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Introduccion

Desde hace muchos afios los problemas de la dindmica han sido objeto de estu-
dio por cientificos de distintas épocas. Podemos decir que los sistemas dinami-
cos se ocupan del estudio de los modelos de evolucién de los sistemas en un
cierto espacio (espacio de fases). Los mas conocidos, y estudiados por Newton,
son los problemas de la mecanica celeste, es decir, el estudio de movimientos
de cuerpos dentro del sistema solar. Fue en este momento cuando surgio el
planteamiento de estudiar estos modelos, que describian problemas dinamicos,
por medio de ecuaciones diferenciales ordinarias. KEstas ecuaciones, a pesar
de tener en algunos casos aspecto simple, resultaban notablemente dificiles
de solucionar al aplicarlas a problemas especificos. Esto ocup6 las mentes de
los més grandes matematicos de los siglos XVIII y XIX. Mientras que para
la teoria de ecuaciones diferenciales ordinarias lineales fue desarrollada una
teoria relativamente completa, fue la teoria de sistemas no lineales la que per-
manecié especialmente inaccesible. Los origenes del desarrollo de la teoria
de sistemas dindmicos, tal y como la conocemos actualmente fue iniciada por
el matematico francés Henri J. Poincaré y se remonta a los anos 1892-1899,
en sus trabajos sobre el problema de los tres cuerpos de la mecanica celeste.
Poincaré desarrolla una serie de nuevas técnicas de donde se originan lo que
son la geometria y la topologia modernas. Estas técnicas se basaban, princi-
palmente, en la descripcion global de todas las soluciones (o retrato de fases),
particularmente describe la utilidad del llamado mapa de Poincaré en el es-
tudio de soluciones periddicas y en el efecto de pequenas perturbaciones de
las condiciones iniciales (o estabilidad). En este sentido fue él quién desarrolla
los conceptos de wariedad estable e inestable. Después de Poincaré, fueron

matematicos como Birkhoff (1927), ver [24], y, un poco mas tarde, Andronov
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y Pontryagin (1937), quiénes impulsan el trabajo iniciado por éste. En el caso
de Andronov y Pontryagin, introducen el concepto de estabilidad estructural
(ver [18]). Finalmente fueron matematicos como Kolmogorov, Arnold y Moser
quiénes probaron la estabilidad de ciertas soluciones periddicas en el problema
de los tres cuerpos, dando origen a la teoria conocida con sus tres nombres (teo-
ria de Kolmogorov-Arnold-Moser) y al famoso Teorema KAM , denominado
asi por las iniciales de sus nombres. Mas tarde serian Lorenz, meteérologo
norteamericano y alumno de Birkhoff, y Smale quiénes enriquecieron la teoria
de sistemas dinamicos, mediante sus estudios en los ya conocidos atractor de

Lorenz y herradura de Smale, dando el punto de partida a la teoria del caos.

Una vez hecho este breve recorrido por los inicios de la teoria moderna
de sistemas dinamicos, nos centraremos maés en describir qué problemas abor-
daremos en esta memoria. Hay una gran diversidad de disciplinas entre las que
podemos citar la electronica, mecénica, quimica, etc, donde existen magnitudes
que sirven para describir determinados fenémenos. Estos fenémenos son des-
critos mediante el uso de sistemas dinamicos, es decir, modelos matematicos
que describen los fenémenos antes mencionados, mediantes sus derivadas con
respecto al tiempo, que son expresadas en funciéon de unas variables de estado
y, en ocasiones, del tiempo. En un sentido amplio, el objetivo de la teoria de
sistemas dinamicos es determinar la estructura del conjunto de soluciones de

estos modelos.

En concreto, si denotamos el correspondiente estado del sistema en un
cierto instante de tiempo ¢t mediante una variable x(¢) (que podra tomar valores
vectoriales), la evolucién con el tiempo de x(t) viene descrita por una ecuacion
diferencial ordinaria de la forma

dx(t)
dt

Nos centraremos en esta memoria en el caso de sistemas auténomos, que son

= F(t,x(t)).

aquellos de la forma
dx(t)
dt

es decir, en los que el segundo miembro no depende explicitamente de t.

— F(x(1)), (0.0.1)

La variable x(t) se mueve en un cierto espacio, denominado espacio de

fases o espacio de estados. Las graficas de las soluciones de este tipo de sis-
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temas, pueden interpretarse como curvas en el espacio de fases. Nuestro obje-
tivo sera determinar como queda estructurado el espacio de fases por las curvas
solucion.
Las soluciones més simples son las constantes (puntos fijos, o estaciona-
dx(t)
dt
soluciones que pueden ser conocidas con precision en las aplicaciones. Otro

rios, o de equilibrio), dados por = 0. Con frecuencia, éstas son las tinicas
tipo de soluciones son las periddicas, que vuelven al punto inicial después de
un cierto tiempo 7', denominado periodo. Las graficas de las soluciones pe-

rivdicas (en el espacio de fases) describen trayectorias que son curvas cerradas.

La determinacion de la estructura topologica global de las curvas solu-
cion en el espacio de estados puede resultar inabordable en la préactica. Un
planteamiento menos ambicioso es limitar el estudio de la dinamica de un sis-

tema a un entorno de un cierto elemento critico, generalmente un punto fijo.

En este sentido existen herramientas para clasificar todas las trayecto-
rias de un sistema dinamico y con ello obtener una representacion del espacio
de fases. Entre estas herramientas estan la busqueda de integrales primeras
o de factores integrantes inversos, problemas que abordaremos en distintos

capitulos de esta memoria.

Una complicacion anadida al estudio de los sistemas dinamicos es cuando
dicho sistema tiene dependencia de ciertos parametros y pretendemos analizar
el cambio en la estructura topologica de las soluciones al variar los parametros,
es decir, caracterizar los fendmenos de bifurcacion. Este problema también
puede ser abordado desde el punto de vista local, es decir, analizar las bifur-
caciones locales de la familia de sistemas, esto es, los posibles cambios que se
produzcan en la estructura del espacio de fases, en un entorno de un cierto
elemento critico, considerando ademaéas que los pardmetros varian localmente

en un entorno de un cierto valor.

Un paso previo al estudio de estos fenémenos de bifurcacion, o a cualquier
propiedad dindmica que queramos estudiar, es intentar buscar una simplifi-
cacion de la expresion analitica del campo vectorial F(x) del sistema. La mas

importante de ellas es la reduccion a forma normal.

La teorfa de formas normales (también llamada forma normal cldsica)

fue introducida por Poincaré, utilizando cambios de variables de la forma iden-
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tidad més términos no lineales, utilizados mas tarde por Dulac y Liapunov, y

desarrollados posteriormente por Birkhoff.

La idea basica de la teoria de formas normales es usar cambios de vari-
ables para simplificar tanto como sea posible las expresiones analiticas de los
campos vectoriales bajo estudio. Mas concretamente, pretendemos eliminar
aquellos términos no lineales, que no son esenciales para la determinacion del
comportamiento dindmico o la conducta de bifurcacion local. Tradicional-
mente, las mencionadas simplificaciones se obtienen a través de transforma-
ciones en las variables de estados, es decir, mediante el uso de C*°-conjugacion.
Para ciertos tipos de problemas, es posible considerar las mejoras propor-
cionadas por el uso de transformaciones no sélo en las variables de estados

sino también en el tiempo, a través del proceso denominado C*>-equivalencia.

Nos centraremos, en esta memoria, en el estudio de formas normales para
equilibrios en sistemas auténomos. La simplificacién en los términos no lineales
se alcanza grado a grado: si hacemos un cambio no lineal de coordenadas de la
forma identidad mas términos de grado k, es facil comprobar que los términos
hasta grado & — 1 de F(x) no se ven alterados, mientras que los de grado
k cambian de forma lineal a través del denominado operador homolégico de
grado k, que se define mediante el producto de Lie en el que interviene la parte

lineal del sistema.

El primer problema que surge aqui es estudiar si es posible transformar el
sistema en uno lineal mediante cambios del tipo mencionado. Ello es posible si
las correspondientes ecuaciones homologicas resultan ser compatibles. Si éste
no es el caso, existiran ciertos términos no lineales que no podremos eliminar.
No obstante, mediante una elecciéon adecuada del cambio siempre podremos
eliminar en los términos de orden k de F(x) la parte que estd en la imagen
del operador homologico. En este sentido, la simplificaciéon en los términos no
lineales consiste en reducir los términos de orden k de nuestro sistema a un

subespacio complementario a la imagen (co-rango) del operador homolégico.

Es importante senalar que las simplificaciones anteriormente indicadas
dependen de la parte lineal del sistema, la cual determina el operador ho-
mologico. Por otra parte, la consideracion de la soluciéon general de la ecuacion

homolégica permite introducir ciertos grados de libertad en el procedimiento
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de reduccién a forma normal. Asi, en la forma normal a orden superior apare-
ceran ciertas constantes arbitrarias que, seleccionadas adecuadamente, pueden

proporcionar simplificaciones adicionales.

A la hora de estudiar dichas simplificaciones adicionales, es preciso tener
en cuenta la informacién que proporcionan los términos no lineales. Se llega asf

al concepto de forma hipernormal (también denominada forma normal tnica).

En esta memoria analizamos y estudiamos distintos problemas dindmicos
a través de la formas normales quasi-homogéneas, las cuales desarrollamos a
partir de la teoria de forma normal clasica. Para ello utilizamos, en lugar de
desarrollos en series de Taylor en un entorno de un punto singular, desarrollos

quasi-homogéneos del campo vectorial que describe el sistema (F(x)).
A continuacién hacemos un breve resumen de la estructura de esta tesis.

En el capitulo primero estudiamos los centros de campos vectoriales
quasi-homogéneos planos de grado 0, 1, 2, 3 y 4, realizando una clasificacion
de los mismos. Dicho estudio nos ha permitido extender el trabajo realizado
por Libre & Pessoa [66]. Ademas, en cada caso, realizamos un estudio de la re-
versibilidad y la integrabilidad analitica de cada uno de los centros. Debemos
destacar que hemos encontrado centros que no son reversibles ni analiticamente
integrables, lo cual representa un nuevo escenario respecto del estudio de los
centros no degenerado y los centros nilpotentes. En la parte final del Capitulo
1, hacemos una introducciéon a la estabilidad estructural, definiendo este con-
cepto para campos quasi-homogéneos. En el teorema principal de esta parte,
Theorem 1.5.43, caracterizamos los campos quasi-homogéneos planos que son
estructuralemte estables. Dicho teorema generaliza los resutados obtenidos
por Llibre et al. [65] (Theorem A) y por Oliveira & Zhao [71| (Theorem 2).

Algunos resultados obtenidos en este capitulo han sido publicados en:

A. ALGABA, N. FUENTES, C. GARCIA. Centers of quasi-homogeneous poly-
nomial planar systems. Nonlinear Analysis: Real World Applications. Volu-
men 13, Ediciéon 1, 2012, Paginas 419-431.

En el capitulo segundo hacemos una revision de la teoria de formas
normales. En primer lugar, realizamos un breve resumen de la formas nor-
males clésicas y describimos las formas normales quasi-homogéneas bajo C*°-

conjugacion y C*®-equivalencia. Hacemos uso del Poliedro de Newton para
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describir la eleccion de un tipo adecuado, mostrando diferentes ejemplos para
la eleccion de dicho tipo. Describimos la forma normal de paso cero (concepto
analogo al de forma canonica de Jordan en el caso lineal). Describimos el uso
del tridngulo de Lie en el caso quasi-homogéneo y, por ultimo, aplicamos estas
técnicas al calculo de la forma normal de un caso particular de la singularidad

Takens-Bogdanov.

En el capitulo tercero, dedicado a las formas quasi-homogéneas planas,
introducimos dos descomposiciones de campos vectoriales planos. La primera,
la ya conocida, descomposicion conservativa-disipativa, descompone cualquier
campo vectorial quasi-homogéneo en dos componentes: una conservativa y
otra disipativa. La segunda, que deriva de la anteriormente citada, descom-
pone cuaquier campo vectorial quasi-homogéneo en tres componentes. Dicha
descomposicion nos ha permitido mostrar en este capitulo, de una forma rela-
tivamente simple, la expresion de la forma normal a orden infinito, de familias
de campos vectoriales cuyas componentes quasi-homogénea principales poseen

una singularidad nilpotente o son degeneradas.

En el capitulo cuarto, hacemos uso de estas formas normales para estu-
diar la integrabilidad analitica de campos vectoriales planos haciendo uso de
un resultado conocido de Algaba et al. [9]. Ademads, caracterizamos teorica-
mente la existencia de factor integrante inverso, tanto algebraico como formal,
(esto es, damos condiciones necesarias y suficientes de existencia) para campos
vectoriales planos que son perturbaciones de sistemas hamiltonianos degene-
rados. En la ultima secciéon de este capitulo, aplicamos dichos resultados al
estudio de la existencia de factores integrantes inversos en distintas familias

del tipo anteriormente citado.

Algunos resultados obtenidos en los Capitulos 3 y 4 han dado lugar a los

siguientes articulos:

A. ALGABA, N. FUENTES, C. GARCIA, M. REYES. 4 class of non-integrable
systems admitting an inverse integrating factor. Journal of Mathematical
Analysis and Applications. Volumen 420, Edicién 2, 2014, Paginas 1439-1454.

A. ALGABA, N. FUENTES, C. GARCIA, M. REYES. Non-formally inte-
grable centers admitting an algebraic inverse integrating factor. Journal of

Dynamics and Differential Equations, en segunda fase de revision.
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Finalmente, en el capitulo cinco, generalizamos el calculo de las formas
normales planas a campos vectoriales en R3. Esto incluye una generalizacion,
para campos vectoriales en R?, de la nueva descomposicion para campos quasi-
homogéneos introducida en el capitulo tercero. Como aplicacion realizamos el
calculo, usando nuestras técnicas, de la forma normal de un caso de la singula-
ridad Hopf-zero, comparandola con los resultados obtenidos en los trabajos de
Chen et al. [33,34] y Gazor & Mokthari [52] entre otros. También desarrollamos
la forma normal de un caso particular de la singularidad Triple-zero, a orden
infinito. Finalmente, en la ultima parte del capitulo hacemos una discusion

del papel que juegan los parametros en el calculo de las formas normales.
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CHAPTER 1

Some results about quasi-homogeneous planar

systems.

1.1 Introduction

In the study of the planar systems, one of the classic problems in the quali-
tative theory of the analytical systems, is the study of the phase portrait in a
neighborhood of a singular point and, in particular, to characterize when the
singular point is a center or a focus. A singular point is called center-focus type,
also called monodromic, when the orbits rotate around the singular point, i.e.
it is a center or a focus in the analytic case. Once established the monodromy,
the center problem determines, by studying the Ponincaré map, when, all the
orbits in a neighborhood of the singular point are closed. This chapter deals
with the classification of the centers for a class of polynomial differential system
with null linear part (degenerate centers). The classification of the centers of
polynomial differential system with linear part (—y,x)? started with the works
of Dulac [42], Bautin [22], Kapteyn [62,63] and Zoladek [87] for quadratic sys-
tem, and continued with the works of Sibirskii [77] and Zoladek [86] for sym-
metric cubic system. A lot of work has been performed about non-degenerate
centers (see Giné [58]), but only partial results have been reached and we are

very far to obtain a complete classification of all non-degenerate centers for the
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1 Some results about quasi-homogeneous planar systems.

polynomial differential systems of degree greater than or equal to three. The
nilpotent centers (i.e.,with linear part (y,0)7) are characterized theoretically
(see Berthier & Moussu [23|, Moussu [70], Giacomini et al. [55]) but only a
few families of nilpotents centers are known (see Gassul & Torregrosa [51],
Sadovskii [75]|, Algaba et al. [12]). However, the case of degenerate centers
(i.e., with null linear part) is not characterized theoretically (see Gassull et

al. [50]).

Another problem related to the previous one is the problem of the re-
versibility, i.e., when a vector field is invariant to an involution in the state vari-
ables and the change of sign in the time variable. (see Berthier and Moussu [23],
Moussu [70], Algaba at al. [17], Teixeira and Yang [81])

Next, the third problem we study in this chapter is the analytical integra-
bility of a quasi-homogeneous vector field, more specifically, to determine when
a planar vector field has an analytical first integral, i.e., a function that remains
constant along the trajectories of the system. (see Chavarriga et al. [30, 32],
Algaba et al. [1,9], Cair6 and Llibre [28|, Llibre and Pessoa [66], Llibre and
Zhang [67])

We consider system
x = F,(x). (1.1.1)

with F,. = (P, Q), with P and @ coprime and F, a quasi-homogeneous vector
field. In this case, it is known that the origin is the unique (real and finite)
singularity of F,.. Therefore, if F', has a center at the origin its period annulus
is R?\ {0}, i.e., the center is global.

Our two motivations for the study of the quasi-homogeneous centers are
by one hand, Theorem 1.3.32 which assures us that: a necessary condition
so that the origin of a perturbation of a quasi-homogeneous vector field be a
center is that the origin of the quasi-homogeneous vector field be a center. By
other hand, a recent work Llibre and Pessoa [66], which shows a classification
of these centers up to fourth degree (third degree for us). Notice that our
definition of degree of a quasi-homogeneous vector field disagrees with the one

given in Llibre and Pessoa [66] in one unit.

In this chapter, by using others techniques, we extend this study up to
fifth degree (fourth degree for us), and besides, we characterize the integrability
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and the reversibility of each one of the centers found. It is know that all
non-degenerate centers are reversible and analytically integrable (see Poincaré
[72,73]). Nilpotent centers are orbitally reversible (see Berthier and Moussu
[23]) but there exist nilpotent centers that are not analytically integrable (see
Moussu [70]). In this chapter is shown a new situation, we find polynomial
centers which are neither orbitally reversible nor analytically integrable (see
Theorems 1.6.54, 1.6.57).

Finally, the last problem discussed in this chapter is the structural stabili-
ty. The beginnings in the study of the structural stability of homogeneous poly-
nomial planar vector fields are dated 1960. In this year Markus [68] presents
his work which classifies the quadratic planar homogeneous polynomial vector
fields such that their components have no common factors. Later, in 1968
Argemi [19] completed the cassification of Markus. Moreover he furnished the
classification of the cubic vector field that have no common factors. At the
same time, he obtained upper and lower bounds for the number of phase por-
traits of the planar homogeneous polynomial vector fields of degree m which
have no common factors. Subsequent results, relative to an algebraic classi-
fication of the quadratic planar homogeneous vector fields, can be found in
the work of Date [41] and Sibirsky [78]|, where the two authors show, using
different techniques, the classification of quadratic vector fields with common
factors. In 1990, Cima & Llibre [38] obtain a topological classification of the
cubic homogeneous polynomial vector fields with or without common factors
and they present an algorithm for studying the phase portraits of homogeneous
polynomial vector fields of degree m < 3 and find an algebraic classification
for the planar homogeneous polynomial of degree m = 3. This classification
was extended later by Collins [40] for the planar homogeneous polynomial of
degree m < 1. In this chapter we study the structural stability of planar
quasi-homogeneous vector fields with respect to perturbations in the space of

the planar quasi-homogeneous vector fields. We apply it in several examples.

This chapter is structured as follows. In the next section we give some
definitions and previous concepts. In section 3, we characterize the monodromy
of a quasi-homogeneous vector field. In sections 4 and 5 we characterize the
reversibility, integrability and center problem and describe the classes of topo-

logical equivalence in et (being &t the vectorial space of the quasi-homogeneous
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1 Some results about quasi-homogeneous planar systems.

vector field of type t and degree k, that are structurally stables). In section
6 we describe, as application, the topological equivalence class 551’2) and 551’3)
and describes the centers for degenerated quasi-homogeneous vector fields up
to four degree, extending the results reached in Llibre & Pesoa [66]. We also
study the centers that are reversible and analytically integrable detecting cases

of centers which are neither reversible nor integrable.

1.2 Quasi-homogeneous vector field: definitions

and properties.

Through this memory, we will consider a fixed type t = (¢,ta,-- ,t,) with
t; € N (here, N is the set of natural numbers not including zero, whereas Ny
will denote the set of natural numbers including zero). We will use standard
multi-index notations: a multi-inder is an element a = (ai,as, - - ,a,) €
Ni. Moreover, we will write the monomials as x* = z{* --- 2% . Finally, the

canonical basis will be denoted as {ey,...,e,}.

We will deal with smooth vector fields, which we assume that can be

formally expanded in terms of the canonical basis as follows,
B={x%;:aeNj,1<j<n}.

(The qualification of formal indicates that we will not address any question

about the convergence of the expansions).

Definition 1.2.1. Let t = (t1,ta,...,t,), we define, module of t as, |t| =
tid byt

Definition 1.2.2. An scalar function f is said quasi-homogeneous of type t

and degree k if its monomials satisfy
a1t1 + G,th + -4 antn = k. (122)

The vector space of quasi-homogeneous polynomials in n variables of type t

and degree k will be denoted by Pt.
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1.2 Quasi-homogeneous vector field: definitions and properties.

Remark 1. Observe that a quasi-homogeneous function f, of type t and degree

k, can be expressed as follows,

f(x) = Z o x%
i=1

ot 4@ al™ (1)

being x* = x," xy' ---x, verifing that a; 't; + a/,EQ)tQ + -+ agn)tn =k, for

7

alli=1...s

Definition 1.2.3. A vector field ¥ = (Fy, Fy, ..., F,) is said quasi-homogeneous

of type t and degree k if its components F; € ?Fwtj forallj=1,2,....,n. We
will denote QF the vector space of quasi-homogeneous vector fields of type t
and degree k. (Notice that deg(F) = r — 1 respect to the usual homogenous
degree.)

Definition 1.2.4. Given a vector field F = (P, Py, ..., P,)T, we define, the
divergence of F, div(F) := 28 4 0P 4 .. 4 0P

T 0z Oxo Oxn *

The following lemmas show some properties about quasi-homogeneity.
Previously to its proofs we show an alternative characterization for quasi-

homogeneous functions and vector fields.

Consider the following matrix,

ghr 0
0 et
FE = )
0 0 gln

Proposition 1.2.5. [t holds the following items,

(a) The function f is quasi-homogeneous of type t and degree k if and only
if

f(Bx) =" f(x). (1.2.3)

(b) The vector field F is quasi-homogeneous of type t and degree k if and

only if
F(Ex) = " EF (x). (1.2.4)
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1 Some results about quasi-homogeneous planar systems.

Proof.
€tll’1
. €t21’2
a) Let consider f € P!, then Ex = _ . In consequence f(Ex) =
gtng,,

S S

Z 1) ©) 1) 1) 4 o (n) g 4@
= Oéi(€tll'1>ai (5t2x2)ai ...(gtnxn)ai = E aié‘tlai thai ...5t"ai xll ];21
i=1 i=1

o™

S
o =Y ax® =t f(x).
=1

b) Let consider F € Q% then F(Ex) = (I, Fy, ... F,)T(Ex) = (Fi(Ex), Fy(Ex),
..., Fo(Ex)) with Fj € Pyyy,. Usingitem a), F(Ex) = ("1 Fy, eF 0 B,
L EMtn Ry =gk (ehigf2 et (Fy, By, .. Fy)T =R - EF(x).

u
Lemma 1.2.6. Consider f € Pt. Then, its gradient V f verifies,
Vf(Ex) =e"E7'Vf(x).
Proof. It is sufficient to differentiate (1.2.3) respect to . u

Lemma 1.2.7. Consider F € Qt. Then, DF(Ex) = e*EDF(x)E~!.

Moreover, the column j of the matriz DF is a quasi-homogeneous vecto-

rial space of degree k —t; respect the type t.

Proof. To get the first equality, it is sufficient to differentiate (1.2.4). In
addition, the column j of DF(x) is

DF(Ex)e; = e*EDF(x)E'e; = e*EDF (x)e e; = " EDF(x)e;.

The result follows from (b) of Proposition 1.2.5. n

Lemma 1.2.8. Let be F € O, G € Qf. Then, [F,G] € Of,,.
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1.2 Quasi-homogeneous vector field: definitions and properties.

Proof.

[F,G](Fx) = DF(Ex)G(Fx)— DG(Ex)F(Ex)
= ¢EDF(x)E~'e*EG(x) — *EDG(x)E~ ' EF (x)
= M E(DF(x)G(x) — DG(x)F(x)) = " E[F, G](x).

Just use paragraph (b) of Proposition 1.2.5 to complete the proof. [ ]

Lemma 1.2.9. Consider p € Py, and ¥ € Q;. Then, uF € Q} ;.

Proof. We have
W(EX)F(Ex) = " u(x)e' EF (x) = " Epu(x)F(x).

Again, from (b) of Proposition 1.2.5, we get the result. ]

Lemma 1.2.10. Consider f € P} and F € Qf. Then, Vf-F e P},

Proof. From lemma 1.2.6, we obtain V f(Ex) = e*E~!V f(x). Therefore,
Vf(Ex) F(Ex)=c"Vf(x)'E<"EF(x) = ™V f(x) - F(x).

From (a) of proposition 1.2.5, we obtain the result. n

The following lemma is a version of Euler’s theorem for quasi-homogeneous

case.
Lemma 1.2.11. Let f € Pt and Dy = (tiz1, tawa, -+ , toxn)T € QF be. Then

Vf Do = kf.

Proof. For being f € Pt f(Ex) = &*f(x), deriving respect to € we obtain
that

Vf(Ex) - (D.E)x = keb ! f(x).

For ¢ = 1 we obtain the result. ]
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1 Some results about quasi-homogeneous planar systems.

Lemma 1.2.12. Consider F, € Q}. Then div (Fy) € Pb.

Proof. Using el Lemma 1.2.7 we have:

div (Fy) (Ex) 0t (DR, (Ex)) = tr (*EDFy (x) EY)

= Mt (DFy(x)) = fdiv (Fy) (x)

Lemma 1.2.13. Given two vectorial spaces F, G, and a smooth scalar func-

tion u, then

Proof. It is easily shown using the definition of the Lie bracket. ]

Lemma 1.2.14. Let Fj, € QF and Dy = (t121, taws, -, t,x,) € Q5. Then,
[Fy, Do] = kFy. particularly, if Fo € Qf then [Fo, Dg] = 0.

Proof. Consider [Fy,Dg|e;, the j-th component of the Lie bracket, j =

1,--- ,n. Using the Euler lemma 1.2.11 we obtain,

[Fk, Do} €; = Verj . D(] — VDoej . Fk = (k -+ tj>erj — thkej = kaej

An important property of the quasi-homogeneous vector fields is its in-
variance respect to certain changes of scale in the state variables and time.
This property determines the dynamics of the quasi-homogeneous systems as

shown below.

Lemma 1.2.15. If y(t) = (z1(t), 2o(t), ..., 2,(t))T is a solution of the system
x = F.(x), F, € Q then 6(t) = (urz(t), u?z5(t), ..., ulrx, ()T, with u €

R\ {0}, is solution of x' = F,(x) where x' = %, being 7 = L.

36



1.2 Quasi-homogeneous vector field: definitions and properties.

Proof. If v(t) = (x1(t), x2(t), . ..

.-, xy(t)) is a solution of the system x = F,.(x)
it is verified that §(t) = F,.(y(t)).

Ot) = S =u"(uhay (), ul?dq(t), . .. ultr i, ()T

ut 0 0 0 ut 0
| o u? 0 0 | o utz2 0
- e F(2(0)
0 0 0 uln 0 0 0 uln

From this result, the following dynamical consequence is derived.

Proposition 1.2.16. Let F, € QF be and consider that the origin of X = F,.(x)
is 1solated equilibrium. Then the unique equilibrium of the system x = F,.(x)
is the origin. In addition, this quasi-homogeneous system has no limit cycles

and homoclinic orbits.

Proof. The proof is a consequence of Lemma 1.2.15 because, if y(t) =
(1,22, ...,x,) is an equilibrium of the system, different from the origin, then
o(t) = (u'ray,uxg, ... ,unx,) is other equilibrium for all value of u € R\
{0}. This defines a curve of singular points of the system x = F,(x) which
approaches to the origin when u tends to zero, and this is inconsistent with

the fact that the origin is an isolated equilibrium.

Moreover, the system can not have limits cycles or homoclinic, since it,
if v(t) = (z1(t), z2(t),...,x,(t)) is one of these orbits then, applying Lemma
1.2.15, there would be a continuum of periodic orbits or homoclinic cycles

which is contradictory. [ ]

1.2.1 Planar quasi-homogeneous vector fields.

In this subsection, we present a decomposition of any quasi-homogeneous vec-
tor field. This decomposition is a generalization of that given, for the homo-

geneous case, by Baider [21] and Collins [39]. It was introduced by Algaba et
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1 Some results about quasi-homogeneous planar systems.

al. [9]. Given a type t, any quasi-homogenous vector field can be decomposed
uniquely as the sum of two quasi-homogeneous vector field: one of them having
zero divergence (conservative part) and the other one with divergence equal to
the original vector field (dissipative part). The proof of this result can be seen

in [14].

Before continuing we introduce some definitions.

Definition 1.2.17.

1. We denote X, := (—g—;‘, ST to the Hamiltonian vector field with Hamil-

ton function h.

2. We define, the wedge product of two vector fields, F A G := PQ — QP,
where F = (P,Q)" and G = (P,Q)".

Proposition 1.2.18. Assume that Pj, € QFf, then there exist unique polyno-
mials py, € PE and hyy ) € ?Z+\t| such that:

P, = th+\t\ + Do, (125)

where hyy) = ﬁ (Do A Py) and py, = ﬁmdiv(Pk).

This decomposition is called, conservative-dissipative splitting.

Proof.

In first time we prove the unicity. Suppose there exists p € Pi and

h e P i verifying the relationship (1.2.5) then, using the Euler Theorem for

quasi-homogeneous vector fields, is obtained,

» div(Py) = div(Xy) + div(pDy) = a%(,utlx) + a%(utgy) = %tlm +
+88%y + plt] = V- Do+ plt] = p-k+ plt] = (k+ [6)p.

» Dy APy = Dy AX), = Vh-Dy = (k+ |t])h.

Now we prove the existence. Using again the Euler Theorem

(Xp+uDg)-e1 = —g—z+ut1$ = ty-Pr-e1+(k+t1)Pr-e1] = (k+t1+t2)Pr-eg
=P e;.

The result for the second component of the vector field follows analo-

gously.
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1.3 Monodromy for planar quasi-homogeneous vector fields.

Remark 2. We want to clarify that, throughout this chapter and in the sub-
sequent, we will refer to hyyy as the conservative part of Py and py as the

dissipative part of it.

Alternative proof of Proposition (1.2.16):

Proof. If y(t) = (z(t),y(t)) is a limit cycle, taking into acount that h is an
inverse integrating factor of (1.1.1), by applying [56, Theorem 9| it is deduced
that h(y(¢)) = 0, this implies that () is solution of a real factor of h, that
is, it is solution of f(z,y) = 0 where f = x, f = y or f = y"* — az'? with
a € R\ {0} and this is inconsistent with the fact that (¢) is a limit cycle

because f(x,y) = 0 are not ovals. u

The following result is deduced from Proposition (1.2.16)

Corolario 1.2.19. If F, is a planar quasi-homogeneous vector field and the

origin of X = F,.(x) is a center, then it is a global center.

Proof. Let consider v(t) = (z(t),y(t)) a center of X = F,(x), using Lemma
(1.2.15) then v(t) = (u"x(t), uy(t)) with u € R\ {0} is a center. For differents

values of u, we obtain that, the center, is in all real plane. [ ]

1.3 Monodromy for planar quasi-homogeneous

vector fields.

As it has been noted in the introduction, a singular point is called monodromic
when the orbits rotate around itself, that is, in the case of analytical systems
a monodromic singular point is either a center or a focus. As we will see later,
the factors of h, the function of the conservative part of F,., characterize the
monodromy of the singular point. With the end of show a factorization of h
we will introduce, in the next subsection, some concepts about the vectorial

space of the quasi-homogeneous polinomial P%.
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1 Some results about quasi-homogeneous planar systems.

1.3.1 The vectorial space Pt.

Next, we describe some aspects of the vector space of the quasi-homogenous

polynomials. Our purpose is to provide a basis for the vector space P}.

Lemma 1.3.20. Fized t = (t1,t2) with t; and ty prime numbers with each
other, and k € Ng such that P} # 0. Then it is possible to determine ky, ko
and ks so that k = kit] + kota + kgtltg, bemg /{Zl, ]{ZQ, ks € Ny with k1 < to,

ko < t1. Moreover, kq, ko and ks are uniqueness.

Proof. If P} # {0} then, for all monomial 2™y" € Pt we can write mt,+nty =
k. Considering m = mty + k; with 0 < ky < t; and n = nt; + ko with
0 < ky < ty, we obtain k = (m + n)tity + kot + kit;. Moreover, if we
denote k3 = m + n, ki, ko and k3 are uniqueness because if there exist others

kél), kél), k%l) verifying the conditions, we obtain that,

(ky — kMYt = [(KSY — ka)ty + (kS — k)]t

and, as ty,t, are relatively prime, where 0 < ky < t and 0 < k%l) < t9 then

ky = k{” and, therefore, |k§1) — kslt1 = ka2 — k:él)|. Since 0 < ky < t; and

0< kél) < t; we obtain that 0 < |ky — k§1)| < t1, consequently kél) = ks and

kY =k n
2 = ha.

The following lemma summarizes these results, providing a basis of the

vectorial space Pt.

Proposition 1.3.21. Let be k € Ny such that Pt # 0 and consider t = (t1,t2).
Then,

(a) P§ = Span{1}.

(b) Pt = span {akitizte=iykattii . j =0 k), if k€ N.

1.3.2 Monodromy of the Hamiltonian function h.

Below we show a factorization on C[z,y| for quasi-homogeneous polynomial

functions, (where C|z, y] is the ring of the polynomials with coefficients in C).
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1.3 Monodromy for planar quasi-homogeneous vector fields.

Taking into account Proposition 1.3.21, we can write any quasi-homogeneous

polynomial of type t and degree k € N, i.e., p, € Pt as follows,

p( —m ykzzax 2(kz—j) Jt1

where ]{31, ]{32, k?3 eN \ {0} and ]{31 < 19, k’g < 1y, k= k?ltl + ]{?th + k?gtltg.

k3
On the other hand, if we consider the polinomial Z a;xt 2(ka=7) g7t in the
7=0
variables X = 72, Y = y'1, we obtain a new homogeneous polinomial with the
k3
form, Z an(krj)Yj and we can write,
§=0

pi(e,y) =2 y’“QZ&X’“S Yy

and this allows us to afirm that pg(x,y) is associated with a homogenous
polynomial pl°™(X,Y) of degree ks in the variables X = z2 and Y = y"!, so
that,

pr(w,y) = 2"y P (X, Y) (1.3.6)

being plom(XY) = 253:0 a; X ks=9)Yd,

Therefore, using the above expression, we can factorizate py(x,y) as fol-

lows,

1. Let consider ay, = -+ = ag,—1+1 = 0 and ay,; # 0. Then, we can write
ks —1 ;
pi(z,y) = 2y X! Zfo a; (Y/X).

2. Let be \; € C the roots of the polinomial Z s ha (V) X)

Therefore, the factorization mentioned is of the form,

k31
pr(z,y) = oy gt TR I_I(yltl —N\z™), N\, eC (1.3.7)

J=1

And using (1.3.7) hlwe can get an expression of h as product of irreducible

factors in C[z,y]. Also, by scaling in the time, we can assume that the leader
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1 Some results about quasi-homogeneous planar systems.

coefficient of h in the variable y is one, that is

h(z,y) =™ y™ | [(y" — Ajz")™, (1.3.8)
=1
with m, m,, m, € NU{0}; m; € Nforj=1,--- ,m; \; € C\{0} for 1 < j <m,
and \; # \; i # j. (for more details see Algaba et al. [14]).

The next proposition provides a condition of non-monodromy for quasi-

homogeneous vector fields with the form F, = X, + uDgy € Q.

Proposition 1.3.22. Consider F, = X;, +uDg € QY. If in the decomposition
of h given in (1.3.8) there exists any real factor, then the origin of x = F,(x)

18 non-monodromic.

Proof. If f:=y" —ax™? € Pt ,  a € R is areal factor of h then there exists

ti1to?

g such that h = fg and therefore X;, = fX, + ¢gXy, in this way, we obtain:

Vf-F, = Vf-X,+uVf-Dog=fVf -X;+9gVf-Xp+titouf
= f(Vf-Xy+titap)

ie., f = 0 is an invariant curve, and therefore, the origin of x = F,.(x) is

non-monodromic. The same happens if f =z or f = y. [ ]

This property suggests to state the following definition.

Definition 1.3.23. The polynomial h € P% is monodromic, if the decomposi-
tion (1.3.8) of h on Clx,y| verifies that m,, m,, are nulls, \; € C\R and h is
non-constant, that is, h is non-constant and only has complex (no real) factors
in its decomposition on Clz,y]. Observe that, a consequence of this definition,
is that h > 0).

Remark 3. Observe that, a consequence of the above definition, is that h s

defined positive or defined negative.

1.3.3 The trigonometric blow-up.

Next we show a change of coordinates called blow-up. In this case we describe
a blow-up trigonometric which is a generalization of the changes in polar co-

ordinates. These changes expand the non-hyperbolic equilibrium in a curve
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1.3 Monodromy for planar quasi-homogeneous vector fields.

on which it has a finite number of singularities and whose topological type is
determined through the Hartam-Grobman Theorem. For this task we define
the trigonometric generalized function C's(t), Sn(t) which are solutions of the

following initial value problem

<x> = <_2t1y2t11) , with 2(0) = 1, y(0) = 0. (1.3.9)

Y 2t21’2t2_1

Denoting H(x,y) = 2?2 + y*1 it has to (Cs(0), Sn(#)) are solutions of the
hamiltonian system (&,9)7 = Xy whose origin is a center, therefore these

functions are periodic, with minimal period T and also verifies that C's*2(6) +

Sn21(0) =1, V0 € [0, T).

Proposition 1.3.24. Let Cs(6), Sn(f) be the previously defined functions.

The change of variables,
r=u"Cs(6),

(1.3.10)
y = u25n(0),
the reparametrization in the time t = 25}”7’, and applying the change u = ﬁ,
system (1.1.1) is transformed into
"= p(1 — p)(2t1tau(0) — W' (0

0 = (r+ [t])h(6).

In addition, this change becomes the straights p = 0 in the origin, the straights

p = 1 in the infinite of the plane (x,y) and the region D = {0 < p < 1,0 <0 < T}

is transformed in the open disk {(x,y) € R?|0 < 22 + 1?1 < 400}

Proof.

Differentiating (1.3.10) respect the time, we obtain,

T = tlu“*le(Q)u—i-utl%e(e)é,
y = tQth_lsn(Q)ujLth—dS;ég)é.

And this is equivalent to the following vectorial equation,

A S 1
X = EDOU + u2t1t2*|t‘

X 50.

Therefore, we obtain that,
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1. x A Xy = 2(Dg A Xy
2. Dy AX = b (Do A X)),

where Do A Xy = t1x (2t22271) — tyy (=221 71) = 28, tu*ht2 £ 0.

In addition, using conservative-dissipative decomposition we get

X/\XH = Fr/\XH:{Xh—i‘/JLDo]/\XH
= Xp AXpg + 24t H (z,y)u(x,y),
DoAx = DgAXu(z,y) = (r+|t)h(z,y).

Moreover
1
hoiw/(z,y) = ——— (Do AXp) = ——Vh D
+1t/(2,9) r+]t\( o A Xhp) ) Y el Do
= R (Cs(6), Sn(0)) & urttlh(g),
r def
p(z,y) = u'pu(Cs(0),5n(0)) = u'n(6),
XnAXy = wenil [ OACH0)5n0) dSna) _ Sh(Ca(o)Snie) OO

— —ur+2tlt2_‘t|h/(9).

After applying the reparametrization in the time dt = 24247 and the

ur

new change of variables u = ﬁ, we can conclude that system (1.1.1) is trans-

formed into (1.3.11). u

Remark 4. Since p' = 0 in (1.8.11) when p = 1, then the boundary of D,
0D = {(p,0) : p=1} is an invariant circle of the flow of (1.3.11). This cir-
cle corresponds to the infinite of the system (1.1.1), therefore the vector field
E(F,), asociated to the system (1.3.11), and defined in an open neighborhood
U of D, is an analytical extension of the vector field F, to the infinity. D
denotes the closure of D in R%. Although we only study the phase portrait of
E(F,) on the closed disk D, we can also consider E(F,) defined in the open
netghborhood U. In this way, be applied the local study of the equilibrium of
E(F,) on 0D.

Proposition 1.3.25. Let F, = X, + uDy be, with h non-monodromic and
verifying all real factors are simple, then the equilibria of E(F.) are (p,0) =
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1.3 Monodromy for planar quasi-homogeneous vector fields.

(0,6;) y (p,0) = (1,6;), i =1,--- ,2s where s is the number of real factors, 6;
is associated with each real factor of h, i.e., h(6;) = 0 and each real factor is
associated with two values 6;. Moreover all equilibria are hyperbolic saddles or
nodes, verifing the following propierty, if (p,0) = (1,6;) is saddle (node) then
(p,0) = (0,0;) is a node (saddle).

Proof. It follows from (1.3.11) that the equilibria are the value  such that
h(f) = 0. In this case, as h is non-monodromic, the equilibria are the value
0 = 0, associated with the real factors of h. Using the Proposition 1.2.16 there
are no equilibria, in the finite plane, different from the origin. Therefore, the
equilibria of (1.3.11) are (p,0) = (0,6;) and (p,0) = (1,6;),i =1,--- , N where
0; is associated with each real factor of h, i.e., h(f;) = 0. Moreover, each
irreducible factor of h, either z, y or y'* — ax'?, has two associated values 6;.

Therefore there are an even number of values 6;.

The matrix of the linear part of the system (1.3.11) in the equilibrium

(p,0) = (1,6;) is:
—(2t1topu(6;) — W' (6;)) 0
( 0 (r+ [t])A'(6:) )

where 2t1tou(6;) — h'(0;) # 0 since, otherwise, the curve § = 6; is a curve
of singular point of the system (1.3.11) which means, that the origin of the
system x = F,(x) is not an isolated equilibrium. Neither can it be h'(6;) = 0
since, otherwise, the factor h associaded with 6; be a multiple factor, which is
contradictory. Therefore, the equilibrium (p, ) = (1, 6;) is a hyperbolic saddle

or a node.

Respect to the equilibrium (p, 8) = (0, 6;), the matrix of the linear part
of the system (1.3.11) is:

0 (r + [t[)h'(6:)
By the same above reasoning, the equilibrium is a hyperbolic saddle or a node.

Furthermore, from the form of the linearization matrix in the equilibria
(p,0) = (0,6;) and (p,0) = (1,6;) for all 6; it follows that, if the equilibrium
(p,0) = (1,6;) is a saddle (node), then the equilibrium (p, #) = (0, 6;) is a node
(saddle). u
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1 Some results about quasi-homogeneous planar systems.

Proposition 1.3.26. If F, = X, + uDg € Pt and h is monodromic then there
exists d € N such that r = t1(to — 1) + ta(t1 — 1) + 2(d — 1)t1ty

Proof. If h is monodromic, by (1.3.8) is verified that, m, =m, =0, m; =0

for all 1 < j < m. Therefore, denoting d = ij, it is obtained that r+ |t| =
=1
2d tits and, consequently: r = t1(ty — 1) + to(t1 — 1) 4+ 2(d — 1)tyts. ]

Proposition 1.3.27. Let F, = X;, + uDy € QY, with h monodromic and
G, := X, +ADg € QF then, the origin of system x = F, +cG, is monodromic,
for all sufficiently small ¢.

Proof. The system (1.3.11) asociated with the vector field F, + G, =
Xiteg + (1 +€X) Dy is:

plo= p(l—p)(2tita(pu(0) +eX(0) — 1'(0) — eg'(0)),
0 = (r+1t]) (h(0) +eg(8))

As, the origin of x = F, is monodromic, then h(f) > 0 for all 8 € [0,T].
Therefore, for all small enough e, it is verified that h(f) + €g(6) > 0. In

consequence, the origin of x = F,. + ¢G,. is monodromic. [ ]

1.3.4 Monodromy and center condition.

Next result characterizes the monodromy of a system by means of the mon-
odromy of the conservative part of its first quasi-homogeneous component. We
denote, in the following theorem and in the rest of this memory, for the first
quasi-homogeneous component F, of a system with the form x = F(x), the

conservative part h,4 ¢ := h and the dissipative part i, := p.
Theorem 1.3.28. Let F, = X, +uDy € Qf and F(x) = F,.(x) + ZFT+J'(X):

3>0
F, e Qﬁ+j. Then, it is verified:

(a) If h is monodromic then the origin of the system x = F(x) is monodromic.
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1.3 Monodromy for planar quasi-homogeneous vector fields.

(b) If h is not monodromic and all its real factors are simple then the origin

of system x = F(x) is non-monodromic.
Proof.

a) Using conservative-dissipative decomposition of each one of the quasi-

homogeneous components of F, this field can be written as

F =3 [Xu, + Do) (1.3.12)
=0
with h'r—l—j—l—\ﬂ € :Pi-‘rj—i-\ﬂ and M5 € iP,«+j.

We consider the change of variables

r =u"Cs(h),

t (1.3.13)
y = u2Sn(0),

where (Cs(6),Sn(f)) are the solutions of initial values problem:

5( = XH(X),
x(0) = (1,0),
with x = (z,y) and H(x,y) = y*" + 2%,

We should note that the point (1,0)7 belongs to the periodic ring, since
Xpg is a quasi-homogeneous global center. Therefore C's(f) and Sn(0)

are periodic functions of period T
Differentiating with respect to the time we obtain x = %DoiH—mX wo.

Therefore, % A Xy = 1Dy A Xyt and Dy A% = ——t—Dy A X6 , where
DO VAN XH == 2t1t2U2t1tQ # 0.

In addition, using conservative-dissipative decomposition of each quasi-

homogeneous terms, we get

xNANXg = Z F. AN Xpg = Z[thrmﬂ- + 1 Do] A Xy

=0 =0
= N X A X+ 200 H (2,y) Y g (),
Jj>0 j=>0
DoA% = Y DoAXp 0 (@y) =Y (r+j+ [t)hje (@ y).
5>0 3>0
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1 Some results about quasi-homogeneous planar systems.

Moreover, for each j > 0, we have

hosjael (@, y) = Ur+j+|tlhr+j+lt\(cs(9)7Sn(9)> Cl:efur+j+|tlhr+j+lt\(9),

foi(2,9) = " p,5(Cs(0),Sn(6)) w5 (6),

L rHj2tita—t Ohy 1141 (Cs(0),5n(0)) dSn(6)
Xhyogppy N X = a2 el [— o z)sn(g) do
_ Ohr 1151 (Cs(0),5n(9)) dCs(O)}
9Cs(0) 0
= _Ur+j+2tlt27|tlh;+j+\t|(9)-

Taking into acount that Cons(F,) = h and Diss(F,) = x we obtain, after
applying the reparametrization time dt = QZ—deT, that system (1.3.12) is

transformed into:

W= Rtitap(0) — B (0)u+ O@u?),
o' (r + [t))h(0) + O(u), (1.3.14)

withu>0and’:di.
T

Since h is monodromic then hA(#) # 0 for all € [0, T]. Therefore, § # 0
for all |u| << 1, consequently the origin is a monodromic singular point
of system (1.3.12).

b) Considering the transformed system 1.3.14, if h is non-monodromic, there
exists 6y simple root of h, i.e. h(fy) = 0. In this case, the matrix of the
linear part of the system 1.3.14 in the equilibrium (u,#) = (0,6) is of

the form,

2t1t2 /L(eo) - h/(eo) 0
0 1 (6,)

From the above matrix is possible to deduce that, the equilibrium (0, 6;)
is always an hyperbollic equilibrium or semi-hyperbolic which implies

that there are always invariant curves that come into the equilibrium.

