent a complemen-
tary perspective by enabling access to the mechanical
structure and mass distribution within hadrons [7-9].
Mathematically, the energy-momentum tensor (EMT) enc-
odes the mass and spin decomposition of a given hadron,
such that the definition of the GFFs emerges from matrix
elements of the EMT [10,11]. Notably, GFFs also encom-
pass an essential physical quantity known as the D term,
which is associated with the mechanical stability of the
hadron [12-14]. As will be discussed later in detail, the D
term of NG bosons in the chiral limit is completely fixed by
QCD symmetries [11,12,15]. Beyond this limit, among
various other theoretical frameworks, chiral perturbation
theory (yPT) can estimate corrections to this value, but the
domain of applicability of this approach completely leaves
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out quarkonia [16]. As discussed in Refs. [11,17,18], GFFs
can provide a proper depiction of these systems and
describe their hadronic decays.

From an experimental point of view, a direct access to the
GFFs would require the interaction of the hadron with a
gravitational probe [19,20]. Therefore, naturally enough,
one has to resort to indirect means to extract these
quantities, for example, through electromagnetic processes,
which also provide insight into how these quantities are
related to other quantities such as generalized distribution
amplitudes and generalized parton distributions (see,
e.g., [21]); within this perspective, some explorations on
the pion and proton GFFs have already been carried out
in different experiments (see, e.g., Refs. [22,23,23-27]).
The precision of such efforts is expected to improve in
the forthcoming era of electron-ion colliders [28,29].
Moreover, lattice QCD (IQCD) data for the pion and
the proton GFFs have recently become available near the
physical pion mass, i.e., mi =170 MeV [30,31]. The
availability of improved 1QCD data opens new avenues
for theoretical investigations and subsequent experimental
validations. Alternatively, there are theoretical approaches
that are more amicable toward working in the chiral limit
than IQCD and can provide robust predictions and explan-
ations that can simultaneously describe the internal struc-
ture of mesons, baryons, and other bound states resulting
from QCD interactions [32]. These studies can potentially
deepen our understanding of QCD [5,6]. With that in mind,
we expect that the upcoming precise experimental results
and 1QCD data for quarkonia GFFs will be able to verify
these theoretical predictions, particularly regarding the
value of the D term. In this manuscript, we take one
particular alternative route based upon the continuum
description of QCD and hadron physics, namely the field
theoretic fundamental equations of motions dubbed as
Dyson-Schwinger Equations (DSEs).

Due to its intrinsic capacity to capture both the pertur-
bative and nonperturbative aspects of QCD within one
single formalism, while simultaneously preserving the key
symmetries of the theory, the DSEs approach provides a
reliable and robust framework to study the internal structure
of mesons and baryons, [33,34]. Earliest studies of heavy
quarkonia through DSEs can be found in Refs. [35-48].
More than a decade ago, an alternative approach to the
numerically involved DSE calculations was developed.
That is the symmetry preserving contact interaction (CI)
introduced in [49,50]. It captures the infrared properties of
QCD rather well. This model was initially employed to
study the properties of the pion in an amicable algebraic
framework, capable of preserving the important infrared
features of QCD, i.e., dynamical chiral symmetry breaking
and confinement. Its wide range of applications cover
the study of static and dynamic properties of hadrons in
vacuum, such as mass spectrum [51-55], electromagnetic,
electroweak and GFFs [49,50,56—-65], and even generalized

parton distributions [66,67]; on the other hand, it has
also proven useful for investigating in-medium properties
such as the phase diagram of QCD [68-70]. Of course,
the list of works listed herein is only representative and
does not include the entire assortment of contributions.
Nevertheless, it is worth mentioning that the CI is easy to
implement and the explorations within it provide valuable
benchmarks for more sophisticated treatments of QCD and
experiment, to a large extent, because the strengths and
limitations of the model are clearly discernible. Thus, it has
developed as a powerful tool to investigate the hadronic
properties. Considering the discussion so far as a satisfac-
tory justification, we extend the CI analysis in Ref. [60]
on the GFFs of the pion to include 7. and #,, and the
hypothetical strangeonium 1(ss).

The manuscript is organized as follows: In Sec. II,
general features of the GFFs and its calculation within
the present CI model, based upon the DSE approach, are
presented. The corresponding numerical results are pro-
vided in detail and are discussed in Sec. III. Finally, the
summary and conclusion are presented in Sec. IV, along
with perspectives and possibilities for future work.

