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The V → Pγ and ηðη0Þ → γγ decays are evaluated within a Dyson-Schwinger and Bethe-Salpeter
equations framework (here V ¼ fρ�; K⋆�;ϕg and P ¼ fπ�; K�; η; η0g). The so-called impulse approxi-
mation (IA) is employed in the computation of the decay constants involved and decay widths, and so in the
estimation of the associated charge and interaction radii. For their part, the required propagators and
vertices stem from a contact interaction model, embedded within a beyond rainbow-ladder (RL) truncation
that accounts for the typical ladder exchanges, quark anomalous magnetic moment, as well as the non-
Abelian anomaly. While the examined transitions produce decay widths plainly compatible with the
available experimental data, those processes involving the η − η0 mesons highlight the incompleteness of
the IA when considering beyond RL effects in the interaction kernels.
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I. INTRODUCTION

The Standard Model (SM) of particle physics is an
immensely successful theory that unifies the description
of electromagnetic, weak, and strong forces in terms of
elementary particles. Among its components, quantum
chromodynamics (QCD) is intended to describe the proper-
ties of hadronic matter. Nonetheless, enormous challenges
arise due to the peculiarities of the strong interactions [1,2].
First of all, QCD’s fundamental degrees of freedom (quarks
and gluons) cannot be identified in isolation; what we get
to detect are composite neutral-colored objects (hadrons)
with typical sizes of the order of 1 fm. This phenomenon
is commonly dubbed as confinement. Second, whereas
asymptotic freedom causes the coupling characterizing the
strong interactions to become small in the large-energy
regime, hence allowing a perturbative treatment of QCD,
daily life phenomena occur in the opposing end [3,4]. Mass
generation is the prime example of such: through their
own mechanisms, dynamical mass generation is present in
both matter and gauge sectors [5–8]. This orchestrates the

so-called emergence of hadron masses (EHM), which
produces almost all of the mass of the visible universe.
Understanding the nonperturbative facets of QCD hence
implies elucidating the hadron spectrum and structure,
tracing down its connection with EHM and confinement.
Light pseudoscalar mesons (PS), namely P¼fπ�;K�;

η;η0g, play a special role in this context. Their origins are
tightly connected with the breaking of chiral symmetry, and
so EHM [9,10]. With the exception of the η0, these are the
lightest bound states produced by QCD, i.e., the pseudo
Nambu-Goldstone bosons of dynamical chiral symmetry
breaking (DCSB), consequently, becoming massless and
structurally identical in the absence of the Higgs mecha-
nism (HBM). The influence of the so-called Abelian and
non-Abelian anomalies sets the η − η0 system apart,
allowing the latter to remain massive in the absence of
HBM, but intertwining its properties with those of the η
[11,12]. These facts strongly suggest that the structural
differences among hadrons are profoundly influenced
by the interplay between the different mass generation
mechanisms and anomalies of the SM. Complementary
insights are obtained from light vector mesons (VM),
V ¼ fρ�; K⋆�;ϕg, e.g., Refs. [13–16]. In a rather sim-
plistic picture, these systems can be regarded as the lowest-
lying spin excitations of their PS partners; and, contrary to
the latter, VM exhibit a mass budget that closely resembles
that of the nucleon [4]. Contrasting the properties of VM
with those of the PS, nucleons would expose once again the
effects of the mass generation mechanisms, while also
unveiling the role of the spin [17–19]. Furthermore, being
characterized by the same quantum numbers as the photon,
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VM provide a direct link between the strong interaction and
the electromagnetic force, becoming instrumental in the
study of spacelike and timelike electromagnetic form
factors (FFs) and numerous decay processes [20–24].
The present analysis focuses on the description of

the V → Pγ spin-flip transitions, as well as the related
ηðη0Þ → γγ decays. These processes not only allow us to pin
down structural changes generated by the electromagnetic
interaction but also are linked to the aforementioned SM
anomalies. For instance, the so-called Abelian anomaly
contributes significantly to the ρ → γπ and fπ; η; η0g → γγ
decay amplitudes, whereas the flavor mixing effects pro-
duced by the non-Abelian anomaly (NAA) introduces addi-
tional subtleties in the ϕ → ηðη0Þγ case. Experimentally,
the V → Pγ decay channels play an important role in vector
electromagnetic processes, and there exist a number of
measurements of the radiative decay widths and transi-
tion FFs for both spacelike and timelike energy regions
(see, e.g., Refs. [25–30]). From a theoretical perspective,
available investigations include the early predictions based
upon SUð3Þ flavor symmetry [31], quark models [32,33],
chiral effective Lagrangians [34–38], phenomenological
Lagrangians [39], QCD sum rules [40], and lattice QCD
[41–44]. With respect to radiative decays involving η − η0
mesons, numerous studies have been carried out over a
large time span; a rather short but representative sample is
found in Refs. [11,12,45–49].
Investigating these processes can be effectively achieved