Remark 5. Considering F(x) = ZFr+j(X), Frij = Xn e, + Hr+iDo €
Jj=0
;Eﬂ-,is proposed the following problem:
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1.3 Monodromy for planar quasi-homogeneous vector fields.

N
There exists any condition on the vector field FOV) .= ZFTH such that,
5=0
N
the monodromic condition of H = Zhrﬂﬂﬂ-, implies the monodromy of the
5=0

field x = F(x)?

For N =0, Theorem 1.3.28 prove that is enough that h be monodromic.

Corolario 1.3.29. h is monodromic if and only if X, has a center at the

oTLgin.

Proof. Let consider F, = X, with A~ monodromic, using the Theorem 1.3.28,
then the origin of x = F,.(x) is monodromic. Therefore, since F, is a hamilto-

nian, is possible to conclude that the origin is a center.

To prove the sufficient condition, we take h non-monodromic, then h has
factors of the form f =z, f =y or f = y"* — ax'?, with a € R therefore f =0

is an invariant curve of X;,, and consequently, the origin is not a center.

Next statement stablishes a sufficient and necessary condition for mon-

odromy of a quasi-homogeneous vector field.

Theorem 1.3.30. Let F, € OF.

The origin of ¥, is monodromic if and only if X}, has a center at the

origin.

Proof. From Lemma 1.2.18, F,, = X, +uDy with h € fP£+|t| and pu € Pt. The

change of variables (1.3.13) and the reparametrization in the time dt = 2224y

transform system x = F,.(x) into

u' = [2titau(0) — B (0)]u,
0 = (r+|t])h(6), (1.3.15)

Withu>0and’:%.
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1 Some results about quasi-homogeneous planar systems.

To prove the necessary condition we assume that X, has not a center
at the origin. From Corollary 1.3.29, h is not monodromic then h has a real
factor in its decomposition on Clz, y|, therefore there exists a 0y € [0,T") such
that h(6p) = 0 that is, 6 = 6, is invariant for (1.3.15), therefore, the real factor
is a solution of x = F,.(x), in consequence, the origin of F, is non-monodromic
and this is a contradiction. The sufficient condition is followed from Theorem
1.3.28 and Corollary 1.3.29.

From Theorem 3.7 of [8] and Theorem 3.3 of [14] can be obtained the

following result that we will use in next section.

Theorem 1.3.31. Assume that F, = X;, + pDyg, with h € Pt monodromic.
Then:

a) the origin of (1.1.1) is a center if and only if |t| is odd or |t| is even and
Ie, = 0.

b) the origin of (1.1.1) is an unstable focus if and only if |t| is even and
sign(h)lg, > 0.

c) the origin of (1.1.1) is an stable focus if and only if |t| is even and
sign(h)lg, < 0.

with
hom (

(1, y) A, (1.3.16)

IFT = 27 Z ]m(ReS[hhom—(l,y),

Im(X;)>0

hhom(l,)\j):o

where h"™(z,y) and p"™(x,y) are defined in (1.5.6).

The following theorem give us a necessary condition so that a perturbated

vector field of F, have a center at the origin.

Theorem 1.3.32. If the origin of x = F.(x) is a focus, then the origin of

system
x=F.(x) +Fr(x)+ ... with Fryj(x) € Q7. (1.3.17)

is also a focus with the same stability.
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1.3 Monodromy for planar quasi-homogeneous vector fields.

Proof.

Orbits of system (1.3.14) in generalized polar coordinates are defined by

generalized Abel equation

du T 2tp(0) WO ] o0
d@‘[vwmw @ﬂmwﬂ*0<% (1.3.18)

with h(6) # 0 for all 6 € [0, T] because it is monodromic.

If we denote u(0, up) = >, 5, an(f)ug, the solution of the equation (1.3.18)
satisfying u(0,up) = up and by replacing u(6, up) in the equation (1.3.18) we

“@:m(fhﬁﬁﬁ%‘wﬁﬁ%Jm)

The Poincare map of system (1.3.17) is given by

have

P(ug) = u(T, ugp) Zan Jug, defined for ug > 0,

n>1

and, for system x = F,., is given by P(ug) = a1(T)ug, with

1 TR 2qty T u(6) gty
ay(T) = e 7+ Jo w@y 0+ o w@y® — AR IEr (1.3.19)

where [y, = 0 h 9) 10 49,

Therefore, the first Lyapunov constant is the same for both systems (1.1.1) and
(1.3.17). In the case that the origin of X = F,.(x) is a focus we have a;(T) # 1,
otherwise the origin is a center. Therefore, the origin of the perturbed system

is also a focus with the same stability as the focus of the non-perturbed system.

Remark 6. This result shows that if the origin of system (1.3.17) is a center,
then the origin of (1.1.1) must be a center. This has been a motivation for
studying the centers of vector fields of the form (1.1.1).

In [13] can be seen the following example. In this article is proved the
monodromy of the vector field described bellow. This example, shows that,
there exists monodromic vector fields with the form, x = F, + .-, being

F, = X}, + Dy and however h is non-monodromic.
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1 Some results about quasi-homogeneous planar systems.

Example: Consider F = (y3 + 2%y, 2y*> — 2°)T. Respect to the type, t =
(t1,t2) = (1, 1), F can be written as F = Fy +Fy, where Fy = (y3 + 2%y, 23?7
and F; = (0, —2°)T. In page 5408, example 3 of [13], can be seen that F is

monodromic. However, h is non-monodromic.

1.4 Integrability, reversibility and center problem

for planar quasi-homogeneous vector fields.

At first we give some necessary definitions.

e An involution is a function o € C¥(Uy C R? R?), such that o0 oo = Id,

where Uy is a neighborhood of the origin.

e A system x = F(x) (or a vector field F) is reversible, if there exists an
involution o (¢ # £Id), 0(0) = 0, such that o.F = —F, where o.F
denotes the pull-back of F by the transformation o.

Obviously, if F is reversible with respect to the involution ¢ and ® is a
diffeomorfism, such that, ®(0) = 0, then ®,F is reversible with respect

to the involution ® o g o ®~1.

e A system x = F(x) (or a vector field F) is orbitally reversible if there ex-
ists an analytical scalar function f, f(0) = 1, such that fF is a reversible

vector field.
Remark: For quasi-homogeneous vector fields, the concepts of reversibil-

ity and orbital reversibility agree.

e A system x = F(x) (or a vector field F) is axis-reversible if either it is
reversible to the involution o(x,y) = (—x,y) (R, — reversible) or to the

involution o(z,y) = (z, —y) (R, — reversible).

The following result, about integrability, can be seen in [14].

Proposition 1.4.33. If F, s irreducible and h has multiple factors in decom-
position (1.3.8), h #cte. and p # 0, then ¥, is non-analytically integrable.
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vector fields.

Theorem 1.4.34. Assume that F, is irreducible, h is monodromic and h has
more than two factors, all of then simples, in its decomposition (1.3.8). System

x = F,.(x) has a first integral if and only if either ;n = 0 or there exists ng,n,,

n;, 1 = 1,--- ,m non-negative numbers, not all zeros, such that
Res[nhom(X, 1)7 O} _ (nz+1)t(2r]\+4|0t|)fM0’ Zf m, = 1,
Res[n"™(1,Y),0] = — CutDEHEM =y =90 (1.4.20)
Res[nhom(L Y)7 )\l] == (ni+1)(7j\/}t)|t|)_M07 L= 17 T, M,

with m(X,Y) = V) 0 My = ti(ng + 1)0, + ta(ny + 1)5, +

X2y Oy phom (X Y")
tity Z;”Zl(nj + 1)
Moreover, in this case, a first integral of degree My is

m

U(ZL‘, y) = x(nw+1)5xy(ny+1)5y H(yt1 . /\il't2)ni+1‘
=1

The following proposition and corollary can be deduced from the works
developed by Montgomery & Zippin (see [69]). For sake completeness we give
the proofs.

Next result characterizes the canonical involutions in R2.

Proposition 1.4.35. Let o be an involution, o € C* and o # £1d. Then there

exists U(x,y) = (z+by+- - - ,ax+y+---) such that VoooW ! (z,y) is (—z,y) or

(J}, _y)

Proof. We consider o(x) = Ax+--- with x = (z,y). Since o is an involution
A% = [,. Using linear transformation ¢(z,y) = (z+ by, ax +y) this involutions

can be expressed in the new variables as:
Loo(z,y) ==+ + f(z,y),y + 9(z,y)),

2. o(z,y) = (v + f(z,y), —y + g(z,y)),

3. U($,y) = (—LE + f<x7y>7y +g<$,y)),

The only involution of type 1 are +Id. Just consider f(x,y) = Ayz? +

Anay + Apy? + -+ and g(z,y) = Bgx? + Biyxy + Byy? + -+ Therefore

O'(],', y) = (Q? + "4201'2 + A11$y -+ A02y2 —+ .. N + Bgol’Q + Bnlﬁy -+ BO2y2 4. ),
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1 Some results about quasi-homogeneous planar systems.

imposing o2(x,y) = (z,y) it is easy to deduce that f = 0 = g, in consequence

the involutions that correspond to type 1 are £/d.

For the involutions of type 2, we consider the change of variables ¥ (z,y) =
(a:-l—al(:c,y) y—az(x,z;)) = (u,v) with o = (01, 02). Then

2 ) 2

(PoooU™)(u,v) = Voo(ry)=¥(o(r,y),02(z,y))
_ (w+01(:ﬂ,y) —y+02(967y))

5 , 5 = (u, —v).

The process is similar for the involutions of type 3. ]

From Proposition 1.4.35 it is easy to prove that

Corolario 1.4.36. Let F reversible be. Then there exists V(x,y) = (x + by +
cyar+y+---) €C¥ such that V.F is axis-reversible.

Next statement provides a sufficient and necessary condition about the

reversibility of a quasi-homogeneous vector field.

Theorem 1.4.37. Let F, € QF.

F. is reversible if and only if there exists V = Id + Wq, ¥y € QF, where
diag(D%¥y(0)) = 0 such that V. F, is axis-reversible.

Proof. The sufficient condition is clear. We prove the necessary condition

depending on types t:

1. If t = (1,1) we are in the case described in Corollary 1.4.36.

2. If t = (1,n) with n > 1, from Corollary 1.4.36, the change of variables
U, that transforms the vector field into an axis-reversible system, can be
decomposed in the form ¥ = (id + ¥ <) o (id + V-y), where

Vg =30 Vi U €Qf
Uop= Zloil v, W € Q?
with diag(D¥((0)) = 0.

In this case, m = n — 1 and the change of variables with negative degree

and its inverse is
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1.4 Integrability, reversibility and center problem for planar quasi-homogeneous
vector fields.

U=z,

’Ld—l—\llg():{ 9
V=T + r + -+ a2 +y,

u=x,
(id+ W)™ =id — U :{ )
V= —01T — T’ — - — oz +y.

From Corollary 1.4.36, V. F, is axis-reversible, therefore (id+W <)o (id+
U.o).F, = G with G axis-reversible. Considering the degrees of both
vector fields, G =Gy +---+ G, +--- with s <r, G; € Q}%. Therefore

(id + W) F\ = (id — V). G,
and decomposing it into quasi-homogeneous components.
F,+F. g+ =G+ +G+-+G, 4+,
we conclude C‘rl == @s == (A?rT_l = 0. Moreover
(id — 00 G = Gyt

then V4 = .- = ¥;_,, = 0, consequently id + V<, = id + ¥y and
(id + Uy) o (id + ¥+¢).F, = G, + ... is axis-reversible. Therefore, in

particular, (id + V).F, = G, is axis-reversible.

3. If t = (m,n), 1 < m < n proceed in the same way. It is sufficient to

consider that

U=z,

v:a1x+a2x2+---+aMa:M+y,

Zd‘i‘\llg():{

with M = | | where |z denotes integer part of z.

The following proposition establishes the axis-reversibility of a quasi-

homogeneous vector field in function of its conservative and dissipative part.

Proposition 1.4.38. Assume that F, = X, + uDy € Q!

a) F, is R,-reversible if and only if h(—z,y) = h(x,y) and pu(—z,y) =
i, y).
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1 Some results about quasi-homogeneous planar systems.

b) F, isR,-reversible if and only if h(x, —y) = h(x,y) y p(z, —y) = —p(z, y).

Proof. We prove item a), the other case is similar. F, = (P, Q)7 is R,-
reversible if and only if P(—z,y) = P(z,y) and Q(—=z,y) = —Q(x,y), then

> h(—$,y) = ﬁDO(_xvy)AFr(_$’ ) 7“+|t|( tle( ) toP(—l’,y)) =

h(z,y).
OP(—, 0Q(—=z, OP(z, 0Q(x,
> u(—x,y) = T-:M( 8E_z)y) + Q(ay y)) = H}It\(_ éx B Qéy y)) = _M(fpa?/)-

This proves the necessary condition.
If h(—z,y) = h(z,y) and u(—z,y) = —u(x,y), then
> P(—z,y) = =G0 4ty (—a)p(—x,y) = 2520 + (e, y) = Pl,y).
> Q(—x,y) = T2l w)) +taypu(—z,y) = — tayp(x,y) = —Q(z,y).
This finishes the proof. [ ]

Bh(w Oh(z,y)

From the above proposition is possible to establish the following property.

This gives us a condition of reversibility according to the type t = (t1,t2).

Proposition 1.4.39. Let F, = X, + uDy € QY and h monodromic. It holds

the following propierties:

a) Ifty is odd and ty is even, then F, is R,-reversible.

b) Ifty is even and ty is odd, then F, is R,-reversible.

Proof.

a) We prove paragraph (a). Since h is monodromic, using (1.3.8) is obtained
that h(z,y) = [T, ((y"* — aja™2)? + b2x*2)"  therefore h(—x,y) = h(z,y).

7j=1
From Proposition 1.3.26, there exists d € N such that r = t;(t; — 1) +
ta(t1—1)+2(d—1)t 1ty with d = ZN n;. Hence, the dissipative part of F',

can be written in the form p(z,y) = zf2 1yt 1 Zz(d Ytz =1 =5)yits
Taking into accout that ¢ is even, pu(—z,y) = —u(z, y), can be obtained.

Using Proposition 1.4.38, item (a) is achieved that F, is R,-reversible.

b) The paragraph (b) is proved analogously using now Proposition 1.4.38
item (b).
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1.5 Structural stability of quasi-homogeneous planar vector fields.

Remark 7. The hypothesis h monodromic, is essential. Considering the field
F, = X5 € le’z), in this case h = yx® is non-monodromic, t, = 1 is odd

and ty = 2 is even. However F, = (=22, 32%y)T is not R,-reversible.

Corolario 1.4.40. Let F, = X, + uDg € Q% be, h monodromic and |t| odd.

Then, the origin of X = F,.(x) is a center.

Proof. Since h is monodromic and [t| is odd, using Proposition 1.4.39 it is
obtained that F, is R,-reversible or R, -reversible. Considering that the origin

of x = F,(x) is monodromic, is obtained that also is a center. |

1.5 Structural stability of quasi-homogeneous pla-

nar vector fields.

The first definition of structural stability for planar vector fields was shown
by Andronov & Pontriaguin [18] who, in 1937, studied the structural stability
for analytic vector fields on the closed 2-dimensional disc. Roughly speaking,
we say that a vector field F is structurally stable if there are no substantial
changes in the dynamics of the field and anyone of its neighbors. In other
words, a vector field F is structurally stable if its phase portrait is topologically
equivalent (via homeomorfhism) to the phase portrait of all of its neighbors in
a suitable topology. Next, we adapt these ideas to quasi-homogeneous vector
fields.

Definition 1.5.41. We say that two vector fields ¥, G are topologically equiv-
alent if there are a homeomorphism ® and a change of scale in time, that
transforms orbits of x = F(x) into orbits of x = G(x) without the need to keep

the sense or parameterization.

Definition 1.5.42. Let consider a quasi-homogeneous vector field F, € QF.

We say that F., is structurally stable, with respect to perturbation in QF # {0},
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1 Some results about quasi-homogeneous planar systems.

if F. 1s topologically equivalent to any quasi-homogeneous vector field with the

form F, + G, where ¢ is a sufficient small parameter and G, € QF.

We denoted by EF the set of all vector fields in QY which are structurally
stable respect to perturbations in QF # {0}.

The following theorem characterizes the planar quasi-homogeneous vec-

tor fields that are structurally stable.

Theorem 1.5.43. It holds that, F, := X}, + uDq € E! if and only if one of

the following conditions is satisfied:

(a) h is monodromic, |t| is even and Ig, # 0.
(b) h is monodromic and |t| is odd.

(c) h is not monodromic and all real factor of h(x,y) are simple, i.e. the
integer numbers given by (1.3.8), my, m, € {0,1} and m; =1 for 1 <
J< M.

Proof. Firstly we provide the sufficient condition.

(a) If h is monodromic, |t| is even and Ig, # 0 then, from Theorem 1.3.31, the
origin of F, is a focus. Using the Corolary 1.2.19, it can be prove that
this focus is global. Next we will prove that the origin of F, + G, being
G, any small deformation of F, with the form G, = X, 4 7Dy, remains
a global focus with the same stability. Considering Iy, .c,, this is a
continuous function of ¢ such that for ¢ = 0, it is verified that Ig, # 0.
Therefore, for e sufficiently small is obtained If, .g, # 0. Also, using
the same ideas is possible to obtain sign ((h + €9)Ir,+cq,) = sign (hl,).

Hence, it is a focus with the same stability, i.e., F, € EF.

(b) Consider F, + G, with G, € Q! a small perturbation of F,. Since
h is monodromic, the origin of x = F,.(x) is monodromic and using
Proposition 1.3.27 is obtained that, also, the origin of x = F, + G, is
monodromic. Taking into account that |t| is odd, from Corolary 1.4.40

is deduced that the origin of both systems are centers, therefore F, € .
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1.5 Structural stability of quasi-homogeneous planar vector fields.

(c) If h is non-monodromic and all real factors of h(z,y) are simple factors,
using Proposition 1.3.25 is obtained that all equilibria of (1.3.11) are
hyperbolics.

From Proposition 1.2.16 is obtained that, the system x = F,.(x) has no
limit cycles nor other equilibria outside of the origin, hence, the dynamic
of the system (1.3.11) is determined by the topological type of equilibria
in p =0 and p = 1 which are hyperbolic. Any perturbations sufficiently
small of F',. preserves the same equilibriums and with the same topological

type, therefore, F, € &L
Now we provide the necessary condition.

e If h is monodromic, |t| is even and Ig, = 0, from Theorem 1.3.31 the
origin of F, is a center. Next we will prove that, there exists a small
deformation of F,. which transform the origin in a focus, i.e., F, ¢ EF. Tt
is enough to consider a small perturbation of G, := F, 4+ ¢\, Dy where
A € Pt Applying the Proposition 1.3.26 is obtained that, there exists
d € N such that r = t1(t2 — 1) + to(t1 — 1) + 2(d — 1)t,ta, therefore, it is

possible consider A, = gtz 1+2(d=Dtzgti—1

Applying to the system x = G,.(x) = F,. + e\, Dy the change of variables
r = u"Cs(f), y = u2Sn(#) where Cs(t), Sn(t) are the solutions of the
initial value problem (&,7)" = F,, (2(0),4(0))" = (1,0)%, taking into
accout that F, is a global center, it is obtained that (Cs(t),Sn(t)) is a

periodic solution, of minimun period 7". Moreover,

()

Hence,

(r + [therh(z,y) = G, AF, =1(DyAF,)i="Hpz y)i

Therefore, as h(z,y) # 0:

= ueh(z,y) = u"eX(0),

—= uT’
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That is, 9 = ue),(6) and consequently

w(®) = u(0)exp (g /O a)\r(a)da>

The origin will be an attractive focus (repulsive) if u(7") < u(0) (u(T) >
u(0)) and a center if u(T) = u(0). Since t; y ty are odds A.(0) =
Csl2=1+2d=Dt2 ()t =1(9) >  for all § € [0, T], hence fOT A ()da > 0
therefore, if ¢ > 0 (¢ < 0), the origin of x = G,(x) is a repulsive

(attractive) focus, consequently F,. & EF.

e If h is non-monodromic and y" — az'? with a € R\ {0} is a multi-
ple factor of h with multiplicity order n > 1 then, there exists f such
that h = (y" — az™)"f. Considering the vector field G, := F, 4+ X,
which is a perturbation of F, where g = x2(y"" — az®2)""'f ie. G, =
X (yt1 —(a—e)at2)(yt1 —azt2)n—1 £ +1Dg. The vector field G, is not topologically
equivalent to F, since y* — (a — €)z™ is a new invariant curve for e # 0

and sufficiently small, in consequence F, & EF.

Remark 8. This result generalizes the homogeneous case studied in [65, Theo-
rem AJ. In [71, Theorem 2/ is studied the quasi-homogeneos structural stability

of vector fields, but do not consider the case b) of the above theorem.

1.5.1 Classes of topological equivalence in £*

Proposition 1.5.44. If F, € &' then the vector field E(F,) has no equilibria
in 0D (case h monodromic) or it has 2s := 2(my +m, + M) > 0 equilibriums
in 0D, (caso h non-monodromic) where my, m, € {0,1} and M € NU {0}.

Proof. If F, € &' then using Theorem 1.5.43 it has that A is monodromic
and, therefore F(F,) does not have equilibria or A is non-monodromic and all
real factors of h are simple factors. From Proposition 1.3.25, s = d, + 0, + M
is the number of simple real factors, where 6, € {0, 1}, 6, = 1 if = is factor of
h, 8, € {0,1}, 6, = 1 if y is factor of h and M is the number of real factors
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1.5 Structural stability of quasi-homogeneous planar vector fields.

of type y"* — azx® with a € R\ {0}. Moreover, each of them determine two
equilibria of E(F,) on dD. u

The following definition is needed to determine the topologically equiva-

lent classes in EF.

Definition 1.5.45. Let F, € &' and h non-monodromic. Consider 2s the
number of equilibria in 0D of E(F,). It is defined

S(F,)={o; : 1<i<2s and o; € {S,N,, N,}}

the sequence of symbols is defined as

e 0, =5, if the equilibrium is a saddle.
e 0, = N, if the equilibrium is a repulsive node.

e 0, = N, if the equilibrium is an atractive node.

Obuviously, the number of equilibria and their topological types, determine the
class of equivalence, so the number of symbols S, N, y N, of S(F,) character-

izes the class of equivalence.

Moreover, two vector fields ¥, and G,., having the same number of equi-
libria, with the same topological types but distributed differently, can belong to
the same class, if an equilibrium can be brought to the other, using a transla-

tion. This amounts to saying that,

There exists n € N an a permutation U such that ¥"(S(F,)) = S(G,)

where W(0;) = 0441 for alli=1,---,2s — 1 and V(o) = 01.

Proposition 1.5.46. Consider F,., G, € E. It holds that, F, y G, are topo-
logically equivalent if and only if they satisfy any of the following conditions:

a) F, and G, are both monodromics.

b) F, and G, are non-monodromics with E(F,) y E(G,) having the same
number of equilibriums in 0D and there exist n € N and a permutation
U such that V" (S(F,)) = S(G,), where V(o;) = 0441 fori=1,--- 2s—1

and V(o) = 07.
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1 Some results about quasi-homogeneous planar systems.

Proof. The statement establishes that to prove that two vector fields F,., G, €
& are topologically equivalent it is enough to prove that the dynamic of E(F,.)
and E(G,) on a neighborhood of 0D are topologically equivalents. Clearly,

the necessary condition is trivial. The sufficient condition will be proved.

The topological class of a vector field, is determined by the topological
structure of its orbits. Thus, to determine when two quasi-homogeneous vector
fields are topologically equivalents, it must be studied if the solutions of the as-
sociated systems (1.3.11) are equivalents. The Proposition 1.2.16 ensures that
these systems have no limit cycles nor homoclinic orbits and the Proposition
1.3.25 afirms that the only equilibria of this system are in (p*, #*) where 6* is
a solution of h(f#) = 0 and p* is 0 or 1. Furthermore, its topological type is
a saddle or a node. Being, the topological type of the equilibriums, in p = 0
converse that p = 1. Thus, the topology class for a vector field, is determined
by the number of equilibria in p = 1, of their topological types and its disposal

within the invariant circle p =1

a) F, and G, are monodromics. In this case E(F,) and E(G,) do not have

critical points in 90D.

o If |t| is even, from Theorem 1.5.43, item (a) and Theorem 1.3.31,
the origin of the two associated systems, is a focus. Therefore they

are topologically equivalents.

e If |t| is odd, using Corolary 1.4.40, it is obtained that the origin
of the two associated systems is a center. Consequently they are

topologically equivalents.
b) F, and G, are non-monodromics. Then, the following cases are considered:

e If the number of equilibriums of F(F,) and E(G,) in 0D are equal,
and S(F,) = S(G,) then, F, and G, are topologically equivalents
since, in this case, the equilibria and the topological types on p = 0,
agree. In the case S(F,) # S(G,) but a sequence of symbols can be

transformed into another by a translation, it has the same result.
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1.6 Applications

1.6.1 Study of the topological equivalence classes 81(1’2)
(1,3)
and &, .

Now, the topological equivalence classes of 51(1’2) and 52(1’3) are studied. For
this, first, a simplified canonical form of the quasi-homogeneous vector fields,

belonging to 51(1’2) and 81(1’3) is determined.

Proposition 1.6.47. Let F; := (a12? + agy, by + bazy)T € 51(1’2), as(asby —
arby) # 0. The system % = F1(x) is conjugated to x = Fy(x), where:

F, = (y+da? o0+ 2doy)’, (1.6.21)

being o = sign(A), A = (by — 2a1)* + 8axb; # 0 and d = 2‘“2—\/%’2‘, d# £

Proof. Note that,

e ay # 0 otherwise, = would be a factor of reducibility of F;.

® axby —a by # 0 otherwise f“l is reducible and, consequently, the origin of

% = Fy(x) is not an isolated equilibrium.

e The conservative part of Fi, h = X(—2a0y? + (by — 2a;)zy + bi2*), must
be simple factors, therefore its discriminant A := (by — 2a;)? + 8asb; # 0,

otherwise h would have double factors.

= v
azy/|A|
2&41 —ba uQ m
a2z

To prove the statement just apply the change x = \/%u, y = V8

Proposition 1.6.48. System x = F(x) where Fy is given in (1.6.21) with
d # 22, has the following three classes of topological equivalence:

a) If o = —1, the origin is a global center.

b) If o =1, d < —2/2 the origin is non-monodromic and it has four elliptic

sectors.

63



1 Some results about quasi-homogeneous planar systems.

c) Ifo =1, d > —2v/2 the origin is non-monodromic and it has four hyperbolic

sectors.
Proof.
a) If o = —1, then h = —f2* — 2¢? is monodromic and [t| = 3 is odd. Using

Theorem 1.3.31, the system is a global center. From Proposition 1.5.46,
paragraph b), defines a topological equivalence class.

b) Ifoc=1h= Z—llx‘l — %yQ = —% ( — \%ﬁ) (y + %5352) is non-monodromic.
The equilibriums in 9D are (p,0) = (1,0;) where, the values 6;, i =
1,2,3,4 verifies: Sn*(;) + Cs*(6;) = 1 y Sn(6;) = :I:\%CSQ(GZ-) ie.

Sn*(6;) = 1Cs*(6;) and therefore Cs*(6;) = 2, that is, Cs(6;) = i% The

two values of § associated to the factor (y — \/iixQ) are: (Cs(6;),Sn(6;)) =

(j: :; \}) and the values associated to (y+ \%ﬁ) are: (Cs(6;),Sn(6;)) =

(14—%, —\%) Ordered in the decreasing sense of 6, is obtained:
(Cs(0:), 5n(00) = ($2.~5)  (Cs(0),50(82)) = (— 2.~ &)
(Cs(0), Sn(63)) = (— 42, 35)  (Cs(0),Sn(62)) = (2. &)

That is, (Cs(6;),Sn(6;)) = ((-1) % (- 1)L<i+1>/2%>, i =1,2,3,4
Taking into account that h/(6) = Cs*(6)(—2Sn(f)) — Sn(0)(4Cs*(9)) =
—6Cs*(0)Sn(#). Then K (0;) = 2(—1)i+! 2{2 and p(f) = 9Cs(6), hence
w(6;) = (— 1)“rl d \[ The matrix of the linear part of the system (1.3.11)
in the equilibrium (p, 0) = (1,6;) is

(—1)*E(=d +2V?2) 0
0 (—1)"*18v2 42

Therefore,

e For ¢ odd. In this case the above matrix has the form,

V2(_d492/2 0
<ﬁ< 2 Mﬂ)
%
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e For 7 even. In this case the above matrix has the form,

( L(d-2V?2) 0 y )
2
0 —8\/573

where, in both cases, if d < —2v/2 all equilibria are nodes and, in this

case, there exist four parabolic sectors.

c) In the case d > —2v/2 all equilibriums are saddles and, in this case, there
exist four hyperbolic sectors. The case d = —2+v/2 is not considered
because, for this value, the quasi-homogeneous vector field (1.6.21) is

not structurally stable.

The conclusion is shown in the following table,

61 02 93 84
d < —2v/2 | unstable node | stable node | unstable node | stable node
d>—2v2 saddle saddle saddle saddle

. . 1,2
Table 1.1: Summary of the topological equivalence classes of 5§ ),

Therefore, there exist two classes of equivalence in the coordinates (x,y).

These are: four elliptic sector (for d < —2v/2) and four hyperbolic sector (for

d > —2v?2). u
Proposition 1.6.49. Consider Fy := (a12® + azy, bia® + byz®y)T € 82(1’3),
as(ashy —aybe) # 0. The system X = Fg(x) is conjugated to x = Fo(x), where:

F, = (y+da® 02° + 3dz’y)”, (1.6.22)

being o = sign(A), A = (by—3ay)? +12asb; # 0 and d = 2@(3—(&@; d# :l:\/Lg-

Proof. Note that

e ay # 0, otherwise z would be a factor of reducibility F,.

® axby — ayby # 0, otherwise ]?‘2 is reducible and, consequently, the origin

of x = F1(x) is not an isolated equilibrium.
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1 Some results about quasi-homogeneous planar systems.

e The conservative part of Fy, h = £(=3asy® + (by — 3a1)zy + byx®), must
be simple factors therefore its discriminant A := (by —3a;)?*+12ab; # 0,

otherwise h would have double factors.

To prove the enunciate of this proposition, is sufficient to apply the following
{l/ﬁ _ m bo—3a1 é/ﬁ

change =z = m% y= mv T 6 4/|A\u

Proposition 1.6.50. System x = Fy(x) where Fy is given in (1.6.22) has the

following three classes of topological equivalence:

a) If o = —1, we have two options:

1. d =0, the origin is a global center.

2. d#0, the origin is a focus.

b) If 0 =1, d < —/2 the origin is non-monodromic and it has four elliptic

sectors.

c) Ifo=1,d> —/2 the origin is non-monodromic and it has four hyperbolic

sectors.
Proof.

a) If o = —1, then h = —22% — 14? is monodromic and [t| = 4 is even.

6
Moreover, Ig, = \/ng‘ Using Theorem 1.3.31, it is possible diferenciate

two cases,

1. If d = 0, the origin is a global center. In this case Fy & 52(1’3).

2. If d # 0, the origin is a unstable focus (for d < 0) and a stable focus
(for d > 0).

b) fo=1,h= —x — —y = —% ( > <y 3> is non-monodromic.
In this case the equilibria in 9D are (p, ) (1,6;) where, the values 6;,
i =1,2,3,4 verifies: Sn*(#;) + Cs®(#;) = 1 and Sn(6;) = :i:\/ing:i(Hi) ie.

Sn*(0;) = +Cs%(6;) and therefore CSG(QZ'> =3 that is, Cs(6;) = j:z—g.

Consequently,
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e The equilibriums associated with the factor (y — \/igx?’) are (%, %)
3 1
and (-71, —5)
e The equilibriums associated with the factor (y + \%xz)’) are (;ﬁ, —%)
V3 1
and (—%, 5)

Ordered it, in the decreasing sense of 6, is obtained:

)
1
12

Taking into account that i = $Sn°(#)—1Cs*(6), then #'() = Cs”(6)(—2Sn(6))—
Sn(#)(6Cs"()) = —8Cs”(A)Sn(d) and p(f) = 4Cs(6) and consequently p(6;) =
(—1)”1%%, we can write the matrix of the linear part of the system (1.3.11)
in the equilibrium (p,0) = (1, 0;) as follows:

( VE(=3d+ (1) 2v/3) 0 >
0 (—1)"*112/3

N =

(Cs(61),Sn(61)) = ({2, -3 (Cs(62),Sn(82)) = (~
(Cs(03), Sn(63)) = (—42.3)  (Cs(0a), Sn(0)) = (

)

g
5 s

Therefore,

e For i odd, the matrix of the above matrix has the form,

(Zﬁ:j(—:sd—wﬁ 0 )
0 12¢/3

e For i even, the matrix of the above matrix has the form,

Eﬁij(—?nijt 2v3) 0
0 —124/3

Therefore, if ¢ is odd, for d < _%g’ the equilibria are unstable nodes and, for
d > _%g’ the equilibria are saddles. In the case that 7 is even, for d > %g,
the equilibria are stable nodes and, for d < _%g, the equilibria are saddles.
The cases d = _%g and d = %3 are not considered because, for this value,

the quasi-homogeneous vector field (1.6.22) is not structurally stable.

These results are resumed in the following table:
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01 02 03 04
d < ’23\/5 unstable node saddle unstable node saddle
%ﬁ <d< %ﬁ saddle saddle saddle saddle
d > %ﬁ saddle stable node saddle stable node

Table 1.2: Summary of the topological equivalence classes of 521’3).

Therefore, there exist two classes of equivalence in the coordinates (z,y).
These are: four hyperbolic sectors (for %ﬁ <d< %g) and four parabolic

sectors if d < %g or d > %g m

1.6.2 Applications to the degenerate center problem.

In this section, we study the center set (center problem) of the vector field
F, € Q. for 0 < r < 4 (ie., to decide when the origin of F, is a center).
It is known that if F, is monodromic (i.e., the origin of F, is monodromic)
and either it is reversible or is analytically integrable then F, is a center (i.e.
the origin of F, is a center). In this section we also study the subsets of
centers which are neither reversible nor analytically integrable. The analysis
of these systems will be done classifying them by degrees and for each degree

we consider the expression of F, depending on the type t:

(Case r = 0) The system x = Fy(x), depending on the type t, can be

expressed as

- n 7
t=(1,1), S (1.6.23)
Y = bior + b1y,

t = (1,1), v (1.6.24)
y:bt20I2—|—b()1y, tg > ].,tz € N.

The following theorem solves the center, reversibility and analytical in-

tegrability problem for systems (1.6.23) and (1.6.24).

Theorem 1.6.51.

1. The origin of system (1.6.24) is non-monodromic.
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2. The origin of system (1.6.23) is monodromic if and only if (byy — a19)? +

4dbigagy < 0 and in this case, it is a center if and only if a19 = —bp;.

3. If the origin of system (1.6.23) is a center, then system (1.6.23) is re-

versible and analytically integrable.

Proof.

The Hamiltonian part of the conservative-dissipative decompositions of
systems (1.6.23) and (1.6.24) are:

System (1.6.23): h(z,y) = [bioz? + (bor — a10)zy — aoiy?].
System (1.6.24): h(z,y) = ﬁx[bmoxw + (bo1 — aqot2)y]-

1. From Theorem 1.3.28 the origin of system (1.6.24) is non-monodromic

because h has the real factor z.

2. From Theorem (1.3.28), imposing the monodromy condition to system
(1.6.23), we obtain the relation (by; — a1)? + 4apbyo < 0. In this case,

h(z,y) = =% ((y — ax?) + b*2?)) being a = —“%—b"é;o‘iw and

b — \/*(601*a10)2+4a01b10 7£ 0

2
4ag,

By other hand, if h(z,y) is monodromic then it has the form h(z,y) =
|y — ax)* + v?z?%, ¢- b # 0. From Theorem 1.3.31, we obtain Ix, =
w. Therefore the origin of system (1.6.23) is a center if and only

if 10 = —bgl.

3. In this case, system (1.6.23) is a Hamiltonian vector field, consequently

it is analytically integrable.

Finally, by the Theorem 1.4.37, the change of variables u = =, v =

—ax + y transform the system (1.6.23) into an axis-reversible system.

(Case r = 1) The system x = F;(x), depending on the type t, can be
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expressed as

q 2 2
- + + agy?,

t=(1,1), £ et A ey (1.6.25)
Y = boox* + b1y + bo2y”,

t = (2,3), v (1.6.26)
Yy = bQOx )
o 2

t = (1,2), v + oy, (1.6.27)
Y = b3ox” + by,

The following result deals with the center problem for systems (1.6.25),
(1.6.26) and (1.6.27).

Theorem 1.6.52.

1. The origin of (1.6.25) and (1.6.26) is non-monodromic. The origin of
(1.6.27) is monodromic if and only if (b1 — 2a)? + 8bzpag; < 0.

2. If the origin of system (1.6.27) is monodromic, then it is a center if and

only if 2as9 = —byy.

3. If the origin of system (1.6.27) is a center, then system (1.6.27) is re-

versible and analytically integrable.

Proof. Systems (1.6.25), (1.6.26) and (1.6.27) can be expressed in the form
Xh + ,uDo with

[b20$3 + (b1 — Clzo)IQy + (bo2 — Cl11)$y2 - a02y3],
[2(2a20 + b11) + y(ai1 + 2be2)],

h(z,y) =

System (1.6.
yst (1625){ . y) =

Wl W=

System (1.6.26) ¢ &Y = 5 (227" — Bagizy) = G(2ba0z” — agy),
lj’(x7y) = 07

System (1.6.27) (z,y) = Li[ 02 + (b1 U0) T2y any’],
p(w,y) = 7[(2ag0 + b11)z],

1. The Hamilton function of systems (1.6.25) and (1.6.26) is a three degree
polynomial and it has a real factor in its decomposition (1.3.8). There-
fore, from Theorem 1.3.28, the origin system (1.6.25) is non-monodromic.
By the other hand, the Hamilton function of the decomposition of system

(1.6.27) has only complex factors if and only if (by; — 2a90)? +8bspap; < 0.
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2. Assuming that system (1.6.27) is monodromic then, the Hamiltonian part
of decomposition of this system can be expressed in the form h(x,y) =
c[(y — ax?®)? + v?2*], ¢- b # 0 and using Theorem 1.3.31 we obtain Ip, =
%. Therefore the origin of system (1.6.27) is a center if and only

if 2(1,20 + b11 =0.

3. In the case of system (1.6.27) has a center at the origin, then it is Hamilto-
nian and consequently analytically integrable. By other hand, the change
of variables u = z, v = —ax? + y transforms the system (1.6.27) into an

axis-reversible system, from Theorem 1.4.37 the system is reversible.

(Case r = 2) Next we show any systems x = Fy(x), depending on the type

t, can be expressed as

. 3 2 2 3
T = az30x” + a212°Y + a122Y” + ap3y”,

t=(1,1), . \ , g / (1.6.28)
Yy = b30£L’ + bgll’ Y+ blgl‘y + bogy y
T = aspx® + a1z

6= (1,2), P et T 29’ ) (1.6.29)
Y = baox™ + ba1xy + bo2y”,
& = asoxr® + any,

t=(1,3), CT et e (1.6.30)
Y = b50[L’ + b21-r Y,

To study family (1.6.28), for simplicity, we reduce the number of param-

eters.

Proposition 1.6.53. The origin of system (1.6.28) is monodromic if and only
if there exists a degree zero change of variables and a time reparametrization
that transforms it into
i = poxd + (puy — 2(B? + 1)) 22y + pozy® — 493, (1.6.31)
y =4AB%2° + o’y + (w1 + 2(B% + 1))zy” + pay’,
Proof.

The functions h and p of the conservative and dissipative part of the

decomposition of system (1.6.28) are

h(z,y) = }1[530%4 + (bo1 — aso)xy + (bi2 — as1)2x?y* + (bos — ar2)zy® — agsy?],
1(z,y) = 1[(3aso + ba1)a? + (2az1 + 2b12)zy + (a2 + 3bos)y?],
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From Theorem 1.3.28 the origin of (1.6.28) is monodromic if and only if
h is monodromic. In this case, we can assume that ag3 # 0, otherwise h is
non-monodromic. By scaling in the time we can assume the coefficient of y*

in the polynomial h is 1.

We will distinguish two different possibilities in the case h monodromic

a) h has simple factors on C[z,y]. Then h is the form h(z,y) = [(y—a7)*+
[y — axx)? + b32%], b; # 0, i = 1,2, and (a1,b;) # (as,bs). The
change of variables u = (|b1| — a1 A)x + Ay, v =y — (a1 + Alb1|)z, where
A = 0if a; = ay or A verifies the equation %AQ—I— (1— %%—%)A—
441 = ( in other case, transforms system (1.6.28) into x = Xj, + Dy

where

h(z,y) = (y* + 2°)(y* + B*2?),
iz, y) = pox® + paxy + poy?,
and writing the system, in the usual form, we obtain (1.6.31).
b) h has multiple factors on C[z,y]. Then h can be written in the form

h(z,y) = [(y — a12)* + biz?)?. Using the change of variables z1 = |b |z,

x9 =y — a1z, h and p can be transformed into:

h(z,y) = (y* + )7,
iz, y) = por? + iy + pay?,

and writing the system in the usual form, we obtain (1.6.31) in the

particular case B = 1.

Next, to characterize the centers of family (1.6.28) we will work with the

equivalent canonical family (1.6.31).

The following result classifies the centers for systems (1.6.28), (1.6.29)
and (1.6.30).

Theorem 1.6.54.

1. The origin of system (1.6.29) is non-monodromic.
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2. The origin of system (1.6.30) is monodromic if and only if (byy — 3azg)* +
12a01b50 < 0. In this case, the origin of (1.6.30) is a center if and only

if 3ago+boy = 0. These centers are reversible and analytically integrable.

3. The origin of system (1.6.31) is a center if and only if o = —Bus. These
centers are reversible if and only if either, B =1 or puy = py = 0 and

are analytically integrable if and only if B # 1 and pg = po = g = 0.

Remark 9. Notice that there exit systems in the family (1.6.31) which are
centers non-reversible and non-integrable. Moreover, there exist systems which
are reversible and non-integrable and vice versa. This is a new situation respect

to the one of non-degenerate and nilpotent centers.

In the proof of this theorem we will use Proposition 1.4.33 and Theorem
1.4.34.

Proof of Theorem The functions h and u of the conservative and dissipative
part of the decomposition of systems (1.6.29), (1.6.30) and (1.6.31) are:

[baox® + (b1 — 2a30) 2y + (bo2 — 2a11)xy?],

System (1.6.29
Y ( > { [(3(130 + bgl)l’Q + (CLH -+ 2b02)y],

[b50966 + (b1 — 3030)1’3y - 3a01y2],
(3azo + bay )22,

D= D= G U=

System (1.6.30) {

= pox? 4+ may + p2y?,

—~

System (1.6.31) {

1. The Hamiltonian function of the decomposition of system (1.6.29) has
the real factor z in its factorization (1.3.8), therefore, from Theorem

1.3.28, the origin of (1.6.29) is non-monodromic.

2. From Theorem 1.3.28, imposing the monodromy condition to system
(1.6.30), we obtain the relation (by; — 3aszg)? + 12bspag; < 0. Assuming
that system (1.6.30) is monodromic, the Hamiltonian part of decompo-

sition of this system can be expressed in the form

h(z,y) = cl(y — az®)* + 2",
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_ ba1—3a30)2+12bspao1
where ¢ = 3ap1, a = u% 3950 and b = il |
aol 6ap1

tion 1.3.31, we obtain Ig, = §(3aso+b21) and we can conclude the origin

. From Proposi-

of system (1.6.30) is a center if and only if 3agy + by = 0.

In the cases of the origin of system (1.6.30) is a center, using Theorem
1.4.37, the change of variables u = |b|lz, v = y — ax® transforms the
system into an axis-reversible system. Moreover, this centers are inte-
grable because the conditions of center cancels the dissipative part and

the system is Hamiltonian.

3. To study system (1.6.31) we distinguish two subcases:

i) B # 1 From Theorem 1.3.31, we obtain Ip, = %. Therefore

the origin of system (1.6.31) is a center if and only if o+ Bus = 0.
In the cases that the origin of system (1.6.31) is a center, if g =
p2 = 0 then system (1.6.31) is axis-reversible, consequently, it is
reversible. In other case there not exists a change of variables with
the form (id+Wy), Uy € Qf such that (id+ W), F, is axis-reversible,
from Theorem 1.4.37 the system is non-reversible.

From Theorem 1.4.34, system (1.6.31) is integrable if it is verified

a) Res[n™(1,Y),i] = “ %Lg 5)2)1 — _4(7114;\}())*]\/[0
b) Reslyfm(1,Y), —i] = tiflgmpalt — _stnatyott,
¢) Res[n"™(1,Y), Bi] = 1B (e Bre)i  _ dnotl) M
d) Res[n"™(1,Y), —Bi] = 1353((52912)“ 2t At

where My = (n1+1)+(n2+1)+(ns+1)+(ns+1). From here we can
conclude the unique condition of integrability is pg = g1 = o = 0

i.e., when system (1.6.31) is a Hamiltonian system.

ii) B = 1. From Theorem 1.3.31, I, = (o + p12). Therefore the
origin of system (1.6.31) is a center if and only if po + pe = 0.

In this case, to study the reversibility we consider two subcases. If
o = 0 then ps = 0 and, by applying Proposition 1.4.38 the system
is axis-reversible. If py # 0, the change of variables (id + ¥y) =

2 2
(x+ Py, y — Bzx) with § = My it w) transform the system into an

axis-reversible system. From Theorem 1.4.37 it is reversible.
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By applying Proposition 1.4.33, we can observe that h has double

factors, consequently, the centers are non-integrable.

(Case r = 3) Some systems x = F3(x), depending on the type t, can be

expressed as

t = (1,1) & = apr® + ana’y + anr®y® + ary’ + auy?, (1.6.32)
7 y = by + b33y + beox®y? + bizzy® + boay?, o
T = agprt + anr®y + agy?,
t=(1,2) FT et Tt I ded (1.6.33)
Y = bsox® + b312°y + browy”,
. 4
— + ,
t = (1,3) ot Aty , (1.6.34)
Y = beox® + bs12°y + bo2y”,
. 4
— + :
t=(1,4) ot A (1.6.35)
Y = brox" + bs12°y,
T = a1y,
t = (2,3) _ (1.6.36)
{ U = byox® + booy?,
t = (2,5) { vt (1.6.37)
= bypx”,

The following result analyzes the center problem for systems (1.6.33) -
(1.6.37).

Theorem 1.6.55.