II. GRAVITATIONAL FORM FACTORS

A. General aspects

The expectation value of the EMT for a spin-0 meson is
expanded out as follows in terms of covariant tensors':

1
M;IZ/(Q2> = 2PyP1/AH(Q2) +§ (Q;to - Qz(s;w)DH(QZ)
+2m%5,,eM(0%), (1)

where Q is the external momentum of the probe, and P is
the average between the incoming and outgoing momenta,
such that P? = —m? — Q*/4, with my being the meson
mass; the script H = {PS, S} denotes the pseudoscalar (PS)
and scalar (S) mesons. The Lorentz scalar functions
GH(Q?) = {AH(Q*),D"(Q?),e"(Q*)} correspond to the
GFFs.

It is crucial to recognize that the GFFs are constrained
by symmetry principles. Firstlyy, EMT conservation
implies Q, M (0?) = Q,M%(0?) =0, which results
in ¢7(Q?) = 0. On the other hand, for the zero-momentum
transfer, one expects [10,19]

lim A7 (Q?) =1, lim Q’DH(Q?) =0. (2)
0%*=0 0*=0

The equation on the left stems from the mass normalization,
whereas the second one encompasses the equilibrium of

'We employ a Euclidean metric with {rpr} =26, = Vs
¥s = var1vars; and a - b = > % a;b;. The isospin symmetric limit
my q = my is considered throughout this work.
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forces within the bound state. It is known as the von
Laue condition [7,71]. The D term is also defined in this
domain via
lim D¥(Q?) := D", (3)
Q2—>0
There are no established constraints on D for arbitrary
hadrons, with the exception of the one arising from the soft

pion theorem. It entails the following result for the PS
mesons in the chiral limit [11,12,15]:

psps=0 ps
D™ = D2 =-1. (4)

The nature of this condition is tightly interwoven with
dynamical chiral symmetry breaking [72,73]. The mass
dependence of the first correction to it can be formally
derived from yPT for the pseudo Nambu-Goldstone (NG)
bosons (7, K,  mesons), [7,16,71]. The tendency in such a
case is to reduce its absolute value proportionally to the
quadratic NG boson mass: DNC = —1 + O(m).

Before proceeding to detail the computational frame-
work, let us recall that the total GFFs of a given hadron H
result from adding up the individual contributions of
each parton type-a, namely G(Q%) =5,G1(0?). In
the present approach, the entirety is contained within the
fully dressed valence quarks such that in the f flavor
symmetric systems:

GH(0%) = 201 (). (5)

Thus, in what follows, we shall ignore the quark flavor
label and only specify the meson type when necessary.

B. The scattering amplitude in the CI model

When studying meson EFFs within the DSE formalism,
it is common to appeal to the impulse approximation,
which results in the computation of a triangle diagram that
incorporates a fully dressed quark-photon vertex (QPV);
see, e.g., Refs. [49-51]. An analogous approach for the
GFFs requires the QPV to be replaced by the quark-tensor
vertex (QTV) whose rigorous construction is naturally
challenging [73]. Here, we proceed differently, taking into
account the novel perspective presented in Ref. [60] for the
calculation of the pion GFFs. This features a straightfor-
ward derivation of the amputated HH scattering amplitude
for the EMT. The reasons for this choice, and its imple-
mentation, are discussed below.

In the present hadronic scale picture, where the hadron
properties are entirely contained within its fully dressed
valence quarks, it is sufficient to consider the EMT valence-
quark contribution to Eq. (1), which reads

M, () = 2Nt / 75 (q+ k.q + p)S(q + p)
q

x i’F(q, p,—k)S(q + k). (6)

This expression involves not only the dressed quark
propagator, S(g), but also the QTV, 75, and the dressed
HH scattering amplitude, F(k, P, P,). The quark propa-
gators is obtained through its DSE, commonly denomi-
nated gap equation; in the CI model:

. 4
S—l(p> =iy-p +m+37/}/#5(q)yﬂ, (7)
GJq

which yields the following convenient expression for the
quark propagator,

S (p) =iy p+ M. ®)

Herein, m is an infrared mass scale, m the current quark
mass, and M is the resulting momentum-independent
4 . . .
dressed mass; f g = (;1734 stands for a Poincaré covariant
integral. Note that Eq. (7) is divergent and requires the
implementation of a regularization scheme, and, in general,

the CI model leads to integrals of the type:

1
I—Za(s> ::/q(q2+s)a+2’
1" (s) = /q %. ()

Employing the symmetry-preserving regularization pro-
cedure introduced in Ref. [61], these integrals are regular-
ized as follows:

a—1

Tizr e e~ TS
Laals) = Laanls) = [ " et

P (5) = Pals) = 31 Ol n(s). (10)

where 7! = A;; whereas 73] = A,, and serve as infrared
(IR) and ultraviolet (UV) cutoffs, respectively. A nonzero
value of Ay ~ Agcp supports a confinement-compatible
picture by preventing quark production thresholds, while
A,y 1s essential and has a dynamic role since the CI does not
constitute a renormalizable theory.

It is worth pointing out that the direct interaction
between the tensor probe and gluons is possible and should
be considered to ensure the conservation of EMT both at
the quark and meson levels. The gluon-tensor interaction
will generate new contributions to ensure ¢(Q?) = 0.
However, in the CI model, it neither affects A(Qz) nor
D(Q?) GFFs [74]. Along with the meson EMT conserva-
tion, the gluon-tensor coupling is also crucial to ensure that
the QTV obeys its own Ward-Green-Takahashi identity [75].
Furthermore, the contributions from such interaction will
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modify the in-homogeneous part of the QTV Bethe-
Salpeter equation (BSE) and, in CI model, producing [74]

SH(kH) +571 (k")

K+ ks
AL ; .

L (17

7k k) =iy

where k* = k + P/2. Notably, this structure resembles
that of its tree-level counterpart [60], but with the dressed
quark propagators. This indicates that, although the gluon
dynamics (and consequently the gluon-tensor interaction)
is cloaked by the CI, it is reflected in the dynamically
enhanced dressed quark mass. For that reason, in what
follows, we will refer to 75 (k" k™) as the effective
bare QTV. Note that the component proportional to &,
is crucial in guaranteeing WGTT is satisfied, and it only
impacts ¢(Q?).

The third element entering Eq. (6), the dressed amputated
HH amplitude F(k, Py, P,), satisfies an inhomogeneous
BSE. In the ladder approximation, this reads [60,67]

F(k, P\, Py) = Fo(k, Py, Py) + Z7(k, Py, Py),  (12)
with the bare HH amplitude
Fo(k, Py, Py) = Ty(P1)S(k)Lp(Py), (13)
and the self-energy term

2 (k, Py, Py) = —3—2/}’a5(6]+P1)
meJq

X F(q’PhPZ)S(q _PZ)ya' (14)

The CI model gives Xf(k, P|, P,) a plainly simple tensor
decomposition, completely determined by the structures 1
and y - K [60]; here, K = (P — P,)/2, with P, , the meson
total momenta. Focusing on the inhomogeneous term,
ie., Eq. (13), T'y(P) denotes the meson Bethe Salpeter
Amplitude (BSA). This is obtained from the corresponding
BSE:

4

rﬁm——gglm@MWA¢m%w—mm.<w

Given the momentum independent nature of the CI, the
BSAs acquire a very simple structure, independent of the
relative momentum between the valence quark and anti-
quark. In particular, for pseudoscalar and scalar mesons,
respectively:

Cos(P) = 75 |iBus(P) + 7 PFs(P)|.  (16)

[s(P) = 1Es(P). (17)

with M = 2M M /(M + M ), which is simply M = M in
the case of identical flavors or equal masses. The choice
of parameters and the generated masses will be presented in
the next section.

Once the components entering Eq. (6) have been
determined, as detailed in Ref. [60], it iS convenient to
cast M (0Q?) as follows:

M (%) = M, (0%) + ME,(0%).  (18)
Here, Mﬁw corresponds to the so-called impulse approxi-
mation involving the insertion of the effective bare QTV,
75 while MJl ~encodes the contributions arising from
the scalar meson poles. Graphical representations of both
elements are shown in Fig. 1, and the explicit mathematical
structures can be found in Ref. [60].