using the Dyson-Schwinger equations (DSEs) and Bethe-
Salpeter equations (BSEs) framework. This approach
captures the nonperturbative traits of QCD and incorporates
all the relevant symmetries in a natural manner. Con-
sequently, it is capable of providing a sensible description
of the static and structural properties of hadrons, main-
taining a traceable connection with QCD (see, e.g.,
Refs. [50,51]). Among many explorations, the γ�ρ → π
and γð�Þγð�Þ → fπ0; η; η0; ηc; ηbg transition FFs have been
accurately described using sophisticated interaction kernels
[52], as well as through simpler approaches that rely on the
implementation of a symmetry-preserving vector × vector
contact interaction model (CI) [53,54]. The latter pro-
vides an accessible computational framework that pre-
serves crucial features of QCD, such as confinement and
DCSB. Moreover, it offers valuable points of comparisons,
as the origins of the model’s successes and deficiencies are
plainly identifiable. Hence, the CI has been used to address
an endless number of hadronic properties: mass spectrum,
form factors, parton distributions, among others. The
growing catalog of studies within the CI encompasses,
but is not limited to, Refs. [53–72].
In view of these facts, we shall employ a CI model to

investigate the V → Pγ and ηðη0Þ → γγ radiative decays.
Our analysis extends the conventional CI framework by
considering a beyond rainbow-ladder (RL) truncation
scheme. First, we employ the interaction kernel put forward
in Ref. [73], which incorporates the effects of the quark

anomalous magnetic moment (AMM). This is known to
favor the description of the vector channels and becomes
vital for a satisfactory explanation of the γ�γ → π0 and γ →
3π anomalous processes [68,69]. The two-body kernel is
further augmented to account for the NAA, in order to
produce the anticipated flavor mixing and mass splittings
required for the η − η0 system. The structure of this kernel
was derived in Ref. [74] and has been successfully applied
in extensive numerical calculations of two-photon transi-
tion FFs [75,76], as well as within the CI model [77].
Finally, it is worth pointing out that our treatment of the CI
follows the regularization procedure introduced in
Ref. [78]. Such a scheme handles the quadratic and
logarithmically divergent integrals in a manner that clearly
demonstrates the preservation of essential symmetries, such
as the Ward-Green-Takahashi identities (WGTIs).
The manuscript is organized as follows: In Sec. II, we

introduce the general aspects of the CI model, including the
DSE for the quark propagator and the corresponding meson
and quark-photon vertex (QPV) BSEs. With the exception
of η − η0 mesons, some static properties of light mesons
under scrutiny are also shown in this section. Our treatment
of the latter is addressed in Sec. III. This describes the
structure of the NAA kernel and Bethe-Salpeter amplitudes
(BSAs) for the mixed system, as well as the computed
masses, decay constants, and mixing angles. In Sec. IV, we
discuss the computation of the V → Pγ and ηðη0Þ → γγ
radiative decays within the impulse approximation (IA).
The presentation and discussion of results also take place in
this section. Finally, a brief summary is provided in Sec. V.

II. THE CONTACT INTERACTION MODEL

A. Quark propagator

The f-flavored fully dressed quark propagator might be
expressed in a general manner as

SfðpÞ ¼ Zfðp2Þ½iγ · pþMfðp2Þ�−1; ð1Þ

in such a way that the scalar functions Zfðp2Þ and Mfðp2Þ
(this typically denoted as mass function) are obtained from
the corresponding DSE for the quark propagator, namely

S−1f ðpÞ ¼ ½iγ · pþmf�−1 þ
Z
q
Kð1Þ

f ðq; pÞSfðqÞ; ð2Þ

where mf denotes the bare current quark mass;
R
q ≔

R d4q
ð2πÞ4

stands for a Poincaré covariant intergral; and Kð1Þ repre-
sents the one-body interaction kernel, which reads

Kð1Þðq; pÞ ¼ 4

3
g2Dμνðp − qÞγμ ⊗ Γf

νðq; pÞ; ð3Þ

where g is the Lagrangian coupling constant; Dμν and Γν

are the fully dressed gluon propagator and quark-gluon
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vertex, respectively, which obey their own DSEs. For the
sake of simplicity, we omitted the renormalization con-

stants. Since Kð1Þ
f ðq; pÞ relates the quark propagator with

higher order Green functions ad infinitum, an infinite
system of coupled integral equations is formed. A tractable
problem arises once a truncation scheme is specified. Thus,
let us consider the interaction kernel introduced in [53,54],
that is,

Kð1Þ
f ðq; pÞ → KR

f ≔
4

3m2
G
δμνγμ ⊗ γν; ð4Þ

in which mG is an infrared mass scale. This corresponds to
the so-called rainbow approximation, embedded within
the CI model. Such a scheme features a momentum-
independent one-body interaction kernel, which translates
into a rather simple quark DSE:

S−1f ðpÞ ¼ ½iγ · pþmf�−1 þ
4

3m2
G

Z
q
γμSfðqÞγμ: ð5Þ

Among other implications, an adequate treatment of the
arising divergences yields a convenient expression for the
quark propagator,

S−1f ðpÞ ¼ iγ · pþMf; ð6Þ

where the momentum-independent mass functionMf plays
the role of a constituent quark mass, enhanced by the
effects of DCSB and obtained from

Mf ¼ mf þ
Mf

3π2m2
G

Z
∞

0

ds
s

sþM2
f

: ð7Þ

The above integral is divergent and its form is typical of the
CI model. Thus, it turns out to be convenient to define

I−2αðM2Þ ≔
Z
q

1

ðq2 þM2Þαþ2
;