1. The origin of the families (1.6.32) - (1.6.34), (1.6.36) and (1.6.37) is

non-monodromic.

2. The origin of (1.6.35) is monodromic if and only if (b3 — 4ag)?® +
16b79a9; < 0.

3. In the case of the origin of system (1.6.35) is monodromic, it is a center
if and only if 4asg+b31 = 0. These centers are reversible and analytically

integrable.

Proof.
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1. From Theorem 1.3.28, it is enough to verify that the Hamiltonian func-
tions of the conservative-dissipative decomposition of these systems has

a real factor.

2. The function h y p of the conservative-dissipative decomposition of sys-
tem (1.6.35) are:

h(z,y) =

pu(z,y) =
From Theorem 1.3.28, we obtain that system (1.6.35) is monodromic if
and only if (bgl — 4&40)2 + 16b79ag; < 0.

[brox® + (b31 — 4ago)xty — dag1y?],
(4ago + b3p)a?,

00| 00|+

3. Assume that the origin of system (1.6.35) is monodromic, the Hamilto-
nian part of decomposition of system (1.6.35) can be expressed in the

form

h(z,y) = c|(y — az*)* + b*2?],

(b31—4a40)? and b — V/1(b31—4a40)2—16broao1 |

where ¢ = 4ag, a = Baos Tag;

Using Theorem 1.3.31, we obtain Iy, = Z(%4t%1) therefore the origin

of system (1.6.35) is a center if and only if 4ayy + b3; = 0.

In this last case, system (1.6.35) is Hamiltonian and, consequently an-
alytically integrable. By other hand, from Theorem 1.4.37, the change
of variables u = |b|lz, v = y — az* transforms system (1.6.35) into an

axis-reversible system.

(Case r = 4) Some systems x = F4(x), depending on the type t, can be

76



1.6 Applications

expressed as

(1.6.38)

T = a50x5 + a41:v4y + a32x3y2 + a23x2y3
t=(1,1) +a14xy® + agsy®,
Y Y = bsoa® + by 'y + bya®y® + by’
\ +buawy* + bosy”,
(.
& = asr’ + a31X{t2:2}$3y + a12X{t2:2}Iy2+
+a Ty +a —519,
t=(1ts), ta>1 { ”X{tjj ST
U = biyra 0 + byn ™y + boaX 1,—2y 7Y
L +003X {ta=2}Y° + +bozX {12=1} Y

(1.6.39)

where x,) is equal to 1 if the proposition p is true, and is equal to 0 otherwise.

Next result studies the monodromy for systems of the family (1.6.38).

Proposition 1.6.56. The origin of (1.6.38) is monodromic if and only if

there exists a change of variables of degree zero and a scaling in the time which

transform the system & = X+ pDy into a system with the form x = X, + Dy,

being h and i one and only one of the following:

= (2* +y*)*(«* + BY?),
fi = pox* + pn®y 4 pax®y® + psry® + pay?,

>

= (2 +y?)%,
= poz* + 2%y + poay? + usry® + payt,

=

>

h= (2" + ") (@ + By)[(y — Ax)* + C°2?),
fi = poxt + ey + paa?y? + psry® + pay?,

Proof.

(1.6.40)

(1.6.41)

(1.6.42)

The function A for system (1.6.38) is a homogeneous polynomial of degree

6, without loss of generality we can assume that the coefficient of 4° in A is 1,

otherwise h is non-monodromic. Possible options are:
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e ) has a pair of conjugate complex factors of multiplicity 3. In this case
h can be expressed in the form h = [(y — a12)? + bjz*]>. The change of

variables = byz, v = y — ayx transform system (1.6.38) into (1.6.40).

e h has a pair of conjugate complex factors of multiplicity 2 and a simple
pair of conjugate complex factor or h has three simple pair of complex
conjugate factors. By applying the changes of variables described in the
proof of item a) of Proposition 1.6.53, system (1.6.38) is transformed into
(1.6.41) and (1.6.42) respectively.

The following theorem deals with the monodromy, the center problem,

reversibility and analytical integrability for systems (1.6.39)-(1.6.42).

Theorem 1.6.57.

1. The origin of system (1.6.39) is monodromic if and only if to=5 and
(bg1 — basg)? + 20bggagr < 0. In this case, it is a center if and only if

by1 + Basg = 0. These centers are reversible and analytically integrable.

2. The origin of system (1.6.40) is a center if and only if s = —3(pa+ o).
In this case the system is non-integrable. It is reversible if and only if

any of the following situations occurs:

® g =fo=ftg =0
o There exists f € R, B # 0 such that,

2 2
- M2 = 5 51[M1+—’Bﬂluo]

=3

2

2_ 4_R2

= 3 = g [ g + (51— 457 + ]
4_ 41132

= 1= 5[0 + (82 = D]

3. The origin of system (1.6.41) is a center if and only if 2ps B? + (po + pa +
o) B +2p = 0 with B # 0. In this case the system is non-integrable. It
is reversible if and only if pg = po = g = 0.
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4. The origin of system (1.6.42) is a center if and only if (C + B + C® +
B?+3BC +2BC?*+2C* + B>C + A*C)uo + (2ABC + B*A+ AB)uy +
(BC3 + A?2BC + B?A? + BA? + B*C + B2C? + BC*)uy + (AC?B? +
A3B?+ AC?B+ A*B+2 AB*C)us + (A*B+ B3C + 3B?A*C' + A*BC +
B*C* +2B3C? + C*B + 2B*C? + BC® + B3C® + B3CA? + 2B?A%C? +
3B2C® + B2A" + 2A%C?B)uy = 0. In this case the system is integrable
if and only if o = 1 = po = pg = py = ps = 0, and is reversible if and
only if A =0y po=p2=pg =0.

Proof.

1. The Hamiltonian function of the conservative-dissipative decomposition
of system (1.6.39) is

(54 to)h = biyya 0™ + (bar — t2as50)2°Y + X{rp=2} (b2 — 2az1)2’y” +
X{t2:4}(b02 - 40011)3592 - 5001X{t2:5}y2 + X{t2:2}(b02 - 2a12)33y3-
We distinguish two cases:

e If t5 # 5, h has the real factor z, from Theorem 1.3.28 system

(1.6.39) is non-monodromic.

o If ty=5, 10h(x,y) = boox'® + (byy — Haso)yz® — Sagy?. In this
case, from Theorem 1.3.28, it is monodromic if and only if (by; —
5aso)? + 20bgpap; < 0. In this case the Hamiltonian part of de-
composition of system (1.6.39) can be expressed in the form h =
[(y — az®)? + b*2'°], b # 0 then, from Theorem 1.3.31, we obtain

I __ m(bs1+5as50)
F. = b

(1.6.39) is a center if and only if by; + Sasg = 0. From Theorem

and we can conclude that the origin of system

r

1.4.37, system (1.6.39) is reversible because the change of variables
uw =2, v =1y — azr® transforms the system into an axis-reversible
system. In the case that the origin of system (1.6.39) is a center,

the system is Hamiltonian and consequently analytically integrable.

2. By applying Theorem 1.3.31, Ig, = WMB“L&W. Therefore, the origin of

system (1.6.40) is a center if and only if us + 3py + 310 = 0.

From Proposition 1.4.33 this system is non-integrable.
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. From Theorem 1.3.31, we obtain Iy, =

In this case, by applying Theorem 1.4.37, the only change of variables
that transforms the Hamilton part A into an other Hamiltonian part h
which is axis-reversible has the form v = x + By, v = —fx + y. This

change transforms h and p into

o h(z,y) = (v +u*)*/(1+ 5°)

~ _ poBt B tpe P Bustua, 4 | paBt—B3ustuaB—Buitpo, 4
o ji(z,y) = (1+582)3 vT+ (1+52)2 U
4 p2B4+383 us—363 —4u2,6’(2+6;é(3§2+6u462+3/3u1—36u3+u2 22
1+
+ 7,6’4;1374u4f33+2u263f(3ﬁ2u21)+4362u3+4u0672u25+u1 wu
1+
=B +4p083 —2p2 8% —38% u3+38% 1 —4pa S+2p28+u3 0 3
+ (1+82)4 uv

and we can observe that h is always even in u and v. Therefore, from
Proposition 1.4.38, system (1.6.40) is axis-reversible if there exists /3 such
that i is odd in u or v, i.e. if there exist [ such that annul coefficients

u*, v* and u?v? en i, this is the condition of the theorem.

7 2u4 B?+ o B+p4 B+po B+2u0 .
5 BB . There

fore, the origin of system (1.6.41) is a center if and only if 24 B% + (g +
fia + po) B + 2p19 = 0.

In this case, system (1.6.41) is axis-reversible if and only if s = pg =

1o = 0. because, from Proposition 1.4.38

o = (22 +y*)?*(2* + B*y?) is even in z and y.
o i = pox* + 2y + pey? + psry® + pway* is odd in x or y if and
only if po = py = pip =0

In other case, from Theorem 1.4.37, system (1.6.41) is non-reversible
because there is no change of variables which transforms this system

into an axis-reversible system.

From Proposition 1.4.33 system (1.6.41) is non-integrable.

. From Theorem 1.3.31 we calculate the expression of Iy, . Imposing Iy, =

0 we obtain the result.

To study the integrability of system (1.6.42) we use Theorem 1.4.34. We
obtain ny, ny y n3 € N, such that
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Res[n"™(1,Y), +i] = _W7

R,GS[/r/hOm(]_,Y), :l:BZ] e —W7

Res[n"*™(1,Y), A+ Bi| = — Sttt

where My = 2(ny + 1) +2(ne + 1) + 2(ng + 1).

These equations are inconsistent so, system (1.6.42) is integrable only
when p(z,y) = 01ie. po = = pg = pz = pa = pt5 = 0.

From Proposition 1.4.38, system (1.6.42) is axis-reversible if A = 0 and
to = p2 = g = 0. Otherwise is non-reversible because there is no change

of variables which transforms system (1.6.42) into an axis-reversible sys-

tem.
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CHAPTER 2

Quasi-homogeneous Normal Forms.

2.1 Introduction

One of the more important questions in any scientific problem is the choice of
the variables that we use to model, mathematically, our problem. A crucial
step in the study of these problems is to use, among all equivalent expres-
sions, the simplest possible in some sense. In the framework of dynamical
systems, is the normal forms theory which is concerned with determining the
simplest expressions, i.e., the method of normal forms defines us a way to find
the simplest expression. This method has three significant features, firstly we
say it is a local method, i.e., the coordinate transformations are generated in
a neighborhood of a known solution, in this memory we assume, the known
solution will be a fixed point. Secondly, we will mention that, in general, the
coordinate transformations will be nonlinear functions of the dependent vari-
ables. However, an important point is that these coordinate transformations
are found by solving a sequence of linear problems. And finally, it is notewor-
thy that the structure of a normal form is determined, entirely, by the nature
of the principal part of the vector field. Throughout this chapter we consider

an autonomous system of the form,

x =F(x), withx= (21,29, -, z,) € R" (2.1.1)
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where F is C", with r sufficiently large and F(0) = 0, i.e. the origin is an

equilibrium point.

In the following section of this chapter, section 2.2, we show a brief
introduction to the classical theory of normal forms. The classical theory of
normal forms is due to Poincaré and it applies to systems with non-zero linear
part using near-identity transformations to eliminate nonessential terms in the
local dynamics. In section 2.3, this classical theory is extended for vector fields
developed in quasi-homogeneous terms. In this case to assume that the linear
part of F is non-zero is not necessary (see Algaba et al. [6], Baider & Sanders
[21], Kokubu et al. [64] and Wang et al. [85]). In this chapter, the normal
forms are obtained by near-identity transformations in the state variables (C*-
conjugation) and considering also quasi-homogeneous reparametrizations of
the time (C*-equivalence). For more details see Algaba et al. [5]. In sections
2.4 and 2.5, are introduced, respectively, the normal form to Oth-step (which
carries implicit the right choice for the type t) and the Lie triangle. As an
introduction we say that there is not any criterium for the choice of the type t,
but nevertheless, it is noteworthy that this choice is very important, since the
type t determines the first quasi-homogeneous component of the vector field.
About the Lie triangle, we want to emphasize the importance of this, because
it provides an ordered process to obtain simplifications, degree to degree, in
the calculation of the normal form. This order has allowed to create algorithms

for obtaining the coefficients of the normal form for each degree k.

2.2 Classical Normal Forms.

Before presenting the classical theory of normal forms, we give some definitions

and concepts that will be useful.

2.2.1 Preliminaries

The properties and concepts that are presented below are known and can be
seen in Chua & Kokubu [37] and Golubitsky & Shaeffer [59].

Definition 2.2.58. Let H}} be the vectorial space of vector fields with n ho-
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mogeneous components in n variables of degree k. We define the Lie Bracket

of two differentiable vector fields F and G as follows,
[F,G|] = DF(x) - G(x) — DG(x) - F(x), forallz € R"
Moreover, it is hold that, given F € H}' and G € H]} then [F,G] € H},;

This internal operation in the space of differentiable vector fields has the

following properties,

1. Bilinearity.

[a1F1 4+ aoF9,01G1 + 02Ga] = a1bi[F1, Gi| + a102[F1, Ga] + a2bi [Fa, Gy
+  agbs[Fa, Go,

for all a1, ag, b1, by € R and F1, Fy, G1, G € HJ.
2. Antisymmetry.

[F,G] = —[G,F], with F, G €.

3. Jacobi Identity.

[F,G],H] + [[G,H],F] + [H,F|,G] =0, with F, G, H € #".

2.2.2 Normal Forms of Vector Fields

Usually, the normal forms techniques are used to simplify a vector field de-
gree by degree. This requires that the vector field is written in homogeneous
components, by its Taylor expansion. Consider system (2.1.1) described as

follow,

x = Ax + Fy(x) + Fs(x) + - -- (2.2.2)
where A = DF(0) is the jacobian matrix at the origin of F(x) and F;(x)
represents the order ¢ terms in the Taylor expansion of F(x).

As mentioned above, the simplification process is performed degree by

degree. First, we simplify the lower degree term, using linear transformations,
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i.e., let T' be the matrix that transforms A = DF(0) into real Jordan canonical
form. Then, under the transformation, x = T'u, system (2.2.2) is transformed
into,

x = Tu

w = T 'ATu+ T 'Fy(Tu) + T 'F3(Tu) + - - - (2.2.3)
Denoting the real Jordan canonical form of A by J, defining T~'Fj(Tu) =

Fi(u) and renaming u again by z, we obtain,
x = Jx + Fy(x) + F3(x) + - - - (2.2.4)

From here, near-identity transformations are used to eliminate the terms of
degree k > 2. Fixed a degree k, we apply the transformation x =y + Py(y),
with Pr(y) € H}. The transformed system is,

y = (I+DyPu(y) Iy + Pu(y)) + ) (I + DyPy(y)) 'Fi(x)(y + Pi(y))

k>2

= Jy+> G(y) (2.2.5)

k>2
It can be seen in Guckenheimer & Holmes [60], that the transformed vector

field does not change up to order k£ — 1, i.e.,

G:(y) = Faly),
Gs(y) = Fsl(y),

Gr1(y) = Fraly),

and the transformed vector field for degree £ is of the form,

Gr(y) = Fr(y) — (DyPr(y)Jy — JPi(y)). (2.2.6)

At this point, it should be clarified that this process of normal forms is appli-
cable for any matrix A. It is not necessary the previous simplification of the

matrix to obtain .J, but we consider it is appropriate.

Returning to equal (2.2.6), this induces us to define the following linear

operator, called homological operator,
L] : H} — H}

P, — L{(Py), (2.2.7)

86



2.2 Classical Normal Forms.

where L (Py(x)) = DyPp(x)Jx — JP.(x). It is easy to prove that Ly is lineal

and its expression, written in terms of the Lie bracket, is the following,
L] (P,) = [Pk, J]. (2.2.8)

Therefore, we can write, the term of degree k of the transformed vector field

given in (2.2.6), of the form,
Gi(y) = Fr(y) — Ly (Py).

At this point, ideally try selecting Py so that L{(Py) = Fj, thus we have
that G, = 0 and would have eliminated all the terms of degree k. This is not
always possible, since the above equation can be incompatible. In practice, we

proceed as follows,

e We consider a subespace Cor(L{). This subespace is a complementary

subspace of the range of the homological operator defined in (2.2.7), i.e.,
» = Im(L}) @ Cor(L{).

e The following step is to descompose Fy = F; + F¢, where F; € Im(L{)
and F¢ € Cor(L{). Then it is possible find a P, € H} verifing the

homological equation,

L (P,) = F}. (2.2.9)

Finally, we obtain,

G, =F, - L](P,) = F§.

That is, we have simplified F}, by eliminating the part of the image of the
homological operator. If we repeat this procedure for degree k = 2,3,4,--- we
get Gy € Cor(L]) for all k > 2.

Using a version of Borel’s Teorem, we obtain the normal form theorem,
(see Vanderbauwhede [83]).

Theorem 2.2.59. There exists a C*-diffeomorphism ® wverifying ®(0) = 0
and D®(0) = I such that, the change of variables x = ®(y) transforms system
(2.2.4) into (2.2.5) where Gy, € Cor(Ly), for all k > 2.
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2 Quasi-homogeneous Normal Forms.

In this case, we say that (2.2.5) is a normal form, under C*-conjugation, for
the system (2.2.2).

The homological equation (2.2.9), and consequently, the corresponding
normal form, are based on the linear part of the vector field. (see Takens [80],
Chow & Hale [35], Guckenheimer & Holmes [60], Elphick et al. [45], Iooss &
Adelmeyer [61] and Chow et al. [36]). This equation does not have, in general,
unique solution because it could depend on arbitrary terms that belong to the
kernel of the homological operator. These terms can be used later to make
simplifications to order higher than k. For more details see Ushiki [82], Chua
& Kokubu [37|, Baider [20]|, Algaba et al. [3]. For other works dedicated to

special cases see Algaba et al. [4].

In summary, we have described this procedure for simplifications in the
vector field in two stages, the first stage in which we use the linear part of
F, to determine the simplifications that are achieved through of the normal
form theorem, and a second, in which we will consider the nonlinear terms for
further simplifications in the classical normal form. With the perspective that
we will adopt in the next section, the above two-step process, may become
in only one, because the use of quasi-homogeneous developments allow us to
consider linear and nonlinear terms at once (because monomials with different

degrees may have the same quasi-homogeneous degree-homogeneous).

2.3 Quasi-homogeneous Normal Forms.

Our first goal is to extend the ideas of the theory of normal forms, for vector
fields developed in terms quasi-homogeneous. There are some works that have
used similar ideas in the case of the Bogdanov-Takens singularity under C*°-
conjugation (see Baider & Sanders [21], Kokubu et al. [64] and Wang et al. [85]).
In this section we will discuss the normal forms for vector fields developed
in quasi-homogeneous terms under C*>°-conjugation and C*°-equivalence. For
developing of this section we will use the lemmas about quasi-homogeneity

described in Section 1.2 of Chapter 1. For more details see Algaba et al. [5].
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2.3 Quasi-homogeneous Normal Forms.

2.3.1 The Newton Polyhedron

The Newton polyhedron provides a geometrical representation of the vector
space Q}. Let us denote the unit vector asu = (1, 1,--- ,1) e Ni. If 2% ¢; is
a monomial of F;, where F = (Fy, Fy, ..., F,)T, we know that F}; € ’P}Hj and
using the relation (1.2.2) can be shortly written as

(at+u—ej)-t=~k+|[t],
where - denotes the usual inner product in Njj. Then:

O} =Span{x®e; e B:(a+u—e;) - t=k+|t],j=1---,n}.

To represent each monomial of B on Nf, we consider the application

R : B— Ny

x%e; > a+u—e;.

The point of Nj that is image, by R of x%e; is called support point of the

monomial. The Newton polyhedron of a vector space F is the subset of Nj

consisting of all support points of all monomials of F.

The following result gives a geometrical representation of the vectorial

space QFf on its support set. (see Bruno [27], Dumortier [25]).
Proposition 2.3.60. [t holds the following propierties,

1. R is not inyective. In fact, given a € Ni, all the monomials x> "*%e;

(j=1,...,n) are applied in the same point a. Moreover:

(a) Ifa € Ny has exactly one coordinate equal to zero a; =0 (i.e., if it

belongs to a coordinate plane), then R~'(a) = {x® “*¢ig;}.

(b) Ifa € NI has at least two coordinates equal to zero, then R™(a) =
0.

(¢) If all coordinates a € Njj are no-null, then
R '(a) = {x* " %e, x* My, .. x¥ MO, |

2. R applies the space Qf on the points of N belonging to the hyperplane
a-t==~k+ |t
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2 Quasi-homogeneous Normal Forms.

The figure below shows the terms of the development of a planar vector
field respect to the type t = (1,2). The supports of each one of the terms are

in parallel lines, whose normal vector is (1, 2).

R

(0’4&\\\%\\\\7\ (0,2) «——— (g)

(0.3

(30) <=—— > (xoz)
(024 R 20> (22

~

~ ~

en=—-=(;) ()

g AP NN TRNCTV (4.0) ~— (%)

~
~

12~ (3) (.

Figure 2.1: Representation of the quasi-homogeneous vector fields of type (1, 2)

and degrees —2,—1,0,1,...

Perhaps the best way to define the Newton polyhedron is the given by

Dumortier in [44], working with the dual 1-form of a vector field F given.

0
Given a vectorial space F = 37 FJO_’ its dual 1-form is the 1-form
Ly
w = 1ip§, with Q =dxy A--- Adx,; ie.,

W:Z(—l)i_lFidiﬁ/\"-/\dfx\i/\---/\dxn.

=1

where dzy A- - ~/\cf:;i A---ANdx, denotes that the differential dx; doesn’t appear.

Consider now
n
T®w = E E (—1)”1%17”,’%:6?1 coeaxprdry Ao ANdxp A - N dxg,.
1=1 a1+-Fon>1

The support of w (or F) is defined as follows,

S:{U U (041+17"‘704i1+1704i,04i+1+1,~-~,Ozn—i—l)‘aghm’an?ﬁo}_

i=1a1+Fan>1

On the basis of the set of points S, we can define the Newton polyhedron and

the Newton diagram.
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2.3 Quasi-homogeneous Normal Forms.

Definition 2.3.61.

1. The Newton polyhedron of w (or F) is the convexr hull (that we denoted
by ') of the set,

P= U {l@ .0 +R}.

(qlf" 7Q7L)ES

2. The Newton diagram of w (or F ) is the union v of the compact faces ~yy
of I'.

Moreover, we will denominate principal part of w (or F ) respect to the compact

face ~ to:

a17“. 7a

wA:Z Z (—1)*a! nx‘fl--~x§"dx1/\~--/\cia?i/\---/\dxn.
For example, to fix ideas, if we consider the vector field F = F} % + Fy a%,
then its dual 1-form is w = ip(), with Q2 = dz A dy, i.e.,
W = F1 dy — FQ dx

For the particular case F = (2° +2zy) 2 + (y* — 42%y) a%, vector field of degree
k = 2 respect the

w = (2° + 2zy) dy — (v* — 42°y) dx
The support S of w (or F) is the set,

S = {(37 1)7 (172)}

In the following figure we show the Newton diagram for the above exam-

ple.
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2 Quasi-homogeneous Normal Forms.

Figure 2.2: Newton diagram of the vector field F = (23+2zy) %—{—(yﬁ —42%y) a%

2.3.2 Quasi-homogeneous normal form under C*-conjugation

The theory of normal forms can be applied to quasi-homogeneous vector fields
developed in successive degrees respect to a type t. The key idea is summarized

in the following commutative diagram,

x =F(x =G
(%) X =y Puly) y =G(y)
k>r ,
x = EX y=FEY, (¢=1)
X = E7'F(EX) =Y F;(X)e’ - Y= GY) =E'G(EY)
i2r X =Y+) Py(Y)eF =

Figure 2.3: Commutative diagram for C*°-conjugation.

To adapt the procedure for determining a normal form using the quasi-
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2.3 Quasi-homogeneous Normal Forms.

homogeneous terms of successive degrees, first we include a parameter € using
the scaling x = EX, with X € R". Thus, we get the system X = E~'F(EX).

Developing in powers of ¢, we can write this system in the form
X =F,(X)e" + Fp (X)e™ 4. (2.3.10)

where it is easy to prove that F; € Q. Note that taking ¢ = 1 in (2.3.10), We
were able to develop the system (2.1.1)) in terms respect the type t,

x=F.(x)+ Fp(x)+---. (2.3.11)

Remark 10. The degree r of the first term respect to a type t is a integer
number. It is not necessarily a natural number. For example, if in a two-

dimensional vector field with a nilpotent singularity

T = y+ CL2,0562 + a1y + a0,2y2 +eey
y = 172,03172 + by + bo,2y2 +oe

we consider the type t = (1,50), then the vector field F of the system, developed

in quasi-homogeneous terms, is written, about this type, as follows,
F=F_,+F_4;+---

where
F—48('I7y) = (07b20x2)T7
F—47<177y) = (07b30x3)T7

Fo(z,y) = (0, bs0,02™)7,

Fi(z,y) = (agoz?, bs1 02! + by 17y)7,

Once the system (2.3.10) has been reduced to normal form, it is enough
to undo the scaling with y = EF'Y, and taking ¢ = 1 for obtaining the normal

form.

Next, we describe the process to obtain a normal form for system (2.3.11).
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2 Quasi-homogeneous Normal Forms.

In first time, we apply the transformation x = y+ Py (y), where P, € O}

being k£ > 1 then, the transformed system is,

y=G(y)=(+DPu(y) " > Fi(y + Pily)),

i>r

and can be expressed in their quasi-homogeneous terms as follows,
¥ = Gyly) + Gra(y) + - (2.3.12)

being G;(y) € Q, for all j > 7.

Then, the following proposition is satisfied,

Proposition 2.3.62. With the above notation,
e Gi(y)=Fly), forj=rr+1,....r+k—1,

o G (y) =Fuily) — (DPi(y)F.(y) — DF,(y)Pi(y)) -

G(Ey) = (I+DPy(Ey))""Y F;(Ey+Py(Ey))

— (B(1+ DRy B > Be'F; (y + e Puly)
= b (I - EkDPk(Y) + e (DPk(Y))2 - ) ZEij (y + SkPk(Y)) .

jzr

Moreover,

F; (y +£"Pi(y)) = Fi(y) + DF;(y)Pi(y)e" + O (e7) .
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2.3 Quasi-homogeneous Normal Forms.

Therefore,
E7'G(Ey) = (I-&"DPy(y)+e™ (DPy(y))* —---) > &'F; (y + " Pi(y))

jzr

= (I -£"DPy(y)) Zej (F;(y) + DF;(y)Pi(y)e")

+0 (") _
= Z e (F;(y) + DF;(y)Pi(y)e*) — e DP(y)F,(y)

J>r
+0 (")

= F.(y)e" +Fa(y)e™ + -+ Fpp(y)em ™t
+(Frii(y) + DF,(y)Py(y) — DPi(y)F,(y)) e
+0 (e

This result suggests defining the following homological operator,

Lix @ QF — Qb (2.3.13)
Py — L1, (Py),

where Ly (Pi)(y)) = DPy(y)F.(y) — DF.(y)Px(y).

Note that the previous operator is linear and only depends on the first
term F,., and can be expressed in terms of the Lie bracket as follows, L, (Py) =

[Pka Fr}'

The Proposition 2.3.62 states that the terms quasi-homogeneous to order
r+ k —1 do not change, and the term of order r + k of the transformed vector
field is,

Gr+k = FrJrk - [Pk, Fr] = FrJrk - Lr+k(Pk)

Following the same ideas of the classical theory of normal forms, we can cancel
the part that belongs to the image the linear operator L, ,, selecting suitably
P,.

Performing the changes described above for £k = 1,2, .-, we obtain the

following result.
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2 Quasi-homogeneous Normal Forms.

Theorem 2.3.63. System (2.3.11) is formally conjugated to (2.3.12), where
G, belongs to a complementary subspace to the image space of the linear

operator L, ., k > 1.

2.3.3 Quasi-homogeneous Normal Form under C*-equiva-

lence

In the above subsection, we have used transformations in the state variables
to obtain a normal form (C*-conjugation). In this subsection, we show the
advantages that are encountered when we use also changes in the time. (C*°-
equivalence). As in the case of conjugation, the normal form is based on the
information contained in the first quasi-homogeneous term F,. The key idea

is summarized in following commutative diagram:

x = EX y=EY

X' =Y F;j(X)e .Y =) G(Y)
X =Y+ Y P(Y)e

i>1

jzr

Figure 2.4: Commutative diagram for C*°-equivalence.

From (2.3.11), and effecting a change in the time of the form, %4 =
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2.3 Quasi-homogeneous Normal Forms.

1 — pg(x), with i € Pt we obtain the system
F=X =F(x) + 4 Frpp1 (%) + (Frpn(x) = p(x) Fr(x)) + -

Lemma 1.2.9 ensures that this system is developed in quasi-homogneous
terms of type t and successive degrees (analogously to system (2.3.11)). Next,
to obtain the normal form we apply the transformation x =y + Py(y), which

transforms the above system into,
Y =Gi(y) + -+ Grap-1(y) + Gral(y) + -+ - (2.3.14)

Using now Propositon 2.3.62, we obtain that
Gr - Fra
Gr+1 = Fr+17

Gripo1 = Frppa,
and
Gur=Frp—wF, —[Pp,Fo] =Fp — (e Fr + Ly (Py)).

This suggests to define the homological operator under C*°-equivalence,

in the form,

A . t t t
Lopr = QxPr— Qo

(Pi, p) = Lrsk(Pr, i) = i Fr + [P, .

Now, reasoning as in the classical normal form theory, it is enough to choose
(Pg, ux) adequately in order to simplify the (r + k)-degree quasi-homogeneous
term in system (3.1.2), by annihilating the part belonging to the range of the
linear operator £~r+k. In other words, we can achieve that F,,, belongs to
a co-range of L, (a complementary subspace to the Range(L,,;)). When
this has been done, we say that the corresponding term has been reduced to
normal form under C*-equivalence. By performing the procedure for k = 1,

k =2, --- we obtain a normal form under equivalence.

There are elements of Qf , in the expression of the transformed vector

field which can be annihilated with transformations in the state variables as
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2 Quasi-homogeneous Normal Forms.

well as in the time variable . It is important to segregate the simplifications
achieved by means of changes in the state variables with those that are conse-

quence of the change in the time. To study this we define the linear operator

b, « P — P (2.3.15)
Pi—r — v,ukfr : Fr-

i.e., the Lie derivative respect to F, (the lowest degree quasi-homogeneous
term of F).

Any function ug € Py can be expressed as p, = v+, with v, € Cor(¢y),
being Cor(f;) a complementary subspace to the range of the linear operator
Uk, and p} € Range({y), i.e., there exists ug_, € P4 such that Oy (pup_) = w5
So, from (1.2.13), we obtain,

Erﬂc(Pk, pr) = [P, Fo] —nFp — (Vg - F)F,
= [Pw,F.] — viF, — [ Fr o] + pip—, [Fr F
= [Py — up—rFr, Fy] — 4 Fo

Therefore, if we denote the operator Er+k restricted to QF , x Cor({y) as
L1, both operators have the same range. In this way, due to these consid-
erations we modify the previous definition of the homological operator under

C>®-equivalence as follows,

Loy @ Qb x Cor(ly) — QF.,

(Pk, /vbk) — Er—i—k(Pka l/k> = Vg F,« + [Pk, FT] (2316)

Again, using ideas from the classical theory of normal forms, it is possible
to annihilate in each quasi-homogeneous component of F, the part belonging
to the range of the linear operator L,.j, by selecting (Pg,ux) adequately.

Therefore, we obtain the following result.

Theorem 2.3.64. System (2.5.11) is formally equivalent to (2.5.14), where
G, ., belongs to a complementary subspace of the image space of the linear

operator L., for all k > 1.
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2.4 Choice of the type t and normal form to 0-th step.

2.4 Choice of the type t and normal form to O-th
step.

In the previous sections we have presented the quasi-homogeneous normal
forms for vector fields. As we know, the type chosen for developing in quasi-
homogeneous terms the vector field, is of great importance, since the quasi-
homogeneous type characterizes the first term F, of the vector field, whose
information is crucial for the normal form. There is, therefore, an obvious
question: which is the most suitable type t in each case? In principle, there is
not any criterium for choosing the type t. The most common case is to take
t =(1,...,1), in this case Qf coincides with the vector space of homogeneous

vector fields of degree k — 1. Others criteria may be,

e Take a type that minimizes the co-ranges dimensions of the homological

operators.

e Choosing a type associated with a compact faces of the Newton poly-
hedron of the vector field F. This is, perhaps, the most natural choice,
since under certain hypothesis, the first quasi-homogeneous term can de-
termine the topological type of the singularity (see Brunella & Miari [26]
and Dumortier [25]).

In our case, we choose the type t, that keeps the topological type of the first
quasi-homogeneous component with respect to the complete vector field. That
is, we take the type t that makes, whenever it is possible, the component F,

structurally stable under perturbations of higher degrees.

Having chosen a suitable type, the next step is to simplify the lower de-
gree quasi-homogeneous component of the vector field. In the classical theory,
it is considered a system with non-null linear part, this simplification consist in
the transformation of the system by a linear change of variables, to transform
the linearization matrix to canonical form (Jordan, of Frobenius, ...). Here we
want to generalize this step to the quasi-homogeneous case which will include

the case of zero linear part.
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2 Quasi-homogeneous Normal Forms.

For this task, it is fixed a type t = (¢, %2, -+ ,t,) and the system (2.3.11):

X = F,00+ Y Fry(x)

j>1

By applying, on this system, a change of variables in a neighborhood of
a singular point x = Py(y), with Py € Qf = {Py € Qf| det (DPy(0)) # 0},
it is obtained a new system:
y = (DPo) " (y)F:(Po(y)) + (DPo)"'(y) D Frij(Po(y
j>1

Expressing it in quasi-homogeneous terms,
¥ = Gyly) + Graay) +--- (2.4.17)

we obtain that the transformed first quasi-homogenous component,

G.(y) = (DPo) ' (y)F,(Po(y)) € O

At this point, we will use Py to try removing parameters in G,..

The change of variables in the time, that affect to the first quasi-homogeneous
term, are reduced to a simple scaling, so they are not useful for removing any
term in the first element, F,. In the same way it occurs with changes in the
state variables of the form x = Dy, where D is a diagonal matrix (it is a scaled
in the state variables). The zero-degree change of variables, different from the

scaling, will be called non-trivial.

It should also be noted that, some non-trivial change of variables of
degree zero, leave invariant the first quasi-homogeneous term. These changes

can be used to eliminate higher order terms.

It would be desirable to choose a type such that the non-trivial change
of variables of degree zero that leave invariant the first component do not exist
or be minimals. In the example that we have developed at the end of this
chapter, the type associated with the compact face of the Newton diagram
is also the type that minimizes the non-trivial changes of variables that leave

invariant the first quasi-homogeneous component of the vector field.

Next we show these ideas in the following example. In the last section of

this chapter is calculated the normal form of this vector field.
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2.4 Choice of the type t and normal form to 0-th step.

Example 1: Consider the system,

T = y—|— Z aijmiyj,

i+j>2

y = Z bz’jl’iyj, (2.4.18)

i+j>2
with bgo = b11 = a9 = 0 and b30 7é 0.
This vector field can be written as follows,

T = y+a11xy+a30x3+...
y = bong + bgo[[‘g + b21$2y + b40£L’4 + ... (2419)

Different types can be considered for this example.

» Type (1,1)

< 8
SRS

< 5

() ) () () () (2)

Figure 2.5: Quasi-homogeneous vector fields of type (1, 1) and sucessive degrees
0,1,...
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2 Quasi-homogeneous Normal Forms.

System (2.4.19), respect to the type (1,1), is written of the form,

a1 asor> 0
= (7] + () + S L+ (2420
0 bo2y bsox” + bor %y baox

In this case the non-trivial change of variables of degree zero are of the form,

U=+ ay,

v= e +y,
where 1 —ay; # 0, and those that leave invariant the first quasi-homogeneous
term Fy = g verify 31 = 0. Therefore, the non-trivial change of variables
that leave invariant F( are of the form,

U=+ Y,

v=uy.

In the above figure (Figure 2.5) are shown the quasi-homogeneous vector fields
of type (1,1) and degrees 0, 1,2, ...

» Type (1,3)

System (2.4.19), respect to the type (1, 3), is written of the form,

, 0 0 + azox® aywy + byrt
% = 4 I Y 30 n 112Y T 040 n
b3 b bor2%y + bsox” b2y + bs1x®y + beoa”
(2.4.21)
The change of variables of degree zero are of the form,
u= o,

v = [’ + Bay,

0
and those that leave invariant the first quasi-homogeneous term Fy = (b 3>
30

verify By = a3, with a; # 0, i.e., the changes with the form,

U= 017,

v =Bz’ + ady.
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\xy
\

x x? x3 xt xd
/ Y Ty x x x

(1) () (2) (2) (%) (2)

Figure 2.6: Quasi-homogeneous vector fields of type (1, 3) and sucessive degrees
-1,0,1,...

The quasi-homogeneous vector fields of type (1, 3) and degrees —1,0, 1, . ..

are shown in Figure (2.6).

> Type (2,3)

System (2.4.19), respect to the type (2, 3), is written of the form,

x=(Y)+( ™Y )4 (2.4.22)
0 bsoz® + boay?

The change of variables of degree zero are of the form,
u =,
v = [ay.

These change of variables are trivial changes.

The quasi-homogeneous vector fields of type (2,3) and degrees 1,2, ...

are showm in Figure (2.7).
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2 Quasi-homogeneous Normal Forms.

(1)) (e) () (a) ()

Figure 2.7: Quasi-homogeneous vector fields of type (2, 3) and sucessive degrees
1,2,...

» Type (1,2)

System (2.4.19), respect to the type (1,2), is written of the form,

3
) +
X = y , _I_ 33037 jllxy , _I_ . (2423)
bsox baox” + b7y + bo2y

In this case, the non-trivial change of variables of zero-degree are of the form,
u=uz,
v=PBz%+y.

and those leaving the first quasi-homogeneous term invariant verify g = 0,

i.e., there are no non-trivial change of variables that leave invariant the first

quasi-homogeneous term.

The quasi-homogeneous vector fields of type (1,2) and degrees 1,2, ...

are shown in Figure (2.8).
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Figure 2.8: Quasi-homogeneous vector fields of type (1, 2) and sucessive degrees
1,2,...
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2.5 The Lie triangle

Let consider a vector field U € C*™ in a neighborhood of the origin such that
U(0) = 0. We apply to system 3.1.2 the change of variables x = u(y, ), where

u is the only solution of the initial value problem,

0

%u(ya E) = U(u(Y75))7 u(y> 0) =Y, (2524)

i.e., uis the flow of the autonomous system generated by U. Thus, U is called

generator of the change of varables.

The key idea of this formulation is that is possible to determine the trans-

formed vector field from F and U, without the need of calculating explicitly u;
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2 Quasi-homogeneous Normal Forms.

i.e., we can determine the transformed vector field directly, without knowing

the change of variables made.

The transformed vector field G depends on the generator U in the fol-
lowing form, (see Algaba et al. [3]):

G(y,s) = F(y) + ZT@(F)’% | (2.5.25)

n>1
where Ty (F) = [F, U], and T{(F) = Tyo - - - oTy(F).

In our analysis we use (2.5.25) taking ¢ = 1. We note that the quasi-
homogeneous term of order r + k in the transformed vector field is of the

form:

1
Gr+k = Fr+k + [F, U]H-k + 91 [[Fv U]? U]r+k
1 2! (2.5.26)
_’_5 H[Fv U]v U] 7U}r+k +e )

where the subscripts indicate the corresponding order of the quasi-homogeneous

terms.

Developing U = U; 4+ U, + - - - in quasi-homogeneous terms, we obtain,

k
[F,U]H—k = Z[Fr-i-k—j’Uj]v

[F.UL U]y = Y [F ULy Uyl

Jj=1

Note that, in the generator U we have not included the quasi-homogeneous
term of degree zero Uy . This is because we assume that we start from a
vector field F whose first quasi-homogeneous term is already "simplified". This
process, of simplifying of the first term, we have called it quasi-homogeneous

normal form of zero step and it has been discussed in subsection 2.4.

For obtaining G, we construct the following sequence of functions

{V,4k,} defined in recursive form as is shown below,

V'I“+k,0 = F’I’-l-ka k > 07
k+1—1
VTJ’,]CJ = Z [Vr+kfj,lfl ,Uj], forl = 1, cee ,/{7. (2527)

j=1
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2.5 The Lie triangle

This sequence can be organized in the following triangular scheme, (called

triangle of Lie):

VT,O
Vr+1,0 Vr+1,1
Vr+2,0 Vr+2,1 Vr+2,2

(2.5.28)

Vr+k,0 Vr+k,1 Vr+k,2 Vr+k,k

Figure 2.9: The Lie triangle under C*°-conjugation.

It is necessary to note that the element in the column ¢ and row (k + 1)
depends only on the first £ — ¢ + 2 elements of the column 7 — 1. Using the
equations (2.5.26) is obtained:

k k
Z 1 Z 1
=0 =1

The following result, that is easy to prove, states that the elements of each

row of the triangle of Lie are quasi-homogeneous with the same degree.

Proposition 2.5.65. V, ; € Qf,, for alll = 0,1,--- k. In particular
Gy € Q)

In this triangular diagram, the rows are organized according to the quasi-
homogeneous degree and columns according to the number of times that the
Lie bracket has been applied. The original field is in the first column. The
simple Lie brackets are in the second column, the double Lie brackets are in
the third column, etc. In this sense, considering that the generators U; are
free, (i.e., we can express it with undetermined coefficients) we can say that, in
the first column are the Lie triangle terms that do not have parameters, in the
second column are the parameters with linear dependence, on the third, terms
with quadratic dependence, etc. Thus, if we want to define linear operators

homological must restrict to the first and second columns.
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2 Quasi-homogeneous Normal Forms.

This triangle of Lie differs from the original proposed by Chow & Hale,
[35]; both triangles contain the original system in the first column but are dif-
ferent in the way of building the succession and how to express the transformed

system.

The main advantage of this new formulation of the Lie triangle is that
it can be adapted to the case of orbital equivalence as we shall see in the next

section.

2.6 Lie triangle under C*-equivalence.

To calculate the normal form under C*°-equivalence, at first, we apply to the

t
system (2.3.11) a change of variables in the time with the form = 1—p(x),
where p € C* in a neighborhood of the origin and ©(0) = 0. We obtain the

system,
=X =F(x) = Fi(x) 4+ Fr(x) + -

Writting o = pg + p2 + - - -, with p; € Cor (¢;) for all j > 1, (see the theorem
2.3.64), then the terms of the transformed system (2.6.30) are the following:

Fi(x) = F, (x).

k
F:—o—k( ): r+l<: Z r—i—k ] ), parak:1,2,---

Now we apply a change of variables with generator U, and the transformed

vector field is given by,
=Y =G) =G ) 4+ Grply) + - (2.6.30)
To calculate G,, we build the sucession of functions {V7; +,€7l} defined

in recursive form as is shown below,

V:,O = F*:Frv

T

V:Jrk,o = F*+k—Fr+k Z,uj rdk—js for k>1,

7j=1
k+1-1
V:Jrk,l = Z [V:Jrkfj,lfl 7Uj]7 for [ = 1’ e 7]@_
j=1
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2.6 Lie triangle under C*-equivalence.

This sequence can be organized similarly to the above triangular scheme. It is

easy to deduce that:

"1

_ *
Gy = ﬁ r+k,l-
=0

To find the transformed vector field, we start separating the effects of the

change of variables, in the state variables and in the time.

The Lie triangle is determined by the first column, that depend on F and
i, and the terms of the spatial generators Uy, Us, .-+ Ug_y,---. Therefore,
the element G, of the transformed vector field is determined by the row &
of the Lie triangle similar to (2.5.28), but it is built with elements of the first

column V7. ,. To do this, we define,

V:Jrj,O = VT+J}0 + WT+J}07 ] > 07

where

J
VrJrj,O = Fr+j; Wr,o =0, WrJrj,O = - E ,uiFrﬂez'-

i=1
Due to the linearity of the Lie bracket, we can find the transformed vector field

to k-th order as the sum of the rows k of two Lie triangles,

» On the one hand, by the triangle defined by the recursive scheme,

VrJrk,O = Fr+k k 2 07

k+1-1
2.6.31
Viggs = Z Vigr—ji-1,Uj], 1<1<E. ( )

j=1

» Moreover, by the triangle defined by the following sequence of vector fields,

WT,O = 0,
k
W. k0O — — ,U/Fr k—j> k> L,
: ; S (2.6.32)
k+1-1
WT'HCJ = Z [Wr+k—j,l—l 7Uj]7 1 S l S k.
=1

The Lie triangle (2.6.31) is determined by the quasi-homogeneous terms

of the original field, F,,;, and by spatial generators Uy,--- ,Uy_q,--- This
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2 Quasi-homogeneous Normal Forms.

triangle collects the effects of C*°-conjugation. Its elements always will be
denoted as V,;; and we will refer to it as Lie triangle. Moreover, the sec-
ond triangle (2.6.32) depends on the spatial generators Uy, .-+ , Ug_q, -, of
the quasi-homogeneous terms of the original field, F,,--- F, x,--- and the
temporary generators pi1,--- , ftx—1, - -- This triangle introduces the effects of

C*-equivalence. Its elements will be denoted as W,,,;.

In particular,

|

1
* * *
Gryr = 1Ykl = Y rtk0 + Vr+k 1t E 1Y ki
=0 =2

Lo
= VigotWego+ Ve + Woggt + Z 1 kil

=2

k
= Fopp— ZﬂjFr-&-k -t Z r+k—7,0 5 ] + Wr+k: 1t Z / :—s—k,l
j=1

7=1 =1

B

k—

k—1 k
1
= |Fr — Zﬂg rk—j T Z r+k=j,0 » ]+Wr+k,1+Zﬁ i
=1 "

[Fm Uk] - ﬂkFr

Thus, denoting,

k-1 k-1 k
1 *
Qrer =Frie = D iFrinj+ Y [Vesrjo, Ujl + Wopn + > R
j=1 j=1 =1 "
we obtain,

Gr+k = Qr+k - £r+k(Uk> ﬂk)’

where Q,,x depends of F,.,--- | F,, of the spatial generator Uy, -, Ug_4,
and of the temporary generators piq,--- , ur_1. Therefore, using the ideas of
the theory normal forms, we can select Uy, ux in order to simplify the term of

degree r + k.

These ideas provide an appropriate algorithm for symbolic computation,
and consists on building the sequence V7 ; in each row, then, separate in that
row the homological operator under equivalence and the element Q,;.When
we solve the homological equation, we add terms not considered in V[, ,
and V7, ;. The main steps of the algorithm are summarized in the following

scheme,
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2.6 Lie triangle under C*-equivalence.

» Let define Vi, =F,.
» Fork>1

e Let define,

k—1

*

r4+k0 T Fr+k_§ MjFT-i-kJ—j?
Jj=1

k-1
* _ *
r+k,1 T § ,[ r+k—3,0 Uj]a
J=1
k+1-1
* _ *
rkl = Vi 1,05, 2<I<k

1

J
» Now, the quasi-homogeneous term of the normal form of degree r + k,

is computed,

k
Gr+k = PrOjCor(EH.k) (Z V:Jrk,l) )
=0

where Cor (£, 1) denotes a complementary subspace to the imagen

space of L, ., previously selected.