It should be emphasized that the contribution of /\/lgw
is essential to satisfying the soft-pion theorem [60,67],
namely, the corollary in Eq. (4). This is achieved through
the manifestation of the pole corresponding to the scalar
meson, whose effective propagator is found to be

1
2y _

M) =S e "
where f¢ is the scalar vacuum polarization at the one-loop
level [60]. Given the simplicity and constancy of the scalar
meson BSA within the CI, Eq. (17), it is anticipated that the
0? evolution of the corresponding FF would be harder than
the exact result. This situation was ameliorated in Ref. [76]
by incorporating a monopole Ansatz as follows:

As(0)
Apole 2y S , 20
with mg being the scalar meson mass extracted from the
corresponding BSE. Clearly, this correction only amends
the 0% > 0 evolution of the scalar propagator. It will not
alter the result for the D term.

FIG. 1. Left: M,,,, the impulse approximation piece with the
effective bare QTV. Right: M,,,, showing contribution from the
scalar meson pole. Solid, double-solid, double-wavy, and dashed
lines represent quark, meson, tensor probe, and the effective
scalar propagator Ag, respectively. Filled, crossed, and empty
circles represent PS/S meson BSA, effective bare QTV 7,% and
bare quark-scalar vertex, respectively.
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For the sake of completeness, one could also consider
the EFF, Fgy(Q?). Following an analogous procedure,
Fpm(Q?) is obtained via the following expression:

K, Fepm(0?) = thr/ 1.5(q + p)i*F(q. p.—k)S(q + k).
(21)

Beyond its similarity to Eq. (6), a closer examination of
Eq. (21) uncovers the typical form of the impulse approxi-
mation; thus, the tree-level quark-photon vertex becomes
effectively dressed, featuring a vector meson pole in the
timelike axis (see Refs. [49,50]).

III. RESULTS

In the previous section, we gathered the essential
ingredients for computing the EMT valence-quark contri-
bution and the different components that it requires within
the CI model. The parameters that define this model are the
infrared mass scale mg, which sets the effective strength
of the interaction, the ultraviolet, and infrared cutoffs (A,
and A, respectively), and the current quark masses. The
conventional way of setting these is such that the masses
of the ground-state pseudoscalars are faithfully reproduced
[49-51]. The complete list of parameters is found in
Table I. For the light quark sector, we have adopted
widely used parameters found in early literature, e.g.,
Refs. [54,55]. For the heavy quark sector, we vary the
parameters to obtain the correct meson masses, see Table 11,
and then confirm the robustness of our computations for
the GFFs, obtaining the interaction radii and D term.

Using the parameters listed in Table I, we first proceed to
study the variation of the D term with respect to the model
inputs in the heavy quarkonia regime. In particular, the
upper panel of Fig. 2 depicts the A,, dependence of the D
term. The robustness of the results with respect to the

TABLE I. CI model parameters employed herein, i.e., current
quark mass m, gluon mass scale mg, and ultraviolet regulator
Ayy. In all cases, Ay, = 0.24 GeV ~ Agep. Mass units in GeV.

mf mg Auv
Chiral limit 0 0.132 0.905
u 0.007 0.132 0.905
s 0.17 0.132 0.905
c 1.19 0.349512 2.0
1.027 0.461416 2.5
0.896 0.568196 3.0
0.791 0.672299 3.5
0.703 0.772548 4.0
b 3.86 1.20569 6.0
3.53 1.41603 7.0
3.24 1.62438 8.0
2.98 1.82809 9.0
2.749 2.02682 10.0

TABLE 1II. Constituent quark and the PS/S meson masses
(in GeV).For the ¢ and b quarkonium sectors, the results are
averaged for illustration purpose, and the errors are determined
through standard statistical methods. Note that chiral symmetry
imposes mpg = 0 and mg = 2M in the chiral limit [49-51].

M, MMps g
Chiral limit 0.3578 0.0 0.7157
u 0.3677 0.1396 0.7416
s 0.5331 0.7012 1.1364
Cavg. 1.6241(40) 2.9790(3) 3.4216(8)
Daye. 4.8777(3) 9.4012(8) 9.8604(6)

model parameters is further verified by computing the
interaction radii associated with the GFFs and EFFs as
follows:

0ln Fy(Q?)
(rg) = -6—5— . (22)
aQ Q2=0
1.0 T T T T T
0.8
S 06r g @006
04l o © ©° ° °
0.2+
0.0 — : : : :
2 4 6 8 10
Ny [GeV]
0.20 — T . : :
| ra
pole
'_|O.15-¢,"’ ErD I
n
% ®e00o0 EM
®
0.00 — : : : :
2 4 6 8 10
Ny [GeV]