Iμν−2αðM2Þ ≔
Z
q

qμqν
ðq2 þM2Þαþ3

: ð8Þ

Employing the symmetry-preserving regularization pro-
cedure introduced in Ref. [78], these integrals are regular-
ized as follows:

I−2αðM2Þ→ I−2αRðM2Þ ¼
Z

τ2ir

τ2uv

dτ
τα−1

Γðαþ 2Þ
e−τM

2

16π2
;

Iμν−2αðM2Þ→ Iμν−2αRðM2Þ ¼ Γðαþ 2Þ
2Γðαþ 3ÞδμνI−2αRðM

2Þ; ð9Þ

where τir ¼ 1=Λir and τuv ¼ 1=Λuv act as infrared (IR)
and ultraviolet (UV) cutoffs, respectively. A nonzero
value of Λir ∼ ΛQCD produces a picture compatible with

confinement by ensuring the absence of quark production
thresholds, whereas the presence ofΛuv is mandatory within
the regularization scheme and plays a dynamical role.
Thus, from now on, we adopt the parameters used in

Ref. [78], which are typical for a description of systems
containing l ¼ u=d and s quarks [63,64]. These are
captured in Table I, along with the produced constituent
quark masses. The approach to the two-body BSE is
presented in the following section.

B. Meson Bethe-Salpeter equation

The BSA characterizing the internal structure of a meson
is obtained via the corresponding BSE, which reads

ΓHðp;PÞ ¼
Z
q
Kð2Þðq; p;PÞχHðq;PÞ: ð10Þ

Herein, H labels the type of meson; ΓH is the meson BSA,
such that χH corresponds to the Bethe-Salpeter wave-
function (BSWF),

χHðq;PÞ ¼ SḡðqÞΓHðq;PÞSfðq − PÞ; ð11Þ
where f=ḡ are the quark/antiquark flavors, respectively.
The kinematic variables p, q are the relative momenta
between the valence quark-antiquark and P is the total
momentum of the meson, implying P2 ¼ −m2

H (mH is
the meson mass). Naturally, Kð2Þðq; p;PÞ is the quark-
antiquark scattering kernel, which expresses all the
interactions that could take place within the meson. Self-
consistency demands the one-body and two-body kernels,

Kð1Þ
f and Kð2Þ, to be intertwined with each other [79,80].

The simplest symmetry-preserving construction is

Kð2Þðq; p;PÞ → KL ≔ −
4

3m2
G
δμνγμ ⊗ γν ¼ −KR

f ; ð12Þ

which corresponds to the so-called RL truncation in the CI
model. Here we go one step further and consider the
extension proposed in Ref. [73]. In this case, the two-body
kernel reads

Kð2Þðq; p;PÞ → KL þKA; ð13Þ

KA ≔
4

3m2
G
ξAΓ̃j ⊗ Γ̃j; ð14Þ

TABLE I. CI model parameters entering the quark DSE and
computed constituent quark masses. Herein we employ the isospin
symmetric limit mu=d ¼ ml. Mass units are in giga-electron-
volts (GeV).

mG Λir Λuv ml ms Ml Ms

0.132 0.24 0.905 0.007 0.17 0.368 0.533
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with Γ̃j ¼ fI; γ5; i=
ffiffiffi
6

p
σμνg, and ξA is a strength parameter

that controls the relative weight between the RL and
nonladder (NL) contributions. So, the corresponding
BSE reads

ΓHðPÞ ¼ −
4

3m2
G

Z
q
½γμχHðPÞγμ − ξAΓ̃jχHðPÞΓ̃j�: ð15Þ

Within the present context, the meson BSAs are indepen-
dent of the relative momentum of the quarks and exhibit a
compact structure:

ΓPSðPÞ ¼ γ5

�
iEPSðPÞ þ

γ · P
M̄

FPSðPÞ
�
; ð16Þ

ΓV
μ ðPÞ ¼ γTμEVðPÞ þ

1

M̄
γAμFVðPÞ; ð17Þ

where γTμ ðPÞ¼ γμ−
γ·P
P2 Pμ, γAμ ðPÞ¼σμνPν, and M̄¼ 2MfMg

MfþMg
.

Performing a Fierz transformation, it can be shown that
the KA piece can be rewritten as 1

3
σαβtrD½σαβχHðPÞ� and

does not contribute to the PS and axial-vector channels.
Conversely, the additional flexibility introduced by the
parameter ξA allows for a more accurate depiction of the
vector meson mass spectrum; and, contrary to the RL
alone (i.e., ξA ¼ 0), it generates a FV ≠ 0 component. As
we will see later, this leads to improvements in the QPV
and, consequently, in the description of electromagnetic
processes [68,69,73]. In line with a previous exploration
of the γ�γ → π0 process [68], we have adopted the
value ξA ¼ 0.151.
Note that, regardless of the truncation, the mesonBSE can

be cast as an eigenvalue equation by introducing a function
λðP2Þ in the right-hand side of Eq. (10). Physical solutions lie
at discrete values λðP2

i ¼ −m2
i Þ ¼ 1, such that the smallest

mi corresponds to the ground-state meson mass. The result-
ing eigenvectors are associated with the BSAs and must be
canonically normalized according to [81]