» Next, to obtain Uy, g, from the homological equation,

k
Lok (Ug, ) = Pl"OJ'Im(£T+,€) <Z V:Hg,z) : (2.6.33)
1=0

» Finally, update

* _ *
rik0 = Vigko — HeFr,

vkt = Vg 1 [Fr Ugl.

Similar to the theory of normal forms, sometimes, the process allows additional
simplifications making suitable assumptions on quasihomogeneous terms of
higher order. In fact, if Ker (£,1x) # {0} the homological equation (2.6.33) has
not a unique solution, (the solution is determined, except arbitrary terms of the
kernel of £,,;.) Thus, in the corresponding row of the Lie triangle can appear
arbitrary constants which can be selected to achieve major simplifications in

the quasi-homogeneous terms of higher order.
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2 Quasi-homogeneous Normal Forms.

2.7 Study of a case of Takens-Bogdanov singu-

larity with symmetry.

These ideas, about normal form, will be applied to the following system,

3
+
S T S e N (2.7.34)
bsox baox® 4 bo12°Y + by

with bsg # 0, which is ordered respect to the type t = (t1,%2) = (1,2) and the
first quasi-homogeneous term is of degree r = 1. Using a scaling, it is posible
consider b3g = o0 = +£1. Note that, F; is a hamiltonian vector field, with
Hamilton function i = fo2* — 3. It is denoted by Dy = z €1 + 2y e5. The
aim is to analize the homological operators, under conjugation and equivalence,
given in (2.3.13) and (2.3.16), respectively. The homological operators, under

conjugancy and equivalence, for a general degree k, are as follows,

Liy : Qf x Cor(fy) — QZH
(Pr,ve) = Lip1(Pr,v) = v Fy + [Py, Fy.

Ly @ Qp — QZ:H
Pj, — L1 (Py) = [Py, Fyl.

Now, suitable bases will be chosen for the spaces Qf, P} and Q.

Pt = spcm{xk, oF 2y, ket ,xk_thJyth} = span{xk*%yi/i =0,---, LEJ}

2

Qt :L,kJrl xkfly xk73y2 ZL‘k—i_l_Q\.k;lij%J
= span , , e ’
g P 0 0 0 0
0 0 0 0 -
a2 )T\ gky )\ ok 22 ) o g2y 3+ ) [

Another possible basis for O is,

:L’k+l 0
QZ = span 0 P l‘k+2 7ka07pk:—1F1 / Pk € J)Zupk—l S ’\Pz_l .

xk+1—2iyi 0 k+1
{5 (e [ o |

k

2
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2.7 Study of a case of Takens-Bogdanov singularity with symmetry.

Therefore, an element Py € QF is of the form,

Py

k+1

0

0
) + 5 (ka) + pDo + pr—1Fi.

Now we will operate each of the components of P, with F; using the Lie
bracket:

+ (k+ Do 2*F;.

_ 0 -
6 (xk+2> B

+ g(k? + 2)$k+1b0.

k2

((k: +2) x’“+1y> =AU+ 5

[kaOa Fl] = (VPkFl) Dy — piF:.

pr—1F1,F1] = (Vpp_1F1) F.

[ [kt ] (k + 1)x*y 0
a( 0 >,F1 :a<_3gxk+3 =—(k+4)oa o

Taking into account the previous calculations, the matrix of the homo-

logical operator L, is as follows,

0 —5(1""%) <zk+2> 0

0

0

—(k+4)oa <xk0+3>

0 0

0

0 Z(k+2)z*1Dy

(VprF1)Dg

0

(k + azFF;y

0 —prF1

(Vpr—1F1)Fy

v F1

prDo

pr—1F1

Vi

From the expression of the above matrix are deduced the following re-

sults which show a complementary subspace to the range of the homological

operators under C*-equivalence and C*-conjugation.

In other words, it is

shown a complementary subspace to the range of the operators Ly, and L4

described in (2.3.13) and (2.3.16), respectively.

Proposition 2.7.66. Consider system (2.7.34). A complementary subspace

to the range of the operator given in (2.5.13) is,

Cor(Ly4x) = Cor({115)Do & Cor(x)F;.

113



2 Quasi-homogeneous Normal Forms.

Proposition 2.7.67. Consider system (2.7.34). A complementary subspace
of the range to the operator given in (2.3.16) is,

COT(£1+k) = COI(£1+k)D0.

Moreover, if we consider k = 4ly + lo, we obtain the following expression for

the kernel of the homological operator,

span{(h'*Dyg, h)}, if Iy =0,
Ker(Li1x) = span{(h"F1,0)}, if ly =1,
span{0}, otherwise

Note that the co-range of the homological operator (under conjugation
and equivalence) is given by the co-range of the linear operator, derivative of
Lie. For that, we consider the operator ¢} defined in (2.3.15). In this example,
taking k = 4m+1[, with m € Nand [ = {0, 1,2, 3}, this operator is of the form,

€4m+l+1 : T2m+z—>ﬁm+l+1 (2735)

Pamtr = V famrr - F1.

The study of this operator will be decomposed in four cases,

» Case [ = 0.
A basis of P is of the form,
?Zm = spa/n{x4m7 x4m74h7 AR x4hm717 hm7 x4m72y7 x4m76yh7 et x6yhm727 x2yhm71}'

Therefore, any element juy,, € P, can be written as,

2m m m—1
L = Zaix@n*myi _ Zaixél(mfi)hi + Zﬁiﬁ(m*i)ﬁyhi-
i=0 i=0 i=0

Thus,

m m—1
£4m+1(,u4m) = V (Z(X¢$4(m_i)hi + Zﬁi$4(m_i)_2yhi> F,
1=0 1=0

m m—1
= Y 4(m — oI iy + 3 ((dm - 4i — 2) a2
i=0 i=0

4 6i0_x4m—4i+1 hz) )

114



2.7 Study of a case of Takens-Bogdanov singularity with symmetry.

Taking into account that h = —ax — -y ie., y? = %0$4 — 9.
m—1
€4m+1(,u4m) = 24 — Z 1e% ZL‘4(m i)— 1h1y + Z 2m — 9% — 1)0_52 Am— 4z+1hz
=0
m—1
— > (4m —4i = 2)2B;z*" NI 4 Bioa Ay
i=0
m—1
= 24 —Z&xmz lhzy"i_ZBz 2m_2z) 4m— 4z+1hz
=0
- Z 2Bi_1(4m — 4i + 2)z*m MR
i=1
m—1
= Byo2ma™ + Z (Bio(2m — 2i) — 2B;_1(4m — 4i + 2)) xR
=1
+ 4Bn_1rh™ + Z m — i)zt ply

and taking a basis of P}, ., of the form,
:Pflm—l-l span{x4m_1y, o ,ZL‘7’yhm_27 l'3yhm_1, x4m+l’ I4m_3h, o ,$5hm_1, th}

The above operator /4,1 has the following matricial expression,

dmayg 0 0o 0 0 ... 0 0 0
0 4dm-1as 0 0 0 ... 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0. 8m—2 0 0
0 0 0 0 0. 0 4a,-1 0
2mfyo 0 0o 0 ... 0 0
—4(2m—1)By 26io(m—1) 0 0 ... 0 0
0 —4p:2m—3) . 0 ... 0 0
0 0 0 .o 0 0
0 0 0 0 . 4B, .0 0
0 0 0 0 ... =128y 2Bmo
0 0 0o 0 ... 0 —4Bm 1

From the structure of the above matrix, it is possible to deduce that

Ker(lym,11) = span{h™}, and using the expression,

dim(Cor(ym41)) = dim(P,,,1) — dim(P%,,,) + dim(Ker(Lymi1)) (2.7.36)
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2 Quasi-homogeneous Normal Forms.

it has that dim(Cor(£4,41)) = 1, therefore Cor(ly,,+1) = span{zh™}.
» Case [ = 1.

Any element figm41 € P4, .1 can be written as follows,

m m—1
Ham+1 = Z&ilA(mii)Jrlhi + Zﬂilﬁl(m*i)ilyhi =T - [4m,
=0 =0

thus,
Conia(pams1) = V(@ ) Fr = i -y + 7 ViignFr = Y (4m =) + Daza "yl
i=0
m—1
+ 2mPoox™™ P+ " (20(m —i)B; — (8m — 8i + 3)B;_y) '
i=1
- 3ﬁm,1x2hm.
Taking a basis of P, ., of the form,
Pt o = span{x' ™y, ' yh, T yR? Ly R Bt TR g mOp2 2

it is obtained the following matrix for the linear operator £4,,. 2,

(4m + 1)ag 0 0 0 0 0
0 Am—3)as 0 0 0 0
0 0 0 0 0 O
0 0 0 0 ... 4da,—1 O
0 0 0 0 0 1
2mByo 0 0o 0 ... 0 0
—8(m —5)By 2Bic(m—1) 0 0 ... 0 0
0 —51(8m—13) . 0 ... 0 0
O N
0 0 0 0 0
0 0 0 0 . 4,90 0
0 0 0 0 ... —128ms 2Bm0
0 0 0 0 .. 0 =3B

From the structure of the above matrix, it is possible to deduce that Ker(4,,11) =

span{0}, and using the expression,
dim(Cor(lam+1)) = dim(P%,, 1) — dim(Py,,) + dim(Ker(lymi1)) (2.7.37)

it has that dim(Cor(lymy1)) = 1 and Cor(lyy, 1) = span{z*h™}.
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2.7 Study of a case of Takens-Bogdanov singularity with symmetry.

» Case [ = 2.

Any element fug,42 € P4, 1 can be written in the form,

Ham+2 = Zaﬂ?“m*i)whi + Zﬁﬂ“m%)yhi = 2% fam,
i=0 i=0

thus,
Camy3(fami2) = Z(4(m —1i)+ 2)aix4(m—i)+1yhi
=0
+ Boo(2m + 1)a*m+?
+ D (2m—i)+1)Bio—8(m — i+ 1)B;_y) 2",
i=1

. . t
Taking a basis of Py, . 5 as follows,
t _ Adm~+3 _4m—1 4m—51 2 3rm _4m+1 4m—3 Am—T 2 m
Pimss = span{z , T h,z h?, ...,x°h™, x Y, x yh,x yh®, ..., xyh™}.

It is obtained the following matrix expression for this operator,

(4m + 2)ag 0 0 0 ... 0 0
0 (4m—2)a; 0 0 ... 0 0
0 0 o0 L 0 0
. S - 0
0 0 0 0 6oy 0
0 0 0 0 0 2,
(2m +1)Byo 0 0o 0 ... 0 0
—8mf 2m—1)poc 0 0 ... 0 0
0 —8(m—-1)p . 0 ... 0 0
0 : .
0 0 0 0 0
0 0 0 0 4B 00 0
0 0 0 0 ... =128 2Bmao
0 0 0o 0 ... 0 —3B8m-1

In this case, using (2.7.37), and from the expression of the above matrix
we can conclude that Ker(¢4,,13) = {0}. Therefore Cor({4,,13) = {0}.

» Case [ = 3.

Any element piy,,13 € P, 43 is of the form,

[Lamss = Z O[Z‘f[}4(m_i)+3hi + Z ﬁifl(m_i)ﬂyhi,
i=0 1=0
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2 Quasi-homogeneous Normal Forms.

hence,

Cameya(fam+3) Z — i) + 3)oy Iy n!

Em: < )/Bz o —2(4(m —i) + 5)@_1) gAm=d+apt,

Taking a basis of ‘P4m 44 of the form,
T4m+4 Span{x4m+2y’ x4m72yh’ x4mf6yh2’ o ,IEthm, x4m+47 $4mh, x4m74h2’ o herl}

It is possible to deduce that 4,4 has the following matrix expression,

(4m + 3)a 0 0 0 ... 0 0
0 Am—-1a; 0 0 ... 0 0
0 0 o0 L 0 0 O

0 0 0 0 ... Tamy O
0 0 0 0 ... 0 3y,

(2m + 2)Boc 0 0 0 ... 0 0

—24m+1)By (2m—-1Bo 0 0 0 0

0 —2dm—=3); - 0 ... 0 0

0 H : .

0 0 0 0 0

0 0 0 0 " o O

0 0 0 0 ... —108u1 3Buo

0 0 0 0 ... 0 2Bm

Therefore, from the structure of this matrix, it is possible to conclude that,
Ker({4m14) = {0}. Using (2.7.37), we get that Cor({y,4) = A™TL.
{0} if | =2,
In summary, we have obtained that Cor(l4m,414) = < 2*th™  if | € {0,1},
hmtt if [ = 3,

{0} ifn=3,
a"h™  ifn e {0,1,2}.

The following theorems show a normal form, under conjugation and

or equivalently, Cor({y,1n) = {

equivalence, for system (2.4.19).

Theorem 2.7.68. A normal form for system (2.4.19), under C*-conjugation,

15 given by,

ox

x = ( y5> +ala?Do + (65" + B72)F,

00 2
+ 3 (0PI h Dy + (B h . (2.7.38)

i=1 5=0
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2.7 Study of a case of Takens-Bogdanov singularity with symmetry.

Theorem 2.7.69. A normal form for system (2.4.19), under C*-equivalece,

1s given by

[e) 2
. Y 2 (), .jpi
X = (ng> +a2® Do+ > ) (ol 27h') Dy, (2.7.39)

i=1 5=0

At this point, the question is whether is possible to make more simplifica-
tions in the normal form. For obtaining a reduced normal form it is necessary
to determine the kernel of the homological operator defined in (2.3.16). We

describe the process in the next subsection.

2.7.1 A reduced normal form for a nilpotent system.

In order to describe the process, we will consider the normal form given in
(2.7.39) and we assume that the coeffcient ao) # 0. Then we describe the

two-step homological operator under equivalence as follows,
L£?, 9 x Cor(fy) x Ker(L,) — O,
(P, vy (Pr1, 1)) — £§%2k(Pk7yk7(15k L Pel1))

= [Py, Fi] — iFy + [Pi_1, alP2®Dy) — 10l 2Dy
== £1+k(Pka I/k) -+ [Pk—h Oé(() ).Z'zDo] — I/k_la(() ).CEQD(). (2740)

Taking into account the kernel of the homological operator described in
Proposition 2.7.67, we can deduce, if we take k —1 = 4l; + 15, with 0 < I, < 4,

the following expression for the homological operator under equivalence,

e For Iy = 0 then (Py_y, p_1) = (K" Dy, k") € Ker(Ly,).

Thus,

[f’k_l,a(()Q)xQDo] —ﬁk_la(()z)xzDo = [hllD a(()Q) ’D 0 —ph 04(()2) D,
= (4l — 3)al? 22K Dy € Cor(Ly, 42).

e For Iy = 1 then (Py_y, p_1) = (h''F1,0) € Ker(Ly).
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2 Quasi-homogeneous Normal Forms.

Therefore,

[f)k‘—la a(()g)[EQD()] — I;k_l()é((f)ﬂszo = [hllFl, Oé(()2)fl?2D0]
= — (V(efs*n")F,) D,

((4z1 ~1)a? thl) Fi € Im(Ly,ss).

Note that if [, = 1, it is not possible to make further simplifications in the
normal form given in (2.7.39). In the case Iy = 0 with 04(()2) # 0, it is possible to
eliminate the elements of the form h’/. Therefore, the two-step normal form,

under equivalence, is the following:

Theorem 2.7.70. Considering 040 # 0, ao defined in (2.7.39), a normal
form for system (2.4.19), under C*-equivalece, is given by,

o 2

X = ( Y ) +al® Do+ > ) (o 27n')D (2.7.41)
o’ i=1 j=1

Remark 11. The normal form, described in (2.7.41), is the unique normal

form for system (2.7.39). It is possible to prove that, the kernels of the two-step

homological operators do not get to obtain more simplifications in the normal

form given in (2.7.41).
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CHAPTER 3

Planar quasi-homogeneous normal forms.

3.1 Introduction.

In the previous chapter we have done a reminder of the classical theory of
normal forms and an introduction to the quasi-homogeneous normal form.
Also, we have calculated the normal form for a particular case of the Takens-
Bogdanov degeneration. With this example, we have wanted to show the large
number of calculations necessary to obtain this normal form to infinite order.
In this chapter, our goal is to develop a theory that allows us a remarkable
simplification of the calculations for obtaining the normal form. Let us consider

the following system,

x = F(x), with x € R% (3.1.1)

The vector field (3.1.1) can be always written as the sum of quasi-homogeneous

terms of type t:
x=Fx)=F,(x) +F,q(x)+---, (3.1.2)

where Fj, € Q¢ for all k, and we assume that F, # 0 being r € Z. If we
select the type t = (1,1), we are using in fact the Taylor expansion, but in
general, each term in the above expansion involves monomials with different
degrees. The main tools we use in this chapter are two types of decomposi-

tions for vector fields. These decompositions provide notable simplifications
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3 Planar quasi-homogeneous normal forms.

in the computation of the normal form. The first decomposition is the called
conservative-dissipative decomposition, and was showed in Chapter 1. Fixed a
type t, any quasi-homogeneous vector field of a given degree k can be decom-
posed in a unique way as a sum of two quasi-homogeneous vector fields with the
same type and degree that the original vector field: one with null divergence
and other with divergence equal to the original vector field. This decompo-
sition, generalizes those given, for the homogeneous case, by Baider [21]| and
Collins [39]. The second one, is derived from the above mentioned but it
introduces a new component. This new component is a multiple of the quasi-
homogeneous term of the vector field with lower degree; i.e., given a type t,
any quasi-homogeneous vector field of a given degree k£ can be decomposed, in

a unique way, as a sum of three quasi-homogeneous vector fields.

In summary, this chapter is structured as follows: in the next section
we present the decompositions above described. In section 3, we apply these
decompositions to obtain a normal form, under equivalence, for vector fields
whose quasi-homogeneous lower degree term is a Hamiltonian, i.e., F, = X,
and h only has simple factors in its factorization on Clx,y]. We show this
normal form in the main result of this chapter, Theorem 3.3.93. In section 4 we
calculate, using this theorem, the normal form of some families of degenerate

vector fields.

3.2 Decompositions of a quasi-homogeneous vec-
tor field.

The following proposition provides the decomposition of any quasi-homogeneous
vector field. This decomposition was showed in Chapter 1, but we show it be-
cause it will be used along this and subsequent chapters.
Proposition 3.2.71. (Conservative-dissipative decomposition )

Assume that Py, € QY then there exist unique polynomials py, € Pt and
hiyle) € :])};C+|t| such that:

Py =X, T Do,

where Ry ¢ = ﬁ\tl (Do A Py) and py, = ﬁmdiv(Pk).
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3.2 Decompositions of a quasi-homogeneous vector field.

Next, we show some technical lemmas that will allow us to describe the

new decomposition.

Lemma 3.2.72. Given p € PL, it is verified

a) [Xp, Xp| = Xy with f =Vp- X, € P!,

b) pX;, = X; + jiDg with h = %ﬂt'ph and [ = mVth.

Proof.

a) [X,, X, = Pyaly = Pyyha — hyaPy + hyype | _ %@@—Wm _
_pthy + pxyha; + h;ca:py - hxypx —%(pgchy — pyhm)
_szhyfpyhz = XVp-Xh-

b) The conservative part of pX, is

- 1 5 1 r+ [t
h=————[DA(X;+aDg)] = ————[DoA(pX},)] = —————ph,
and the dissipative part is

1
= ————div(X;+aDy) = —————div(pX}) = ———— VpX,,.
fi r+k+H|w(h+M0) T+k+ﬁ|ww n) parA 2

In order to give a second decomposition for quasi-homogeneous vector
fields, we will show that the space Qf can be decomposed as a direct sum of

three subspaces. To this end, let us define,
hip};—r = {h(ZE, y)V("Eu y) S :PZ—HH S iP‘];—'I’}? (323)

and we denote by Ay a complementary subespace of hP§_,, ie., fPZHtl =
Agyre) ® hPE_,.

Also, let us define the following subspaces,
> FL={\-F,eQi/xeP,_ }.
» D= {n-Dye Qt/necP}.

> Cli = {Xg S Qi/g c Ak-l—lt\}'
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3 Planar quasi-homogeneous normal forms.

Proposition 3.2.73. Assume that F,. = X;, +puDg and h € ?iﬂt\ \{0}. Then
Ol =Cl oD o Fi

Proof. Obviously C; + D}, + F; C Qj. Moreover

e D! N F} = {0}. In fact, if Py € DL N Ff, then there exist A € P_,
and n € Pt verifying P, = AF, = nDg. Therefore 0 = (nDg) A Dy =
P.ADy=MF, ADy = Zi‘;")\h and, as h # 0, A = 0 and consequently
P, =0.

e (D + Fl)NnC: = {0}, otherwise, let P, € DI + F}, then there exist
A e P and n € P verifying Py = nDg + AF,. By other hand,
P, € C;, then there exists g € Agyyy, such that P, = X,;. Therefore

(k+[t]))g =Dy AX,; =Dg AP, =Dy A (nDg + AF,) = (r + [t|) AR

Hence g € Ay N AP;_, and we can conclude A = 0. In consequence
g=0,and Pp = 0.

Now only remains to prove Qf C Cf + Di + Ff.
We consider Py, € Q% from Proposition 1.2.18, P;, = Xy + Do with iy €

Pt and hisye) € Pt Since :PZ:-&-|t| = Akﬂﬂ@hf}’z_r, we can express g = g+

ket 6]
Ah with g € Apypp) and A € Pj_,. Therefore Py, = X, + X, + 1 Dyg. By other
hand, from Lemma 3.2.72 b) we know that AX,, = XT+|t|/\h + k+‘t|V(/\Xh)D0,
R E]
that is, Xy, = fi,:")\Xh T+|t‘ (VAX},)Dy. Hence
k+ |t] (
P, = X,+ Xy + | (VAX}) | Do =
r+ [t] r+ [t]
k+ |t] k+ |t|
X, + — VAX;) — A ) Do + A\F,.

o (e 0 = ) Do
(3.2.4)
n

This proposition allows us to enunciate the following result.

Proposition 3.2.74. Assume that F, = X;, + uDg and h # 0. For any
P, € O, there exist unique polynomials g € Ay, n € Py and X € P§_,
such that

P, = X, + 7Dy + AF,, (3.2.5)

124



3.3 Normal Form under C*-equivalence.

PTOyAk+\t\ (Do/\Pk) Pmyh?};,T(DO/\Pk)

= and n =

div(Pj,)—VAF, —Adiv(F,)
k+|t] ) (r+t))h ’ :

k+|t]

where g =

Proof. The existence and uniqueness is proved in Lemma 3.2.73, only remains

to find the expressions of g, n and A.

Dy AP, =Dy A (X, 4+ nDg + AF,) = (k +|t|)g + (r + |t Ak

ProyAk_Htl(Do/\Pk) PTOyhryz_T(DO/\Pk)

Therefore g = T and A\ = D . From (3.2.5),
div(Py) = (k+ [t])n + VAF, + Adiv(F,), that is, n = TELTEAWE) - g

Remark 12. Notice that )\ is polynomial because the numerator of X is the

projection of Do A Py, over hPt_ and consequently, it is multiple of h.

3.3 Normal Form under C*-equivalence.

In the applications, when one tries of determining a normal form of system
(3.1.2), it is very important to reduce the lowest-order term F, to an adequate
form. When this has been done, system (3.1.2) is called a 0-th order normal
form. The calculation of such 0-th order normal form is not a trivial task
since this involves an adequate selection of the type t. This selection is very
important because the lowest-order quasi-homogeneous term F, defines the
homological operator, and it determines the further simplifications that can
be reached in the normal form. Nevertheless, this nontrivial question has not
effect from a theoretical perspective. In this section we provides a normal form
under conjugantion and equivalence, by making simplifications in the quasi-
homogeneous terms with degree greater than r. The 0-th order normal form

was treated in the section 2.4 of the previous chapter.

To describe the normal form it is necessary to focus on the homological
operators described in (2.3.13) and (2.3.16),

L.y : QF — OF., (homological operator for conjugation)
P, — L, x(Py) = [Py, F,]
Loy Qf x Cor(fy) — QF,, (homological operator under equivalence)

(Pr, p) = Lryi(Pr, i) = . Fr + [P, F,]
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3 Planar quasi-homogeneous normal forms.

The following theorem describes a normal form, under conjugation and equiv-

alence, for system (3.1.2).
Theorem 3.3.75. A formal normal form for system (3.1.2) is given by
%= Gyyy(x), with G, =F,,
Jj>1
with G,4; € Cor(L,4;) in the case of C*-conjugation, and G,; € Cor(L,4;)

in the case of C*-equivalence, for j > 1.

At this point, we want to provide a theory that allows us to reduce
the calculations of the co-ranges of the homological operators and giving an

expression of them in a simpler way. Consider the system,
x=Fx)=F,x)+F(x)+-, (3.3.6)

where F,(x) = X, + pDo with h € P}, . and pu € P}

For calculating a normal form of system (3.3.6) under equivalence, it is ne-
cessary to calculate a complementary subspace of the range of the homological
operator L, given in (2.3.16). For this task, we need to define the following

linear operators,
S A

r+|t
HUk—r — vuk—r : (Xh + (]- - | |)MDO> .

k

Remark 13. Observe that the operators E,(:) agree with the linear operator

given in (2.53.15) in the case p = 0.

To achieve this goal we need the following lemma, which will be useful
later to characterize the homological operator.
Lemma 3.3.76. Assume that F, = X, + uDg with h # 0. Given p € Pt, it

is verified

a) [Xpa Fr] = Xg +nDg + A-Fo,

R c r Proyh?t7 (ziik(p))

with g = Proya,,, (67,(p)), A= Sk ——1= and
2k ) VXt VA X (- A

n= r+k ’
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3.3 Normal Form under C*-equivalence.

b) [pDy,F,] =nDo+ A - F,, where n=Vp-F, = li.(p) and X\ = —rp.

c) [pF,,F.] =X-F,, where \=Vp-F, =l .(p).

Proof.

a) To show the expressions of g and A we will use Lemma 3.2.72. In first

time, we can develop [X,, F,] as follows,

[Xp’ FT] = [va Xn+ MDO] = [va Xh] + [va MDO]
= XVth - [MDO, XP]
= Xypx, — (VuX,)Do + p[X,, Do)

- XVth - (vNXp)DO + (k - ’t‘)MXp (337)

Therefore, by one hand, using (3.3.7), we obtain,

DoA X, F.] = (r+k)Vp- X, + k(k— [t])up

= (r+k)E%(D). (3.3.8)

By other hand,

Do A (X, +1Dg+ A-F,) = (r+k)g+ (r+ [t])Ah. (3.3.9)

From (3.3.8) and (3.3.9) we get,

C r + t C
g = Proya, ., (ﬁilk(p) — ﬁ|k‘|/\h) = Proya, ., (ﬁilk(p)) )

From (3.3.8) and (3.3.9) we have,

r—+k

+ k
e — % Proyie (09 (p)—g) = —
AT GRORY) T It

To prove the expression of 7, we consider (3.3.7), then

By one hand,

dv([X, F)) = —(r+k)Vp-X,— (k= [tV X,

] L PToynsy (££2k<p)) :

= —(r+2k—|t)Vu X, (3.3.10)
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3 Planar quasi-homogeneous normal forms.

By other hand,
div(Xy +1nDo+ A -F,) = (r+k)n+ V- X, + (r+ k). (3.3.11)

From (3.3.10) and (3.3.11), we obtain,

(r+2k — t)VuX, + VA - X + (r+ k)Ap
r+k ’

b) [pDo, Fr] = (Vp ' FT)DO + p[D(b Fr] = £r+k<p)D0 - rpFr-

c) [thv FT] = (Vp-F,)F, +p[Fr> FT] = lryi(p)Fy.

The following proposition shows a complementary subspace to the range
of the homological operator, under equivalence, described above. In its proof,
it is possible see that, the matrix of the homological operator has a triangular
structure generated by the decomposition presented in the Proposition 3.2.74.

To prove this proposition, we need the following two technical lemmas.

Lemma 3.3.77. Consider F, = X}, + uDg € QY irreducible and f € Clz,y]
an irreducible invariant curve of F,.. If Ly _(p) € (f) then p € (f).

Proof. If Lg,(p) = 0 then p is a first integral of x = F,, and a first integral
of F, is vanished on any invariant curve of it, i.e., p(x) = 0 when f(x) = 0.
Therefore, by Hilbert‘s Nullstellensatz p € rad (f). Since (f) is a prime ideal,
then (f) = rad (f), in consequence p € (f).

If Lg, (p) # 0, let v € Clz,y]\ {0} such that fv = Lg (p). Consider ~(¢),
real or complex, a solution curve of x = F,.(x) which is a parametrization of
f(x) = 0. Suppose also that lim;_,_, y(t) = 0, (the other case limy_, ., y(t) =
0 is proved analogously). Since p(0) = 0 then

pw®>=pwm—mm=/ %%wz/mpwm@wS

= [ taltonis= [ a)mtss=o

—0o0
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3.3 Normal Form under C*-equivalence.

Since f(x) = 0 is union of orbits we have p(x) = 0 when f(x) = 0. Therefore,
by Hilbert‘s Nullstellensatz p € rad(f). Since (f) is a prime ideal, then
(f) =rad(f), in consequence p € (f). u

Lemma 3.3.78. Consider F, = X, + uDoy € Q% irreducible and h € g):iﬂtl
only has simple factors in its factorization on Clx,y|. If Lg (p) € (h) then

p € (h).

Proof. Let h = [[;_, f; the decomposition in irreducible factors of h on
Clz,y]. If Lg,(p) € (h) then Lg (p) € (f;) forall i = 1---s. As f; is an
irreducible curve of F,. for all i = 1--- s, by Proposition 3.3.77, p € (f;) for all
i=1---s. Therefore p € (h). u

Remark 14. Observe that the hypothesis, F, = X}, +uDg € QF is irreducible,

i1s necessary. Let consider,

7= () (7)

F, is reducible, y is an irreducible invariant curve of F,, and Vz -F, = —y? €
(y). Nevertheless, x & (y).

Proposition 3.3.79. Assume F, = X, + uDg € QY irreducible. Consider

h € g)iﬂtl only has simple factors in its factorization on Clx,y]. Then,

Cor(L,. ;) =X @ Cor(,41)Dg & Cor(ly)F,.

Cor(zi-2k+|t| )mA7'+k+|t|

Cor(L,4x) =X @ Cor(4,4x)Dy.

Cor(ésfgk+|t| )mAr+k+|t|

Proof. We prove the case of equivalence, for the proof of the another case is
sufficient consider v = 0 in that follows. From Lemma 3.2.73, we know that
Q! = Cl & DL @ F}. Therefore, the homological operator given in (2.3.16) has,
taking into account the decomposition given in Proposition 3.2.74 and Lemma
3.3.76, the following form

Lo @ (Co® D@ Fy) x Cor(ly) — Criy ® Dyyy ® Fr

defined as follows L, (X, + 7Dy + XX}, v) =
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3 Planar quasi-homogeneous normal forms.

<X9r+k+|t| + (77T+k + €r+k(77))D0 + ()\k —rn+ £k<)\) + I/)Fr) ,

where
(c)
Protygs (€, 110(9)
o () _ k4r+t] hfpk( k+r+|t|
Irtk+t] = PTOyAk+r+\t\ <£k+r+lt\<g) » Ak = r+|t| h
— (r2(r+R) =t VX g+ VA X+ (2r+k) A p
and 1), = Shaetb Y .

Therefore, taking a suitable basis, we obtain a triangular-block matrix,

Ik+r+|t| 0 0 0 CiJrk
Nr+.kDo | Lryr(1)Do 0 0 D, 4
Mo F, —rnF, Ue(VF, vF, Flik

X, €Ci | Dy € D | \F, € F}. | v € Cor(ly)

From Proposition 3.3.78, we can deduce that the upper left block diagonal of
the above matrix has maximum range. Taking into account the structure of

the above matrix we can derive the result. ]

The following theorem shows a formal normal form, under equivalence,
for system (3.3.6).

Theorem 3.3.80. Consider F, = X, +uDg € QF irreducible and assume that

h € :P:—',-\t| only has simple factors in its factorization on Clx,yl.

A formal normal form, under conjugation, for system (3.5.6) is,

K= F, > (X + kDo + MF ) (3.3.12)

k>1

where grypy1t) € Cor(ﬁfﬁkﬂt‘) N Arikre), Mtk € Cor(lryy) and Ay € Cor(€y,).

A formal normal form, under equivalence, for system (3.3.6) is,

K= F, 3 (X + kDo) (3.3.13)

where gk € Cor(gij)-kﬂt\) N Ar+k+|t| and N4 € Cor(Lyiy).
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3.3 Normal Form under C*-equivalence.

3.3.1 Calculation of the normal form for a Takens-Bogdanov

singularity.

In this section we obtain the oo-order normal form under conjugation and
equivalence for higher-order perturbations of non-integrable quasi-homogeneous
Takens-Bogdanov singularities. With this example, we show how difficult, in
terms of the calculations, is to obtain a normal form to infinite order. A

Takens-Bogdanov singularity can be written as:

i = y+afi(z)+yf(z,y), (3.3.14)
91(x) + yga(x) + v2g(x,y).

Nl
Il

Let us denote by:

e m, the lowest-degree in the Taylor expansion of g;(x).

e 7, the minimum of the lowest-degrees of the Taylor expansions for fi(x)

and go(x).

Hence, m = oo arises if g; () = 0 and n = oo corresponds to fi(z) = ga2(x) = 0.

Then, we can write system (3.3.14) as

&= y+a"(2) +yfla,y), (3.3.15)
g o= a"y®(x) + 2" Ps(x) + yPg(x, y),

where m € NU{oo}, n € NyU{oo}, and ¥y (z) = a+O (x), ®1(z) = b+ O (),
(1)3(1') =c+ O (fL’), f(xa y) =0 (ZL’, y)7 g(l’, y) =0 (ZL’, y)
To exclude some cases corresponding to Hamiltonian lowest-degree quasi-

homogeneous term, we will asume n # oo and m > 2n + 1.

By selecting the type t = (1,n + 1), the quoted lowest-degree quasi-

homogeneous term is of degree equal to n and it is of the form,

n+1

(y—;ax ),ifm#Qn—i—l;
x™y

y+a$n+1

br"y + ca?nt!

F,(z,y) =
( ), ifm=2n+1.
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3 Planar quasi-homogeneous normal forms.

We can deal with both cases at once by writing

y _I_ al,n+1
F.(z,y) = ( > ,

ba"y + Azt
where A=0ifm#2n+1,and A=ciftm=2n+1.

Next, we show the decomposition (1.2.5) (conservative-dissipative sppli-

ting), for the lowest-degree quasi-homogeneous term, F,,,

2(n+1) (n+1) 2

2 2
_ 1 b a n+1 A 1 b a 2(n+1
= —i(y—<m—5>l‘ )+<m+§(m—5))$( ),

pulzr,y) = (ﬁ + %a) "

hiz,y) = oA _g204D) | (2 b —1a> L —%y2

Again to exclude cases where F,, is Hamiltonian, we take z(n;bﬂ) + %a # 0.
The change of variablesu = x, v = y— (2(#1) — %) 2"! and an adequate

rescaling, transform system (3.3.15) into a higher-order quasi-homogeneous

perturbation of G,, := X} + uDg, where

hr,y) = —iy*+ 2220 with o € {~1,0,1}.
w(x,y) = dz", with d € R\ {0},

Hence:

Gol(z,y) = yo+ ot . (3.3.16)
o(n+ 1)z*" ! + (n + 1)dz"y

Remark 15. The case n = 0 corresponds to perturbations of linear systems

with nonzero trace: linear focus, node and saddle with nonzero divergence.

Firstly, we build an adequate basis for the spaces Pi. To this end, we

require the following technical result:

Lemma 3.3.81. Let us consider k € N. Then, there exist ki, ko € N, k3 € Ny,
such that k = k1 + (n+ 1)ko + 2(n + 1)ks, where 0 < ky < n, ky = 0,1, and
ks € Ng. Moreover, kq, ko, k3 are unique.

Proof. It is a simple matter to show that k3 = LﬁJ (the quotient of

the division ﬁ), where | -] denotes the floor function. Then, 2k; + ko and
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3.3 Normal Form under C*-equivalence.

ki are, respectively, the quotient and the rest of the division HLH Hence,

ke = [5ks] =2 |zt and b = = i 0+ ) "

Lemma 3.3.82. Let k € N, and write k = k1 + (n+ 1)ko + 2(n + 1)k3 as in
Lemma 3.3.81. Then:

o Ifko=1, a basis of Pt is

B — {l,kui(nJrl)hi, (y . $n+1) pF QiDL 0,... kg} '

e Ifky =0, a basis of Pt is

% \ {(y . xn—&—l) $k_(2k3+1)(n+1)hk3}

Proof. Let us take p, € Pt. Then, we can write py(z,y) as follows,
2k3+k2
pielz,y) =af Yy agarERER

J=0

In the above sum, we will consider separately the terms with even/odd powers

of y. So:
k3 k3+ka—1
— k n+1)(2kz+ka—2i), 2i k n+1)(2ks+ka—(2i+1)), 24
pr(ry) = 2@ 22 gk N g g ()RR @),
=0 i=0
ks+ka—1
— Zazz k—2i(n+1) Wity Z &2i+1xk—(22+1)(n+1)y21
i=0
k3+k2 1 ks+ko—1

_ Z (oz2,- +a2i+1)xk—2i(n+1)hi + (y _xn—i-l) Z a2i+1xk—(2i+1)(n+1)hi

1=0 1=0

k—2ks(n+1) 1 ks
ok, T (n+1)p, ,

where the last term: g, 223"+ pks must be dropped if ko = 1. The result

follows by substituting y?> = oz2"*+Y — 2h, m
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Lemma 3.3.83. Let us consider k € N, and write k = ki+(n+1)ke+2(n+1)k3
as in Lemma 3.3.81. Then, the matrixz of the linear operator (., associated to

the bases given in Lemma 3.3.82 for Py, and P}, is

Ag
By | A
By
Agy s
Bk’3—1 Ak3
By,
where
(d+1)k—=2i(n+1) (6 —1)(k—2i(n+1))

o A = and
k—2i(n+1) (d—1)k+2i(n+1)
—2(k—(2i+1 1

T e
2X2

o » Ay, = (dk)1x1 and By,is the empty matriz, if ky = ko = 0,

d+ 1)k — 2k 1
> Ay, = ( (d+1) s(n+1) > and By, 1is the empty matriz
2x1

k1
if ks =0, ky >0,
(d+ 1Dk —2ks(n+1) (0 —1)(k — 2ks(n+ 1)) -
| 4 Akg - ) Zf
k—2ks(n+1) (d=1)k+2ks(n+1) ) |

ky = 1; and By, s the empty matriz if ky = 0 and ko = X1, or
Bkg = (0 — 2k1)1><2 Zf ki >0 and ky = 1.

Proof. It is a simple matter to show that:
Vi G, = y+da"" = (y—a"") + (d+1)z"",
Vh-G, = 2(n+1)dz"h,
V(y—-2"")G, = (n+1)(d-1)z"(y—2"") + (n+1)(c — 1)t
(y—2") V-G, = (d— 12" (y—a2"™) + (0 — 1)2*") — 2h.

Let us assume ky = 1. According to Lemma 3.3.82, we can write the

elements of P! as:

k‘3 k?3
pk($7 y) _ Z aixk—Zz(n-l—l)hz + Z bz <y . xn—l—l) xk—(?z-{-l)(n—i—l)hz.
i=0 =0
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3.3 Normal Form under C*-equivalence.

After some operations we get:

O (pr) = Ek((d+1)ag+ (0 — 1)bo) "™ + k (ag + (d — 1)by) (y — x”“) s

+ SZ (—2(k—=2i—=1D(n+1) b1+ ((d+ 1)k —2i(n+1))a;
+ (; — 1) (k = 2i(n + 1))b;) x g"2ntDEnpi
+ (y — x"“) Z ((k—2i(n+1))ay

+  ((d =1k + 2i(n + 1)) b;) gk~ 2+D=1p

+ (=2(k—(2ks —1)(n+ 1)) bgy—1 + ((d+ 1)k — 2kz(n + 1)) ag,
+ (0= 1)(k — 2kz(n + 1))by, ) a*~e(rDEnpks

+ ((k—2ks(n+1))ar, + ((d— 1)k

+

2]{53(71 + 1)) bkg) <y B l‘n+1) F—2ks(nt1)—1p ks
2k1bk xk—Z(k3+1)(n+1)+nhk3+1
. .

The proof in this case is completed by looking at the basis of Pt | described

in Lemma 3.3.82.

k+n>

In the case ky = 0, the term by, (y — 2" ) 2k~ @kt pks in py (2, 9))
must be omitted, and we can exploit the above computations by putting by, =
0. ]

In the following two proposition we describe the corange of /5 and E,(:).

Proposition 3.3.84. Let k € N, and write k = k1 + (n+1)ke +2(n+1)ks as
in Lemma 3.3.81. Let us assume that o € {—1,0}; oro =1, |d] # 1 — %H)
fori=0,... ks+ko—1. Then, Ker ({;4,,) = {0}. Moreover, a complementary

subspace to Range ({y,,) is:

{0} ) Zf kl - O,
Span {gFtnhentphsthak e gy > 0.

Cor (byyn) = {

Proof. From Lemma 3.3.83, we have det (4;) = k%d®> — o (k — 2i(n + 1))*,
fori =0,..., ks + ko — 1. Hence, det (4;) # 0, if o = —1; and also if o = 1,
|d| # 1 — % Consequently:

o If ky =1, ky > 0, then Cor ({4,) = Span {aF1~1pks+11,
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3 Planar quasi-homogeneous normal forms.

o If ky =1, ky = 0, then Bj is the empty matrix and so Cor (¢x4,) = {0}.

o Ifky =0, ky > 0, then Bj is the empty matrix, Ay, = ( L
1

(d+ 1)k —2k3(n+1)

) )
2x1

and Cor ({j,4,) = Span {z*7"h¥3} is a complementary subspace to Range ({jt»).

o If ky = ky = 0, then Bj is the empty matrix, and Ay, = [dk]ix;.
d # 0, we find Range ({i4,) = P}, and Cor (1,,) = {0}.

Proposition 3.3.85. Let us consider k € N, and assume that o € {—1,0};

_ 2(n+1)
oro=1,|d #1+=5—. Then
Ker (gl(sz—&)—n+2> Cor ( k+n+2> ={0}.

Proof. Let us take the following bases for the complementary subspaces

Apingz and Agponio:

k4+n+2 $k+1 (y o xn-l—l)} 7

Rt (y . anrl)} .

Apiny2 = Span {x
Ajyony2 = Span {fﬂk+2 )
Then, we write the elements of Ay, .o as:

k+n+2

k1
g = aox +a1x+(

n+1) )xk+n+2 + a1$k+1

y—x :(ao_al Y,

and, after some computations, we get

o)
+(k5 +n + 2) <CLO =+ (dm — 1) CL1> xk-‘rn-i-l (y — In-‘rl)
—2(k + 1)a1z"n).

In this way, the matrix for the linear transformation Eiﬂ% 4o I8t

At + 1 o—1
(k+n+2)< k+2(1rl) . 1>.

dk+2(n+1) B

To obtain the result, it is enough to observe that its determinant: d? s

o is nonzero if 0 € {—1,0}; or o0 =1, |d] # 1+ nH)

As

to

(k+2(n+1))2
||
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3.3 Normal Form under C*-equivalence.

Theorem 3.3.86. Let us consider the system:

( x ) = G(z,y) = Gu(z,y) + HO.T., (3.3.17)
)

where Gy, is given in (3.3.16), and H.O.T. denotes quasi-homogeneous terms
of type t = (1,n+1) with degree higher than n. Let us assume that d € R\ {0},
n € Ny, and also that o € {—1,0}; or o = 1, |d| # 1 + 2 "H L |d] #£1— 2m+1),
forallt=0,..., \_ij — L(LJ — 1, and k € N.

n+1 2(n+1)

Then, the unique normal form under conjugation for system (3.53.17) is:

oo 2n
% = Z ol”2Dg +> > " a7 h'Dy +Z@ PG,

j=n+1 =1 j=0

J#N
oo 2n

+ 3N BVainG,, (3.3.18)

=1 j=0
j#n

and the unique normal form under equivalence is:

2n oo 2n

x=Gn+ Y WDy + 3 Ve n'D. (3.3.19)
j=n+1 =1 2
Jj#n

Proof. From Proposition 3.3.85 (recall that we assume o € {—1,0}; or
o=1,|d #1+ w for all £ € N), we get Cor (E,(i)rzmﬂ) = {0}. Moreover,

ifoe{-1,0};oro=1,|d #1— “”1 ,fori=0,..., LniHJ - LﬁJ -1,
for all £ € N; from Proposition 3.3.84 we get Ker (ék) = {0} for all £k € N,

and Cor ({j,4,) = Span {zk1Tn=R(nthpkatkz L if ;> 0, and zero otherwise.

The complementary subspaces Cor ({y4,) are spanned by the monomials

shown in the following table.:

k I [~ | n|n+l|n+2|-|2n+1|2(n+1)|2n+3

Cor (Uyn) || 2™ |- | 22| 0 ho |- 2" 'h 0 " h

Table 3.1: Table of the co-ranges of ¢, n € Ny.
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3 Planar quasi-homogeneous normal forms.

Moreover, if 1 <k < n, then P§_, = {0}, and so Cor (¢;) = Span {z*}.
For k > n, the subspaces Cor ({) can be obtained from the above table (with

an adequate displacement):

k 1| n|n+l|---|2n |2n+1|2(n+1)| - |3n+1|2(n+1)+n

Cor (Cg) || @ |-+ [am | antt | ... | 2?0 0 h N 0

Table 3.2: Table of the co-ranges of /.

The result follows from Proposition 3.3.79. [ ]

This example illustrates the difficulty in the calculations for obtaining a
normal form when F,. = X}, +uDg. Our aim, in what follows, will be to reduce
this difficulty considering that the principal quasi-homogeneous component,
F,, is Hamiltonian. Therefore, we will work with system (3.3.6) where F,. = X,

and h € CPZHW ie.,
% = F(x) i= Xp + Fpp1 (%) + - - (3.3.20)

t
where h € (‘Pr+\t|'

Considering system (3.3.20) and Proposition 3.3.79, Theorem 3.3.80 can

be enunciated in the form,

Proposition 3.3.87. Assume F, = X,,, h € P}, \ {0}. A complementary
subspace of the range of the operators given in 2.3.13 and 2.3.16 is,

Cor(Lyyx) = Xcor(e @ Cor(,41)Dg @& Cor({y)F,.

k16N L gt
COF(‘CH‘k) = Xcor(karer\t\)mAkJrer\t\ S COI(E?"'HC)DO
where {y, is the Lie derivative operator respect to F, defined in (2.5.15).

Theorem 3.3.88. A formal normal form for system (3.3.20), under C*°-
conjugation, is given by
K= F, 30 (X + kDo + MF) (3.3.21)
k>1

where gy pit) € COr(Crppppe]) NV Arikgpe),  Mran € Cor(lrgy) and A, € Cor(ly),
for k> 1.
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3.3 Normal Form under C*-equivalence.

A formal normal form for system (3.3.20), under C*-equivalence, is

given by

% =Xp+ > (Xg.00 + 0r6Do)- (3.3.22)

k>1

where gy € COT(£k+r+|t\) N Apyrip) and N4y € Cor(lyyi), for k > 1.