FIG. 2. A,, dependence of the D term (upper panel), and the
radii (lower panel) for 7. (solid markers) and #, (open markers)
mesons. Recall that for each value of A, the interaction strength
(mg) and current quark masses are set to produce the observed
value for mps.
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— 04F
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0.0 : : : :
Tt Ns Ne Np

FIG. 3. Mass (r4), mechanical (rp), and electromagnetic (rgy)
radii for different PS mesons. The error bands in the case of 7,
and 7, mesons are practically negligible.

such that the index # denotes the FF under study. The
resulting variation of the mass (r4), mechanical () and
electromagnetic (rgy) radii with respect to A, is depicted
in the lower panel of Fig. 2. Clearly, there is a mild
dependence on A,, that stabilizes with increasing A,
despite a considerably wide range of parameter selection
shown in Table I. Therefore, the value of the D term and the
radii associated with the FFs are reasonably well deter-
mined once the mass of the meson is accurately fixed.
Although alternative definitions exist (e.g., Ref. [7]), we
have chosen to designate the radii associated with the
gravitational form factor A(Q?) and D(Q?) gravitational
form factors as “mass” and “mechanical” radii, respec-
tively, to keep the analogy with the charge radius and
in order to facilitate comparisons between the different
quantities. Such a choice has been employed, for instance,
in the phenomenological analysis of Ref. [22], and it is
quite common within the DSE approach [5,60,77].

After the model (in)dependence on the input has been
tested, the mass, mechanical, and electromagnetic radii are
depicted in Fig. 3. The error bars in the heavy quarkonia
case are practically imperceptible due to the mild model
dependence, which also translates into small error bands in
the associated dressed quark and the meson masses. The
pion case has been considered along with a hypothetical s5
pseudoscalar, denoted by #,, for comparative purposes and,
therefore, no error estimates have been included. A similar
comparison for the D term estimates is shown in Fig. 4.
Focusing on the interaction radii, there are some relevant
points that require discussion. First of all, it is clear that
these values follow the hierarchy:

rs(mass) < rpy(charge) < 20

(mechanical).  (23)
From various theoretical and phenomenological perspec-
tives, this pattern has already been observed in the case of
the pion, e.g., [22,30,32,60,73,77-79]. However, the mag-
nitude of the ratios r,/rgy and rp/rey is still a matter of

1.0r °
[ J
0.8}
S
& 0.6} °
04 ¢
0.2
Tt Ns Ne Np

FIG. 4. Analogous of Fig. 3 for the pseudoscalar mesons D
term estimates.

discussion [32]. Notably, the hierarchy of interaction radii
is maintained in the case of the heavier pseudoscalar
mesons, but they become increasingly smaller, and the
rap/rem ratios approach unity as the mass of the bound
state increases. This observation is intuitively expected [5]
since, as the mass of the ground-state pseudoscalar grows,
the bound state tends to feature pointlike characteristics,
and its internal dynamics approaches the nonrelativistic
limit [80]. In fact, considering the following averaged ratio

_ I —rf
rH:§Z— (24)

7[7
rale

it is estimated that the spatial extent of the 7. meson is
approximately 36% of that of the pion, whereas the
corresponding for #;, is around 16%. Being composed of
relatively light quarks, the estimated size of the 7, is only
reduced about 20% with respect of the pion. In the
Table III, we collect relevant values concerning the inter-
action radii: electromagnetic radii calculated for the pion,
ne and 7y, the 74/ rey and 7% / ry ratios, and the averages
7g. Given the nature of the CI model, it is not surprising
to find smaller interaction radii than those inferred from
data or predicted by more sophisticated methods [49-51].
However, since the A(Q?) GFF is entirely determined by
the contribution of M, component of the HH scattering
amplitude, corresponding to the impulse approximation,
and this, in turn, does not possess the relevant resonance
poles, the resulting ratio r,/rgy is relatively small (of the
order of 1/2) and consistent with the large N, limit
computation [15].

Returning to the D(0) estimations presented in Fig. 4, we
also see a clear trend: Its absolute value decreases as the
mass of the pseudoscalar meson increases. In particular,
including the estimated model uncertainties for the heavy
quarkonia, we obtain

D™ = —0.989,
D" = —0.576(3).

D = —0.871,
D = —0.445(13).  (25)
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The result for the pion D” lies within the typical reported
range [7,71,73,79], and it is also consistent with the chiral
limit constraint, Eq. (4). The approach employed here
allows us to reproduce this limit exactly, while also
predicting the corresponding chiral limit value for the
scalar meson case:

7
D}y =-73. (26)

DPS — 1
’ 3

cl.