�
d ln λðP2Þ

dP2

�−1
P2¼−m2

H

¼ tr
Z
q
½Γ̄Hð−PÞχHðq;PÞ�; ð18Þ

where the tr indicates trace over color, flavor, and spinor
indices. Omitting the η − η0 mesons for now, in Table II we
collect some of the static properties of light pseudoscalar and
vector mesons. This list includes the corresponding decay
constants,which are obtained from the following expressions:

PμfPS ¼ tr
Z
q
½γ5γμSðqÞΓPSSðq − PÞ�; ð19Þ

fVmV ¼ 1

3
tr
Z
q
½γμSðqÞΓV

μ Sðq − PÞ�: ð20Þ

C. Quark-photon vertex

The QPV satisfies the following inhomogeneous BSE:

ΓμðQÞ ¼ γμ −
4

3m2
G

Z
q
½γμχμðQÞγμ − ξAΓ̃jχHðPÞΓ̃j�; ð21Þ

where Γμ denotes the fully dressed QPV,1 χμ is defined
in analogy with Eq. (11) and, clearly, Q is the photon
momentum. Except for the inhomogeneity term γμ,
this equation resembles that of the vector meson,
which entails the following structure for the QPV
(γLμ ¼ γμ − γTμ ):

ΓμðQÞ ¼ fLðQ2ÞγLμ þ fTðQ2ÞγTμ þ 1

M
fAðQ2ÞγAμ : ð22Þ

Plugging it into Eq. (21), it is revealed that fLðQ2Þ ¼ 1,
guaranteeing that the longitudinal WGTI of the vertex be
satisfied [78]. For its part, the transverse components are

fTðQ2Þ ¼ I

I − ξ̃½ðC0Þ2ξ̂M2 þ 2C̄0I �
; ð23Þ

fAðQ2Þ ¼ −
ξ̂M2C0

I − ξ̃½ðC0Þ2ξ̂M2 þ 2C̄0I �
; ð24Þ

where the Q2-dependent quantities I , Cα, and C̄α, are
defined as follows:

I ≔ 1 − ξ̂ð2M2C0 þ C2Þ;

Cα ≔
Z

1

0

du IαðωuðM2; Q2ÞÞ;

C̄α ≔
Z

1

0

du uðu − 1ÞIαðωuðM2; Q2ÞÞ; ð25Þ

with ξ̂ ¼ 32ξN
9m2

G
, ξ̃ ¼ 8Q2

3m2
G
, and ωu ¼ M2 þ uð1 − uÞQ2.

TABLE II. Computed masses, BSAs, and decay constants, fH,
for light PS (π, K) and V mesons (ρ; K⋆;ϕ). Mass units are
in GeV.

mH [GeV] EH FH fH [GeV]

π 0.140 3.595 0.475 0.101
K 0.499 3.811 0.589 0.106
ρ 0.879 1.442 0.150 0.190
K⋆ 0.971 1.528 0.184 0.181
ϕ 1.058 1.629 0.231 0.176

1For a specific quark flavor, Γf
μ must be weighted by the

corresponding electric charge.
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These dressing functions are far more complex than fLμ ,
but certain characteristics become apparent. First, being
associated with the γTμ and γAμ structures, both fT;A exhibit a
vector meson pole on the timelike axis, namelyQ2 ¼ −m2

V.
Second, the QPV acquires the following form at Q2 ¼ 0:

Γμð0Þ ¼ γμ þ
1

M
fAð0ÞγAμ ; ð26Þ

implying fTð0Þ ¼ 1 and that a nonzero fAð0Þ brings
corrections to the otherwise bare vertex in this limit. Note
this is achieved when ξA ≠ 0, in which case a monotonically
decreasing fAðQ2Þ is produced. Consequently, being
attached to γAμ , its presence is perfectly attributable to the
emergence of the quark AMM [73]. Another vital aspect of
the QPV lies within its asymptotic profile:

fTðQ2 → ∞Þ → 1; fAðQ2 → ∞Þ → 0; ð27Þ

which permits one to recover the correspondingpoint particle
limit ΓμðQ2 → ∞Þ → γμ. An illustration of theQ2 evolution
of fT;AðQ2Þ might be found in [73]. For brevity, we restrain
ourselves to quote their magnitude at Q2 ¼ 0 and slope,

RT;A ≔ −
∂fT;AðQ2Þ

∂Q2

����
Q2¼0

: ð28Þ

As observed from the values in the Table III, the AMMof the
s-quark is lower than that of its lighter u=d companions.
Likewise, the slope of the dressing functions is less steep in
this instance. Both observations are intuitive, merely indicat-
ing that the strange quark is heavier.

III. FLAVOR MIXING AND THE η; η0 MESONS

Due to the fact that SUð2Þ flavor symmetry is a good
approximation in nature, the pion is plainly decoupled from
the η − η0 system [74], which incorporates the s-quark. The
latter are, in fact, combinations of the octet and singlet
states, η8 − η0, so that the corresponding BSA of the mixed
system can be written as

Γη;η0 ðPÞ ¼ T 0Γ
η;η0
0 ðPÞ þ T 8Γ

η;η0
8 ðPÞ; ð29Þ

such that the structure of Γ0;8 is that of Eq. (16), and T a are
the generators of the Uð3Þ group, which are associated
with the flavor structure and satisfy tr½T aT b� ¼ δab.