As follows from Theorem 3.3.88, the co-ranges of the homological oper-
ators are determined by the co-ranges of the linear operators ¢,, for k > 1.
Next, we show that, if 4 only has simple factors in its factorization on C[x, y],
there exists cyclicity in the expression of these co-ranges. Specifically, we will
see that it is only necessary to calculate some initial co-ranges, the rest of them

are derived from knowing the previous ones. We study it in the next section.

3.3.2 Computing Cor(¢), k > 1.

The following two lemmas are necessary to prove the existence of the cyclicity
of the co-ranges of the linear operators /. The first one shows a relationship
between the dimensions of the spaces P% with different degrees, the second one

gives an expression of the kernel of ¢. Their proofs can be seen in [9].

Lemma 3.3.89. Let k € N, r € NU{0} such that r+|t| > tity. If Px_,. # {0},
then

Lemma 3.3.90. Assume that h € ﬂ):+lt\ only has simple factors in its factor-

ization on Clz,yl, then

<hl> if k—r=1Ir-+][t]),

Ker(g’“):{ 0 if k—r£Ir+]t])

The below lemma relates the co-ranges of £, and £,

Lemma 3.3.91. Suppose that h only has simple factors in its factorization
on Clz,y|, then we can choose a complementary subspace to Im(lyiryt)) such
that

hCor(€y,) C Cor(Lryrife)-
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3 Planar quasi-homogeneous normal forms.

Proof. We prove that hCor(¢)) C Cor(€j, ) or equivalently that hCor(¢;))N
Im(Cpyrip) = {0}. By reductio ad absurdum, let p, € Cor(¢y) \ {0} such
that huy, € Im(Cpirype). Then there exists viyp € ﬂ)tk+\t| such that hu, =
€k+r+|t‘(yk+|t|) = v’/k+|t\ -Xh, i.e., €k+r+|t\(Vk+|t|) € <h> s by using PrOpOSitiOIl

3.3.77, V4| € (h) and we can consider vy = A\p—h. Hence

by, = £k+r+|t|(yk+\t|) = £k+r+|t|(/\k—rh> = hly(Mx—r),

Consequently, as h # 0, p € Im(¢;) and this is a contradiction. Therefore
hCor(¢r,) C Cor(Cpriyt])- n

Next statement establishes the cyclicity relation between the co-ranges

of the operators /.

Theorem 3.3.92. Assume that h only has simple factors in its factorization
on Clz,y| and Pt_ # {0}, then we can choose a complementary subspace to
Im(€,44p¢)) such that

Cor(€y 1 p415)) = hCor (L)

Proof. From Lemma 3.3.91 we know that hCor({) C Cor(f, x+f). There-
fore it is enough to prove that dim(hCor(¢y)) = dim(Cor(ly4r4i¢|))-

Since £ and fj, ¢ are linear operators, we get
dim(Cor(¢;)) = dim(Pt) — dim(PE_,) + dim(Ker(¢,)). (3.3.23)
dim(Cor(lrypse))) = dim(Py o) — dim(Pr ) + dim(Ker (€ xppe)))-
(3.3.24)
From (3.3.23), (3.3.24) and using Lemma 3.3.89,
dim(Cor (€, 4x1p¢))) = dim(Cor(¢y)) — dim(Ker(¢y)) + dim(Ker(fy4x41¢)))-
(3.3.25)
Using Lemma 3.3.90 we obtain dim(Cor(¢;)) = dim(Cor(¢,4x1p)) and

this complete the proof. [ ]

The next result provides a formal normal form of (3.3.20) in the case

that h only has simple factors in its factorization on C[z,y].
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3.4 Calculation of the normal form of some families of planar vector fields.

Theorem 3.3.93. Consider ¥, = X;,, h € Tf”r\tl only has simple factors in

its factorization on Clx,y]. A formal normal form under C*-equivalence for
system (3.8.20) is

no+r+|t|—1 no—1 oo mno+r+|t|—1 A
LRI VLIRS SRLINS ol RS
j=r+[t|+1 j=r+1 i=0  j=no

with 77]@ € Cor(¢;), gj € Cor(¢;)NA; and ng :== 1+max {k € N/P,_, = {0}}.

Proof. First we have to specify that it is always possible to achieve the value
no. In 9] is proved that, if k —r > tity — t; — to then P¥__ # {0}. From it is
easy to prove the existence of ng and verify that ng < tyto —t; —to + 1+ 1.
By Theorem 3.3.88, the co-range of the homological operator is determined by
the co-range of the linear operator ¢;. From Theorem 3.3.92, if k > ng+1r+|t|
then Cor(¢;) = hCor({y_,_) and Cor(€;) N Ap={0}.

Let i = |20 | and j = k — (r + [t|)i, therefore ng < j < ng + 7 + [t1.

r+|t|
By applying, repeatedly, Theorem 3.3.92, we obtain Cor(¢) = h'Cor(¢;). This
complete de proof. [ ]

Remark: In the particular case that h only has simple factors in its factor-
ization on C|z,y|, we only need the computation of a certain number of these

co-ranges. Particularly, from r + 1 to ng + r + |t| — 1.

3.4 Calculation of the normal form of some fa-

milies of planar vector fields.

In this section, we give a formal normal form of several families of nilpotent

and degenerate vector fields.

3.4.1 Normal Form of Nilpotent Systems.

Here we show a formal normal form of nilpotent vector fields whose first quasi-

Y

homogeneous term is F, = (
ax"

> , with « € N and n > 2. For that, we
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3 Planar quasi-homogeneous normal forms.

decompose the natural number n in the form n = 2{ + m with m € {0,1} and
[ € NU{0} and we distinguish two different cases:

» Case m = 0. In this case we choose the type t = (2,2/+1) hence r = 21 —1.
Making a scaling in the time, it is possible to consider a = 1, therefore, the

vector field can be written in the form

21

x:(y)+~--,withleN. (3.4.26)
X

Theorem 3.4.94. System (3.4.26) is formally equivalent to

l 2l-1 9l—1

T y | |

( Y ) B ( 22 > + ZI ;27 Dy + ZO 2’ f;(h)D, (3.4.27)
= =

where f;(h) = ag; + a1 ;b + -+ € C[[h]], and C][[h]] is the vector space of the

power series in the h variable with coefficients in C.

Proof. To calculate the normal form, it is sufficient to apply Theorem 3.3.93
to system (3.4.26). In this particular case, ng = 4l—1, r = 2[—1 and |t| = 2[43
and it is sufficient to compute Cor(¢y) for k = 21, -- -, 8] and Cor(¢;) N Ay, for
k=4l+3,---,8l with [ € N.

In order to obtain Cor(¢y) for k = 21, ---, 8, we distinguish two cases:

a) kodd, ie, k=2j+1withl<j<4]/—1andj€eN.

e Case | < j < 3l — 1. In this case Pt = span{z/™17!} and P! =
span{zi~ly}. If we take py_, = axi™=t € Pt then, lp(pr) = a(j +
1 — )z7~'y. Therefore Range({y) = span{z’~'y}=P%. In consequence,
Cor(¢;,) = {0}.

e Case j = 3l. In this case Pt = span{z**™' h} and Pt = span{z?y}.
Taking . = az®™ + Bh € Pt we get, () = (2l + 1)z%y.
Consequently, it is deduced that Cor(¢;) = {0}.

e Case 3l +1 < j <4l —1. In this case Pt = span{z ™1~ 2973 h} and
Pt = span{xi~ly, x93 "1yh}. Proceeding analogously to the previous

cases, it is easy to prove that Cor(¢;) = {0}.
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3.4 Calculation of the normal form of some families of planar vector fields.

b) k even, i.e., k = 2j with 7 <m < 4[. and j € N.
e Case | < j <2l — 1. In this case Pt = span{0} and Pt = span{z’}.
Thus Cor(¢;,) = {«7}.
e Case j = 2[. In this case Pt = span{y} and Pt = span{z?}. If
we take py,_, = ay € Pt then, {(ux_,) = az®. Therefore, we obtain
Cor(¢;) = {0}.
e Case 2l + 1 < j < 4l. In this case Pt = span{zi~?'y} and Pt =
span{z?, ¥’=%=1h}. Proceeding analogously to the previous cases, it is
easy to prove that Cor(fy) = {x/=2"1h}.

By applying Theorem 3.3.93 we get a formal normal form, under equiv-

alence, for system (3.4.26) given in (3.4.27). n

» Case m =1 In this case we choose the type t = (1,1 4 1), hence r = .
Making a scaling in the time, it is possible to consider a = +£1, therefore, the

vector field can be written in the form

20+1

Xz( Y )+---,WithlGNU{O}anda:il. (3.4.28)
ar

Theorem 3.4.95. System (3.4.28) is formally equivalent to:

( ac ) = ( 2241 > + Z OéJ:I;JDo—i-Zx]fJ 1Dy,  (3.4.29)

) j=l+1
where fj(h) = o ; + oqjh +--- € C[[h]].

Proof. In order to calculate the normal form, it is sufficient to apply Theorem
3.3.93 to system (3.4.28). Concretely for this case, ng =, r =l and |t| = [+2
and it is enough to compute Cor(¢y,) for k = 1+1, -+, 31+ 1 and Cor(¢;) N A
for k=2l+3,---,3l+1 with [ € N.

e Case [ +1 < k < 2l + 1. In this case Pt _; = span{z"'} and P! =

span{z®, o*~ Dy} If we take pp_; = ax®t € Pt then, O (upi) =

a(k—1)z*= 1y, Therefore, Range(f;) = span{z*~(*+Vy} and Cor(4;,) =
spanf{x*}.
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3 Planar quasi-homogeneous normal forms.

e Case k = 2l + 1. In this case Pf,; = span{z"™, y} and P%, , =
span{z**', z'y}. Considering 1 = aa™+By € Pi | we get lor1 (1) =

Baz®*t! — a(l + 1)x'y. Hence we obtain Cor(¢;) = {0}.

e Case 20 +2 < k < 31+ 1. In this case Pt _, = span{z*~! #¥~+Vy} and
Pt = span{ak, xF= 4Dy h=20EDRY Taking py_; = axh~'4Bah— @y ¢
P, then, O (up_y) = Baz® + a(k — 1)~ FDy 4 Bk — 21 — 1)z*—20+D,

Thus we can choose Cor({;) = span{z*~2+1p}

Consequently, for k& = 2l + 3,---,30 + 1, it is satisfied that, Cor({;) =<
224D > therefore Cor(¢y,) C hCor(fp_9_s), for k =21+ 3,--- 314+ 1 and
COI(£k> ﬂAk = {0} for k = 2l+3, ,3l+ 1.

By applying Theorem 3.3.93 we get a normal form, under equivalence,
for system (3.4.28) given in (3.4.29). n

3.4.2 Normal form of some generalized nilpotent vector
fields

In this subsection we show a normal form of vector fields whose first quasi-
homogeneous term is F, = X;, with 2(0,y) = —3y* and h(z,0) = %Hl‘n—H. So
we decompose the natural number n in the form n = 3l +m with m € {0, 1,2}

and [ € NU {0} and we distinguish three different cases:

» Case m =0 In this case t = (3,314 1), r = 6] — 1 and the vector field is of

the form

2
% = (ySZ) 4., withl €N, (3.4.30)
x
Theorem 3.4.96. System (3.4.30) is formally equivalent to:
; 2 31-1 3i-1 311
( / ) ) ( 31 ) + 2 BsgnXay + > 05w/ Dot Y asgnaa’yDo
Y x j=21+1 =21 =1
31-1 3i-1
+> 2 fi”(M)Do + > alyhfiY (h)Dy. (3.4.31)
=0 =0

where f]@ = oz(()% + ozﬁ}h +---eC[n]], i=0,1.
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3.4 Calculation of the normal form of some families of planar vector fields.

Proof. To obtain the normal form, it is sufficient to apply Theorem 3.3.93 to
system (3.4.30). In this particular case, ng = 12l—1, r = 6l—1, |[t| = 3]+4 and
it is only necessary to calculate Cor(¢y) for k = 61, - - -, 211+ 1 and Cor(£x)NA
for k=9l+4,---,2114+ 1 with [ € N.

In order to calculate Cor(¢y) for k = 61, - - -, 211+ 1, we distinguish three
cases: k =3j+i with j =0,1,2 and j € NU{0}. Therefore we must consider
20< i <Tl—1+ % for calculating Cor(¢;) and 31+ % <g<T7-1+ % for
calculating Cor(¢x) N Ay.

a) k=3j (i=0).

e Case 2 < j < 3l — 1. In this case Pt = {0} and Pt = span{z’}.
Therefore Cor(¢;,) = span{z’}.

e Case j = 3. In this case Pt_ = span{y} and Pt .o = span{z®}. It
is easy to prove that Cor(¢;) = {0}.

e Case 3l + 1 < j < 6. In this case Pt = span{2zi~3y} and P! =
span{x?, 2773~ h}. Therefore, if we take py_, = ax’ 3y, then ly(up_,) =

_Sa(j—Sl)xJ'*:slflhjLa(?’gl——ﬁJrl)xj, consequently Cor(¢},) = span{z’—3~1h}.

e Case j = 6] + 1. In this case P} = span{z* ™y, yh} and fP%Hl =
span{x®*1 23 h}. Hence Cor(fy) = {0}.

e Case 6l +2 < j < 7l. In this case Pt_ = span{z’3y, 27-5%"Vyn}
and Pt = span{x?, 2773 h, 17D R2Y . If we take ., = ax? Sy +

BaI==Vyh, then b (p—r) = —3B(j — 61 — 1)aI=%=2h? — [3(j — 3l)art

3(j—51-1)+1 j—3l—1 3(—20)+1
s Pl h+ =34

span{xi~6=2p2}.

ax?, and we can choose Cor({y) =

In these cases, it is obvious that Cor(¢;) N A, = {0}.

b) k=3j+1(i=1).
e Case 21 < j <4l — 1. In this case Pt = {0} and P = span{zi~y}.
Therefore Cor () = span{zi~ly}.

e Case j = 4l. In this case Pt _ = {y?} and Pt = span{z®y}. Consi-
dering py_, = ay?, then {(up_,) = 2az®y and consequently Cor(f;) =
span{0}.
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3 Planar quasi-homogeneous normal forms.

e Case 4l +1 < j < 7l. In this case Pt = {27 "%y?} and Pt =

span{x?~ly, 23741y}, Therefore, if we take pup_, = az/~4y? then
O (pp—r) = —3a(j — 42?1~ 1yh + %axj_ly thus we can choose

Cor(ly,) = span{z?~"=1yh}.

In these cases, it is easy to prove that Cor(¢;,) N Ay, = span{x’~'y} for
G=3141,-- 4 —1,

) k=3j+2(i=2).
e Case 2/ < j < 5l — 1. In this case Pt = span{zri™~%} and Pt =
span{zi~2y?}. If we take pgp_, = ax/t172 € Pt then, l4(pp_,)
a(j + 1 —20)x72y% Therefore Range({},) = span{z’~?'y*}=P! and, in

consequence, Cor () = {0}.

e Case m = 5[. In this case Pt = span{z3*! h} and Pt = span{z®y?}.
Considering pg_, = ax3 ™ + fh € Pt then, () = a3l + 1)x3y?
Therefore we obtain Cor(¢;) = {0}.

e Case 5/+1 < m < 7l—1. In this case Pt = span{z/*'=2 27=5D}h} and
Pt = span{zi~2y% 775"1y2h}. Proceeding analogously to the previous
cases Cor(¢y) = {0}.

In these cases, it is obvious that Cor(¢) N A = {0}.
Applying Theorem 3.3.93 we complete the proof. [ |

» Case m =1 In this case t = (3,30 +2), r = 6]+ 1 and the vector field is of

the form

2
% = ( :ZH) 4o, withl €N (3.4.32)
X

Theorem 3.4.97. System (3.4.32) is formally equivalent to:

2 3! 31 3]

j=21+2 j=21+1 j=l

3l 3l
+> @ hf{”(M)Do + > ayhfiY (h)Dy. (3.4.33)
§=0

=0

where f]@ = oz(()% + ozﬁ}h +---eC[n]], i=0,1.
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3.4 Calculation of the normal form of some families of planar vector fields.

Proof. With the purpose of calculating the normal form, it is sufficient to
apply Theorem 3.3.93 to system (3.4.32). In this particular case, ng = 120+ 3,
r =060+ 1 and |[t| = 3] 4+ 5 and it is only necessary to calculate Cor(¢y) for k
=614+2, .-+, 211+ 8 and Cor(¢y) N Ay for k=91 +7,--- ,211 + 8 with [ € N.

In order to calculate Cor(¢y) for k = 6142, ---, 211 4+ 8, we distinguish
three cases: k = 3j + i with ¢ = 0,1,2 and j € NU {0}. Therefore we must
consider % +2AA< < TI+2+ % for calculating Cor(¢y) and 31+ 1+ % <
F<T+2+ % for calculating Cor(¢y) N Ay.

a) k=3 (i=0), k—r=3(7—2)—1.
e Case 2/+1 < j < 3l. In this case P}_. = {0} and P} = P§; = span{z’}.
Therefore Cor(¢;,) = span{z’}.

e Case j = 3+ 1. In this case Pt = span{y} and Pi = span{x3+1}. If

3l+1

we take p—, = ay, then € (pur—,) = az® ™!, consequently, Cor(¢;) = {0}.

e Case 3] +2 < j < 6l + 2. In this case Pt = {27 GHVy) and Pt =

span{z?, 7~ C*2h} and we can choose Cor(fy,) = span{x?~GH2h},
e Case 61 +3 < j <7l +2 Inthiscase Py =P5; o g 50 =
span{zi=5=3y}. From Theorem 3.3.92 we get Cor(¢},) = hCor({j—_,_p¢)) =
hCOI‘(£3(j_3l_2)) SO:

o If j =6[+ 3, Cor({3341)) = {0} and then Cor(¢;) = {0}

e If 61 +4 < j < 7l +2, Cor(lyjj_si—2) = {277 *h} and then

Cor(£y) = {x7=6=1h?}
b) k=3j+1(i=1), k—r=3(— 2.

e Case 2l +1 < j < 5l + 1. In this case Pt = span{z7~?'} and
Pt — span{xi~ D"} Therefore Cor(¢;) = {0}.
e Case 5] +2 < j < Tl + 2. In this case Tz—r—r—m = Tg(j_5z_2) =
span{z?~%~2} £ {0}. From Theorem 3.3.92 we get Cor(¢;) = hCor()_,_4)) =
hCOF(Eg(j_31_2)+1) = {O}

c) k=3j+2(i=2),k—r=3(j—20)+1.

e Case 20 < j < 4l. In this case Pt = {0} and Pt = span{z’~'y}.
Therefore Cor(¢;,) = span{z’~ly}.
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3 Planar quasi-homogeneous normal forms.

e Case j = 4l + 1. In this case Pt = span{y?} and P! = span{z3*ly}.

3l+1

If we take iy, = ay?, then £y, (ux_,) = 223y, consequently, Cor({;) =

{0}.

e Case 41 +2 < j < 7Tl + 2. In this case Pt = = {27+ y2} and
Pt = span{z?~ly, I~ @H2Dyh}. Hence, it is easy to prove Cor(f;) =
span{zI~WH2yp}

Applying Theorem 3.3.93, we complete the proof. [ ]

» Case m =2 In this case t = (1,{+ 1), r = 2l + 1 and the vector field is of

the form

2 L 9gpitt h2(+1)
x=Xp= v sar Ty 3 +oee . (3.4.34)
—a(l + Daly? — 2b(1 + 1)a@ 1y + Ga3it2
with [ € NU{0}, @,b,¢ € R and h := —5y® — axl Ty — pr2(+D) Y+ 3 (l+1) 23041

has only simple factors.

Lemma 3.4.98. System (3.4.34) is analytically equivalent to system

. y? + 2ax'ty + ox
" —a(l + Daly? — 20(1 + 1)x?+?

2(1+1)
4o, withl e NU{OY, o = +1.
Yy

(3.4.35)

40

+» 1-€. h has only simple factors. Moreover a =0 if | = 0.

and a?

#1 where oy is a

Proof. Using the change of variables © = u, ¥y = v — agu
real roots of (I 4 1)a® + 3a(l + 1)a® + 3b(l 4+ 1)a — & = 0, system (3.4.40) is

transformed into

2 1 9upltly 4 hrp20+D)
x =X = Yo car Ty 4 or +---, withl e NU{0}
—a(l + 1)aly? — 2b(1 + 1)2?F1y

with h = y[—1y? — az! Ty — ba?*V], a? #£ 2 and b # 0 i.e. h has only simple

factors in its decomposition on Clz,y]. Using an scaling, we can get b = +1.

In the particular case [ = 0, using the change of variables x = u+=tv,y =

v and a scaling in the variables of state, we can get a = 0. [ ]
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3.4 Calculation of the normal form of some families of planar vector fields.

Theorem 3.4.99. System (3.4.35) is formally equivalent to:

2 141 2(1+1)
. Y+ 202"y + ox 11
X = + E Bi1 Xy 2—1—2 x7++yf

( —a(l + Daly? — 20(1 + 1)x?Hy ) P JHRy ( JDo

-1

+aly? £V (Do) + 2'y? {7 (Do + > a7y £ () Dy + /1 (h) Dy

J=0

l
+a'fP (Do + > [a 1O (h)Dg + 2yl f{7 (h)Dy] (3.4.36)

j=0

where ) = al +al%h + - € C[[h]], i = 0,1,2,3,4,5,6,7.

Proof. In order to calculate a normal form, it is sufficient to apply Theorem
3.3.93 to the system (3.4.35). In this particular case, ng = 21+2, r = 2141 and
|t| = 142 and it is only necessary to calculate Cor(¢y) for k = 2[+2,--- 51 +4.

a) 21 +2 <k <3l+1. In this case, Pt = span{xz* "} and Pt =
span{z*, gF=(+1)y, ph=20+1)
(k — 21 — Dafz* + 2azF1=1y 4+ k20502 Therefore, we can choose
Cor(fy,) = span{zh=H1y ph=20+1)y21

)32}, If we take i, = ax® " then £ (jup_,) =

b) k = 31+ 2. In this case, Pt_ = Pt = span{z't! y} and Pt = P, =
span{x3*2 22y 2ly?}. Considering 11 = ax™ + By then (4 (111) =
(141D ]ax¥ 2+ 2(aa — o B)x? Ly + (o — Ba)z'y?]. Tt is possible to choose

Cor({y) = span{z'y?}.

c) 3l+3 <k < 4l+2 In this case Pt = span{z" " 2F"=+Dy} and
Pt — span{zk, by, k20102 Gk RY Taking gy, = aa® ™" +
Bakr =Dy then l(pup—,) = alk — 21 — 1)3:]“ + 2(k — 20 — 1)(aa —
oB)zr =y 4 (k — 21 — 1) (a — Ba)z"20+y2 — 38(k — 31 — 2)xkF =3+,

Therefore we can choose Cor(l}) = spcm{xk AH1)g2 ph=30+D Y,

d) k =40+ 3. In this case Py_, = P, ) = span{z®*V) 2!ty 4*} and P} =
Pt s = span{z*3 232y g2 Hy? olh} I we take piogs1) = ax 2041) 4
By 4+ ~yy? then €4 (pagi1)) = —|—2(l + Dax3 +2(1+1)(2aa — 208 +
a(1+20)y)x3 2y +2(1+ 1) (a — af — (20 — 3a?)y)x?T1y? = 3(1+1)(B —
2a7y)x'h. Thus we can choose Cor({;) = span{z'h}.
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3 Planar quasi-homogeneous normal forms.

e) 41+4 < k < 51+3. Inthiscase Pt = span{zF—", gh=r=(Fy gh-r=20+1),21
and Pt = span{zk, zk— Dy, ph=200y2 ph=30+D ) k=40+DypY - Then
Oe(pn—y) = alk — 21 — Da* + (k — 21 — 1)(2aa — 208 + 3ya)x* 1y +
(k — 2l — 1)(a — Ba + v(3a® — 20))x"272y? + 3(=B(k — 3l — 2) +
ay(k — 21 — 1))xk =33k — 3y(k — 41 — 3)2**~4yh and we can choose
Cor(fy,) = span{z*=30+FDp, pk=0+1yp1

f) k =50+ 4. In this case Pt ., , =< 1 >+# {0} and, from Theorem 3.3.92,
Cor(l5114) = hCor(l_z041)) = hCor(la41) = span{x® ™ h, z'yh}.

From the above calculations and Theorem 3.3.93 we get a formal normal form.

3.4.3 Normal form of some degenerate vector fields.

In this section we present a formal normal form of vector fields whose first
quasi-homogeneous term is F, = X, with h(0,y) = —1y* and h(z,0) =
b

n—Hm”“. For that, we decompose the natural number n in the form n = 4l+m

with m € {0,1,2,3} and [ € NU {0} and we distinguish four different cases.

» Case m =0 In this case t = (4,41 + 1), r = 12[ — 1 and the vector field is

of the form

y3
% = 4., withl €N
b .T}4l

Using a scaling in the variables of state, we can get b = 1. Therefore the

vector field is of the form:

3
X:<%)+m,mmleN (3.4.37)
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3.4 Calculation of the normal form of some families of planar vector fields.

Theorem 3.4.100. System (3.4.37) is formally equivalent to:

. 511 611 41-1
X = ( 4l> + Z Xxjfly_’_ Z Xxj72ly2 + ZOQ;]-:E]DO

t j=4l+1 Jj=4l+1 j=3l
61—1 51—1
} : j—(41+1 Z i—1
+ Oz4jl'] (414 )hD0+ (]14j+1ZL‘] yDO
J=4l+1 j=3l
61—1
j— (5141
+ E ayna? O yhDy
j=5I+1
611 o [ 8l
j—21, 2 j—(4l41) 3,i+1
+ E o’ yDo—l-E E Qjri(161+4) T @D,
j=3l i=0 Lj=6l
101 9l
j—2(41+1) 7,642 j—(5l4+1), 7,i+1
+ E Qg ri(16144) T @ pit2 4 E Q4 14i(1614+4)T7 GCHDyp,
j=81+2 j=6l
101 9l
i—(9142), 7 i4+2 j—(5041), 7i+1
+ E : @4j+1+i(16l+4)xj ( )yh + E Oé4j+1+z'(161+4)95J ( )yh
7=90+2 j=6l

101

—(9142),, pit2

+ E asjpriaernr’ O Pyh
J=91+2
107

+ Z 054j+2+i(161+4)$j7(6l+1)y2hi+1 Dy.
j=6i+1
Proof. We apply Theorem 3.3.93 to system (3.4.37). In this particular case,
ng=24—1,r =120 — 1, |t| = 41 + 5 and it is necessary to calculate Cor(¢y)
for k = 121, ---, 40l 4+ 2 and Cor(¢x) N Ay for k = 161 + 5,--- , 40l + 2 with
[ eN.

In order to calculate Cor(¢)) we distinguish four cases: k = 45 + i with
j=0,1,2,3and j € NU{0}.

a) k=45 (i=0).

e Case 3] < j < 4] — 1. In this case Pt = {0} and P! = span{z’}.
Therefore Cor(¢y,) = span{z’}.

e Case j = 4l. In this case P;_, = span{y} and P}, = span{x!} and
it is easy to prove that Cor(¢;) = {0}.

e Case 4/ + 1 < j < 8l. In this case P! = {2774y} and P! =

41+1

span{z?, 7~V p} . Considering py,_, = ax?~y, then (4 (p_,) =
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3 Planar quasi-homogeneous normal forms.

- %:ﬂ + 4(—j + 4)ax’~'h and we can choose Cor(f;) =

span{x?~4=1h}.

e Case j = 8/ + 1. In this case P! = span{z**ly,yh} and P i) =
span{x®*1 24 h}. Therefore Cor(¢;) = {0}.

e Case 8/ +2 < j < 10l. In this case Pt = span{z?~*y, 278 )yh} and
Pt = span{z’, "1 h, 2778172p2 ) Taking g, = ad Yy + Bxi =81y,
then O, (pp_y) = _a(12il—+11—43)xj+4(4l+1)(4l—Jiﬁ—1(28l+3—4J)Bxj—4z—1h_|_4(_]-+
81+ 1)B277872h2 and we can choose Cor({;) = span{zi=—8~2h?}.

In these cases, it is easy to prove that Cor(¢;) N A, = {0}.

b) k=4j+1(i=1).

e Case 3l < j <50 — 1. In this case Pt = {0} and Pt = span{xi~'y}.
Therefore Cor(¢;,) = span{z’~ly}.

e Case j = 5. In this case P! = {y?} and P! = span{x*y}. Hence, if
we take pp_, = ay?, then £ (ux_,) = 2axy and consequently, Cor(¢;) =
span{0}.

e Case 5] +1 < j < 9. In this case Pt = = {277%y?} and Pt =

span{x?~ly, 23751"1yh}. Considering py_, = ax?=y? then ly(up_,) =

9.0(2j—61+1)
4l+1

span{zi=>"yh}.

27y — 4a(j — 51)27 7" yh and we can choose Cor({;) =

e Case j = 9l + 1. In this case P, _ = {2 *1y? ¢?h} and Pt =

j—5l—1

span{x?~ly, yh}. It is easy to prove that Cor(¢y) = span{0}.

e Case 91 +2 < j < 10l. In this case P} | = {a97y? 2779%"1y2h} and
Pt = span{axi~ly, 35" 1yh, 2779 2yh%}. Therefore, if we take jy_, =

I~ =91~ a(—6l i) i
a2 4 Bad =912k then C4 () = Q%xj by —

2 U4l+1_2j)ﬁ;i(fl+l)(j_5l)amj*“r’l*lyh—4(j —91—1)B277%2yh? consequently,

Cor () = span{zi=92yh?}.

In these cases, we can see that Cor(f;) N Ay = span{z’~'y} for j =
Al+1,--- 50— 1.

c) k=4j+2(i=2).
e Case 3l < j < 6/ — 1. In this case P{_ = span{0} and P! =

span{zi~2'y?}. In consequence Cor(fy) = {z72ly?}.
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3.4 Calculation of the normal form of some families of planar vector fields.

e Case j = 6[. In this case Pt = = span{y®} and P! = span{xi=2y?}.
It is easy to prove that Cor(¢;) = {0}.

e Case 6/ + 1 < j < 10l. In this case Pt = = span{zi=%y3} and

Pt = span{zi—2y?

J=61-1, 211 Tf we tak — axd %3 then ¢ _ _o(=4+121-3) 21, 2
2=y} I we take g = aw?~%y%, then O (pg ) AR A A

4a(—7 + 61)x7~5=192h consequently, Cor((;,) = span{zi=8=1y2h}.

In these cases we can see that Cor(f;) N Ay = span{zi=2'y?} for j =
M1, 60— 1.

d) k=4j+3 (i =3).

e Case 3] < j < 7l — 1. In this case Pt = span{zri=C=V} and Pt =
span{x? =33}, In consequence Cor(¢;) = {0}.

e Case j = 7l. In this case Pt = span{z®*! h} and Pt = span{z*y>}.
It is easy to prove that Cor(¢;) = {0}.

e Case 7l +1 < j <10l — 1. In this case Pt = span{z/~G=1 zi-Th}
and Pt = span{x? Y3 pI=(MHD3RL 0 If we take pp_, = ax? ™3+ +
BT, then Gy(p_,) = a(j — 3L+ )i~y + B(j — T)ai~1gPh.
Consequently, Cor(¢;) = {0}.

In these cases we can see that Cor(¢;) N Ay = span{0}.

» Case m =1 In this case t = (2,21+1), r = 6]+ 1 and the vector field is of

the form

>+-~,Withl eN.

' yS 4 2&1:2l+1y
X =
bttt — (21 + 1)ax?y?

Using the scaling in the variables of state, r = —4—u, y = —4—w, this system
p12iF2 p120F2

is transformed into,

o yS + 2al,2l+1y
T

+---, withl e N. 3.4.38
A (9] 4 1)a932ly2) ( )
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3 Planar quasi-homogeneous normal forms.

Theorem 3.4.101. System (3.4.38) is formally equivalent to:

: y® + 2ax% 1ty
X =
x4l+1 o (2l + 1)ax2ly2
8l+2 81+1
+ Z Xi- @l+1)y2 + Z Xpi- 1y + Z 042] :L‘]—i—a(l) (2l+1)y2)D0
j=4142 j=Alt2 Pt
41-1 61
% 0 i
+ Z (1/2]—1—1{1’}] yD0+Z O_/SH_Q._'E y h + Z é])Jrz(14l+5 (2l+1)y2h
j=31+1 Py
8142
(1) i—(41+2) 7, i+1 2y it+1 (0) —(4142) pit+1
+ a2j+z’(14l+5):1:3 WD R 4 g BT+ Z <a2j+i(14l+5)x] (4+2)
Jj=61+3

51
1 - (A - i . i
+ &éjli(14[+5)x] (()Hd)yzh +1) + Z Oé(2j+1)+z‘(14l+5)95] li/h

=4l
8l+1
+ Z 05(2j+1)+i(14l+5)xj7(51+2)yhl+1] Dy.
j=5l+2

Proof. We apply Theorem 3.3.93 to system (3.4.38). In this particular case,
ng=38l+1,r=60l+1, [t| =8 +4 and it is necessary to calculate Cor(¢y) for
k=6l+2,---,16{+4 and Cor(f;) N Ay for k =81 +4,--- 16/ +4 with [ € N.

In order to calculate Cor(¢;) we distinguish two cases: k = 2j + i with
i=0,1andj € NU{0.

a) k=2j(i=0).

e Case 3[+1 < j < 4l. Inthiscase Pt = {0} and Pt = span{z, 27~ 212},
Therefore Cor(;) = span{z?, 27~ @+1qy2}

o Case j = 4l+1. In this case P} _, = span{y} and Py, ) = span{z***, z%y?}.
Hence, if we take g1 = ay then lo 1) (p2i11) = ez —a(2141)az?y?

and we can choose Cor(fy) = {x?'y?}.

e Case 4l +2 < j < 61+ 1. In this case Pt = = {27~@+Dy} and

(2141)

Pt = span{z! xI™ y?, 2~ WP C0n51der1ng iy = ad =Dy

then €5 (jue_,) = _%ﬂ_( — (614 1))avazd Vg2 — 4(5 — (41 +
1))az?~+2)h and it is possible to choose Cor(f;,) = span{x?=(+1y?2,

pi—UD R
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3.4 Calculation of the normal form of some families of planar vector fields.

e Case j = 6] + 2. In this case Pt = span{z®*ly, y*} and Phiarin) =
span{z®2 x4 ly? 12 b}, Taking pig 2 = ayr® T 4By® then logo) (ar11) =
—3(2a8 — a)x6l+2 + 3(—2aal — aa + B + 8a?Bl + 4a?B)x H1y? + 4(21 +
1)(—a + 3aB)z*h and we can choose Cor(¢y) = {z*h}.

e Case 6] +3 < j < 8] +2. In this case Pt_ = {a/= W1y 7—(61+2),3}
and Pt = span{z?, /= FFy2 =Dy 2i=6F3)92p1 - Therefore, if we
take py_, = aad =Wy 4 BaI =027 then (4 (1) = %xij

(8a2pl— aa+4a2521+fl 2ala)(2j—1— 6l)$] 2l— 1y2+4(—6ﬁla+4al+a—aj —ﬁa—i-
2Bja)xi=H"2h — 4B(j — 61 — 2)y?27~51=3h, consequently Cor({;,) =

Span{xj_(4l+2)h, xj—(6l+3)y2h}'

In these cases we can see that Cor(¢y) N Ay = span{zI~@+y2} for
Al 42, 8l42.

k=2j+1(=

1).
e Case 3l +1 < j < 5l. In this case Pt = {2973} and Pt =
span{x?~ly, 27~ If we take pp_, = aa?™¥ then lp(up_,) =
2a(j — 3l)az’ "y — a(j — 3127~ BHVy? and we can choose Cor(f;,) =
{2y}
e Case j = 5l + 1. In this case Pt = span{xz?*! ¢y?} and Pt =
span{x*ly 2%y}, Tt is easy to prove that Cor(¢;) = {0}.

e Case 5l +2 < j < 7l + 1. In this case Pt | = {273 pi-0Gl+1y2}

and Pt = span{zi~ly, 27~ CHDyS 2i-GH2ypY - Therefore, if we take
Loy = azri—3l + ﬁl‘j_(5l+l)ly2 then gk(ﬂkfr) _ 2(]_3l)(;7_i(i+aa+ﬁ)l’j_ly .

(7 — 3D)(—a + 2Ba)x? =By —4B(5 — (51 + 1))z~ CH2)yh and we can
choose Cor(¢y,) = {27=6H2yp}.

e Case j = 7l + 2. In this case Pt = {22 2%T1y? h} and P¥ =
span{zs2y, z4+1y8,

a?'yh}.  Therefore, if we take pp_, = aa'™? + B2?*1y? + yh then
O(pp—r) = 4Q2aal + ca+ B) 282y —2(20+ 1) (—a+2Ba) x4+ 1y® — 43(20 +
1)2z?'yh and we can choose Cor(f;,) = {27~ CH2yn}.

e Case 7143 < j < 8I+1. In this case Pt_ = {2773 /=012 4i-T+2)p1
and P¢ = span{axily, 27 ~BHDy3 pi=GE2)yp i=(TH3)y3p1 - Hence, if

we take py_, = az? 73 4+ BaIOHD2 1 i =420 h then O (pp—,) =
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3 Planar quasi-homogeneous normal forms.

2SS iy — (j — 31)(28a — a)a?~ By 4 2(1051 — Tyla +
26 — 2va — 23] +ja)r~CFDyh +y(5 — 71 — 2)27 =393k and we can

choose Cor(fy,) = {27=C*2yn}.

In these cases we can see that Cor(f;) N Ay = span{zi~ly} for j =
Al+2,--- 80+ 1.

» Case m =2 In this case t = (4,41 + 3), » = 120 + 5 and the vector field is

of the form
%
X = il + .-+, withl € N.
T

Using the scaling in the variables of state, 1 = —5—u, y = ——uv, this
p12i+2 pI2i+2

system is transformed into,

414-2

3
x:(y >+m,mmleN (3.4.39)
X

Theorem 3.4.102. System (3.4.39) is formally equivalent to:

« - [V
x4l+2

61+2 51+1 4l+1 61+2

Z Z Z j Z j— (4143
+ Xa;j—(2l+1)y2 —I— X:Cj—ly —|— 044]‘1']]:)0 —I— Oj4jZL‘] (4l+ )hDO
j=4l+1 j=41+3 j=31+2 j=41+3
6142 50+1 61+1
Z j—(20+1), 2 Z i—1 2 : j—(51+3
+ (1/4j+2$] ( )y Do + Oj4j+2$J yDO + Oé4j+QI‘J ( )thQ
j=31+2 j=3l+1 j=51+3
[eS) 6l+1
21, 27 (0) J—Q2l+1), 271
+ D lasaa® Pl + Y () yh
i=0 j=4l+2
8142
1) G—(414+2) 3 i+1 207 i+1 (0) G—(41+2) 3 i+1
T Xiiaas)T ) + oapar™ hT + § : (o) i1airs)® h
j=6l+3

51
+ Oééj)—&-i(14l+5)xj 3y h )+ E :04(2j+1)+i(14l+5)x] ‘yh

j=dl
81+1
+ Z aji1yi(as) @ Oy Dy.
j=51+2
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3.4 Calculation of the normal form of some families of planar vector fields.

Proof. We apply Theorem 3.3.93 to the system (3.4.39). In this particular
case, ng = 241+ 11, r = 121 + 5, |t| = 4]l + 7 and it is necessary to calculate
Cor(ly) for k = 12{+6, - - -, 40{+22 and Cor(ly)NAy, for k = 161413, - -+ ,40l+
22 with [ € N.

In order to calculate Cor(¢y) we distinguish four cases: k = 4j + i with

j=0,1,2,3 and j € NU {0}.

a)

k=4j (i =0).
e Case 3l +2 < j <41+ 1. In this case Pt = {0} and Pt = span{z’}.
Therefore Cor({;,) = span{z’}.

e Case j = 4l + 2. In this case Pt = span{y} and Pt = span{zi+?}.
Therefore Cor(¢) = {0}.

e Case 4l +3 < j < 8l + 4. In this case Pt = {27-U+y} and
aI+2)

2/ — 4a(j — 4l — 2)27~ W)k, consequently

Pt = span{x?,x7~W+3)h}. Therefore, if we take pp_, = aa?™(
a(4j—5-121
then 4 (pug—r) = (J4+3)1)
Cor(fy,) = span{z?~4+3p}
e Case j = 8 + 5. In this case Pt = span{x3y,yh} and Pt =
span{x®*5 24 *2h}. Hence, if we take pp_, = az'3y + Byh, then
O (ptp—r) = bz 8l + 5—(16al+12a— )2 +2h and consequently Cor(£;) =
span{0}.
e Case 8146 < j < 101+5. In this case Pt = span{x?=W+2)y 7i=BH+3)ypl
and Pt = span{z’, 27 =W+, 27~ BHOPR2YIf we take py_, = aa? "2y 4
Bai~E+yn then O, (pp_y) = (120-5+47) \j

41+3

(17+28174j)5+i?%l+3))(jf4172)axj—(4z+3)h —4B8(j — 8l — 5)xj—(8l+6)h2’ and we

can choose Cor(f),) = span{z/~BH+0)p2}

In these cases, it is easy to prove that Cor(¢;) N A, = {0}.

k—dj+1(i=1).

e Case 3l +2 < j < 7l + 3. In this case Pt = {27-6GHD} and Pt =
span{z?~BH2y3Y - Therefore Cor(f;,) = span{0}.

e Case j = Tl+4. In this case Pt = {z**3 h} and Pt = span{zi+2y?}.
Therefore, if we take pp_, = az®*3 + Bh, then l(up_,) = a4l +
3)x42y3. Consequently, Cor(¢;) = span{0}.
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3 Planar quasi-homogeneous normal forms.

e Case 71 +5 < j < 10l + 5. In this case P} | = {2I=CHD 7i=(T+)p}
and P¥ = span{x?~CH2y3 1i=(MH993p1 - Therefore, if we take uy,_, =
az? =G 4 Bpi =MD p then (4 (pp—,) = a(j — 31 — 1)27~C+2y3 Con-
sequently, Cor(¢y) = span{0}.

Obviously, in these cases we can see that Cor(¢) N Ag = span{0} for
j=4l+1,-- .50 —1,

c) k=4j+2(i=2).
e Case 3l +1 < j < 60+ 2. In this case Pt = {0} and Pt =
span{zI= Dy Therefore Cor(f;,) = span{x= (312},

e Case j = 6/ + 3. In this case Pt = {¢°} and Pt = span{zi~(+1y2}.

4142

Therefore, if we take up_, = ay?, then (ur_,) = 3ay?z2. Conse-

quently, Cor(¢;) = span{0}.

e Case 6/ +4 < j < 10l + 5. In this case Pt = = {27643y} and
Pt = span{xI~A+1y2

27~ 92p} | Therefore, if we take puy,_, = aax? =393 then l4(jup—,) =
O‘(ﬂ_l—f’rglmxj_(ﬂ“)y2—4a(j—6l—3)xj_(61+4)y2h. Consequently, Cor () =
span{x?~(6+Hy2p},

Obviously, in these cases we can see that Cor(£;,)NAy = span{z~ (212}
forj=4l+1,---,60+ 2.

d) k=4j+3 (i =3).
e Case 3l+1 < j < 51+1. In this case Pt = {0} and Pt = span{zi~y}.
Therefore Cor () = span{zi~y}.

e Case j = 5 + 2. In this case Pt = {y?} and Pt = span{z'*?y}.

414-2

Therefore, if we take jp_, = ay?, then £ (ux_,) = 2022y consequently,

Cor () = span{0}.

e Case 5/ +3 < j < 91+ 4. In this case P!, = {277CH2y2} and
Pt = span{xily, 27 CFyh). Therefore, if we take py_, = ax?=CH2)y2
then 0y (pp_,) = Q%xj_ly—4a(j —51—2)27 =63y h consequently,
Cor(fy,) = span{z?~CH+3yn},

e Case j = 9l + 5. In this case P, = {a%*3¢y? ¢2h} and Pt =
span{z8*5y, 24+ 2yh}. Therefore Cor(¢;) = span{0}.
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3.4 Calculation of the normal form of some families of planar vector fields.

e Case 91+6 < j < 10l+4. In this case Pt = {27~ OH2)y2 77=0O0+5),2p})
and Pt = span{xily, 27~ OCFyh 11=OH6)yp2) - Therefore, if we take

[y = = CUHDy2 4 Bai=O15)2p then 0 (1) = QWZ—ij_ly _
2(14l+7—2j)5+j$é+3)(j—sl_z)axj,(5l+3)yh (-9l — 5)6xj*(9”6)yh2 conse.

quently, Cor(4;,) = span{x?=O+0)yp2}.

In these cases we can see that Cor(fy) N Ay = span{z’~ly} for j =
404+ 3,---,50 + 1.

» Case m =3 In this case t = (1,14 1), r = 3l + 2 and the vector field is of

the form

x = X, +---
Y3 + 3axty? 4 20220ty 4 aA0HD
Bl (—(z(l + Daly? — 2b(1 4 D)a? 1y — 3(1 + 1)t 2y + dx4l+3> +
(3.4.40)

T

with [ € NU{0}, @,b,¢,d € Rand h := —}Ly‘l—&xl“y?’—i)xz(”l)yz—5x3(l+1)y—|—

d__A(+1

T0+D) ) has only simple factors.

Lemma 3.4.103. System (3.4.40) is analytically equivalent to the system,
x = Xp+--- (3.4.41)
where h = =1 [y? + 0122 V] [(y — az!t1)? + 020?22 V], with | € N U {0},

01,09 = 1, and 4a*0, + (a® + b*09 — 01)> # 0, i.e., h has only simple factors.

Moreover if | = 0, 2+ 014+ 02) >0 o0rl =0, 00 = 0y = —1 and |a|] ¢
(|b—1],b+1) then

1 - ~
ho— - [yQ —1—011‘2(”1)} [y2 +02b2x2(l+1)} with b # 0109

and if 1 =0, 01 =09 = —1 and |a| € (b —1|,b+ 1), then

1
h = —37Y [y* + 2Azy — 2*] with A€ R
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3 Planar quasi-homogeneous normal forms.

Proof. Since h only has simple factors, it is posible to expres it in the form:

1
- - [(y_&lxml) + ot 21+1} [(y_&2$l+l) + ool 2l+1]’

with @y, dg, by, by € R, by > 0, by > 0, 01,09 € {—1,1} such that using the
change of variables u = l+\1/ax, v =y—ax't, system (3.4.40) is transformed
into u = Xj + - - -, being X, the following vector field,

0¥ = agut 0% + Loy + ad + 0203wy — Loy audtH)
(o a (of 2 g1a
(+Daz 1,3 (+1)( 1+2 53+02b3) w2ty 4 (l+12) 1az, 3142, o1 (1 + 1)(a§ +02b§)u4l+3

with [ € NU{0}, h:= —1 [0? + 01u*D] [(v — asu!™)? + 0903V, 4ado +
(a3 + o3b3 — 01)? # 0, i.e., h has only simple factors in its decomposition on
Cla, y.