As discussed previously, corrections to DF} can be
evaluated systematically using yPT, producing [7,16,71]:
D™ = —0.97(1), DX =0.77(15). These values turn out
to be fully compatible with recent estimates based on
DSEs [73]. Equation (25) and Fig. 4 again depict a clear
tendency to move away from D} = —1 reducing its
absolute value quadratically as m3g increases. This pattern
stands in stark contrast to recent findings from the basis
light-front quantization (BLFQ) approach, which suggests
D85 ~ —5 in the charmonia sector, [18]. Despite the
valuable insights offered by the BLFQ computation, most
likely, the current level of sophistication in calculating
GFFs using such approach still requires further refinement.

In this context, it is noteworthy to mention the recent
observations from Ref. [81], where the GFFs are examined
within a ®* theory in the small coupling regime. Therein, it

is found that the one-loop corrections to the D, = —1
case reduce this value to Dg’neloop = —1/3. This result has

been argued to be independent of the strength of the
perturbative correction and could potentially be generalized
to other theories. Acknowledging that the bound states tend
to display more pointlike characteristics with increasing
mass (as revealed for instance, by the interaction radii
discussed before), interpreting the increasingly heavier
states as pointlike particles become progressively more

appropriate. Thus, the value nge loop could be considered as

a limit for the infinitely massive case. This would mean that
DS would be bounded within the range:

DM e(~1,-1/3), (27)

where, clearly, —1 corresponds to the chiral limit and —1/3
to the infinitely massive case. The results presented here
are plainly compatible with Eq. (27) and, in addition, suggest
the DS€(-7/3,—1/3) bounds for the scalar mesons.
Furthermore, the so-called weak energy condition resulting
form the assumption of positive energy density, [18], entails

2
D" < -1 +§m’;‘,r§. (28)
Evidently, the result D' = —1 is properly recovered in the
chiral limit, and, given the values obtained for the quarkonia
masses and radii (see Tables II and III), it is easy to show that
this inequality is satisfied.

TABLE III.  Electromagnetic radii (in fm) and the r4 p/rgy
ratios for different pseudoscalar mesons. We have also included
the average 7 defined in Eq. (24); the error in this case comes
from the usual definition of the standard error.

T Un Me Mp
TEM 0.455 0.364 0.142 0.061
rA/Tem 0.537 0.601 0.813 0.896
P/ ren 1.197 1.157 1.178 1.147
7 1 0.82(4) 0.37(6) 0.16(3)

The Q? dependence of A(Q?) and DP'*(Q?) GFFs of the
PS light and heavy quarkonia are shown in Fig. 5 Only a
slight dependence on the model parameters is observed;
this essentially corresponds to the variation of A, since the
rest of the parameters are set accordingly. The FFs are
monotonically decreasing functions of 02, albeit with a
less pronounced curvature as would be expected within
more realistic models [73]. As we have seen, the low-Q?
region allows us to determine the corresponding interaction
radii [see Eq. (22)], while D(Q? = 0) defines the D term.

1.2
W Bns En. W
1.0
< 087
<
< 06Ff
04+t
0.2 : : : :
0 2 4 6 8 10
Q% [GeV?]
1.2
W BEns BEne Enp
&
&
Qv
g
Q
0.2 : : : :
0 2 4 6 8 10
Q’[GeV]
FIG. 5. GFFs of the PS mesons. The D(Q?) FF is normalized

as D(Q*) = D(Q?*)/D(0) for a direct visual comparison. The
error bands are calculated from the variation of the parameters
listed in Table I.
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The hierarchical order of the interaction radii exposed in
Eq. (23) is naturally reflected in the hardness of the FFs:
The A(Q?) GFF turns out to be above the EFF, which, in
turn, is above D(Q?). Obviously, when categorizing by
meson type, the heavier ones produce FFs with a less
pronounced curvature, becoming more and more aligned
with a pointlike particle picture.

We recall that A(Q?) entirely emerges from the M,
contribution to the HH scattering amplitude, defining the
impulse approximation piece. Clearly, this is enough to
guarantee the mass normalization condition, A(0) = 1.
On the other hand, the D(Q?) GFFs do require the
systematic addition of the M,,, component, which
features the scalar meson pole. This turns out necessary
to ensure the soft-pion theorem constraint is faithfully
reproduced, hence yielding a proper normalization of
D(Q?) (the D term).