Equivalently, the BSA might also be expressed in a flavor
basis, in which case

Γη;η0 ðPÞ ¼ F lΓ
η;η0
l ðPÞ þ F sΓ

η;η0
s ðPÞ; ð30Þ

with F l¼diagð1;1;0Þ and F s¼diag¼ð0;0; ffiffiffi
2

p Þ express-
ing the flavor structure of the system. In line with the above,
the corresponding BSWF is defined as follows:

χη;η0 ðq;PÞ ¼ SðqÞΓη;η0 ðPÞSðq − PÞ; ð31Þ

where S ¼ diag½Sl; Sl; Ss�. The RL truncation is incapable
of producing flavor mixing and, coupled with the fact that
KA only affects vector channels, then the two-body kernel
KL must be supplemented to adequately describe these
mixed states. Such an extension was proposed in [74] and
implemented throughout Refs. [75–77]; this reads

½KN �l
0
1
l0
2

l1l2
¼ ξN

4

3m2
G
f½cos θNiγ5zþ sin θNγ5γ · P̃z�l0

1
l0
2

⊗ ½cos θNiγ5zþ sin θNγ5γ · P̃z�l1l2g; ð32Þ

where P̃ ¼ P=Ml, z ¼ diag½1; 1; νa� [νa being a parameter
that introduces a dependence on Uð3Þ flavor-symmetry
breaking]; ξN and θN control the strength of the NAA
kernel and relative balance among its components, respec-

tively. Here we have kept the indices lð
0Þ
1;2, which describe

the color and flavor structure, and capture the essence of the
flavor mixing.2

Thus, and remembering that the KA kernel does not
contribute to the pseudoscalar channels, the η − η0 mesons
would be described by the following BSE:

½Γη;η0 ðPÞ�l1l2 ¼
Z
q
½KL þKN �l

0
1
l0
2

l1l2
ðPÞ½χη;η0 ðq;PÞ�l0

1
l0
2
: ð33Þ

Substituting Eq. (29) into Eq. (33), and properly projecting
according to the spinor and flavor structure, one arrives at
an eigenvalue equation of the form

λðP2Þ

0
BBB@

E0

F0

E8

F8

1
CCCA ¼ ½KðP2Þ�4×4

0
BBB@

E0

F0

E8

F8

1
CCCA: ð34Þ

Contrary to the previous cases, two ground-state solutions,
λðP2 ¼ −m2

0Þ ¼ 1, are found; the one producing the
smallest m0 is associated with the η meson and, naturally,
the heaviest one with the η0. In the case of ideal mixing,

TABLE III. QPV dressing functions and their slope, Eq. (28), at
the soft-limit Q2 ¼ 0. Mass units of RT;A are in GeV.

ffT ffA Rf
T Rf

A

u=d 1.0 0.043 0.49 0.056
s 1.0 0.053 0.30 0.047

2For instance, the tensorial part of the RL kernel in Eq. (12),
would read ½γμ�l1l01 ⊗ ½γν�l2l02 , so it does not produce a mixture of
flavors.
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ξN ¼ 0, arising solutions could be understood as the
nonphysical η8;0 states; or, in the flavor basis, as a pionlike
system and a pure ss̄ pseudoscalar. Along with θN and νa,
we fix ξN to produce precise values mη;η0 . In practice, θN
assumes small, nearly insignificant values, so fine-tuning
does not result in any notable improvement. As a result, the
γ5 ⊗ γ5-proportional component encompasses nearly all
the effects of the NAA kernel, meaning KN is effectively
controlled solely by the strength parameter ξN and νN . The
kernel parameters, as well as the resulting masses and
BSAs, are listed in Table IV.
In analogy with Eq. (19), we can also define decay

constants fH8;0, obtained by the following formula:

Pμf
η;η0
0=8 ¼

Z
q
tr½TH

0=8γ5γμSðqþÞΓη;η0Sðq−Þ�: ð35Þ

These can be conveniently expressed in terms of two
mixing angles θ8;0 as follows:

� fη0 fη8

fη
0
0 fη

0
8

�
¼

�−f0 sin θ0 f8 cos θ8
f0 cos θ0 f8 sin θ8

�
: ð36Þ

The collection of masses and BSAs from Table IV yield the
following results:

f0 ¼ 0.162 GeV ¼ 1.60fπ; f8 ¼ 0.151 GeV ¼ 1.49fπ;

θ0 ¼ −13.3°; θ8 ¼ −16.5°; ð37Þ

where the value fπ ¼ 0.101 GeV was obtained in a
previous CI analysis of the γ�γ → π0 transition [68]. For
comparison, the DSE estimated from Ref. [75] yields
f8 ¼ 1.34fπ , f0 ¼ 1.24fπ , and −θ8;0 ¼ 0.21; 2.8°; an
estimate based on various phenomenological analyses
is also reported therein, resulting in f8 ¼ 1.34ð8Þfπ ,
f0 ¼ 1.25ð10Þfπ , and −θ8;0 ¼ 0.18ð6Þ; 6ð6Þ°.
A reliable estimate of the decay widths ηðη0Þ → γγ is

obtained from the corresponding decay constants, via the
phenomenological formulas [45]

Γ½η → γγ� ¼ 9α2

16π3
M3

η

�C8f0η0 − C0f8η0

f0η0f
8
η − f8η0f

0
η

�2
; ð38Þ

Γ½η0 → γγ� ¼ 9α2

16π3
M3

η0

�
−C8f0η þ C0f8η
f0η0f

8
η − f8η0f

0
η

�
2

; ð39Þ

where C0 ¼ ðe2u þ e2d þ e2sÞ=
ffiffiffi
3

p
and C8 ¼ ðe2u þ e2d −

2e2sÞ=
ffiffiffi
6

p
. The arising estimations are captured in Table V.