In the particular case | = 0, using the change of variables + = u —
o1av, Yy = au + v, we obtain the vector field X; where:
h = —i [0% + o1 D] [((a3 + 09b3)a® + 2010200 + D)0+

2

(0? = 2az0 + a3 + 02b3)u” + 2(azo10” + (1 — o1 (a3 + 02b3) ) — az)uv]

at this point, we intend to eliminate any parameter to achieve the reversibility
criterion, in this sense we choose «a so that the coefficient of uv is zero. For
this task, it is sufficient to require that the discriminant is non-negative, i.e.,
A = (1 —o01(a3 + 02b3))* + 401a5 > 0, (otherwise, if A = 0 then h not have

simple factors).

e If as = 0 then we have just achieved our aim.
e If ay # 0 and oy = 1, we also reached our aim.
o Ifay #0y o; = —1 then
A = (14a3+09b3)° —4a5 = [(1 + a2)® + 0203 [(1 — a2)? + 02b3)
— If 09 = 1 we have achieved our objective.
— If 09 = —1 then,
A = (1 +a2+b2)(1 + as — bg)(l — a2 +b2)<1 — a9 — bg) =
[(ba +1)> —a3] [(bo — 1)* — a3] .
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3.4 Calculation of the normal form of some families of planar vector fields.

In summary, the condition A > 0 is equivalent to (2 + o1 + 03) > 0 or o7 =

oy = —1 and by + 1 < |ag] or |as| < |by — 1|, ed., 09 = 09 = —1 and |ay| ¢
[lba — 1], bo + 1].
Finally, if o1 — 09 = —1 and |CL2‘ € (‘bg - 1‘,62 + 1), then A < 0

and there is no change of variables to annul as, i.e., X} is not orbitally R,-
reversible. In this case, h := —1 [y* — %] [(y — aox)? — b32%]. Applying the
change of variables w = y — z, v = y + x, we obtain a new field @ = X; where:

ho= —guv[((as = 1)° = B)v* + 2005 + 1 - a3)uv + ((az + 1) — b3)u’]

since A = ((ag — 1)® — b3)((az + 1)? — b3) < 0, we can express it in the form,

T _(a2—1)2—b% 2 b%—i—l—a% (az—}—l)g—b% 2
h g uu v +2(a2_1)2—bg T @z

with a scaling in the state variables and time, we can obtain,

h = —%UU[UQ + 2Auv — u2]
n
Theorem 3.4.104. System (3.4.41) is formally equivalent to:
3l+1 3l+2
x = X+ Z a7’ Do + Z 14577 yDyg
j=21+2 j=l+1
31+1 3042
+ 20 V0D + Y 17 (1D (3:4.42)
A g
where h = —i [?/2 + 01I2(HI)] [(y —az!)? + 02525172@“)} and fJ@ - O‘(()g' -

ah+ - e C[h]), i=0,1.

Proof. To calculate a normal form, it is sufficient to apply Theorem 3.3.93 to
system (3.4.35). In this particular case, ng =3l +3,r =3l +2and [t| =1+ 2
and it is only necessary to calculate Cor(¢;) for k =31+ 3,--- , 7l + 6.

a) 3143 < k < 41+2. Inthis case, Pt = span{x*"} and Pt = span{zF xF~F1y,

gh=2H D) (2 4 g 220D k=300 g (2 4 g 20+ D)) T we take gy, =
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3 Planar quasi-homogeneous normal forms.

2" then C(p—r) = 2(k — 31 — 2)az™ ¥ 3[o1az®HD) + (a® + 09b* —
) 2Dy 3az* (4o 22D 12y (yP 40 220HD)]. Therefore Cor(4y,) =
2

Span{x ,x’f (l“)y,xk 2(l+1)(y + o (l+1))}

b) k = 41+ 3. In this case, Pt_ = Pt | = span{z'!, y} and PE = P4, =
span{a+3, p¥H2y g2+ (12 1o p200D)) by (y? 4+ o2 T we take

fip1 = ax'™ 4 By then

() = 21+ 1D)[o1(2aa — (a® + 02b° — 1) B)z™*?
+((a® + oob® — o) + 2a0, )2 2y
—(3aa — (a® 4 aob® + 01)B) 2 (i 4 2%
+(2a + aB)aly(y? + o).

Taking into account that 4a?o; + (a® 4 g9b* — 01)? # 0, we get Cor(¢) =

span{xmﬂ(gf + 01$2(l+1))’x1y(y2 + 01x2(l+1))}.

For the case | = 0, 01 = 09 = —1, |a| € (]b — 1],b+ 1) we obtain that
Ue(pugr) = —3(oa® — (4Aa + 38)2y — (3a — 4AB3)xy? + By®). Therefore
Cor(ly,) = span{z*y, zy*}.

c) 4l +4 < k <51+ 3. In this case Pt_ = span{z* " 2=y} and Pt =
span{xk, :Ek_(l+1)y, xk—Q(l+1)(y2+le2(l+1)>7 :Ck_g(l+1)y(y2+01x2(l+1)), xk_4(l+1)h}.

If we take pp_, = ax®" 4+ BaF~"~+Dy then

Olpn—r) = — 322 [01(2a0 — (a® + 02” — 01) )"
—((a® + 09b* — o) + 2a0,B) "y +
(3ac + (a® + 09b? + 01) )" 20D (3% 4 5,2
(204—{-&5) k— 3H—1)y(y2+01x2(l+1))
8(k—41—3) 5 k—4(l+1
+5 s BT ( )h] .
Taking into account that 4a%c; + (a? + 09b* — 01)? # 0, we can choose
Cor(ty) = spanfab=2051) (g4 7y 2040), h=3041)y (424,020 HD), k).

d) k=50+4. In this case Py, = Py ) = span{z®V) 2!ty 4} and P} =
Pty = span{az®th a8y w32 (42 4 p2HD) g2y (42 4 gy 20D gl
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3.4 Calculation of the normal form of some families of planar vector fields.

If we take a1y = aa?HD 4+ Bty + vy? then

gk(ﬂ2(1+1)) = (l + 1) |:—O'1("}/M202N22 + MgOé + 25N220'2 + 25M22 + 7M§)$5l+4
—(—aNioy — aMi — aoy — 3o My + 2701N2202)x4l+3y
—(=MyB — yMZE + yN2oy + yo, — 20)x* y(y? + 022 +?)
—4(B + yMz)x'h + (—Bo1 — BM3 — BN3o3 + 2v01 My — yM;
—yMyoy NI — 3M2a)a:3l+2(y2 + 01x2l+2)] )

Therefore we can choose Cor(¢,) = span{z'h}

e) 51+5 < k < 6l+4. Inthis case Pt = span{zk—" gh—r=(FDy ghor=2031)2 1
and Pt = span{z®, zF(HDy, gh=20402 ph=30+1)y8  k=a0+1)fy ph-50+Dy b1
Then O (pg—r) = (k=21 —1)z* + (k-2 —1)(2aa — 203+ 3ya)x* "ty +
(k — 21 — 1)(a — Ba + y(3a® — 20))aF"272y2 + 3(—B(k — 3l — 2) +
ay(k — 21 — 1))xk =330 — 3y(k — 41 — 3)2*~*~*yh and we can choose
Cor(fy,) = span{zF=30+Dp gpk=40+Dypl

f) k=6l+5 P, =P, = span{z’® () 220Dy gl+192 453) and Pt =

Pt = span{ztitS ity gy, x31+2y3 zz“rlh,:vl“yh,y%}. If we
take pg41) = az?H D 4 By 1 yy? then U (pag41)) = +2(1+1)axt 3+
2(1 + 1)(2ac — 208 + a(1l + 20)y)z¥* 2y + 2(1 + 1)(a — aB — (20 —
3a?)y)x? T y? —3(1+1)(B — 2a7y)x'h. Therefore we can choose Cor(;) =
span{x'h}.

g) 61+6 < k < 7l+5. In this case Pt = span{xk_r, gh=r= )y phor=20+1),2.
2Fr=30H8) and Pt = span{x gh= (D) g ph=201) 2 pk=8(+1),3

gD g k=50 Dy p k=602 ) Then £ (jtp—r) = a(k — 21 — 1)a* +

(k — 2l — 1)(2ca — 208 + 3ya)x"* "y + (k — 21 — 1) (o — Ba + v(3a® —

20))xh=272y2 + 3(—B(k — 31 — 2) + ay(k — 21 — 1))a*=31=3h — 3y(k — 41 —

3)a*=4=4yh and we can choose Cor({;) = span{zF=3+Dp gh=4+Dyp}
h) k=7l +6. In this case P} _., o =<1 > {0} and, from Theorem 3.3.92,
Cor(lri46) = hCor(ly—_4q11)) = hCor(la12) = span{x®T2h, ' Ttyh, 2'y*h}.

From the above calculations and Theorem 3.3.93 we get a formal normal

form.
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CHAPTER 4

Applications: Integrability and inverse

integrating factor.

4.1 Introduction

We consider an autonomous system with the form,
% = F(x) = (P(x), Q(x))7, x € C, (1.11)

where F is a formal planar vector field defined in a neighborhood of the ori-
gin U C C? having an equilibrium point at the origin, i.e., F(0) = 0 and
P,Q € Cl[[z,y]] (algebra of the power series in x and y with coefficients in C,

convergent or not).

In this chapter is treated the study of the integrability of F. The integra-
bility problem in R?, consists in determining when a planar vector field, in our
case, system (4.1.1), has a first integral, i.e., a non-constant function h which
is constant on each solution curve of (4.1.1). The importance of first integrals
is in its level sets. The existence of a first integral h on U determines the phase
portrait of system (4.1.1) in U. This is because the level sets {h(x,y) = ¢} C U,
contain the orbits of the system (4.1.1) in U. Among other applications, the
existence of an analytic first integral defined in a neighborhood of the origin

can be use to characterize when a monodromic singular point is a center or
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4 Applications: Integrability and inverse integrating factor.

a focus, see [9]. For these reasons, the integrability problem is an important
question in the qualitative theory of dynamical systems. Necessary conditions
for the characterization of the existence of a first intergral are given in [57].
In [9, Theorem 3.19] are given necessary and sufficient conditions for the exis-
tence of an analytic first integral in a neighborhood of the origin for systems,
where the first quasi-homogeneous term is Hamiltonian and its Hamiltonian
function does not have multiple factors. In Algaba et al. [11] is characterized
the analytic integrability, around the origin, of a family of degenerate differen-
tial systems. In [10] is studied the analytic integrability problem through the
formal integrability problem and we show its connection, in some cases, with

the existence of invariant analytic (sometimes algebraic) curves.

The second problem that is treated in this chapter is the existence of a
inverse integrating factor. A non-null C! class function V is an inverse inte-
grating factor of system (4.1.1) on U if it satisfies the linear partial differential
equation LgV = div(F)V, being div(F) := % + 8—2 the divergence of F.
We will say that V' is a formal inverse integrating factor of system (4.1.1) if
V € Cl[z,y]]. Also we will say than V' is an algebraic inverse integrating fac-
tor for system (4.1.1), if V' € C((z,y)), where C((z,y)) denotes the quotient
field of the algebra of the power series C[[z,y]]. For more detail see [79, 84].
The only results that we know in this sense are due to Walcher [84] for non-
degenerate cusp nilpotent singularity and Algaba et. al. [15], for the nilpotent

systems in general.

The study of the inverse integrating factor is an essential tool for studying
other problems, such as the integrability problem. The existence of inverse
integrating factor is also strongly associated with the problem of integrability.
It is known that, if system (4.1.1) has a formal inverse integrating factor
non-zero at origin then the system (4.1.1) is formally integrable. Therefore,
if system (4.1.1) is not formally integrable and it has an inverse integrating
factor V, then V(0) = 0. For more details about the relation between the
integrability and the inverse integrating factor see [6,54]. In addition, the
expressions of V usually are simpler than the expressions of the first integrals,
see [29,31]. The domain of definition and the regularity of V' usually are larger
than the domain and the regularity of the first integral, see [32,47,74,79].

Another reason for studying the existence of inverse integrating factors is
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its relation with existence of limit cycles, because the zero-set of V', {V = 0},
is formed by orbit of system (4.1.1) and it contains the limit cycles of system
(4.1.1) which are in U, whenever they exist. This interesting result is due to
Giacomini et al. |[56]. Moreover, the cyclicity of a limit cycle is related with the
vanishing order of V', see [49], therefore the existence of an inverse integrating

factor is very important in the algebraic Hilbert problem.

This chapter is structured as follows. In the next section we give some
previous concepts. In section 4.3, we study the existence of an inverse inte-
grating factor and give necessary and sufficient conditions for the existence of
a formal/algebraic inverse integranting factor. Finally, in section 4.4, we apply

the results obtained for studying several families of polynomial vectors fields.

4.2 Preliminaries and previous concepts.

As we said in the introduction, a non-constant function h defined in a neigh-
borhood U C R? is a first integral for system (4.1.1), if & is constant on each
solution of this system contained in U. Obviously, in the case that h € C!,

then the definition is equivalent to the equality,

: Ooh oh
h=P— — =0, inU.
Ox * Q@y »
This expression is equivalent to the equality Vh-F = 0, that we call integrability

equation.

Once we know the concept of first integral for a system, we can remember
the well-knowed concept of Hamiltonian system that already have been used in
this memory. System (4.1.1) is a Hamiltonian system if there exists a function

h such that,

oh oh
P=——and Q= —
dy and ¢ ox

Another important concept related to the integrability problem and the
existence of an inverse integrating factor is the concept of invariant curve. Let
f € Cl[[z,y]] be, we say that f(x,y) = 0, or simply f, is invariant curve for
system (4.1.1) if,

Vf-F=K-F,
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4 Applications: Integrability and inverse integrating factor.

where K € C|[z,y]] is called the cofactor of f.

An irreducible invariant curve f(z,y) = 0 is an invariant curve such that

f is irreducible on C[[x, y]], except multiplication by a unit element.

Remark 16. As regards the concept of irreducibility, it worth clarifying that,
if f1s an irreducible invariante curve of a vector field ¥, i.e., Vf-F =K - f,
and we consider an unit element w, then f -wu is also an irreducible invariant
curve of F, because Vg-F = f-u(K+Y4E) and K+Y“E € Cl[z,y]]. Moreover

i a neightborhood of the origin, both curves agree.

Since the gradient of f at the points (z,y) such that f(x,y) = 0, is
orthogonal to the vector field X (considering X the vector field associated
with the system (4.1.1) i.e., X = P% + Qa% or simply X = (P, (Q)), then this
vector field is tangent to the curve f = 0. Hence, the curve f = 0 is formed
by trajectories of X. A solution of (4.1.1) either has empty intersection with

the zero set of f or is contained in it.

Finally, as we advance in the introduction, we treat with the concept
of inverse integrating factor, a non-null C! class function V that satisfies the

linear partial differential equation
VV .-F =div(F) - V.

In summary, V' = 0 is an invariant curve of system (4.1.1) whose cofactor is

the divergence of F.
In this chapter we consider the following systems
x = X;, + g-h.hoo.t, (4.2.2)

where h € Pt 4t/ only has simple factors in its factorization on Clz,y], i.e.,
systems which can be considered as perturbations of a Hamiltonian system

whose Hamiltonian function A only has simple factors in its factorization on

Clz,yl.

Making a reminder, in Charpter 3, we have calculated a formal orbital
equivalent normal form of system (4.2.2), i.e., an expression of this system
after a change of state variables and a reparametrization of the time, Theorem

3.3.93. This normal form is given by

x = X, + X, + 1Dy, (4.2.3)
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with g a polynomial and p = >, p;, p1; € Cor(¢;), being Cor(¢;) a comple-

mentary subspace to the range of the linear operator

Ej : fP;_r—>:P;

pir —> i(pj—r) := L, p1j- (4.2.4)

We focus on the systems with g = 0, i.e., the formally orbital equivalent
systems to

% = Xy, + pDo, with ="y, pi; € Cor(()) (4.2.5)

J>r

where h € Pt bl only has simple factors in its factorization on C|x,y]. They

are a wide class of systems. For instance, the systems with linear part non-null

are included in this class, among others. The following theorem characterizes

these systems. Before showing it, we present two technical lemmas that we

will use in the proof of the theorem.

Lemma 4.2.105. LetF =" F; be, with h € ?;Eﬂt‘, F; € Q andF, =X,.
If h =0 is an invariant curve of X = F(x) then F = (1 + \) X}, + nDg, where
A= Z)\j, A€ P and n = an, n; € P

3>1 j>r
Proof. If hisan invariant curve of F, as h is a quasi-homogeneous polynomial,
then h is an invariant curve of each F;, that is Ly h := Vh - F; = K;h with
K; e T‘;. Using Lemma 3.2.74, F; = X, +7;Do + Aj—rXp, Ajy € ?;_T,
n; € ﬂy; Y Gj+jt] € Aj+‘t|. Thus,

Kjh=Vh-F;=Vh- (ngw + ;Do + Aj_th> = Vh-Xg,  + (r +[t)n;h,

95+t

i.e., h is an invariant curve of X Therefore, g;,¢ belongs to the ideal

9+t

generated by h and as g;ij¢ € Ajy it has that g ¢ = 0.

So, for each j > r, F; = n;D¢ + A\; X}, hence F = (1 4+ \)X), + 7Dy with
A= Zj>r Aj_r and = Zj>r M-

Lemma 4.2.106. Let ® be a near identity diffeomorphism on U C C2. If

f(x) =0 is an invariant curve of the system x = F(x) with cofactor K, then

169
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f(@(y)) = 0 is an invariant curve of the system 'y = (P.((1 + a)F))(y) with
cofactor (1+ao®)(Ko®), for any o a C®-class scalar function with a(0) = 0.

Proof. Indeed, let G = ®,((1 + a)F), it has that

La(fo®)(y) = Vf(2(y)  D'0(y)(1+a(2(y)))F(2(y))
= (14 a(x))Vf(x)De(y) D™ 2(y)F(x)
= (I+ax)VI(x)-Fx) =1+ aX)K(x)f(x)
= (1+a(®(y)) K (2(y))f(2(y))-

Theorem 4.2.107. Let h € Tr+lt| be. A system x = X+ q-h.h.o.t. is formally
orbital equivalent to x = Xy + puDg with p = ZDT Wi, pi € fP';, if and only
if it has an invariant curve f = 0 of the form f = h + q¢-h.h.o.t. with f a
function conjugated to h (i.e., there exists a formal diffeomorphism ® such

that h = f o ®).

Proof. We prove the necessity. We assume that thereisa u =) jor Mgy My €
iP; such that F and G := X, + Dy are orbitally equivalent. That is, there is a
U near-identity diffeomorphism and « scalar function with «(0) = 0 such that
U, (14 a)(Xp, + Do) = F. We note that h is an invariant curve of X, + puDg
with cofactor (r + [t|)u since Lgh = p Lp,h = (1 + [t]) ph.

So, from Lemma 4.2.106, f = h(V) = h + g-h.h.o.t. is an invariant curve
of F, that is, f is conjugated to h.

Now, we prove the sufficient condition. We suppose that there exists an
invariant curve f of F such that f = h + g-h.h.o.t. and it is conjugated to h,
thus there is a formal diffeomorphism & such that h = f(®). From Lemma
4.2.106 with o = 0 it has that h is an invariant curve of G := ®,F. By
applying Lemma 4.2.105, we get G = (1 4+ A)X}, + nDy. Therefore,

F = G =3 ((1+\)X,+ HL)\DO) = &*((1 4+ \)(X, + uDo)

with p = 5 + Thx- S0, F is orbitally equivalent to X + uDy. ]
From Algaba et al. [9], the systems formally orbital equivalent to systems

(4.2.5) are integrable if and only if = 0 and, in such a case, they have a first
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4.3 Characterization of the existence of an inverse integrating factor.

integral of the form A + g-h.h.o.t. Therefore, for p # 0, the systems (4.2.5) do
not have any formal first integral. We focus our study about the existence of

an inverse integrating factor for systems (4.2.5).

Next we present a result that we will use to study the integrability of dif-
ferent families of generalized nilpotent polynomial vector fields. It is a adapted

version of Theorem 3.19 proved in [9)].

Theorem 4.2.108. System

with H € @
if v =0.

Ps and v € @, Cor({;) is formally integrable if and only

j>r+t] j>r

4.3 Characterization of the existence of an in-

verse integrating factor.

In Chapter 2 of this memory, we have presented a normal form for some de-
generate vector fields. Among them, we have described the normal form for
system (4.1.1) based on the lowest-order quasi-homogeneous term F,. This
term determines the homological operator and, consequently, the simplifica-
tions can be reached in the normal form. In this subsection we want to obtain
necessary and sufficient conditions for the existence of an inverse integrating

factor for systems with the following form,
%= F(x) = X + Fry () + -

where h € Pt 41t only has simple factors in its factorization on Clz, y].

The normal form for this system was given in Theorem 3.3.88, with the

expression (3.3.22). If we assume that g = 0 we obtain

x = F(x) = X}, + pDy, being p = Zuj, with p; € Cor(¢;)  (4.3.7)
J=N

Attending to this system we can write that,
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4 Applications: Integrability and inverse integrating factor.

o If 4 = 0, then, from Theorem 4.2.108, the above system is integrable.
Therefore h is an inverse integrating factor for system (4.3.7), among

others.

o If u # 0, then system (4.3.7) is non-integrable. In this case, we consider
N = min{j/u; # 0}. This first non-zero element will be considered to

calculate a reduced normal form. This system can be written as follows,

X = Xh + ,U,NDO + LLDo, (438)

being uy € Cor(¢y) \ {0} and p = Zuj with p; € Cor(¢;)

i=N

4.3.1 The two-step normal form under C*-equivalence

We consider the above system (4.3.8). The procedure for obtaining
the two-step normal form of this system is as follows: Firstly, we make a
reparametrization of the time dt/dT = 1 — v(x) and a change of variables
x = y + Pi(y) that transforms the k-degree quasi-homogeneous terms into
a normal form as it was explained in section 2.3 of Chapter 2. For the
two-step normal form, we consider another reparametrization of the time
dt/dT = 1— Uy, n(x) and a near-identity transformation x = y + Py N(y)
with (f’k+T_N, Ugir—n) € Ker(Lo4x_n). This process describes the two-step

homological operator, for every k > 1, as follows

Egﬁk Q) x Cor(ly) x Ker(Lorsp—n) — O,y
(Pk7 Uk, (Pror_n, 77k+r—N)> — Eﬁ)k(Pk, ks (Prar N, Dktrn))

= [Py, F,] + iF, + [Prrrn, Fn] + o nFa, (4.3.9)

being Fn = punyDy and, recalling the hypothesis assumed in the development

of this work for the lowest-order quasi-homogeneous term F, = X,.

For determining the homologic operator Egk it is necessary to compute

Ker(L, k). Next lemma shows its expression.
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4.3 Characterization of the existence of an inverse integrating factor.

Lemma 4.3.109. Let k = s(r + [t|) +m, with 0 < m < r + |t|. It has that:

span{(0,h*Dy, 0,7 h*)} if m =0, r # 0,
span{(0,0,h*X;,0)} if m =r, r #0,
span{ (0,0, h*X},0),(0,h*Dg,0,0)} if m =r =0,

span{0} in other case.

Ker(ﬁm_k) =

Proof.

It is enough to consider the expression of the homological operator given
in (2.3.16) and Lemma 3.3.90. n

Remark: Obviously, the expression of the two-step homological operator

£? in the case that Ker(L, ) is spanned by 0 (k # s(r + [t])), is the same

r+k>
that the expression of L, .

Our goal is to show the expression of a co-range of the homological op-
erator £ffi)k For this task, analogously to the description of the previous ho-
mological operator described in section 3, we need define the following linear

operator.

Definition 4.3.110. Consider r +k = N + s(r + |t|) + m,

02 Px Ker(forpn) — Py

V ) X hs ) - 07
(pg, ¢ B*) — Egzk(luk, ah®) = { ek h+apN if m

Cryge(ir) otherwise.

(2)

i), and conse-

This linear operator provides an expression of Cor(L
quently, an expression of a reduced normal form. We show it in the following

proposition.

Proposition 4.3.111. Let system (4.3.8) be. It has that:
1. Cor(ﬁgk) = Cor(&(fzk)Do, if N # r+s(r+1t|), for any s natural number.
2. For N =r+ s(r +|t|), it holds:

(a) Cor(LP),) = Cor(t®),)Dy, if k # 2s(r + |t]).
(b) Otherwise, Cor(ﬁgz%(rﬂt\)) = Cor(€yya5(r+]t))) Do-
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4 Applications: Integrability and inverse integrating factor.

Proof. Let consider the elements of Ker(L,.) calculated in lemma 4.3.109,
for r # 0:

1. (0,0, h*X},0). Therefore, using (4.3.9)

L% (Py, v, (0,0,a h°X;,,0)) = [Py, F,] + uF, +[(0,0,a h*X,,), uxDy]
= [Py, F.] + vpF,. + [a h°Xy, pnDo)
= Lo1(Pr,v) +a (VR (uyDo) Xy
+h*[Xn, unDo]) = Lok (P, vi)
+a (VR un)Do) Xy, — h*(VunXy)Do
—r P unXp) = Loy (Pr, vi)
+a ((r+s(r+ [¢)P°unXy — h*(VunXp)Do) .

Taking into accout that, h*(VuyXy,)Do = [A°unDo, Xp| +rh*un Xy, we
obtain that,

£®

ik (Prs v, (0,0, h°X,,0) ) = Loyw(Pr,vi) +a ((r+ s(r + [t]) 2 un X,

— [P unDo, Xp] — r b unXp)

= Lokx(Pr,v) — o ([RPunDo, X4
—s(r+ [t)h°unXn) = Lrik(Pr, vi)
—a Lok (RPunDo, —(k — N)h*uy)

Therefore, this element does not provide the possibility of more simplifi-

cations in the normal form (4.3.8).
2. (0, h*Dy, 0, r h®). Thus, for (4.3.9)

5(2)

r+k(Pk7 Vg, (07 (6% hSDo, 0, ar hs) ) = [Pk, Fr] + Vk:Fr + [(0, «Q hsDo, 0), MNDO]

+ar b uyDy = Lok (Pr, vk)
+[a h*Dy, unDo] + a7 h’ uyDy

= Lrkx(Pr,vk) + Va h®(unyDg)Dg
+a h*[Dg, unDo] + ar h*puyDy

= Lokx(Pr,vp) +as(r+[t))h*unDg
—a (N —r)h°unDo = Lok (Pr, vg)
+a (s(r+t]) — (N —7)) h’unDo
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4.3 Characterization of the existence of an inverse integrating factor.

At this point we can afirm:

o If N # r+ s (r+|t]) then Im(£”,) = Tm(L,14) ® (A*unDy).

Consequently Cor([,gzk) = Cor(égk)Do and we are in the situation

a).
o If N =r+s(r+[t]) it is possible two option:
— There exist a natural number s := sy such that N = r+ so(r +
t|), then k = 2s¢(r + |t|) + m, and, if m = 0 it holds that,

2
Im(££és)0(r+t|)) = Im(Lyys(r41¢))) and we can conclude that
Cor(£r+50(r+|t\)) = Cor<€r+so(r+\t|)>D0
— Otherwise,

Im(ﬁﬁ)k) = Im(L,41) + span{h' uyDo}.
Moreover, as the system (4.3.8) is a normal form, then

Range(L,1x) = Xy + Range({,1x)Do.

t
r+k+|t]

Thus, it concludes that Cor(ﬁf,%zk) = Cor(fgk)Do.

For » = 0, this result can be similarly proved. [ |

Proposition 4.3.111 yields the next theorem, which determines a reduced

normal form of non-integrable systems.

Theorem 4.3.112. Let h € iP:Jrlt\ be a polynomial whose factorization on

Clz,y]) only has simple factors. We consider the system,

x = Xp, + punDg + pD,

being puy € Cor(fy) \ {0} and u = Zuj with p; € Cor(¢;). It has that:
j>N
1. If N # r+s(r+t|) with s a natural number, then a formal normal form

under C®-equivalence for system (4.3.7) is
% =Xp, + pv + Y ;Do (4.3.10)
j>N

where fi; € Cor(€§~2)).
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4 Applications: Integrability and inverse integrating factor.

2. If there exists so a natural number, such that, N = r + so(r + |t|), then

a formal normal form under C*-equivalence for system (4.5.7) is

% =X, + pn + Y fi;Do. (4.3.11)

>N

where finysoriit)) € COr(Unpso(rrie))) and fi; € Cor(ég-z)) with j # N +
so(r + [t])

4.3.2 Existence of a formal inverse integrating factor.

The following proposition gives a necessary condition for the existence of an

inverse integrating factor.

Proposition 4.3.113. Consider the system

with h € Pri . A € Phy oy and g(h) = 1+ Zajhj, being s a natural
i>1

number. Then, the function V. = h*Tlg(h) is an inverse integrating factor of

the system.

Proof. Applying the Euler theorem for quasi-homogeneous functions, it has
that,
LgV = V'(h)Lyh = (r + [t|)A\hg(h)V'(R),

and
div(F) = div(Ag(h)Dy)

= g(h)Lp, A+ A\g'(h)Lp,h + |t|Ag(h)
= (s+1)(r+[t)Ag(h) + (r +[t)Ag (R)h
= (r+[t)((s+1)Ag(h) + Ag'(R)h).

Therefore, Vdiv(F) = (r + [t|)((s + 1)R*Ag(h) + Ag'(R)h* T )hg(h) = (r +
[t)Ahg(h)V'(h). So, LgV — Vdiv(F) = 0. This completes the proof. n

Next we relate the terms of an inverse integrating factor and give the

shape of its lowest-degree term.
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4.3 Characterization of the existence of an inverse integrating factor.

Proposition 4.3.114. Consider system x = X, + uDgy where h € T;ﬁ"ﬂtl only
has simple factors in its factorization on Clx,y| and p #Z 0. Assume that the

system has an inverse integrating factor V- with the form V = ZVZ- c P

i>ig
Then, for each k € N, k > 1 it holds
k—+r—ig
Lx,Vi=— Y (k+r—[t| = 20)Vir,t . (4.3.13)
I=N

Moreover,

a) ig =m(r +|t|), and V is of the form V = h™ + Z{/}

J>i0

b) If pj € Cor(¢;), for all j, then V = h™ + Zb h'.

i>m

c) N:NN+ZMj with N =7+ s(r+|t|]) and s=m —1¢€N.
>N

Proof. If V is a formal inverse integrating factor of system (4.2.2) it holds
the equation LgV — Vdiv(F) = 0, therefore,
LgV —Vdiv(F) = Lx, V + uLp,V — Vdiv(uDg) = 0
Thus, considering ig = min{i € N/V; # 0},

Lx,V = Vdiv(uDy) — uLp,V

- (z0) (Zom) () (£)

0o k—io k—io
= Z Z(l+\t|)vk—zul— Z Z — D)Vt
k=io+ N I=N k=ig+N =N

o) k—io

= Z Z — [t] = 20) Vi -

k=io+N I=N
Therefore, for each k € N, k > 7y, we obtain,

k+r—ig

Lthk = — Z (k? +7r— |t| - QZ)VkJrT,l M

=N

We prove the second part,
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4 Applications: Integrability and inverse integrating factor.

a) If V = Z% is an inverse integrating factor of system (4.2.2), then the
i>ig
equation (4.3.13) for k = ig is Lx, Vi, = 0. So, V;, is a formal first
integral of Xy, therefore V;, = h™ with ig = m(r + [t]).

[e.e]

b) Consider now p; € Cor(¢;). We know that V' = h™ + V;, for
i>m(r+t])
some m € N. Assume jo = min{i € N/V; is not a function of h} then
|89
m(r+|t|) < joand V = h"+ Z bih! +Vj,+---. The equation (4.3.13),
l=m+1
for k = jp is
Jo+r—io
vvjoxh == Z (T +Jo — |t’ - 21)‘/}0+T*l Hi-

=0

We can see the left side of the above equation is in the Im(¢,,;,) and the
right side is in the Cor(¢,,;,) because Vj,4,_; are function of h (observe
that r — [ < 0). Therefore, VV; X}, = 0 and we conclude that V;, =0 or
Vj, = h" for some n € N, n > m. Moreover, the above equality can be

expressed as,

k+r—ig

0=~ Z (r+k = |t] = 20)Visr—s pu- (4.3.14)

1=0
c) For k =m(r+ |t|) + N — r, the equation (4.3.14) is of the form,

0 = (r+m(r+[t]) +N—r—[t] = 2N)Vipije) pin
= ((m=1)(r+[t]) = N +7)h™ py.

It follows that N =7+ (m — 1)(r + |t]|) > 7, hence m > 2.

Taking s =m — 1 we get N =r + s(r + |t|) with s € N.

The following theorem is the main result of this subsection. This theorem
provides necessary and sufficient conditions for the existence of a formal inverse

integrating factor.

178



4.3 Characterization of the existence of an inverse integrating factor.

Theorem 4.3.115. System (4.3.7) has a formal inverse integrating factor if,

and only if, it is formally orbital equivalent either to
x = X, (integrable system)

or to system (4.5.11) with iy syerit)) = Mri2serit) = O frgsrire) and fi; =
0, 7 # N + s(r + |t]), being s a natural number, o real and fi,i syt €
Cor(lyysirpep)) \ {0} (non-integrable system,).

Proof.
Sufficient condition: It is follows from Proposition 4.3.113.

Necessary condition: If p; = 0 for all j, the system is a Hamiltonian
system whose first integral is h. In such a case, h is also an inverse integrating
factor. Otherwise, let N = min{j, p; # 0}. Hence, by Proposition 4.3.114,
if p = puny + g-hhoot. with puy # 0, then N = r 4+ s(r + [t|) and V =
Rt 4370 bl From Theorem 4.3.112, system (4.3.7) can be transformed
into system (4.3.11).

We will prove that V = A5t +by 1A% and g1 = firps(rrit) + D254 17 forts (e8] -
We do the proof in several steps:

Step 1. We see that b; = 0 and ji,4(j—1)+e)) = 0, for j = s +2,...,2s.
Indeed, we assume the contrary, i.e., there exists jo = min{j, b; # 0, s+2 <
J < 2s}.

The equality (4.3.14), for k = (jo + s)(r + [t|), has only two components
Visk—r # 0 with N <1 < r+ (jo — 1)(r + [t]). In particular, for [ = r +
(Jo — 1)(r + [t]) we have Vi = Vigrryopey = P and for [ = N, Viypoy =
Vietr+1t) = bjoh?. Then, the equality (4.3.14), for k = (jo+s)(r+t|), becomes

0 = (Jo—s—=1(r+[t)byhun — (o — s — 1)(r + 62" ot Go—1)(r+180)
= (Jo—s—=1)(r+[tDr"" [bjoh" " in — firtGo—1)rt1eD) ] -

Consequently, by Theorem 77,

y jo—S5— 2
Frt-(jo—1) (r+1t]) = Djoh° iy € COI(€7(~+)(j0—1)(r+\t|)) \ {0}, (4.3.15)

but also bj,h? =1y = (¢

r2+(j0—1)(r+|t|)(07 bj,h7o~*~1), which is a contradiction.
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4 Applications: Integrability and inverse integrating factor.

Step 2. We see that ,ar+2s(r+|t|) = b?s+1hsﬂr+s(r+|t|)-
From expression (4.3.15), for jo = 2s+1 it has that fi,;o5+(t)) = D2s1 P trts(r(e))-

Step 3. We see that b; = 0, and i, (j—1)(r+j¢)) = 0, for all j > 2s + 2.
Indeed, we assume the contrary, i.e., there exists jo = min{j, b; # 0, j >
25+ 2}. Thus, there exists mg > 2 such that jo € {mos+2,...,(mo+1)s+1}.

The equality (4.3.14), for k = (jo+s)(r+|t]), has only three components
Visk— # 0 with N <1 <7+ (jo— 1)(r + [t]). In particular, for I =7+ (jo —
1)(r+[t]) we have Vi k= Vg = R, for L =1+ (jo — s —1)(r +t]),
Viskot = Vst t)) = bastah® T and for 1 = N, Vg = Vo)) = bjoh%°.
The term Vi = Viast1)(r+(¢)) 18 multiplied by ft,4 (jo—s—1)(r+J¢)) Which is zero.
So, the equality (4.3.14) gets (4.3.15) for jo € {mos + 2, ..., (mo + 1)s + 1}.

Thus, by Theorem 4.3.112, it arrives to contradiction.

Step 4. We prove that i; = 0, for all j > N+s(r+|t|) and j # r+n(r+|t|), for
any n. We use reductio ad absurdum. Let jo = min{j > N+s(r+|t|), g; # 0}
be. There exists mg > 2 such that jo € {r+mos(r+[t]) +1,..., (mo + 1)s(r+
[t) =1}

For k = jo —r+ (s + 1)(r + |t|), the equality (4.3.14) has two factors
Vist1)or+1t) fjo and Vigsi1yerije)fin. This second term is zero. Thus, (4.3.14)
becomes

Jo
0 = > (o—r+str+6) = 20)Vigr ettt -1 11
I=N

= [s(r+[t]) = (o = ")Vt 1)r+1t)) Mo

and as Vigiypqe) = R*T and jo —r # s(r + [t[), we obtain pj, = 0, a

contradiction. ]

4.3.3 Results for nilpotent and generalized nilpotent vec-
tor fields

The following propositions give a relationship between inverse integrating fac-
tors of conjugated vector fields (the first one) and orbitally equivalent vector
fields (the second one).
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4.3 Characterization of the existence of an inverse integrating factor.

A proof of the following propositions can be seen in Enciso and Peralta-
Salas [46].

Proposition 4.3.116. Let ® be a diffeomorphism on U C R2. If V is an
inverse integrating factor of system (4.1.1), then det(D®)~'V o® is an inverse
integrating factor of y = ®,F(y) := D®(y)'F(®(y)).

Proposition 4.3.117. Let ® be a diffeomorphism andn a functions on U C R?
such that detD® has no zero on U and n(0) # 0. If V(x) is an inverse
integrating factor of system (4.1.1), then n(ydet(D®))~'V (®(y)) is an inverse
integrating factor of § = ®.(7F)(y) := DO(y) n(y)F(D(y)).

The following three theorems give conditions for the existence of a formal

inverse integrating factor.

Theorem 4.3.118. If system (8.4.26) is non-integrable then it has not an

inverse integrating factor.

Proof. A formal normal form for system (3.4.26) is expressed by (3.4.27)
where there exists some ag)] non-null ( in other case the system is integrable).
Let N be the least degree of the monomials of the normal form (3.4.27). Ob-
serve that N is always a natural even number, therefore, N # r + s(r + [t]) =
2l —1+42s(2041) for all s € N. In conclusion, from Proposition 4.3.115, system

(3.4.26) has not a formal inverse integrating factor. ]

Theorem 4.3.119. System (3.4.28) is non-integrable and has a formal inverse
integrating factor V if and only if it is formal orbitally equivalent to (&,9) =
(y7 0'132l+1>

factor is of the form h*t' + .- where h = (o2 — (I + 1)y?).

+ ps(ryit) R°Do for some s € N and a formal inverse integrating

Proof. Necessaty condition From Proposition (?7), a formal normal form of
system (3.4.28) is

X = ( o';piZlJrl ) +Ozl+s(2l+2)(Ilhs)Do, (4316)

where ay;s2142) 7 0 for s € N (in other case system (3.4.28) is integrable).
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We prove that the polynomial h**! is an inverse integrating factor of
(4.3.16), being h = L(0a? — (I + 1)y?). For that we verify that que LgV =
VdivF.

o LpV = VV(aurs4ena'h’ Do) = arpsena’h® VV - Do = appagrrie (s +
1)(r + |t])zt 2+,

o VAivF = Vdiv(apseaepa'h® Do) = Vo + s(r + [t])h* +
Qpsr16) [E12°] = Qugsrpien (s + 1)(r 4 [£))R>T

Suffcient condition From Proposition 4.3.117, h*t! + ... is an inverse

integrating factor of system (3.4.95). ]

Theorem 4.3.120. If system (3.4.28) with | = 0 is non-integrable then it has

a formal inverse integrating factor.

Theorem 4.3.121. System (3.4.35), for 1 =0 orl =1, is non-integrable and
has a formal inverse integrating factor V if and only if it is formal orbitally
equivalent to (&, 1) = (y> +2ax 'y + oz —a(l41)zly? — 20 (1+1)22+1y) +
(aWMazlyh® + oD 22+ h5)Dy for some s € N and a formal inverse integrating
factor is of the form h*™ + ... where h := y[—1y* — az"™y — o] with

az;é%"andazowhenl:().

Proof. Necessary condition: From Theorem 4.3.112, a formal normal form
of system (3.4.40) is

o y? + 2ax ™ty + 22(+1) N (a(l)xlyhs N a(Z)a:QZ“hS)DO
—a(l+ 1)a'y? — 20(1 + 1)2?+ly N N ’
(4.3.17)

where Oz%) + a§3) # 0 for some s € N (in other case system (3.4.40) is inte-

grable).

We prove that the polynomial h**! is an inverse integrating factor of
(4.3.17). For that we verify that LgV = VdivF.

o LV = VV(aalyh’ + o« h*)Dg = [al)a'y + a2 (s + 1)(31 +
3)h25+1.
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e VdivF = Vdiv[ag)xlyhs—i—aﬁ)xmﬂhs)DO] = V[(2l+1+s(31+3))a§\})xlyhs+
ag\p(l + 2)2lyh® + (21 + 1 + s(31 + 3))0453)x2”1h3 + ag)(l + 2)221hs] =
[0V aly + aP2?H(s 4 1) (31 4 3)h2 1.

Suffcient condition From Proposition 4.3.117, h*T! + ... is an inverse

integrating factor of system (3.4.40).

4.3.4 Existence of an algebraic inverse integrating factor.

In this subsection we want to characterize the existence of algebraic inverse in-
tegrating factor. First we introduce some results that relate the formal inverse
integrating factor with the algebraic inverse integrating factor. The following
proposition provides an expression of an algebraic inverse integrating factor
for system (4.1.1).

Proposition 4.3.122. If system (4.1.1) has an algebraic inverse integrat-
ing factor, then it also admits an inverse integrating factor of the form V =

(W1 /Wy with Wy and Wy formal series and d a positive rational number.

Proof. From [74, Propositions 1 and 2| and particularizing in our context, if
system (4.1.1) has an algebraic inverse integrating factor, then it also admits
an inverse integrating factor V' of the specific form V = ‘111 - ¢l | with
¢; € C|[z,y]], non-invertible, irreducible invariant curves and d; a non-zero

rational numbers . (The possibility s = 0 is included, with inverse integrating

factor 1). So, if we write d; = m;/n; and denote N = lem({|n4|,...,|ns|})
and M = ged({N|Z],..., N|Z=[}) then V = ([T_, ¢/') ¥, with {kr,... K}
integer. [

The two following results provide some properties of the inverse integrat-

ing factors which are powers of quotient of formal series.

Lemma 4.3.123. We assume that V. = (W;/W>)? is an algebraic inverse
integrating factor of F = F, +q — h.h.o.t., with Wy =Wy, + ¢ — h.h.o.t. and
Wy = Wa,, + q — h.h.ot. where Wy, € Pt and W,,, € Pt and d a positive
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4 Applications: Integrability and inverse integrating factor.

rational number. Then, (Wi ,,/Wa,,)? is an algebraic inverse integrating factor
of F,.. Moreover, in the case of ¥, = X, with h € iP;c'+lt\ Jit has that Wy, /Wa,

is a rational first integral of Xy. In addition, if the factorization of h € :P?t"—i—\tl

on Clx,y] only has simple factors then, there exists an integer number non-zero

k such that Wy ,,/Wa,, = h*.

Proof. If V is an algebraic inverse integrating factor of F, V satisfies equation
LrpV —V -div(F) = 0. From Proposition 4.3.122, if we replace V by (W;/W3)?
then

(W /Wa) W5 2 [dWy - LeWy — dWy - LWy — WiWa div(F)] = 0.

Multiplying by (W1 m/Wa,)4 "Wy 2 it follows easily that (Wi ,,/Wa,,)* verifies

L, Wi/ Wan)® — (Wim/Wa,)div(F,) = 0.

Hence, it is an inverse integrating factor of F,. , which is algebraic over C((z, y)).
We prove the second part. Obviously, if F,. = X}, then div(F,) = 0 and by
(4.3.18), Wy, /Wa,, is a rational first integral of F,.

We see that it is a power of the polynomial A, when h only has simple
factors in its factorization on Cl[x,y]|]. We note that the quotient W,/ W,
can not be irreducible. In such case, there exist two quasi-homogeneous co-
prime polynomials Wy and W5 such that W,/ Wa, = Wi /W5 Since
Wi /Wy s is a rational first integral of X, then Lx, (W7 ; /W5 ;) = 0, that
is,

(VWS- X)) Wo = (VW54 - X)) Wi

*

Consequently, as W7 ; and Wj; are coprime, there exists K € Clz,y], a
quasi-homogeneous polynomial, such that VW7 - X, = KWY, and VW5 -
Xp = KWs5,, ie, Wi, and Wy, are algebraic invariant curves of X; which
arrives at the origin. So, if h = f; --- f,, with f; irreducible factors on Clz, y],

the unique irreducible invariant curves of X, that arrives at the origin are
fl :07 7fS:0'
Therefore, W7 ; = fi"* -+« fi= and W = fi'" -+« fi'*, that is

Wi/ Wss = F... fks with k; integer numbers. So, if M = lem{|k;|} with
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k; < 0,7 =1,..,s, the function Wfﬁl/W;ﬁhM is a quasi-homogeneous first
integral of the system x = X, since it is a product of two first integrals. As h
only has simple factors in its factorization on C|x,y], the quasi-homogeneous
first integrals of X;, are h', with [ a natural number. Therefore, Wim [Won =

Wi /Wy = h¥ with k integer number non-zero. |

Lemma 4.3.124. Assume that V; = (Wl/Wg)% and Vo = (Wl/Wg)% are al-
gebraic inverse integrating factor of F,, with Wy, Wa, W1 and W, formal series
and % and z—j rational numbers. Then there exists a natural number [ such
that (Vi /Va)! is a first integral of F and belongs to C((x,y)).

Wlpl/q1 Wle2/L12

Proof. Taking [ = lem{|ql, |q|}, then (V;/V5)! = W,

ie., it is a
quotient of formal series. To prove that (V/Vs)! is a first integral of F, it is

enough to prove that V;/V; is a first integral. Indeed,

% 1 Vi 1 . Vi .
Ly— = —LgVi — < LgVo = —Vidiv(F) — < Vodiv(F) =0
FV2 V2F1 ‘/221?2 V211V() ‘/2221V()
Consequently, V1 /V5; is a first integral of F. [ ]

The following result is key in our study.

Proposition 4.3.125. Let system (4.1.1) be with ¥ = X, + ¢-h.h.o.t. and
h € T£+‘t|, where the factorization of h on Clz,y| only has simple factors. We
assume that system (4.1.1) has an algebraic inverse integrating factor.

Then, system (4.1.1) admits an algebraic inverse integrating factor of the form
V =W being W a formal series W = h + g-h.h.o.t. and q a positive rational

number.

Moreover, if system (4.1.1) is not formally integrable, then the algebraic

inverse integrating factor is unique, up to a multiplicative constant.