IV. SUMMARY AND PERSPECTIVES

We calculate the GFFs of pion and PS quarkonia 7, 7.,
and #,, within the coupled DSE-BSE formalism. The
cornerstone of this calculation is the systematic construc-
tion and dressing of the corresponding HH amplitude, in
contrast with the typical approach of constructing the QTV.
This novel procedure was suggested in Ref. [61]. It requires
the knowledge of the quark propagator, the meson BSA, as
well as the incorporation of an effective tree-level like QTV.
These defining elements are constructed within the CI
model, which is widely used in the literature since it was
proposed initially in Refs. [49-51]. The CI framework is
not only computationally amicable but is also highly
illustrative since the origin and identification of the out-
comes is easily discernible. Remarkably, the approach
employed herein makes it possible to produce the GFFs
that satisfy the known constraints. We also calculate the
relevant interaction radii (mass, electromagnetic, and
mechanical) and the D term, which is obtained by setting
Q? = 0, and provides valuable insights into the underlying
strong interaction dynamics.

Given the apparent freedom to fix the model param-
eters, we firstly study the robustness of our results as a
function of their variation. For this purpose, we let the
ultraviolet mass scale A, take values within a reasonable
range of hadronic mass scales and fix the remaining free
parameters (coupling constant mg and current quark
mass) to produce the experimental ground-state PS/S
meson mass under consideration. Both the interaction
radii and the D term turn out to be only weakly sensitive
to this variation. So, their values are practically dictated
by the mass of the meson.

In the case of interaction radii, we note the following

hierarchy for PS mesons: ry < rgy < 0. This pattern is

consistent with several explorations in the light sector, but
the specific values of these radii are currently subject to
scrutiny (see Ref. [32] for a recent discussion). We verify
that the D term moves away from the expectations in the
chiral limit, D’ = —1, reducing its absolute value as the
mass of the PS meson increases; specifically, we find that
D"s ~ —0.87, D" ~ —0.58 and D'» ~ —0.45. This trend is
reinforced by yPT expectations for the NG bosons
[7,16,71]. Together with this observation and the fact that
our formalism exactly satisfies the relevant symmetries
(among others, mass normalization, charge conservation,
and soft-pion theorem), we believe it to be a reliable
indicative that sensible values have been obtained for the D
term of the quarkonia systems studied in this article.
Furthermore, recent analysis of a ®* theory at one-loop
level [81] has revealed that the D term of a free particle is
significantly reduced after a one-loop correction; in par-
ticular, it is found that D2 = —1/3, regardless of the

oneloop —

coupling constant. It may potentially be a general result in
scalar theories. In QCD, this value can be interpreted as a
limit for an infinitely massive PS/S system, corresponding
to the case in which the bound state would manifest the
characteristics of a point particle. Therefore, both the latter
bound and the soft-pion theorem would impose upper
and lower limits on the values that the D term of PS mesons
can take, i.e., DPS € (=1, —1/3). Our symmetry-preserving
calculations are consistent with this expectation.

As for the scalar mesons, our model and the computa-
tional scheme yield Dil. = —7/3~-2.33 in the chiral
limit. For the arguments detailed above, we anticipate the
range of possible values: DS € (=7/3,—1/3). As a prom-
ising comparison, the Nambu-Jona-Lasinio model predicts
D° = =227, [82]; this result perfectly agrees with our
prediction. Note that despite the straightforward extension
to scalar mesons due to the characteristic simplicity of the
CI model, we have not charted out the Q? evolution of the
GFFs of scalar mesons. It is due to the fact that a refined
determination of the GFFs for the scalar mesons would
potentially reveal a richer internal structure beyond a
quark-antiquark picture, for instance, unveiling a greater
coupling with the surrounding meson cloud, and the
formation of tetraquark-like structures. Thus, any attempt
to compute these form factors is not merely an algebraic
exercise but also provides a window into an intriguing
complexity and richer structure of the strong interactions
at the level of quarks and the bound states. Finally,
remembering that beyond D = —1 there is no known
prescription for the hadronic D term, the importance of its
determination for any system is self-evident. In addition
to other theoretical endeavors, we also hope that IQCD
and modern experiments will be able to provide con-
firmatory/reliable answers.
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