These will be contrasted with the results produced in the
impulse approximation in the following section.

IV. RADIATIVE DECAYS IN THE IMPULSE
APPROXIMATION

A. The ηðη0Þ → γγ case

The matrix element of the two-photon transition to a
neutral pseudoscalar meson, P → γ�γ, reads

TPγ
μν ðk1; k2Þ ¼ gPγ

e2

ð2π2Þ2 ϵμνρσk
ρ
1k

σ
2GPγðk1; k2Þ; ð40Þ

where k1;2 denote the photon momenta, such that
ðk1þ k2Þ2 ¼−m2

P; e2 ¼ 4παem, with αem ≈ 1=137 the
electromagnetic coupling; and gPγ defines a coupling
constant ensuring GP0ð0; 0Þ ¼ 1. The decay P → γγ is
defined in this soft limit and, consequently, the magnitude
of gPγ dictates the strength of the corresponding decay
width,

ΓPγ ¼
1

4
πα2emm3

PjgPγj2: ð41Þ

Capitalizing on the η − η0 case, the IA for the two-photon
transition process yields [76]

TPγ
μν ðk1; k2Þ ¼ 2e2tr

Z
q
½SðqÞiΓμð−k1ÞSðqþ k1Þ

× Γη;η0 ðk1 þ k2ÞSðq − k2ÞiΓνð−k2Þ�; ð42Þ

where the trace is taken over color, spinor, and flavor
indices; the factor 2 appears in order to account for the
possible ordering of the photons; and Γμ ¼ diag½2=3Γu

μ;
−1=3Γd

μ;−1=3Γs
μ� is defined in analogy with S. Combining

Eqs. (40) and (42), the computation of the form factor
GP follows after applying a proper projection operator.
Nonetheless, certain issues concerning the definition of
the γ5 matrix emerge due to regularization-related aspects
[83–85]. This definition could affect the outcomes when
dealing with an odd number of γ5 matrices, as would be the

TABLE IV. Masses (in GeV) and canonically normalized BSAs
of the η and η0 mesons. The inputs entering the NAA kernel,
Eq. (32), are ξN ¼ 0.2, νN ¼ 0.71 ≈Ml=Ms, and θN ¼ 4°.

Mass E0 F0 E8 F8

η 0.549 0.297 0.169 3.644 1.282
η0 0.958 2.373 0.935 −1.369 −0.461

TABLE V. Coupling constants (in GeV−1) and radiative decay
widths (in keV) of the ηðη0Þ → γγ processes; impulse approxi-
mation computation (ia); and Particle Data Group averages (pdg)
[82]. The script ph denotes the matching of the phenomeno-
logical formulas, Eqs. (38) and (39), with Eq. (41).

jgPγ jia jgPγjph jgPγjpdg Γia
Pγ Γph

Pγ Γpdg
Pγ

η → γγ 0.242 0.236 0.273(5) 0.405 0.386 0.515(18)
η0 → γγ 0.273 0.315 0.343(6) 2.744 3.656 4.34(14)
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case of the two-photon transition form factors. Following
the analysis from Refs. [68,69], concerning the γ�γ → π
and γ� → 3π anomalous processes in the CI model, we
adopt the representation suggested in [86]

γ5 ¼ −
1

24
ϵabcdγaγbγcγd: ð43Þ

As exposed in Eq. (42), the IA permits the transition
form factors to be expressed in terms of quark propagators,
meson BSAs, and QPVs. The derivation of these pieces has
been detailed throughout Secs. II and III. With the masses
and BSAs collected in Table IV, the evaluation of
Eqs. (40)–(42) yield the coupling constants and decay
widths listed in Table V. Evidently, the IA underestimates
the experimental expectations on the ηðη0Þ → γγ decay
widths [82]. Such outcomes have been observed in other IA
computations involving DSEs [75] and extended Nambu-
Jona-Lasinio frameworks [87,88]. Furthermore, without
considering the effects of the quark AMM, the decay
widths in question would decrease by approximately 45%.
This underscores the significance of this component in the
QPV, which arises naturally within the present truncation.
On the other hand, the results produced by the phenom-
enological formulas in Eqs. (38) and (39) yield values much
closer to the empirically expected ones. Acknowledging all
of these facts, the deficiencies of the present IA compu-
tation might be safely attributed to the failure of the triangle
diagram in properly incorporating the beyond RL effects
arising from the NAA. A symmetry-preserving derivation
of such is a highly nontrivial task, e.g., [89].
Anticipating the shortcomings of the CI in describing the