Proof. Given a number non-zero A such that the quasi-homogeneous polyno-
mial H(z,y) = 2*2 + A\y** € P%, . is not factor of h, we consider the unique
solution (C's(6), Sn(0)) of the initial value problem

dx T
= Xu(x), x(0) = (1,0)".
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These functions, C's(0) and Sn(#), named generalized trigonometric functions,
are periodic and 7' will denote their minimal period. For more details, see

Dumortier [43]. System (4.1.1) by means of the change
r=u"Cs(h), y = uSn(0), (4.3.18)

with w > 0 and 6 € [0,7), and rescaling the time by dt = (2t1ty/u")dr, is

transformed into

u' =% = b (0)u+ Ou?), 0 =L = (r+ [t))h(0) + O(u). (4.3.19)

T dr ar
where h(0) := h(Cs(6), Sn(0)).
The equilibria of (4.3.19) on v = 0 are (u,6) = (0,6;), j =1...s, where

6; are all roots of h(f) since we have chosen A such that H is not a factor of
h (otherwise, this factor would not be in the expression of the system (4.3.19)
since H(Cs(f),Sn(f)) = 1).

The linearization of the system (4.3.19) about the fixed points has eigen-
values non-zero (since the factors of h are simple) with different sign; thus,
by applying a result of Seidenberg [76], we can ensure the existence of an
unique solution different from u = 0 of the form 6 — 6; + ¢V)(u, ) = 0, with
o9 (u,0) = O (Ju,0 — 6;|?). We note that such solution curves are invariant

curves of the system (4.3.19).

From Proposition 4.3.122, if system (4.1.1) has an algebraic inverse in-
tegrating factor, then it admits an inverse integrating factor of the form V =
(W1 /Ws)%. The irreducible factors of W, and of W are invariant curves which
arrive at the origin, since they are non-invertible, see proof of Proposition
4.3.122. So, it has that

Wi (uf1Cs(0),ut2Sn(0 m ° ; n;
Wégutlczgei,utzsngegg = p(u, O)u H (9 —0; + ¢(‘7)(U7 9)) ',

j=1
with m and n; integer numbers and (0, §;) # 0 for each j = 1,...,s. Undoing
the change (4.3.18), we obtain that

S

s = () [ [ (e, 9) + a-hhot ],

J=1

with 1(0,0) # 0. Moreover, we can assume that 1(0,0) > 0.
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From Lemma 4.3.123, we have that [[7_, (f;)" is an algebraic inverse
integrating factor of X;. In fact, it is a rational first integral of X,. As h
only has simple factors on Clz,y], the first integrals, which are quotient of
quasi-homogeneous polynomials, are h” with n a integer number non-zero. If
we write ¢(z,y) = ¥(z,y)" (it holds ¥(0,0) # 0 and it can be expanded as a
series of quasi-homogeneous terms), it has that Wy /W, = (U (h + ¢))", with
h + ¢ unique. Thus, V' = (h 4+ ¢-h.h.0.t.)? with ¢ = dn.

To prove the second part, we see that if there were two distinct algebraic
inverse integrating factors, then the system would be formally integrable. In-
deed, let consider Vi = (U1 (h+¢))", Vo = (Vs (h+¢))%, q1,¢2 € Q\ {0},
U,(0,0)W4(0,0) # 0, two algebraic inverse integrating factors, we can suppose
that ¢ > ¢;. From Lemma 4.3.124, there is a natural number [ such that
(Va/VA)! = (Wh2) /(W) (h 4 ¢) 279 s a first integral of F, and is formal

since g > ¢; and Wq, ¥, are invertible series. [

Now, we provide a series of properties of the inverse integrating factor of

the system (4.1.1) in order to give conditions that ensure its existence.

Next, we show a class of systems (4.1.1) having an algebraic inverse
integrating factor.
Proposition 4.3.126. Let system (4.1.1) be, with F = X, +unDy, h € Pt

" r+|t|
N+t
and uy € P& . The function V(h) = h "+t is an algebraic inverse integrating

factor of (4.1.1).

Proof. Applying Euler theorem for quasi-homogeneous function, i.e. Lp,f =
sf with f € Pt then

LeV = VV-F=VV-(X)+ puyDo) = pun VV - Dy
N+t|
= (N + [t))un b7+

and
N+t
V-div(F) = hrtit (N +|t])un.
So, LgV — Vdiv(F) = 0. This completes the proof. u

The following proposition gives a necesary condition for the existence of

an algebraic inverse integrating factor.
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Proposition 4.3.127. Consider system (4.3.10) where h € Tfﬂrlt\ only has
simple factors in its factorization on Clz,y]. Then, if W9 is an algebraic

inverse integrating factor of the system (4.3.10), with q an rational number
non-zero and W = Z W; € Cllz,yl], W; € P, being Wiy = h, for each

>+t
positive integer k it holds:

— [+t
LXhWk: = Z (% — (7’ + k— l)) Wr+k—lﬂl- (4320)

=N

Moreover,

N+|t
a)q— |I‘I

b) W =h+Y bh', for all j

i>1

c) W =h.

Proof.

By one hand, if W7 is an algebraic inverse integrating factor of system
(4.3.11), then, by definition, LgW?—W4div(F) = W [LFW — Lwdiv(F)| =
0, thus

Lx,+upyW — W div(Xy, + pDo) = Lx, W + pLp,W — Wdiv(uDy) = 0,

Therefore, Lx, W = %Wdiv(uDo) — uLp,W
Considering now W = Z W; and p = Z“i’ we obtain,

j>r+lt] >N
v = [ W (zzw ) (z) >,
Jr+t] i>N >N J>rHt
o k- |t|l+’t| oo k—lt|
= Y Y T W= Y Y k= DWW
k=r+]t|I=N k=r+|t|I=N
oo k-t
[+t
= Z Z < | ‘ +/€—l)) WTJrk,l,U,l
k=r+t| =N

We prove the second part,
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4.3 Characterization of the existence of an inverse integrating factor.

a)

Considering k = N + [t| in the equality (4.3.20), we obtain,

Nl Nt

L W = ( (160 Wose = ( (4 16) )

Taking into account that Lx, Wy, € Range(ly1n4j¢), hn # 0 and

hun € Cor(ynyp) then N%lt' — (r+ [t]) = 0 and we conclude that

_ NAt]
r4t| -

We know that W = h + Z W;.

>+t
Consider now jo = min{j € N/W; is not a function of h}, then W =
L%
h + Z bih! + W, + - --. The equation (4.3.20), for k = jo is
1>1

jO*‘t| l"’ |t|

Lx,Wj, = Z (— —(r+Jo— l)) Wi tjo—it
I=N q

Observe that r 4 jo — | < jo puesto que r — 1 < 0. Therefore W, ;

are function of h and W, 1,y € Cor(¢,1j,). By other hand Lx, W;, €

Range(,;,) and we can conclude that W;, = 0 or W;, = A", for some

neN,n>1

We know that, W = h+ > bWjipe), being Wiy = 7. 1 b; =0
i>1

for all j, item c) is verified. In other case, let so = min{j € N/b; # 0}.

Then, for k = so(r + [t|) + N — r, the equality (4.3.20) has only two

components W,,,_; # 0, these are the values corresponding to | = N

and [ = N + (so — 1)(r+t|). Therefore the above equality has the form,

N —r+ so(r +t|)
q

N + |t
0 — < q' |—(50—1)(r—|—|t|)> WSO(THH)Mm(

= (4 [) Wi o)) V-t (s0—1)(rt 18]
Taking into account that,
Weotrth N = bsgh™ iy

W(r+|t\),uN+(sofl)(r+\t|) = hﬂN+(sofl)(r+|t|)

and
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= ];[:_\E" the above expression is the following,
) (so — D)(r +[t])*
0 = —(so—=(r+[t)hhr*uy + N+ Tt PNt (s0 1) (r-+1¢])
o0 (r +[t])
= (so—1)(r +[t)h (—h ““un + mlmﬂsfl)(wltl) :

N so— 2
Therefore fin (s nr+ie) = Gy h™ v € Range(lid, o 1ygen) \

{0}, which is a contradiction because we know that piny(so—1)@r+t)) €

Cor(ég\z,zr(srl)(rﬂt')). Thus, we can conclude that W = h.

The following theorem provides a necessary and sufficient condition for

the existence of an algebraic inverse integrating factor.

Theorem 4.3.128. Consider the system x = X+ -+ then, it has an algebraic
wverse integrating factor if and only if it is orbitally equivalent to

X = Xh + /~LND0-

N+[t]

Moreover V.= (h + - - )7t

Proof.

The sufficient condition is proved in Proposition 4.3.126. Next we prove

the necessary condition.

A formal normal form for this system is of the form (4.3.8) and a reduced
normal form is given in (4.3.10). From Proposition 4.3.127 c), we know that
V = poa
min{j > N/u; # 0}, from the equality (4.3.20) and taking k = jo + |t|, we get

is an algebraic inverse integrating factor of (4.3.8). Consider j, =

Jo

L+ [t .
0 = Z ( q —(r+jo+ [t] — l)) Wit jotit)—1 M

I=N
Jo + [t
= (2 i) W
Jo— N
- q hlu’jo
and, as W,y = h and @% because j, > N and ¢ is a possitive racional
number, we obtain j;, = 0 which is a contradiction. |
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4.4 Applications.

4.4.1 Study of the integrability for a case of generalized
nilpotent systems with quasi-homogeneous first com-

ponent F, = (y? 2%)T.

Consider the following family,

( 33 ) _ ( 3/2 + a30333 + CL21362?J + a12xy2 + a03y3 > ’ (4.4'21)

Y bsox® + by 2y + broxy® + bogy®

Theorem 4.4.129. System (4.4.21) is analytically integrable if and only if it

15 verified one of the following conditions:

a) 3asp + bay = agy + bia = a12 + 3bp3 = 0

b) 3aso + by = az1 + bia = b3y(asoara + agsbso — asobos) — 3a3, = 6ai§g50 +

135a 3a 54a41a 2b
—2o%50 4 2dd1 4 2@23 + 50 __ 123:;350 =0

Proof.

Using a scaling in the state of variables, system (4.4.21) can be trans-
formed into a system of the form (3.4.30) with { = 1. From Theorem 3.4.96, a
formal normal form of system (4.4.21) can be expressed by (3.4.31) that, in the
particular case [ = 1, can be written in the form (4.2.6) with H = ———|—b30 €
33(3 Y and v = ozég)x + oz((n)a:y + oz((m)x y+ aoo)h - € @, Cor(¢;), where - --

stands for quasi-homogeneous terms of order higher than 12.

Necessary condition. If system (4.4.21) is analytically integrable, then

system (4.2.6) is formally integrable, therefore, from Theorem 4.2.108, v = 0,
: - o _ 1) _ @) _ (2 _

in particular oy = gy = agy = oy = 0.
(k)
ij
For system (4.4.21), the first coefficient oz(()g) is,

For the calculation of the values «;;’, we apply the algorithm given in |7].

b
ayy = — + % =0, if and only if 3asy + by =0
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Under this hypothesis, the next coefficient oc(()ll) is,

(1) _ 21+ bio

oy = 3 =0, if and only if as; + b2 =0

Following the same process, the next coefficient oz(%) is,

Oé(()12) = (a21630 + 3(1%0)((112 + 3b03) = 0,

« If a5 4 3bp3 = 0, then we are in the situation a)
< If ag1b30 + 3a2, = 0 and ayp + 3bpz # 0, the next coefficient a(()%) is,

CY(()%) = b;%,o(a?)oaw + aosbso — asobos) — 3a§0 =0

and from here we obtain the condition b).

Sufficient condition If condition a) is verified, then system (4.4.21) is a

Hamiltonian system and therefore it is analytically integrable.

If condition b) is verified we find an inverse integrating factor of the form

W = VA, with

b%o(alz -+ 3b03)

12 -+ 3[)03
Absg

V=1 + (bgol’ + aggy) and A =

for bi,a1a — 3a3, # 0. In the particular case bjja1a — 3a3, = 0, there exists

an integrating factor e, where V = %ﬁ’l’“’(aggoy — bspx). Since that, in
both cases, there exists an analytically inverse integrating factor W such that
W(0,0) = 1, then system (4.4.21) is C“-integrable. n

4.4.2 Study of the integrability for a case of generalized
nilpotent systems with quasi-homogeneous first com-

ponent F, = (y? 2%)T.

Consider the following family,

T - y2 + CL40£L‘4 —+ a31x3y -+ a22$2y2 + algxy3 + ag4y4
Y baox* + bs12%y + boox®y® + bizzy® + boay*

)(4.4.22)
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Theorem 4.4.130. System (4.4.22) is analytically integrable if and only if it

is verified one of the following conditions:

a) 4(140 + b31 = 3&31 + 2b22 = Q13 + 4b04 = 2&22 + 3b13 =0

b) 4as + bs1 = 3as; + 2by = bo4bio + 36110 + a40b13b?10 = aleio + 530(2@22 —
blg)a40 — 12@30 = a04b30 — bio(azg — 613)0130 + 9@20 = CL31b40 + 4@?10 = 0 and
2@22 + 3613 ?é 0

Proof. Using a scaling in the state of variables, system (4.4.22) can be
transformed into a system of the form (3.4.32) with [ = 1. From Theorem
3.4.97, a formal normal form of system (4.4.22) can be expressed by (3.4.33)

that, in the particular case [ = 1, can be written in the form (4.2.6), with

H — v 4_540% e 33% and v = a(()l)xy+a(()3)x +oz(()2)x y—l—a(o)w y+0zoo h+

alPzh+--- € @D, Cor({;).

Necessary condition. If system (4.4.22) is analytically integrable, then

system (4.2.6) is formally integrable, therefore from Theorem 4.2.108 v = 0,

in particular aé(i) = aé3) = a(()g) = a[(); = a(3) = a((]?i) = 0. Again for the

(k)
ij

(4.4.22), the first coefficient oz((n) is oz((ﬁ) = 4agy + b3 = 0.

calculation of the values «;;’, we apply the algorithm given in [7]. For system

Under this hypothesis, the next coefficient 046:13) is, 3agy + 2bgy = 0.

Again, under these hypotheses, the next coefficient a(()g) is byo(a13+4bos) +
CL40(2G22 + 3[)13) =0.

Following the same process, the next coefficient is a(()g), le. oy =

[640(36a31?10 + 3a§1b40 — 81)30[)04) — 040(8[)13()20 + 720&0)](26L22 + 3b13) =0.
« If 2a95 + 3b13 = 0, then we are in the situation a).

< If [bao(36az13g + 3a3,ba0 — 8b3gboa) — aao(8b13b3, + T2a3,)](2a92 + 3b13) = 0
and 2asge + 3b13 # 0, the next coefficient is a(()%), ie., a(()%) = byo(24agea3 b +
8agaaz by + 8az b3y + 240a3 a1 — 8az bisbi, — 24a%,bi3bag + 45a40a3,b40) = 0.
In these conditions, the next coefficient is aé?i) = az by + 4a%, = 0 and, from

here we obtain the condition b).

Sufficient condition If condition a) is verified system (3.4.32) is a Hamil-

tonian system and consequently, analytically integrable.
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If condition b) is verified it is possible to find an inverse integrating factor
of the form W = V4, with

2
V=1t 2%22/42;13 (buo® = aauy)” and A = bﬁiﬁiﬁﬁ 63ab£’1103>

for bijaz — 6al, # 0. In the particular case bjjaz — 6a3, = 0, there exists

an inverse integrating factor e, where V = %ﬁmm(bmw — aqy)?. Since

that, in both cases, there exist an analytically inverse integrating factor W

such that W (0,0) = 1, then system (4.4.21) is C¥-integrable. n

4.4.3 Study of the integrability for a case of generalized
nilpotent systems with quasi-homogeneous first com-

ponent F, = (y? 2°)T.

Consider the following family,

T - y2 + (1501‘5 + a41x4y + a32x3y2 + a23x2y3 + a14:1:y4 + (105y5
Y bsox® + bty 4 bsox®y? + bosa®y® + by + bosy” ’
(4.4.23)

Theorem 4.4.131. System (4.4.23) is analytically integrable if and only if it

is verified one of the following conditions

a) 5(150 + b41 = 2@41 —+ b32 = 6a50 (b23 —+ agg) + 4b14 + 2(123 = 2&14 + 10[)05 +

3basaqr 9“50b23 9a3yaz2 3a32a41 _
pacal + T T = a3y + by =0

b) 5aso+ba = 2a41+bz = 67&(5234—@32)4‘4514‘1‘2&23 = 2a14+10605+3bi5%+

9aZobas | 9aZ,as> | 3aspas _ — 6asaaso 135‘150 3a3, 54‘141‘150 2bazaso __
b2 + b2 + bso bso + + bso +2a;+ bso

18a2,a32 6asaa41 12a5ob23 27Oa50a41 405a50 45a41a00 dbszass
bgo + b50 + 4a]_4 + + + b50 — 0

©l=

Proof. Using the scaling in the state of variables u = (1’570)%:6, v=(%)oy

system (4.4.23) is transformed into
T _ Y2+ Asoz® + Apaty + Aspx®y® + Agsa®y® + Avxy' + Agsy®
Yy 22° + Bty + Bapr®y® + Bast®y® + Buxy® + Bosy’ ’
(4.4.24)
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8 7 2
where A5y = (%)5050, Ay = (%)56141, Azy = (%)5%2, Ay = (%)8&23,
4 1
A = (bfo)mm, Aoy = (%)ang,, By = (%)3541, Bsy, = (%)%bw, Bays =

Wl

(b50) baz, Bia = (b50)9b14, Bys = (%)%boa

Next, applying the change of variables x = u, y = u® — v, system (4.4.24)
is transformed into the form of system (3.4.42) with ¢ = —1 and 0 = 1. It
can be expressed in the form (4.2.6), with H = ——3 +2%y? — 2ty € iP (2 and
v = a(()%)m y+oz(()0)y —I—a( )a:y —l—a( ) 2 Y +a( )h+a(5)mh+a( ) 2h+a yh—l—

Necessary condition. If system (4.4.23) is analytically integrable, system

(4.2.6) is formally integrable. Therefore, from Theorem 4.2.108, v = 0, in

particular a(()o) = 048)) = 04(()1) = 04(()%) = a(()o) = 04(()51) = oz(()o) = Oz(%) = Oé(()l) = 04(()71) =

0. Analogously with the above cases, we use the algorithm described in [7|
for the calculation of the values a( For system (4.4.23), the first coefficient

a(()%) = 5A50 + By = 0, and the second one is oz(%) =
Under this hypothesis, the next coefficient is oz((fl) =2A4 + B3 = 0.

Again, under these hypotheses, the next two coefficients are 0460) = ché) =

Analogously the next coefficient is
Oééi) = 3A50(BQ3 + A32) + 4B14 + 21423 = O
Imposing this new condition, we obtain,

o 12 9 27 27 9
CV(()O) = _€A14 — 12Bys — 5323A41 — EA?,OB% — EAEZ)()ASQ — 5A32A41 = 0.

Again, under these hypotheses, the next three coefficient are,
7 6 7
Oéf)o) Ofél) 0‘(()1) = 0.

and, following with the process, the next coefficient is,

= (Asp+ Bo3) (24 A3 Aso+ 135 A5, + 12A3, + 16 Ags + 108 441 A2y — 8 Baz Asg).

At this point, we distinguish two cases,
. If A3y + Byz = 0 and we are in situation a).

« If A3 + By3 # 0 and considering

24 A3y Aso + 135A5, + 1243, + 16 A3 + 108441 AZ) — 8BazAsg = 0,
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we calculate the next coefficient,

ol = (Bay + Asy) (7242, Ags + 48 A5 At A8 A2 Bos + 64 A1 + 540A3, Ayt +
+ 405A2, + 180A3, Aso — 32Ba3 A1)

Imposing 7214%01432 + 48A32A41 4814%0323 + 64A14 + 54014%01441 + 40514?0 +
180 A3, Aso — 32Bg3 A4 = 0, we are in the situation b).

Sufficient condition. If condition a) is verified, then system (4.4.23) is a

Hamiltonian system and, consequently, analytically integrable.

If condition b) is verified, we find an inverse integrating factor of the
form W4 with W =1 — 15(Asz 4 Bas)(—24As0 A’y — 12A(2A4 + 3A3)) %y +
6A(2A41 + 3A§0)(L’y2 —I— 24A50AI4 —I— (—8323 — 8A32 —I— 27AA?0 + 18A50AA41 —I—
8A32A)Z’6 + (—27AA§0 - 18A50AA41 + 8323 — 8A32A—|— 8A32)y3 -+ (—54A50AA41 +
24323 — 811414%0 + 241432 — 24A32A)$4y + (24A32A — 24A32 + 541450141441 +
81AAZ, — 24Ba3)r%y? — 16 Ax® + 6A(2A4 + 3A2))x") /A%,
where A is a solution of the following second degree equation,

—64(A32 + 323)2 + 64(A32 + B23)2 A + (144A32A41A50 — 64A32323 +
216 A3 Agy + 324 A2, A2) — 144 Bog Ay Aso + 972A3) Ayr — 216 A3, Boz + 128 Ags +
729A8%,) A% = 0.

Therefore,

. If the above equation has only real solutions, then system (4.4.23) has a

real inverse integrating factor W such that W (0,0) = 1, then system (4.4.23)
is C¥-integrable.

. If the above equation has complex solutions, then the real and the
imaginary part of it are real inverse integrating factors such that do not vanish

at the origin. Therefore system (4.4.23) is C“-integrable. n
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4.4.4 Study of the existence of a formal inverse integrat-

ing factor for some families of generalized nilpotent

systems.
» FExample 1:
2 2 2 2 3
+ + +
% = Yy ox n a21T7Y T a127Y ap3y (4‘4‘25)
—20xy bso® 4 biazy® + bosy®

Theorem 4.4.132. System (4.4.25) has a formal inverse integrating factor if

and only if it is verified one of the following conditions:

CL) 19 + 3b03 = b12 + a9 = 0
b) 19 = b03 = bgo =0 and b12 + a9 7é 0.
C) a1z = bz = b3y — 0(512 - 2G21) =0 and b30(b12 + a21) 7£ 0.

d) 19 = bog = 0, b12 + 921 7& 0 and b30(b30 — O<b12 — 2@21)) 7£ 0

Moreover, in the cases b), ¢) and d), systems (4.4.25) are integrable and, in
the case a) systems (4.4.25) are non-integrable.

Proof.

Necessary condition: A formal normal form for system (4.4.25) is given in
(3.4.35) for I = 0 and a = 0. In this particular case, h = —3y® — o2’y € 3’:(,)1’1)
and p = 2]22 p; with p; € Cor(¢;). From Proposition 4.3.115 p; = 0 for
2 < j < 143s, for some s € N. Therefore, the coefficients oz(()%) and oz(()%) must be
null. So, by applying the algorithm given in |7], we obtain a(%) =3bp3+ai =0
and, imposing this conditions we obtain, oz(()%) = boz(b12+as1) = 0. At this point

we have two options:

1. b12 + ag = 0. We are in the situation a).

2. bp3 = 0 and byo + as; # 0. The next coefficient is aé%) = b3o(b12 +

as1)(2ag10 4 bgg — bizo) = 0. At this point we have again two options:

2.a) bsp = 0. In this case, we are in the situation b).
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4 Applications: Integrability and inverse integrating factor.

2.b) b3y = o(b12 — 2as1) # 0. In this case, we are in the situation c).

2.¢) bso(bso — o (b1a — 2a91)) # 0. In this case, we are in the situation d).

Sufficient condition: If condition a) is satisfied, then system (4.4.25) is a Hamil-
tonian system, therefore the Hamiltonian function kA and f(h), being f any

scalar function, are inverse integrating factors of system (4.4.25).

If condition b) is satisfied, then we obtain the following situations:

1. If b1 # 0, we find an inverse integrating factor W4 with W =1 — %y

2
and A = 2e2th)
12

2. If bjy = 0, we find an exponential inverse integrating factor eV with
W = a21+bl2y.

g

If condition c) is verified, we find a complex inverse integrating factor

WA, with W the following expression:

ag1 + b1z L 2a3; + asibip — bi, 2 (A= a3, + (A = 2)agbiz — b7,

W=1- Ao y 2A0 2A202 ’

and A is the solution of the second degree equation (—oags3bia + 20agzaz; +
a91b12) A% — (ag1 + biz) A + (as1 + b12)? = 0 with discriminant A = —(ag; +
b12)?[40 (2a21 + bia)ags — (a1 + b12)*] <0

As the field is real, both, the real and the imaginary part of the complex

inverse integrating factor of this field are also real inverse integrating factors.

If condition d) is verified system (4.4.25) is of the form,

: y? + oz? an Ty + agsy®
X = +
—201y b + biaxy?
which is a R,-reversible system. If we apply the change of variables z? =

29 (y 4+ v), y = v and the scaling in the time dT" = 2ozdt, the above system is

bso
transformed into

u v l;l—2u2 0
- + 4 +
v u Ly + wlﬂ 530%11}%
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The result follows by Theorem 4.3.120. ]

» Example 2.

Consider the following family,

T B y? + 2az%y + ozt n a5z’ + az1 2’y + a1y’
i —2axy? — doxdy beor® + buaty + booa?y® + bosy® |
(4.4.26)

Theorem 4.4.133. System (4.4.26) has a formal inverse integrating factor if

and only if it is verified one of the following conditions:

a) basp + by = 3azy + 2bye = @12 + 3bg3 = 0

b) —2@(5@50 + b41) + 0'(3@31 + 2622) = O'(CL12 —+ 3b03) — (5(150 + b41) = O'(—66L12 +
3b03) + (2(150—[)41) = a(—2a50—|—b41) +0'(2C(,31 —bgg) = 0 and 5a50—|—b41 7é 0

c) —2a(baso + ba1) + 0(3az; + 2bes) =0
o(aia + 3bos) — (basp + bs1) =0
3(—2a2 + boz)o* — ga(—2az + baz) + (a* — 0)(—2as0 + bs1) =0
—o(a® —60)C + 2(a® — 0)bgy = 0
2(a® — a)by; + 5aCo = 0
—4(a? — 0)*(5asy + ba1)? — 5aC(2a* — 30)(a® — 0)(5asy + bay) +

50C%(a% — 3a'c — 18a%0? + 2703) = 0 with basy + by # 0 and C =

a(2as50—b4a1)—0(2a31+b22)
— #0.

Moreover, in all cases system (4.4.26) is analitically integrable.

Proof. Using the conservative-dissipative decomposition system (4.4.26) can

be write in the form

@ B y? + 2ax’y + oz?
U —2azy® — 403y
+ XC703:7+051m5y+032m3y2+c13$y3 + (d40£(]4 + d21I2y + dOQyQ)DO

(4.4.27)

with
cro = (1/6)bgo , dao = (5/T)aso + (1/7)ba
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cs1=—(2/T)aso + (1/7)bar , dor = (3/7)as1 + (2/7)ba2
cso = —(2/T)agy + (1/7)bye , doz = (1/7)a12 + (3/7)bos
c13 = —(2/T)a1z + (1/7)bos
From Theorem 3.4.104, a formal normal form of system (4.4.26) is given in
(3.4.42) for the particular case | = 1, with h = —3y(y* + 3az’y 4 302*) €
P2 and p = alV2%y + o2 + alPzy? + o222 + alPh + aPah + - €
@j>3 Cor(¢;).

Necessary condition. From Proposition 4.3.115 p; = 0 for 3 < j < 3+46s,
(0) 1) (2) (3) (4) ) _ 0 B
00 Qo = Y. By

= Gy = Qop = Qg = Qg =
applying the algorithm given in [7] for the calculation of the values agf),
obtain for system (4.4.26), the first coefficients are aé%) = —2adyy + doyo and

04810) = dpoo — dyg. Taking dyy = ‘% and doy = #‘zo, the next coefficient 04821) is

04821) = dyo (3c130? — cacsy + (a® — o)cs1).

for some s € N. In particular «

we

Then, we obtain,

1. If dyy = 0, then we are in the situation a).

. 2 _ _
2. If 3cy30°—0acse+(a?—0)cs; = 0 and dyg # 0, taking ¢y = — 5 -s1=03270-10

the following coefficients are

Oé((]%) = d40(ac51 — 0320') (03051 — CgQO'CL2 -+ 14CLZC70 — 6CLC510' + 60’2632
—140070) =0
O[((;é) = d40((lC51 — ngO’) (a2051 — C320a + 14@070 - 100510' - 4d400’) =0

Focusing on aé%) we can distinguish the following cases:

2.a) If acs) — c3p0 = 0, then we are in the condition b).

2.b) If acs; — 320 # 0 and a3cs; — csp0a® + 14a’crg — 6acs o + 60230 —
14ocqg = 0 or equivalently (a? —60)(acs; — c320) +14(a® —0)crg = 0
(observe that, acs; — ¢330 # 0 therefore, in this case a? — o # 0
otherwise a? = ¢ and, consequently a? — 60 = —50 = 0 and this
implies that ¢ = 0 which is impossible).

(k)

At this point, to facilitate expression of the coefficients «a;;”, we

make a renaming of parameters as follows:

. a
aCy1 — C320 — —O'C, 1.€. C39 = C + —Cs1.
g
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(It should be noted that, from now on, C is nonzero, since otherwise
we have already previously studied).
With this change, the above coefficients 046:)6) and agé) are of the

form:

o) = —dyoC(—a2Co + 14a>cry + 6Co? — docr),

1 o(a?—60)C

and we take C0 = 14~ a2—g

ozgé) = dyp0C(acC — 14aczy + 10¢510 + 4dy0),

1 4dyo(a®—0)+5a0C

and we consider c¢5; = —15 -

Following the same procedure, under these hypotheses, the next

coeflicient is

al) = 50a5C? — 70a°Cdyy — 196d%,a* — 150a*C20 + 175d9a*Co
— 900a%0*C? + 392d3,a*0 — 105d490*aC — 196d5,0°
+ 1350C%0* =0,

and, from here, we obtain the condition c).

Sufficient condition: If condition a) is verified, system (3.4.40) is a Hamil-

tonian system and consequently, analytically integrable.

If condition b) is verified it is possible to find an inverse integrating factor

of the form W = V4, with

550 + b
V=142 and A= 20000
g as0

for asg # 0. In the particular case asg = 0, there exists an inverse integrating

factor €V, where V = @x.

If condition c) is verified it is possible to find an inverse integrating factor
of the form W = V4, with V and A having the following form,

Vo= 14z + anr® + any + azpz® + anzy + az’ + anr’y + agy?,
A = 15(5&50 + b41)(a2 — 0)
~ 5Ca(2a% — 30) + 8(a% — o) (5asy + bay)’

(we omit the expressions of «;; because these expressions are too long), under
the condition 5Ca(2a® — 30) + 8(a® — o) (5aso + ba1) # 0. In the particular case
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5Ca(2a* — 30) + 8(a* — o) (5asy + bs1) = 0 we find and exponential integrating

factor €', where V is of the form

5 (2a* —30)(2Ca’z? + 160a*r — 8a*Cy — 7TCoaz? — 1602z + 8Coy)aC

~ 128 (a? — 0)%0?

4.4.5 Study of the existence of an algebraic inverse in-
tegrating factor for some families of generalized

nilpotent systems.

In this subsection we obtain necessary conditions for the existance of an alge-

braic inverse integrating factor.

» Example 1

y? n azor® + anx®y + arery® + agsy®
o122y + biawy? + bosy®

) (4.4.28)

with asg, as1, a2, ags, b2, be; and byz real numbers. These systems consist in
e e L 3,4
a Hamiltonian system, whose Hamiltonian function is h = ix‘l — %y?’ € 77£2 ),

perturbed by cubic terms.

It has the following result,

Proposition 4.4.134. System (4.4.28) with 3asy + bay # 0 is not formally
integrable. Moreover, if it has an algebraic inverse integrating factor, then
13(ag1 +b12) + (3aso +ba1) (dasg —3ba1) = 0 and the algebraic inverse integrating
factor is equal to (4y* — 3y* + h.o.t.)'3/12,

Proof. The normal form for system (4.4.28) is given in (3.4.31) for l = 1. In
this particular case, the Hamiltonian function is h = ja* — 3y° € 733’4) and
= agr? + azry + apr’y + - € @5 Cor(¢;). From Proposition (4.3.128),
p; = 0 for all j. Therefore the coeficients of 1 must be zero. By appliying
the algorithm given in [7], we obtain that, the first coefficient ag = 3agg + b2y
and the following coefficient cr; = 13(ag; + b1a) + (3asg + ba1)(4dasg — 3bsy). At
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this point we can conlude that, if 3agp + be; # 0 then, from Theorem (4.2.108),

system (4.4.28) is a non-integrable system. In this case, from theorem (?7?), we

can conclude that, system (4.4.28) has an algebraic inverse integrating factor,

then must be verified that 13(ag; + b12) + (3aszp + ba1)(4azp — 3ba1) = 0 and this
1

algebraic inverse integrating factor is of the form (Zx4 — %y3 + h.o.t.)'3/12,

|
Moreover, we have studied this family in two cases described below.
A) Case azg =0, ap3 = 0. The family has the form,
(:tv y)T = <y2’ :L'g)T + (a21x2y + aleygv (4429)

bo1 2%y + brazy® + bo3yg)T-

with as1, a12, bia, be; and byz real numbers.

We obtain the following result,

Theorem 4.4.135. We assume that system (4.4.29) has an algebraic inverse
integrating factor. It has that:

a) If by # 0, then 13(ag + bia) = 3b%,, (non-integrable case),

b) If byy = 0, then system (4.4.29) has a formal inverse integrating factor

(integrable case).

Moreover, in such a case, system (4.4.29) is one of the following systems

1. by = a9y + bz = aga + 3bps = 0, (Hamiltonian case).

2. ag; = agz = byy = bya = 0,a12 + 3bps # 0, (non-Hamiltonian case).

Proof. The proof of item a) is followed from Proposition (4.4.134). To
prove item b) we assume that by = 0 (i.e., ag = 0). If as; + b2 # 0 (ie.,
ay # 0), it is easy to check that ayg, a2, ag5 and ayg are not zero simultaneouly.
Therefore, by Theorem (4.3.128), system (4.4.28) does not have an algebraic

inverse integrating factor. Otherwise, as; + bjs = 0 (i.e., ag = a7 = 0), then
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the following coefficient aqq is a9 = (3b12 — 4as;) (a2 + 3be3). If it is not zero,

the following coefficients under the cancellation of the above ones are

(a12 + 3bo3)(98ags + (3b1a — 4ag)?),

(3b19 — 4agy)?(ars + 3bo3)(5bos — 4ais),

arg = (3b1a — 4ag)(ars + 3bp3)((289/1372)(3byy — 4ag;)® + (11/25)(arz + 3be3)?),
( )2(ara + 3bos)®.

Q19 =

Q15 =

Q18 =

Thus, ;s is different from zero and therefore system (4.4.28) does not have
an algebraic inverse integrating factor.

Otherwise, (3b12 — 4as;)(a12 + 3boz) = 0 (i.e., g = a7 = ajg = 0). If ayp +
3bos = 0, system (4.4.28) is a Hamiltonian system whose Hamiltonian is a
polynomial inverse integrating factor and a first integral. So, the system is
formally integrable and it has a formal inverse integrating factor. In this case

we are in the situaction b) 1.

If a5 + 3bp3 # 0 and 3b1s — 4as; = 0, it has that

ajps = (a2 + 3bos)aos,
a1 = ags(aa + 3bp3)(11bo3 — 8aqz),

a1 = (133(&124-3[)03).

If aps # 0, then ayy and «y¢ are different from zero. So, the existence of an
algebraic inverse integrating factor arrives to ag3 = 0. (We are in the situation
b) 2.). It is easy to check that

V = 1+ (a12+ 3bo3)z + (3/2)bos(a12 + 3bo3) 2>
—(1/2)bo3(aiz — 3bos)(aiz + 3be3)x®
+(1/2)a12bo3(—3bo3 + 2a12)(aiz — 3bos)x?
—(1/2)bo3(—boz + a12)(arz — 3bo3)(—3bos + 2a12)y>
—(1/2)bo3(—boz + a12)(arz — 3bo3)(—3bos + 2a12)arzy?,

is a polynomial inverse integrating factor for family b) 2. with V(0,0) = 1.

o H= —/P/V dy+/ (Q/V+ %/P/V dy) d
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is a formal first integral defined in a neighborhood of the origin. Therefore,

the system is formally integrable. [ ]

B) Case asop 7é 07 91 = A12 = Qo3 = b12 = 0. The famlly has the fOI'IYl7

2 3
=" ]+ a0t (4.4.30)
3 bor 2y + bosy®

with agy # 0. It has the following result.

Theorem 4.4.136. System (4.4.30), with azy # 0, has an algebraic inverse

integrating factor if, and only if, it satisfies one of the following conditions:

1. 3agp + ba1 = bos = 0, (Hamiltonian system)

2. 3by1 — 4azp = 0 and byz = 0, (non-integrable system).
Moreover, in this case, an algebraic inverse integrating factor is V. =
(4y® — 324)13/12,

Proof. We assume that system (4.4.30) with a3y # 0, has an algebraic inverse
integrating factor. The first coefficient of the quasi-homogeneous normal form

of (4.4.30), is ag = 3agp + ba1. Therefore, there is two options,

e If 3asg + by = 0, then ag and oy are zero and a9 = agobgg. This arrives

to bps = 0, i.e., it is a Hamiltonian system.

o If 3asy+ byy # 0, it arrives to 4azy — 3be; = 0. In such case, the following
coefficient of the normal form is ajg = a3ybos. So, boz = 0. It is easy to
check that V = (43 — 32)'3/12 is an algebraic inverse integrating factor

of the system.
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CHAPTER 5

Quasi-homogeneous tridimensional normal

forms.

5.1 Introduction

In the context of dynamical systems modeled by systems of nonlinear differ-
ential equations, the theory of normal forms focuses on the identification the
simplest expressions. This theory is a basic tool for the study of various prob-
lems in differential equations, such as: study of bifurcations, stability analysis,
among others. The main idea of this theory is the use of near-identity changes
of variables to eliminate non-essential terms, from the dynamic point of view,
in the analytical expression of the vector field. In this memory, we have gener-
alized these ideas using quasi-homogeneous vector fields and we have used this
generalization for calculating, to infinite order, a normal form of some planar
vectors fields. In this chapter, we apply the quasi-homogenous normal forms
to tridimensional vector fields. In the first part of this chapter we develop the
theory of normal forms for vector field with the form x = (X, f(z,y))¥ +---

being x = (x,y, 2)7 i.e., we consider systems,

x=Y F, (5.1.1)
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5 Quasi-homogeneous tridimensional normal forms.

being F, a quasi-homogeneous vector field in R?, F,. is independent on z and
div(F,) = 0. We present two results where the normal form of these vec-
tors fields is described under C*°-conjugation (Theorem 5.3.140 ) and C*-
equivalence (Theorem 5.3.141), respectively. This theory is applicable to a
wide class of systems, one of these systems is a particular case of triple-zero

singularity with geometric multiplicity equals to two, namely,

(Y
x=F,+---, whereF, = z? ,

213 — 3y?
or the Hopf-Zero singularity, described by the following system,

-y
x=F,+---, whereF, =F,= x
:C2+y2

The first works published about this last singularity, were obtained by
Ushiki [82]. Later Algaba et al. |2] described the hypernormal form of vector
fields having a Hopf-zero singularity. More recently Chen et al. [33,34], Gazor
et al. [53] and Gazor & Mokhtari [52| provide different normal forms of Hopf-
zero singularity. In the cited works of Chen et al. [33,34], a normal form of the
Hopf-Zero singularity is considered. Moreover, they give the unique normal
forms, under conjugancy and orbital equivalence for this singularity. In others
words, they describe the unique normal form for system (5.1.1) considering

Fo = (y,—z,0)T and t = (1,1,1), more specifically, vector fields of the form,

Y b x
z
X=|—-x| + 0 Y + Z F,.
0 2%+ (22 + y?) k23
In this case, they obtain, under C*°-equivalence, the following normal form,

Y x x x
boz bih Z b A

0 22 4 (1.2 + y2) a123 m>2 amhm
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This normal form is not correct since, for m > 1, it has,

-y th,1 z hm z
x ) Yy - Yy )
22 4+ ¢ L2pm—1 0
—y 0 \] 0
T , 0 = 0
2%+ 92 zhm= 1) | —pm™
pm [
Therefore, Y € Im(Lyy,) and | 0 | € Im(Lopm-1))-
0 h™

Gazor & Mokhtari [52], compute the simplest normal form for free diver-

gence systems with Hopf-Zero singularity, i.e., systems with the form,

z _ [+ 1a§€hk—12z (l’) Z Z prpnm M (‘?J)
g k>0 —1<I<k n>0 0<m<n X :
; PO IN

gl
k>0 —1<I<k
where al, b € R, being ay’ # 0, a) = 0 and b) = 1.

k—1+41

They obtain, under equivalence, the following normal form,
1 oo (k+p+1l)a
yg(z) F Bgraba — 2Pa o0 e
9] k Da
—z g(z) F Bptary — 2y o, e ok
(02 + ) & 7 P gyt

This normal form is equal to one obtained by us in Theorem 5.4.145, no more

s
g | =
z
than impose divergence equal to zero. More specifically, the condition of free
divergence for system (5.4.10) is given by the expression 2¢;(2) + g4(z) = 0.
Imposing this condition, we obtain the system,

= (k4 1Da
—yg(z) — Z—( 2) SRRk

k=1

= 1
zg(z) — Z%;}vy 7

k=1

N LB

(22 +y?) + Zoakﬂzk“
k=1

and considering p = min{k € N/a; # 0} and making a scaling, we obtain the

above normal form.
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5 Quasi-homogeneous tridimensional normal forms.

5.2 Preliminaries and some key lemmas

Our aim is to calculate the normal form, under equivalence, for system (5.1.1).

More specifically, we consider

%X =F(x) :=F,(z,y) + F,4(x) + -+, being F, = <§h> . (5.2.2)

where x = (z,y, 2), is the lowest degree quasi-homogeneous term respect the
type t = (t1,t2,13), X, € QF, h € Pt and f € Pt .

+i|
Remark: We denote by t = (t1,%, -+ ,t,) the type of a vector field F =
(F1, Fy, -+, F,) with degree equal to k, i.e., with F}; € Tzﬂ. In this chapter we

will work with two and three-dimensional vector fields so we need to distinguish
their types. In what follows, we denote by t = (t1,t,) the type of a two-
dimensional quasi-homogeneous vector field and by t = (t1, to,t3) the type of

a three-dimensional quasi-homogeneous vector field.

Next, we present a decomposition similar to (3.2.74), for this purpose we

define a similar set to which was defined in (3.2.3),

h:P}:c—r = {h({]ﬁ, y>ﬁ)/('13 y7 Z) € :P};_Hﬂ : ’7 € ipz—r}7

t

and denote by A, +}¢| @ complementary subspace, of hP¢_ in iPk e

Now we define the following subspaces,

X, _ Og(z,y,2)
o Ct = 0] € QL /g€ Dyygps 9(0,0,2) =05, where Xy = |, % .

ox

pDo
0

eQz/ueiPz}.

0

0
o {(earen
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5.2 Preliminaries and some key lemmas

The following proposition is a generalization of the decomposition given

in Proposition 3.2.73 for three-dimensional vector fields.
- : Xn\ i
Proposition 5.2.137. Consider ¥, = ——] with h € P \ {0}. Then
f r+|t|
Q=CioDieFab;

Proof. We first show that Qf = Cf + D} + F} + Gi. Obviously C; + D}, +
Fi+ Gy C Q.

To prove the converse inclusion, let us to consider Fy € Q. We can

Gy 0
Fk = + )
0 Sk+t3

where Gy, depends on the variables x, y, z and can be expressed in the form,

write it as follows,

Gy = Zziak,itg(:c, Y).
i=0

where s = L%J and Gj_y, € Q};_m. Using Propositon 3.2.74, we can write,

S S

G, = Zziék—itg (z,y) = Zzi (ng_it3+‘£‘(a:,y) + Hi—its (%, Y)Do + Memr—ity (2, y)Xh) )

=0 1=0

PTOyAkfit:;#»\ﬂ (DoAG—it;) div(Gr—ity)—VAb—r—ity Xn

k—its+[| 0 Hh—its = k—its+||
Proj, ot ~ (DoAGg—itg)

)\ . — k7r71t3A

k—r—its (T+‘t|)h

and

where gy 118 =

Therefore
Gk = Xg + NDO + )\Xh,

S S S
_ { . — i ) — i )
where g = E 2 it i) A= E 2'Np—r—its and g = E 2 o—its -
1=0 i=0

i=0

Finally only remains to prove the uniqueness. It is clear that, Cf N G =
{0}, DENGE = {0} and Ff NGE = {0}. Therefore, to complete the proof, we
indicate that,

e DiNFf ={0}. It is a consequence of the planar decomposition given in
Proposition 3.2.73.
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5 Quasi-homogeneous tridimensional normal forms.

e (D} + Ff)NC; = {0}. Anagously to above item, it is a consequence of

the planar decomposition given in Proposition 3.2.73.

Remark 17. A consequence of this proposition is that, for any P, € QF, there
exist unique polynomials g € ?k+lt\ pePNe P
that,

and ¢ € Py, such

-T

() (2)-(3)-(2)

The following lemma will be use, later, to simplify the matrix expression

of the homological operator.

Lemma 5.2.138. [t holds the following properties:

1. If g € Ay, with g(0,0,z) =0, then

X X D AX 0
R = ) P ) e
0 0 0 0 VX,

where § = Proju o <V(x,y)g - Xy, + rﬁu:”t‘fdz) )

Vf- X[T VX)),

n= r+k+\t|(

N k
A= Grabroine (Vewg - Xh+r+:|+t|‘t|f 2)-

o [ (Do) 5| _ (Ve FIDo\ (X | ( \
o) 0 0} \(r+t3 f)
[ /A\X | A-F,)X 0

3. | =) R, | = (VA-F)Xn ) | \

'\ 0 ] 0 )\'Vf'Xh}
(0 0
4= = =]
\¢ V¢ - F,
Proof.
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5.2 Preliminaries and some key lemmas

€)= - 16)- G2l

Therefore, we have obtained the following,

7R e MRS

From Lemma 3.2.72, we can write,

[XgaXh] +f -X% = ng'xh+ k+t] f% + ’I‘-‘rk—Htl (Vf Xag> D .

rHkFt]

Then consequently,
Xy JF.| = (ng‘xh+ri;rftfé<;g + +k+|t‘ (Vf Xag> D \+ L ]
0 \ 0 )\ x,
Let consider that,

Vg-Xn+ kt[E| f% + r+l<;+|t\ <vf Xag) Dy = Xg + [LDO + AX},.

r+k+|t] ) O

e By one hand,

DO /\ (ng'xh+ k4t f% + 7"+k+|t‘ <Vf Xag) D > =

TR

= (rk+ [E) (Vg Xn+ 879

By other hand,

Dy A (Xg + jiDg + XX,L> = (r+k+t)g+ (r+|thIn
From the previous two equalities it follows,

~ . k
= PI‘OJAT+I€+‘£‘ (Vg Xh + +‘t| 69) and

rHk+t]

. kil 0
A= mrProves (Vewd  Xn + e f50):

e Following a similar process that in the above item,

le( Vg X+ k+|E] f Z + 7‘+k+‘t| <Vf X8g> D()) = VfX%

rHkFt]

div (Xg + iDy +>\Xh> — (r 4+ k+ [{)i+ VA- X,
<Vf Xy — VX-Xh>.