Q2 evolution of the form factors, and in particular the two-
photon transitions [54,77], results for γ⋆γ → ηðη0Þ TFFs
will not be shown. Instead, we limit ourselves to calculating
the corresponding interaction radii, defined as follows:

r2M ≔ −6
1

Gð0Þ
dGðQ2Þ
dQ2

����
Q2¼0

: ð44Þ

Using the procedure outlined here, along with the cor-
responding model parameters, the resulting calculated
values are

rη ¼ 0.50 fm; rη0 ¼ 0.46 fm: ð45Þ

Unsurprisingly, the individual interaction radii are under-
estimated (about 25%) in the CI model, as compared to the
experimental data [90–93]. However, the computed ratio
rη=rη0 ¼ 1.09 is plainly compatible with the empirical
one: rη=rη0 ¼ 1.08ð7Þ.
Having covered the treatment for the η − η0 mesons,

along with its limitations, we now move on to discussing
the calculation of vector to pseudoscalar transitions.

B. V → Pγ decays

The transition amplitude defining the γ�V → P process
adopts a similar form to that from Eq. (40), namely

TVP
μν ðk1; k2Þ ¼ egVPFVPðk1; k2Þϵμνρσkρ1kσ2; ð46Þ

where k1 and k2 are the PS meson and photon momenta,
respectively, such that the on-shell conditions set: k21 ¼−m2

P ,
k22 ¼ Q2, and ðk1 þ k2Þ2 ¼ −m2

V . Thus,FVP depends solely
on the photon momentumQ2. The coupling constant gVP is
defined such that FVPð0Þ ¼ 1, in whose case, the associated
V → Pγ decay width reads

ΓVP ¼ αem
6

g2VP

�
m2

V −m2
P

mV

�
3

: ð47Þ

Analogous with the two-photon decays, these processes can
be evaluated in the impulse approximation, via

TVP
μν ðk1; k2Þ ¼ etr

Z
q
½SðqÞΓPð−k1ÞSðqþ k1Þ

× ΓV
μ ðk1 þ k2ÞSðq − k2ÞiΓνð−k2Þ�; ð48Þ

with the quark propagators, meson BSAs, and QPVs
determined as in previous sections.
The present framework leads us to the results shown in

Table VI, where both V → Pγ decay widths and associated
coupling constants are listed. It is evident that our impulse
approximation calculation yields radiative decay widths
that are in reasonably good agreement with the empirical
values [82] except for the ϕ → η0γ process. Comparing the
associated coupling constants shows much better agree-
ment, suggesting that some of the discrepancy between
the empirically estimated and calculated decay widths can
be partially attributed to the computed vector meson
masses. In this case, the level of compatibility in the ρ� →
π�γ and K⋆� → K�γ cases is particularly notable. It is also
observed that the coupling constants gϕη and gϕη0 , as in
the analogous two-photon transitions, turn out to be
underestimated. Clearly, this is another measure of the
incompleteness of the triangle diagram in incorporating
corrections beyond RL and, without the consideration of

TABLE VI. Coupling constants (in GeV−1) and radiative decay
widths (in keV) of vector-pseudoscalar radiative transitions;
impulse approximation (ia) results; and Particle Data Group
averages (pdg) [82].

jgVP jia jgVP jpdg Γia
VP Γpdg

VP

ρ� → π�γ 0.32 0.36(2) 76.79 68(7)
K⋆� → K�γ 0.38 0.41(2) 64.50 50(5)
ϕ → ηγ 0.30 0.34(1) 51.81 55(1)
ϕ → η0γ 0.34 0.35(1) 0.98 0.26(1)
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the quark AMM in the interaction kernels, these constants
would be suppressed by a further 25%.
In analogy with Eq. (44), we also calculate the corre-

sponding interaction radii, obtaining

rρ→π ¼ 0.49 fm; rK�→K ¼ 0.55 fm;

rϕ→η ¼ 0.41 fm; rϕ→η0 ¼ 0.42 fm: ð49Þ

Referring to the value rπ ¼ 0.455 fm obtained within the CI
framework [72], we find rρ→π=rπ ¼ 1.08. Meanwhile, the
DSE calculation from Ref. [52] produces rρ→π¼0.69 fm,
leading to a ratio of rρ→π=rπ ≈ 1.07, which is in full
agreement with the estimation made here.

V. SUMMARY

In this work, we have described a symmetry-preserving
treatment of a vector × vector CI model to examine the
V → Pγ and ηðη0Þ → γγ radiative decays, addressing the
shortcomings of the impulse approximation. The present
approach extends previous literature by incorporating,
simultaneously and rigorously, several elements. Among
others, a regularization scheme capable of preserving all
relevant symmetry constraints [78] and the interaction
kernels that take into account effects beyond the RL
truncation [73]. The latter allows the natural emergence
of the anomalous magnetic moment of the quark (which
does not happen in a RL treatment of CI), favoring the
description of the vectorial channels and thus, the quark-
photon vertex; in addition, the effects of the non-Abelian
anomaly are also considered, thus allowing a proper
description of the mixed η − η0 states [75,77].
In general, the static properties of the light pseudoscalar

and vector mesons under examination are well described.
This includes the mass spectrum and the corresponding
decay constants. Furthermore, the impulse approximation
computation of the decay widths and coupling constants of
the studied processes exhibit a reasonable agreement with
the experimental determinations. Nonetheless, for the
processes that involve the η and η0 mesons, the results
based on the impulse approximation tend to deviate more