In consequence, i = —? +| i
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5 Quasi-homogeneous tridimensional normal forms.

() o) 62 ()
0 f(z,y) f(z,y) 0

Dy Xn X+ 21X0\  (DiayyXn - AX0)

- 0 \ v/ax, )
(DX X + 25X,
VIAX,
_ (VA-Xh)Xh+%th\+/ 0 )
0 ) \Vf-ax,)

(V)\-FT)Xh\jL/ 0 )
0 ) \Vfax,)

|
T~ T~ T~ T~ U

S O

B A N W S

\v(wvy)C-XhﬁL%ﬂLy)/ B \Vg ' FT/ .
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5.3 Normal Form under C*-equivalence.

5.3 Normal Form under C*-equivalence.

In this section, we will describe the homological operator, under equivalence.
£r+k : QZ X Cor(ék) — Q:_‘_k,

where L, (P, vx) = [Pr, F.] — v - F..

Using, Proposition 5.2.137, this operator can be written in the form,

C;EBD;EB.F}:@Q; XCOI‘(&C) HC:+k@D:+k@qu+k@gﬁ+k7

X D 0 X
Lotk B [ Walh | = 9 F,
0 0 0 S 0
D
(lu 0) 7F7’ >\Xh <0> 7Fr — Vi 'Fr-
0 S

0
. . l/th
Taking into account Lemma 5.2.138 and that v - F, = 0 +

£r+k

where

X}

_|_

+ B O

0
(), we obtain the following matricial structure for the homological op-
Vg *

erator, under equivalence,

X

<Og> " 0 0 I
(Do) | ((Vi-F,)Do) . } 1

0 0 r+k
(X ruXp (VA F)X | (X 0 -

0 0 \ 0 / 0 r+k
o Vo Y e AT ) oY
vr%) | o) | o) | o) (eow) | &
Xg> eCl (nDo> e D! ()\Xh) € Fi | ve Cor(l) <O> cgt

0 0 0 c

where

215




5 Quasi-homogeneous tridimensional normal forms.

Lo inal {2
° = PI“OJATMer (Vg - X+ r+k+t] B_Z)

N k+|t| 0
[ ] )\— (7’+‘t| PrOJh[Pt(V(xyg Xh"‘ T+k+‘t| g)

o 7= (V- Xas — VAXy),

Now we define the new operator,

gk,A : ?Z?TH?Z
a,uk—r
0z

Mgy — v(m,y),ukfr . Xh + A- f . (533)

Remark 18. Observe that i 4 is the Lie derivative respect to the field

0
F, + ((Al)f) . Therefore, taking A = 1, we get the operator {y, defined in

Taking into account this new operator we can show the following expres-

sion for the matrix of the homological operator,

X -
( 09) 0 0 0 0 Ct.,

| m) ( (6ri(11))Do | . 0 N

0 0 r+k
(X, X | (GO | (X e

0 0 0 r+k

)
RN ARy Py

Ty
X D AX 0
09>EC,§ (7700)6192 <0h>ef7€ v € Cor () ()eg,‘;
C

with

= PT yAT_‘_k_HH(€T+k+|£|7’r+k7€>7f|‘tl(g>>‘

o )

el oYy (G gy ena(9)):

VTR
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5.3 Normal Form under C*-equivalence.

o 7= (V- Xas — VAXy).

From the structure of the above matrix is deduced the following propo-
sition.

Xy
Proposition 5.3.139. Consider F, = T being h € Pt and f € iP,,thg

r+|t|
Then, a complementary space of the range of the homological operator L,y

described above 1s,

OOT(ET_’_]C) _ /XCor(€r+k,A0)ﬂA7,+k+|E|\ @ /COT(EH_k) 'DO\ - / 0 \

\ 0 / \ 0 / \COT(€r+k+t3 )/ ’

k+|t|
k-t

where Ay =

The following theorems provide a formal normal form, under C*°-conjugation
and C*™-equivalence, for system (5.2.2). In the case of C*°-conjugation, it is
enough to consider, in the above matrix, v € Cor(¢y) identically equal to zero,

ie., v, =0.

Theorem 5.3.140. A formal normal form under C*>-conjugation for system

(5.2.2) is,
- )02

with g; € Cor(l,jyii.40) N Drpjifipy Hi € Cor(lyj), Aj € Cor(l;) and ¢; €
Cor(lryjits)-

GF+Z

Theorem 5.3.141. A formal normal form under C*-equivalence for system

R |

G=F, +)_

7j>1

with g; € Cor(l, i, 40) N Drijpiis 1y € Cor(lryj) and g € Cor(lryjyy)-
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5 Quasi-homogeneous tridimensional normal forms.

5.3.1 The operator /¢, 4

Since the co-range of the homological operator depends on the co-range of the

operator /,.j 4, in this section, we will study this linear operator for A # 0.

We denote by ¢, the Lie derivative respect to the principal part of the
vector field (5.2.2), F,.. In the same way, we will denote (), as the Lie derivative

operator associated to the planar vector field Xj,.

Considering g € Pt, this polynomial can be expressed in the form,

Lk/ts]

9= 2 pri,(z,y) (5.3.4)

i=0
and decomposing k = kyt3 + ko, with 0 < ky < t3, we obtain,

k1

k1
g = Z 2" - DPrk—its (.T, y) = Z AR p(k1*i)t3+k2 (.CE, y)
=0

=0

Denoting E; a complementary subspace of Ker(ér+k) in in;, ie., Tz =FE, P
Ker(/, ). Supporting us in this decomposition of Pt, we can define the sub-

space z' - By_iy, = E; and 27 - Ker(ék_itg) = K;, therefore,

k’l k‘l
@ 2z :Pk ity — @ Zi (Ek’—itg D Ker(€r+k_it3)) = El D Kl (535)
1=0 1=0

Hence, any py € Ti, can be expressed in the form,

pr(z,y) = i (2, y) + p2 (x, y)

being pl(:) € Ex and pl(f) € Ker(ér+k). Therefore, g may be decomposed as

follows,
k1 k1
2
g = Z 2" p(k1 1) t3+k2 x y Z [p(kl —i)tg+ka (‘T y) + pgk)l_i)t3+k2 ((L’, y)]
=0 =
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5.3 Normal Form under C*-equivalence.

If we apply to the polynomial g, the linear operator, ¢, 4, we obtain,

0
gr-‘rk‘,A(g) - V(aﬁ,y)g : Xh + _(g) -A- f

0z
k1
Viey) (Z 2 [péki s ke (T2 Y) +pEk)1 st (T y)}) - X
0 & l_é
+ 5 (_Z 2 [Pty (5 8) + Pty y)}) A f
i=0 -
- klv(xy ( (z,9) Xh+z [ xyp(kl z)t3+k2(x y) - X
k1
+ (i+1)-2 A 'pgi)l—i—l)tg,—&-kg (1’71/)} + ZZ AT AL pﬁ)l iytks (T3 Y)-
=0

Ordering the above expression in powers of z, we obtain the following

matrix expression for the operator linear ¢, 4

0 0 0 0 0
P (k1+1)t3
0 0 0 0
dk;l 0 0 0 te (Pz—i—r kits
dk1—1 0 0 0 {‘Pz:—i-r (k1—1)t3
d; 0 0 2opt (ky—2)t5
0 do 20 {‘Pr—l—k
Ekl Ek1—1 D Kkl B oK | Bgo K,
being,

dy, = 2 ~Vp(1)(a: y) - Xp.

dgy—1 = 2M71 [th3+k2($ y) - Xp+k-A-f -p,(i)(x,y)] :

. 2
d =z [V(my )—i)t3+k2 (.T},y) ' Xh + (Z + 1) A f : pgk)l—i—l)tg,—i-kz ('T?y)]
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5 Quasi-homogeneous tridimensional normal forms.

Therefore, from the structure of the above matrix, we can conclude:

Theorem 5.3.142. A complementary subspace to the range of the operator

Uiy 4, 15 given by,
k1
Cor(lyyp.n) = zk1+1ﬂ>f,+k_(k1+1)t3 @® 2 Cor(lyip,) & Z 2 Vit heits
i=0
being V,yy, a complementary subspace of Vi, = Range(ly1,) EBspan{fﬁ]:%\tﬁg\}
if k—ts is a multiple of r+|t|, or Vi = Range(l,,) if k—ts is not a multiple
of r + |t].

Next theorem gives a complementary subspace to the range of the opera-
tor {4k 4 in the case f = 0. More specifically, if we consider f =0 in (5.2.2),

the system under study will take the following form,

% = (ﬁh) T (5.3.6)

~ ~

Observe that, in this case V, . = Range({,.x) and consequetly, V,,x =

~

Cor(ly1x,). The following theorem provides a co-range of the operator ¢, 4

in this case.

Theorem 5.3.143. A complementary subspace to the range of the operator
lryk.a, in the case f =0, is given by,

k1
Cor(lrir,a) = Zk1+1?:+k—(k1+1)t3 D Z 2" Cor (b kits)-
=0

Remarks:

~

1. Notice that is possible to choose f, such that f € Cor(l, )

Kty
2. We want to clarify that the subspace span{f-h +#} has dimension 0 or

~

1. In the case that this dimension is 0, V,,x = Cor({, ).

3. Observe that the elements in Ky belong to Ker(¢)) are not used in the

matrix.

4. Although the linear operator ¢,,j 4 depends on A, the complementary
subspace Cor(l, 41 4), of the above theorem does not depend on A, for
A # 0. Hence, in the applications we can skip it. In others words, we

can substitute Cor (€, 44 4) by Cor(¢, 1)
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5.4 Normal Form for a Hopf-Zero singularity

In this section we calculate a normal form for a Hopf-zero singularity. Consider

the system,
-y
x=F)= T € Q5. (5.4.7)
2?2 + y?

respect to the type t = (1,1,2) (consequently, t = (1,1) and r = 0).
In [16] is shown that Cor(f;), can be expressed in the form,

< hz > if kis even,

5.4.8
{0} if k is odd. ( )

Cor(ly) = {
Using (5.4.8) and Theorem 5.3.142, we calculate Cor(¢)). For it, we use
the decomposition of k£ showed in the subsection 5.3.1, i.e., k = 2k; + ko, with

o If ky = 0 then k = 2k;, k; € N. Then jf;fg' =k —1 and Vi, is a
complementary subspace of Vo, = Range({a;, ) < h* >. Taking into

account (5.4.8), we can conclude that Vi, = {0}.

Therefore,

k1—1

Cor(loy,) = 2Pt @ 2 Cor(ly) @ szf/g(kl,j) = (M),
=0

o If ky = 1 then k = 2k; + 1, k; € NU {0} and =& = 2=l 1Ip this

case %k1+1 is a complementary subspace of Vo, 41 T:ﬂRange(Q@klﬂ) ie.,
‘72k1+1 = {0}
Therefore,
ki—1
Cor(log, +1) = 2P @ 251 Cor(4y) @ szf/g(kl,j)ﬂ) = {0}.
§=0

From Theorems 5.3.140 and 5.3.141 and the expressions of the above co-ranges,
we give a normal form, under conjugation and equivalence, respectively, for

Hopf-Zero singularity. We collect these results in the following two theorems:
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5 Quasi-homogeneous tridimensional normal forms.

Theorem 5.4.144. A normal form for system (5.4.7), under conjugation, is
given by

-y
X = x + (91(2)13; ﬂ(L;)Jz(Z)Xh> 7 (5.4.9)
x2 + y? ?

being g1(z Zalz g2(z Zb 2* and g3(z ch

i>1 1>2 i>1

Theorem 5.4.145. A normal form for system (5.4.7), under equivalence, is

given by
-y
D
=1 2+ |+ <91<Z() : °> , (5.4.10)
z
22 1 42 92
where gy(z Z%Z and gs(z Zb 2t
i>1 1>2

5.5 Normal form for a triple-zero singularity.

Next we compute a normal form for a triple-zero singularity. Let consider the

system,
Y
x=F, = 2 € Qf, (5.5.11)
§(22% — 3y?)
respect to the type t = (2,3,5) (consequently, t = (2,3) and r = 1).

From Chapter 3, in the proof of Theorem 3.4.94, considering [ = 1, it is
possible to obtain that,

{0} it je{l,3,4,5},
Cor(fy) ={ (k) if j=0,
(xhi) if j=2
where k =614+ j with i € NU{0} and 0 < j < 6.

222



5.5 Normal form for a triple-zero singularity.

Using (5.4.8) and Theorem 5.3.142, we calculate Cor(f,,x). For this
task we decompose k in the form k = 5(6ky + ko) + k3, where 0 < ko < 6 and
0<ks<h.

The expression of the Cor(¢,,) in this particular case is of the form,

6 k1+ko—1

Cor(byyy) = 2MTRFIPE | @ 250 FR2Cor(ly44,) & Z 2" V(6 by +hy—i) ka1
1=0
(5.5.12)

being V6 ky+ks—i)+ks+1 @ complementary subspace of Vi gy 4ky—i)+ks+1 Where

V5(6 ky+ko—i)+ks+1 15 the following subspace of ng(6 etk —i)+h 41"

5(6 k1 +ko—i)+k3—5 >
6

{ Cot(Cs(s by +hg—i)thar1) @ <h it 5(6 k) + ko — i) + ks — 5= 6,

Cor(Cs(6 ky+ky—i)+ks+1) Otherwise.

Next we calculate Cor(¢, ) for the differents values of ko and kj.

1. Case k3 = 0. In this case k = 5(6k; + ko).
The expression (5.5.12) is of the form,

6 k1+ko—1 R
Cor(Ciysem+hn) = O 2 Vahtha—ii- (5.5.13)
i=0
By taking ¢ = 6m +n with 0 < n < 6 and m € N U {0}. The above

expression can be written of the form,

ki—1 5

COT<€1+5(6k1+k2)) = Z Z 2ot ‘75(6 k1+ka—6m—n)+1

m=0 n=0
ko—1

6k1+nY,
+ E 27TV (6 ky ko — 6k —n)+1

n=0
ki—1 5

- Z Z 2 ‘75(6(k1—m)+k2—n)+1

m=0 n=0
ko—1

+ Z 26k1+n‘~/5(k27n)+1-
n=0

(5.5.14)

223



5 Quasi-homogeneous tridimensional normal forms.

1. a) Case ky = 0. In this subcase we obtain that,

ki—1 5

Cor(brysery) = 3 > 2" " Vagg—my—ny41-  (5.5.15)

m=0 n=0
At this point, we distinguish two cases:

e If n = 5 then %(G(kl_m)_g))ﬂ is a complementary subspace of
Vs(6(k1—m)—5)+1 = Range(é6[5(kl_m)_4]) P <h5(k1*m)*4>. Taking into
account that Cor({s(r, —my—1) = (R*F1=™=1) we can conclude that
Vs (6(kn—m)—5)+1 = {0}

e If n # 5 then V},(G ki—m)—n)+1 15 a complementary subspace of
V5 (6(k1—m)—n Range(& 6(kr —m)—n)+1)- ThereforeVg, 6(k1—m)—n)+1 =
Cor(£5 6(k1—m) _n)+1) and it is easy to prove that all co-ranges are
nulls, except for n = 1, for this case Cor(€6[5 fn—m)—1)42) = (x RPEI=M=1)

Therefore, in this subcase ks = 0, we obtain that

k1—1

COI‘ €1+30k1 @ <2,6m+1 h5(k1 m) >

1. b) Case ko = 1. In this subcase we obtain that

ki—1 5

Cor(li45(6k+1)) M VAR Z Z 2o V5 6(k1—m)+1—n)

m=0 n=0

(5.5.16)

Observe that Vg = {0}. About 175(6(k1_m)+1_n)+1 we distinguish two
cases:

e [f n = 0 then V5 6(ki—m)+1)+1 1S a complementary subspace of
Va(6(k1—m)+1)41 = Range(€6[5(k1_m)+1] D <h5 (k1— ~m¥1) . Taking into
account that Cor(€6 5(k1—m)+1]) = (A°*17™H1) we can conclude that
V5 6(ki—m)+1)+1 = 10}

o If n # 0 then V5 6(ki—m)+1—n)+1 1S a complementary subspace of
Vo(6(k1—m)+1-n)+1 = Range(& 6(k1—m)+1-n)+1)- Lherefore, we can af-
firm that %(G(kl_m)+1_n)+1 = Cor(€5(6(;ﬁ_m)+1_n)+1) and it is easy
to prove that all co-ranges are nulls, except for n = 2, for this case
Cor(lfﬁw(kl,m),uw) = (z potki=m) =1y,

Therefore, in this subcase ko = 1, we obtain that
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5.5 Normal form for a triple-zero singularity.

c)

1. d)

k1—1

COI’ €6+30k1 @ <26m+2x h5(k1 m) > )

Case ky = 2. In this subcase we obtain that,

ki—1 5

Cor(bisserr) = D > 2"" " V(o —my+2—m+1

m=0 n=0

1
+ Z ZSkutn Vs2—n)+1-
n=0

(5.5.17)

Observe that \75(2_,1)“ = {0} forn € {0,1}. About \75(6(k1_m)+2_n)+1,
we distinguish two cases:

e If n = 1 then V}) 6(ki—m)+1)+1 1S a complementary subspace of
Va(6(k1—m)+1)+1 = Range(ﬁG[g,(kl,m)H]) &) <h5(k1_m)+1>. Taking into
account that Cor (£ (r, —my+1]) = (RF=™+1) 'we can conclude that
Vao(k1—my+1)+1 = {0}

o If n # 1 then 1/'5(6(k1_m)+2_n)+1 is a complementary subspace of

Vs(6(ki—m)+2-n)+1 = Range(éB(G(kl—m)—m—n)—&—l>‘ Thus Va(e(k—m)+2-n)+1 =
Cor(€5 6(k1—m)+2-n)+1) and it is easy to prove that all co-ranges

are nulls, except for n = 3, for this case Cor(l%[g,(kl,m),l]ﬂ) =
<:c h5(k1—m)—1>_

Therefore, in this subcase ks = 2, we get

k1—1

Cor(£114308,) = GB <26m+3x poki=m) .

Case ky = 3. In this subcase we obtain that,

ki—1 5

COT(£1+5(6I¢1+3)) = Z Z Zomn ‘75(6(k1—m)+3—n)+1

m=0 n=0

2
+ 3 s (5.5.18)

Observe that ‘75(3_n)+1 ={0}ifn € {0,1,2}. About ‘75(6(k1—m)+3—n)+17

we distinguish two cases:
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5 Quasi-homogeneous tridimensional normal forms.

L. e)

e If n = 2 then V5 6(ki—m)+1)+1 1S a complementary subspace of
Va(6(k1—m)+1)41 = Range(€6[5(k1_m)+1] D <h5 (k1— ~m¥1) - Taking into
account that Cor(&; 5(k1—m)+1]) = (A°*17™F1) we can conclude that
Vao(kr—my+1)+1 = {0}

o If n # 2 then V}) 6(ki—m)+3—n)+1 1S a complementary subspace of
Vs6(ki—m)+3—n)+1 = Range(& 6(k1 —m)+3—ny+1)- Hence Vi —m)+3-n)11 =
Cor(€5(6(k1_m)+3_n)+1) and it is easy to prove that all co-ranges
are nulls, except for n = 4, for this case Cor(é6[5(k1_m)_1]+2) =

T h5(k1 7m)71 .
{ )

Therefore, in this subcase ko = 3, we get

k1—1

COI' 616+30k1 @ <z6m+4x h5 (k1=m) > .

Case ky = 4. In this subcase we obtain that,

ki—1 5

Cor(lri56k,+4) = Z Z A VT

m=0 n=0

3
+ ) IV (5.5.19)
n=0

Observe that Vi1 = {0} if n € {0,1,2,3}. For determining
f/5(6(k1,m)+4,n)+1, we distinguish two cases:

e [f n = 3 then %(G(kl,m)ﬂ)ﬂ is a complementary subspace of
Va(6(ka—m)+1)41 = Range({g 5(k1_m)+1]) @ (RPk1=m)+1) - Taking into
account that Cor(ﬁﬁ[ 5(k1—m)+1]) = (A°*17™+1) we can conclude that
Vs 6(ky—m)+1)+1 = 10},

o If n # 3 then %(G(kl,m)ﬂ,n)ﬂ is a complementary subspace of
Va(6(ky—m)+4-n)+1 = Range(g5(6(k1—m)+4—n)+l> Thus Va(o(k —m)-+4-n)+1 =
Cor(€5 6(k1—m)+4— n+41) and it is easy to prove that all co-ranges
are nulls, except for n = 5, for this case Cor(éﬁ[5(k1,m),1]+2) =

5(k1—m)—1 _
(@h )

Therefore, in this subcase ky = 4, we get

k1—1

COI‘ 621+30k1 @ <26m+5x h5(k1 m) > '

226



5.5 Normal form for a triple-zero singularity.

1. f) Case ks = 5. In this subcase we obtain that,

ki—1 5

COT’(€1+5(6k1+5)) = Z Z 2o ‘75(6(1<;1—m)+5—n)+1

m=0 n=0
4

+ Z 26k1+n ‘75(5711)+1 (5520)

n=0

Observe that Vis_ny1 = {0} if n € {1,2,3,4}, but in the case n =
0, V5 5—n)+1 — V55+1 COF(€6.4+2) = <£L' h4>- About ‘/5(6(k1fm)+5fn)+1a

we distinguish two cases:

e If n = 4 then %(G(kl_m)ﬂ)ﬂ is a complementary subspace of
Va6 —m)+1)+1 = Range(los(k,—my+1)) & (RP*1=™F1) " Taking into
account that Cor(éﬁ 5k —m)+1]) = <h5(k1*m)+1>, we can conclude that

Va(6(k —m)+ 1)1 = {0}

o If n # 4 then ‘75 6(k1—m)+5—n)+1 1S a complementary subspace of

V5(6 ki—m)+5—n)+1 = Range(€5(6 k1—m)+5—n) +1) Thus V5 6(k1—m)+5—n)+1 —
Cor(€5 6(k1—m)+5-n)+1) and it is easy to prove that all co-ranges are
nulls, except for n = 0, for this Cor(€6[5(k1,m)+4}+2) =

Cor(£6[5(k1 —m)+4] +2 <Q; h5 (k1— m)+4>

Therefore, in this subcase ky = 5, we obtain that

COI’ €26+30k1 @ <Z6m$ h5(k1 m +4>

The following table contains a summary of all the results obtained for
the case k3 = 0.
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5 Quasi-homogeneous tridimensional normal forms.

ks Cor (56 ky4k2)+1)
o1

0 @ <26m+lx h5(k1—m)—1>

m=0
k1—1

1 @ <26m+2x h5(k‘1—m)—1>

m=0
k1—1

9 @ <26m+3x h5(k17m)71>

m=0
ki1—1

3 @ <26m+4x h5(k1—m)—1>

m=0
k1—1

4 @ <26m+5x hS(klfm)71>

m=0
k
5 619 <26mx h5(k1—m)+4>
m=0

Table 5.1: Co-ranges for the case k3 = 0.

For expressing the normal form, we write the elements of these co-ranges
as follows,
k-1
x zk2+1h4Za$2’k3)z6mh5(kl’l’m) if 0<ky <4,

m=0

k1
x h42aﬁ,’f2’k3)26mh5(k1_m) if ky=05.

m=0
2. Case k3 = 1. In this case k = 5(6k1 + ko) + 1.
The expression (5.5.12) is of the form,

6 k1+ko—1 _
Cor(latsek+hy) = (2°F2) @ Z 2" V(6 by +ka—i)42-

=0
(5.5.21)
Taking ¢ = 6m +n with 0 < n < 6 and m € N U {0}. The above

expression is of the form,

ki—1 5
Cor(latsemtk) = (2F2z) @ Z Z 2 Ve 6k —m) +ka—n)+2
m=0 n=0
ka—1
Y . (5.5.22)
n=0
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5.5 Normal form for a triple-zero singularity.

In this case, and in subsequent, the calculations to determine the co-
ranges are similar to those made in the previous section (k3 = 0). The

results obtained for different values ky are shown in the following table.

ks Cor (€56 ky+ks)+2)
k1
0 @ <Z6mx h5(k1—m)>
]rcrlLZO
1 @ <26m+1x h5(k1—m)>
el
9 @ <Z6m+2.§C h5(k1 7m)>
S
3 @ <26m+3x h5(k71—m)>
e
4 <Z6m+4x h5(k1 7m)>
D

k
5 @ <26m+5x h5(k1—m)>
m=0

Table 5.2: Co-ranges for the case k3 = 1.

For expressing the normal form, we write the elements of these co-ranges

as follows,

k1
T Zk‘g § a’grlfg,kg)zﬁmh5(k1—m)‘

m=0

3. Case k3 = 2. In this case k = 5(6k1 + ko) + 2.
The expression (5.5.12) is of the form,

6 k1+ko—1

Cor(lsy5(6k+ky)) = Z 2" V(6 ky+ka—i)+3-
=0

(5.5.23)

By decomposing ¢ = 6m +n with 0 < n < 6 and m € N U {0}. The
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5 Quasi-homogeneous tridimensional normal forms.

above expression is of the form,

I

1—1 5

§ 6m—+n Y,
z ‘/5(6(]@‘1 —m)+ko—n)+3
n=0

(]

Cor(ls45(6ky+k»))

3 3
—_ O

.
6k1+nY,
+ 2TV (g —n) 43

S
I
o

(5.5.24)

The results obtained for different values ks are shown in the following

table.
ko Cor(€s(6 ky+k)+3)
ki1—1
0 @ <Z6m+5x h5(k1_m)_4>
m=0

k1
1 @ <26mx h5(k1—m)+1>
]anz()
9 @ <Zﬁm+1x h5(k1—m)+1>
s
3 @ <26m+2x h5(k1—m)+1>
S
4 @ <Z6m+3x hS(klfm)+1>
m=0

k
5 @ <Z6m+4$ h5(k1—m)+1>
m=0

Table 5.3: Co-ranges for the case k3 = 2.

The elements of these co-ranges can be written in the form,

k1
. z’“rthaﬁ,’?k”zmhwl_m) if 1<ky <5,
kl—TZO
2 28Ry alkeha) ompptimtom) gy — g,
m=0

4. Case k3 = 3. In this case k = 5(6k; + k2) + 3.
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5.5 Normal form for a triple-zero singularity.

The expression (5.5.12) is of the form,

6 k1+ko—1

COT<£4+5(61€1+’€2)) = Z ZZ ‘/5(6 kitko—i)+4-
=0

(5.5.25)

Taking ¢ = 6m +n with 0 < n < 6 and m € N U {0}. The above

expression is of the form,

3

1—1 5
6

Cor(layser +ky)) = 25 VK 6y —m) iy —m) 4

(]

3

=0 n=0

T

a—1

6k1+nT,
+ 27T Vs (kg —n)+4-
n=0

(5.5.26)

The results obtained for different values ky are shown in the following
table.

ko Cor(ls(6 ky4k2)+4)
1—1

0 @ <Z6m+4x h5(k1—m)—3>
=

1 @ <26m+5x hS(kl—m)_3>

m=0

k1
9 @ <z6mx h5(k17m)+2>
]:Z:O
3 @ <26m+1$ h5(k1—m)+2>
T
4 @ <26m+2l. h5(k1 7m)+2>
m=0

k
5 @ <Z6m+3$ h5(k1 —m)+2>
m=0

Table 5.4: Co-ranges for the case k3 = 3.

231



5 Quasi-homogeneous tridimensional normal forms.

The elements of this co-ranges can be written in the form,

ki—1
. Zk2+4h2Zagszym)ZGmhf’(kl_l_m) it 0<ky <1,

m=0
k1

P hzz ak2:hs) 6m p5(kn—m) if 2<ky <5.

m=0

5. Case k3 = 4. In this case k = 5(6k; + ko) + 4.

The expression (5.5.12) is of the form,

6 k1+ko—1

Cor(Lss5(6ky+ky)) = (2°1HF2T) + Z 2" V(6 ky+ha—i)+5-
i=0

(5.5.27)

By taking ¢ = 6m 4+ n with 0 < n < 6 and m € N U {0}. The above

expression is of the form,

ki—1 5
COT(€5+5(6]€1+]€2)) = <Z6k1+k2+1> + Z Z Zﬁm—l—n V})(ﬁ(lﬂfm)Jrszn)JrS

m=0 n=0
ko—1

+ Z Z6kl+n‘~/5(k2—n)+5-

n=0

(5.5.28)

The results obtained for different values ky are shown in the following
table.
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5.5 Normal form for a triple-zero singularity.

ko Cor (L6 k1-+k2)+5)
ki1—1

0 <26k1+1> + @ <z6m+3x h5(k1—m)—2>

m=0
k1—1

1 <26k1+2> + @ <26m+4l, h5(k1—m)—2>

m=0
k1—1

) <26k1+3> + @ <26m+5x h5(k1—m)72>

m=0

k
3 <Z6k1+4> + @ <Z6mZL‘ h5(lc1—m)+3>
m=0

k
4 <Z6k1+5> + 619 <26m+1x h5(l€1*m)+3>

m=0

k
5 <26(k1+1)> 4 619 <26m+2x h5(k1—m)+3>

m=0

Table 5.5: Co-ranges for the case k3 = 4.

The elements of these co-ranges can be written in the form,

k1—1

clgl:274)26k1+k2+1 +r Zk2+3h3Zaglrsz)szhS(kl—l—m) it 0<ky <2,
m=0
k1

C](CljzA)Zﬁlirszrl + Zk273h3ZagigA)zﬁth(kl—m) if 3 S ka S 5.
m=0

(k2,4

koo A
where ¢, ) and afn2 )

are real numbers.

From Theorems 5.3.140 and 5.3.141 and expressions of co-ranges that we
have just calculated, we give the normal form, under equivalence, for triple-zero

singularity. We collect this in the following theorem:

Theorem 5.5.146. A formal normal form for system (5.5.11), under equiva-

lence, s of the form,
/ X D 0
X = o + ( og> + (“0 °> + () (5.5.29)
(222 — 3y?) )
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5 Quasi-homogeneous tridimensional normal forms.

g(x,z) = f: 5 oz,(c]?’]%)x PR
k1=1 ka=0
5 4
p==zC(z)+ xz szhiA(i’j)(ZG, R®).
j=0 i=0
5 4
¢=2°D(z) + mz szhiB(i’j)(zﬁ, h?).
j=0 i=0

where oz,(f’]%) € R, AW (x, ), B (z,y) are power series, in the vari-

ables x and y, that can be unit, except in the case BOY i.e., B9(0,0) = 0.

5.6 Parametric normal form

In this section we discuss the role of the parameters in the normal form calcu-
lations. Let consider a perturbation of the vector field given in (5.1.1), i.e., a

family parametrized by £ of the form,
x=F(x,¢) =Fx) + Y(x, &) (5.6.30)

with x € R", £ € R, Y (x,0) =0 and F(x) = F,(x) + F,1(x) + - -+ respect
the type t and r € Z.

For this task, we use suspension. Respect of the type t = (t1,ts,...,,,0,
0,...,0) the above vector field can be expressed by,

X _ f‘(X, E) _ ﬁr—s(xa E) 4t f‘r—Q(Xa €) + i;{‘7’—1<X7 E)
I3 0 0 0 0
.\ <Fr<x75>> . (Fm(x, e)) e
0 0

where (z,€) € R” x R™. It is possible to find weights py, ps, ..., pm , so that,
by ordering the system respect to the type 7 = (t1,t2,. .., tn, D1, D2, - -+ Pm),
the components f‘r,k(x, €) € Q' ,, ie., belong to the vectorial space of the
quasi-homogeneous polynomials of degree r+1, [ > 0 and type 7. In this case,

the vector field can be expressed in the form,

X\ _(Fx8)) _ (Fx8)) |, (P, (Fra(x),
I3 0 0 0 0

(5.6.31)
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5.6 Parametric normal form

being f‘r = ﬁ‘r.
Fisty we apply a change in the time of the form

dt
T 1 — u(y,v), with p € P} (5.6.32)

and following a coordinate transformation, of the form

X . y Pk(y7 V) . T
<£> = (U) + ( 0 ) , with P, € QF (5.6.33)

These changes transform system (5.6.31), for y sufficiently small, into,

() (-] Yol 2]

v i<r

and, ordering in quasi-homogeneous terms,

<Sf> _ (Gr(y,'/)> n (Gr+1(ya’/)) T (5.6.35)
7 0 0

being G,(y,v) = f‘j(y,u) forallj=r,r+1,--- , r+k—1and G, (y,v) =
Frii(y,v) — DPi(y, v)F.(y,v) — DPi(y, v)F.(y,v) — uF.(y, v).

A~

In terms of the Lie bracket, G, x(y,v) = F, x(y,v) — [I*A“,,(y, v),Piy,v)ly —
eFr(y,v).

This prove the following result:

Proposition 5.6.147. Let consider the vector field given in (5.6.31). If we
apply the change in the time (5.6.32) and the change in the state of vari-
ables (5.6.33), the system is transformed into (5.6.35) where, G, = ]/F\‘,,, .
Grih1 =Fopy and Gy = Foyy — [Fr Pyly — i F

Our goal in this section, it is to show a parametric normal form for
specific families of vector fields. Works in this sense can be found in several
articles, some of them, already mentioned in the introduction to this chapter,
as [53]. In the work of Gao & Zhang [48| also is described the process to
calculate a parametric normal form using changes of variables on the modules
of homogeneous polynomials over the ring of all continuous functions of £. In

both works, the authors start from a versal deformation of the linear part of
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5 Quasi-homogeneous tridimensional normal forms.

the system (5.6.30). In this section, we study both questions. In first time we
calculate a versal deformation of the components of the quasi-homogeneous
vector whose degree are equals or less than r. After obtaining such versal

deformation, we will remove terms of higher degree than r.

In the calculate of a versal deformation of a nilpotent vector field. We
will make this process using change of variables, in a first time with change of
variables with possitive degrees (using suspension) and after, using change of

variables with negative degrees (using Lie bracket).

5.6.1 An illustrative example.

In this subsection, we consider the nilpotent case, that is, a family with the

form,

x = F(x,¢), with x € R? and £ € R™,

2

where the quasi-homogeneous lower degree term, F, is of the form, F; = ( Y ) ,
x

respect to the type t = (t1,%2) = (2, 3).

Our goal is to compute a versal deformation for this singularity. To
do this, we perturb the field by adding all possible parameters to the quasi-

homogeneous components whose degrees are less than or equal to r =1, i.e.,

% = <O)+<§6)+<O>+<§3x>+((&+1)y>. (5.6.36)
&r 0 §sx Sy (&2 + 1)a?

For eliminating term in F; we use change of variables of degree 0, that is,

<u> B (ax) with o = (& +1)(& +1) and 8 = (& + 1)*(& +1).
By

Applying this change to system (5.6.36), we obtain,

DB -
&7 0 EsT §4y x

This vector field can be expressed in the form,

% y & 0 & 0
(;)— P by |G| 0]+ & (5.6.38)
¢ 0 0 0 0 0
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5.6 Parametric normal form

being (x, é) € R?x R’ and 7 = (2,3,2,2,4,6,8). Respect of this type, the
quasi-homogeneous components of system (5.6.38) are of degrees 1, 2, 3, 4 and
5 respectively. It should be noted that, in the choice of the change of variables
P; we will consider only those involving only parameters or state variables

multiplied by these. We use conjugation, i.e., we consider p = 0 in (5.6.32).

0
e Consider P; = | 4&z |. In this case the homological operator is of the
0
(fil + 75;1)$
form Fy — [P, F1] = | (& — &)y | and considering v = —1 we obtain
0
0
the transformed vector field to 2nd-order is Go = (52 + gl)y .
0
03
e Consider Py = | 0 |. In this case the homological operator is of the
0

0
form F3 — [Py, Fy] = ((53 + 2553):1:) and considering § = —1/2 it is

\ oo )

possible to eliminate all terms of 3th-degree.

0
o Consider P35 = | a&, |. In this case the homological operator is of the
0
0
form Fy — [P3,Fi] = | & + oy | and considering o = —1 it is possible
0

to eliminate all terms of 4th-degree.

Bra*6s + Bar?Es + BaE} + Ba&s + Bowla + Beba
e Consider Py = Bry€2 + Bsy2 + Boyts . In this

\ 0

case the homological operator is of the form F5 — [Py, Fy] =
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5 Quasi-homogeneous tridimensional normal forms.

(28161 — 2B2Ea)xy + (Bs€a — Br€3 + Bs€3 + Bola)y

((25151 + 2B0€0) x> + (8767 — Bs€d — Boks + 2B5€4)x% + (2B6€a + 2633 + 2B4€3)x + &5

|

\ 0

In this case it is impossible to remove any term.

Renaming parameters, the versal deformation obtained is,

) Yy
X = ) 5.6.39
(51 + 9y + [BQ) ( )

Remark 19. Note that the changes, P;, that we have made, affect not only to
the components of the vector field with degree i, also it affects to the rest of the

components.

This process of removing terms of degree less than 1 it is possible to
do it from another ways, for example, to use the Lie bracket with changes of
variables of negative degrees. Before to show it , we will define the homological
operator for this case. The homological operator is defined in (2.3.13), here
we generalize it when we use change of variables with negative degrees. The

homological operator, under C*-conjugation, is given by
Lx : QY% — Q.

where
L. x(P) = [P, F.l. (5.6.40)

We apply the following proposition:

0
Proposition 5.6.148. Let F(x,£) = ZF,,_j(x, &) be, such that F,.(x,0) =
j=s

F,(x) and F._; € Q) _; if we apply the change of variables x =y +P_.(y) the
0

above system is transformed into G = ZGT—j where, G, =F,, G,_; = F,_q,
Jj=s

o, G =Fo i and Gy = Fop — Ly (P_y).

Next we apply these concepts to our example, system (5.6.37). We denote
parameters & = €0, 3 < < T.

)
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5.6 Parametric normal form

0
e Consider P_; = ( )
Y

(0)
The homological operator is of the form, Fo—[P_1, F;] = (5520) +7)z :
& =7y
and considering v = —£§0), the transformed vector field is G®) = G(_l?)’ +

GY + GY + GYY where

(1)
0 0 0
=0 G(_lg = | G(_li = | .0 and G(()l) =1 .0
7 0 ' &y

with £ = ¢” — ¢l”.

)
e Consider P_o = <O>

0
The homological operator is of the form, G- P_o, Fi] = ,
1 (1)
(& —20)

Gl

O ~—

(1)
and considering § = 557, we eliminate all terms to —1-th order. Thus,

the vector fields transformed is G = G(_QP), + G(_Q% + G(_Qi + G(()Q), where

@)
0 0 0

Gh=| ] GY= S , G = and G = |
& 0 0 §iy

with ¢ = ¢!V,

0
e Consider P_3 = ( )
U]

2 _
The homological operator is of the form, Gg) — [P, Fy] = (56 0 77) ,

and considering n = §é2), we eliminate all terms to —2-th order. So, the
vector field transformed is G2 = G(_B’g + G(_?’% + G(_gf + Gé?’) where

= 0).e%= (") e = (") amac® = 3
&7 0 0 &Y

with ¢ = ¢,

e The —3-th order terms can not eliminate because it is necessary a change

of variables with degree equal to —4 and there is no change of this degree.
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5 Quasi-homogeneous tridimensional normal forms.

Therefore, renaming parameters, we obtain the following versal deforma-

tion,

. Y
X = . 5.6.41
<81 + gl + JZ2> ( )

This versal deformation is used in Guckenheimer & Holmes (see [60]).

5.6.2 A Hopf-zero singularity

We consider

px 4 (g2 — 1)y
x=Fy= (s + )z + pay : (5.6.42)
(ps + 1)2? + pexy + (p7 + 1)y* + psz

respect to the type t = (1,1, 2).

Firstly, we will calculate a versal deformation of F using change of va-

riables of degree zero.

In first time, we use the change v = z + ay, v = y, w = 2z, with
o = 50455 This change transforms (5.6.42) into,

E1r — (1 + 82)y
x=Fo = (1+e3)z+ery : (5.6.43)
(1+e4)x? +eszy + (1 +&6)y* + €72

. _ 2
being &, = %(Ml + ), €2 = —(p2 + %)7 €3 = M3, €4 = W5, €5 =
_ _ 2 _
HG(MSJA)JF,E;SJD(M #4)’ g6 = pir + (—patpr) (N5+41(LJ;%:L16)(QM3+1)( patp) and &7 = ys.

Next, we use the change of variable u = fz, v = y, w = 2, with § =

A/ (1+62)(1+€3)

-, - This change transforms (5.6.43) into,

e — 12y
x=Fy= T + MYy , (5.6.44)

(1+n3)a? + nazy + (1 +n5)y* + 162
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5.6 Parametric normal form

; — _ _ -1 _ e5(1+e2) i
being m = 1, 12 = /(1 +e2)(1 +¢3), 13 = S = m, N5 = €6

and ng = €7.

Now, we use the following reparametrization in the time, u = y, v =y,

w = z and T = nyt. This change transforms system (5.6.44) into,

SGr—y
x=F,= x+ &y , (5.6.45)

(1+&)a* + &y + (14 &)y + &2

. 14— 14—
being & = I, & = L g =t g, = U ang g = 8,
Now we apply the following change, u = x, v = y, w = 2% + yoy + 0y> +
_ 2668614208626 o0 § = 44463 —461 65 +E2 42616226164 —283—E562+E584
(€5—261)%+4 B (65—261)%+4 )

This change transforms system (5.6.45) into,

z with v =

ne —y
x=F,= T+ 1y , (5.6.46)
(1+ve)z® + (1 + 1)y? + 132
being

vy = 517

4—4€1 €580 —4E1 65— A5 +2E4+280+8E1 —261E3+E5E3+8E5 — €2 +AETHE2+E280— 126285 +661£244€628

V2 = (§5—261)%+4 ’
v3 =&5.
Finally, we apply the reparametrization, u = x, v = y, w = pz with
= ﬁ that transforms system (5.6.46) into,
Hix =y
x=Fy= T+ 1y . (5.6.47)
2?4+ y? + paz

Now we will remove the lower order terms of F(. For it we start from

the following vector field,

3 T —y
x=10|+ I + T+ iy . (5.6.48)
I HsT + fleY 22+ + poz
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5 Quasi-homogeneous tridimensional normal forms.

To eliminate terms in the above quasi-homogeneous vector field, we apply
a translations on it, i.e., we consider, u = x+a, v =y+ [ and w = z+cx+dy

being «, 3, € and J the followting,

o = Hapes + ,u4.
1+ pd
3 = Hafly + s
1+ 43
5 = —werd 4 pspt — paptpt — 24t + propn] + 2papinpia + ps — 24 = 2iapis — papt)
py = 2400} + 203 + p3pd — 2papn + 1+ i3
S s} — pafis i — pepty — 2003 pig + pafis + 24 piafiz — 2413 — pig — iafis + 2papta

(T4 p]) (1 + (o1 = p2)?)
This translation transforms system (5.6.48) into,

ar —y
X = T+ ay , (5.6.49)
22+ % + o + sz

being a1, o and ag the followting,

oy = U1.

ay = a+00 _: (i — 1)) (7 + 115 + pois + [eH] s — Hofbafta — Hellia
— s s — Hs s — s L e+ TG T A 2l A ey — pspa - 1
i ptapey  pofiafts + st st — 2puriy e  frfis s — 24ziaf + [iafisits
— i — [ + pirfis).

Q3 = H2.

Next, by making a new translation of the form v = z, v = y and w =
24, and considering the normal form truncated until second degree, the term
in z can be eliminated in (5.6.49). Thus, the quasi-homogeneous principal

component is transformed into,

hr —y
X = x+my . (5.6.50)
2 +y? +
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5.6 Parametric normal form

Therefore, in generic coonditions, a versal deformation for the Hopf-zero
singularity is given by (5.6.50). This versal deformation is used by Guck-
enheimer and Holmes (see [60]) for studying an unfolding of the Hopf-zero

singularity. Next, we describe this procces.

Considering the following system,

T —y a\zx + alV (2% + yH)z
X = T+ ay + (aéo)zy + agl)(f’?Q + yg)y\
224+ y? + s + asz \ 0 /
0
+ 0 \ , with b £ 0.
b0 22 + b0 (22 + )z + b2 (22 +12)2)

(5.6.51)

Now, we consider the translation of the form v = z, v = y and w = 2+ « with
o= #<0) , (at this point it is necessary to suposse that the coefficient b4 #0).

Thus system (5.6.51) is transformed into,

0 mu — v ago)wu + agl)(u2 +vH)u
v = u—+ mo + (ago)wv +al) (u? + ’02)1}\
w ns(u® 4 v?) + 1 \ 0 /
0
+ 0 , (5.6.52)

biO)UJQ + bé(ll)(uz + vz)w + bf)(u2 + U2)2/

agb D

2alb( )—i-aé >a3) 2b<0)a2 a3
— o T - 4b(0)

20 y N2 = 20 and 73 =

being n, =
Now we will apply Proposition 5.6.147 for the calculation again of a versal

deformation. We start newly of the system (5.6.48). We will remove terms

with degrees —1 and —2 respectively.

g
e For removing term of degree —1 we use P_; = Q9

a3 + oy
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5 Quasi-homogeneous tridimensional normal forms.

In this case the homological operator is of the form F_; — [P_y,Fy| =
H10 — Qg
o1 + 1

(poos + 200 — azpun — ) + (o3 + 2000 + poos — Qufin)y

Taking
R e OV
v = .
L+

P (e CLV e VL

’ 1+ '

1

ag = (—2papta — 11315 + 2413

pt = 2puap} + 203 + pspd — 2p0pn + p3 + 1

200 s — pajis — 2iapiafs + Mokl + [afis iy + pafis + ).
1 3 2 2 2
ay = - Pekty — 204y + ps ] — fofiet
' (L 1) (7 — 2aapr + 3+ 1) 1oV Lo T

+2papiopin + piipe — 2pa + fi5 — flofls — 2f2ft3)-

it is possible to eliminate all terms of —1-th degree.

0

For removing term of degree —2 we use P_o = | 0
Qs

In this case the homological operator is of the form F_5 — [P_5, Fy| =
0

0 and, in this case, it is not posible to remove any term.

M7 — U207

In consequence, the versal deformation obtained, after renaming param-

eters, is given in (5.6.50).

5.6.3 The Lie triangle with change of variables of nega-

tive degrees

The process described to obtain the versal deformation given in (5.6.49), con-

sidering the first quasi-homogeneous term F,., can also be described using the

Lie triangle with change of variables of negative degrees. The process is similar
to which presented in (2.5.27) and (2.5.28). Next, we develop this method.




5.6 Parametric normal form

The triangle that involves negative degrees is represented in the following

figure.
Vrfs,() Vrfs,l Vrfs,Q Vrfs,s
VT72,0 Vr72,1 Vr72,2 (5653>
V.10 | Veoia
VT,O

Figure 5.1: Negative part of the Lie triangle.

The functions {V,_x;} are defined, in recursive form, as shown below:
VT*k,O = FT‘*]C; O S k < —S,

Vrfk,l = Z [Vrfkfj,lfl ,Uj], for [ = 1, e, S, (5654)

j=—1

The expression of the transformed vector field is given by,

k
Gr—k = Z
=0

k
1
= F+ Vi + 71 Vr—hd
=2

=|

k
1
Viky = Veogo + Veog + E l_!Vr—k:,l
1=2

Remark 20. We would note that, the process described to remove terms with

lower degrees than ¥, is a finite process.
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