significantly from the empirical estimates of the corre-
sponding decay widths. This is evident in the two-photon
processes ηðη0Þ → γγ by evaluating the corresponding
decay widths using a phenomenological formula, which
requires only knowledge of the masses and decay con-
stants. In this scenario, the agreement between calculation
and experiment is vastly better, suggesting a limitation
of the IA: in the presence of the interaction kernel
containing the non-Abelian anomaly, the triangle diagram
arising from IA would be insufficient. This fact, briefly
discussed in Ref. [75], has been overlooked in previous CI
explorations.
Finally, it is worth emphasizing that despite the same

approach being effective in scrutinizing a collection of
anomalous processes, γγ → π0 [68], γ → 3π [69], as well as
the radiative decays V → Pγ and ηðη0Þ → γγ discussed in
this work. In each instance, within the limitations of the CI,
a good qualitative agreement with experimental observa-
tions and other theoretical approaches has been achieved,
the significance of symmetries has been highlighted, and
the good features and flaws of the framework have been
plainly exposed. This highlights the valuable points of
comparison the CI can provide, and establishes the effec-
tiveness of the current approach for investigating these and
many other type of quantities.

ACKNOWLEDGMENTS

We acknowledges valuable discussions with Hao
Dang and Zanbin Xing. This work was supported by
National Natural Science Foundation of China (Grant
No. 12135007). This work has also been partially funded
by Ministerio Español de Ciencia e Innovación under Grant
No. PID2019–107844 GB-C22; Junta de Andalucía under
Contracts No. Operativo FEDER Andalucía 2014-2020
UHU-1264517, No. P18-FR-5057, and also No. PAIDI
FQM-370.

DATA AVAILABILITY

No data were created or analyzed in this study.

[1] W. J. Marciano and H. Pagels, Phys. Rep. 36, 137 (1978).
[2] W. J. Marciano and H. Pagels, Nature (London) 279, 479

(1979).
[3] C. D. Roberts, D. G. Richards, T. Horn, and L. Chang, Prog.

Part. Nucl. Phys. 120, 103883 (2021).
[4] M. Ding, C. D. Roberts, and S. M. Schmidt, Particles 6, 57

(2023).
[5] A. Deur, S. J. Brodsky, and C. D. Roberts, Prog. Part. Nucl.

Phys. 134, 104081 (2024).

[6] J. Papavassiliou, Chin. Phys. C 46, 112001 (2022).
[7] Z.-F. Cui, J.-L. Zhang, D. Binosi, F. de Soto, C. Mezrag, J.

Papavassiliou, C. D. Roberts, J. Rodríguez-Quintero, J.
Segovia, and S. Zafeiropoulos, Chin. Phys. C 44, 083102
(2020).

[8] D. Binosi, L. Chang, J. Papavassiliou, and C. D. Roberts,
Phys. Lett. B 742, 183 (2015).

[9] T. Horn and C. D. Roberts, J. Phys. G 43, 073001
(2016).

XU, SULTAN, RAYA, and CHANG PHYS. REV. D 110, 094036 (2024)

094036-8

https://doi.org/10.1016/0370-1573(78)90208-9
https://doi.org/10.1038/279479a0
https://doi.org/10.1038/279479a0
https://doi.org/10.1016/j.ppnp.2021.103883
https://doi.org/10.1016/j.ppnp.2021.103883
https://doi.org/10.3390/particles6010004
https://doi.org/10.3390/particles6010004
https://doi.org/10.1016/j.ppnp.2023.104081
https://doi.org/10.1016/j.ppnp.2023.104081
https://doi.org/10.1088/1674-1137/ac84ca
https://doi.org/10.1088/1674-1137/44/8/083102
https://doi.org/10.1088/1674-1137/44/8/083102
https://doi.org/10.1016/j.physletb.2015.01.031
https://doi.org/10.1088/0954-3899/43/7/073001
https://doi.org/10.1088/0954-3899/43/7/073001


[10] K. Raya, A. Bashir, D. Binosi, C. D. Roberts, and J.
Rodríguez-Quintero, Few Body Syst. 65, 60 (2024).

[11] H. Fritzsch and J. D. Jackson, Phys. Lett. B 66, 365 (1977).
[12] F. J. Gilman and R. Kauffman, Phys. Rev. D 36, 2761

(1987); 37, 3348(E) (1988).
[13] Y.-Z. Xu, D. Binosi, Z.-F. Cui, B.-L. Li, C. D. Roberts, S.-S.

Xu, and H. S. Zong, Phys. Rev. D 100, 114038 (2019).
[14] J.-Y. Kim, B.-D. Sun, D. Fu, and H.-C. Kim, Phys. Rev. D

107, 054007 (2023).
[15] Y. Z. Xu, K. Raya, J. Segovia, and J. Rodríguez-Quintero,

Phys. Rev. D 110, 054031 (2024).
[16] S. Kaur, J. Wu, Z. Hu, J. Lan, C. Mondal, X. Zhao, and J. P.

Vary (BLFQ Collaboration), Phys. Lett. B 851, 138563
(2024).

[17] K. Goeke, M. V. Polyakov, and M. Vanderhaeghen, Prog.
Part. Nucl. Phys. 47, 401 (2001).
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